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Abstract
We prove Fuglede’s conjecture in Q, which states that a Borel set of positive and
finite Haar measure in Q, is a spectral set if and only if it tiles Q, by translations.
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1 Introduction

Let G be a locally compact abelian group and G its dual group. Denote by m (some-
times by dx) the Haar measure on G. Consider a Borel measurable subset 2 in G
with 0 < m(2) < co. We say that 2 is a tile of G by translations if there exists a set
T C G of translates such that ZteT lo(x —t) = 1 for almost all x € G, where 14
denotes the indicator function of a set A. The set T is then called a tiling complement
of 2 and (2, T) is called a tiling pair.

In the case of G = R considered as an additive group, compact sets of positive
measure that tile R by translations were extensively studied [1,29,33]. The simplest
case concerns compact sets consisting of finite number of unit intervals all of whose
endpoints are integers. This tiling problem can be reformulated in terms of finite
subsets of Z which tile the group Z. See [37] for references on the study of tiling
problem in the group Z. There are also investigations on the existence of tiles having
infinitely many connected components. A large class of such tiles arises from self-
similar constructions by Bandt [4], Grochenig and Haas [14], Kenyon [27], Lagarias
and Wang [32] et al. A structure theorem for bounded tiles in R is obtained by Lagarias
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and Wang in [33] where it is proved that all tilings of R by a bounded region (compact
set with zero boundary measure) must be periodic, and that the corresponding tiling
complements are rational up to affine transformations.

As we shall see, the tiles in the field Q, of p-adic numbers have relatively simple
structures. By an almost compact open set we mean a Borel set 2 C Q) such that
there exists a compact open set Q' satisfying

m(Q\Q) = m(Q\Q) =0.
One of our main results, stated below, concerns with the structure of tiles in Q p-

Theorem 1.1 Assume that 2 C Q, is a Borel set of positive and finite Haar measure.
If Q tiles Q, by translations, then it is an almost compact open set.

In [8], it is proved that any bounded tile of Q, is an almost compact open set. The
proof in [8] is different from the one in the present paper. Without using the theory of
distributions, that proof is more direct and easily understandable. But the boundedness
is assumed as an extra condition.

We say that a Borel set 2 C G of positive and finite Haar measure is a spectral set
if there exists a set A C G which is an orthonormal basis of the Hilbert space L2(Q).
Such a set A is called a spectrum of Q2 and (€2, A) is called a spectral pair.

When G = R", Fuglede [12] formulated the following conjecture: A Borel set
Q C R" of positive and finite Lebesgue measure is a spectral set if and only if it is a tile.
Fuglede [12] proved the conjecture in R? under the extra assumption that the spectrum
or the tiling complement is a lattice of R?. There are many positive results under
different extra assumptions before the work [39] where Tao gave a counterexample:
there exists a spectral subset of RY with d > 5 which is not a tile. After that, Matolcsi
[28], Matolcsi and Kolountzakis [22,23], Farkas and Révész [10], Farkas, Matolcsi
and Mora [11] gave a series of counterexamples which show that both directions
of Fuglede’s conjecture fail in R4 (d = 3). However, the conjecture is still open in
low dimensions d = 1, 2. There has been an effort to prove or disprove Fuglede’s
conjecture in R and R?, or for special classes of subsets of R” like unions of intervals
[5,6,30,31] and convex bodies [15,26].

The Fuglede’s conjecture can be generalized to locally compact abelian groups: A
Borel set Q C G of positive and finite Haar measure is a spectral set if and only if it is
a tile. In its generality, this generalized conjecture is not true. We could rather ask for
which groups it holds. The question arises even for finite groups. The counterexamples
inR?, d > 3 are actually constructed, based on counterexamples in finite groups. Some
substantial works have been done for some finite groups [2,13,16,24,25,35].

Let p > 2 be prime and Q, be the field of p-adic numbers. In the present paper,
we will prove that Fuglede’s conjecture in Q,, holds.

Theorem 1.2 Assume that 2 C Q, is a Borel set of positive and finite Haar measure.
Then Q is a spectral set if and only if it is a tile of Q).

In [9], the assertion in Theorem 1.2 was proved under the additional assumption
that €2 is a compact open set in O, and furthermore, the compact open spectral sets
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were characterized by their p-homogeneity (see the definition of p-homogeneity in
Section 1 of [9]).

Theorem 1.3 [9, Theorem 1.1] Let Q be a compact open set in Q. The following
statements are equivalent:

(1) Qs a spectral set;
(2) Qtiles Q, by translations;
(3) Qs p-homogenous.

Theorems 1.1 and 1.3 are two main steps towards the proof of Fuglede’s conjecture
in Q,. Actually, by Theorems 1.1 and 1.3, to prove Theorem 1.2, it suffices to prove
“Q is a spectral set => Q is a tile”.

As pointed out in [7, Proposition 3.1], which follows from [17], that (2, A) is a
spectral pair in QQ, is equivalent to

Ve e Q. Y 1Tl — 1) =m(Q)7, (1.1)

reA

where 1/5 is the Fourier transform of 1g. By definition, (€2, T') is a tiling pair of Q,
means that

Zlg()c—t):l, m-ae. x € Q,. (1.2)

teT

A subset E of Q, is said to be uniformly discrete if E is countable and inf; yefg |x —
ylp > 0, where | - |, denotes the p-adic absolute value on Q,. Remark that if E is
uniformly discrete, then Card(E£ N K) < oo for any compact subset K of Q,, so that

pE= 8 (1.3)

rEE

defines a discrete Radon measure. Observe that both (1.1) and (1.2) are of the form

mEe* f=w, (1.4)

where f is a non-negative integrable function and w > 0 is a positive number. Actu-
ally, both spectrum A and tiling complement 7" in Q, are uniformly discrete (see
Proposition 2.3). The above convolution equation (1.4) will be our main concern.

