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Abstract

In this short note, we study the behavior of Kidhler—Ricci flow on Kéhler manifolds
which contract divisors to smooth submanifolds. We show that the Kéhler potentials
are Holder continuous and the flow converges sequentially in Gromov—Hausdorff
topology to a compact metric space which is homeomorphic to the base manifold.

1 Introduction

The Ricci flow, introduced by Hamilton [6] in 1982, has been a powerful tool in
solving problems in geometry and analysis. It deforms any metric with positive Ricci
curvature in real 3-dimensional manifold to a metric with constant curvature [6]. By
performing surgery through singular times, Perelman [9] used Ricci flow to solve the
geometrization conjecture for 3-dimensional manifolds. On the complex aspect, the
Ricci flow preserves the Kéhler condition [1] and is reduced to a scalar equation with
Monge—Ampere type, which after suitable normalization converges to a solution of the
Calabi conjecture [1,30]. The non-Kihler analogue of Ricci flow also generates much
interest recently, among them are the Hermitian curvature flows and the pluriclosed
flow [24,25], the Chern—Ricci flow [27], the Anomaly flow [14] and etc, and we refer
to [13] for a survey on the recent development of non-Kéhler geometric flows.

The analytic minimal model program, laid out in [19], predicts how the Kéhler—
Ricci flow behaves on a projective variety. It is conjectured that the Kéhler—Ricci
flow will either collapse in finite time, or deform any projective variety to its minimal
model after finitely many divisorial contractions or flips in the Gromov—-Hausdorff
(GH) topology. There are various results on the finite time collapsing of Kihler—Ricci
flow, see for example [12,17,23,28,29] and references therein. The behavior of Kdhler—
Ricci flow on some small contractions is studied in [16,22] and it is shown that the
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flow forms a continuous path in GH topology. In [20,21], Song and Weinkove study
the divisorial contractions when the divisor is contracted to discrete points, and it is
shown that the flow converges in GH topology to a metric space which is isometric to
the metric completion of the base manifold with the smooth limit of the flow outside
the divisor, and the flow can be continued on the new space. The main purpose of
this note is to generalize their results to divisorial contractions when the divisor is
contracted to a higher dimensional subvariety.

Let Y be a Kihler manifold and N C Y be a complex submanifold of codimension
k > 1. Let X be the Kihler manifold obtained by blowingup Y along N, 7w : X — Y
be the blown-down map and E = 7~ (N) be the exceptional divisorin X . We consider
the (unnormalized) Kédhler—Ricci flow on X:

ow .
- = — Ric(w), (1.1)
(0) = wy,

for a suitable fixed Kéhler metric wg on X. We assume the limit cohomology class
satisfies [wg] + T Kx = [ *wy] for some Kihler metric wy on Y, where the maximal
existence time (see [26]) of the flow (1.1) is given by

T =sup{t > 0: [wp] +1Kx is Kahler} < oo.
We define the reference metrics along the flow

Tt ot
[6)] —7TT Wy.
T 0Tt

~

Wy =

In the following for notational simplicity we shall denote @y = 7*wy, which is a
nonnegative (1, 1)-form on X.

Itis well-known that the flow (1.1) is equivalent to the following parabolic complex
Monge—Ampere equation

ot Q ’ (1.2)
@ (0) =0,

B (& +i90¢p)"
— =log

Wh_ere w = +1i 85(,0 satisfies (1.1) and €2 is a smooth volume form satisfying
i301og Q = +(&y — wp).
Our main theorem is on the behavior of the metrics w(¢) ast — T .

Theorem 1.1 Let v : X — Y and w; = wo + idd¢; be as above, then the following
hold: there exists a uniform constant C = C(n, wg, wy,m) > 0

(1) ¢ is uniformly Holder continuous in (X, wo), i.e. |¢;(p) —¢:(q)| < Cdy, (p, q)°,

(X,
forany p,q € X and some § € (0, 1), and ¢, M or € PSH(X, n*wy) N

C%(X, wy). Moreover, ot descends to afunction oy € PSH(Y, wy)NC% (Y, wy)
for some &g € (0, 1).
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Kahler—Ricci flow on blowups along submanifolds 1149

(2) w; converge weakly to wr = w*wy + idd¢r as (1, 1)-currents on X and the
convergence is smooth and uniform on any compact subset K € X\E.

3) diam(X, w;) < C foranyt € [0, T).

(4) forany sequencet; — T, there exists a subsequence {tl-_/. } such that (X, a)t[j) (as
compact metric spaces) converge in Gromov—Hausdorff topology to a compact
metric space (Z, dz).

(5) the metric completion of (Y\N, wr) is isometric to (Y, dr), where the distance
function dr is induced from wr and defined in (3.12). And there exists an open
dense subset Z° C Z such that (Y\N, dr) and (Z°, dz) are homeomorphic and
locally isometric. Furthermore (Z,dz) is homeomorphic to (Y, dr).

The item (2) is known to hold for Kdhler—Ricci flow for more general holomorphic
maps 7 : X — Y with dimY = dimX (see e.g. [11,20,26]). We include it in the
theorem just for completeness. We remark that Theorem 1.1 also holds if the base Y
has some mild singularities, for example, if the analytic subvariety N is locally of the
form C* x (C"*/Z,), where Z,, denotes the S'-action {¢2™/P}P"  on C"~* by

e2mi/p (Zht1s - s 2n) = (eZIm/ka-i-], o eZlnl/I’Zn).

