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Abstract

We study local regularity properties of a weak solution u to the Cauchy problem of the
incompressible Navier—Stokes equations. We present a new regularity criterion for the
weak solution u satisfying the condition L>(0, T'; L>" (R?)) without any smallness
assumption on that scale, where L3* (R3) denotes the standard weak Lebesgue space.
As an application, we conclude that there are at most a finite number of blowup points
at any singular time .

Mathematics Subject Classification 35Q35 - 35D30 - 35B65

1 Introduction

In this paper, we consider the Cauchy problem for the incompressible Navier—Stokes
equations

@0 —MDu+wm-Vyu+Vp=0
divu =0 (D
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in Q7 :=R3>x (0, T)and T > 0 with a smooth and rapidly decaying solenoidal initial
vector field u(x, 0) = uo(x) in R3. The state variables u and p denote the velocity field
of the fluid and its pressure. Leray [1] proved that the Cauchy problem has a unique
smooth solution for a short time. He also proved that there exists at least one global
weak solution satisfying an energy inequality. Hopf [2] extended the result in the case
of bounded domains with a modern concept of weakly differentiable functions. The
weak solution u lies in the space

V2(Qr) == L®(0, T; LE(R*) N L*(0, T; WE2A(R?)), 2)

but uniqueness and regularity of the weak solution are still open problems. The exact
concept of weak solutions and notations will be given in the next section.

Since there are plenty of important contributions for the regularity question of
the Navier—Stokes equations, we briefly describe a few of them closely related to
our results. To guarantee the regularity of weak solutions, one of the most important
conditions is the so-called Ladyzhenskaya—Prodi—Serrin [3-5] condition, that is,

ue L0, T; L* (RY)) (©)
for some s and / satisfying

3 2
- +-=1, 3<s<oo.
s l

Under this condition, the weak solution u to the Cauchy problem (1) is unique and
smooth. Later, Escauriaza—Sergin—Sverak [6] proved that the regularity of a weak
solution can also be assured by the marginal case,

ue L=, T; L3([R%)). 4)

However, we do not know yet that kinds of higher integrability hold for weak solutions.
By standard embeddings of the solution space (2), any weak solution satisfy the mixed
integrability condition with the range of integrability exponents

3+2 3 h <5<
-t -=—, s .
K [ 2

There is a considerable gap compared with the Ladyzhenskaya—Prodi—Serrin condi-
tion.

To guarantee the local regularity of weak solutions, there are other conditions the so
called ¢ regularity conditions. For the Cauchy problem of the Navier—Stokes equations,
there is a natural scaling structure

u(x,t) - Au(ix, Azt),
px,t) —> )sz(kx, kzt).
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Regularity of the Navier-Stokes equations 619

Many of the local regularity results have been established under the various small-
ness assumptions on some scaling invariant quantities. We denote by X the set of
possible singular points for the weak solution . Utilizing regularity criteria, one can
estimate the size of ¥ by means of some fractal measures and extract some geo-
metric information of X'. In this direction, Scheffer [7,8] introduced the concept of
suitable weak solutions for the Navier—Stokes equations and then gave partial regular-
ity results. Caffarelli-Kohn—Nirenberg [9] further strengthened Scheffer’s results and
gave an improved bound for the Hausdorff dimension of X'. Lin [10] presented a greatly
simplified proof. Ladyzhenskaya—Seregin [11] gave more details and considered the
case that external forces lie in some Morrey spaces. Choe-Lewis [12] presented an
improved estimate of X' in terms of general Hausdorff measures. Gustafson—Kang—
Tsai [13] unified several known regularity criteria. For the case (4), Neustupa [14]
investigated the structure of X' and then Escauriaza—Sergin—gverék [6] resolved the
regularity gestion.

In this paper, we shall present a new regularity criterion for weak solutions to the
Cauchy problem (1) satisfying the condition

u e L*®0, T: L>"(R?)) (5)

where L3 (R?) denotes the weak Lebesgue space. Because the condition (5) is sig-
nificantly weaker than the condition (4) encompassing type I singularity, the regularity
question under that condition draws many mathematicians’ attention. However, in the
authors knowledge, all results were established under the smallness assumption on
that scale (5). See, for example, [15-17] and the references therein .

We shall use the following notation.

Notation 1 We denote the space ball of radius r and center x by B(x,r) := {y € R3 :
|y — x| < r} and the space-time cylinder at z = (x, t) by

0(z,r) := B(x,r) x (t —r2,1).

If the center is at the origin, we simply put B, = B(0,r) and Q, = Q(0, r).
The following theorem is our new regularity criterion.

Theorem 1 For each M > O there exists a positive number (M) < 1/4 such that if
a weak solution u € VUZ(QT) to the Cauchy problem (1) satisfies the conditions

esssup |lull 3oy <M (6)
T

0<t<
and for some 7o = (x0, 1) € Qr and 0 < r < /1y
1 €
m {x € Blor) tlur, 1) > =] <, ™)
r r

where m(E) denotes the Lebesgue measure of the set E, then u is bounded in the
space-time cylinder Q(zg, €r).
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620 H.J.Choeetal.

As an application of this criterion, we are able to estimate the size of possible
singular points at a singular time ¢, denoted by

Yt)y=1{x:(x,1)e X}.

We know that the Hausdorff dimension of the possible singular time is at most 1/2.
Many researchers have been investigating the size of X' (¢) at the singular time # under
various conditions on u. Seregin [18] obtained a result on estimating X' (¢) under the
slightly weaker condition than (4). A unifying results on the number of singular points
under the Ladyzhenskaya—Prodi—Serrin type conditions can be found in [17].

Utilizing Theorem 1, we can obtain the following theorem which shows that the
number of possible singular points at any singular time ¢ is at most finite.

Theorem 2 Suppose u € VJZ(QT) is a weak solution to the Cauchy problem (1) and
satisfies the condition (6) for some M > 0. Then there exist at most finite number
N (M) of singular points at any singular time t.

