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Abstract We study evolution equations associated to time-dependent dissipative non-
selfadjoint quadratic operators. We prove that the solution operators to these non-
autonomous evolution equations are given by Fourier integral operators whose kernels
are Gaussian tempered distributions associated to non-negative complex symplectic
linear transformations, and we derive a generalized Mehler formula for their Weyl
symbols. Some applications to the study of the propagation of Gabor singularities
(characterizing the lack of Schwartz regularity) for the solutions to non-autonomous
quadratic evolution equations are given.
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1 Introduction
1.1 Mehler formula and quadratic Hamiltonians

In his seminal work [20], Ferdinand Gustav Mehler established in 1866 the following
celebrated formula, since then known as Mehler formula
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holding forallw € C, |w| < 1 and x, y € R", where (¢ )qen stands for the Hermite
orthonormal basis, see also e.g. [6, p. 20] (Theorem 1). This formula has played a
major role in mathematical physics and more specifically in quantum mechanics for
the study of Schrodinger equations associated to quadratic Hamiltonians. It allows in
particular to derive explicit formulas for the kernel

Ki(x,y) = ((x2 + y?) cosh(2t) — 2x - y)),

(2 sinh(2n)) o (- 2sinh(21)

with (x, y) € R?", ¢ > 0, and the Weyl symbol

a(x,€) = exp (— (6% + x?) tanh(1)),

1
(cosh(t))"

with (x, &) € R2" ¢t > 0, of the contraction semigroup (e’ L 1>00N L2(R") generated
by the harmonic oscillator

H=—-A,+x% xeR"

There are many works concerning the quantum evolutions generated by quadratic
Hamiltonians and exact formulas, see e.g. [29,30]. Quadratic Hamiltonians are actually
very important in partial differential equations as they provide non trivial examples of
wave propagation phenomena, and in quantum mechanics. They also play a major role
when studying the propagation of coherent states for general classes of real-valued
Hamiltonians including Schrodinger operators with general potentials

—h? Ay + V(x),

as this propagation of coherent states can be approximated in the semi-classical limit
by the quantum evolutions generated by time-dependent real-valued quadratic Hamil-
tonians, see e.g. the works by Combescure, Robert, Laptev and Sigal [4,6,18,26].
Indeed, time-dependent real-valued quadratic Hamiltonians naturally appear in these
latter works as the Taylor expansion up to order two of general Hamiltonians! H

oH

aHXZ‘ D t X(t
Ty KO+ (D= 50) - S2(X @)

1 D 0°H X D T
+ 5 = x(0). Dy = §0) (537 (X)) (x = x(0), Dy = £

Hy(t) = H(X (1)) + (x — x(1)) -

2

with D, = i~19,, around the classical flows X (t) = (x(¢), &(t)) given by Hamilton’s
equations

) oH . oH
x(1) = E(X(t)’ £, &) = ———(x(0), £(1)).

! Even in the case when Hamiltonians actually do not depend on time.
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Generalized Mehler formula for time-dependent quadratic operators 1337

Among many others, as for instance the understanding of the smoothing properties
of quadratic evolution equations developed as an application in the present work, the
above consideration is one important motivation for studying Schrodinger evolutions
associated to time-dependent quadratic Hamiltonians.

In the self-adjoint case, that is, for Schrodinger equations associated to real-valued
time-dependent quadratic Hamiltonians, the propagation of coherent states is now fully
understood thanks to the works of Combescure, Robert and Hagedorn [3,4,11]. We also
refer the readers to the recent book by Combescure and Robert [6] for a comprehensive
overview on this topic and others references herein. The properties and the structure of
the Schrodinger solution operators generated by time-dependent real-valued quadratic
Hamiltonians are also now fully understood thanks to the remarkable formula for their
Weyl symbols derived by Mehlig and Wilkinson in [21], and proved independently by
different approaches by Combescure and Robert [5], and de Gosson [9]. The Mehlig-
Wilkinson formula is recalled in the next section.

On the other hand, Hormander studies in the work [17] the Schrodinger solution
operators generated by complex-valued quadratic Hamiltonians giving rise to non-
selfadjoint quadratic operators in the case when Hamiltonians do not depend on the
time variable. In this beautiful work, Hormander establishes a very general Mehler
formula for the Weyl symbols of these solution operators in the non-selfadjoint case
that will be recalled below. This generalized Mehler formula derived by Hormander
is now a keystone in numerous problems in mathematics and mathematical physics as
it allows to perform exact computations for many problems.