The proof is by combining the techniques of [21] and this note, so we omit the details.
Lastly we mention that under the same set-up as in Theorem 1.1, the same and even

stronger results hold for Kéhler metrics along continuity method. More precisely, let

u; € PSH(X, &y + twp) be the solution to the complex Monge—Ampére equations

of = (&y + twg + i39u,)" = e’

wy, supu; =0, t € (0,1], (1.3)
where F is a given smooth function on X and ¢; is a normalizing constant so that the
integral of both sides are the same. It has been shown in [3] that diam (X, ;) is bounded
by a constant C = C(n, wg, @y, F) > 0 and the Ricci curvature of w; is uniformly
bounded below. We can repeat almost identically the proof of Theorem 1.1 to the Eq.
(1.3) to get the same conclusions for u; as the ¢, in Theorem 1.1. Furthermore, along
the continuity method (1.3), we can improve the Gromov—Hausdorff convergence in
Theorem 1.1 in the sense that the full sequence (without the need of passing to a
subsequence) (X, w;) converges in GH topology to a compact metric space (Z, dz)
which is isometric to the metric completion of (Y\N, @g), where @q is the smooth
limit of w; on X\ "' (N) = Y\N. The main advantage in this case is that the Ricci
curvature has uniform lower bound so we can apply the argument in [2], in particular
the Gromov’s lemma to find an almost geodesic connecting any two points away from
the singular set 7~ L.

2 Preliminaries

The following estimates are well-known [11,20,26,30], so we just state the results and
omit the proofs.
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1150 B. Guo

Lemma 2.1 There exists a constant C > 0 depending only on (X, wg), (Y, wy) such
that

) llgllLex) < Cforallt €[0,T),
1) ¢ = %—‘f < C and this is equivalent to o" < C2 from the Eq. (1.2).
(iii) as t — T~, ¢ converge to a bounded wy-PSH function 7 and w converge
weakly to wr := ®y + iaégoT as (1, 1)-currents on X.

Lemma 2.2 There exists a uniform constant C > 0 such that

(1) wy < Cowforallt €[0,T),

(ii) for any compact subset K € X\E, there exists a constant C;j g > 0 such that
lellcik.wp) < Cj.k- Therefore the convergence w; — wr and ¢ — ¢r is
smooth on X\ E, so ot and ¢t are both smooth on X\E.

In the proof of Lemma 2.2, we need the following Chern—Lu inequality as in the
proof the parabolic Schwarz lemma [18]

0
(5 — A) log tr,, wy < Ctr, oy,

where C > 0 depends also on the upper bound of the bisectional curvature of (Y, wy).
In turn this implies the equation below which will be used later.

0 R vtr, dy|? . .
(— - A) try iy < — TV b ) < —co|Vitr, dy|* +C, (2.1)
ot try, wy

where co = C~! > 0 is the reciprocal of the constant C in (i) Lemma 2.2.

2.1 Kahler metrics from the blown up

We will construct a smooth function oy on Y such that oy = 0 precisely on N. Choose
a finite open cover {V,,} i:  of N in Y and complex coordinates {wq;}7_; on V, such

that N NV = {we,1 = -+ = wex = 0}. We also denote Vo = Y\ Uy %V_a and we
may also assume that Vo N N = {J. Take a partition of unity {6} é:o subordinate to
the open cover {Vy} 0{:0, and we define a smooth function

J k
oy =00-1 + Y 0u- Y |wa,l* € C(Y),
a=1 j=1

and it is straightforward to see from the construction that oy vanishes precisely along
N. Since {wy,i }f.‘zl are defining functions of N, it follows that if V, N Vg # @, then
the function

k
Zj:1 |wa,j|2

, onV,NYV,
i w12 o

faﬂ =
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Kahler—Ricci flow on blowups along submanifolds 1151

is never-vanishing and bounded from above. Since the cover is finite we have

O<c<inf inf  fup(y) <sup sup fup(y) <C < oo. 2.2)
a,B yeVyNVg#) o a,B yeVuNVg#0 o
We denote oy = m*oy to be the pull-back of oy to X.

Lemma 2.3 (see also [10]) There exists an &y > O such that for all ¢ € (0, gg] the
(1, D)-form

we = m*wy + €idd logoy

is positive definite on X\ E and extends to a smooth Kdhler metric on X.

Proof We only need to prove the positivity of w, near E, which is in fact local. So we
may assume the map r is defined from an open set U C X to V,, given by

Wy,1 = 271, We,2 = 21225 -+ Wak = 21Tk, Wa,k+1 = Tk+1s -+ Wa,n = Zn,

where {z;} are the complex coordinates on U such that E N U = {z; = 0}. It loses no
loss of generality to assume wy on V, is just the Euclidean metric wcn = Y jidwg, jA
dwg, .

We note that on V,

J k k
oy = D fpa | D wa P = e Y lwa I
B=1,VsNVy 0 j=1 j=1

From (2.2), we know that ¢, i_s a smooth function with a strict positive lower bound
on V. In particular wy + €iddloge¢, > 0Oon V, forany 0 < ¢ < g9 << 1.
We calculate

k k
mroy = [ 1+ Y 1z1* | dzi AdZi+ ) (2iZdzj AdZy + Zizjdzi AdZ))
j=2 j=2
k n
+ 1Y dzjadzi+ Y dzj Adzj, (2.3)
j=2 Jj=k+1
and note that on U
k
logox =loggo +loglzi* +log [ 14+ " 1z;1* |,

Jj=2

so on U\ E we have

Yh oo+ 121708 — Zizj)V/=Tdzi A dZ;

i99logoy =iddlo +
20X g¢o{ (1+|Z/|2)2

2.4)
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1152 B. Guo

where 7’ = (22, ..., zx) and the second term on RHS is nonnegative in z’-directions,
which is just the Fubini-Study metric in the coordinates z'. By straightforward calcu-
lations, we see that if ¢ is small enough the (1, 1)-form 7 *wy + i 99 log ox is positive
on X\ E and extends to a Kdhler metric on X. O

Remark 2.1 Globally from the above calculations we see that
we = ¥ wy + €idd logoy — e[E],

where [ E] denotes the current of integration along E.