At each singular time ¢, only a few singular points exist, yet we do not know that
blowup points are of type I or not.
2 Preliminaries

Throughout the paper, we shall use the following notation.

Notation 2 We denote A < B if there exists a generic positive constant C such that
|A| < C|B|. We denote the average value of f over the set E by

1
<f>E.=][Ef.=m/Ef ®)

where m(E) denotes the Lebesgue measure of the set E. We shall use the same notation
m for the space sets in R3 and the space-time sets R3 x (0, T) and it will be clearly
understood in the contexts.

We now recall the definition of the weak Lebesgue spaces. For a measurable function
f onR3, its level set with the height / is denoted by

E(h) = {x e R |f(x)| > h}. )

The Lebesgue integral can be expressed by the Riemann integral of such level sets. In
particular, for 0 < g < oo

/If(X)I"dx = /ooqhq_lm(E(h))dh- (10)
0
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Regularity of the Navier-Stokes equations 621

Definition 1 The weak Lebesgue space L9-" (R?) is the set of all measurable function
such that the quantity
I£llg. = sup [hm (E ()] (11

is finite.

As the usual convention, two functions are considered the same if they are equal
almost everywhere. In fact, || f1 ., is not a true norm since the triangle inequality
fails. But, it is easy to see that for any 0 < r < ¢ the following expression

1/r
Ifll:= sup m(E)"/9 (][E |f|’> (12)

O<m(E)<oo

is comparable to || f1l4,w, (see [19] for example). Moreover, || f|| satisfies the triangle
inequality if 1 < r < g and hence it plays the role of true norm for g > 1. Further-
more, the weak Lebesgue spaces are Banach spaces and coincide with the Lorentz
(Marcinkiewicz) spaces L9,

Remark 3 Using (12) one can easily see that

Lq’w(]R3)c ﬂ iﬁrﬁ%r/q(R?)).

oc
1<r<gq

where .,S’jg’c’\ (R3) denotes the local Morrey space.

The next remark shows that there is no nonzero harmonic function in L% (R3).
This fact will be used in the proof of our main theorem.

Remark 4 1t is easy to see that if f € L>"(R?) is harmonic, then f = 0. Indeed,
using the mean value property, we have for all xo € R3> and R > 0

IV f(xo)l S |f(x)ldx

R* JB(xo. )

l o
N F/o m(B(xg, R) N E(h))dh

1 H 00
S = (/ R3dh +/ h_3dh>
R 0 H

for all H > 0. Taking H = R™! we get |V f(xo)] < R™2 for all xo € R? and
R > 0. Letting R — 00, we conclude that V f = 0 and hence f is constant. Since
f e L3 (R3), it should be identically zero.

We denote by L4 (R?) and WK9(R3) the standard Lebesgue and Sobolev spaces,
and we omit these standard definitions. We denote by %, (IR3) the set of all solenoidal
vector fields ¢ € C2°(R?). We define L2 (R?) to be the closure of Z, (R?) in L2(R?)
and W)-2(R?) to be the closure of %, (R?) in W12 (R3).
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622 H.J.Choeetal.

We now recall the concept of local pressure projection (cf. [20]). Given a bounded
C2-domain G C R", n € R", we define the operator

EL W (G) —» W (G). (13)

Appealing to the LP-theory of the steady Stokes system (cf. [21]), for any F €
W=LS5(G) there exists a unique pair (v, p) € Wol”gs(G) x Ly (G) which solves in
the weak sense the steady Stokes system

—Av+Vp=F in G,
divv=0 in G,
v=0 on 0G.

Then we set E z‘;(F ) := Vp, where V p denotes the gradient functional in wW=Ls(G)
defined by

(Vp,<p>=/ PV - gdx, ¢ Wt (G). (14)
G

Here we have denoted by L (G) the space of all f € L*(G) with fG fdx =0.

Remark 5 1. The operator E; is bounded from W15 (G) into itself with E &(Vp) =
Vp for all p € Ly(G). The norm of EF, depends only on s and the geometric
properties of G, and independent on G, if G is a ball or an annulus, which is due
to the scaling properties of the Stokes equation.

2. Incase F € L*(G) using the canonical embedding L*(G) — W~!%(G) and the
elliptic regularity we get E(;(F) = Vp € L*(G) together with the estimate

IVplls,c = cllFlis,c. 15)

where the constant in (15) depends only on s and G. In case G is a ball or an
annulus this constant depends only on s (cf. [21] for more details). Accordingly
the restriction of E; to the Lebesgue space L*(G) defines a projection in L*(G).
This projection will be denoted still by E.

Next, we introduce the notion of weak solutions and local suitable weak solutions.
Notation 3 We denote by dz the space-time Lebesgue measure dxdt.

Definition 2 We say that u is a Leray—Hopf weak solution to (1) if the velocity field
u lies in the space V2(Q7) = L*°(0, T; L2 (R*)) N L*(0, T; W12 (R?)), there exists
a distribution p such that (u, p) solves the Navier—Stokes equations in the sense of
distributions, and u satisfies the energy inequality for almost all s € (0, T')

S
/|u(s)|2dx+2// |Vu|2dz§/ lu(0)*dx.
R3 0 JR3 R3

We say that u is a local suitable weak solution to (1) if for every ball B C R3 the
following local energy inequality the following local energy inequality holds for almost
all s € (0, T') and for all non negative ¢ € C°(B x (0, T)),
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Regularity of the Navier-Stokes equations 623

/|v(s)|2¢(s)dx+2/ /|Vv|2¢dz
0
s/‘ /|v|2<a,+A)¢dz+/‘ /|U|2(U—Vph)‘v¢dz
0 0

S A
+2/ /(v QU —v®Vpy: Vpp)pdz + 2/ /(171,3 + p2,B)v - Vodz,
0 0
(16)

where v = u + Vp, p, and

Vpnp =—Egu),
Vpig=—Ez(V-(u®u)),
Vprg = EE(AM)

Remark 6 If a weak solution u is in L>°(0, T'; L>¥ (R?)), then u lies in L*(Q7) by
an interpolation. Thus, the function [u|2|Vul is integrable on Qr, which justifies the
integration by parts and one can show that u becomes a local suitable weak solution,
too.

