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Abstract

We discuss fattening phenomenon for the evolution of sets according to their nonlocal
curvature. More precisely, we consider a class of generalized curvatures which corre-
spond to the first variation of suitable nonlocal perimeter functionals, defined in terms
of an interaction kernel K, which is symmetric, nonnegative, possibly singular at the
origin, and satisfies appropriate integrability conditions. We prove a general result
about uniqueness of the geometric evolutions starting from regular sets with positive
K -curvature in R” and we discuss the fattening phenomenon in R? for the evolution
starting from the cross, showing that this phenomenon is very sensitive to the strength
of the interactions. As a matter of fact, we show that the fattening of the cross occurs
for kernels with sufficiently large mass near the origin, while for kernels that are suf-
ficiently weak near the origin such a fattening phenomenon does not occur. We also
provide some further results in the case of the fractional mean curvature flow, showing
that strictly starshaped sets in R” have a unique geometric evolution. Moreover, we
exhibit two illustrative examples in R? of closed nonregular curves, the first with a
Lipschitz-type singularity and the second with a cusp-type singularity, given by two
tangent circles of equal radius, whose evolution develops fattening in the first case, and
is uniquely defined in the second, thus remarking the high sensitivity of the fattening
phenomenon in terms of the regularity of the initial datum. The latter example is in
striking contrast to the classical case of the (local) curvature flow, where two tangent
circles always develop fattening. As a byproduct of our analysis, we provide also a
simple proof of the fact that the cross in R? is not a K -minimal set for the nonlocal
perimeter functional associated to K.
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1 Introduction

In this paper we are interested in the analysis of the fattening phenomenon for evo-
lutions of sets according to nonlocal curvature flows. Fattening is a particular kind
of singularity which arises in the evolution of boundaries by their (local or nonlocal)
curvatures and more generally in geometric evolution of manifolds and is related to
nonuniqueness of geometric solutions to the flow. Fattening phenomenon has been
studied for mean curvature flow since long time and a complete characterization of
initial data which develop fattening is still missing. In the case of the plane, it is known
that smooth compact level curves never develop an interior, due to a result by Grayson
on the evolution of regular compact curves. This result is no more valid for fractional
mean curvature flow in the plane, as proved recently in [12]. We recall that examples
of fattening of nonregular or noncompact curves in the plane for the mean curvature
flow have been given in [3,13,15], where, in particular, the fattening of the evolution
starting from the cross is proved. Finally nonfattening for strictly starshaped initial
data is proved in [20], whereas nonfattening of convex and mean convex initial data
is proved in [1], see also [2,4].

In this paper we start the analysis of the fattening phenomenon (mostly in the plane)
for general nonlocal curvature flows. This problem has not yet been considered in the
literature apart from the result in [9] about nonfattening for convex initial data under
fractional mean curvature evolution in any space dimension.

Here we will show that some results which are true for the mean curvature flow
are still valid, such as nonfattening for regular initial data with positive curvature or
strictly starshaped initial data.

Nevertheless, in general, some different behaviors with respect to the mean cur-
vature flow arise, due to the fact that the fattening phenomenon is very sensitive to
the strength of the nonlocal interactions. We discuss in particular the evolution start-
ing from the cross in the plane, which develops fattening only if the interactions are
sufficiently strong. Moreover, we show an example of a closed curve with positive
curvature which fattens, and an example of a closed curve whose evolution by frac-
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Fattening and nonfattening phenomena for planar nonlocal. . . 689

tional mean curvature flow does not present fattening, differently from the case of the
evolution by mean curvature flow.

We now introduce the mathematical setting in which we work. Given an initial
set Eg C R", we define its evolution E; for > 0 according to a nonlocal curvature
flow as follows: the velocity at a point x € 9 E; is given by

dx v =—Hf (x) (1.1)

where v is the outer normal at dE; in x. The quantity H f (x) is the K-curvature
of E at x, which is defined in the forthcoming formula (1.4). More precisely, we
take a function K : R"\{0} — [0, +00) which is a rotationally invariant kernel,
namely

K (x) = Ko(|x]), (1.2)
for some Ky : (0, +00) — [0, +00). We assume that
min{1, [x|} K (x) € L' (R"),

1 +0o0
ie. / 0" Ko(p)dp +/ "V Ko(p)dp < +00. (1.3)
0 1

Given E C R"” and x € 0E we define the K-curvature of E at x, defined
by

HE (x) = li ! —~ K(x —y)dy, 1.4
Fwastim | () - xem) Kax=ndy (14

where, as usual,

_J1iftyekE,

We point out that (1.3) is a very mild integrability assumption, compatible with the
structure of nonlocal minimal surfaces (see e.g. condition (1.5) in [11]) and which
fits the requirements in [8,16] in order to have existence and uniqueness for the
level set flow associated to (1.1) (see Appendix A for the details about this mat-
ter).

Furthermore, when K (x) = |x|+ﬂ for some s € (0, 1), we will denote the K-
curvature of a set E at a point x as H % (x), and we indicate it as the fractional mean
curvature of the set E at x.

While the setting in (1.4) makes clear sense for sets with C!!-boundaries, as cus-
tomary we also use the notion of K-curvatures for sets which are locally the graphs
of continuous functions: in this case, the K-curvature may be also infinite and the
definition is in the sense of viscosity (see [8,16] and Section 5 in [6]).
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690 A. Cesaroni et al.

We observe that the curvature defined in (1.4) is the the first variation of the fol-
lowing nonlocal perimeter functional, see [7,17],

Perk (E) :=/f K(x —y)dxdy, (1.5)
E JR\E

and so the geometric evolution law in (1.1) can be interpreted as the L? gradient flow
of this perimeter functional, as proved in [8].

The existence and uniqueness of solutions for the K -curvature flow in (1.1) in the
viscosity sense have been investigated in [16] by introducing the level set formulation
of the geometric evolution problem (1.1) and a proper notion of viscosity solution. We
refer to [8] for a general framework for the analysis via the level set formulation of a
wide class of local and nonlocal translation-invariant geometric flows.

The level set flow associated to (1.1) can be defined as follows. Given an initial
set E C R" and C := 9FE, we choose a bounded Lipschitz continuous function
ug : R" — R such that

C=xeR"'stup(x)=0}=09{x e R"s.t. ug(x) > 0}
and E ={x e R"s.t.ug(x) > 0}.

Letalsou g (x, t) be the viscosity solution of the following nonlocal parabolic problem

du(x, 1) + [DuCxe, DIHE (s uien @) =0, 16)
u(x,0) =ugp(x). '

Then the level set flow of C is given by
Yep(@):={x e R"s.t.ug(x,t) =0}. 1.7)
We associate to this level set the outer and inner flows defined as follows:

ET(t):={xeR"st.up(x,t) >0} and E (t):={xeR"st.ug(x,t) > 0}.
(1.8)

We observe that the equation in (1.6) is geometric, so if we replace the initial condition
with any function uo with the same level sets {ug > 0} and {ug > 0}, the evolutions
E™T(¢) and E™(t) remain the same. For more details, we refer to Appendix A.

The K -curvature flow has been recently studied from different perspectives, in par-
ticular the case fractional mean curvature flow, taking into account geometric features
such as conservation of the positivity of the fractional mean curvature, conservation
of convexity and formation of neckpinch singularities, see [9,12,18].

In this paper, we analyze the possible lack of uniqueness for the geometric evolution,
i.e. the situation in which d E™ (¢) # 9 E~ (¢), in terms of the fattening properties of the
zero level set of the viscosity solutions. To this end, we give the following definition:
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Definition 1.1 We say that fattening occurs at time r > 0 if the set X g(¢), defined
in (1.7), has nonempty interior, i.e.

int(EY(O\E~ (1)) # 2.

We point out that in [9, Section 6], in the case of fractional (anisotropic) mean
curvature flow in any dimension, it has been proved that if the initial set E € R”
is convex, then the evolution remains convex for all + > 0 and ET () = E—(¢), so
fattening never occurs.

We start with a result about nonfattening of bounded regular sets with positive
K -curvature (for the classical case of the mean curvature flow, see [1,2,4]).

Theorem 1.2 Let (1.2) and (1.3) hold. Let E C R" be a compact set of class C'' and
we assume that there exists § > 0 such that

HE(x) > 68 foreveryx € 9E. (1.9)

Then X g (t) has empty interior for every t.

We point out that, to get the result in Theorem 1.2, the assumption on the regularity
of the sets cannot be completely dropped: indeed in the forthcoming Theorem 1.10
we will provide an example of bounded set in the plane, with a “Lipschitz-type”
singularity and with positive K -curvature, which develops fattening.

1.1 Evolution of the cross
We consider now the cross in R2, i.e.
Ci= {x = (x1,x2) € R s.t. |x1] > [x2l}. (1.10)

It is well known, see [13], that the evolution of the cross according to the curvature
flow immediately develops fattening for #+ > 0. So, an interesting question is if the
same phenomenon appears also for general nonlocal curvature flows as (1.1), for
kernels which satisfy (1.2) and (1.3). We show that actually the fattening feature in
nonlocal curvature flows is very sensitive to the specific properties of the kernel since
it depends on the strength of the interactions: we identify in particular two classes of
kernels, giving fattening of the cross in the first class, i.e. for kernels which satisfy
(1.13), (1.14) below, and nonfattening of the cross in the second class, i.e. for kernels
which satisfy (1.19) below.

Remark 1.3 Recalling the notation in (1.7), we observe that
[x = (1, x0) e R¥sit. x| = [x2]} € Ze(r)  forallz > 0. (1.11)

Indeed, up to a rotation of coordinate system, we write € = {(y1, y2) € R? s.t. yyy» >
0}. Define a bounded Lipschitz function ug such that ug(y1, y2) = uo(—y1, —y2) =
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692 A. Cesaroni et al.

—ug(=y1, y2) = —uo(y1, —y2), and such that € = {(y1, y2) € R?s.t. uo(y1, y2) >
0}. Then the solution to (1.6) with initial condition u( satisfies

u(yr, y2,1) = u(=y1, =y2,t) = —u(=yi1, y2, 1) = —u(y1, —y2, 1),
see Appendix A. In particular this implies that {(y], ) € R%st.yiyr = 0} -
{(yl, y2) € RZs.t.u(yr, y2, 1) = O} = Xe(2), thatis (1.11) once we rotate back.