In the present work, we bridge the gap between these two series of works by extend-
ing the general Mehler formula derived by Hérmander for non-selfadjoint quadratic
operators to the non-autonomous case, when complex-valued quadratic Hamiltonians
are allowed to depend on the time variable. We believe that the generalized Mehler
formula derived in this paper will also become a cornerstone in coming works on non-
autonomous general non-selfadjoint evolution equations as it is already the case in
particular for the study of propagation of coherent states in the selfadjoint case. Some
applications to the study of the propagation of Gabor singularities (characterizing the
lack of Schwartz regularity) for the solutions to non-autonomous quadratic evolution
equations are given in the second part of the article.

1.2 Quadratic operators

We consider quadratic operators. This class of operators stands for pseudodifferential
operators

q" (x, Dyu(x) =

-y, (Y TY { .
(27T)n /RZH ¢ q( 2 7E)M(y)dyd%" nzdi ( ' )

defined by the Weyl quantization of complex-valued quadratic symbols
. 2n
q:R"— C,

(x,8) = q(x, 8).
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1338 K. Pravda-Starov

These non-selfadjoint operators are only differential operators since the Weyl quanti-

zation of the quadratic symbol x*&# with («, ) € N?", |a + B| = 2, is simply given
by

P DIS + Dﬁxa

(g = Op" () = —————, (1.2)

with D, = i~'9,. The maximal closed realization of a quadratic operator g% (x, D)

on L2(R"), that is, the operator equipped with the domain
D(@") = {u e L*(R") : ¢"(x, Dy)u € L*(R")}, (1.3)

where g% (x, Dy )u is defined in the distribution sense, is known to coincide with the
graph closure of its restriction to the Schwartz space [17] (pp. 425-426),

q"(x, Dy) : SR") - S [R").

When the real part of the symbol is non-positive Re g < 0, the quadratic operator
q" (x, Dy) equipped with the domain (1.3) is maximal dissipative and generates a
strongly continuous contraction semigroup (e'? w),zo on L%(R™) [17] (pp. 425-426).
The classical theory of strongly continuous semigroups [23, Chapter 4] then shows
that the function

u € C°([0, +-oo[, L*(R™)) N €' (10, 4-o00[, L*(R™)),

defined by u(r) = ¢'?" ug when t > 0, with ug € D(g"), satisfies u(r) € D(g") for
all + > 0, and is a classical solution to the autonomous Cauchy problem

dt

du(t) . w
- =9"(x, Dyu), =0,
{u(O) = uy. (1.4)

Furthermore, the solution operator ¢’? Y for t > 0, is shown in [17] (Theorem 5.12)
to be a Fourier integral operator .%,2:r, whose kernel is a Gaussian tempered distri-
bution K 2iir € .#'(R?") associated to the non-negative complex symplectic linear
transformation

eZttF . (CZn — (CZn’

where F denotes the Hamilton map of the quadratic form ¢. This Hamilton map is the
unique matrix F € C?"*2" satisfying the identity

V(x,£) e R, V(y, ) e R™, q((x, %), (y.m) =0 ((x, &), F(y,m), (L5)

with g (-, -) the polarized form associated to g, where o stands for the standard sym-
plectic form
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Generalized Mehler formula for time-dependent quadratic operators 1339

o ((x,8), (y,m) = (&, ) — (e, m) = D (&jyj —xjn)), (1.6)

j=1

Withx:(xl»-~~1xn),y=(y17-~'syn)sé:(élv-"ssn)sn:(nlv"'9nﬂ)e(cn‘
In this work, the notation

n
<x5y>=ijyj5 XZ(X1,...,X,,)€C", )’:(YI,'-an)E(Cn,
j=1

denotes the inner product on C", which is linear in both variables and not sesquilinear.
We notice that a Hamilton map is skew-symmetric with respect to the symplectic form

o((x,8), F(y.m) =q((x,8), (y.m) =q((y.n), (x,8))
=0((y,m, F(x,8§) = —o(F(x,§), (y,n), 1.7

by symmetry of the polarized form and skew-symmetry of the symplectic form. The
Hamilton map F is given by
F=00, (1.8)

if 0 € C?"*?" denotes the symmetric matrix defining the quadratic form ¢(X) =
(0X, X), with X = (x, &) € R?" and

_ 0 In 2nx2n
U_<_In O)ER ,

with 7, € R™" the identity matrix. The definition and the basic properties of the
class of Fourier integral operators .#7, whose kernels K7 € .7’ (R?") are Gaussian
tempered distributions associated to non-negative complex symplectic linear transfor-
mations 7 are given in Sect. 2.