Using a standard iteration method one can observe that boundedness of a certain
scaling invariant quantity essentially implies the boundedness of many of other scaling
invariant quantities. The following form of the Caccioppoli-type inequality is conve-
nient in that purpose.

Lemma7 (Lemma?2.6 in [22]) If u is a suitable weak solution to (1), then for all

Q(zo,7r) C Or

3/5
r! (/ Iul“’“dz) +r*‘/ \Vu|?dz
0(z0.r/2) 0(z0.r/2)
in) 3 1/3 10 3
< <r—5/ (/ |u|2dx> dt) +r—5/ (/ |u|2dx) dt
to—r? B(xq,r) to—r? B(xq,r)

7)

where the implied constant is absolute.

We end this section by giving the following version of the local regularity criterion.
We include its proof at the end of this paper, Appendix A.

Lemma 8 [23] There exists an absolute positive number ¢ such that if a local suitable
weak solutionu € V02 (Q(zo, p)) to the Navier-Stokes equations satisfies the condition

p*z/ luPdz < ¢3 (18)
0(z0,p)
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624 H.J.Choeetal.

Sor some 7o = (xq, 10) € Q1 and 0 < p < /1y, then

u € L*(Q(z0, p/2)),

and the following estimate holds true

1/3
lull o0 o.p/2) =€ (7[ |u|3dz)
0(z0.p)

1/2
+C esssup (][ |u(t)|2dx> (19)
te(to—p2,1) B(x0,p)

where C is an absolute positive constant.

3 Proof of Theorem 1

Due to Lemma 8, it suffices to show that the following lemma holds true.

Lemma9 For each M > O there exists a positive number e(M) < 1/4 such that if a
weak solution u € VGZ(QT) to the Navier—Stokes equations satisfies the condition

esssup |ullp3wmsy <M (20)
T

0<t<
and for some zo = (x0, 1) € Qr and 0 < r < /1y
r_3m{x € B, (xg) : |u(x, tp)| > r_le} <e, 21

then there exists p € [2¢er, \/Ty] such that
p‘z/ uPdz < ¢ (22)
0(z0.p)

where ¢ is the same number in Lemma 8.
We divide the proof of Lemma 9 into several steps.

Step 1 We first observe that the condition (20) yields
u e C([0,TT; L*(R%)).
Indeed, (20) implies that for almostall 0 <¢ < T andall 2z > 0
Wm(E(h) < M (23)
where E,(h) denotes the level set

E;(h) :={x :|u(x,t)| > h}.
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Regularity of the Navier-Stokes equations 625

By the Chebyshev inequality we also have
hom(E; () < Ilu(®)]|%s. (24)
Using the two estimates (23) and (24), we obtain that for any H > 0
o
/ lu(x, )|*dx = 4/ W3 m(E,(h)dh
R3 0

H 00
g/ M3dh+/ h = u(®)8sdh
0 H

SMPH + |lu@)|8H 2.

Taking H = M_1||u(t)||i6 we get

/RS luCx, 0)|*dx S M u(@)|7s.

Hence u € L*(Q7) and so |u|?|Vu| € L'(Q7). This justifies the required
integration by parts to be a local suitable weak solution and also implies the
global energy equality so that u is in C ([0, T]; L*(R3)).

Step 2 We next claim that the condition (20) also yields that for all Q(zo,7) C Or

3/5
r! (/ |u|‘°/3dz> +r! / \VulPdz < M*+ M. (25)
0(z0.,7/2) 0(z0.,7/2)

Due to the Caccioppoli-type inequality (17), it suffices to estimate

/ lu(x, 1)|*dx.
B(xo.r)

Using the estimate (23), we obtain that for almost all 0 < ¢ < T and all
h>0

o0
/ lu(x, 1)|?dx = 2/ hm[B(xg, r) N E;(h)]dh
B(xq,r) 0

H 00
5/ hr3dh+/ h=2M3dh
0 H

<SPH*+ MPHT
Taking H = Mr~! we get for almostall0 <t < T

/ lu(x, )>dx < M>r. (26)
B(xo,7)
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Step 3

o

@ Springer

Putting this bound into the right side of the inequality (17), we get the
estimate (25).

We now prove Lemma 9 by using an indirect argument. Assume the assertion
of the lemma is not true, that is, there exist a positive number M, sequences
ex € (0,1/4), Ty € (0,00), zx = (xk, 1) € O, 1k € (0, /%], and a
sequence of weak solutions uy € VU2(QT,{) such that & — 0 as k — oo and
forallk e N

ess sup ||Mk||L3,w(R3) <M,

0<t<Ty
roomix € B(x, i) ¢ lue(x, 1)) > g ek} < ex, (27)
and for all p € 2egry, /Tl
p‘2/ ugPdz > ¢3. (28)
Q(zk,p)

We define for (y, s) € R3 x (—1,0)

Ui(y, s) = rpug (xg +riy, te + ”135),
Pie(y, s) = rEpr(o + ey, te + rgs).

Then (Ug, Py) is a weak solution to the Navier—Stokes equations in R3 x
(—1, 0) and satisfies

esssup ||Ukll p3wmsy < M.

