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Abstract

The p-Laplacian problem with the exponent of nonlinearity p depending on the solu-
tion u itself is considered in this work. Both situations when p(u) is a local quantity
or when p(u) is nonlocal are studied here. For the associated boundary-value local
problem, we prove the existence of weak solutions by using a singular perturbation
technique. We also prove the existence of weak solutions to the nonlocal version of
the associated boundary-value problem. The issue of uniqueness for these problems
is addressed in this work as well, in particular by working out the uniqueness for a
one dimensional local problem and by showing that the uniqueness is easily lost in
the nonlocal problem.

Mathematics Subject Classification 35J60 - 35J05 - 35D30

1 Introduction

Let © be a bounded domain of R?, d > 2, with its boundary denoted by 9€2. We
consider the problem

{—div(|Vu|”(”)_2Vu) =f in Q (D

u=0 on 092,

Communicated by Y. Giga.

B<X H. B. de Oliveira
holivei @ualg.pt

M. Chipot

m.m.chipot@math.uzh.ch

IMath, Universitit Ziirich, Winterthurerstrasse 190, 8057 Zurich, Switzerland

2 FCT, Universidade do Algarve, Campus de Gambelas, 8005-139 Faro, Portugal
3 CMAFCIO, Universidade de Lisboa, Campo Grande, 1749-016 Lisbon, Portugal

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-019-01803-w&domain=pdf
http://orcid.org/0000-0001-9053-8442

284 M. Chipot, H. B. de Oliveira

where f is a given data and
p:R—[1,+00) (1.2)

is the exponent function of nonlinearity.

Problems of the type (1.1) appear in the applications of some numerical techniques
for the total variation image restoration method that have been used in some restoration
problems of mathematical image processing and computer vision [3,4,14]. Variational
models exhibit the solution of these problems as minimizers of appropriately chosen
functionals and the minimization technique of such models involves the solution of
nonlinear partial differential equations derived as necessary optimality conditions [13].
Several numerical examples suggesting that the consideration of exponents p = p(u)
preserves the edges and reduces the noise of the restored images u are presented in [14,
Section 8]. A related, although far more complicated, minimization problem with the
exponent of the regularization term depending on the gradient of the reconstructed
image u, was considered in the works [3,4]. In particular, the pioneer work [3, Sec-
tion 3.3] presents a numerical example suggesting a reduction of noise in the restored
images u when the exponent of the regularization term is p = p(|Vul).

Along with problem (1.1), we consider also in this work its nonlocal version,

—di p(b(u))—2 = i
div (|Vu| Vu) f in Q (13)
u=0 on 0%,
where f is again a given data and
p:R— 1[I, +00), (1.4)
b:W,*(Q) — R (1.5)

are the functions involved in the exponent of nonlinearity, for some constant exponent
a such that 1 < o < oo. In this case, suitable examples for the mapping b in (1.5) are
for instance

b(u) =[Vulla,

or else { )
b(u) = |lully, for ¢ <o, where prl L

where ||-||,; denotes the usual L" (£2)-norm. Problem (1.1) is the natural extension of the
p(x)-Laplacian problem introduced by Zhikov [15] and for which the revival of interest
in the almost last two decades came from modelling applications such as thermo or
electro-rheological fluids [2,11] and image restoration [10]. For the p(x)-Laplacian
problem several issues of existence, uniqueness and regularity were already addressed
in many works and by different authors (see again [2,10,11] and the references cited
therein). However for the p(u)-Laplacian problem (1.1), and to our best knowledge,
the only work is due to Andreianov et al. [1], where the considered prototype problem
is

(1.6)

u—div (|Vu|PW=2Vu) = f in Q,
u=0 on 9%Q.
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As pointed outin [1], the main difficulty in the analysis of these p (u)-problems relies in
the fact that neither the weak formulation of (1.1) nor (1.6) can be written as equalities
in terms of duality in fixed Banach spaces. In particular, sequences of solutions u;, to
these problems correspond to different exponents p, and therefore belong to possible
distinct Sobolev spaces. In the proof of [1, Theorem 2.8], the authors could not have
used the abstract Minty argument on such a sequence of solutions, preferring instead
a tool that pulls everything down to the L' space. Then they have used the description
of weakly L' convergent sequences in terms of Young measures and their reduction
using the monotonicity of the nonlinearity & — |£|P~2&. We prove, in Theorem 5.1,
the existence of weak solutions to the problem (1.1) by using the Minty trick together
with the technique of Zhikov [16] for passing to the limit in our sequence of p(u,)-
Laplacian problems. For the sake of completeness we give an elementary proof, in
Lemma 3.1, of a version of [16, Lemma 3.3] that is suitable to be applied in our
problem. The technique we use here to prove the existence result for the problem (1.1)
is rather simpler and more general than the one used in [1]. By assuming that 92
belongs to some Holder class C%* and the source term f belongs to L™(£2), it is
established in [1, Theorem 2.9] the uniqueness of weak solutions that are Lipschitz-
continuous. Establishing an uniqueness result without these assumptions seems to be
a rather difficult task since there is a priori no guarantee that distinct solutions u
and u; are in the same test function space. With no further assumptions, we prove, in
Theorem 6.1, a uniqueness result for a one dimensional version of our problem (1.1).