‘We introduce the function
U(r):= / K(x)dx. (1.12)
By /a(Tr /4,0)

In our framework, the function W (r) plays a crucial role in quantitative K -curvature
estimates, also in view of a suitable barrier that will be discussed in Proposition 3.1
later on. Notice that when K (x) = \x|++V with s € (0, 1), the function W (r) reduces,

up to multiplicative constants, to ,Ls
We suppose that the kernel K satisfies

1 dp
) . 113
/0 v T (119

We will need also the following technical assumption: there exists ro > 0 such that
forall r € (0, rg),

inf / K(x)dx > 0. (1.14)
PEBsy 5, J B 14(3r/4,0)—p

This assumption is trivially satisfied if K > 0in B3 55, Dro-
Under these conditions, we have that, for short times, the set X (¢) contains a ball
centered at the origin (see' Fig. 1), according to the following result:

Theorem 1.4 Assume that (1.2), (1.3), (1.13) and (1.14) hold true. Forr € (0, 1), we
define

A(r) = /rd—p (1.15)
“Jo w(p) '

Then, there exists T > 0 such that
By C Ze(t) (1.16)
foranyt € (0, T), where r(t) is defined implicitly by

A(r()) =t. (1.17)

I The pictures of this paper have just a qualitative and exemplifying purpose, to favor the intuition and
make the reading simpler. They are sketchy, not quantitatively accurate and they are not the outcome of any
rigorous simulation.
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Fig.1 The fattening
phenomenon described in
Theorem 1.4

We notice that the setting in (1.15) is well defined in view of the structural assump-
tion in (1.13) and A(r), as defined in (1.15), is strictly increasing, which makes the
implicit definition in (1.17) well posed.

Remark 1.5 We point out that the structural assumptions in (1.3) and (1.13) are satisfied

by kernels of the form K (x) = MITH for some s € (0, 1), or more generally by kernels
such that
K € L"(R*\B;) and < K(x) < <
Clxle S xlA
witha > 1,8 <3,C > 1, forany x € Bj. (1.18)

Indeed, the upper bound for K in (1.18) plainly implies (1.3). Moreover, the lower
bound for K in (1.18) implies that

1

1
W(r) Zf K(x)dx > f ——dx > ——|Byal = Cor*™®
B4 (7r/4,0) By /4(7r/4,0) X% 2r)«

where Cyp > 0 is independent of r, and this yields (1.13). Finally as for (1.14), we
observe that it is trivially satisfied.

Note that r(¢) defined in (1.17) satisfies r(¢) > Cotﬁ , in particular, in the case
1

K(x) = \x|++°’ r(t) is proportional to 7 T+s .

As a counterpart of Theorem 1.4, we show that the fattening phenomenon does not
occur in straight crosses when the interaction kernel has sufficiently strong integrability
properties. Namely, we have that:

@ Springer



694 A. Cesaroni et al.

Theorem 1.6 Assume (1.2) and (1.3). Suppose also that

Ko < K1, with K| nonincreasing and

(1.19)
d(r) :=/ Ki(Jx))dx < +o0,
—r,r]xR

for any r > 0, and that

1'mf1 v _ o (1.20)
1 = . .
N0 Js D(7)

Then

the evolution of C under the K -curvature flow coincides with C itself. (1.21)

Remark 1.7 We notice that conditions (1.3), (1.19) and (1.20) are satisfied by kernels
K such that K is nonincreasing, and which satisfy

C
KGLI(RZ\Bl) and K(x)gw, with ¢ € (0, 1], C >0, for any x € B;.
X
(1.22)

Indeed, we observe first that in this case (1.3) is automatically satisfied. Moreover,
from (1.22), we can take K| := Kg in (1.19) and have that

o(r) = / Ko(|x[) dx
[—r,r]xR

C
< / _ dx +/ Ko(|x|) dx +f Ko(|x|) dx
B, x| [—r.r2\B, (= 1X (=00, —r]U[F,+00))

+o0
Crz_a + 4r / Ko(xp)dxp

<crr D‘—i—Cr( dﬁ+1)

< Crllogr|,

up to renaming C > 0, and so (1.20) is satisfied.
We also observe that condition (1.22) is somewhat complementary to (1.18).

1.2 A remark on K-minimal cones

As abyproduct of the results that we discussed in Sect. 1.1, we observe that actually the
cross is not a K -minimal set for the K -perimeter in R?, obtaining an alternative (and
more general) proof of a result discussed in Proposition 5.2.3 of [5] for the fractional
perimeter (see [19] for a full regularity theory of fractional minimal cones in the plane).

@ Springer



Fattening and nonfattening phenomena for planar nonlocal. . . 695

For this, we define

Pergx (E, BR) ::/ / K(x—y)dxdy—l—/ f K(x —y)dxdy.
ENBr JR2\E E\Bg JBR\E

(1.23)
Then, we say that E is a minimizer for Perg in the ball Bg if
Perg (E, Br) < Perg (F, Bg)

for every measurable set F such that E\Br = F\Bg.
Also, a measurable set £ C R is said to be K -minimal for the K -perimeter if it is
a minimizer for Perg in every ball Bg. Then, we have:

Proposition 1.8 Ler (1.2) and (1.3) hold, and assume that K is not identically zero.
Then C C R?, as defined in (1.10), is not K -minimal for the K -perimeter.

1.3 Fractional curvature evolution of starshaped sets

Now we restrict ourselves to the case of homogeneous kernels K, i.e. we consider the
case (up to multiplicative constants) in which

1
Ko(r) = =75, withs € (0, 1), (1.24)

We start by observing that strictly starshaped sets never fattens, similarly as for the
(local) curvature flow (see [20]). A similar result has also been observed in [9, Remark
6.4].

Proposition 1.9 Assume (1.24). Let S*! = {w € R's.t. |w| = 1}, f : 1 —
(0, 400) be a continuous positive function and E C R" be such that

E:{O}U{xeR” s.tx #0, |x|<f(i>}. (1.25)

|x|
Then, the set X (t) has empty interior for all t > 0.

Now we restrict ourselves to the case of the plane, so n = 2. We show that in gen-
eral, for starshaped sets E which do not satisfy (1.25), we can expect either fattening
or nonfattening. We provide two different examples of such sets in R?, which are par-
ticularly interesting in our opinion, since they model two different type of singularities
that can arise in the geometric evolution of closed curves in R, that is the “Lipschitz-
type” singularity, and the*“cusp singularity”. The first example is the “double droplet”
in Fig. 2, namely

G:=G.UG_ CR? (1.26)
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696 A. Cesaroni et al.

Fig.2 The double droplet G

Fig.3 The fattening
phenomenon described in
Theorem 1.10

where G is the convex hull of Bj(—1, 1) with the origin, and §_ the convex hull
of By(1, —1) with the origin. The second example is given by two tangent balls

O := B;(—1,0) U B;(1,0) € R%. 1.27)

We prove that fattening phenomenon occurs in the first case, whereas it does not occur
in the second. It is also interesting to observe that the evolution of O by curvature flow
immediately develops fattening, see [3].

We start by considering the evolution of the set G defined in (1.26). Note that this
provides an example of bounded set with positive K -curvature (being contained in a
cross with zero K-curvature), whose evolution develops fattening near the origin, as
sketched in Fig. 3 and detailed in the following statement.
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Fig.4 The evolution of two - -
o . N - N
tangent balls described in .’ . ’ .
Theorem 1.12 4 . L4 .
AN v ! R
1 ’
' 1 1
l X
1 I [ 1
\ W24 LAY ~_/
A LN 4
. 4 . 14
~ ’ ~ v’
“am=" “em="

Theorem 1.10 Assume (1.24) with n = 2. Then there exist ¢, T > 0 such that
By C Xg(1) (1.28)
foranyt € (0, T), where
r(t) = &l /a+9), (1.29)

Remark 1.11 The same result as in Theorem 1.10 holds more generally for kernels K
which satisfy (1.2), (1.3), (1.13) and
a a
m < K()(I") g m forallr > 0 (130)
for some suitable a > a > 0.

We now consider the case of two tangent balls as in (1.27), and we show that O(z)
presents no fattening phenomenon, according to the statement below.

Theorem 1.12 Assume (1.24) with n = 2. Then the set ¥ (t) has empty interior for
allt > 0.

The evolution of the double ball is sketched in Fig. 4: roughly speaking, the set
shrinks at its surroundings, emanating some mass from the origin, but it does not
possess “gray regions” at its boundary.

The rest of the paper is organized as follows. Section 2 deals with the fact that the
evolution starting from regular sets with positive K-curvature does not fatten and it
contains the proof of Theorem 1.2. In Sect. 3 we prove the fattening of the evolution
starting from the cross in R2, under assumption (1.13), as stated in Theorem 1.4.

In Sect. 4, we show that under assumption (1.19) the evolution starting from the cross
in R? does not fatten, but coincides with the cross itself, that is we prove Theorem 1.6.

Section 5 contains the proof of the fact that the cross in R? is never a K -minimal
set for Per g, thus establishing Proposition 1.8.

The last three sections present the evolution under the fractional curvature flow,
i.e., we assume that K (x) = m% In particular, Sect. 6 is devoted to the proof of the
fact that the fractional curvature evolution of strictly starshaped sets does not present
fattening, which gives Proposition 1.9.
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698 A. Cesaroni et al.

In Sect. 7, we show an example in R? of a compact set with positive K -curvature,
that is the double droplet, whose fractional curvature evolution presents fattening, thus
proving Theorem 1.10.

Then, in Sect. 8 we show that the fractional curvature evolution starting from two
tangent balls in R? does not fatten, which establishes Theorem 1.12.

In Appendix A we review some basic facts about level set flow, moreover we
provide some auxiliary results about comparison with geometric barriers and other
basic properties of the evolution which are exploited in the proofs of the main results.

Notation

We denote by B, C R” the ball centered at (0, 0) of radius r and by B, (x1, x2, ..., X)

the ball of radius r and center x = (x, x2, ..., x,) € R".
Moreover e; = (1,0,...,0), e2 = (0,1,0,...,0) etc, and " ! = {w €
R” s.t. |w] = 1}.