—1<s5s<0

Thanks to (25) and (26), we have forall k € N, zg = (x9,0) and 0 < p < 1

3/5
</ |Uk|10/3dz> +p7! / VU 2dz < M* + M® (29)
0(z0.0/2) 0(0.0/2)
and
o~ sup / \Uy () 2dx < M>. (30)
—p2<s<0+ B(x0,p)

Furthermore, from (27) and (28), we also have for all k € N
m{x € By : |Ux(x,0)| > &x} < & (31)

and for all p € [g, 1]

p*Z/ \UelPdz > &3 (32)
0(0,p)
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Using a standard reflexivity argument along with Cantor’s diagonaliza-
tion principle and passing to a subsequence from (29) we eventually

cet U e LY93(—1,0; L% (®R3)) with VU e L2(—1,0; L2 (R3)) and

loc loc
H e L°3(—1,0; L150/C3(]R3)) such that for every 0 < R < 00

Uy — U weaklyin L'3(Bg x (—1,0))
VU — VU weaklyin L*(Bg x (—1,0))
Uy Q@ Uy — H weaklyin L3(Bg x (—1,0)) (33)

as k — oo. Hence, U appears to be a distributional solution to
WU —AU+V-H=-VP in R®x(—1,0). (34)

According to the weakly lower semi-continuity of the norm we get from
(29) and (30) along with (33) forall 0 < p < 1

3/5
p~! </ |U|1°/3dyds> +p7! / VU Pdyds < M? + MS (35)
0(z0,p) 0(z0,0)

Step 4

and
p~" sup / \U))*dy < M>. (36)
—p2<s<0 B(x0,p)
Letsg € [—1,0]. Sinceu € C}; ([0, T]; L3*(R3)), we have u(-, t+r{so) €

L3 (R3) and

G, te + rgso)ll sy = 1UC, 50) | 3 @)
This shows that {Uy (-, s0)} is a bounded sequence in L3*(R3). On the other
hand, the predual of L3*(R?) is the Lorentz space L3/>!(R?). By means
of the Banach—Alaoglu theorem we get a subsequence {Ukj(‘, so)} and a
function € L3 (R3) such that

U, (-, 50) — 1 weakly” in L¥@®RY as j — +oo. 37)

Thus, from (34) we infer that for all ¢ € C2° (R3 x (—=1,0)) with V.- ¢ =0

S0
/ / —U~8,<p+VU:V<p—H:V(pdz=—/ n-@(so)dx.
—1 JR3 R3

In case s is a Lebesgue point of U with respect to time, we argue that for
all ¥ € C%,(RY)

/ (Us0) =) - Ydx = 0
R3
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which shows that U (s9) — n is a gradient field. Together with V - (U (s9) — 1)
in the sense of distributions we see that U (sg) — 7 is harmonic. Recalling that
U(sg) — n € L>*(R?), it follows that n = U(so) by Remark 4 in Section
2. Consequently, (37) yields

Ui (-, 50) — U(so) weakly* in L>V(R®) as k — +oo.
Furthermore, we get

U o)l p3wmsy < Nl pooo, ;130 ®3)) -

In particular, U € L*°(0, T; L>¥ (R3)).

Step 5 Next, let so € [—1, 0]. Then we may choose s, € (0, T) in the set of

Lebesgue points such that s,, — so as m — 400. Then as above we get a
subsequence {s,;} and n € L** (R?) such that

UG, sm;) = n weakly™ in L3> (R as j — 4o0.

In addition, we easily verify that the following identity holds for every ¢ €
C®R3 x (—1,0)) withdivy =0

50
/ / —U-0¢9+VU :Vo—H :Vedz = —/ n - @(so)dx. (38)
—1 JR3 R3

Arguing as above, we see that this limit is unique, and will be denoted by
U (so). Note that (38) holds true for n = U (so). We now repeat the same
argument as above to prove that for all 5o € [—1, 0]

Ui (-, 50) = U(so) weakly* in L>*(R®) as k — +oo (39)
U(-,s) = U(so) weakly* in L¥>“(R>) as s — so. (40)

This leads to U € C};([—1,0]; L>¥(R?)).

Step 6 We shall verify the strong convergence of Uy in L?(Bg x (—1, 0)). For this

purpose, we define the local pressure introduced in [20],

VPyxr =—Ep, (U,
VPiir= —EZR(V -Ur ® Uy),
VP r = Ep (AUy)

and
VPyr=—Ep, (),

VP g =—E} (V- H),
VPy g = Ej,(AU)
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Regularity of the Navier-Stokes equations 629

(For the definition of E ER see Appendix B of this paper).
Step 7 Weset Vy = Uy + VP kg, and V = U + V P, g. Then Vj solves

Vi — AUk + V- (U @ Ux) = =V(P1k,r + Pok,r) in Br x (—1,0),
while V solves
&V —-—AU+V-H=-V(Pi,r+ P>r) in Bgrx(—1,0).
By using a standard compactness argument due to Lions-Aubin we see that
Vi > V in L*(Bg x (—=1,0)) as k — +oo.
By passing to a subsequence we may also assume that
Vi >V a.e.inBgr x(—1,0) as k — +oo.

Arguing as in [23], by the aid of (40), and noting that P x r is harmonic,
we also find that

VPyirr— VPyr a.e.inBgp x(—=1,0) as k — 4oo0.

This leads to the a.e. convergence of Uy which allows to apply Lebesgue’s
dominated convergence theorem. Accordingly,

Ug— U in L*(Bg x (=1,0)) as k — +oo.

This also shows that H = U ® U and therefore U solves the Navier-Stokes
equations.
Step 8 In (32) letting k — 400, we obtain for every 0 < p <1

p‘Z/ UPdz > ¢°. (41)
0(0,p)

It remains to carry out the passage to the limit k — +o0 in (31). Without
loss of generality we may assume &; < 2%, Let

[o.CluNe o}

A= ﬂ U{x € By : |Ur(x,0)| > ek}

m=1k=m
Then according to (31) we have
o0 o
> mix € By |Ui(x,0)] > &) < ey < 0.
k=1 k=1
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Step 9

Hence the Borel-Cantelli lemma yields m(A) = 0. In other words, for each
x € B1\A, there exists m € N such that for all k > m

|Uk(x, 0)] < &.
Accordingly, Ui(x,0) — O for almost all x € Bj. In view of (39) we

conclude that
U0)=0 on B;. 42)

Next, we set pr = 2% and define for (x, 1) € R? x (—1,0)

Ui(x, 1) = prU(pix, pp1),
Pe(x, 1) = pg P(pix, pit).

