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Abstract
In this paper we consider the Cauchy problem for the semilinear damped wave equation

uy — Au+uy =h@w), u@,x)=¢x), u/(0,x)=v(x),

where h(s) = |s|1+%u(|s|). Here n is the space dimension and p is a modulus of
continuity. Our goal is to obtain sharp conditions on u to obtain a threshold between
global (in time) existence of small data solutions (stability of the zero solution) and
blow-up behavior even of small data solutions.

Mathematics Subject Classification 35L.05 - 35L71 - 35B44

1 Introduction

In [12], the authors proved the global existence of small data energy solutions for the
semilinear damped wave equation
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up — Au+u, = ul?, u0,x)=9¢x), u(0,x)=1(x), D

in the supercritical range p > 14 %, by assuming compactly supported small data from
the energy space. Under additional regularity the compact support assumption on the
data can be removed. By assuming data in Sobolev spaces with additional regularity
L' (R™), a global (in time) existence result was proved in space dimensionsn = 1, 2 in
[5], by using energy methods, and in space dimension n < 5 in [9], by using L" — L?
estimates, 1| < r < g < oo. Nonexistence of general global (in time) small data
solutions is proved in [12] for 1 < p < 1 + % and in [13] for p = 1 + % The
exponent 1 + % is well known as Fujita exponent and it is the critical power for the
following semilinear parabolic Cauchy problem (see [2]):

v, — Av =v", v(0,x)=uvy(x)>0. 2)

If one removes the assumption that the initial data are in L' (R") and we only assume
that they are in the energy space, then the critical exponent is modified to 1 + % or to
1+ 27'” under additional regularity L™ (R"), with m € [1, 2]. For the classical damped
wave equation, this phenomenon has been investigated in [4].

The diffusion phenomenon between linear heat and linear classical damped wave
models (see [3,7,9,10]) explains the parabolic character of classical damped wave
models with power nonlinearities from the point of decay estimates of solutions.

In the mathematical literature (see for instance [1]) the situation is in general
described as follows: We have a semilinear Cauchy problem

L0, 0x, 1, ))u = [ul”, u(0,x) =¢(x), u(0,x) =9 (x),

where L is a linear partial differential operator. Then the authors would like to find
a critical exponent p..;; in the scale {|u|”},~0, a threshold between two different
qualitative behaviors of solutions. As examples see the models (1) or (2).

The main concern of this paper is to show by the aid of the model (1) that the
restriction to the scale {|u|”} ,~o is too rough to verify the critical non-linearity or the
critical regularity of the non-linear right-hand side.

For this reason we turn to the Cauchy problem for the semilinear damped wave
equation

ury — Au+up = h), u(0,x) =¢x), u(0,x) =v(x), 3)

in [0, 00) x R, where h(s) = |s|1+%u(|s|).Here/J, = u(s), s € [0, 00), is amodulus

of continuity, which provides an additional regularity of the right-hand side & = h(s)
for s € [0, 00).

Definition 1 A function p : [0, 00) — [0, 00) is called a modulus of continuity, if
is a continuous, concave and increasing function satisfying 1 (0) = 0.

Our goal is to discuss the influence of the function x on the global (in time) existence
of small data Sobolev solutions or on statements for blow-up of Sobolev solutions to

@ Springer



Critical regularity of nonlinearities. .. 1313

(3). In the following result, we assume that the modulus of continuity u given in (3)
satisfies the following two conditions:

Co
M(s)ds
S

< 00,

“

P (5)] < Cuts) for 1<k <n, se O sl and /
0

where C is a sufficiently large positive constant, so and Co are sufficiently small
positive constants.

Remark 2 1In the further considerations we need a suitable modulus of continuity sat-
isfying the conditions (4) on a small interval [0, so] only. Nevertheless we can assume
that the modulus of continuity can be continued to the real line in such a way that the
properties from Definition 1 are satisfied.