On the other hand, Hérmander shows in [17] (Theorem 4.2) that the solution oper-
ator e'4"” for t > 0, can also be considered as a pseudodifferential operator defined
by the Weyl quantization of a tempered symbol p; € .#/(R>") explicitly given by the
celebrated general Mehler formula

pt(X) — ea(X,tan(tF)X) c LOO(RZH), X = (x’ S) c RZn’ (19)

1
J/det(costF)

whenever the time variable # > 0 obeys the condition det(cos ¢ F') # 0. Under the sole
assumption that the real part of the symbol is non-positive Re g < 0, this condition
det(costF) # 0 is not always satisfied. According to [17, p. 427], it is for instance
the case of the solution operator associated to the harmonic Schrddinger operator

(e~ 11D, & whose Weyl symbol is given by

(x’ g) — 1 e*i(éz+x2)tant c Loo(RZn)’
cost
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1340 K. Pravda-Starov

when cos ¢ # 0, whereas when ¢ = 7 4 kxr with k € Z, it is given by the Dirac mass
i) (x, &) € S (R™). (1.10)

The above formula accounts in particular for phenomena of reconstruction of singu-
larities known for the Schrédinger equation [33-35].

In the present work, we unveil how the general Mehler formula (1.9) extends to the
non-autonomous case.

1.3 Statements of the main results

We consider time-dependent quadratic operators g;” (x, D) whose symbols have coef-
ficients

a(x. &)= Y @apxs’

o, BeN"
la+p|=2

depending continuously on the time variable 0 < ¢t < 7, with T > 0, and non-positive
real parts
Req; <0, 0<:r<T. (1.11)

We study the non-autonomous Cauchy problem

i (1.12)

{% =g¢”(x,Dyu(t), 0<t<T,
A continuous function u € C°([0, T, Lz(R")) is a classical solution of (1.12) if u is
continuously differentiable in LZ(R") on ]0, T'], verifies u(t) € D(g;") forall0 <t <
T, and satisfies the Cauchy problem (1.12) in L?(R™). As mentioned in [23, p.- 139],
there are no simple conditions that guarantee the existence of classical solutions for
abstract non-autonomous Cauchy problems as (1.12). Following [23, Definition 5.4.1],
we therefore restrict ourselves to the study of a restricted notion of solutions. Setting

B={uecL*R"):x*DPu e L>R"), a, e N", |a+ B| <2}, (1.13)

the Hilbert space equipped with the norm

2 2
Il = Y I DEullFa gy
o,BeN"
lot+B[=<2

we consider the following notion of B-valued solutions:

Definition 1.1 (B-valued solutions). A continuous function u € C°([0, T], B)
is a B-valued solution of the non-autonomous Cauchy problem (1.12) if u €
Cc'(10, T1, L2(R™)) and (1.12) is satisfied in L%(R").
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Generalized Mehler formula for time-dependent quadratic operators 1341

A B-valued solution differs from a classical solution by satisfying u(¢) € B C
D(g;") forall 0 <t < T, rather than only u(¢) € D(gq;"), and by being continuous in
the stronger B-norm rather than merely in the L?(R")-norm.

The first result contained in this paper establishes the existence and uniqueness of
B-valued solutions to the non-autonomous Cauchy problem (1.12):

Theorem 1.2 (Existence and uniqueness of B-valued solutions). Let T > 0 and
g: : R?" — C be atime-dependent complex-valued quadratic form with a non-positive
real part Re q; < 0 for all 0 <t < T, and whose coefficients depend continuously

on the time variable 0 <t < T, then for every ug € B, the non-autonomous Cauchy
problem

a =
u(0) = uo,

{ dult) — gv(x, Dou(t), 0<t<T,

has a unique B-valued solution. This solution is given by u(t) = % (t, 0)ug for all
0 <t < T, where (% (t, T))o<r<i<T IS a contraction evolution system on L2(RM),
that is, a two parameters family of bounded linear operators on L*>(R") satisfying