Again (Ur, Py) is a solution to the Navier-Stokes equation in R? x (—1, 0).
Observing (35) and (36), we find for all zg = (xg, 0)

. 3/5 .
</ |Uk|10/3dz> + / VU |?dz < M?* + MS, (43)
0(z0,1) 0(z0,1)

and
sup / \U (1) 2dx < M>. (44)
B(xop,1)

—1<t<0

On the other hand, (42) and (41) yield U (0) = 0 on By« and
16/ |UPdz > 3. (45)
0(0,1/4)
Arguing as in Step 3, we get a solution
U e C (11,00 L*"(R?) N LA (~1,0; W5Z (RY)

to the Navier-Stokes equations. Furthermore, (43), (44), and (45) yield for
all zo = (xp, 0)

) 3 )
(/ |U|1°/3dz> +/ VO Pdz < Co,
Q(z0,1) Q(z0,1)

sup / |U (t)|>dx < Co, (46)
B(xop,1)

—1<1<0

U(0) = 0in R, and

16/ \UPdyds > 3. 47)
0(0.1/4)
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Step 10 By the Fubini theorem, we have
m{(x,1) e R3 x (=1,0) : |U(x, )| > 27°¢}

0

= / m{x e R : |U(x,1)| > 27¢})dr
—1

< 215 72”U”L:’°( 1,0; L3 w(RS))

< 0.
Hence, for each n > 0 there is a radius R = R(n) > 0 such that
m{(x, 1) € ®\Bg) x (1,0 : |U(x, ] = 27¢} < 1.

Choose
n= 2—10C0—15§.30’ (48)

where Cy is the constant in (46). Then for any xo € ]R3\B(O, R + 1), we
obtain, by Holder’s inequality, (46), and (48), that

/ 1UPdz < 273¢)°m(Q(z0, 1)) +/ ) |UPdz
0(z0,1) Q(z0, DN{|U|>273¢}
; ~ 9/10
<> 1/10 (/ |U|10/3dz>
2" 0(z0.1)
< §_ 1C73/2§ CW
2
§3

Thus, appealing to Lemma§, and making use of (46), we get for all xg €
R}\B(, R+ 1)

IUlIL*0zo.1/2) < ClU L3001 T C||0||L°°(71,0;L2(B(x0,1))) <C¢+ f:;)

This shows that U is bounded in R3\B(0, R+ 1) x (—1/4,0).
Step 11 Using a standard bootstrapping argument, we obtain the higher regularity

VI e L™ (R3\B(O, R+2) x (—1/4, 0)) .

Taking the curl operator to the Navier-Stokes equations, we see that Q=
V x U solves the heat equation
42— AQ=0-VO-0U-V

inR? x (—1,0). Hence

88— Afz\ < IV oo 2] + 1T [0 VS|
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in R3\B(0, R + 2) x (—1/16,0). Verifying that 2(0) = 0, we are in a
position to apply the backward uniqueness of [6] to conclude that 2 = 0
in R3\B(0, R + 2) x (—1/16, 0). By the spatial analyticity of U we get
the spatial analyticity of £2 which shows that £ = 0 in R? x (—1/16, 0).
Recalling that div U = 0 it follows that U is harmonic in R3 x (—1/16,0),
and thus U must be identically zero in R3 x (—1/16,0). However this
contradicts to (47). Therefore the assertion of Lemma 9 must be true.

This completes the proof of Lemma 9. By combining Lemma 8 we obtain
Theorem 1. o

4 Proof of Theorem 2

We divide the proof of Theorem 2 into a few steps.

Step 1 Let C(xg, r) denote the closed cube of a side-length r and the center xo. We
may replace the condition (7) in Theorem 1 by using cubes, that is,

r3mix € Clxo, r) : |ulx, t0)] > r~'e} <e. (50)

Then the conclusion also be changed with u € Loo(é (zo, €r)) where

0(z0, er) := C(x0, ) x (o — 1>, 19).

In fact, ¢ should be changed by a multiplication of some constant which
depends only on the volume ratio of the ball of a radius r and the cube of a
side-length r. For convenience we just use the same letter ¢.

Step 2 We shall proceed with an algorithm based on a dyadic decomposition argu-
ment. We say that two cubes E and E’ meet if E N E’ has nonempty interior.
Let C = [0, 1]3 denote the unit cube in R3. We define for k = 0, 1,2, ...
the following covers

G =27 ej+C):je??,

which has finite overlapping property. Indeed, each fixed cube in %} can meet
£~ number of cubes in %;. We pick a sub-family

Fo:={E €% :m{x € E:|ux,ty) > ¢} > ¢&}. (51)

If Fp has no element, then we have m{x € E : |u(x, t9)| > e} < ¢ for all
E € %o. Hence we conclude that there is no singularity at all at the moment
to due to Theorem 1.

Next, we claim that F; has at most a finite number of members, which
is bounded by a number depending only on M and ¢. Suppose that
Ei, E;, ..., ENy € Fydon’t meet each other. Then for j =1,2,..., N

e <mix € Ej : |u(x, t9)| > &}.
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Step 3

Summing both sides for j = 1,2, ..., N yields

N
Ne <m{x € UEj Culx, ty)| > € 5873M3.
j=1

The last inequality follows from the fact ||u(70) | z3.w(r3) < M. This implies
that the number of maximal disjoint cubes in Fj is finite and hence F has
at most finite members. If we denote by Ng the number of maximal disjoint
cubes in Fy, then we should have

N¢ < e Mm°.

Let Ng denote the number of cubes in Fy. Then, from the finite overlapping
property of %, we have

e*No < N¢ < Np.