Theorem3 Letn = 1,2 and
@, V) e A= (H‘H%J(R”) N Ll(R")) x (HL%J(R") N L‘(R")) ,

where we denote by |-]| the floor function. Assume that the modulus of continuity
satisfies the condition (4). Then, the following statement holds for a sufficiently small
go > 0: if

(@, ¥)lla e for &< e,

then there exists a unique globally (in time) Sobolev solution u to (3) belonging to the
function space

c (10, 00) H'®) N L¥®Y),
such that the following decay estimates are satisfied:

lut, Yo < CA+ 073, ¥)lla,
IVEu@, Y < CA+ 07" (¢ ¥)lla. k=0, 1.

Remark 4 The key tool to prove Theorem 3 is to apply estimates for solutions to the
parameter-dependent Cauchy problem for the linear classical damped wave equation
(Lemma 7). By using more general L" — L4 estimates, | < r < g < 0o, derived in [9]
for the linear damped wave equation, one can also obtain a global (in time) existence
result for higher dimensions 7, but this aim is beyond the scope of this paper.

Example 1 The hypotheses of Theorem 3 hold for the following functions u (see also
Remark 2) on a small interval [0, s¢]:

1. u(s) =s?, pe(0,1];
2. u(s) = (log(1 +5))?, p e (0,1];
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1314 M. R. Ebert et al.

3. 1(0) = 0 and pu(s) = (10g§) P o1
4. u(0) =0and u(s) = (log %)_1(loglog %)4 . <logk %)_p, p>1, keN.

The next result shows that the integral condition on the function u in (4) can not be
relaxed.

Theorem 5 Consider for n > 1 the Cauchy problem

)

i — Au+uy = )5 pul), (2x) € 0, 00) x R,
u(0, x),u;(0,x)) = (0, g(x)), x eR"

Here n = pu(s), s € [0, 00) is a modulus of continuity which satisfies the condition

C
/ TS 46— e, (6)
0

N

where Cy is a sufficiently small positive constant. Moreover, we assume that the func-
2
tionh :s € R — h(s) := s'Ti u(s) is convex on R. Suppose that the data

g e A:= HE(RY) N L'RY),

such that

/ g(x)dx > 0.
RI’L

Then, in general we have no global (in time) existence of Sobolev solutions even if the
data are supposed to be very small in the following sense:

llglla <& for e =< eo.

To prove Theorem 5 we will follow the approach used in [6] in which the authors get
a sharp upper bound for the lifespan of solutions to some critical semilinear parabolic,
dispersive and hyperbolic equations, by using a test function method.

Example 2 The hypotheses of Theorem 5 hold for the following functions u (see also
Remark 2) on a small interval [0, s¢]:

1 4
1. M(O):Oandu(s):(log;) 0<p<T1,

2. 1(0) = 0 and u(s) = (1og %)_l(loglog %)_1 . (logk %)_”, pe 1] ke
N.

Remark 6 Let us discuss the assumption in Theorem 5 that the function
2
h:seR— h(s):=s'Tiu(s) isconvexon R.
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Critical regularity of nonlinearities. .. 1315

In the case of smooth w, in a small right-sided neighborhood of s = 0, this hypothesis
can be replaced by the condition

s u®(s) = o(u(s)) for s —> 40, k=1,2.

Indeed, it is sufficient to verify that on a small interval (0, sq]
” 2 9 2 2 2 , 2
h (s) =sn p l+; wuis)+2 1+; spu(s)+s“u (s)) =>0.

This condition is satisfied in our examples. Outside this interval we can choose a
convex continuation of #.

In the following we use f < g for nonnegative f and g if there exists a constant C
with f < Cg. Weuse f ~ gif f < C1g and g < C,f with suitable constants C
and Cj.

2 Global existence of small data solutions

In the proof of Theorem 3 we are going to use the following estimates for Sobolev

solutions to the parameter-dependent Cauchy problem for the linear classical damped
wave equation.

Lemma7 (Lemma 1 in [8]) Let
(. 9) € A= (Hlﬂ%J(R") n Ll(R")) x (HL%J(R”) n L‘(R")) .
Then, the Sobolev solutions to the Cauchy problem
upp — Au+u; =0, uls,x) =@s(x), u(s, x) = s(x), @)

satisfy the following estimates for t > 0:

ute s = €1 =978 (165l + 165y + sl + 150,05 )
and fork =0,1,1+ 5]

IViu@, 92 < € +1—s) (sl + sl g + sl + 1¥sll e ) -
Proof of Theorem 3 The space of Sobolev solutions is X () = C ([0, 11, H'@®R" N

LOO(R”)). Taking into consideration the estimates of Lemma 7 we define on X (¢) the
norm

1

n+2k n
lullxay = sup 1Y A+ [VFur, Hligz + 1+ 07 flu(r, )l
0,11 | 1=
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1316 M. R. Ebert et al.