For a given closed set £, and forany x € R"\ E we denote by dist(x, E) the distance
from x to E, that is

dist(x, E) := inf |x — y|.
yeE

Moreover, we will denote with dg (x) the signed distance function to C = 0 E, with
the sign convention of being positive inside E and negative outside, that is

() = dist(x, R*\E) ifx € E, (L3D)
BT ) —diste, E)  ifx € RM\E. '

Finally, given two sets E, F C R", we denote by d(E, F) the distance between the
boundary of E and the boundary of F, that is

d(E, F) := min |x — y|. (1.32)
x€dE
yedF

2 Regular sets of positive K-curvature and proof of Theorem 1.2

Proof of Theorem 1.2 We recall the continuity in C!'! of the K -curvature proved in [8].
Namely, if E¢ is a family of compact sets with boundaries in C'+! such that E¥ — E in
C! (in the sense that the boundaries converges in C! and are of class C'! uniformly

ing)and x® € JE® — x € JE, then HE (x*) — HE (x), as ¢ \, 0.
Now, let E be as in the statement of Theorem 1.2, and define, for r > 0,

E'={x eR"st.dg(x) > —r}.

@ Springer
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Then, using also (1.9), we find that there exists 9 > 0 such that, for all ¢ € (0, &),
there exists 0 < §(¢) < § such that

min HE (x) > 8(e) > 0.
xedE®
Fix ¢ < &g and let § := infyep0,e18(n) > 0. Fix0 < h < S.Forallt € [O, %] we
define
C(1) := ES~ @1,

We observe that C(¢) is a supersolution to (1.1), in the sense that it satisfies (A.6).
Indeed,

dx v =—8+h>—HE, (x) +h.

Since E C E® = C(0), by Proposition A.10, we get that

E*(s) € C(s) = E=C~15 foralls e (o, ﬂ with d <E+(s), ES—@—”)S) >

This implies that E*(s) € E forall s € [0, %] and for all & < § and moreover that

d (E*(s), E) = d(E*(s), ESO1%) — d(E*=C~M5 E) > (5 — h)s.
Then, by the Comparison Principle in Corollary A.8, we get that
EY(t+s5) S E~ (1), withd (ET(t+9),E (1)) > —h)s
forallt > 0,5 € (o, g} h <. .1)
Therefore, recalling Proposition A.12, we get
lint (E*(0))\E~(1)] < 1im\jélp lint (E¥()| — |ET(t +9)]
s

= lint(ET(1))| — liminf |[ET(t + 5)| < 0.
sN\0

This gives the desired statement in Theorem 1.2. O

3 K-curvature of the perturbed cross and proof of Theorem 1.4
In this section, our state space is R? and we exploit the notation in (1.12) and consider

the cross @ € R? introduced in (1.10). Furthermore, we define, for any r > 0, the
“perturbed cross”
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700 A. Cesaroni et al.

Fig.5 The set D,

¢ ==[-r,rPUCCR%. 3.1
Then, the following result holds true:
Proposition 3.1 Assume that (1.2) and (1.3) hold true in R%. Then, we have that
HE, (p) <0 (3.2)
forany p € 9C,.. Also, forany t € [—r,r],
HE (t.r) < =20 (). 3.3)
Proposition 3.1 provides the cornerstone to detect the fattening phenomenon of the

K -curvature flow emanating from the cross and lead to the proof of Theorem 1.4. To
prove Proposition 3.1, we give the following auxiliary result:

Lemma 3.2 Assume that (1.2) and (1.3) hold true in R2. Then, foranyt € [—r,r],

HE (1.r) < =20 ().

Proof Let
T, = ((=r.n?\e) N {x2 < 0)
and
D, := C\Ty,
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see Fig. 5. Notice that C, is the disjoint union of D, and T, hence

Xe, = Xo, + X7,

while RZ\D, is the disjoint union of R2\G, and T, which gives that

XR2\D, = XR2\C, T XT;-

Hence, we find that
XrR2\e, — XC, = XR\D, — XD, — 2XT,- (3.4)
Now, we claim that, for any ¢ € [—r, r],

Hg (t.r) <0. (3.5)

To this end, we partition R? into different regions, as depicted in Fig. 6, and we use
the notation, for each set Y € R2,

HY) := lim K(x—(t,r))dx. 3.6
Y) 2 s (x=@.n) (3.6)

In this way, we can write (1.4) as

HE (1,1) = H(C) + H(D) + HU') + H(V") + HW') — H(A) — H(B)
—HU) — H(V) — H(W). (3.7)

On the other hand, we can use symmetric reflections across the horizontal straight
line passing through the pole (¢, r) to conclude that H(U) = H(U’). Similarly, we
see that H(V) = H (V') and H(W) = H(W’). As a consequence, the identity in (3.7)
becomes

HE (t.r) = H(C) + H(D) — H(A) — H(B). (3.8)

Now we consider the straight line £ := {x; = x; — t + r}. Notice that £ passes
through the point (¢, ) and it is parallel to two edges of the cross C,. Considering
the framework in Fig. 6, reflecting the set D across £ we obtain a set D’ C B, and
we write B = D’ U E, for a suitable slab E. Similarly, we reflect the set A across ¢
to obtain a set A’ which is contained in C, and we write C = A’ U F, for a suitable
slab F, see Fig. 7.

In further details, if 7 : RZ — R2 is the reflection across ¢, we have that T (¢, r) =
(t,r)and |T(x — (t,7)| = |T(x) — (t,r)| = |x — (¢, r)| forevery x € R2, and thus,
by (1.2),

K(x — (1) =Ko(x — (t.r)]) = Ko(|T(x — (¢, r)]) = K(T(x — (1, 1))).
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Fig.6 Splitting the set D, and
its complement into isometric
regions

Fig.7 Reflecting D and A
across ¢, being E := B\D'
and F := C\A’

Accordingly, since D = T (D’),

H(B) — H(D) = / K(x — (¢, r)) dx — / K(x — (¢, r)) dx
B T(D')
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and similarly

H(C) — H(A) =/ K(x—(t,r)dx. (3.10)
F
Now we consider the straight line £/ := {x, = —x; + ¢ + r}. Notice that £ passes

through the point (¢, r) and it is perpendicular to £. We let E’ be the reflection across ¢/
of the set E and we notice that E/ D F. Therefore

fK(x—(t,r))dx:/ K(x—(t,r))dx}/K(x—(t,r))dx.
E E' F

From this, (3.9) and (3.10), we obtain

9{(C)+5'C(D)—9{(A)—.'}C(B)=/ K(x—(t,r))dx—f K(x—(t,r))dx
F E
<0.

This and (3.8) imply the desired result in (3.5).
Then, by (3.4) and (3.5),

HE (t.r) = HY (t.r) — 2/ K(y—(t,r)dy <0—2W(r),

and this gives the desired result. O

With this, we are now in the position of completing the proof of Proposition 3.1
via the following argument:

Proof of Proposition 3.1 The claim in (3.3) follows from Lemma 3.2. In addition, we
have that € C C,, due to (3.1). We also observe that if p € (8C,)\[—r, r]?, then p €
dC. Consequently, by (1.4), for any p € (3C,)\[—r, ]2, we have that

HE (p) = HE (p). (3.11)

Also, by symmetry, we see that Hé( (p) = 0 at any point p € 9C, hence (3.11)
gives that Hé(r (p) < 0forany p € (3C,)\[—r, r]*. Since this inequality is also valid
when p € (3C,) N [—r, r]z, due to (3.3), the proof of (3.2) is complete. O

With Proposition 3.1, we can now construct inner and outer barriers as in Corol-
lary A.11 to complete the proof of Theorem 1.4. This auxiliary construction goes as
follows.

Lemma3.3 Ler G, be asin (3.1). Let R := 3427 and define, for A € [O, %)
Ch = {x e R?s.t. de, (x) < —A} . (.12)

Then, for any p € (86?‘)\BR, we have that Hé(A (p) <0.
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Fig.8 The set Cﬁ‘, touched from
inside at a boundary point by a
translation of C

Proof We observe thatif p € (3C*)\ Bg, then dC? in the vicinity of p is a segment, and
there exists a vertical translation of € by a vector vg := ++/2 e5 such that peC+u
and C+ vy C Gﬁ‘, see Fig. 8. From this, we find that

Hg, (p) < HE,,(p) = HE (p = v0) =0,
as desired. O

With this, we are ready to complete the proof of Theorem 1.4, by arguing as follows.

Proof of Theorem 1.4 The proof is based on the construction of suitable families of
geometric sub and supersolutions starting from the perturbed cross C, as defined in
(3.1), to which apply Corollary A.11.

We observe that

e=[)e.

r>0

Moreover, we see that
de(x) <de, (x) <de(x) +r.

These observations, together with the Comparison Principle in Theorem A.5 and
Remark A.6, imply that

et = ﬂ ef@), forallt > 0. (3.13)

r>0
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Analogously, one can define
€= RAC) U [—r, r*. (3.14)

Let W as defined in (1.12). Fixed r € (0, rg), where rg is as in (1.14), we define r.(t)
to be the solution to the ODE

Fi(t) = W(ry(1)) (3.15)

with initial datum r,(0) = r. We fix T > 0 such that r,(t) < ro forall t € [0, T].
Recalling the definition of A in (1.15), it is easy to check that

A(re(t)) =1t + A(r), forall r € (0, T]. (3.16)

Now, by (1.17) and (3.16), we see that
Ay (D) = A(r @) + A(r) =2 A (@)). (3.17)
Now, recalling the setting in (3.12), we take into account the sets C,, ) and (?f*(t),
with A € [O, %) and ¢ € [0, T], and we claim that these sets satisfy the assumptions in
Corollary A.11, item (ii). To this end, we observe that, in the vicinity of the angular

points of C,, the complement of C, is a convex set, and therefore condition (A.9) is
satisfied by €, (;). Also, we take

81 := inf W(r.(1)),
=l (r«(1))
8y := inf inf / K(y)dy and 4 := min{dy, 52}.
1€l0.T1PEB3 /31, 1) J By /4 Bra (1) /4.0) = p

Notice that § > 0 thanks to (1.13) and (1.14). Then, by Proposition 3.1 and (3.15), we
get that at any point x = (x1, x2) of 9C,, () with xo = %r.(¢), we have that

— Hg, (1) 2 29 (1) = F(t) + W (1)) 2 Fit) + 81 > dpx - v(x) +6.
(3.18)

In addition, if x = (x1, x2) € (3C,, (1)) N Bag and |x2| > r.(t), we have that

—HE (0> —HE() + f K(y - x)dy
- By () (Bra (1) /4,0)

K)dy > 8 >8=203x v(x)+34.