(i) U(t,v) =Ippq@ny, U@, 1)U T) =%, T)forall0 <t <r=<t<T

(ii) (t,7T) — % (t,7) is strongly continuous on L*(R") forall0 <t <t <T

(iii) VO <t <t < T, %@, Ol <1, with |- || g2 standing for the operator

norm on L2(R")

In the autonomous case, we recall from [17] (Theorem 5.12) that the solution oper-
ator e’?" for ¢ > 0, is a Fourier integral operator whose kernel is a Gaussian tempered
distribution associated to the non-negative complex symplectic linear transformation
e?1F . €2 — C?", where F denotes the Hamilton map of the quadratic symbol g.
The following result extends this description to the non-autonomous case, and shows
that the evolution operators % (¢, t), with0 < v <t < T, given by Theorem 1.2 are
also Fourier integral operators whose kernels are anew Gaussian tempered distribu-
tions associated to non-negative complex symplectic linear transformations:

Theorem 1.3 (Evolution operators as Fourier integral operators). Under the assump-
tions of Theorem 1.2, the evolution operator

Ut,v) = Hrao s LR - L*R"), 0<t<t<T,

is a Fourier integral operator whose kernel Kg 1) € % "(R2") is the Gaussian tem-
pered distribution defined in the sense of Proposition 2.1 (Sect. 2) associated to the
non-negative complex symplectic linear transformation R(t, t) given by the resolvent

(1.14)

4R(t,7)=2iFR(t, 1), 0=<t<T,
R(t, 1) = Iy,

with 0 < © < T, where F; denotes the Hamilton map of q; and I, stands for the
2n x 2n identity matrix. On the other hand, the adjoint of the evolution operator

U0 = Ao L’ R") —> L>(RY, 0<t<t<T,
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1342 K. Pravda-Starov

is the Fourier integral operator whose kernel Km—l e ' (R*) is the Gaussian
tempered distribution associated to the non-negative complex symplectic linear trans-

—1
formation R(t, t) . Furthermore, the evolution operator
Ut 1) =Hrao SR > SR, 0<t=<t=T,

defines a continuous mapping on the Schwartz space which can be extended by duality
as a continuous mapping on the space of tempered distributions

U1 SR > SR, O<t<t<T,
defined as

Yu e ' (R"), Vv e SR,
(% (t, D)u, V) g1 @wny, 7 @®ny = (U, % (t, T)*V) 7Ry, .7 R -

This description of the evolution operators as Fourier integral operators plays a
major role below for studying the propagation of Gabor singularities for B-valued
solutions to non-autonomous Cauchy problems (1.12). Before studying this problem
of propagation of singularities, we establish that the celebrated Mehler formula (1.9)
can also be extended to the non-autonomous case:

Theorem 1.4 (Generalized Mehler formula for time-dependent quadratic Hamiltoni-
ans). Under the assumptions of Theorem 1.2, there exists a positive constant 5§ > 0
such that for all0 <t <t <T and 0 <t — 1 < §, the evolution operator

U(t,7) = p’;(x, Dy) : LA(R") — L*(R"),
is a pseudodifferential operator whose Weyl symbol p; ; is a L™ (R*")-function given
by

" _
pre(X)= exp (—io (X, (R(t, ©)—T) (R, T) + 1) ' X)),
\/det(R(t, ) + by)

with X = (x,§) € R2" where R(t, 7) denotes the resolvent defined in (1.14), /7 =

31927 yirh log the principal determination of the complex logarithm on C\R_, and
where the quadratic form

X =(x, &) € R” > —io(X, (R(t, 7) — I,)(R(t, ) + I,) ' X) € C,

has a non-positive real part forall0 <t <t <T,0<t—1 <.