Hence
No < e 3N <e3(e™*M>) =7 M. (52)

We define Gy to be the union of Fj and the cubes E € % which meet some
element of Fy. Theorem 1 implies that if (x, 79) ¢ | EcGo E, then (x, 1p) is
a regular piont, that is, possible singularities can only occur in some element
of Gg.

‘We now inductively construct two families of cubes { Fi } and {G}. Fork > 1
we define Fy to be the family of cubes E € % satisfying E C E’ for some
E' € Gj—1 and

m{E : lu(x, to)| > 2%} > 27 ¢, (53)

Let N denote the number of cubes in Fj and let N, ,f denote the number of
maximal disjoint cubes in Fj. By the same reasoning Ny and N, ,f are finite
numbers and have the same bounds. Indeed, since each fixed cube in Fj can
meet at most £ > number of cubes in Fi., we have

e’ Ny < Nf < Ng.
By the same way in the previous step, we obtain
Ni273ke < mi{x e R : |u(x, 19)| > 2Fe) < 2% o) M°.

Therefore,

Ny < e 3N <e3(e™*M>) =7 M°. (54)
We define G to be the union of Fj and the cubes E € %} which meet some
element of Fy. Theorem 1 implies that if (x, 79) ¢ | EcGy E,then (x,19)isa
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regular piont, that is, the possible singularities can only occur in the elements
of G.

Step 4 Finally, we construct nested sequences { Ex} of closed cubes satisfying Ey €
Gy. Fix an element Ej in Gi. If E € Gy41, then E C E} or E does not
meet Ej by the dyadic construction. If there is no E € G4 which meet
E}, then each interior point of Ej is a regular point. In this case, we stop to
choose next elements. Otherwise, there is an element £ € G4 such that
E C Ej.Then we pick E and name it as Ej1. The cardinality of each set G
is bounded by e =7 M?> + £~ from (54) and the finite overlapping property.
The number of such choices is also always bounded by e~ M3 4+ 73, After
the construction, we only have at most e~/ M3 4+ ¢ =3 number of sequences
{Ex}. If the sequence { E} is finite, then each interior point of Ej is regular.
If the sequence {Ej} is infinite, then

1
Ei+1 C Er, diam Ep4 < Ediam Er.

where diam E denote the diameter of the set E. Since diam Ej goes to 0 as
k — o0,

o0
() Ex = (x, 10)
k=1

for some x € R3. This point might be a singular point. Therefore, the number
of such possible singularities is at most

NM):=¢e M3 +¢73 (55)

at the time #9. We note that ¢ actually depends only on M, and hence the
number of possible singularities is bounded by the uniform norm of the
weak Lebesgue space.

This completes the proof of Theorem 2. O
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A Proof of Lemma 8

The proof of Lemma 8 relies on the following proposition.

Proposition 10 Letu € V*(Q1) be a local suitable weak solution to the Navier-Stokes
equations. We define v = u + V py,, where Vpy = —E;m (u). There exist absolute
positive numbers K, and ¢ such that if
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/ luPdz < ¢ (56)
01

then for all zo € Q1,2 and for all natural number k > 2

][ lv]3dz < Kﬁ/ lulPdz (57)
0(z0.7%) 01

where r = 27,

We postpone the proof of Proposition 10 at Appendix B. Suppose the proposition
holds true. Then using the Lebesgue differentiation theorem and (57) we obtain that
for almost all zo = (x0, 70) € Q1,2

1/3
[v(x0, 20)| < K </ |M|3d2> . (58)
(0]

Using the triangular inequality and the mean value property of harmonic functions,
we conclude that for almost all (xg, 79) € Q(0, 1/2)

lu(x0, t0)| < |v(x0, t0)| + |V pp(x0, t0)]

1/3
< K, (/ |u|3dz> + cllu@o)liL2s))-
01

1/3
<K, (/ |u|3dz) +cesssup u(t)l 2z,
o1 te(—1,0)

and hence

1/3
lullLo(@,) < K« (/ |u|3dz) +cesssup lu()llz2(p,)- (59)
01 te(—1,0)

Now, the assertion (19) in Lemma 8 follows from (59) by a routine scaling argument.
This completes the proof of Lemma 8. O

B Proof of Proposition 10

We finally present the proof of Proposition 10. The proof is divided into several steps.

Step 1 We shall prove the key inequality (57) in Proposition 10 by using a strong

induction argument on k. Let K, > 1 be a constant wihch will be specified

at the final moment. From the definition of a local suitable weak solution

the following local energy inequality holds true for every nonnegative ¢ €
C°(B3/4 x (—9/16,0]) and almost all s € (—9/16, 0]

/|v(s)|2¢(s)dx+2/ 2/|Vv|2¢>dz
12
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< [ [k +apdct [ [ ko= et
-3 -3

S
+2/ /(v®v—v®Vph L V2 pp)edz

-2
N
+2/ 2 /(Pl + p2)v - Vodz (60)
2
where
Vpr = —EZSM(diV(u ®u)), Vp2 = E23/4(Au).

Note that v = u — V p;, and so
UQU=VRV—VvQVpy —Vpr v+ Vp,QVpy (61)

almost everywhere in Q3/4.
Step 2 It is readily seen that (56) holds for & = 2. Assume (57) is true for k =
2,...,n.Letzg € Q14 be arbitrarily chosen and

I'n+1 = F = 13.