Our proofs of Theorems 1.1 and 1.2 will be based on the analysis of the set of
zeros of the Fourier transforms j15 and ji7, where both s and pr are considered
as Bruhat-Schwartz distributions and their Fourier transforms [z and fr7 are also
Bruhat-Schwartz distributions.

The article is organized as follows. In Sect. 2, we present preliminaries on the field
Q, of p-adic numbers and on the Z-module generated by the p"-th roots of unity.
Some useful facts from the theory of Bruhat—Schwartz distributions are also presented.
It is proved that a particular structure is shared by the set of zeros of jtg for all uniform
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discrete sets E. In Sect. 3, we study the functional equation ig * f = 1 under the
assumption that E is uniformly discrete and f is a non null and non-negative integrable
function. Such a relation has strong constraints on f and on E. For example, we prove
that fhas compact support. Section 4 is devoted to the proof that tiles in Q,, are all
almost compact open and spectral sets in QQ, are all almost bounded. It is then proved
that tiles in Q, are spectral sets. The proof that spectral sets in Q,, are tiles is given
in Sect. 5. In the last section, we prove the dual Fuglede’s conjecture in Q, and give
some remarks on the case of higher dimensions.

2 Preliminaries

Our study on the Fuglede’s conjecture on Q) is strongly related to the following
functional equation
pe* f=1 (2.1

where E C Q, is auniformly discrete setand f € L (o) p) is anon-negative integrable
function such that f@p fdm > 0.

The convolution in (2.1) is understood as a convolution of Bruhat—Schwartz distri-
butions and even as a convolution in the Colombeau algebra of generalized functions.
One of reasons is that the Fourier transform of the infinite Radon measure g is not
defined for the measure g but for the distribution i . Both spectral sets and tiles are
characterized by special cases of the equation (2.1). In fact, (1.1) means that a spectral
pair (€2, A) is characterized by (2.1) with £ = m(Q)~2|Tq|? and E = A; (1.2) means
that a tiling pair (€2, 7') is characterized by (2.1) with f = lgand E =T.

In this section, after having presented some basic facts like the Lebesgue density
theorem, the uniform discreteness of spectrum and of tiling complement etc, we will
recall some result from [36] on the Z-module generated by p"-th roots of unity, which
is akey for our study. Then we will present some useful facts from the theory of Bruhat—
Schwartz distributions and from the theory of the Colombeau algebra of generalized
functions. At the end, we will investigate the set of zeros of the Fourier transform ftz.

2.1 The field Qp of p-adic numbers

We start with a quick recall of p-adic numbers. Consider the field QQ of rational numbers
and a prime p > 2. Any nonzero number » € Q can be written as r = p"} where
v,a,b € Zand (p,a) = 1 and (p, b) = 1 [here (x, y) denotes the greatest common
divisor of the two integers x and y]. We define ||, = p~ U™ forr # 0 and 0], = 0.
Then | - |, is a non-Archimedean absolute value. That means

(i) |rlp = 0 with equality only when r = 0;
i) |rslp =1Iriplslps
(i) |r +sl|p < max{[r|p, |s]p}.

The field Q, of p-adic numbers is the completion of Q under | - |,. The ring Z,, of
p-adic integers is the set of p-adic numbers with absolute value < 1. A typical element
x of Q, is of the form
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o
x=) ap" WeZa,€{0.1,....p—1}anda, #0). (2.2)

n=v

Here, v, (x) := v is called the p-valuation of x.
A non-trivial additive character on Q,, is defined by

X (x) — eZm’{x}

where {x} = Z;zlvp (x) dn p" is the fractional part of x in (2.2). From this character

we can get all characters g of Q, by defining xs(x) = x (§x). We remark that
2mik/p" . k
x(x)=e , 1fx€—n+Zp (k,n € 7), 2.3)
4

and

/ x(X)dx =0 forall n> 1. 2.4)
P "Zp

The map £ +— x¢ from Q, to @p is an isomorphism. We write @p ~ Qp and
identify a point § € Qp with the point xz € Q). For more information on Q), and
Qp, the reader is referred to the book [40].

The following notation will be used in the whole paper.

Notation:

° Z; = Zp\pZp = {x € Qp : |x|, = 1}, the group of units of Z,.

e B(0, p") := p™"Z,, the (closed) ball centered at 0 of radius p”.

e B(x, p") :=x+ B, p").

e S(x, p") := B(x, p")\B(x, p" 1), a “sphere”.

o L :={{x}:x € Qp,}, acomplete set of representatives of the cosets of the additive
subgroup Z,,.

o L, :=p L.

The Lebesgue density theorem holds in Q,, for the Haar measure.

Proposition 2.1 [34] Let 2 C Q, be a bounded Borel set such that m(2) > 0. Then

m(B(x, p") N
(B(x,p™") )=1, m-a.e. x € Q.

1
n—>oco  m(B(x, p™™))
2.2 Fourier Transform

The Fourier transform of f € L'(Q p) is defined to be
e = [@ FE@dx (Ve € By ~ Q).
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A complex function f defined on Q,, is called uniformly locally constant if there
exists n € Z such that

fx4u) = fx) Vx € Qp,VYu € B0, p").

The following proposition shows that for an integrable function f, having compact
support and being uniformly locally constant are dual properties for f and its Fourier
transform.

Proposition 2.2 Let f € L' (Q p) be a complex-value integrable function.

(1) If f has compact support, then fis uniformly locally constant.
(2) If f is uniformly locally constant, then f has compact support.

Proof (1) Suppose that f is supported in B(0, p"). For any x € Q, and any u €
B(0, p™"), we have

T +u—Fe) = / FOVXEN @) = Dhdy.

B(0,p")

Notice that if y € B(0, p"), we have |uy|, < 1. So by (2.3),
x(uy) —1=0.