'/l;r*(t)/4(3r* (1)/4,0)—x

This and (3.18) give that condition (A.8) is fulfilled by C,_ ().
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Furthermore, in light of Lemma 3.3, we know that, for any x € (9 Gﬁ‘* (t))\B R,

HE (p) <0=dx-v(x),

ry (1)
which says that condition (A.15) is fulfilled by Gf* o
Therefore, we are in the position of using Corollary A.11, item (ii). In this way, we

find that

Cr. € CF (1), forallr € [0, T].
Hence, recalling (3.17),

Cry S CF (), for all t € [0, T'].
Taking intersections, in view of (3.13), we obtain that

Cry SCT(t), forallz €0, T]. (3.19)

Analogously, one can use the setting in (3.14), combined with Corollary A.11, item
(i), and deduce that

W c R\ () foralls € [0, T]. (3.20)
By (3.19) and (3.20) we get
[—r (@), r(O) = Cn NC" D c et )N RN\O) (1) = Ze (),

which implies (1.16), as desired. O

4 Moving boxes, weak interaction kernels and proof of Theorem 1.6

To simplify some computation, in this section we operate a rotation of coordinates so
that

C={x € R?s.t. x;x2 > 0}. 4.1

To prove Theorem 1.6, it is convenient to consider “expanding boxes” built by the
following sets. For any r € (0, 1), we define

N, = <[r, +00) X [r, +oo)> U ((—oo, —r] x (—o0, —r]>, 42)

see Fig. 9.
Then, recalling the notation in (1.19), we have:
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Fig.9 The set N,

Fig. 10 Simplifications in the
computations of Lemma 4.1

Lemma 4.1 Assume that K satisfies (1.2), (1.3) and (1.19) in R2. Then, forany p €
N,

HY (p) <20(2r).

Proof We denote by A and B the two connected components of N, and consider the
straight line £ passing through p and tangent to N, at p: see Fig. 10. By reflection
across £, we can consider the regions A’ and B’ which are symmetric to A and B,
respectively. In particular, if p = (p1, p2) and M (x1, x2) := (2p1 — x1, X2), we have
that M(AU B) = A’ U B’ and M (B;(p)) = B.(p), and therefore
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/ K(p—y)dy=/ K(p—y)dy
(A'UB")\Be(p) M((AUB)\B,(p))
= / K(p — Mx)dx
M((AUB)\B(p))
=/ K(=p1+x1, p2 —x2)dx
M((AUB)\ B (p))

/ K(p —x)dx,
(A’'UB")\Be(p)

thanks to (1.2). Then, denoting by
T := (R*\N,)\(4"U B),

which is the “white region” in Fig. 10, we see that

H (p) = lim K(p—x)dx—/ K(p —x)dx

ENOJ(A'UB\Be (p) (AUB)\B:(p)

+ / K(p —x)dx
T
= / K(p—x)dx. 4.3)
T
Up to rotations, we may assume that
T =(Rx[-r,r])U([-r,3r] x (—o0, —r]). (4.4)

Recalling (1.19), and that p; = r, we get

i K- pax< [ Ky (x - plydx
[—r.,3r]x(—00,—r] [—r.,3r]x(—o00,—r]

< / Ki(lx — phdx = ®(2r) (45)
[—r,3r]xR

where & is defined in (1.19). Moreover, since p; = r and p» > r, and K| is nonin-
creasing, we get that K1 (|x — p|) < K1(]x — (r,r)|), forevery x € R x [—r, r]. As
consequence,

f K(x— p)dx <f Ki(x — pl)dx
Rx[—r,r] Rx[—r,r]
<f Ki(x — (r. ) dx
Rx[—r,r]

</ Ki(Jx — (r,r)])dx = &2r).
Rx[—r,3r]
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Fig. 11 The set N;‘, touched A
from inside at a boundary point
by a translation of Nj-
L
From this and (4.5), and recalling (4.4), we obtain that
/ K(p—x)dx <29Q2r).
T
This and (4.3) give the desired result. O
For A € (0, r) we define the sets
Nt = {x € R st doy, (x) > —A). (4.6)

We observe that for any x € dN? there exists a unique point x’ € dN, such that
|x —x'| = dN*,N,) = A. Letting vy := x — x/, it follows that N, + vy C N2, see
Fig. 11. This and Lemma 4.1 give that

HJI\% (x) < HY (x +v,) <20(2r)  forany x € N}, 4.7)

With this preliminary work, we can prove Theorem 1.6.

Proof of Theorem 1.6 We note that M, := ;/ 2 C G, being C defined in (4.1) and N;/ 2

defined in (4.6), with A = r /2. Moreover, we have that d(C, M) = r/2 > 0. Hence,
by Corollary A.8 we get that M\ (1) € €~ (¢) for all 1 > 0. In particular, since

M, =int©),
r>0
we see that
Mo =e . (4.8)
r>0

Our aim is to construct starting from M, a continuous family of geometric subsolutions
and then apply Proposition A.10. Fixed o € (0, 1), we define

R
o) '_fg 60 (20)
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Notice that F, is strictly increasing, so we can consider its inverse G, in such a way
that F,(Gy(2)) = t. Then, for ¢ € [0, T'], we set r, (1) := G,(t) and we consider the
evolving sets M, ;). We remark that

Fo(0) =0 = Fp(G,(0)) = Fy(r(0)),
and s0 r,(0) = o. In addition, the outer normal velocity of M, ) is

) I 1, _ 1 _
_rg(t)—I—ErQ(t)_—EGQ(t)— —ZFé(GQ(t))_ 3D(2G,(1))

=30 (2r,(1)). (4.9)

So, if

§:=®2p)= min P(2r),

relo,ro(T)]

we have that
1
ox - v(x) = —Efg(t) = =20 (2r, (1)) — P2ry(1)) < —Hj\’f[rom x)—36 (4.10)

for all x € dM,, (s, thanks to (4.7).
We observe that (4.10) says that (A.8) is satisfied by Mrg(t). So, to exploit Corol-
lary A.11, we now want to check that condition (A.15) is satisfied by the set

Mﬁg(t) ={x e R? s.t. erg(z) (x) = =X} for 1 € (0, p).
We exploit again the estimate (4.7) which gives that

His (0) <20Qrp()  forany x € aM; (.

ro(t)

Thus, in view of (4.9),

ox -v(x) = —%i‘Q(t) =-=30Q2ry()) < —HJI\(/[A (x).

ro(t)
This gives that Mﬁg o satisfies condition (A.15) and therefore we can apply Corol-
lary A.11, item (ii).
Then, it follows that, for all o € (0, 1),
M) € MG (). (4.11)

Also, for any ¢t > 0, we claim that

lim r,(¢t) = 0. (4.12)
oN\O @

@ Springer



Fattening and nonfattening phenomena for planar nonlocal. . . 711

To prove this, we argue by contradiction and suppose thatr,, (t) > ao, forsomeag > 0
and some infinitesimal sequence gi. Then,

a Y 1 /2“0 dt
2

t:ng(GQk([))Ing(er([))>ng((10)=/ mzﬁ (D(T)

Ok Qk

This is in contradiction with (1.20) and so it proves (4.12).
In view of (4.12), we find that

U Mrg(t) =int C.
0>0

So, recalling (4.8) and (4.11), we conclude that

int C = U M,y S U MS(t)=C (1) forallte0,T]. (4.13)
0>0 0>0

Analogously, one can define
N = ((—oo, —r] x [r, +oo)) U ([r + 00) x (—00, —r]),
M = N)7? = {x e R¥s.t.dr (x) > —2).
and see that
int (R\\C) CR*\C(r) forallz € [0, T). (4.14)
Putting together (4.13) and (4.14), we conclude that
intCc C (r) CCT(r) CC,

and so Xe (1) = 9C, thus establishing (1.21). O

5 K-minimal cones and proof of Proposition 1.8

In this section we show that € € R2, as defined in (1.10), is never a K -minimal set,
under the assumptions (1.2) and (1.3), namely we prove Proposition 1.8. This will be
proved using the family of perturbed crosses C, introduced in (3.1) and the fact that
H g is the first variation of the nonlocal perimeter Perk defined in (1.5), as shown in

[8].

Proof of Proposition 1.8 With the notation in (1.10) and (3.1), we claim that that there
exists 7 > 0 such that, for all R > V2 r,

Perg (C,, BR) < Perg (C, Br). 5.1
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Letr > 0and R > +/2r, so that C,\Br = C\Bg. Let
W, := C,\C C Bg.
Let § € (0,7) and Ks(y) := K(y)(1 — xBs(y)). We define Pers(E) as in (1.5),
Pers(E, Bg) as in (1.23), and Hg as in (1.4), with K in place of K. In this setting,
we get that
Pers(W,) =Pers(W,, Br) =Pers(C,, Br)—Pers(C, Bg)
+2/ / Ks(x —y)dxdy. 5.2)
W, Je

We also observe that

Pera(Wr)zf f Ks(r — y)dx dy
w, JR2\W,

=[ / K(;(x—y)dxdy—i—/ /K(;(x—y)dxdy.
- JR2\C, w, JC

Substituting this identity into (5.2), we find that

Pers (€, By) — Pers (C, Br) = Pers(W,) — 2 / f Ks(x — y)dx dy
Je

:/ / Ks(x —y)dxdy 5.3)
w, JR2\C,

—/ /Kg(x—y)dxdy.
W, J@

Now, given x = (x1, x2) € W,, wehave thatx € 9C,(y), withr(x) := |x2] € (0, r],
where the notation of (3.1) has been used. Then, by Lemma 3.2, we have that

Hg, () < =2Ws(r(x)), (5.4)

where Wy is as in (1.12) with K in place of K, that is
Ws(s) := / Ks(x)dx > 0.
By/a(7s/4,0)
We write (5.4) as

Ks(x —y)dy — /e Ks(x —y)dy
r(x)

2/ Ks(x—y)dy—/Ka(x—y)dy—[ Ks(x —y)dy
Rz\er(x) C Wr(x)

2 () > /

Rz\er(x)
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=/ Ka(x—y)dy-i-/ Ks(x — y)dy
RZ\G, W\W;(x)

—[ Ka(x—y)dy—f Ks(x —y)dy.
e WV()()

Therefore, integrating over x € W,,

f / Ks(x—y)dxdy—/ fKa(x—y)dxdy
- JR2\C, W, Je
</ / Ka(x—y)dxdy—/ / Ks(x —y)dxdy
Wy I W, (x) r I Wr\Wr )

— 2/ Ws(r(x))dx (5.5)
W,

=2/ Ka(x—y)dxdy—/ / Ks(x —y)dxdy
r Wr(.\') r r

— 2/ Ws(r(x))dx.
We now observe that

={x e R’ s.t. |x2| > |x1| and |x2| < r},

and thus

Zf / Ks(x —y)dxdy
r Wr(x)