Using the Cauchy—Schwarz inequality, the inductive assumption, and the fact
that py, is harmonic, we get

12 12
f |v|3/2|Vph|3/2dzs(][ |v|3dz> (][ |Vph|3dz)
0(z0,r) Q(z0,1) Q(z0,1)
12 12
5r‘5/2K$/2</ |u|3dz> (/ |Vph|3dz)
Q4 Q(z0,7)

< r—‘Kj”/ ludz. (62)
0

Furthermore, applying the Poincaré inequality and using properties of har-
monic functions, we find

][ IVpr ® Vor — (Vo ® Vi) o I/ 2dz
0(z0,r)
0(z0,7)

<l / IV pulPdz
0(0,3/4)

< r—1/2/ ludz. (63)
0
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Using the identity (61) and combining the inductive assumption (57) with
the estimates (62) and (63), we obtain that for all r,1 <r <1

Q(zo0.r) Q1
Applying Lemma 2.8 in [22], we find that for all r,, 1 <r <
/ Pt = (P1)Beon | dz S Kt / jul*dz. (64)
0(zo0.r) Q1

Step 3 We denote by ¥, the fundamental solution of the backward heat equation
having its singularity at (xo, fo + r,% +1)- More precisely, for (x, 1) € R3 x
(=00, 10 + Fnt1)

O 1) co |x — xo|?
+1(x, 1) = eXxpy————¢ -
" (r2,, —t+19)3? A(r2, —t+10)

Taking a suitable cut off function x € C*°(R") for Q(zo, ra) C Q(z0,73),
we may insert @,11 := ¥,y into the local energy inequality (60) to get
for almost all s € (tg — r32, to)

S

/ By () |v(s)Pdx + 2 / @y 1| Vo|2dz
B(x0.73) to—r? J B(x0,r3)
S
s/ / PG, + )Py 1dz
to—r? J B(xo,r3)
S
+/ / [I*(v — Vpp) - V@, 11dz
to—r2 J B(x0.r3)

N
+2/ / WV —v®Vpy: Vpy)®yiidz
to—r2 J B(x0.r3)

N
+ 2/ / (p1+ p)v - V&, 1dz.
to—r3 J B(x0,r3)

Arguing as in [9], we obtain from the above inequality that

ess sup ][ |v(s)|2dx + rn_j] / |Vv|2dz
B(x0,rn+1) Q(20,rn+1)

2
s€(to—ry,1,10)

5/ |v|2|<a,+A)<z>n+1|dz+/ W] + IV pr) |V ®yy1ldz
0(z0,73) 0(z0,73)

+/ [l ([v] + IV DIV pp| Pryrdz +/ (p1+ p2)v- V&, 11dz
0(z0.73) o

(20,73)

=hLh+bL+5:+ 1L (65)
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Step 4 In this step we shall estimate the integrals /1, I, and /3. They can be handled
by the similar way.
Obviously, we have [(9; + A)@,41| < C in Q(zp, r3) so that

2/3
Ilscnvnig(g(m,m)g( /Q |u|3dz> :
1

Using |V®@, 41| < Crk_4 in Q(zo, re)\Q(zo, rk+1) forallk =2, ..., n and
the inductive assumption (57), we obtain

/ WPV, 1ldz
0(z0,13)

n

|v|3|V<Dn+1|dz+/ [0V, 11]dz

k=3 /Q(ZOv"k)\Q(ZOJkH) Or, 41 (@0)

n
4
SKSZrk r,?/ |u|3dZ§K2/ lu’dz.
k=2 01 0

Similarly,

/ 12|V pp ||V Pt ldz
0(z0,r3)

n

[V i IV Pt | +/ [V pi IV Dt |

0(20,n+1)

k=3 /Q(ZOJ’k)\Q(ZOJ’kH)

n
—4 13/3
§K$Zrk 4rk / / |u|3dz§K$/ lulPdz.
k=1 Qi 01

Hence we have I, < K f f 0\ |u|?dz and the implied constant does not depend
on n.

Using @,41 < Crk_3 in Q(zo, )\ Q(zo, re+1) forallk =1, ..., n+ 1, the
inductive assumption (57), and the properties of harmonic functions, we get

/ 12|V py | @y i1dz
0(z0,r3)

n

|v|2|v2ph|a>n+1dz+/ 0PIV ol | B 1|z

k=3 /;(Z()Jk)\Q(ZOJkJrI) Q(20:7n+1)

n
—3.13/3
gKerk3rk// |u|3ngKi/ ul*dz.
k=2 01 01
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Similarly,

/ 1[IV pul V2 | Pry1dz
0(z0,73)

n

/ 1[IV pul V2 pr| ®Ppy1dz
k=3 Y Q0.7\Q(z0.k+1)

+/ [IIV pu IV pr | @y i1dz
Q(ZO Tnt1)

<K*Zr_3 ”/3/ |u|3dz,§K3/ |ul’dz.

[

Hence we have I3 < K3 /, o\ |u|3dz and the implied constant does not depend
on n.

Step 5 In this step we estimate the last integral I4 in (65). We argue as in [9].
Let xi denote cut-off functions, suitable for Q(zo, rk+1) C Q(z0,7k), k =
3,...,n+ 1. Since v is divergence free, we can subtract an average from p»
and use the partition of unity so that

/ p2v - V®,41dz
0(z0.r3)

n
/ (P2 = (P2) Bxo,r)V - V(@1 (Xk — Xk+1))
k=3 Y 0.7\ Q(20.7k+2)

+/ p2v - V(@pi1(1 — x3))
0(z0,72)

+/ (P2 — (P2)Bxo,rni)V * V(Prt1Xn+1)
Q(z0:Tn+1)

=1+ + /s

As V(D1 (ke — Xk+1))] < Cr,;4 fork = 1,...,n, applying Poincaré’s
inequality, using the fact that p, is harmonic, together with (57); and (17)
we see that

/ (P2 — (P2) B(xo, )V - V(Put1 (Xk — Xk+1))
0(z0,71)\ Q (20,7 +2)

1/3 12
S Kar i ( / |u|3dz) / prdz
0 012
13 172
< Kqrg (/ |u|3dz) / |Vul|*dz
01 03/4
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2/3
S Kark (/ Iu|3dz) .
[

Summation from k = 3 to n yields

2/3
J1 S K, </ |u|3dz> .
Q1

Similarly, we can make

2/3
Jz+135(1+rn+1)K*(/ |u|3dz> .
01

Thus,

2/3
/ p2v - V&, 1dz S Ky (/ |u|3dZ> .
0(z0,r3) 0

Finally, arguing in the same way and making use of (64), we can get

/ p1v-V&,1dz S Kﬁ/ uldz
0(z0,r3) 01

and therefore

2/3
145K3/ lulPdz + K. (/ |u|3dz) )
01 01

Step 6 Inserting the estimates of I, I», I3, and I into the right-hand side of (65),
we obtain that for some absolute constant C1 > 0, independently of n,

ess sup ][ |u(s)|2+rn—jl/ |Vv|2dz
By, (x0) 0Go.rat1)

2
s€(o—r,,1,10)

2/3
< (K3/ |u|3dz+K*</ |u|3dz> )
01 (4]

C
- (ClK*E + K—]) K2E?