Therefore, f(é 4+ u) — f(&) = 0 for all u € B(0, p~"). Thus fis uniformly
locally constant.
(2) Suppose that f(x +u) = f(x) forany x € Q, and any u € B(0, p"). Observing

Qp =1L, +B©.p") = | B p".

zell,

we deduce

Fo=% /B L JOREM =Y fO [ @y

n
zely, zely, BGz.p"

By (2.4), we have fB(z’p,,) x(Ey)dy = O0for §], > p™". Therefore, f(é) = 0 for

n

&lp > p".
O

The above proposition is the key which will allow us to prove that a tile 2 in Q,,
is an almost compact open set [see Theorem 4.1 (2)], by showing that the support of
1 is compact (see Proposition 3.3). Consequently, a tile is a spectral set by Theorem
1.3.

Now we prove that the spectra and tiling complements are always uniformly dis-
crete.
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Proposition 2.3 Let 2 C Q,, be a Borel set of positive and finite Haar measure.

(1) If (2, A) is a spectral pair, then A is uniformly discrete.
(2) If (2, T) is a tiling pair, then T is uniformly discrete.

Proof (1) By the fact 1/5(0) = m(f2) > 0 and the continuity of the function TE there
exists an integer ng such that 1o (x) # 0 for all x € B(0, p"?). This, together with
the orthogonality

Toh—A)=0 VA, A e A distinct,

implies that [A — 1|, > p"0 for different A, 1" € A.
(2) Consider the continuous function on Q,, defined by

fx)=lg*xl k)= /Q lala(y —x)dy = m(2N (2 +x)).

The fact f(0) = m(2) > 0 and the continuity of f imply that there exists an
integer ng such that

m(QNQ+1) >0, forte B, p"). (2.5)

Fordifferentt € T andt’ € T, the tiling property implies m((Q2+1)N(Q2+1")) = 0.
So

MQN(Q+t—1)=m(QL+DHN(Q+1) =0

by the translation invariance of m. Thus we must have |t — [, > p"°, by (2.5).
O

2.3 Z-module generated by p"-th roots of unity

Let m > 2 be an integer and let w,, = 2™/ which is a primitive m-th root of unity.
Denote by M,, the set of integral points (ag, ay, . .., am—1) € Z™ such that

m—1
Z a.,-w,ﬁ =0.
j=0

The set M,, is clearly a Z-module. In the following we assume that m = p” is a
power of a prime number.

Lemma 2.4 [36, Theorem 1] If (ag,ai,...,apn—1) € Mpn, then for any integer
0<i< p”_1 — 1 we have a; =ai+jpn_1f0rallj =0,1,...,p— 1.

Lemma 2.4 has the following two special forms. The first one is an immediate
consequence.

@ Springer



322 A.Fanetal.

Lemma2.5 Let (bo, b1, ...,bp_1) € ZP. Ile;;é e¥ibi/P" = 0, then subject to a
permutation of (bo, ..., bp_1), there exists 0 <r < p"’1 — 1 such that

bj=r+ jp"" (mod p")

forallj =0,1,...,p— 1.

Lemma 2.6 [9, Lemma 2.5] Let C be a finite subset of Z. If Y .cc €™/P" = 0,
then p | Card(C) and C is decomposed into Card(C)/ p disjoint subsets C1, Ca, ...,
Ccard(C)/p» Such that each C consists of p points and

Z e2nic/p" —-0.

CECj

Now applying Lemmas 2.5 and 2.6, we have the following lemma which will be
useful in the paper.

Lemma2.7 Let C C Q, be a finite set.

) |If|2:cecl)x(c) =0, then p |Card(C) and )" .. x(xc) = 0 for any x € Zy (ie.
x|p=1)

(2) Ifthere exists & € Q) such that ZCGC x(&c) =0, then for any ¢ € C, there exists
¢ € Csuch that |c — |, = p/I&lp.

(3) If there exists a finite set 1 C Z such that

> x(p'e)y=0 foralli €l (2.6)

ceC

then p©dM | Card(C).

Proof (1) It is a direct consequence of Lemmas 2.5 and 2.6. See [9, Lemma 2.6] for

details.
(2) Let C = {c1,¢2, ..., ). Recall that x (£¢) = €27 /&¢} There exist an integer n
and a subset {n, no, ..., ny,} of Z such that

x(Ecp) = TPk =1,2, ... ,m.

By Lemma 2.6, p|Card(C) and C is decomposed into Card(C)/ p disjoint subsets

C1, ..., Ccard(c)/p- such that each C; consists of p points and
> x(Ee)=0.
CEC_/'

Without loss of generality, assume that ¢ € C;. By Lemma 2.5, we have

le — |, = if ¢ € Cy\{c}.

P
&1,
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(3) Assume that I = {iy, i2,...,i,} withi] <i» < --- < i,. By Lemma 2.6 and the
equality (2.6) with i = iy, we have p | Card(C) and C can be decomposed into
Card(C)/p subsets Cy, Ca, ..., Ccard(c)/p such that each C; consists of p points
and

> x(pe)=0.

CECJ'
By Lemma 2.5, if ¢ and ¢’ lie in the same Cj, we have
lc— |, = p'Hi. (2.7)

Now we consider the equality (2.6) when i = i. Since i} < i7, (2.7) and (2.3)
imply that the function

¢ x(pe)

is constant on each C;. From each C}, take one element c~] Let C be the set consisting
of these ¢;.
Since each C; contains p elements, the equality (2.6) with i = i> is equivalent to

Y x(pPe)=0.

ceC

By Lemma 2.6, p | Card(a), which implies p? | Card(C). By induction, we get
p"|Card(C). O

2.4 Bruhat-Schwartz distributions in Q,

Here we give a brief description of the theory of Bruhat-Schwartz distributions fol-
lowing [3,38,40]. Let £ denote the space of the uniformly locally constant functions.
The space D of Bruhat—Schwartz test functions is, by definition, constituted of uni-
formly locally constant functions of compact support. Such a test function f € Dis a
finite linear combination of indicator functions of the form 1, . (-), where k € Z
and x € Q. The largest of such numbers k is denoted by £ := £(f) and is called the
parameter of constancy of f. Since f € D has compact support, the minimal number
¢ = 0'(f) such that the support of f is contained in B(0, p[) exists and will be
called the parameter of compactness of f.