Regarding the nonlocal problem (1.3), it should be stressed that many diffusion,
or reaction-diffusion, equations with distinct nonlocal terms have been studied in
many works and by different authors since the pioneer works by Chipot et al. [8,9].
However, we could not find in the literature any p-Laplacian problem with a nonlocal
exponent of nonlinearity p as we consider here. Usually, the motivation to study
nonlocal problems relies in the physical fact that in reality the measurements of some
quantities are not made pointwise but through some local averages. In this work, we
prove, in Theorem 5.1, the existence of weak solutions to the nonlocal problem (1.3),
and we show in the final section how the uniqueness for this problem is easily lost.

This paper is organised as follows. In the next Sect. 2 we introduce the basic
properties of generalised Sobolev spaces that we will used later. The Sect. 3 is devoted
to two auxiliary lemmas. In the Sect. 4 we give a proof of existence of a solution to the
local problem (1.1) using a singular perturbation technique. The Sect. 5 is devoted to
the existence of a solution to some nonlocal version of the problems we are interested
in, i.e. to (1.3). Finally in the last Sect. 6 we evoke the issue of uniqueness for these
problems working out in particular a one dimensional example. The notation used
throughout the paper is nowadays rather standard in the analysis of Partial Differential
Equations and therefore we address the reader to the monographs [2,5,6,10,11] for
any question related to that matter.

2 Generalised Sobolev spaces

From the statement of the local problem (1.1), we can see that the exponent function
p depends on the solution u and therefore it depends ultimately on the space variable
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x. As a consequence, the power p can be written as a variable exponent g (x) in the
following sense,
q(x) = p(u(x)).

This motivates us to look for the weak solutions to the problem (1.1) in a Sobolev
space with variable exponents. The mathematical theory of these function spaces has
been so developed during the last 20 years that we can now analyze the problem (1.1)
in the light of this theory. In this section, we recall the properties of Lebesgue and
Sobolev spaces with variable exponents which shall be used in the sequel. For this
review, we have followed the monograph [2] (see also [10,11,17]).

To start with, we denote by Q(2) the set of all Lebesgue-measurable functions
q : 2 — [1, 00) and define

g— :=essinfg(x), q4 :=esssupq(x). 2.1
XeQ x

eQ

Given g € Q(L2), we denote by L0 () the space of all Lebesgue-measurable func-
tions u# : £ —> R such that the modular is finite, i.e.

wwww=/mewmdx<m. 2.2)
Q
Equipped with the Luxembourg norm
. u
luell g = inf {A >0 pyr (X> < 1} , 2.3)

L) () becomes a Banach space. Note that the infimum in (2.3) is attained if (2.2)
is positive. The space L9 (Q) is a sort of Musielak-Orlicz space that we shall denote
here by generalised Lebesgue space, because many of its properties are inherited from
the classical Lebesgue spaces. If

1<q =<qy <00, 2.4

LIO(Q) is separable and, in particular, Cgo(Q) is dense in L4 (2). Moreover, under
assumption (2.4), L>®(Q) N L9V (Q) is also dense in LI (). If we restrict (2.4) to

1 <q- <qs < oo, 2.5)

then L70)(Q) is reflexive. In this case, the dual space of L90)(Q) is identified with
L7 (), where ¢’(x) is the generalised Holder conjugate of g (x),

1 1

+——=1
q(x)  q'(x)
Note that from (2.1) and (2.5), we have

1 < (g4) <essinfq’(x) <esssupg’(x) < (g_) < oo.
xeQ e
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One problem in generalised Lebesgue spaces, is the relation between the modular (2.2)
and the norm (2.3) that is not so direct as in the classical Lebesgue spaces. However,
if (2.5) holds, it can be proved, from its definitions in (2.2) and (2.3), that

min {140, 26, } < pgcy o) < max {lulldc. lulds, |

e L 1 e
min {qu(~) (W)=, pg()(u)++ } < llullg¢y < max {,Oq(.)(u)"— s Pg () (W) 4+ } . (2.6)
When proving some estimates the following consequence of (2.6) is very useful,

lull) =1 = Py @) < lullf) + 1. @7

In generalised Lebesgue spaces, there holds a version of Young’s inequality,

|90 lv] ™)

C(6 ,
a0 T

luv) <6

valid for some positive constant C(§) and any § > 0, and a version of Holder’s
inequality,

1 1
/ uvdx < (— + q—/> lullgey Mollgrey < 2 NMullgey vl (2.8)
Q

valid for u € L4V (Q) and v € Lq/(')(Q). As a consequence of (2.8), we have, for a
bounded domain 2 and ¢ satisfying to (2.4), the following continuous imbedding,

L19(Q) < L' (Q) whenever g(x) > r(x) forae.x € Q. (2.9)
. .. 0w, .
Assuming the weak derivatives — exist forany i € {1, ..., d}, we define
Xi