In the autonomous case, that is, when F; = F forall 0 < ¢t < T, Theorem 1.4
allows to recover the_classical Mehler formula (1.9). In this case, the resolvent R (¢, 0)
is indeed equal to e2'F and we observe that
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Generalized Mehler formula for time-dependent quadratic operators 1343

—i(R(t,0) — Iy ) (R(1,0) + Iy) " = =i (¥ = L) (e + 1)~
= sin(tF) cos(tF)_l =tan(tF)

and

27 det(R(t, 0) + Ioy) = 27" det(e™"F + Ip,) = 27" det(2 cos(t F)e'' )
= det(cos(tF))e!'TF = det(cos(t F)),

since by (1.8), the trace of a Hamilton map F = o Q is zero Tr(F) = 0, because
Te(F) = Tr(FT) = Tr(6 Q) = Tr(QT 6 T) = =Tr(Qo) = —Tr(c Q),  (1.15)

by symmetry and skew-symmetry of the matrices Q = Q7 and 6”7 = —o. As in the
autonomous case (1.9), notice that the Weyl symbol of the evolution operator % (¢, T)
is not necessarily a L‘X’(Rz”)—function forall 0 < v <t < T. It accounts for the
condition 0 < t — v < § appearing in the statement of Theorem 1.4 to ensure that the
determinant det(R(¢, t) + I»,) # 0 is non-zero and its square root well-defined.

Let us now explain how the result of Theorem 1.4 relates to the remarkable formula
derived by Mehlig and Wilkinson in [21], and proved independently by different
approaches by Combescure and Robert [5], and de Gosson [9]. The Mehlig-Wilkinson
formula provides the following explicit formula for the Weyl symbol

zneiyrv
Re(X)= —— —io(X, (G — Dy)(G + Iy)~'X)),
¢(X) TSR] exp (—io(X,( 2)(G + 1) "' X))

with X = (x, £) € R?", of a metaplectic operator R (G) associated to areal symplectic
linear transformation G : R*" — R?" satisfying det(G + l»,) # 0, where the
parameter v € Z is an integer if det(G + I,) > 0, or an half-integer v € Z + % if
det(G + I»;) < 0. The integer or half-integer v is explicitly computed by de Gosson
in [9], and depends in particular in a non-trivial manner on the Maslov index of the
metaplectic operator R (G).

Under the assumptions of Theorem 1.2, we consider the case when the quadratic
symbol g; has a zero real part

VO<t<T, Regq, =0,

that is, when it writes as g; = ig;, with g, a real-valued quadratic form whose coef-
ficients depend continuously on the time variable 0 < ¢ < T'. The resolvent defined
in (1.14) is in this case a real symplectic linear transformation R(z, 7) : R%" — R2",
and the evolution operator % (¢, T) = J g 1) given by the associated Fourier integral
operator is then known to be [17, pp. 447—-448] a metaplectic operator associated to
the real symplectic linear transformation R(¢, t). This accounts for the fact that in this
specific case, the generalized Mehler formula derived in Theorem 1.4 reduces to the
Mehlig-Wilkinson formula for G = R(t, t), where the parameter v is here equal to
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1344 K. Pravda-Starov

zero due to continuity properties of the symbol and the smallness condition imposed
on the parameter 0 < ¢t — t < § in the statement of Theorem 1.4.

1.4 Propagation of Gabor singularities

By using the above description of the evolution operators as Fourier integral operators,
we aim next at studying the possible (or lack of) Schwartz regularity for the B-valued
solutions to non-autonomous Cauchy problems (1.12).

The lack of Schwartz regularity of a tempered distribution is characterized by its
Gabor wave front set whose definition and basic properties are recalled in appendix
(Sect. 5). The Gabor wave front set (or Gabor singularities) was introduced by Hor-
mander [16] and measures the directions in the phase space in which a tempered
distribution does not behave like a Schwartz function. It is hence empty if and only if
a distribution that is a priori tempered is in fact a Schwartz function. The Gabor wave
front set thus measures global regularity in the sense of both smoothness and decay at
infinity.

1.4.1 General case

In the autonomous case, this question of propagation of Gabor singularities for the
solutions to evolution equations

dt

du(t) w
& =g (x, Dyu(t), t>0,
{M(O) =up € L*(R"), o

associated to any dissipative quadratic operator was adressed by Rodino, Wahlberg
and the author in the recent work [25]. In this work, it is pointed out that only Gabor
singularities of the initial datum uo € L?(R") contained in the singular space S of the
quadratic symbol ¢, can propagate for positive times along the curves given by the
flow (e~"Hmq), p of the Hamilton vector field