Clearly, D C &. The space D is provided with a topology of topological vector
space as follows: a sequence {¢,} C D is called a null sequence if there is a fixed pair
of [, 1’ € Z such that each ¢, is constant on every ball of radius p’ and is supported
by the ball B(O0, pl,) and the sequence ¢, tends uniformly to zero.

A Bruhat-Schwartz distribution f on Q, is by definition a continuous linear func-
tional on D. The value of f at ¢ € D will be denoted by (f, ¢). Note that linear
functionals on D are automatically continuous. This property allows us to easily con-
struct distributions. Denote by D’ the space of Bruhat-Schwartz distributions. The
space D’ is equipped with the weak topology induced by D.
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324 A.Fanetal.

A locally integrable function f is considered as a distribution: for any ¢ € D,
(.01 = [ rodm.
Qp

The discrete measure p g defined by (1.3) is also a distribution: for any ¢ € D,

(g, ) =Y o0

rEE

Here for each ¢, the sum is finite because E is uniformly discrete and each ball
contains at most a finite number of points in E. Since the test functions in D are
uniformly locally constant and have compact support, the following proposition is a
direct consequence of Proposition 2.2 or of the fact (see also [7, Lemma 4]) that

Ugie. iy &) = X (—c&) P 1 g i (6). (2.8)

Proposition 2.8 [38, Chapter I1 3] The Fourier transform f +> fis a homeomorphism
from D onto D.

The Fourier transform of a distribution f € D' is anew distribution f € D' defined
by the duality

o~ o~

(f.9)=(f.d), VoeD.

The Fourier transform f +— fis a homeomorphism of D’ onto D’ under the weak
topology [38, Chapter 1I 3].

2.5 Zeros of the Fourier transform of a discrete measure

Let f € D’ be adistributionin Q,. A point x € Q,, is called a zero of f if there exists
an integer n¢ such that

(f. 1y, pm) =0, forally € B(x, p"?) and all integers n < ny.

Denote by Z the set of all zeros of f. Remark that Z is the maximal open set O on
which f vanishes, i.e. ( f, ¢) = 0 for all ¢ € D such that the support of ¢ is contained
in O.

The support of a distribution f is defined as the complementary set of Z; and is
denoted by supp(f).

Let E be a uniformly discrete set in Q,. The following proposition characterizes
the structure of Z5;, the set of zeros of the Fourier transform of the discrete measure
wE- Itis bounded and is a union of spheres centered at 0.

Proposition 2.9 Let E be a uniformly discrete set in Q.
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(1) If§ € Zg3, then S(0,18|p) C Z13-
(2) The set Zg5 is bounded.

Proof First remark that by using (2.8) we get

(LB pepm) = (e Lpepm)=p" Y. xEN. (2.9)
AeENB(0,p")

This expression will be used several times.

(1) By definition, § € Z;3 implies that there exists an integer ng such that

(LE, 1, p-m) =0, VYn=no.

By (2.9), this is equivalent to

Y xEN=0. Ynz=n (2.10)
AeENB(0,p")

For any £’ € S(0, |£],), we have £’ = u& for some u € Zy. By Lemma 2.7 (1)
and the equality (2.10), we obtain

Yoo ox@En= > xEN=0, Ynzn.

LeENB(0, p") A€ENB(0,p")
Thus, again by (2.9), (g, I p-ny) = 0 for n > ng. We have thus proved

S0, &lp) C Zaz-
(2) Fix A9 € E. By the discreteness of E, there exists an integer ng such that

Vi € E\{Ao}, |2 —holp = p™™.
We are going to show that Z3 C B(0, p"0t1), whichis equivalent to that £ ¢ 25

when |§], > p"F2_ To this end, we will prove that for all integer n large enough
such that Ao € B(0, p") and all £ such that |£], > P72 we have

(e, 1gE, p-m) # 0.

In fact, if this is not the case, then by (2.9),

Y. xEM=0.

AL€ENB(0, p)

Thus, by Lemma 2.7 (2), for the given Ao, we can find A € E N B(0, p"), such
that [A — Aolp, = p/I§]p < p~"°, a contradiction.

O
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Remark that n¢ in the above proof depends only on the structure of E. Define

ng = max v,(h — ). (2.11)
AN EE
AN

According to the above proof of the second assertion of Proposition 2.9, we immedi-
ately get

Z5 C B(O, p"ETh. (2.12)

2.6 Convolution and multiplication of distributions
Denote
A=l iy Ok = Ac = p* - 1pg k).
Let f, g € D’ be two distributions. We define the convolution of f and g by

(f*g.¢)= kli)ngo(f(X), (8(), Ar(x)p(x + ),

if the limit exists for all ¢ € D.

Proposition 2.10 [3, Proposition 4.7.31If f € D', then f %0y € & with the parameter
of constancy at least —k.

We define the multiplication of f and g by
(f-8 ¢)= lim (g, (f *0)e),
k— 00

if the limit exists for all ¢ € D. The above definition of convolution is compatible with
the usual convolution of two integrable functions and the definition of multiplication
is compatible with the usual multiplication of two locally integrable functions.

The following proposition shows that both the convolution and the multiplication
are commutative when they are well defined and the convolution of two distributions
is well defined if and only if the multiplication of their Fourier transforms is well
defined.