Wwhao (@) = {u e LI(Q): Vu e LW(Q)} ,
which is a Banach space for the norm
lull1,q¢) = llullgey + 1IVullg)- (2.10)
This space belongs to a special class of Sobolev-Orlicz spaces so called generalised
Sobolev spaces. The generalised Sobolev spaces W 1:4¢) () inherit many of the proper-

ties of the generalised Lebesgue spaces L4 (). In particular, W1-4() () is separable
if (2.4) holds, and is reflexive when (2.5) is fulfilled. We have as in (2.9)

Wl’q(')(Q) — Wl”(')(SZ) whenever ¢(x) > r(x) fora.e. x € Q. (2.11)
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We now introduce the following function space
WO = {u e Wyl (@) : Vu e L10@)]
which we endow with the norm

lellyy a0 () = lluelle + 1V aellge).- (2.12)

If ¢ € C(), then an equivalent norm in Wol’q(')(Q) is [[Vullg).
Unlike classical Sobolev spaces, smooth functions are not necessarily dense in
Wol’q(')(Q). So, defining

Hy?(Q) := the closure of C{°(<2) in the norm (2.10),

where C{°(£2) denotes the space of C*°-functions with compact support in £2 we have
generally
1q( Lg(-

However, if 2 is a bounded domain with 92 Lipschitz-continuous and ¢ is log-Holder

continuous, then Cgo (2) is dense in Wol’q(') (£2). Recall that a function ¢ is log-Holder
continuous, if

1
3C>0: [glx) =g = Vx, yeQ, [x =yl < 7 (2.13)

_¢
In (lef)l)

lg(x) =g = w(lx —y) Yx, yeQ,

This means that

for the modulus of continuity @ : R™ — R™ defined by

w(t) ;=

ln( )’

which is an increasing and continuous function for ¢t < %, and such that
lim,_, g+ w () = 0. If (2.13) holds, then we have

~|—

Hy (@) = w'Y@).
Note that in particular,
q € CO’A(Q) forsome A € (0,1) = ¢ is log-Holder continuous. (2.14)

The Log-Holder continuity property (2.13) is also very important to establish Sobolev
inequalities in the framework of Sobolev spaces with variable exponents. Let us define
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the pointwise Sobolev conjugate of g (x) by

q*(x) := dd—q;fi) if glx) <d
oo if g(x) > d.

If g is a measurable function in Q2 satisfyingto 1 < g_ < g+ < d and (2.13), then
<C|V Vuewy1@
lullg) = CliVullgey Yue Wy " (£2),

for some positive constant C depending on g4, d and on the constant of (2.13). On
the other hand, if ¢ satisfies (2.13) and ¢g_ > d, then

1,9(-
lulloo < ClIVullyey Yue Wy 1),

and where C is another positive constant depending on g_, d and on the constant of
(2.13).

3 Auxiliary results

To prove later that |Vu|?®™ e L'(2), we shall make use of the following result which
is a particular case of a more general one established by Zhikov [16]. We give here an
elementary proof of this result which does not require all the assumptions considered
in [16, Lemma 3.3].

Lemma 3.1 Assume that

l<a<g,x) <B<oo VneN,

forae. x € Q, for some constants o and B, 3.1
qn — q a.e. in2, as n— o0, 3.2)
Vu,—~Vu in LYQ)?, asn— oo, (3.3)

| |Vun |2y < C,  for some positive constant C not depending on n. (3.4)

Then Vu € L1(Q)? and

liminf/ |V, |9 dx z/ IVul?®dx. (3.5)
Q Q

n— o0
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Proof By Young’s inequality one has fora, b € R? and 1 < ¢ < oo,

bl 1 1
a-b<|a||b| <lal?+ 7 T ==L (3.6)

q'q7 q’

If now b is a function in L°(2)? and we make q = ¢y in (3.6) and use assumption
(3.1), one derives

b9 )
Q

g5 (x)

dx 5/ [V, |9 dx. (3.7)
@, (xX)gn (x) @

Using assumptions (3.2) and (3.3), we can pass to the limitin (3.7) as n — o0, so that

|b|4 )
/ Vo-b——— | dx < liminf/ [V, |9® dx = L. (3.8)
Q Q

q'(x) n—00

q’(x)q(x) 9
Then we consider the following function b,

1

\% e
b= |V—U|q(x)|vv|,j T with  |Vole = [Vu| Ak, k>0,
v

and where u A v := min{u, v}. Inserting this function b into (3.8), one obtains

q'(x)

1
/ IVoleg (o) Vol O™ — [V ﬂ dx <L,
Q q’(x)

which implies

i —+1
/ Vo7 dx < L.
Q
Observing that m + 1 = ¢g(x), we arrive at
f IVold™ dx < L. (3.9)
Q

Finally (3.5) follows by lettingk — ocoin(3.9),and Vu € L4 (Q)d due to assumption
(3.4). O

We recall also the following inequalities which are classical in the theory of p-
Laplace equations.
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Lemma 3.2 Forall &, n € RY, the following assertions hold true:

1
2= p<oosgle—nl” < (16726 — ") - € — ) (3.10)
2—p
L<p<2=p -0 —n =< (16772% — P 2n) - & —m (617 +11") 7 .
(3.11)
Proof See, for instance, [6,12]. O

4 Existence for the local problem

We define the set where we are going to look for the solutions to the problem (1.1) as
WP (@) = {u cewll@): / IVulPWdx < oo} .
Q

If 1 < p(u) < oo forall u € R, this set is a Banach space for the norm ||u||W1,p<.)(Q)
0

defined at (2.12) which is equivalent to |[[Vul| ) in the case of p(u) € c(Q). If
for some constant &, p > « > 1, p continuous, then, in view of (2.11), Wé’p(”)(Q)
is a closed subspace of Wé’a(Q) and therefore it is separable and reflexive. In what
follows, W_I’V/(Q), with 1 < y < o0, denotes, as usual, the dual space of WOI’V(Q).