:/ </ K(;(x—y)dy> dx—i—/ (/ K,;(x—y)dx) dy
xeW, yEW,(X) yeWw, xGW,(y)
:/ <f Kg(x—y)dy) dx
{lx1l<lx2l<r} \H{Iyil<ly2l<r(x)}
+/ (/ K(s(x—y)dx)d
{Iyil<ly2l<r} \H{lx1l<lx2l<r ()}
<f K,;(x—y)dy) dx
\X1|<\Xz|<r} {Iyil<ly2l<lx2l}
—i—/ (/ Kg(x—y)dx>d
{Iyil<ly2l<r} \Hlxil<lx2l<ly21}
:/ </ K(;(x—y)dy> dx
{lxtl<lx2l<r} \HIyil<ly2l<lx2l}
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+/ (/ Ka(x—y)dY) dx
{lx11<|x2l<r} {max{|y1],|x2]}<|y2|<r}

= / </ Ks(x —y) dx) dy.
{Ixil<lx2l<r} \JIyil<ly2l<r}

Hence, plugging this information into (5.5), we conclude that

/ / Ks(x —y)dxdy —/ / Ks(x —y)dxdy < —2/ Ws(r(x))dx.
w, JrR2\@, L Je A

This and (5.3) give that

Pers(C,, Br) — Pers(C, Bg) < —2/ Ws(r(x))dx. (5.6)

r

Now, as § N\ 0, we have that Pers(C,, Bg) — Perg(C,, Bg) and Pers(C, Br) —
Perg (C, Bg), by Dominated Convergence Theorem, see [8]. Moreover, Ws(s) —
Y(s) = f Bya(75/4.0) K (x)dx ae. and in L1 (0, 1) by Dominated Convergence Theo-

rem (observe that ¥ € L1(0, 1) by assumption (1.3)).
So, letting § N\ 0 in (5.6), we end up with

Perg (€, Br) — Perg (€, Bp) < —2 / W(Jxal) dx. 5.7)

r

Recalling that K is not identically zero, we take a Lebesgue point 7y € (0, +00) such
that Ko(tg) > 0. Then,

1 T0+¢&
lim — K dt = K 0.
im 5 /TO_E o(r)dt o(70) >

Consequently, we take ¢p > 0 such that for all € € (0, gg] we have that

T0+€
f Ko(t)dt > eKo(1p). (5.8)

0—¢

Then, if & := min {eo, 5} and r € [T -5, 24+ 1_14], we have that

7r+r_15r>15t0 155>r+_

47878 714 12-0Te 5.9)

r r 13r 137y 13& _ ’
and ——-=—<—+-—<1—¢

4 8 8 4 112

@ Springer



Fattening and nonfattening phenomena for planar nonlocal. . . 715

Now we cover the ring Ar = B(7r/4)+(r/8)\B(7r/4)—(r/8) by N() balls of radius r/4
centered at d By, 4, with Ny independent of 7. Then

(Tr /4)+(r/8)
Ko(t)dt < Zn/ T Ko(t)drt
(Tr/$)—(r/8)

=/ Ko(|x[) dx

Ay

1377 /(7r/4)+(r/8)
4 Jarm-e/s)

< No / Ko(lx]) dx = No W(r),
B4 (77/4,0)

thanks to (1.12).
Using this, (5.8) and (5.9), we obtain that, for any r € [4% — 1%, 4% +

=

|

v(r) > Ko(r)dr

Bar [Tr/H+0/8)
4No /(7r/4)—<r/8>
0 0+¢&

4No Jry-z
£to Ko(7o)

4Ny

Ko(r)dr (5.10)

WV

Then, if rg := 4% + %, we have that

T 41 g 41 g 4t n e
—_— — —— X —_— — —— QE— JE—
0 714 7 1477 14

and therefore
4rg B 2+d cs (419
0 0
v dx > | — - — v di, > — [ ———,
,/;V (Ix2) dx < 7 14) ﬁfo & (x2) dxe2 7 ( >

ro 7 T 14

where (5.10) has been used in the last inequality. In particular,

/ VY (lx2|)dx > 0,
W,

0
which combined with (5.7) implies that claim in (5.1) with r := rg.

Then, in light of (5.1), we get that € is not a K-minimal set, thus completing the
proof of Proposition 1.8. O
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6 Strictly starshaped domains and proof of Proposition 1.9
Proof of Proposition 1.9 We observe that, due to assumption in (1.25), forevery A > 0,
we have that there exists §, > 0 such that the distance between 0 E and d(LE) is at
least 8, . Therefore, for any A > 1, from Corollary A.8 and Lemma A.13, we deduce
that

ETMn C B M = AET ().
Then for A > 1,

lint(EX())\E~(1)| < [int(ET(1))\L "' ET (1 F0))
= [int(Et ()| — A~ ET M),

Also, by Proposition A.12,

liminf |EY Q0| > lint(ET (1)),
ANl

Therefore we get
lint(ET())\E~(1)| < limsup [int(E* ()] — A~ HET! 1))
AN

= |lint(E*(1))| — 1i£n\i{1fr1|E+(,\l+%)| <0.

This gives the desired statement. O

7 Perturbed double droplet and proof of Theorem 1.10

In this section, the state space is R”. Recalling the notation in (1.26), given r € (0, %)

we set

G i=[—r.r]* UGy S R?, (7.1)
where Gy is the union in R2 of BT, which is the convex envelope between By (ﬁ, 0)
and the origin, and B~, which is the convex envelope between B (—«/5, 0) and the
origin, see Fig. 12.

Now, fixed § € (0, r), we denote by 3; the convex envelope between B _s (ﬁ, 0)
and the origin, and By the convex envelope between Bi_s(—+/2,0) and the origin.

We let
Gs,r := ([—2r.2r] x [—r,r]) UB; UBJ.

Then we can estimate the K -curvature of Gs  as follows:
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Fig.12 The set G,

Lemma 7.1 Assume that (1.2), (1.3) and (1.24) hold true in R%. Then, there exists cy €
(0, 1) such that the following statement holds true. If r € (0, ¢z) and § € (0, cér),
then

1
HS (p) < — (7.2)
§,r Cﬁ
forany p € 095 . In addition, for any p € (395,,) N ([—2r, 2r] x [—r, 1)),

(p <. (7.3)

JS'

Proof Let «(§) the angle at x = 0 in B;’. Observe that when § = 0, this angle is
/2 and moreover there exist §o and Cy > 0 such that |« (5) — %| < Cpé, for all
0 < § < §p. In particular we may assume that «(6) > /3. We fix then § < r < dp.

First of all note that for all p = (py1, p2) € 395, with p; > V2 - M (resp.
i < —V2+ U0 then p € 0B15(v/2,0) (resp. p € 0B1_5(—V/2, o>), and then

HS, (p) S Hj 5 0)<p> TONED

(resp.HY (p) < (fo)(P)—c(l)(l—S) )

where ¢(1) = Hg,].

We take ¢y € (0, 1) to be taken conveniently small in what follows. We notice
that & := (89s.) N {|x2]| = r} consists of four points. We take p = (p1, p2) € 99s.»
such that there exists g € S such that |p — g| < cyr (see e.g. Fig. 13 for a possible
configuration).

Then,

lim (X185, ) = 265, () oz dy
e A Y p =y

< ff l dl?d T 1 1 |
S p=——mi— | — — ,
(0,70/6)x (cyr, \JezT) Q 6s C;/zrs C;/Z
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Fig. 13 A possible configuration
for the points p and ¢

while
/ 1 “+o00 1
Xr2\gs, (V) — X ,n(y))i,ghf ~dp
R2\B./e; r(p) ( G 9 |p — y[*+s N
_ 27 1
S 62/2}"5 ’

Asa consequence,

HK < T 1 1 | 2r 1 - 1
Sa'r(p)\_aic‘;/zrs cgﬁ_ +Tic§/2rs\—cﬁﬁ

as long as c; is sufficiently small, which implies (7.3) (and also (7.2)) in this case.

Now consider p € 99s, such that pp # r and d(p,8) > cyr. If p €
0B_s (:I:ﬂ, 0) we are ok, and in the other case, note that we can define a set §’ with
C!'!-boundary (uniformly in 8 and r) such that G5, C G and G'\B1/8 = Gs,-\Bis-
Then, we obtain that

C'> HE(p) > HE (p)—C”,

for some C’, C” > 0, depending only on the local C!-!-norms of the boundary of &/,
and this gives (7.2) in this case.
Finally note that G5 , < C,, where C, is the perturbed cross is defined in (3.1). So,

if p e dGs, N ([—r,r] x [—r,r]), then p € dC,. Moreover by Lemma 3.2 and the
definition of W in (1.12)
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! 1
H (p) < -2W(r) = —C—

where C > 0 is a universal constant. In this case, we notice that G5 , and C, coincide

in B,, and, outside such a neighborhood of the origin, they differ by four portions of

cones (passing in the vicinity of 8) with opening bounded by Cpé. That is, if we set
Dﬁ,r = (Sﬁ,r\er) ) (Gr\gé,r)y

we have that

/ .
Ds.» |P - y|2+s

// pdvdp //‘ pdddp
(0.C18)x (czr/2.10r] (€3 (/D) 0.C18)x (10r,400) P>

C3d c

< ; ~ _ﬁ7
2+S 7S
Cy

thanks to our assumption on §. Consequently

|HE (p)— HE ()] < =
and so, making use of (3.3) and (1.30),
Cx  Cy Cx
Hgb (p) < He (P)+— _r_s+r_s\_2rs’

for a suitable ¢, > 0, as long as ¢4 > 0 is sufficiently small. This establishes (7.3)
(and also (7.2)) in this case. O

With these auxiliary computations, we can now complete the proof of Theorem 1.10,
by arguing as follows.