Proposition 2.11 [40, Sections 7.1 and 7.5] Let f, g € D' be two distributions. Then

(1) If f *x giswell defined, soisg= fand f xg=g* f.
(2) If f - g iswell defined, sois g - fand f -g =g f.
(3) f * g is well defined if and only f - g is well defined. In this case, we have

frg=F-Gandf-g= g

The following proposition justifies an intuition.
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Fuglede’s conjecture holds in Qp 327

Proposition 2.12 Ler f, g € D’ be two distributions. If supp(f) N supp(g) = @, then
f - g iswell defined and f - g = 0.

Proof Let ¢p € D with parameter of constancy £ and parameter of compactness £'.
By the assumption supp(f) N supp(g) = @, the distance between the two compact
sets supp(f) N B(O, pe/) and supp(g) N B(O, p[) is strictly positive. So there exists
an integer n < ¢’ such that for any x € supp(f) N B(0, pgl), the ball B(x, p") is
contained in Z; N B(0, pz/).
Therefore, the compact open set

X = U B(x, p")

xesupp()NB(0,pt")

satisfies supp(f) N B(0, p*) € X € Z, N B(0, p*').
Define ¢1(x) := ¢p(x) - 1x(x).
It follows that

supp(¢ — ¢1) C B0, p“ \X C Z; N B, p).

Thus, we have

(f-89)=(f8@—-d1+¢))=(f-8¢—01)+(f g ¢1)
= klingo<f, (&% 0) (P — ¢1)) + klingo(g, (f *0)o1)

=0,
where the existence of the last two limits is due to

supp((g * Ox) (¢ — ¢1)) C supp(¢p — ¢1) C Zy,

and

supp((f * 6k)$1) C supp 1 C Z.
O

The multiplication of some special distributions has a simple form. That is the case
for the multiplication of a uniformly locally constant function and a distribution.

Proposition 2.13 [40, Section 7.5, Example 2] Let f € £ and let G € D'. Then for
any ¢ € D, we have (f - G, ¢) = (G, f).

For a distribution f € D', we define its regularization by the sequence of test
functions [3, Proposition 4.7.4]

A - (f %6r) € D.
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The regularization of a distribution converges to the distribution with respect to the
weak topology.

Proposition 2.14 [3,Lemma 14.3.1] Let f be adistributioninD’. Then Ay -(f *0)) —
f in D as k — oco. Moreover, for any test function ¢ € D we have

(Ak - (f %00, ¢) = (f.¢), Vk=max{-¢ ('},

where £ and ¢’ are the parameter of constancy and the parameter of compactness of
the function ¢ defined in Sect. 2.4.

This approximation of distribution by test functions allows us to construct a space
which is bigger than the space of distributions. This larger space is the Colombeau
algebra, which will be presented below. Recall that in the space of Bruhat—Schwartz
distributions, the convolution and the multiplication are not well defined for all couples
of distributions. But in the Colombeau algebra, the convolution and the multiplication
are well defined and these two operations are associative.

2.7 Colombeau algebra of generalized functions

Consider the set P := DN of all sequences { fx }xen of test functions. We introduce an
algebra structure on P, defining the operations componentwise

{fi} + (g} = {fx + g}
{fi} - {ex} = {fr - g}

where { fk}, {8k} € P.

Let AV be the sub-algebra of elements { f}xren € P such that for any compact set
K C Q) there exists N € N such that fy(x) = 0forallk > N,x € K. Clearly, N is
an ideal in the algebra P.

Then we introduce the Colombeau-type algebra

G=P/N.

The equivalence class of sequences which defines an element in G will be denoted by
f = [ fx], called a generalized function.
For any f = [ fx], g = [gk] € G, the addition and multiplication are defined as

f+e=1[fi+sl f-g=1[fc- gl

Obviously, (G, +, -) is an associative and commutative algebra.

Theorem 2.15 [3, Theorem 14.3.3] The map f +— £ = [Ap(f * 6)] from D to G is
a linear embedding.

Each distribution f € D’ is embedded into G by the mapping which associates f
with the generalized function determined by the regularization of f. Thus we obtain
that the multiplication defined on D’ is associative in the following sense.
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Proposition2.16 Let f,g,h € D If (f - g) - h and f - (g - h) are well defined as
multiplications of distributions, we have

(f-8-h=[f-(g-h).

3 Studyon g xf =1
In this section, we will study the following equation
pe* f=1 G.D

where 0 < f € L'(Q p) with pr fdm > 0, and E is a uniformly discrete subset of
Qp. Suppose that (E, f) is a solution of (3.1). We will investigate the density of E
and even the distribution of E, and the supports of the Fourier transforms i and f.

We say that a uniformly discrete set E has a bounded density if the following limit
exists for some xg € Q,

Card(B(xo, pX) N E)
m(B(xg, p~))

D(E) 1= i,

which is called the density of E. Actually, if the limit exists for some xo € Q,, then

it exists for all x € Q, and the limit is independent of x. In fact, for any xg, x; € Q,,

when £ is large enough such that |xg — x1], < p¥, we have B(xo, p*) = B(x1, p").
For a function g : Q, — R, denote

Ny :={x €Q): g(x) =0}.

If g € C(Q)) is a continuous function, then N, is a closed set and Z, is the set of
interior points of N.

But, the support of g as a continuous function is equal to the support of g as a
distribution.

The following theorem gets together some properties of the solution (E, f) of the
equation (3.1), which will be proved in this section.

Theorem 3.1 Let0 < f e L! (Qp) with pr fdm > 0, and E be a uniformly discrete

subset of Q. Suppose that the Eq. (3.1) is satisfied by f and E. Then the following
statements hold.

(1) The support of fis compact.

(2) The set Z;; is bounded and it is the union of the punctured ball B(0, p~"/)\{0}
and some spheres.