H _dlmg 9 dlmg 0
T T T

associated to the opposite of the imaginary part of the symbol. On the other hand, the
Gabor singularities of the initial datum outside the singular space are all smoothed out
for any positive time. More specifically, the following microlocal inclusion of Gabor
wave front sets is established in [25] (Theorem 6.2),

Vug € L2R"), ¥t > 0, WF('" up) C e "Mma(WF(uo)nS) c'S.  (1.17)
The notion of singular space was introduced by Hitrik and the author in [12] by
pointing out the existence of a particular vector subspace in the phase space R*",

which is intrinsically associated to a quadratic symbol ¢, and defined as the following
finite intersection of kernels
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Generalized Mehler formula for time-dependent quadratic operators 1345

2n—1
S = ( (M Ker[Re F(Im F)/']) NR* c R, (1.18)
j=0

where Re F and Im F stand for the real and imaginary parts of the Hamilton map F
associated to ¢,

1 — 1 —
ReF=—-(F+F), ImF=—(F—-F),
2 2i

which are respectively the Hamilton maps of the quadratic forms Re ¢ and Im ¢. As
pointed outin [12,22,24,32], the singular space is playing a basic role in understanding
the spectral and hypoelliptic properties of non-elliptic quadratic operators, as well as
the spectral and pseudospectral properties of certain classes of degenerate doubly
characteristic pseudodifferential operators [13,14,31]. In the case when the singular
space is zero S = {0}, the microlocal inclusion (1.17) implies that the semigroup
(el w),zo enjoys regularizing properties of Schwartz type

Yug € L*(R™),Vt > 0, €' up e S (RY),

for any positive time. It holds for instance for some non-selfadjoint non-elliptic kinetic
operators as the Kramers-Fokker-Planck operator

2

K:-Av+%+u-ax—vvu).au, (x,v) € R,

with a quadratic potential V (x) = ax?, a € R\{0}, some operators appearing in mod-
els of finite-dimensional Markovian approximation of the general Langevin equation,
or in chains of oscillators coupled to heat baths [22, Sect. 4].

In order to derive a microlocal inclusion for the propagation of Gabor singularities
in the non-autonomous case, we need to generalize this notion of singular space to the
time-dependent case. We consider the following definition:

Definition 1.5 Let t; < 1, and ¢, : R — C be a time-dependent complex-valued
quadratic form whose coefficients depend continuously on the time variable #| < ¢ <
t5. The time-dependent singular space associated to the family of quadratic forms
(1)1, <1<1, 1s defined as

Syt = ( M Ker(im R(z, tg))) NR2", (1.19)

n=<t=n

where Im R(¢, 7) = %(R(t, 7) — R(t, 7)) denotes the imaginary part of the resolvent
R(t, ) defined in (1.14) and associated to the Hamilton map F; of ¢;.

When ¢, : R? — C is a time-dependent complex-valued quadratic form with a
non-positive real part Re ¢; < 0 for all t; <t < tp, with #; < 1, this definition truly
extends the one given in the autonomous case. Indeed, when the quadratic form does
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1346 K. Pravda-Starov

not depend on time, that is, when q; = ¢ for all 17 < t < fp, with 11 < 1, we first
observe from (1.19) that the time-dependent singular space reduces to

Sty = ( ﬂ Ker(Im e_Zi(tz_T)F)) NR?",

Hn=t=n

if F denotes the Hamilton map of ¢, and recall from the proof of Theorem 6.2 in [25,
formula (6.11)] that we have

2n—1
s=( (1 Ker[Re Fm F)]) NR¥ = ( () Ker(Im e 2"0F)) AR

j=0 n=t=n

On the other hand, we also recall from the proof of Theorem 6.2 in [25, formula (6.18)]
that

Vi eR, ¢ 'Himg = 2mFg_g
The microlocal inclusion (1.17) can therefore be rephrased as
Vug € L2R"),¥1 > 0, WF('?" ug) c e~"Hma (W F (up)) N S. (1.20)

This microlocal inclusion of Gabor wave front sets can be extended to the non-
autonomous case as follows:

Theorem 1.6 Under the assumptions of Theorem 1.2, the Gabor wave front set of the
unique B-valued solution u(t) = % (t, 0)ug to the non-autonomous Cauchy problem

dt  —
u(0) = uo,

{ i = g (x, Dyu(),  0<t<T,
with ug € B, satisfies the microlocal inclusion
YO<t<T, WFu(@))C (Re R(t, 0))(WF(u0)) N So.ss (1.21)
where So ; is the time-dependent singular space associated to the family of quadratic

Sforms (qr)o<z<: and where Re R(t,0) = %(R(t, 0) + R(z,0)) is the real part of the
resolvent defined in (1.14).