Proof of Theorem 1.10 Let ¢; > 0 be as in Lemma 7.1, 0 < ¢ < ¢z/2 and ¢, :=
((cg—€) (145))1/0+9) We define r (¢) such that 7 (t) = (c; —&)r(t) ™, with 7 (0) = 0.
So, we have that r(t) = et/ et also

5@t) := L /t d_r = L $S/A+s)
cpe Jo r(7) (cp —&)cus

We now estimate the outer normal velocity of Gs(;),-(;) via Lemma 7.1. First of all,
from (7.3) at p € (0Gs(1),r(r)) N{lx2] =r (@), |x1] < ﬁ} we get

(1) = g1 — ¢ —HS _ €
}"( ) - (r(t))s = Gs@).r(r) (p) C;v(ts/(l-FS) :
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Moreover, the shrinking velocity at x € (395¢).r@))\{lx2l = r()} is at
least r(¢)6(¢) = 1/(cy — €). This implies that at every x € (095¢),r¢))\{|x2] = (1)}
we get

1 £
o x -v(x) < — < —H} X)) — ——
! ) cg— & 95(’)"(’)( ) Cﬁ(Cﬁ — &)

by (7.2). Therefore, by Proposition A.10, we get that
B, a0+ S S5y € G (). (7.5)

Conversely, since G is contained in the cross C, it follows from Corollary A.8 and
Theorem 1.4 that

B, a0+ S RIN\Q)T(1) € RO\ T ().
From this and (7.5) it follows that
B: e € GT(0) N RIS (1) = Tg (1)

with ¢ := min{c,, ¢,}, which proves (1.28). O

8 Perturbation of tangent balls and proof of Theorem 1.12
Also in this Section, the state space is R2. The idea to prove Theorem 1.12 is to
construct inner barriers using “almost tangent” balls and take advantage of the scale

invariance given by the homogeneous kernels in (1.24). For this, given § € [0, ], we
consider the set

Zs. i= B.((1 +8)r,0) U B,((—1 — 8)r,0) € R

Then, we have that the nonlocal curvature of Zs , is always controlled from above by
that of the ball, and it becomes negative in the vicinity of the origin. More precisely:

Lemma 8.1 Assume (1.24) with n = 2. Then, for any p € 025 , we have that

c
Hz,,(p) < = 8.1)

for some C > 0. In addition, there exists ¢ € (0, 1) such that if § € (0, cz) and p €
(0Z5.4) N Bey then

HE, (p) < —c. (8.2)
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Proof Notice that 325, < (0B,((1 + 8)r,0)) U (0B.((—1 — 8)r, 0)). Moreover,
Zsr 2 B((148)r,0), as well as Zs, 2 B,((—1 — §)r, 0), hence, in view of (1.4),
the nonlocal curvature of Zs , is less than or equal to that of B,, which proves (8.1).
Now we prove (8.2). For this, up to scaling, we assume that r := 1 and we take p €
(0Zs,1) N B.. Without loss of generality, we also suppose that p;, p» > 0 and we

observe that
B.(—2c,0) € Bi((—1—19),0), (8.3)

aslong as c is small enough. Indeed if x € B.(2c, 0) then we can write x = —2ce;+ce,
for some e € S!, and so

[x = (=1 =38)e1| =|(1+8—2c)ey +cel <|1+6—2c|+c¢
=(1+8=-20)+c=146—-c<1+c*—c<1.
This proves (8.3).
Hence, from (1.4) and (8.3), the nonlocal curvature of Zs 1 at p is less than or equal

to the nonlocal curvature of B, ((1 + §8), 0), which is bounded by some C > 0, minus
the contribution coming from B.(—2c, 0). That is,

HE (p) > c+f dx C—l—f > ga
- (p) = — T = e @
Zar Bo(=2¢,0) |x — p|*+S BeQe+p1,pa) Y12

Also, if y € B.(2ce; + p1, p2), we have that |y| < |y — 2ce; — p| + [2ce1 + p| <
¢+ 2c+ |p| < 4c,and so

/ dx cocC co
24s © 2ts s
BeQetprpn YT T et

for some ¢y > 0. So we insert this information into (8.4) and we obtain

K [&0] (€]
_HZ“(P) > —-C+ c_s = 2_C'S
as long as c is sufficiently small. This completes the proof of (8.2), as desired. O

From Lemma 8.1, we can control the geometric flow of the double tangent balls
from inside with barriers that shrink the sides of the picture and make the origin
emanate some mass:

Lemma 8.2 There exist &y € (0, 1), and C > 0 such that if 5 € (0, &), then

0"® 5 | (Biies(1-C8.0)UB_¢y(—1+C5,0) +0e2).
oe(—82,82)
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Proof Fix ¢ € (0, 1), to be taken arbitrarily small in what follows. Let € [0, /€]
and let, for any 7 € [0, (1 — ¢)/Cp),

eu(t):=e—ut and r(t):=1-¢e—Cot,
with Co > 0 to be chosen conveniently large. We consider an inner barrier consisting

in two balls of radius r (¢) which, forany ¢ € [0, (1 —&)/Cp), remain at distance 2¢(¢).
Namely, we set

Feu(t) == B,(t)(r(t) + &, (1), O) U Br(,)( —r(t) — (), 0). (8.5)

Notice that
023 u(0)+0oer forany o € (—¢,¢)  d(0, T, (0) +0ep) > 0. (8.6)
We also observe that the vectorial velocity of this set is the superposition of a normal
velocity —7'v, being v the interior normal, and a translation velocity (7 +£&,)e1, with

the plus sign for the ball on the right and the minus sign for the ball on the left. The
normal velocity of this set is therefore equal to

(—fv:l:(i’—i—éu)el) =ik G AE)n =Co(lFv)Fu. (8.7

Now, taken a point p on 9, (¢), we distinguish two cases. Either p € B., where c
is the one given in Lemma 8.1, or p € R?\ B,.. In the first case, we have that

ColFv)Fu=2Co(l—|v)—pu=20—pn=-—ve>—c,

This and (8.7) give that the normal velocity of JF¢ ,(7) at p is larger than —c, and
therefore greater than HZIis . (p), thanks to (8.2).

If instead p € RZ\BC, we have that [v](p)| < 1 — ¢p, for a suitable ¢g € (0, 1),
depending on ¢, and therefore

ColFvD)Fu=2Co(d—|v)—pn=Coco—pnzCoco—12

> _Coco
25 (r (1))

as long as Cy is sufficiently large. This and (8.7) give that the inner normal velocity

of F¢ (1) at p is strictly larger than %, which, if Cg is chosen conveniently
big, is in turn strictly larger than ng . (p), thanks to (8.1).

In any case, we have shown that the inner normal velocity of J¢ , () at p is strictly
larger than HZ r( p). This implies that F¢ ,(¢) is a strict subsolution according to
Proposition A.10.
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Then, by (8.6) and Proposition A.10

o-w2 | (ffs,u(r)+ae2), (8.8)

o€(—¢,€)

for any t € [0, (1 — ¢)/Cp).
Now, taking u := /¢ in (8.5), we see that

Fe ve(®) = Bi—e—cor (1 = &1 — Cot,0) U Bi—¢—coi (= (1 = /et — Cot), 0)
forall r € [0, (1 —&)/Co]. In particular, taking t := /e,
.‘TE’\/;(\/E) = Bl_g_coﬁ(l — & — Co/e, O) U Bl_g_coﬁ( — (1 —& — Coa/3), O),

and the latter are two tangent balls at the origin. From this and (8.8), we deduce that

0"We 2 | (Bioe—gys(l =2 = Cove.0)

o€e(—e,¢)
U Bl*é‘fco\/g( — (1 — & — CO\/E), 0) + 062),
and this implies the desired result by choosing § := /¢ and C := 2(C¢ + 1). O
We can now complete the proof of Theorem 1.12 in the following way:

Proof of Theorem 1.12 We observe that, in the setting of Lemma A.13, the result in
Lemma 8.2 can be written as

0721 —CHOTO) with d(O (), (1 —C8OT(0)) > 8

forall § € (0, do).
Fix now C > C and let U := (1 — C8)OT(0). Then, by Corollary A.8, we have

O~ (t+48) 2 U(®) (8.9)

forallz > 0.
Now, in view of Lemma A.13,

— (1 ot
U@) = (1 —C8) O ((1—ca)l+s)

and so, combining with (8.9),

O (t+8)2(1—-C80O <—(1—ca)l+s>'
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Consequently, for any ¢ > 8, we can estimate the measure of the fattening set as

lint (O () \O~(1)| <

. + _ + &
1nt(O (f))\(l Cé) 0O <(1_C8)1+S)‘

= Jint (0+(n))| — '(1 — o) 0F (—(1 - ;55)1“) (8.10)
= |int (0* ()| = (1 — €5) |0+ (ﬁ)‘ .
We now fix 79 > § and choose C = C(tg) > C such that
tgﬁ forallt > ¢y.
So, by Proposition A.12, we get that
liminf |0 (;‘S]N > [int (07 (1)) |-
SN0 (1—-Co)l+s
This and (8.10) yield that, for r > #,
lint (0T (1)) — 0~ (1)
< timsup fine (9 0)| - (1 - co)? |0t (ﬁ)’
= |int (07 ()| - ligl\iélf(l —C8)? ot (ﬁ)‘ <0.
Since ty was chosen arbitrarily, this completes the proof of Theorem 1.12. O
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Appendix A: Viscosity solutions and geometric barriers

In this appendix, we recall the existence and uniqueness results about the level set
flow associated to the nonlocal evolution (1.1), and we provide some auxiliary results
which will be useful in the proof of the main theorems. All the results hold in R” for
n>=?2.

Before introducing the level set equation and the notion of viscosity solutions, we
briefly discuss the evolution of balls according to the setting in (1.1)—(1.4).
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Lemma A.1 Assume that (1.2) and (1.3) hold true. Then for every R > O there exists
c¢(R) > 0 such that

HE (x) =c(R) forall x € dBg.
Moreover the function
R € (0, +00) — ¢(R) € (0, +00)

is continuous, nonincreasing and such that

lim c¢(R) =0.
R—+o00
Furthermore, if K is a fractional kernel, that is K (x) = ‘x|++j., then c(R) = c(1)R™5.

Proof We observe that, in virtue of (1.2) and (1.4), and the fact that K (x) # 0, we have
that Hll?{;e (x) > Ofor x € dBg, itdoes not depend on x, and finally HgR (x) > Hg, (x)
R

if R’ > R. Condition (1.3) assures that H II?(R (x) is finite for every R > 0 and also that

lim c¢(R) =0,
R—+o00
see [8,16]. For the computation in the case of fractional kernels, see [18]. O

Remark A.2 Using Lemma A.1, we study the evolution of a ball B according to the
flow in (1.1). Such evolution is given by a ball Bg(;), where

R(t) = —c(R(1)) (A1)

with initial datum R(0) = R. We define

ko1

Then C(R) is a monotone increasing function, and the solution R(¢) to (A.1) is given
implicitly by the formula

CR({)) =C(R) —t forallr > 0, s.t. R(¢) > 0. (A.2)
Let also
Tr :=sup{t > 0| R(¢) > 0}.