(3) The density D(E) exists and equals to 1/ pr fdm. Furthermore, there exists an

integer ny € Z such that for all integers n > n y we have

V& € Qp, Card(ENB(E, p")) = p"D(E).
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Theorem 3.1 (1) and (2) will be proved in § 3.1, the distribution of E will be
discussed in Sect. 3.2 and the equality D(E) = 1/pr fdmwill be proved in Sect. 3.3.

3.1 Compactness of supp(?) and structure of Zﬁ;

Our discussion is based on the functional equation f ILE = 80, which is implied by
f * ug = 1 (see Proposition 2.11).

Proposition 3.2 Let g € C(Q,) be a continuous function and let G € D' be a distri-
bution. Suppose that the product H = g - G is well defined. Then

ZH CNgUZG.

Consequently, if f x ug = 1l with [ € Ll((@p), then Q,\{0} C ./\/J?U Zy, which is
equivalent to

(£ €Qy: f&) #0000} C 2. (3:2)
Proof The second assertion follows directly from the first assertion because f E =
8o and Zs, = Q,\{0}.

We now prove the first assertion. It suffices to prove Zy\N, C Zg.
Take an arbitrary test function ¢ € D such that

supp(¢) C Zn\Nj.

Since supp(¢) C {x : g(x) # 0}, we can define the function

for x € supp ¢,
0, elsewhere.

1
h(x) = !g(x)’

Since g is continuous, it is bounded away from O on supp ¢. So, the function # is
bounded and compactly supported. Hence it belongs to L!(Q p). On the other hand,
we have 1 (x)g(x) = Lsypp(g)(x) € D. Thus

(G, ¢) = (G, Laupp@) - #) = (Lsupp(g) - G. #) = ((h-8) - G, $)

where we have used Proposition 2.13 for the second equality. Notice that supp(h) C
Zp. By Proposition 2.12, h - H is well defined and /& - H = 0. By the associativity of
the multiplication (see Proposition 2.16), we get

(G,¢)=(h-H,¢)=0.
Thus we have proved Zy\N, C Z¢. m]

@ Springer



Fuglede’s conjecture holds in Qp 331

Notice that f(O) = f@p fdm > 0 and that fis a continuous function. It follows

that there exists a small ball where fis nonvanishing. Let
ny:=min{n € Z: Fflx) #£0, ifx € BO, p™™)}. (3.3)

Proposition 3.3 The Fourier transform f has compact support. The set Zg is
bounded and
B(0, p7"H\{0} C 2. (3.4)

Proof The boundedness of Zz; is already proved. See Proposition 2.9 (2). This
together with (3.2) implies the compactness of supp(f). We get (3.4) immediately
from (3.2). O

3.2 Distribution of E

The uniformly discrete set £ involved in Eq. (3.1) shares the following uniform dis-
tribution property.

Proposition 3.4 The cardinality of E N B(&, p"/) is independent of & € Q. Conse-
quently, the set E admits a bounded density D(E). Moreover, for all integersn > n ,
we have

V& € Qp, Card(EN B(, p")) = p"D(E). (3.5)
Proof For simplicity, we denote
ES := ENB(, p),
and write E,, := E N B(0, p") when & = 0. It suffices to prove

VE €Q,, Card(E,,) = Card(E};f).

For any given & € Q,,letk = —v,(§). If kK < ny, then Enf = ng. So obviously

Card(E,,) = Card(Ej ).
Now we suppose k > n ¢. Then, consider any 7 satisfying

B(n, p~%) € B0, p7")\{0}.

By (3.4) in Proposition 3.3, we have (it g, L@, p—y) = 0, which by (2.9), is equivalent
to

> x(a) =0. (3.6)

MeE}
Taking n = p*1in (3.6), we have ZAGEk x (p*~11) = 0. Observe that
p—1
B, p*y = | | Bap~* p*)

i=0
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and that the function x (p*~!.) is constant on each ball of radius p*~!. So we have

p—1 . i
0= Z x (P = Z X(L)Card<Ek”f1).
reEg i P
Applying Lemma 2.4, we obtain
i %
Card(E[,) = Card(E[",), VO<ij=p-1. 3.7)

Similarly, taking n = p*~2 in (3.6), we have
i St
0= x(5+2L)cad(ES, 7).

o<ijep—1 PP

Again, Lemma 2.4 implies

St P .
Card(E/, ") =Card(E[, ") YO i jom s p—1.

Since

i

L, Tty 3
> card (£, ) = card (B,
j=0

by (3.7), we get

T T
Card(E[", ") = Card(E, ), VO<i il p—1,

We continue these arguments for all n = pr=t L pha. By induction, we have

’

Card(Ef,_lf) = Card(E,%), V&, & €Ly, N B, pb). (3.8)

Since |§], = p¥, there exists £ € L,, N B(O, pX), such that Eﬁl. = Eﬁ/f Thus by
(3.8),

Card(E} ) = Card(E} ) = Card(E, ).

The formula (3.5) follows immediately because each ball of radius p” withn > ny
is a disjoint union of p"~"/ balls of radius p”/ so that

Card(E,) = p"~"/ Card(Ey,).
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3.3 Equality D(E) = 1/fQP fdm

Proposition 3.5 The density D(E) of E satisfies

1

D(E) = f@ fdx

Proof By the integrability of f, the quantity

€n = / fx)dx
Qp\B(0,p")

tends to zero as the integer n — oo. Integrating the equality (3.1) over the ball
B(0, p™), we have

m(B(0, p")) = Z/ flx — A)dx. 3.9)

reE B(O,p™)

Now we split the sum in (3.9) into two parts, according to A € E N B(0, p") or
A € E\B(0, p™). Denote I := pr fdm.For A € EN B(0, p"), we have

/ f(x—k)dx:/ fx)dx =1 —e,.
B(0,p") B(0,p™)