Definition 1 Let the function p given in (1.2) be continuous and assume that
l<a<pu)<B<oo Vuel, “.1)
for some constants o and 8. Assume also that
few Q). 4.2)
We say a function u is a weak solution to the problem (1.1) if

ue Wy @),

_ 1,
) IVuPO=2Vy . Vodx = (f,v) Vve Wy @),

where (-, -) denotes the duality pairing between (Wé P ()Y and WO1 P00 ().

Note that ¢ = p(u) € Q(R2) and the essential infimum ¢_ and the essential
supremum g4 satisfy to (2.4) for all u € W&’p(”)(Q) (see (2.1)).

Theorem 4.1 Ler Q2 C RY, d > 2, be a bounded domain with 92 Lipschitz-continuous.
Assume that
p : R — R is a Lipschitz-continuous function 4.3)
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and that condition (4.2) holds. If
d<oa<pu)<p<oo Vuel, “4.4)

then there exists, at least, one weak solution to the problem (1.1) in the sense of
Definition 1.

Proof The proof of Theorem 4.1 will be split into two main steps.
1. Approximation: For each ¢ > 0, we consider the auxiliary problem

{—div(|Vu|1’(”)_2Vu) —ediv(|Vulf~2Vu) = f in Q, @.5)

u=0 on 09,

where f is the upper bound constant from assumption (4.4).
For an exponent function p satisfying (4.3) and (4.4), we say that a function u is a
weak solution to the regularized problem (4.5), if

uewyP (@),
/ |Vu|P<“>*2Vu-Vvdx+s/ IVulP~2Vu - Vodx=(f,v) Yve W, P (@),
Q Q

where here (-, -) denotes the duality pairing between W_l"",(Q) and W(}’a(Q).
Claim 1 For each ¢ > 0 there exists a weak solution u, to the problem (4.5).

Proofof Claim 1 Let w € L2(2) be given. From (4.4), we have
d<a<pw) <pB<oo forae xe€Q. 4.6)
Observing that, in view of the assumption (4.2) and of (4.6), we have
few @) cw (@),

and, by the usual theory of monotone operators, there exists a unique # = u,, solution
to the problem

I,
ue Wyt @),
/ |Vu|p(w)_2Vu-Vvdx+8/ IVulP=2Vu - Vodx=(f,v) Yve W, " ().
Q Q
4.7)

Taking v = u in the second line of (4.7) we derive using the Holder inequality

/ |VulP ™ dx +s/ IVulPdx < || fll—1.0IVulle < ClVullg,
Q Q
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for some positive constant C = C(«, B, 2, f), and where || - ||_1 o is the operator
norm associated to the norm ||V - ||o. Thus

ellVullf < Cl|Vullp,

and

(Vullp = C, (4.8)
for some positive constant C = C(«, B, €2, €, f) independent of w. Since 8 > d > 2
one has Wol’ﬂ(Q) — LX(Q), compactly and

lullz = fluwll2 = C,

for some positive constant C = C(w, B, 2, ¢, f, d) independent of w. Let us now
consider the mapping
B>wtr uy € B, 4.9

where B := {v € L*(Q) : |lv]» < C}. From Schauder’s fixed point theorem, it is
clear that this mapping will have a fixed point provided it is continuous. To prove this,
let us assume that w, is a sequence in L2(2) such that

w, — w in LZ(Q), as n — oo. (4.10)
For every n € N, let u,, be the solution to the problem (4.7) associated to w = w,,.

By (4.8), one has
IVunllg < C,

for some positive constant C which does not depend on . Hence, for some subsequence
still labelled by n and some u we have

Up—u in Wé’ﬁ(Q), as n — oo, 4.11)

up — u in L*(Q), as n — oo. (4.12)

By (4.7) written with u, and w, in the places of u and w, one has

/ (|Vun|P<wn>*2Vun + s|Vun|ﬂ*2Vun) Vudx = (f.v) VveW P
Q

(4.13)
Then, by monotonicity, one has also

/ <|Vun|p(w”)_2Vun + 8|Vun|ﬂ_2Vu,,> -V(u, —v)dx
Q

—/ (|Vu|p(w")_2Vv 4 e|Vv|ﬂ—2Vu) V(g —v)dx =0 Yve W Q).
Q
(4.14)
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Taking v = u, — v in (4.13) and using the resulting equation in (4.14), we derive