We will denote wy = m*wy + £0idd logox — eo[E] to be a fixed Kéhler met-
ric obtained from the Lemma 2.3. The following inequality follows from the local
expression of 7 *wy as in the proof of Lemma 2.3.

Lemma 2.4 There exists a uniform constant C > 1 such that

C
C oy <wyx < aa}y, (2.5)

where the second inequality is understood on X\ E.

3 The proof of the main theorem

Now we are ready to derive the crucial estimates on w along the Kihler—Ricci flow

(1.1).

Lemma 3.1 There exists uniform constants C > 0 and § € (0, 1) such that along the

flow (1.1) we have
o
®=C—,
Ox

on X\E x [0, T). 3.1)

The proof is almost the same as that of Lemma 2.5 in [20], with minor modification
using Lemma 2.3. For completeness, we provide a sketched proof.

Proof Fix an € € (0, 1) and define

Qc = logtryy o+ Alogoy ™ try, w — A%g,

where A > (Q1is aconstant to be determined later. First of all, Q.|;—o < C fora constant
C independent of € € (0, 1), which can be seen from (2.5). Observe that for each time
to € (0, T), maxy Q. can only be achieved on X\ E, since Q.(x) - —oocasx — E.
Thus we assume the maximum of Q. is obtained at (xg, #p) for some xo € X\ E. From
the Chern—Lu inequality (e.g. Eq. (2.1)) the following holds on X\ E

0 - Q
<§ — A) Qc <Ctrywg — Atr,(Ad; + (1 +€)idd logoy) + A? log—n + C,
10}
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Kahler—Ricci flow on blowups along submanifolds 1153

where the constant C depends on the lower bound of the bisectional curvature of
(X, wp) and the upper bound of bisectional curvature of (Y, wy). Since &; > cjwy
for a uniform ¢; > 0 and any ¢ € [0, T), by Lemma 2.3 for A > 0 large enough
Ad; + (1 4 €)iddlogoy > cawp on X\E for some ¢ > 0. If A > 0 is taken even
larger then at (xo, t9), we have

0 Q
0< (5 —A) Q¢ < —2trwa)o+A2log—n+C < —tr,wg+ C,
1)

where in the last inequality we use
2 £ 2
—trowo+ A log—n < —trpwg +nA-logtr, wy+ C < C,
1)

as logx < ex + C(e) for any x € (0, 00). So we have tr,, wo(xg, 7o) < C. Then

n
0
-1
oy @|(xg.10) = J(trw @0)" " lxo.10) = C.
0

Observing that from (2.5), ox try, @ < C try, @ on X\ E, thus supy Q. < C for some
uniform constant C > 0. Letting € — 0, we get

logtry, @+ Alogox try, < C, on X\E x [0,T).
Finally from C try, @ > try, © we see from the above that

log try, @ 4 log o f (try, @) < C,

—A/(14+A)

80 try, @ < Coy on X\ E, and we can then take § = 1J+A € (0,1). O

Next we will show the distance function defined by w, is Holder-continuous with
respect to the fixed metric (X, wp).

Lemma 3.2 There exists a uniform constant C > 0 such that for any p,q € X, it
holds that

dw, (P, q) < Cduy(p.q)°, Y1 €[0,T),
where § € (0, 1) is the constant determined in Lemma 3.1.

Proof 1t suffices to prove the estimate near E, say on 7' (E), a tubular neighborhood
of E, since wy is uniformly equivalent to wg outside 7 (E). Choose coordinates charts
{Uq} covering T(E) and local coordinates {z4,; };‘:1 such that U, N E = {z41 =
0}. We may assume that the cover is fine enough such that any p,q € T(E) with
duy (P, q) < % must lie in the same U,,. Since we have only finitely many such Uy, we
will work on one of them only and omit the subscript « for simplicity. Furthermore the
fixed Kdhler metric wyq is uniformly equivalent to the Euclidean metric wcr» on U, so

@ Springer



1154 B. Guo

without loss of generality we assume wy = wcr on U. Recall that Lemma 3.1 implies
that on U\ E it holds that

(,()(Cn

21=8)

vVt €[0,7), (3.2)
|z1

w; <

since oy ~ |z1|> on U.
Take any two points p, g € U withd,,,(p,q) =d < JT. We will consider different
cases depending on the positions of p, gq.

e Case 1 p, g € E. Rotating the coordinates if necessary we may assume p = 0 and
q =1(0,d,0,...,0). We pick two points p = (d,0,...,0)and g = (d,d,0,...,0)
as shown the picture below. From (3.2), we have

z1

d
— 1
do, (P, P) < Lo, (pp) = Cfo T = cd’,

where pp denotes the (Euclidean) line segment connecting p and p. Similarly
dy, (q,§) < Cd®. On the other hand,

~ o~ T~ . C T~ .
Aoy (B, 8) = Lo (PD) = —7=5 Lo (5G) = Cdl’.

If we denote y = ﬁ + ﬁ + ﬁ to be the piecewise line segment connecting p and
q, then we have

Aoy (P, q) < Ly (y) < Cd® = Cdyy(p, q)°.

We remark that y C X\ E, except the two end points p, q.

e Case 2 min(d,, (p, E), du,(q, E)) < d. The (Euclidean) projections of p, g to E,
denoted by p’, ¢', respectively, must satisfy dy,(p’, ¢') < d. From the assumption it
follows that de,, (p, p') < 2d and dy,(q,q’) < 2d. By similar arguments as above
using (3.2) we have
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Kahler—Ricci flow on blowups along submanifolds 1155

dw, (p, p)) < Cd°, dy(q.q") < Cd’,

and by Case 1 d,, (p', q") < Cdy,(p', q")° < Cd’. By triangle inequality we get the
desired estimate d,,, (p, q) < Ccd’.

e Case 3min(d,,,(p, E), dw,(q, E)) > d.Every pointin the (Euclidean) line segment
Pq has norm of z;-coordinates no less than d, therefore

dw (P, @) < Loy (pq) < Cd™ "V Ly, (pq) = Cd°.
Combining the all the cases above, we finish the proof of the lemma. O
Next we will prove the Holder continuity of ¢; with respect to (X, wp). To begin

with, we first prove the gradient estimate of ® := (T — 1)@ + ¢ with respect to the
evolving metrics (X, w;) (c.f. [3]).