It follows that

/ f(x —Xdx = Card(Ey) - (I — €p). (3.10)
AeEﬂB(O pmy Y BO.p"

Notice that

/ S —Ndx = / f(x)dx. 3.11)
B(0,p™) B(—A,p")

For A € E\B(0, p"), the ball B(—A, p") is contained in Q,\B(0, p"). We partition
the uniformly discrete set E\B(0, p") into P;’s such that each P; is contained in a
ball of radius p" in Q,\B(0, p"). Thus the integrals in (3.11) for the A’s in the same
P; are equal. Let A; be a representative of P;. Then we have

/ Flx —A)dx = ZCard(P ) - f F(x)dx.
B(0.p")

AEE\B(O o) B(=4;.p")

However, by (3.5) in Proposition 3.4, Card(P;) = D(E)m(B(0, p"))ifn > ny. Thus,

for each integern > ny,

f f(x = )dx = D(E)ym(B(0, p")) Z f f0)dx
B(0,p")

eeE\B(O P B(=%j,p")
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= D(E)m(B(0, p")) f(x)dx
Qp\B(0.p")

= D(E)m(B(0, p"))e,. (3.12)
Thus from (3.9), (3.10) and (3.12), we finally get
|m(B(0, p")) — Card(E N B(0, p™)) - I| < 2D(E)m(B(0, p"))ey.

We conclude by dividing m(B(0, p")) and then letting n — oo. O

4 Tiles are spectral sets

The key for the proof of the following theorem is the fact that the equation ug * f = 1
imposes that the support of the Fourier transform f is compact (Proposition 3.3).
We also use the fact that the Fourier transform of an integrable function with compact
support is uniformly locally constant (Proposition 2.2). The Lebesgue density theorem
(Proposition 2.1) is also used. We recall that a point x in a Borel set €2 satisfying the
equality in Proposition 2.1 is called a density point of 2.

Theorem 4.1 Without distinguishing sets which are equal modulo a set of zero Haar
measure, we have the following assertions:

(1) If Qs a spectral set in Qp, then it is bounded.
(2) If Qis atile in Q, then it is compact and open.
(3) Tiles in Qp are spectral sets.

Proof Since we do not distinguish sets which are equal modulo a set of zero Haar
measure, we can assume that all the points in €2 are density points of €2, according to
the Lebesgue density theorem (Proposition 2.1).

(1) Assume that (€2, A) is a spectral pair in Q,, which is equivalent to

VE€Q, wuax*llal(E) =m)>

—

By Proposition 3.3, |f§|2 has compact support. Observe that

ﬁ§%®=1Q*LQ@w=/ lo()lg( — £)dx = m(QN (Q+£).  @.1)

Qp
We claim
supp(|Tg?) = 2 — .

—

Since the inclusion supp(|1/§|2) C Q — Q is obvious, we need only to show
Q= Csupp(Tal?). 4.2)

@ Springer



Fuglede’s conjecture holds in Qp 335

In fact, let £ € Q — Q. Write £ = z; — z» with z1, z2 € Q. By (4.1), we have

Tol2(6) = (RN (@ + 21 — 22)) = m((R — 21) N (2 — 22)).

Since z1, z are density points of €2, 0 is a density point of both 2 — z; and 2 — z».
This fact implies

m((2 —z1) N (R —22)) > 0.

Thus we have proved @ — Q C supp(|1g|?). Then (4.2) follows. Since supp(|Tq|?)
is compact, the set €2 is bounded.

(2) The main argument is the same as in (1). Assume that (€2, 7') is a tiling pair in
Qp, which means

ur *lo(x) =1, m-ae x €Q,.

By Proposition 3.3, 1q has compact support. Then by the first assertion of Propo-
sition 2.2, 1 is almost uniformly locally constant, i.e. €2 is, up to a zero measure
set, a union of balls with the same radius. Since €2 is of finite measure, the number
of these balls is finite. So, €2 is almost compact open.

(3) Itis an immediate consequence of (2) and Theorem 1.3.

]

The above proof of the fact “tiles are spectral sets” is partially based on Theorem
1.3 and partially on “tiles are compact and open” [Theorem 4.1 (2)]. The proof of
“spectral sets are tiles” will be not based on Theorem 1.3. That means, we are not
going to show that a spectral set is a compact open set up to a set of zero measure. But
the boundedness of a spectral set [Theorem 4.1 (1)] will be used.

5 Spectral sets are tiles

In this section, we prove that a spectral set in Q, is a tile. Assume that (2, A) is a
spectral pair. The proof will be based on our knowledge on the set Z, . As we will
see in the proof, a tiling complement can be easily constructed.

Theorem 5.1 If Q is a spectral set in Q,, then it is a tile.

Proof Suppose that (€2, A) is a spectral pair. That means (see 1.1)

Z |1/§|2(x — ) =m((Q)?, mae.xe Qp.
reEA

In other words, pp * f = 1 where
f =11l /m(Q)?.
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Let ny be the integer defined by (3.3). Recall that B(0, p™"/) is the biggest ball
centered at 0 over which f does not vanish. We first remark that

Vn >nyg, Card(A,) = p"m(Q) 5.D
where
A, = AN B, p").

In fact, Plancherel Theorem implies pr fdm = 1/m().
So, by Proposition 3.5, the set A is of bounded density with density

D(A) = = m(R).

pr fdm

Thus (5.1) follows from (3.5) in Proposition 3.4.

By Theorem 4.1, the spectral set €2 is bounded, up to a Haar null measure set.
Without loss of generality, we assume that & C Z,. This is because we can scale 2
by a factor, say, p” and the spectrum by p~".