(f,un—v)—/ (|Vu|P(Wn>*2Vv+e|Vv|/‘HVU)-V(u,,—v)dxzo Voew, ().
Q

(4.15)
In view of (4.10) one can assume that for some subsequence

w, > w ae.in £, as n — oo.
By virtue of this and by assumption (4.3), we can apply Lebesgue’s theorem so that
[Vu|P)=2vy — |V|P™=2yy  strongly in LF@)9, as n— oo, (4.16)
forallv e Wé’ﬂ(Q). Using (4.11) and (4.16) we can pass to the limit in (4.15) to get

(f, u—v)—/ (|VU|P<w>*2Vu +s|Vv|/’*2Vu).V(u—u) dx >0 Yve W P
Q

(4.17)
Taking v = u F 8z, with z € W, "# () and § > 0, we obtain from (4.17)

£[(f.2) — [o IV F )PP 2V (u F 82) + &|V(u F 82) P72V (u ¥ §2))
.Vzdx] > 0. (4.18)

Letting § — 0 in (4.18), it comes
/ (|Vu|1’<w>*2w + e|Vu|/HVu) Vzdx = (f,2) Yze WP ().
Q
Thus u = u,,. Since the limit is uniquely determined we have, in view of (4.12)

Uy, —> Uy strongly in Lz(Q), as n — oo,

which proves the continuity of the mapping (4.9) and thus concludes the proof of the
claim. m|

So far, we have proven that for each ¢ > 0 there exists u, € Wol’ﬂ (£2) such that

/ |Vug|p(”€)_2Vu€~Vvdx+8/ IVue P2V, - Vodx = (f,v) Vve W, P (@).
Q Q

(4.19)
Moreover recall that
d<oa<pu)<p<oo Ve>0, forae xeQ.
2. Passage to the limit as ¢ — 0: Taking v = u, in (4.19), we get
[ 1Vl el Vil = (. (4.20)
Q
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Note that the first inequality in (2.7) can be written as

1

€1 q—
lullyey < (pgy(@) + o= = (/Qqul"(")dx+1) )

Thus by the Holder inequality (2.8) one has

(1)
plug
/|V”€|adx < C|[IVue ||| pwer §C</ IVMsI”(”E)dx+1)( w)
Q o Q

<C (/ |V |PUe) dx + 1) , 4.21)
Q

for some positive constant C = C(«, 8, 2). Thus we have

1

(frue) < 1 fll-1,0Vuella = Cllfll-1,00 (fg |Vue| P dx + 1) - (42

One deduces from (4.20), (4.22) and by using Young’s inequality that
/ Ve |P“odx + z9||Vu£||l’?j <C, (4.23)
Q

for some positive constant C which does not depend on ¢. From (4.21) and (4.22) one
then also has
Vuella < C, (4.24)

for some positive constant C independent of ¢. Thus by the compact imbedding
WOI’O‘ () — L%(Q) we have for some subsequence still labelled with n and some u

Ug, —u in Wé’“(Q), as n — 00, (4.25)
Vue,—Vu in L*(Q)?, as n — oo, (4.26)
Ug, = u in LZ(Q), asn — 00,

ug, > u ae.in, as n— oo. 4.27)

It should be noticed that, due to (4.4), u is Holder-continuous and, in view of this and
(4.3), so does p(u). Due to (4.27), one has also

p(ug,) — p(u) ae.in , as n — oo. (4.28)
Moreover, recall that
d<a<pu,)<p<oo YnelN, forae xeQ. (4.29)
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We can then use (4.23), with u,, in the place of u, together with (4.23), (4.26), (4.28)
and (4.29) so that, by the application of Lemma 3.1, we have

ue Wyt Q). (4.30)

Using the monotonicity, one has

/ (|Vu€”|”(”5")_2Vu€n + sn|Vu5n|ﬁ_2Vu€n) -V (ug, —v)dx
Q

—f (|Vv|1’(“en)*2w + sn|Vv|ﬂ*2Vv) Vs, —v)dx =0 Yve W P,
Q
4.31)

Using the identity (4.19), with u,, in the place of u, and u,, — v in the place of v, we
can write the inequality (4.31) as

(f g, — V) — [o IVO[PU) 2V 0 . V(u,, —v)dx — g,
x o IVU[P72VY - V(u,, —v)dx >0, (4.32)

say for all v € C§°(£2). Note that, as in (4.16) but now using (4.28), by the Lebesgue
theorem, we have for such a v

|Vo|PUa) 29y — |[Vu|P®W=2vy  in LY (@), asn — oo. (4.33)

Using (4.24), (4.25) and (4.33), we can pass to the limit in (4.32) as n — 00 so that
(fou—v)— /Q IVulPW2Vy . V(u —v)dx =0 Vv e CPR). (4.34)
As observed above, due to assumptions (4.3) and (4.4), p(u) is Holder-continuous and

therefore C§°(€) is dense in W, "™ (R) due to (2.13)~(2.14). Thus, (4.34) holds true

alsoforall v e Wol’p(")(Q). Hence we can take v = u 8z, with z € Wol’p(”)(Q) and
6 > 0, in (4.34) so that

+ ((f,z> —/ IVu|PO=2vy . Vzdx> > 0.
Q
As a consequence,
/ IVulPO2Vy . Vzdx = (f,2) Vze W, (),
Q

which, together with (4.30), completes the proof of Theorem 4.1. O
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5 Nonlocal problems
In this section we consider a real function p such that
piscontinuous, | <o < p <8, 6D
for some constants «, . We denote by b a mapping from W(} "*(Q) into R such that
b is continuous, b is bounded, 5.2)

i.e. b sends bounded sets of WOI’“(Q) into bounded sets of R.