By (A.1) and the monotonicity of c(-), it is easy to check that

Tr < R
R\C(R)-
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Moreover, from (A.1) we have that

R

1
Tg = lim ——ds = C(R) — lim C(e).
eNO0 Je  c(s) &\

If K is a fractional kernel, that is K (x) = \x|++"’ then C(R) = —————(R*T 1

_ RS+1
and Tr = 7)571y-

C(l)(s-i-l)

We introduce now the notion of viscosity solutions for the level set equation

Oru(x,t) + |Du(x’t)|H{l)<'|u(y,t)>u(x,t)}(x) =0 forallx e R", >0, (A.3)
u(x,0) = up(x) for all x € R".

For more details, we refer to [8,16]. The viscosity theory for the classical mean cur-

vature flow is contained in [10] and [13], see also [14] for a comprehensive level set

approach for classical geometric flows.

Definition A.3 (Viscosity solutions)

(i) Anupper semicontinuous functionu : R" x (0, T) — Risa viscosity subsolution
of (A.3) if, for every smooth test function ¢ such that u — ¢ admits a global
maximum at (x, t), we have that either 9;,¢ (x, 1) < 0if D¢ (x,t) =0, or

0p(x, 1)+ |D(x, f)|H{1y<|¢(y,,)>¢(x,;)}(X) <0

if D¢ (x,1) #0.

(i) A lower semicontinuous function u : R” x (0, T) — R is a viscosity supersolu-
tion of (A.3) if, for every smooth test function ¢ such that u — ¢ admits a global
minimum at (x, 7), we have that either 0,¢(x, 1) > 0if D¢ (x,t) =0, or

0 (x, 1) + DG, DIHE 15y 115 by ) = 0

if D¢ (x, 1) # 0.
(iii) A continuous function u : R" x (0, T) — R is a solution to (A.3) if it is both a
subsolution and a supersolution.

Remark A.4 1t is easy to verify that any smooth subsolution (respectively supersolu-
tion) is in particular a viscosity subsolution (respectively supersolution).

Now, we recall the Comparison Principle and the existence and uniqueness results
for viscosity solutions to (A.3).

Theorem A.5 Suppose that ug is a bounded and uniformly continuous function. Let
u (respectively v) be a bounded viscosity subsolution (respectively supersolution) of
(A3). Ifu(x,0) < upx) < v(x,0) forany x € R*, thenu < v on R" x [0, 400).

In particular, there exists a unique continuous viscosity solution u to (A.3) such
that u(x, 0) = ug(x) for any x € R".
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Moreoverifug is Lipschitz continuous then u (-, t) is Lipschitz continuous, uniformly
with respect to t, and

luCx, 1) —u(y, )] < [[Duolloolx = yl.

forallx,y e R" andt > 0.

Proof For the proof of the existence and uniqueness result, and for the Comparison
Principle, we refer to [16, Theorems 2 and 3], see also [8].

Finally the Lipschitz continuity is a consequence of the Comparison Principle.
Indeed, for any 2 € R", we define

ve(x,t) ;= u(x + h,t) & || Dugllo|h].

Then, if u is a viscosity solution to (A.3), we have that also vy and v_ are viscosity
solutions to the same equation. Moreover,

v—(x,0) = uo(x + h) — [[Dug|lcolh] < uo(x)
=u(x,0) Suo(x +h) + [|Dugllool| = v4.(x, 0),

which implies the desired Lipschitz bound. O

Remark A.6 Let E C R" be a closed set in R” and let u g (x) be a bounded Lipschitz
continuous function such that

OE ={x e R"st.ug(x) =0} = 9{x € R" s.t. ug(x) > 0}
and E={x e R"s.t. ug(x) > 0}. (A.4)

Let u g be the unique viscosity solution to (A.3) with initial datum u g and define
ET@t):={x eR"'st.ug(x,t) >0} and E (t):={x e R'st.up(x, 1) > 0}.
The level set flow is defined as

(@) ={x e R"s.t. |ug(x,t) =0}.

Due to the fact that the operator in (A.3) is geometric, which means that if u is
a subsolution (resp. a supersolution) then also f () is a subsolution (resp. a super-
solution) for all monotone increasing functions f, the following result holds: if vy
is a Lipschitz continuous function which satisfies (A.4) and v is the viscosity solu-
tion to (A.3) with initial datum vg, then ET(t) = {x € R" s.t. v(x, ) > 0} and
E~(t) ={x e R"s.t. v(x, t) > 0}.

In particular, the inner flow, the outer flow and the level set flow do not depend on
the choice of the initial datum u g but only on the set E.
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Remark A.7 In the setting of Remark A.2, one can show that u(x, ) = R(t) — |x|,
for t € [0, Tr), is a viscosity solution to (A.3). Therefore, in this case we have that
E =Brand ET(t) = E~(1) = B

An important consequence of the Comparison Principle stated in Theorem A.S,
is the following result (in which we also use the notation for the distance function
introduced in (1.32) and (1.31)).

Corollary A.8

(i) Let F C E two closed sets in R" such that d(F,E) = § > 0. Then FT(¢t) C
E~(t) forallt > 0, and the map t — d(F*(t), E~(t)) is nondecreasing.
(i) Letv : R" x [0, T) — R be a bounded uniformly continuous viscosity superso-
lution to (A.3), and assume that
F C{x e R"s.t. v(x,0) > 0}.
Then

FT(t) C {x e R" s.t. v(x, 1) > 0},

forallt € (0, T).
Moreover, if

d(F, {x e R" s.t. v(x,0) > 0})) =8 > 0,
then
FT@t) C {x e R" s.t. v(x, 1) > 0},
forallt € (0,T), and
d(F+(t), x eR" 5. v(x,1) > 0}) > .

(iii) Letw : R" x [0, T) — R be a bounded uniformly continuous viscosity subsolu-
tion to (A.3), and assume that

E D {x e R"st. w(x,0) > 0}).
Then
ET(t) D {x e R" s.t. w(x, 1) >0},

forallt € (0, T).
Moreover, if

d(E,{x e R"s.t. w(x,0)>0}) =68 >0,
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then
E-(t) D {x e R"s.t. w(x,1) > 0},
forallt € (0,T), and
d(E*(r), x € R" s.t. wix, 1) > 0}) >,

Proof First, we prove (i). Since F C E and d(E, F) = §, then it is easy to check that
dg(x) = dp(x) + 6.
Let now C > 26 and define

up(x) :=max { — C — 8, min{dr(x), C — 38}}
and  wug(x) :=max {— C, min{dg(x), C}}.

So, again we obtain that u p (x) + § < ug(x). Therefore, by the Comparison Principle
in Theorem A.5, we getthat ug(x,t) > up(x,t) + 6 for every t > 0.

This in turn implies that F () C E~(t) and moreover that d(F*(¢), E~(t)) > 6,
due to the fact that ug (x, r) and u g (x, t) are 1-Lipschitz in x, by Theorem A.5.

If we repeat the same argument with initial data £~ (t) and F 7 (¢), we obtain the
desired statement in (i).

We prove now (ii). For this, we distinguish two cases: if

d(F,{x e R"s.t.v(x,0)>0}) =38 >0, (AS)

we let

E :={x e R*s.t. v(x,0) > 0}

Then, by item (i), we get that F*(t) € E~(t)andd(F*(¢t), E~(t)) > §.Letug be the
unique viscosity solution to (A.3) with ug (x, 0) = v(x, 0). Then, by the Comparison
Principle in Theorem A.5, we get that ug(x, 1) < v(x,t) forallt € (0, 7). In turn,
this implies that £~ (¢) C {x € R" s.t. v(x, t) > 0}, and this permits to conclude that
(i) holds true, under the assumption in (A.5).

If, on the other hand, we have that (A.5) does not hold, we write

d(F,{x e R" s.t. v(x,0) > 0}) > 0.

Then, by the uniform continuity of v(-, 0), we have that for every ¢ > 0 there exists
S¢ > 0 such that

d(F,{x e R"s.t. v(x,0) > —¢}) > 8, > 0.

So we repeat the argument above (based on (A.5)) substituting v(x, ¢) with the function
v(x,t) + ¢ and E with {x € R" s.t. v(x,0) > —¢}. This gives that F*(t) € E~(t),
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and E=(¢t) € {x € R"s.t.v(x,t) > —e)} for all ¢ > 0. Therefore F*(¢) C {x €
R" s.t. v(x,t) > 0}.

This completes the proof of (ii). The proof of (iii) is completely analogous, and we
omit it. m|

Remark A.9 Observe that if E is a compact set and in particular £ € Bpg for some
R > 0, then by Remark A.7 and Corollary A.8 we have that E¥(r) € B R(r) Where
R(t) < R has been defined in Remark A.2. In particular, there exists Tg < Tg such
that Tg = sup{t > Os.t.int ET(¢) # &}.

Now, we define the lower and upper semicontinuous envelopes of a family of sets
C(t) € R" as follows:

C*(t):zu ﬂ C(s) and c*(t)::ﬂ U C(s).

>0 0<r—e<s<t+e e>0 0<r—e<s<t+e

We have that C,(t) € C(t) € C*(t). Moreover for any sequence (x,, t,) — (x,t), if
X, € C*(t,) then x € C*(¢), whereas, if x,, ¢ int (C,(,)), then x ¢ int (C,(?)).

If C*(t) = C(t) = C,(¢) for every t, we say that the family is continuous.

We also need a result to compare geometric sub and supersolutions to (1.1) with
the level set flow, see [8].

Proposition A.10 Let C(t) € R” fort € [0, T, be a continuous family of sets with
compact Lipschitz boundaries, which are piecewise of class C1' outside a finite num-
ber of angular® points.

Fix E C R? and ug a bounded Lipschitz continuous function such that

E={xeR"'"stupx)>0} and OJE={xeR"stug(x) =0}

Consider the inner and outer flows associated to E, according to (1.8).

(i) Assume that there exists § > 0 such that at every x € dC(t) where dC(t) is cl!
there holds

dhx - v(x) = —HE, (x) + 6. (A.6)
Moreover, assume that

at every angular point x € dC(t) there exists ro > 0 such that (A7)
the set B(x,r) N C(t) is convex for all r < rg. '

Then, if E € C(0), with d(E, C(0)) =k > 0, it holds that E*(t) C C(t) for all
t €0, T), withd(E*(t),C()) >k > 0.