Lemma 3.3 There exists a uniform constant C > 0 such that

sup |V, ®le, <C, Vte[0,T).
X

Proof Taking 3% on both sides of (1.2), we get

J . o1 . )
—¢ = A+ - try(wy —wo) = Ag +

tr, @y + Ag,
o1 T T YT Y
where we used the equation —% try o = —7= + ﬁ try, @y + ﬁA(p. Then we
have the equation
d R
(E — A) O =tr,wy —n > —n. (3.3)

By maximum principle, it follows that infy & > —C for some constant depending
also on T'. Recall @ is also bounded above by Lemma 2.1. And combining (3.3) with
Bochner formula the following equation holds:

] _ i}
(E — M)V = —|VVD|> — [VVO|? +2Re (VO, V tr,, By ).

Fix a constant B := supy (0.7 |®| + 2. By direct calculations the following equation
holds

0 L) IveP (%—A)sz |V<1>|2<%—A)<1>
< )B—(D B—® (B — ®)? B—®

_ V2
- = + +2Re({Vlog(B — ®),V

—|VVO|? — VYO +2Re (VD, Viry dy)  |V®[A(try by —n)
B—® (B — ®)?

2
+2Re <v1og(3 — @), ?'Bvibl(b) 3.4
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1156 B. Guo

From the Eq. (2.1), we have

E—A tr, Oy
at B—-®

- —co|Viry dy|*+C  try, Oy (try Oy —n) +2Re (Viog(B — @), ¥ tr, ®y .
B—® (B — (ID)2 B—®
3.5)
Denote
V|2 try, &
G = | | + A To OY whereA:lOcal.

" B-® B—®’

By (3.4), (3.5) and Cauchy—Schwarz inequality we have
0

(7-2)e
ot

- —|VV®]2 — |VVD|Z — 9|V tr, Oy |2

=< 5 +CG 4 C +2Re(Vlog(B — @), VG).

Assuming the maximum of G is attained at (xg, fy), we may assume at this point
|[V®| > A, otherwise we are done yet. Then at this point (£ — A)G > 0 and

VG = 0, hence we have 2|V®| - V|V®| = —GVP — AV tr, &y. Taking norm on
both side we get at (xq, fo)

IGV® + AV try, dy|?

N =2|V|VD|)? < |VVD|* + |[VVD|?, (3.6)

where we used the Kato’s inequality in the last inequality. Therefore at (xo, #p), we
have

_ 1 |Vt1'waA)Y| ~ 2 N 2
0<B-d(--6*?+a6—2L Vi 9|Vt CG+C
=B -0 (= 367 +AG I o Vi by P 91wy ) +CG +

G2
<—-———+4+CG+C,
= 4(3_@)—0- +
so at (xp, fp), G < C. From this we get the desired bound on |V ®|. ]

An immediate consequence of the gradient bound is the uniform Hélder continuity
of ¢; on (X, wo).

Corollary 3.1 There exists a uniform constant C > 0 such that
10:(P) — ¢1(@)| < Cduy(p.@)°, ¥p.q € X, and ¥t € [0, T),
where § > 0 is the same constant as in Lemma 3.1.
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Kahler—Ricci flow on blowups along submanifolds 1157

Proof Recall the definition of ®, that

_ Yy _ . 23 @t

By the gradient bound in Lemma 3.3 and distance estimate in Lemma 3.2, for any
fixed points p, g € X, we have

1@ (p) — ®;(q)| < Cdu,(p. q) < Cduy(p. q)°.

So
9 ¢ ) 9 ( ) ‘ Cduy(P; q)°
— - — T 12 3.7
‘8t<T—t () ot @ T —1)2 3.7)
integrating (3.7) over ¢ € [0, ¢1) we get by noting that ¢y = 0 that
en(p) o (q) / 5 h
_ < Cd d == Cd 5 ’
|T—t1 | wo (D5 CI) (T wo (P> q) (T —1)
cancelling the common factor - 1 -
t1 € (0, T) is arbitrarily chosen. O

Remark 3.1 By an argument in [8], the Holder continuity of ¢; implies that the distance
functions satisfy the estimate in Lemma 3.2.

Recall that the exceptional divisor E is a CP*~!-bundle over N and we identify
N with the zero section of this bundle. Denote the bundle map by #7 : E — N
which is the restriction of ¥ : X — Y to E. From Corollary 3.1, we see that the
limit o7 € PSH (X, dy) is also Holder continuous in (X, wg). Since é)Y|ﬁ—1(y) =0
for any y € N, we know that ¢7|;-1(,) = const for each y € N since a7 (y) is
connected. Thus ¢7 descends to a bounded function in PSH (Y, wy), which we will
still denote by ¢7. We shall show ¢r is also Holder continuous in (Y, wy) with a
possible different Holder component.

Lemma 3.4 There exists a uniform constant C > 0 such that

lor(p) — o1(@)| < Cdwy (p, @)%, Vp,gev, (3.8)
where 8y = min{8(1 — §8), 82} € (0, 1).