Definition 2 A function u is a weak solution to the problem (1.3) if

= W(}ﬂp(h(u))(Q)’

[Vu|PCW=2yy . Vydx = (f,v) Yve Wol’p(b(u))(Q),
Q

(5.3)

where (-, -) denotes the duality pairing between (Wé PG ()Y and WO1 PG oy,

One should notice that p(b(u)) is here a real number and not a function so that
the Sobolev spaces involved are the classical ones. We refer to [5,7-9] for more on
nonlocal problems.

Then one has:

Theorem 5.1 Let Q@ C RY, d > 2, be a bounded domain and assume that (5.1) and
(5.2) hold together with
few Q).

Then there exists at least one weak solution to the problem (1.3) in the sense of
Definition 2.

The proof of Theorem 5.1 is based on the following result.

Lemma5.1 Forn € NN, let u, be the solution to the problem

uy € Wy (),
) 1,pn (54)
Vi, [P~ *Vu, - Vodx = (f,v) ¥V ve W, "(Q),
Q

where (-, -) denotes here the duality pairing between (Wol’p" (R)) and Wé’p” ().
Suppose that

pn — p, as n— oo, where p € (l,00), (5.5)
few Q) forsome q < p. (5.6)

Then
Uy, —> U in Wol’q(Q), as n — 0o, 5.7
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where u is the solution to the problem

ue Wy (),

/ |Vu|p72Vu -Vvdx = (f,v) Vve WOLP(Q)'
Q

(5.8)

Proof of Lemma 5.1 We shall split this proof into two steps.
1. Weak convergence: We first observe that, in view of p, — p, as n — oo, and
q < p, we may assume that

p+1l1>p,>q V nelN (5.9)

Taking v = u,, in the equation of (5.4) we get

/QIVunlp”dx < I ll-1gVunllg- (5.10)

Recall that || f'|| 1,4 denotes the strong dual norm of f associated to the norm ||V - ||4.
On the other hand, by using Holder’s inequality and (5.9), we have

IVunllg < CliVunllp,, (5.11)

for some positive constant C = C(p, g, €2). Plugging (5.11) into (5.10) it comes
Vuullp, < C, (5.12)
for some other positive constant C = C(p, g, 2, f). Combining (5.11) with (5.12),

it follows that
Vuully < C, (5.13)

for some positive constant C independent of n. From (5.13) we deduce then that for
some subsequence still labelled by n and for some u € Wé 1(Q)

Vu,—~Vu in L1(Q), as n — oo. (5.14)

Due to (5.5), (5.9), (5.12) and (5.14), we can also apply Lemma 3.1 so that

liminf/ |Vun|p"dx2/ |Vu|Pdx.
n—oo Q Q

As a consequence we have
ue W, "(Q). (5.15)

Clearly the equation in (5.4) is equivalent to
/ |Vun|p”72Vu,Z -V —upy)dx > {(f,v—u,) Yve Wol’p”(Q).
Q
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and by the Minty lemma to
/ IVolP"2Vy -V —u,)dx > (fLv—u,) Yve Wol'p” (2). (5.16)
Q

Taking v € C(‘)’O(Q), one can use (5.5) and (5.14) to pass to the limit in (5.16), as
n — o0, so that

/ IVulP2Vu - V(v —u)dx > (f,v—u) Vv e CP(RQ). (5.17)
Q

Using the density of C(‘)’o (2) in W(}’p(Q), we see that (5.17) also holds for all v €

W,'? (). In this case, taking v = u + 8z, with z € W,”(Q) and § > 0, and letting
8 — 0 after simplifying the resulting inequality, one obtains

/ IVulP2Vu - Vedx = (f,2) Vze W P
Q

Thus u is the solution to the problem (5.8).

2. Strong convergence: We want to show that the convergence (5.14) is in fact strong.
To prove this, we first note that, taking v = u, in the equation of (5.4) and using (5.14)
to pass to the limit, we obtain

/ IVu,|Prdx = (f,uy) — {f,u) =/ |VulPdx, as n — oo. (5.18)
Q Q

Consider the case of the p,’s such that
pn>p VY nelN.