2 As customary, a point of a piecewise C L1 curve is called “angular” if the tangent directions from different
sides are different.
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(ii) Assume that there exists 8 > 0 such that at every x € dC(t) where dC(t) is C1!
it holds

dhx - v(x) < —HE, (x) — 8. (A.8)
Moreover, assume that

at every angular point x € dC (t) there exists ro > 0 such that

A9
the set B(x,r) N (R"\C(¢)) is convex for all r < ry. (A.9)

Then, if E 2 C(0), it holds that E¥(t) 2 C(t) forallt € [0, T).

Moreover, if d(C(0), {x € R" s.t. ug(x) > 0}) = k > 0, it holds that E~(t) D
C() forallt € [0,T), withd(E~(t), C(t)) > k.

Proof We give just a sketch of the proof of (i), since it relies on classical arguments
in viscosity solution theory and level set methods (the proof of (ii) is analogous), see
[8].

For ¢ > 0 sufficiently small, we define the function
ug(x, 1) == max {0, min{e, dcq)(x)}}.

We claim that for ¢ > 0 sufficiently small (depending on § in (A.6)) the function u,
is a viscosity supersolution to (A.3). If the claim is true, then the statement in (i) is a
direct consequence of the Comparison Principle in Corollary A.8.

To prove the claim, for every A € [0, €], we define

C.(t) ' ={x e C(t) st.dcpy(x) = A}

Note that u, = 0 on R?\C(¢), u, = A on 9C, (t) and u, = € on C¢(2).

Due to the regularity assumption on C(¢), we have that for every A € [0, €], the
sets Cy () are Lipschitz continuous, piecewise C L1 outside a finite number of angular
points and satisfy the following property: at every angular point x € 9C,(¢) there
exists ro > 0 such that the set B(x,r) N C,(t) is convex for all » < ry. Therefore
assumption (A.7) is satisfied for every C,, with A € [0, ¢].

Now we observe that, due to the regularity assumptions and to (A.7), we have that
for every x, € dC.(t) there exists xg € dC(¢) such that |xg — x.| = € (x¢ is unique if
9C,.(1)is C! atx,, and itis eventually non unique if x, is an angular point). Moreover
aC(r) is ! around xo.

Assume first that x, is an angular point of dC, (¢). We fix ¢ (e, x¢, t) = ¢ > 0 such
that dC,(r) is C11 at every x € B(xe, &) N dC(1), X # x¢, C (1) is C1! at every
x € B(xp, &) N AC(t) (so that the K-curvature is well defined) and moreover there
holds

Hach(t)(x) > sup HBKC(I)(y) forall x € B(xg, &) N 0C (1), X # X,

YEB(x0,5¢)NIC (1)
and for all r € [0, T].
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Since the angular points x, of dC.(¢) are finite for every ¢ € [0, T], and the interval
[0, T'] is compact, we can choose ¢, independent of x, and ¢. Now consider the case
in which 8C, (1) N B(x, ¢;) is C1''. Then we use the continuity of the K -curvature
as ¢ — 0 (see [8]) to see that there exists n. = n(e, x¢, {¢, t) > 0 such that

|HCI'((I)(XO) - Héi(z)(xsﬂ < 7e-

Finally, due to the compactness of

aC O\ Bxi, &),

iel

where x; are the angular points of dC, (), and due to compactness of the time interval
[0, T], we observe that we may choose 1, = 7(¢, ¢) independent of x; and ¢. In
conclusion we get that there exists 77, > 0 depending on € such that forall x, € dC,(¢)
which are not angular points there holds

HE (o) = HE ) (xo) —ne  where [xo — x| = &. (A.10)

The same argument can be repeated for all A € (0, ), and so for every A there
exists 7, > 0 such that (A.10) holds. We define

n=n() = sup n,. (A.11)
1€(0,¢]

Now we distinguish different cases according to the position of the point x, in order
to prove that u, is a viscosity supersolution to (A.3).

Ifx eint (R"\C(z)),orx €int(Cg(t)),then actually the equationin (A.3) s trivially
satisfied since |Dug(x, t)| = 0 and 9,u.(x, t) = 0 by the continuity properties of the
families C(¢) and C. (7).

Now we suppose that x € dC(¢). Then it is easy to show that the set of test
functions is empty, so again the equation in (A.3) is trivially satisfied.

We finally assume that x € 9C,(¢) for some A € [0, ¢). Observe that at every
angular point x € dC, (t), by the assumption (A.7) (which holds also for C,(¢) as
proved above), the set of test functions is empty so the equation in (A.3) is trivially
satisfied. So assume that C, (¢) is locally of class C11 around x. We fix xp € aC (1)
such that |[x — xg| = A. So, if v(x) is the outer normal to dC (¢) at x, then v(x) =
|§O—_x)(§| and v(x) = v(xp), so it coincides with the outer normal to dC(¢) at xo and
drxo - v(xg) = dyx - v(x). Moreover, due to (A.10), and the definition of n in (A.11),we
get

HE 1)) = HE ) (x0) = 1. (A.12)
Let ¢ be a test function for u, at (x, t), then D¢ (x, t) = —pv(x) for some p € [0, 1]
for A = 0 and D¢ (x, 1) = —v(x) for A > 0, whereas ¢, (x, 1) = pd;x - v(x) (with

p = 1as A > 0). Moreover
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K K K
He, 1)) = Hiyu, (v.y 200 ) < Hiyjgy.0520 (%) (A.13)

Therefore, computing the equation at (x, t), we get, using (A.12), (A.13) and (A.6),

8;(,15()6, t) + |D¢(X, t)|H{[)(r|¢(y,t)>¢(x,t)}('x) = ’Oat'x ’ U(X) + ’OHC]'()»(I)(X)
> pdyxo - v(x0) + pHE) (x0) — p1n = p(8 — ).
So, if we choose ¢ > 0 sufficiently small, according to §, so that n = n(e) < 4, then
the previous inequality gives that u, is a supersolution to (A.3), as we claimed. O

Now we present the following extension to the noncompact case of Proposi-
tion A.10.

Corollary A.11 Let C(t) € R” fort € [0, T), be a continuous family of sets with
Lipschitz boundaries, which are piecewise of class CV' outside a finite number of
angular points, and such that there exists R > 0 such that C (t) N (R"\ Bg) is of class
c! forallt.

Fix E C R" and ug a bounded Lipschitz continuous function such that

E={xeR"st.ug(x) >0} and OE ={x € R"s.t.ug(x) =0},

and consider the inner and outer flows associated to E, according to (1.8).

(i) Assume that there exists § > 0 such that (A.6) holds for every x € dC(t) N Bag.
Suppose also that (A.7) holds true.
Moreover, assume that there exists Ao such that, for all ) € [0, Lg), it holds that

dx - v(x) = —HE ) (x) (A.14)

forall x € C) (t) N (R"\ Bag), where
C.(t) '=1{x € C(t) s.t. dcy(x) = A}
Then, if E C C(0), with d(E, C(0)) =k > 0, it holds that E*(t) C C(t) for all
t >0, withd(ET(),C@)) >k >0.
(ii) Assume that there exists § > 0 such that (A.8) holds for every x € dC(t) N Bag.

Suppose also that (A.9) holds true.
Moreover, assume that there exists Lo such that for all A € [0, Ag), it holds that

dhx - v(x) < —Hf ) (%) (A.15)
forall x € 3C*(t) N (R"\ Bag) where

CH1) = {x e R s.t.dey = —A).

Then, if E D C(0), it holds that E*(t) 2 C(¢t) forall t > 0.

In addition, if d(C(0), {x € R" s.t. ug(x) > 0}) = k > 0, it holds that E~(t) D
C(t)forallt > 0, withd(E~(t), C(t)) > k.
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The proof of Corollary A.11 is similar to that of Proposition A.10, and we omit the
details.
We also have the following semicontinuity type result for the outer evolutions.

Proposition A.12 There holds

1im\i(r)1f |ET(t +n)| > |int ET(1)]. (A.16)
n

Proof We claim that for any fixed 7 > 0 and a.e. in R",
bimm I X o) 200 2 Kfine(lu (.0 Z0D)- (A17)

To show (A.17), it is enough to consider a point x € int({ug (-,¢) > 0}), so that
{ug (-,t) 2 0} D B,(x) forsomer > 0. Then, recalling formula (A.2) in Remark A.2,
we have that C(r(n)) = C(r) — n, for n € (0, T,;), where T, > 0 is the extinction
time of the ball B, under the flow (1.1).

Hence, by Remark A.7 and Corollary A.8 we get

{ug (.t +n) >0} D Byp(x), forallne (0,7,).
In particular, it follows that

lim\iélqu(x,t+n) >0, for all x € int{ug (-, 1) > 0},
"

which implies (A.17).
Then, by (A.17) and the Fatou Lemma, for all # > 0 we obtain

liminf |[ET (s + zliminf/ } x)dx
min |[ET(t+n)| mint | Xlug i) >0y (%)

> f B 0 71055010 dx > fint (g (1) > 0)|

= |int E¥ (1)

’

establishing (A.16). O

In the case of homogeneous kernels, i.e. under the assumption in (1.24), the geo-
metric flow possesses a useful time scaling property as follows.

Lemma A.13 Assume that K (x) = |meor some s € (0,1). Let A > 0, M > 0,

x|’
E CR"and ug )(x,t) be the viscosity solution to (A.3) with initial condition given
by

ug 3 (x) :==max { — AM, min{dyg(x), AM}}.
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Let also E)T(t) = {x € R'stug,(x,t) > 0} and E, (1) = {x €
R" s.t. ug 3 (x,t) > 0}. Then

+ +( !
E}, (l) = )\4E1 <F> .
Proof For every x € R” such that —M < dg(x) < M, we have that
Aup1(x) = Adg(x) = dyp(Ax) = ug 5 (Ax).

Moreover if dg(x) > M, then Aug 1(x) = AM = ug ;(Ax), and analogously
for dp(x) < M. Therefore we get that Aug i (%) = ug ,(x). Moreover, by the
scaling properties of K, we have that Hy.(x) = A7°H} ;(Ax). Therefore the func-

tion Aug | (f #) is a viscosity solution to (A.3), with initial datum ug ,(x).
By the uniqueness of viscosity solutions, given in Theorem A.5, we get that
AMUE 1 (’Xc, #) = ug (x, t). From this we deduce the desired statement. O
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