Proof We denote the zero section of the CP*"!-bundle # : E — N by N, and
it is well-known that N = N. It suffices to show (3.8) for p, g in a fixed tubular
neighborhood T'(N) of N, since on Y\T (N) the metric 7 *wy = @y is equivalent to
wy, and the estimate follows from Corollary 3.1.
Choose coordinates charts (Vy, wg, j) covering T (N) such that Vo, NN = {wg,1 =
- = Wq,k = 0}. We also assume that any p,q € T(N) with dy, (p,g) < 1liein
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1158 B. Guo

the same V,, if the charts are chosen sufficiently fine. We will work in a fixed chart
(V, w;), and omit the subscript «. On this open set wy is equivalent to the Euclidean
metric wcr in (C", w;), so without loss of generality, we may assume wy = wc» on
V. The map w : U — V can be locally expressed as

W1 =21, W2 = 2122, ..., Wk = 21%k, Wkt1 = ZkA41s---» Wy = Zn, (3.9

where (U, z;) is an open chart on X. The zero section N can be locally expressed as
NﬂU={Z] =... =z =0}

We consider different cases depending on the positions of p, g in V. Denote 0 <
d= da)y(pa Q) =< 1/4

e Case 1 we assume p, g € N. Take the unique pre-images under p of p, ¢ in N,
P, g, respectively. We know that ¢7(p) = @r(p) and ¢7r(q) = ¢r(q). The line
segment pq is contained in N and similarly pq is contained in N as well. From the
local expressions (2.3) and (2.4) of wy = JT*_cuy + £0i00 log ox, we conclude that
dwy (p. q) = Ly, (pq) is comparable to L, (pg), which is no less than c1d,, (P, §),
for some uniform ¢; > 0. Therefore

lor () — o1 ()| =101 (P) — 017(@)| < Cduy (P, §)° < Cdoy (p, q)°,

as desired.

e Case 2 if 0 < min{d,, (p, N),dw,(q, N)} < 2d'~°. Take the orthogonal pro-
jections of p and g to N, p’,q’ respectively. In other words, p’ (q¢' resp.) has
the same (wg+1, ..., wy)-coordinates as p (g resp.) but the first k-coordinates are
zero. From the assumptlon we know that dyy (p, p') = Ly, (pp) < B’d1 % and
dwy(q,q") = Ley (qq") < 3d'~%. The pull-back of the line segment pp’ under 7

is also a line segment 7~ (p)p’ 1n , z,) connectmg 7~ (p) and a unique point
pen 1(p) CE,and p/ = (0, 2 w1 e, w1 , W41, - -+ > Wy), where w; denotes the
w j-coordinate at p. It holds that ¢7(p) = ¢7(p’) since p’ lies at the fiber over p’.
Again from the local expressions (2.3) and (2.4) of wy, it follows that L, @ (p)p)
is comparable to the length of pp’ under wy, therefore

duy(71(@), P') < CLuy (= 1(p)P') < CLyy (pp) < Cd' 2,

from which we derive that

lor(p) — @1 (P)| = lor (" (p)) — 1 (P)| < Cdy(x~ (p), p)° < Cd’.

Similar estimate also holds for |¢7(7~'(q)) — ¢r(¢’)|. Since p’,q’ € E and
dyy (p',q") < d, by Case 1 we also have |gr(p') — ¢r(q¢’)| < Cd®. The desired
estimate (3.8) in this case then follows from triangle inequality.

e Case3min{d,, (p, N), dy, (g, N)} > 2d'~.Theline segment y (s) = pq is strictly
away from N, in fact, oy (y (s)) > d*1=9 Therefore the pull-back y (s) = 71 (v (s))
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joins 771 (p) to 771 (g) and ox (P (s)) > d*1=9. From (2.5) that wx < c”;‘;y on
X\E we have

_ _ . C
dog (071 (P), T (@) = CLuy (D) = S5 Ly (v) < Cd”.

Therefore
lor(p) — o1@)] = lor (T~ () — o1t @) < Cdug (7~ (p). 7~ (9))° < Ca®* < Ca®¥

as desired.
Combining the cases discussed above, we finish the proof of the lemma. O

The positive (1, 1)-form or = oy + iaégoT defines a Kihler metric g7 on Y\ N,
with the associated function d7 : Y\N x Y\N — [0, co) defined by

dr(p, q) := inf {/ Vver(y',y)|ly C Y and y joins p to q}

V\N

for any p,q € Y\N and y is taken over all piecewise smooth curves in ¥ with only
finitely many intersections with N. With this distance function, (Y \N, d~T) becomes
a metric space, which may not be complete. We want to extend the distance function
to the whole Y. To begin with, we need a trick from [8].

Lemma 3.5 There exists a uniform constant C > 0 such that for any p € Y\N and
rp =du,(p,N) >0

dr(p.q) < Cduy (p,)"""?, Vg € Buy (p,7p/2).
Proof The ball B := B, (p, rp/2) is strictly away from N so wr is smooth on B.

The function d,(x) = dr (p, x) is Lipschtiz continuous and satisfies |Vdy|,, < 1
a.e.. For any r < %", we have

/ IVd, |2 o} 5/ IVd, |2, (tre, or)o}
Boy (p.r) Boy (p.r)
< / (n + Awyor)0y
Buy (p.r)

<oy | 07 () = o1 (D1 Ay 1l
By (p,1.5r)
S Can + Cr5y+2n—2 E Cr2n—2+8y’
where 7 is a standard cut-off function supported in B,,, (p, 1.5r) and identically equal
to 1 on B,,, (p, r), and it satisfies |A,,, n| < Cr~2. Then by Poincare inequality and

Campanato’s lemma (see Theorem 3.1 in [7]) we get
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dr(p,q) = dp(q) = ldy(q) — dp(p)| < Cduyy (p, @)%/,

for any g € By, (p,7p/2). O

Lemma 3.6 There exist constants C > 0 and 8o € (0, 1) such that

dr(p,q) < Cduy (p,)®, Vp,q € Y\N. (3.10)

Proof We use the same notation as in the proof of Lemma 3.4. It suffices to show
(3.10) for p,q € V where V is a fixed coordinate chart in ¥ and recall locally the
mapmw : U — Visgivenby (3.9). Letd = d,, (p,q) < 1/4.