One has by Holder’s inequality

P
/ \Vin|Pdx < (/ |Vun|P"dx> "
Q Q

where |2| denotes the d-Lebesgue measure of 2. Thus by (5.18) for such a sequence

limsup/ [Vu,|Pdx 5/ IVu|Pdx §liminf/ IVu,|Pdx,
Q Q n—oo Q

n—oo
which shows (since ||Vu,l|l, — [[Vul ,, asn — 00)
u, — u strongly in Wol’p(Q), as n — o0o. (5.19)
Since W,'?(Q) € Wy (Q), (5.19) implies (5.7).
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Next, consider the p,’s such that
g<pn<p VnelN

and set

Ay = / <|Vun|p"_2Vun - |Vu|p"_2Vu> - (Vu, — Vu) dx.
Q

Due to the monotonicity, A,, > 0 and, because of (5.4), one has
Ap = (f,up —u) — /Q IVulP2Vu - V(u, — u)dx.
From (5.6) and (5.14), we have
(fyup —u) — 0, asn — oo.
Moreover, from (5.15) one easily gets
)|Vu|Pn*2Vu‘ < max{1, [Vu}?~! € L” ().
Hence, (5.20), (5.22) and (5.23) ensure that

A, — 0, as n— oo.

Assume first that
Pn > 2.

This allows us to use property (3.10) of Lemma 3.2 in (5.21) so that

: /
Ap > —— | [V(up — )P dx.
n 2[71171 o n

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

Since, by (5.20), p, > ¢, we have by Holder’s inequality, (5.20), (5.24) and (5.25)

4
[ v =it < ([ 196, - wir dx)™ i@ o
Q Q

when n — oo. This proves (5.7) in this case.
Consider now the case when
Pn < 2.
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Here, we use Holder’s inequality as follows

f IV — )| dx
Q

(Pn=2)pn Q—pn)pn
2

=/IV(un—u)Ip”(qun|+|VuI) (IVun| +1Vul) 72 dx
Q

_m
-5

< U IV (y — ) > (| Vaty |+ V] )2 dx]2 [/ (I Vit |+ Vu])Pr dx}
Q Q
(5.26)

Using property (3.11) of Lemma 3.2 we have
Az cf IV (ttn — )] (V| + [Vae)P =2 dx, (5.27)
Q

for some positive constant C = C(p,,). Now, by using (5.26), (5.27) together with
(5.12) we deduce that

/ |V (u, —u)|P*dx — 0, asn — oo.
Q

Thus, as above, (5.7) holds true also in this case. O

Let us now show how Lemma 5.1 can be applied to prove the existence of weak
solutions to the nonlocal problem (1.3).

Proof of Theorem 5.1 Note that f € (W, *())' C (W,*(2)) for any 8 > a. Thus
for each A € R, there exists a unique solution u = u, to the p(A)-Laplacian problem

ue WM (@),

5.28
IVu|PP=2Vu . Vodx = (f,v) Ve Wy Q). (5-28)
Q
Taking v = u = u;, in (5.28) one derives
/ IViup PP dx < || fll=1.0 1 Vit la- (5.29)
Q
By Holder’s inequality one has
1__1
IVurlle < IVurllpoylQle 7@, (5.30)
Thus by (5.29) it comes
—1 1__1_
IVl b6 ™ < NIl 70, (5.31)
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Gathering (5.30) and (5.31), and using (5.1) we obtain

1

L 1 p) 1 1_1)_»
m—1 (** ) jyp -1 (777) =
IVurlle < A1, 1QI1 @) r®O=T < max || f|7, QI 7/77T =C,
pele, Bl ’

1o
(5.32)
for some positive constant C = C(«, B, 2, f). Due to the boundedness of b, see (5.2),
and to (5.32), there exists L € R such that

b(uy) e [-L,L] YireR.

Let us now consider the map
A= b(uy), (5.33)

from [—L, L] into itself. This map is continuous. Indeed, if A,, — A asn — oo, due to
(5.1), we have p(A,;) — p(}). Applying now Lemma 5.1 with p, = p(4,), it follows
that

u, — u, in W(}’a(Q), as n — oo.

n

Now, b being continuous (see (5.2)), it follows that b(u;,) — b(u;), asn — oo,
and thus the map (5.33) is also continuous. It has then a fixed point A and u;,,, is then
solution to (5.3). O

6 Uniqueness

The proof of uniqueness of the solution to (1.1) in all generality does not seem to be
straightforward. In fact, if we have two weak solutions | and u» to the problem (1.1),
in the sense of the Definition 1, there is a priori no guarantee that both functions u
and u, are in the same test function space, W(;’p(ul)(Q) or Wol’p(uz)(ﬂ). Hence, we
cannot use 1| — uy as test function as usual. However, if we restrict ourselves to the
1-dimensional problem (1.1), it is possible to prove some uniqueness result. This is
what we would like to do now.
Let us set, for instance,

Q=(1LD,
and consider the problem

{_ (|u/|p(u)72u/)/ =f in Q, (6.1)

u(=1)=u(l) =0,

where u’ denotes the derivative of u.

Theorem 6.1 Assume (4.1) and (4.3) and suppose that f > 0 is a continuous function
on [—1, 1]. Then there exists a unique solution to (6.1) in the distributional sense.
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Remark 6.1 One could weaken the assumptions on f. Note that from (6.1) it results
that |u/|?® =2y’ and also u’ are bounded. u being a Lipschitz continuous function the
boundary conditions are well defined.