*

1/3
where E = (le |u|3dz) !

On the other hand, using a standard interpolation, we obtain that
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f lvdz
Q(ZOJ')H»I)

< ess sup ][ |v(s)|2 + rnjfl / |Vv|2
B(x0,rn+1) Q(20,n+1)

2
SE(to—r,1.:10)

3/2

for some absolute constant C, > 1 and hence

C,C1\?
][ vPdz < (czclk*m 2 1) K3E3.
Q(z0:7n+1) K

3
Note that neither C; nor C depend on the choice of K. Thus, we may set

1

K=2CC, = —
* 1L2 é‘ 4C12C%

so that if E < ¢, then

f |Ws@ﬁ=@/mmz
0(z0,n+1) 01

Hence (57) is true fork = n + 1.

This completes the proof of Proposition 10. O

References

1. Leray, J.: Sur le mouvement d’un liquide visqueux emplissant 1’espace. Acta Math. 63(1), 193-248
(1934)
2. Hopf, E.: Uber die Anfangswertaufgabe fiir die hydrodynamischen Grundgleichungen. Math. Nachr.
4,213-231 (1951)
3. LadyZenskaja, O.: Uniqueness and smoothness of generalized solutions of Navier-Stokes equations.
Zap. Nau¢n. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 5, 169-185 (1967)
4. Prodi, G.: Un teorema di unicita per le equazioni di Navier-Stokes. Ann. Mat. Pura Appl. 4(48),
173-182 (1959)
5. Serrin, J.: The initial value problem for the Navier-Stokes equations. Nonlinear Problems (Proc. Sym-
pos., Madison, Wis., 69-98 (1962)
6. Escauriaza, L., Seregin, G., gverék, V.: Backward uniqueness for parabolic equations. Arch. Ration.
Mech. Anal. 169(2), 147-157 (2003)
7. Scheffer, V.: Partial regularity of solutions to the Navier-Stokes equations. Pac. J. Math. 66(2), 535-552
(1976)
8. Scheffer, V.: Hausdorff measure and the Navier-Stokes equations. Comm. Math. Phys. 55(2), 97-112
(1977)
9. Caffarelli, L., Kohn, R., Nirenberg, L.: Partial regularity of suitable weak solutions of the Navier—Stokes
equations. Commun. Pure Appl. Math. 35(6), 771-831 (1982)
10. Lin, F.: A new proof of the Caffarelli-Kohn—Nirenberg theorem. Commun. Pure Appl. Math. 51(3),
241-257 (1998)
11. Ladyzhenskaya, O., Seregin, G.: On partial regularity of suitable weak solutions to the three-
dimensional Navier-Stokes equations. J. Math. Fluid Mech. 1(4), 356-387 (1999)

@ Springer



642

H.J.Choeetal.

12.

15.

16.

17.

18.

19.
20.

21.

22.

23.

Choe, H.-J., Lewis, J.: On the singular set in the Navier-Stokes equations. J. Funct. Anal. 175(2),
348-369 (2000)

. Gustafson, S., Kang, K., Tsai, T.-P.: Interior regularity criteria for suitable weak solutions of the

Navier—Stokes equations. Commun. Math. Phys. 273(1), 161-176 (2007)

. Neustupa, J.: Partial regularity of weak solutions to the Navier-Stokes equations in the class

L0, T; L3(22)3). J. Math. Fluid Mech. 1(4), 309-325 (1999)

Kozono, H.: Removable singularities of weak solutions to the Navier-Stokes equations. Commun.
Partial Differ. Equ. 23, 949-966 (1998)

Sohr, H.: A regularity class for the Navier—Stokes equations in Lorentz spaces. J. Evol. Equ. 1(4),
441-467 (2001)

Wang, W., Zhang, Z.: On the interior regularity criteria and the number of singular points to the
Navier—Stokes equations. J. Anal. Math. 123(1), 139-170 (2014)

Seregin, G.: On the number of singular points of weak solutions to the Navier—Stokes equations.
Commun. Pure Appl. Math. 8, 1019-1028 (2001)

Grafakos, L.: Classical and modern Fourier analysis. Pearson Education Inc, Upper Saddle River (2004)
Wolf, J.: On the local pressure of the Navier—Stokes equations and related system. Adv. Differ. Equ.
22(5), 305-338 (2017)

Galdi, G., Simader, C., Sohr, H.: On the Stokes problem in Lipshitz domain. Annali di Mat. Pura Appl.
167(4), 147-163 (1994)

Chae, D., Wolf, J.: On the liouville theorem for self similar solutions to the Navier—Stokes equations.
Arch. Ration. Mech. Anal. 225(1), 549-572 (2017)

Wolf, J.: On the local regularity of suitable weak solutions to the generalized Navier—Stokes equations.
Ann. Univ. Ferrara 61, 149-171 (2015)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	On regularity and singularity for Linfty(0,T;L3,w(mathbbR3)) solutions to the Navier–Stokes equations
	Abstract
	1 Introduction
	2 Preliminaries
	3 Proof of Theorem 1
	4 Proof of Theorem 2
	Acknowledgements
	A Proof of Lemma 8
	B Proof of Proposition 10
	References