As a direct consequence of Theorem 1.6, we observe that if there exists a positive
time 0 < #9 < T such that the time-dependent singular space is zero

Sos = ( (N Ker(Im R(z, to))) NR>" = (0},

0<t<tg

@ Springer



Generalized Mehler formula for time-dependent quadratic operators 1347

then the non-autonomous Cauchy problem

dt

duld) — g (x, Du(t), 0<t<T,
u(0) = ug,

enjoys regularizing properties of Schwartz type for all time ) <t < T,

VYug € B,Vtp <t <T, u(t) =%, 0uyec SR").

Indeed, we first deduce from (1.21) and (5.2) that u(ty) = % (to, 0)ug € - (R"),
since W F (u(ty)) C Rz”\{O}. By noticing from Theorem 1.3 that the operator

Ut to) = KRz : L R = LR,
is continuous, we finally obtain from Theorem 1.2 that

Yup e B,Vtg <t <T, u(t)=%t,ty) % (ty,ug € .7 (R").
e ——’
u(to)e. (R")

The result of Theorem 1.6 points out that no matter is the initial datum uy € B, the
possible Gabor singularities of u(#) the solution at time 0 < ¢t < T are all localized
in the time-dependent singular space Sp ;. Furthermore, the possible Gabor singular-
ities of the solution at time ¢ can only come from Gabor singularities of the initial
datum which have propagated by the mapping given by the real part of the resolvent
Re R(z,0).

1.4.2 Metaplectic case

The general result of Theorem 1.6 can be readily sharpened in the case when the
quadratic symbol g; has a zero real part

VO<tr<T, Regq;=0.

As mentioned above, the evolution operator % (¢, 0) = Jr,0) is then a metaplectic
operator associated to the real symplectic linear transformation

R(t,0) = Re R(z,0) : R** — R?>",

According to Definition 1.5, the time-dependent singular space Sy, = R>”" is then
equal to the whole phase space since

VO<t<t, ImR(r,t) =0,

and the symplectic invariance of the Gabor wave front set (5.5) directly implies that
the solution satisfies

VO<:<T, WFu(@) = (ReR(,0))(WF(up)).
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This sharpens the result of Theorem 1.6 and extends the one obtained in [25] in the
autonomous case.

1.4.3 Outline of the article

The article is organized in the following manner. Section 2 is devoted to recall the
definition and the basic properties of Fourier integral operators associated to non-
negative complex symplectic linear transformations. Section 3 provides the proof of
the main results contained in this work (Theorems 1.2, 1.3 and 1.4), whereas Sect. 4 is
devoted to the proof of the result of propagation of Gabor singularities (Theorem 1.6).
Section 5 is an appendix recalling the definition and basic properties of the Gabor
wave front set of a tempered distribution.

2 Fourier integral operators associated to non-negative complex
symplectic linear transformations

This section is devoted to recall the definition and the basic properties of Fourier inte-
gral operators associated to non-negative complex symplectic linear transformations.

This class of operators is used in [17] by Hormander to describe the properties of
strongly continuous contraction semigroups (e'? w)tzo generated by maximal dissi-
pative quadratic operators g% (x, D, ). Theorem 1.3 points out that it also allows to
describe the properties of evolution operators %/ (¢, T) solving the non-autonomous
Cauchy problems (1.12).

In order to recall the definition of these operators, we closely follow the introduction
to Gaussian calculus given in [17] (Sect. 5). Let 0 # u € 2/(R") and set

L, = {L(x,g) = Za,-gj + Zb,-xj :LY(x, Dy)u = 0}.

J=1 J=1

We recall that a distribution u is said to be Gaussian if every distribution v € 2'(R")
satisfying L™ (x, Dy)v = 0 for all L € .Z),, is necessarily a multiple of u.

Let 7 : C** — C?" be a non-negative complex symplectic linear transformation,
that is, an isomorphism of C?" satisfying

VX, Y € C¥, o(TX,TY)=0(X,Y);
VX e C*, i(c(TX,TX)—o(X, X)) > 0.