For arbitrarily given data (¢, ) € A we introduce the operator
. t
N:ueX(@t) — u'™ —i—/ D(t,s,-) *@x) h(u(s, ))(x)ds
0

in X (1), where by 1" we denote the solution to the linear parameter-dependent Cauchy
problem (7) with initial data (¢, ). By

D(t, 5, ) *(x) h(uls, ) (x)

we denote the Sobolev solution to the Cauchy problem (7) with ¢s = 0 and ¥, =
h(u(s, -)). We will prove that

~ 1+Z
INullx@) < Coll(@, ¥)lla+ Cegllully /) » ®)
2 2
[Nu — Nvllx@) < Cellu —vlixa <|Iu||3}(,) + ||v||§(,)> , &)

where Cg, and C s, tend to O for &g to 0.
First of all we have after applying Lemma 7 for all # > 0 the estimate

4™ I xa) < Coll(@, ¥4, (10)

where the constant Cy is independent of ¢. Consequently, it remains to estimate

t

Gu)(t, x) ::/ D(t,s,x)*u) h(uls, x))ds.
0

For j = 0, 1 we have

IV/ G, )2 < /Ot(l +1 =) s, Dl pingads.
It holds
(s, Dlipinge < wluls, Mz Nuls, N L.
Thus, by using that
s, izee < (14 )72 fullx)
and the monotonicity of u = u(s) we get the following estimate:
s, =) < 1 (A +97F ullxe) - an
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Critical regularity of nonlinearities. .. 1317

Let us assume |[ullx) < eo for all + > 0 and some gy > O sufficiently small. Then,
since the norm in X (¢) is increasing with respect to ¢, we can estimate the right-hand
side of (11) by

" (eo(l + s)f%) .

Moreover, to estimate |||u(s, ~)|1+% 712 we may apply the Gagliardo—Nirenberg
inequality and obtain

1+2 1-2 241 1y g 1+2
s 175 = CIVas. Yl s, DN < CA 9 Nl (12)
and
1+% % _1-n 1+%
l[u(s, -)IILH% < ClIVu(s, Iip2lluts, )l = CA+)" " Hully). (13)

Thus, we may conclude

. 1+2 (! n_J _ _n
VG Mgz < el [ r =78 a7 (et +9)7F) ds,
0

To estimate |G (u)(t, -)| L, the required regularity to the data increases with n, so
we split the analysis for n = 1 and n = 2. For n = 1 we may estimate

t
G @), )= < /0 (141 =972 A Dlrinads,

and proceed as before to derive

! 1 1
16 e~ = ||u||§m)/0 1=+ (0l +9)77) ds.

For n = 2, applying Lemma 7 we may estimate

G @)@, )L < /Ot(l +1 =) hGuls, Dllgingds.
Now, we have to deal with a new term || Vi (u(s, -))| ;2. Using (4), we may estimate
IVA(u(s, )| < |u(s, x)|u(juls, x))[Vu(s, x)|
and

I9hGuCs, Dl S s, Yo peClats, o) Vats, )l
S A+ 2l (1 +97 ullx)
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1318 M. R. Ebert et al.

Therefore
142 ! _n —1 _n
IG@)(t, oo < IIMIIX([; /0 (I+t=s)"2+s) M(So(l +5) 2) ds, n=12.