In case min{d,, (p, N), dw, (g, N)} > 2d, then g € By, (p, %dwy(p, N)). By
Lemma 3.5, it follows that d7 ( p.q) < Cd® /% Soitonly remains to consider the case
when the minimum above is < 2d. Let p’, ¢’ € N NV be the orthogonal projection
(assuming wy = wen) of p, g to N, respectively. Then max{dy, (p, p), dwy (g, q")} <
3d and d,,, (p', q') < d. Choose the unique pre-images p,§ € N C E in the zero
section N of the bundle 7 : E — N, of p/, ¢, i.e. #(p) = p’ and #(§) = ¢'. From
the local expressions (2.3) and (2.4) of wx = 7*wy + £0idd log oy, it can be shown
that dy,, (P, §) < Cdy, (p',q’) < Cd. As in the proof of Case 1 in Lemma 3.2 with
P, q in that lemma replaced by p, ¢ here. Recall that the piecewise line segment y
which connects p and g lies outside E, except the two end points. Furthermore y is
chosen independent of ¢ € [0, T) and we have

/ JEG ) = Lo (v) < Cduy (5,4)° < CdP, 3.11)
Y

since g; — gr (locally) smoothly on y\{p, ¢}, letting t — T~ and applying Fatou’s
lemma to (3.11), we get

/ Ver(y,y) < cd’.
Y

Denote the image curve yy = 7w(y) C Y which joins p’ to ¢’ and is contained in
Y\N except the end points. It follows then that L, (yp) < Cd’. The line segment
yi1(s) = pp’is given by

7/1(5) = (Swl(p)v ) ka(p)v wk+l(p)7 sy wl’l(p))v NS [07 1]
and its pull-back to X, p;(s) = i (v (s)) is locally given by

w2(p) wi(p)
wi(p) T wi(p)’

yi(s) = (swi(p), Wi1(P)s -, wa(p)), s €10, 1].

By the estimate in Lemma 3.1, it follows that

Clw(p)l® < cd’,

Al A
VDA gx @ 7)) VT ey (1 v
/A\/gt(yf,y{)sC/A IR e <
7 il

- - <
s2A=0) |w(p)2A=0) = = J5 s1=8jw(p)|1=0 ~
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where w(p) = (wi(p), ..., wi(p)). By Fatou’s lemma and letting t — T, we get
Loy (1) =[ gr(). 7)) < Cd’.
iz

Similarly the line segment y» = gq’ also have Lo, () <C d®. Now we define a
piecewise smooth curve

7V =y1+y+ 1.

which joins p to g and lies entirely outside N, except the two points p’ and ¢’. And
combining the estimates above we get

Luy (#) = Loy (71) + Loy (Y0) + Loy (12) < Cd°.
Then by definition
dr(p,q) < Loy (7) < Cd® = Cdyy (p, q)°.

From the discussions above, (3.10) follows for 6p = min(dy /2, §). O

We now extend the distance function dr to Y, for any p € Y\N andg € N, we
define the distance

dr(p,q) = lim dr(p, q), (3.12)

where {g;} C Y\N is a sequence of points such that d,,, (¢, g;) — 0. We need to
justify dr is well-defined, i.e. the limit exists and is independent of the choice of the
sequence {g;}.

Lemma 3.7 The limit in (3.12) exists and for any other sequence {ql{} C Y\N con-
verging to q in (Y, wy), the following holds

lim dr(p,g;) = lim dr(p, q)).
11— 00 1—> 00
Proof This is in fact an immediate consequence of Lemma 3.6. Observe that
\dr (P, qi) = dr (P, 4)| < dr(gi-4)) < Cduy (i, g — 0, asi, j— oo.

Thus {dr(p, gi)}72, is a Cauchy sequence hence it converges. On the other hand,
similarly we have

dr(p, qi) — dr(p,g))| < Cdw, (i, q))° — 0, asi— oo,

and it then follows that the limit is independent of the choice of {g;} converging
togq. O
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We then define the distance between points in N as follows: for any p,g € N
dr(p,q) == lim dr(pi, qi),
1—> 00

for two sequences Y\N D {p;} — p and Y\N D {¢;} — ¢ under d,,,. It can be
checked similar as Lemma 3.7 that the limit exists and is independent of the choice of
sequences converging to p or g. Thus (Y, dr) defines a compact metric space, since
dr(p.q) < Cdy, (p, q)5° for any p, g € Y, which follows from Lemma 3.6.

We now turn to the Gromov—Hausdorff (GH) convergence of the flow. The proof
is motivated by [15] (see also [3,5,29]).

Lemma 3.8 Foranyt; — T, there exists a subsequence which we still denote by {t;}
such that as compact metric spaces

doH

(X, wy) = (Z,dz)
for some compact metric space (Z, dz).

Proof For any € > 0, we choose an e-net {x]} 1 C (X, ), in the sense that
d‘“r, (xj, xj7) > € and the open balls {Bwt’ (xj, 26)}1 cover (X, wy, ). From Lemma 3.2,
we have

§
€ <dy, (xj,xj) < Cdyy(xj, xj)°,

thus under the fixed metric d,,,, each pair of points (x, x ;) from the e-net has distance
at least C~1/%¢1/3  thus the balls {Buy (x;, C"/‘Se‘/‘s/2)}j are disjoint, so for some
c>0

2n 2n
N cce'/? E ce'ld / ;) 5/ g,
X

UijO(Xj,C_]/(Sél/S/Z)

from which we derive an upper bound of N; . < N, which is independent of i.