Recall that Zz; has the following properties: every sphere S(0, p~") either is
contained in Z;; or does not intersect Z; (Lemma 2.9); all spheres S(0, p™") with

n > ny are contained in Zg; (see 3.4). Note that ny > 0 because of supplfg\ﬂ2 =
Q—-QCZp Let

[:={0<n<nys:50,p™ CZ5;},
J:={0<n<np:80,p " NZ5 =0}

Remark that T can be empty as well as J. For N 7> we claim

Js©.p7) c N (5.2)

jel
In fact, otherwise for some £ € S(0, p~/) with j € J we have f(é) # 0. By (3.2)

and Proposition 2;9 (1),5(0, p’j) C Zy - This contradicts the fact j € J.
Observe that f(§) = m(Q N (2 + S))/m(Q)2 (see 4.1) and that

U —\0y C | S, p)

jel
where
U := Zajpj,aje{o,l,---sp_l}
jel
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Then from (5.2), we get
(U—-U\N0}C{fEeQ, m(QN(Q+E&) =0} (5.3)

We claim that 2 is a tile of Z,, with tiling complement U, so that £ is a tile of Q,,
with tiling complement U + L.

In fact, the disjointness (up to a set of zero measure) of 2 + & and Q2 + & for
any two distinct £, & € U follows directly from (5.3) and the invariance of the Haar
measure.

So to show that Q2 is a tile of Z,,, it suffices to prove that the total measure of all
Q4+ & with & € U is equal to

m(2 4+ U) = Card(U) - m(2) = 1. 54)

Fori e I, we have B(p', p~"/) C S(0, p~%) so that B(p', p™"/) C Zzx, which
implies

0= (Ta, Ly ) = (Has Ly nr) =P 3 x(p'h).
rehn,
By Lemma 2.7 (3),
perD < Card(A, ).
Then by the fact Card(U) = pC4W) and (5.1), we have

We can now conclude (5.4) because 2+ U is contained in Z, so thatm(Q+U) < 1.
O

6 Some remarks

6.1 Dual Fuglede’s conjecture

Theorem 1.2 asserts that all spectral sets (equivalently tiles) in Q, are almost compact
open. What is the topological structure of the corresponding spectra and tiling com-
plements? This question has been answered by Theorem 1.2 of [9] for the compact
open spectral sets in Q. Recall that the spectra and tiling complements of compact
open spectral sets are infinite p-homogeneous discrete sets A (see [9, Section 2.8])

such that there exists an integer N such that

(0o, NINZ C Iy, 6.1)

@ Springer



338 A.Fanetal.

where 15 1= {v,(x —y) : x, y € A distinct}, called the set of admissible p-orders of
2. On the other hand, for any given infinite p-homogeneous discrete sets A satisfying
(6.1), we can construct two compact open sets €21 and €25 such that (21, A) isaspectral
pair and (€22, A) is a tiling pair. For details, we refer the readers to [9, Theorems 1.2
and 5.1]. So the dual Fuglede’s conjecture holds in Q,, (see [18] for the dual Fuglede’s
conjecture in RY): a subset of Q p 1s a spectrum if and only if it is a tiling complement.

6.2 The density of E satisfying (2.1) in Qg

Assume that E is a discrete subset in Q’Z, such that Card(E N K) < oo for any
compact subset K of Qf,. Then pug =) ek 05 defines a discrete Radon measure in
Qg. Remark that E is not necessarily assumed uniformly discrete. Suppose that E
satisfies the Eq. (2.1) with f € Ll(Qf,) which is a non-negative integrable function
such that de fdm > 0. Then for each x¢ € Qd, the limit

P

Card(B(xo, p¥) N E)
m(B(xo, pk))

D(® = Jim

exists and

1

D(E) = —f@c;, T

This is similar to the real case, see [20] and [21, Lemma 2].

6.3 Tiles and spectral sets in Qf, which are not compact open.

For a uniformly discrete set E in the higher dimensional space (@‘[i, with d > 2,
the zero set of the Fourier transform of the measure (g is not necessarily bounded.
In other words, Proposition 2.9 does not hold in Q‘; with d > 2. For example, let

E ={0,0),(0,1),...,(0, p—1)} which is a finite subset of(@%,. One can check that
Zm =Q, x p_IZ;.

Bounded tiles of @?, are not necessarily almost compact open. Let us construct such

abounded tile of Q?D. We partition Z, into p Borel sets of same Haar measure, denoted
by A; ( =0,1,..., p—1). We assume that one of A; is not almost compact open.
For example, set § = Uf,il B(p", p_”_l), which is a union of countable disjoint
balls. Let

Ag = SU(B(1, p~ O\ +9)),
Ay = (B0, p~ "YU B(1, p~")\ A,
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Ai=B(,p ) for2<i<p-—1.

Then define

p—1
Q= U A; x B(i, p_l) CZp X ZLp.
i=0

The set €2 is not almost compact open, because any small ball centered at (0, 0) meets
both  and (Z, x Z,\$2) with positive measure. But it is a tile of @?, with tiling
complement

T=LxIL_.

Just like on R? (see [12]), it can be proved that (2, L x LL_y) is a tiling pair if and
only if (€2, L x L) is a spectral pair (see [19]).

6.4 Higher dimensional cases

However, the situation changes in higher dimension. In fact, it is proved in [2] that
there exist spectral sets which are not tiles in ]Ff, for all odd primes p and in IE“}, for all
odd primes p such that p = 3 mod 4, where I, is the prime field with p elements.
This implies that there exist compact open spectral sets which are not tiles in Qf} for
all odd primes p and in @?; for all odd primes p such that p = 3 mod 4. Recently,
Ferguson and Sothanaphan [13] proved that for all odd primes p there are spectral sets
of IE“IL, that do not tile. So there is no need to distinguish the case p =3 mod 4.

For d = 3, there exists a spectral set in the finite group (Z/87)> which is not a tile
[23]. This implies that there exists a compact open spectral set which is not a tile in
Q.

Fuglede’s conjecture in Qf, is open, even under the compact open assumption.
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