Now, let « < 1. On the one hand it holds
% 1 n
/ (I+1—9)""0+95)"  'u(so(l+9)72)ds
0

3 .
~ (1+t)_°‘/ (1+9) " u(eo(1 +5)72) ds
0

by using (1 +¢ —s) ~ (1 4+ ¢) on [0, #/2]. On the other hand
t n
/ (I+7r—s)"%1+ s)_lu(so(l +$)72)ds
t
3

t
S+ t)_a/ 1+r—s5)"%1 +S)_1+au(80(1 +S)_%)ds
2

t

< (1+r)—“f (41— u(eo(l +1—5)"2)ds,

2

where weused 1 +s ~1+4+rand 145 2 1+ —son[t/2,¢].
By using the change of variables r = go(1 +5)™ 2, we get

+oo €
/ (1 +S)_1,u(80(1 —I—s)_%)ds ~ / e dr,
0 0

r

that is finite, due to assumption (4). Summarizing, we arrive at

~ 142
INullx@y S Coll(@, ¥)lla + Cepllully ) (14)

where C‘go tends to O for g to 0.
To derive a Lipschitz condition we recall

! 2 2
Gu — Gv =f0 (e, s,x) e (1l 5 uClul) = o] F (o)) ) ds

t 1
= /0 D(t,5,X) *x) </0 (d H(uD)(w 4+ t(u — v))dr) (s, x)
X (u —v)(s,x)ds,
where

2
H:lul e RY — H(ul) = [ul"* 7 pn(ul)).
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Critical regularity of nonlinearities. .. 1319

By using our assumption to u’ = u’(s) we get
2
|dyu H ()| < Jul7 e(ul).
Here we take into consideration that |u| < sg with sg from (4) for small data solu-

tions. Applying Minkowski’s integral inequality, Lemma 7 and the monotonicity of
dju H (|u]) for small |u| gives

v (Gu(t, ) — Gu(, -))‘

L2

t . 1
5/ (I41—5)"83 (/ M(|v+r(u—v)|)|v+t(u—v)|ﬁdt)
0 0

xlu—vls. )|

x| v+t — )| dr ds.

L'nL?

By using Holder’s inequality we get

H ('“(5’ T+ 1V, ')I%> (0 — v)(s, -)‘

Ll
2
n

+ lv(s,

2
S (Ilu(s, -)IIZH% > I =), I 1z

Li+2
and

[ (1ats. 17+ 1ots. )13 ) = v)6s. )|

L2

2 2
3 (nu(s, Mo+ I, -)||zz+3> @t = 0)(s, ) a8
Thus, we can apply Gagliardo—Nirenberg as in (12) and (13) to get

[ (1G5 917 + 106, 917 ) @ = )65, )|

Ll
2

2 2
< +s)7! (nuu;m) + ||v||;;(s)) lu = vllx o)+

[ (1G5 917 + 1065, 917 ) @ = )65, )|

L2
i_n 2 2
S +s)7' (nun;m - llvll;"m)) e = vllx)-
Now we follow the same ideas presented above to conclude

H Vi (Gu(t, ) — Gu(t, )

L2
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1320 M. R. Ebert et al.

2 2
5 ||u — U||X(t) <||M”)n((t) + ”U“;l((t))

t pl .
x/ / (l—l—t—s)*%*%(l+s)71//,(||v+t(u—v)||Loo)dtds
0 JO

2 2
<l = vllxa (nun;(,) + ||v||;;(,))

t 1
x(1+r)—%—%/ f (149" (eo(1 +5)72) dr ds
0 JO

_n_J % %
< CLA+075 2 lu—vlxe (“u”Xm + “v”’“’)>’

where Cy tends to 0 for &g to 0.

To estimate ||Gu(t, -) — Gu(t, -)| L, we again split the analysis for n = 1 and
n = 2.Forn = 1 we may proceed as we did to derive the estimates for || V{ (Gu(t, -) —
Gu(t, -))|z2 to conclude

_1
1Gut, ) = Gute, e = (1 +D72llu = vllxi (Il + 1013 ) -

where Cy tends to 0 for &g to 0.
For n = 2, applying Lemma 7 we may estimate

13
IGu(t, ) — Gu(t, )llL> 5/ A+1—9)7""
0

X ds.