Then by Gromov’s precompactness theorem [4], there exists a compact metric space

(Z,dz), such that up to a subsequence (X, wy,) dG—H> (Z,dy). O

Lemma 3.9 There exists an open and dense subset Z° C Z such that (Z°,dz) and
(Y\N, dr) are homeomorphic and locally isometric.

Proof For notational convenience we denote Y° = Y\N. The maps 7; = 7 :
(X,w;) — (Y,wy) are Lipschitz by the estimate 7*wy < Co; as in (ii) of
Lemma 2.2. The target space (¥, wy) is compact, so by Arzela—Ascoli theorem up

d
to a subsequence of {;}, along the GH convergence (X, wy;) Lo, (Z,dz), the maps
T ﬂ) 7z, for some map 7wz : (Z,dz) — (Y, wy), in the sense that for any

d do . . . .
(X, wy) 3 x; oH e Z, i (x;) N mz(z)in Y. w7 is also Lipschitz from (Z, dz)
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to (Y, wy), i.e. dyy, (mz(21), m7(22)) < Cdz(z1, z2) for any z1, zp € Z. We denote
Z° = nZ_I(YO), and we will show that wz|z. : (Z°,dz) — (Y°, dr) is homeomor-
phic and locally isometric, and Z° C Z is open and dense. The openness of Z° C Z
follows from the continuity of the map nz : (Z,dz) — (Y, d,,) and the fact that
Y° C Y is open.

e 17|z is injective: suppose z1,z0 € Z° = n;l(Yo) are mapped to the same
point y € Y°, mwz(z1) = mz(z2) = y. Since (Y°, wr) is an incomplete smooth
Riemannian manifold and locally in Y°, dr is induced from the Riemannian met-
ric, we can find a small » = ry, > 0 such that the metric ball (B, (y, 2r), wr) is
geodesically convex. Choose two sequence of points zj ;,22,; € (X, wy;) converg-

. . . GH
ing in GH sense to z1, 22 € Z, respectively. From the convergence of n; — mz,

we obtain dy, (1 (21,0, 72 (z1)) ——> 0 and dy, (i(22,1), 72(z2)) ——> 0. By
Lemma 3.6, the same limits hold with d,,, replaced by dr . In particular this implies that

dr (mi(21,0). 7 (22.1)) “—> 0 and both 7;(z1.7) and 7;(z2,7) lie inside By, (y,r/2)
when i is large enough. We can find wr-geodesics y; C By, (y,7) connecting
7;(z1,;) and 7;(z2;), and by the uniform and smooth convergence of w; — wr

on 7~V (By, (y, 2r)), it follows that

0 < do, (z1,i, 22,0) < Lo, (i) < Lo (vi) + € =dr (w(21,0), 7i(22,0)) + € ==

where y; = n_l(yi) is a curve joining z1; to z2; and {¢;} is a sequence tending to
zero. From the definition of GH convergence we see that

dz(z1,z2) = lim dy, (21,i, 22,)) = 0.
11— 00

Hence z; = zp and 72| z0 is injective.

ez|zo : (Z°,dz) — (Y°,dr) is a local isometry. We first explain what the local
isometry means. It says that for any z € Z° and y = 7wz(z) € Y°, we can find open
setsz € U C Z°andy € V C Y° such that nz|y : (U,dz) — (V,dr) is an
isometry.

There exists a small » = r, > 0 such that the metric ball (B, (y,3r), wr) C Y°
and is geodesically convex. Take U = (7TZ|Z°)71(BwT (y,r)). Since B, (y,r) is
also open in (Y, wy), it can be seen that U is open in Z° and is a neighborhood of
z € Z°. Wewill show 7|y : (U,dz) = (Bw,(y,r), wr) is an isometry, i.e. for any
21,22 € U,and yy = wz(z1), y2 = mz(z2), we have dz(z1, z2) = dr (y1, ¥2).

We choose sequences of points z1,;,22,; € (X, w;) converging in GH sense to

71, 22, respectively, as before. It then follows from r; GH, mz and Lemma 3.6 that
dr (wi(za.i), Ya) — 0 asi — oo, for each a = 1, 2. In particular when i is large
enough, 7;(z4,;)) € By (¥, 1.1r). Choose a minimal w;,-geodesic p; joining z1; to
22,i, and we have

du, (210, 22.0) = Loy, (i) —> dz(z1, 22).
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Denote the image y; = 7; (y;) which is a continuous curve joining 7; (z1 ;) to 7; (z2,;).
If y; C By, (v, 3r) (forasubsequence of i), since w;; converge smoothly and uniformly
to wr on the compact subset 7~ (B, (y, 3r)), it follows

dr (71 (21.0), Mi(22.0)) < Loy (1) < Loy, (%) + €6 —> dz(21, 22).
In case y; ¢ By, (y, 3r) for i large enough, we have

dr (i (z1,i), 7i(22,i)) < 2.5r < Lo (i N By (v, 3r))

< Lo, (vi) + € =5 dz (a1, 22).

Observe that dr (7;(z1,), i (22,1)) ——> dr(72(z1), 72(22)) = dr (31, y2). So by
the discussion in both cases, it follows that d7 (y1, y2) < dz(z1, z2). To see the reverse
inequality, by the geodesic convexity of (B, (y, 3r), wr), we can find minimal wr-
geodesics o; C By, (y, 3r) connecting 7;(z;,;) and m;(z2,;) for i large enough. The
pull-back 6; = n’l(o,-) C B, (y,3r) joins z;; to z3;, again by the local smooth
convergence of w;, to wr, we have

duw, (21,i,22,i) = La, (i) < Loy (0i) + €

= dr (7, (z1.4), i (22.0)) + € ——> dr (y1, y2),

letting i — oo we get dz(z1,22) < dr(y1.y2). Thus we show that dz(z1,22) =
dr (y1, y2), as desired.

e 17| zo is surjective. This follows from the definition. Indeed, for any y € Y°, take

z7=2z = rr_l(y) € (X, wy;), up to a subsequence z; dG—H> z0 € Z. Since 1; ﬂ) Tz,
we get dg, (v, 12(20)) = dw, (i (zi), 72 (20)) — 0asi — 0. So wz(z0) = y and
zo0 € Z° is the pre-image of y under 72| zo.