Proof of Theorem 6.1 In view of (6.1), one has
/
(|u’|p(”)_2u’) =—f<0 in Q,

and therefore the function |u’|P™ =2y’ is decreasing in €. This function cannot have
a constant sign, otherwise u” would have a constant sign too, i.e. u’ would be always
positive or negative, which in turn would render u(—1) = u(1) impossible. Thus,
|’ [P =2y’ and consequently 1’ vanish at some point & € (—1, 1). Since |u’ [P ~2y’
is decreasing in €2, one has

w' >0 in (—=1,€) and u' <0 in (& 1). (6.2)

Let us set

F(x):= /X f(s)ds. (6.3)
0

Note that, due to the positivity of f, F is an increasing function. On the other hand,
in view of (6.2), one derives from (6.1) that

/[Py = F (&) — F(x)

foreither —1 < x < £ oré < x < 1. Thus, (6.1) can be decoupled into two problems
namely,

W' = (FE = FO)™ T in (—1,6), 64
u(=1) =0,

and |
u'=—(F(x) — F(§)P@=T in (&, 1), (6.5)
u(l) =0.

Claim 1 For a fixed &, the functions

Gl u) = (F(E) — F0)P@ T and H(x,u) = —(F(x) — F(§)) 7T

are uniformly Lipschitz-continuous with respect to u in the intervals (—1, £) and (&, 1),
respectively.

Proof of Claim T 'We shall only prove the claim for the function G (x, u), the proof for
the function H (x, u) being analogous. Let us first write

1 1
G(x,u) — G(x,v) = ep-TIFE—F) ern(F(S)—F(X)).
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By the mean value theorem, one gets for some 6 € (0, 1)

0 1-0 _
G(x. 1) = G, v) = LT AT O 1y e

1 1
—F — . 6.6
) (p(u) 1 p) - 1) ©©

On the other hand, by the monotony of the In function and due to assumption (4.1),
one has

In(F(§) — F(x)) € (—oo,In(F(§) — F(=1))),

0 1-06 1 1
+ (S ’
pw)—1  p) —1 B—1 a—1
and thus the product of the first two terms in (6.6) is uniformly bounded by a constant
C, that does not depend on x. Observing this and using the assumption (4.3), one has

1 1
S ’p(u) —17 ) —1‘
e w—pwl

(p() = D(pu) = 1)
for another positive constant C’, which proves the claim. O

As a consequence of Claim 1, the solutions to the problems (6.4) and (6.5) are
unique.

Claim 2 The mapping & — u(&) is an increasing function of & when & runs in the
interval (—1, 1).

Proof of Claim 2 Let us denote by u(&, x) the unique solution to the problem (6.4). We
would like to show that, whenever &, & € (—1, 1), we have

£'>& = uE' &) >uE o). (6.7)

Note again that, in view of the positivity of f the function F defined at (6.3) is
increasing and therefore F(¢') > F(£). From (6.4) we derive then

W (E —1) = (F(E) — F(—1)F0 T < (F() — F(—1)7T = u/(§', ~1), (6.8)

which shows that u (&, x) < u(£¢’, x) near x = —1.If there is a first point xg € (—1, &)
where u(&’, xo) = u(&, xo), we argue as we did for (6.8) so that one will have

1

W (&, x0) = (F() — F(x0)) 7T < (F(&) — F(x0) 7T = u' (&', x0),

which is impossible. Thus, u(£, x) < u(§’,x) on (—1, &) and one has (6.7), since
u(&, ) continues to grow after &.
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With the same arguments, if v(x, &) denotes the unique solution to the problem
(6.5), one would show that, whenever &, & € (—1, 1),

£'>8 = v(E &) <vE ),
which completes the proof of the claim. O

Let us now show that the conclusion of Theorem 6.1 follows from Claim 2. In fact,
since we know the solution to the problem (6.1) exists, there existsa ¢ € (—1, 1) such
that

u(g, &) =v(§,8),

i.e. the solutions to the problems (6.4) and (6.5) merge at &. Then, for &’ > &, Claim 2
ensures that

u@' &N >uE &) =vE & > vE &),

and thus the two solutions could merge only at a point. The same argument applies
for &’ < & and therefore the uniqueness for the problem (6.1) holds, which completes
the proof of Theorem 6.1. O

The nonlocal case is completely different and one can see that uniqueness to the
problem (1.3) is easily lost. To see this, let p;, p2 € (1, 00), with p; # p», and
consider u1 and u, respectively the solutions to the problems

—div(|VulPi2Vu) = f in Q,
u=0 on 02,

fori =1 and i = 2. Choose a function b such that

b(uy) # b(uz).

Let us now consider a function p as in (1.4) and such that

pb(u1)) = p1 and p(b(uz)) = p».

Then u; and u; are both solutions to the problem (1.3). One can this way construct
problems with infinitely many solutions.

Remark 6.2 1t would be interesting in some cases (nonlocal case for instance) to relax
our assumptions on f allowing it for example to be an integrable function. This
involves some more work of approximation. One can also think of extending our
results to the parabolic case revisiting our estimates and to address the issue of the
asymptotic behaviour of the solution at least in the simple case of a single steady state
(Theorem 6.1).
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