1
</O (dju H(lu)) (v + 7(u — v)) df) (u—v)(s, )

L'nH!
The only new term to be considered is
| (i H () (v + 7 = 0)) (s, )@ = 0)(s, )| -
Using (4), we may estimate
|Vadiu H(lu)) (v + T — 0)| S (IVul + VoD (v + 7 = v)))

and

| (i H (1uD) (@ + 7@ — 0)) (s, )@ = v)(s, ) | g1
S v+ @ =)L) (IVuls, gz + 1Vos, )l z2) 1w — v)(s, )l
+ ullv+ T —v) L) (luls, )L + vls, L) [V —v)(s, )2
S A+ u(eo(l+9) ) lulxe) + Ivllxe) e — vlixe-
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Critical regularity of nonlinearities. .. 1321

Hence, we may estimate
Gu(z,-) — Gu(t, )L
< (lullxay + Ivllxe) e — vlixe
t
X / (14+1— s)fl(l +S)71/)L(8()(1 —|—s)71)ds
0

< CL A+ (lullxe + Ivlixeo) lu — vlixe.

where Cy tends to 0 for &g to 0.
Summarizing all the estimates implies

2 2
INu = Nollxa < Cegllu = vilxa) (nun o 1101 §(,)) (15)

for any u, v € X(t), where Cq, tends to O for gy to 0. Due to (14) the operator N
maps X (¢) into itself if ¢ is small enough. The existence of a unique global (in time)
Sobolev solution u follows by contraction (15) and continuation argument for small
data. |

3 Non-existence result via test function method
Following the proof of Theorem 3, we obtain a local (in time) Sobolev solution u €
C ([O, T), H'(R") N LOO(]R")) to (5). For this reason we restrict ourselves to prove

that this solution can not exist globally in time.

Proof of Theorem 5 We introduce the following functions:

1 if s € [0, 1],
. . . [1 z] . 0 if s € [0, 51,
n(s) = 1 is decreasing ifs € . D, 1 (s) = ] |
. n(s) ifs €[5, 00),
0 if s € [1, 00),

where the function n = 7n(s) is supposed to belong to C*°[0, c0). For R > Ry > 0,
where Ry is a large parameter, we define for (¢, x) € [0, co) x R" the cut-off functions

x| +1
R

2
|x|2+t)n+

n+2
) and Yp = Yr(t,x) =n" < R

Yr = YR, x) = 77<
We note that the support of g is contained in

Ok =10.RI x Byg with Bg={xeR": x| =VE].
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1322 M. R. Ebert et al.

The support of ¥ is contained in

R
Q}=QR\{(t,X):|x|2+z§5}.

We suppose that the Sobolev solution u = u(t, x) exists globally in time, that is, the
lifespan is T = T (u) = oco. We define the functional

Ig = / hQlu(, VR, ) d(t, %) with h(s) = "5 u(s),
Or
Then, by Eq. (5), after using integration by parts we arrive at
o= [ etovr@xdxt [ uton (8vr - ave - ) de.v.
R~ Or

It holds

n+2 [(IxP+e\"T xP 4t
WYr = n( n' ;

R R R
Pyp = OFDEED x?+1¢ " > 41\
! R? R R
L2 2+ e\ P4
2N\ TR "Rk )
2y A0+ D] P\ (41
x VR = R2 Nk )"\ &
+4(n+2)x,2- 20\ x? +1
2 N\ "R T\ TR

2n+2) (IxP+e\" fIxP
+ n n'
R R R )

Thus, since 0 < n < 1 and n’, ” are bounded on [0, c0), there exists C > 0 such
that for each (¢, x) € supp ¥ it holds

C n
|02y r — AR — 3 Yg| < = VR, X)),
Thus, we get
Ig = fQ h(lu(t, x)DWR(t, x)d(t, x) < — fR gW)YR(0. x) dx

C n
+E lu(t, x)|(Yg(t, x)) =2 d(t, x). (16)
Or

@ Springer



Critical regularity of nonlinearities. .. 1323

By applying Lemma 8 from the Appendix with « = 1 we get

Jor, [0 O Wi )T )\ e h(lult DI x)T2) d(E, )
fQ; 1d(t, x) = fQ,;? 1d(t, x) ’

Taking account of

fQ* (e, )| (Wl (e, x)72 d(t, x) =fQ (e, X)|(Wh(E, )72 d(t, x),

J

we arrive at the estimate

ld(t,x)=C/ 1d(t, x),
Or

*
R

, Jou 14 VWi DT A, 0\ [o, b1, DI x)72) d(1, )
C [, 1d(t,x) - C [, 1d(t,x) '

Notice that, since the modulus of continuity p is non-decreasing, we can estimate
h(lut, )| (Y (t, x)72) < h(lut, X) DY (2, x).