Combining the discussions above, we see that wz|zo : (Z°,dz) — (Y°,dr) is a
bijection and thus a homeomorphism (noting that the continuity of the maps wz|zo
and (77| z0)~! follow from the local isometry property).

It only remains to show Z° C Z is dense. Suppose not, there exists a point zo €
Z such that By, (zp, &) C Z\Z° for some ¢ > 0. Choose a sequence of points

d,
xi € (X, wy,) such that x; BN zo. We claim that dw,i (xi, E) > 0asi — o0,
where E is the exceptional divisor of the blown-down map 7 : X — Y. If not, then
dwtl- (xi, E) = ap > O for a sequence of large i’s, by Lemma 3.2, under the fixed

metric wo, dy, (X, £) > C_l/‘sa(l)/(S > 0, thus {x;} C K, for some compact subset
K € X\E. It then follows that ;(x;) € m(K) € Y°, and this contradicts the fact
that d,,, (7; (x;), mz(20)) — 0 and wz(z0) ¢ Y°. Therefore, we may assume without
loss of generality that x; € E for all i. Moreover, from Lemma 3.10 below, we may
replace x; € E by the point in the same fiber as x; of the CP*~ l—bundle mn:E— N
and the zero section N. So we can assume in addition that x; € N. Denote the points
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GH d
yi = wi(x;) € N and yop = wz(z9) € N. From n; — w7 and x; LN z0, We have
dyy (¥i, yo) = 0asi — oo.
We may choose a coordinates chart (V, w;) as before, which is centered at yy and

contains all but finitely many y;, and N NV = {w; = --- = wy = 0}. We take an
open set (U, z;) over (V, w;), such that the map 7 : U — V is expressed as in (3.9).
We fix a point p € V\N whose w-coordinate is w(p) = (r, 0, ..., 0) for some r > 0

to be determined. Take p = 7~ !(p) and its z-coordinate is z(p) = (r,0,...,0).
The point(s) p; = p € (X, w;;) converge (up to a subsequence) in GH sense to some
point pz € Z, and as above, we have d,,, (p, 7z(pz)) = dwy, (i (pi). 7z(pz)) = 0
asi — 00,50 p = w(pz) € Y° and pz € Z°. From the assumption we have
dz(zo0, pz) = € > 0. On the other hand, by the local expressions (2.3) and (2.4) of
wx = m*wy +£0idd log ox, we find that line segments pZo+Zox; in (U, zj) have wy-
length < Cr +¢; for some sequence €; — 0, where we denote Zg = 7 -1 (po)N N, ie.
Zoistheoriginin (U, z;). S0 dw, (P, Xi) < C(r+6i)andbyLemma3.2,dw,i (pisxi) <
C(r+¢)l. Letting i — oo we getdz(pz, z0) < Cr8. If we choose r small such that
Cr® = &/2, we would get a contradiction. Therefore Z° C Z is dense. O

By exactly the same proof of Lemma 3.2 in [20], we have

Lemma 3.10 There is a uniform constant C > 0 such that
diam(# ~'(y), w;) < C(T = )'3, Vi €[0,T), andVy € N.

That is to say, the diameters of the fibers of 7 : E — N degenerate at a uniform rate
as O((T —t)'/3).

Lemma3.11 The map nz : (Z,dz) — (Y, dr) is a homeomorphism.

Note that the target space is equipped with the metric dr, not the metric d,,, .

Proof From Lemma 3.6, we get for any z1,22 € Z

dr(w7(21), 72(22)) < Cdyy (17(21), T2(22))% < Cdz(z1, 22)%,

sothe map w7z : (Z,dz) — (Y, dr) is continuous.

e 77 is injective. Suppose 71,72 € Z satisfies mz(z1) = wz(z2) = y € Y. If
y € Y°, then z1,20 € Z°, z1 = z» by the injectivity of mz|z-. So we only need
to consider the case y € Y\Y° = N and thus z1,z2> € Z\Z°. Pick sequences of
points x1;, x2; € (X, wy;) converging in GH sense to z1, z, respectively. By similar
arguments as in the proof of Lemma 2.3, without loss of generality we can assume
X1i,X2, € N C E. Denote y1.i = m(x1,;) and yp ; = w(x2,;). We then have

i— 00

dwy V1,i,Y) = dwy (i (x1,i), 77(21)) — 0,

and similarly d,,, (32,;, ¥) — 0 as well, and this implies that d, (y1,i, y2,;) — O.
Since x1; and x, ; are both in the zero section N , from the local expressions (2.3) and
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(2.4) of the metric wxy = 7*wy + £0id0 logoy, we see that d,, (x1,;, x2,;) — 0 as
i — 00. Then by Lemma 3.2 again, we get d, (x1,i,%2,i) < Cdypy (x1.4, x2.)% — 0.
Letting i — oo we get dz(z1, z2) = 0, thus z; = z». This proves the injectivity of
7.

e 77 is surjective. This follows from the definition. In fact, we only need to show any
p € Y\Y° = N lies in the image of 7z. We fix the point p € N with 7(p) = p.
pi = p € (X, wy;) converge up to subsequence in GH sense to a point pz € Z. Then

dwy (. 72(pz)) = dw, (i (pi), 1z(pz)) — 0 by definition of m; GH, 7. It then
follows that w7z (pz) = p.

Thus, w7 : (Z,dz) — (Y, dr) is bijective and continuous. It is also a homeomor-
phism since (Z, dz) is compact. O
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