Moreover,

n+2
f 1d(t,x) = R">".
Or

Thus, thanks again to u to be a non-decreasing function, there exists 2~ and we may
conclude

[Q|u<t,x)|<w;s<t,x)>nizd<t,x)
R (fQR h(|u(r,x>|>w;(r,x>d(r,x>) |

(17)

n+2

CR 2

Let us define the functions
R
y=y() :/ h(lu(t, X)) (¢, x)d(t,x) and Y =Y (R) =/ y(r)r_ldr.
Or 0
Then, it holds
R
Y(R) :/ </ h(Iu(t,x)I)l/f:‘(t,x)d(t,x)> rldr
0 Or
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1324 M. R. Ebert et al.

R 2 n+2
:/ h(|u(t, x)|) (/ n*('xl +t> r_ldr> d(t, x)
Or 0 r

:fQ h(lu(t, x)|) (/X2+t (n*(s))n+25—1ds> d(t, x).

R

Since supp n* C [1/2, 1] and n* is a non-increasing function on its support, we obtain
the estimate

00 2 nt2 . 2 n+2
* n+2 —1 lx|= 41 1 X+t
ﬁx‘h[ ™))" s ds <n ( R ) s~ ds <log(2)n R .

R

Consequently, we may conclude
Y(R) < 10g(2)/ h(lu(t, x)DYr(t, x)d(z, x) = log(2) Ig.
Or
Moreover, we notice

Y'(R)R = y(R) = / h(lu(t, )Y g(t, x) d(t, x).

Or

Thus, by (16) and (17), we get

Y(R) _ optyt <Y'(R)>
log(2) — CR: )’

It follows

n Y(R) ) Y’(Ii).
C2log(2)R? ] ~— CR?

Thus, we have

2
Y(R) g Y (R) Y'(R)

—” M n S n *
C2log(2)R? C2log(2)R2 CR:

For each R > Ry, since Y = Y (r) is increasing we have Y (R) > Y (Ry). Thus, since
W is non-decreasing, we have

n+2

r® ' (YR ) _Y®)
C2log(2)R? C2log(Q)RZ ) ~— CR%
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Critical regularity of nonlinearities. .. 1325

Thus, we have

1 Y (Ro) __Y®

nt+2 °

n H n —
R(C2log2))' \C2log)R? ] ~ cy(R)'+

By integrating from Ry to R, we can conclude that there exist constants ¢y, ¢ such
that

n
n R2

R \ Ry ? 1 |
/ —u(cas™2)ds = cl/ . ws) ds S| — > S — - (18)
Ry § R 2 s Y(s)n Ro'z’ Y(ROZ);

Due to the assumption that u = u(z, x) exists globally in time it is allowed to form
the limit R — oo in (18). But this produces a contradiction, due to the fact that the
right-hand side is bounded and the modulus of continuity p satisfies condition (6).
This completes our proof.
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Appendix

In this section we include the following generalized version of Jensen inequality [11].

Lemma8 Let @ be a convex function on R. Let @ = o(x) be defined and non-negative
almost everywhere on §2, such that o is positive in a set of positive measure. Then, it
holds

® (fgu(x)a(x) dx) - fQ D (u(x))a(x)dx
fga(x)dx - fg(x(x)dx

for all non-negative functions u provided that all the integral terms are meaningful.

Proof Lety > 0 be fixed. From the convexity of @ it follows that there exists k € R!,
such that

D(t)—D(y) = k(t—y) foral 1>0.

Putting + = u(x) and multiplying the last inequality by «(x), we get after integration
over §2 that

/ D(w(x))a(x)dx — ¢(y)/ a(x)dx >k </ u(x)a(x)dx — y/ a(x) dx) .
Q 2 Q 2
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The

statement follows by putting

B fg u(x)a(x)dx
B fga(x)dx '
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