Associated to this non-negative symplectic linear transformation is its twisted graph
Ar={(TX,X): X e C*™} c C*™ x C™, 2.1

where X' = (x, —§) € C2 if X = (x, &) e C?", which defines a non-negative
Lagrangian plane of C* x C?" equipped with the symplectic form

01((z1,22), (€1, ©2) = 0 (z1, &) + 0 (22, &), (21, 22), (€1, &) € C¥ x C*",
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with o the canonical symplectic form on C*" defined in (1.6). The set

)‘TZ’— = {(Zl» 22, {1’ ;2) € (C4n . (Zlv gls 22, ;2) € )‘T} C (C4ns (22)

is then a non-negative Lagrangian plane of C** equipped with the symplectic form
2n
o((z,0), G, 0) = (¢, 3) — (2, 0) = ) _(¢jZ; — 2;¢)),
j=I

Wlch = (leu,ZZn)’Z = (Zly‘~-‘7z2n)a é‘ = (;17’421’!)’5 = (El,,EZn) €
Cc2n, According to [17] (Proposition 5.1 and Proposition 5.5), there exists a complex-
valued quadratic form

plx,y,0) = ((x,y,0), P(x,y,0), (x,y)eR™ 6eR", (23

where
j- <Px’y;x,y Px’y;9> € COnTN)*@ntN) (2.4)

Po.xy  Poo
is a symmetric matrix satisfying the conditions:
@) Im P > 0;
(ii) The row vectors of the submatrix

(P9;x,y PB;G) c (C]VX(ZI’I-‘:-]V)7

are linearly independent over C,

parametrizing the non-negative Lagrangian plane
~ ap Ip ap
)\‘ = ( s Vo N s Vo 9 PR s’ Vs 0 ) N s Vs 0 - O .
T {xy a5 %7 0) 8y(xy ) 5%y 0)

By using some integrations by parts as in [17, p. 442] (see also Proposition 4.2 in [25]),
this quadratic form p allows to define the tempered distribution

1 —iPge Py ip(x,y.,0) ey
K7(x,y) = ———Jdet( /60 Doy / PV 4o e S (RM™), (2.5)
Q2m) 2z Py Px.y RN

T

as an oscillatory integral. Notice here that we do not prescribe the sign of the square
root so the tempered distribution K7 is only determined up to its sign. Apart from this
sign uncertainty, it is checked in [17, p. 444] that this definition only depends on the
non-negative complex symplectic linear transformation 7, and not on the choice of
the parametrization of the non-negative Lagrangian plane ):; by the quadratic form

p-
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Associated to the non-negative complex symplectic linear transformation 7 is there-
fore the Fourier integral operator

H1 SR - SR,
defined by the kernel K7 € .7/ (R*") as
Yu,ve SR"), (H7u,v)om,sw) = (KT, u®V) 9 @m o @)
It is proved in [17, p. 446] that the adjoint operator
Hf o SR - SR,
defined as
Vu,v e SR, (HFu, V)@, s@n = (HTV. 1) R0y 7 @)

is the Fourier integral operator Ji%_l associated to the non-negative complex sym-
plectic linear transformation

U N 20

Furthermore, the operator %7 satisfies the Egorov formula proved in [17, p. 445],

Vu € SR"), ((x0. Dx) — (€0, x))H7u = A7 ((y0. Dx) — (10, X)), (2.6)
with (xg, &) = 7 (o, no). Thanks to this Egorov formula, it is proved in [17] (Propo-
sition 5.8) that the operator .#7 is actually a continuous linear map on the Schwartz
space . (R"),

Hr SR > S RY.

The mapping is then extended by duality for all u € %' (R"), v € S (R"),

(ATu, ) @), 7Ry = (U V) e, 7 (Rr) = (s K1 V) 71 Re), 7 (R
2.7)
as a continuous linear map on the space of tempered distributions .’ (R"),

Hr: SR — S RY).

With this definition, the Egorov formula (2.6) extends by duality for tempered distri-
butions

Vu e S R"), ({x0, Dx) — (50, X)) A7u = A7 ((y0, Dx) — (M0, X))u,  (2.8)
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with (xo, &) = 7 (yo, no). Indeed, with (X, &) = ?_1(%, &), we deduce from (2.6)
and (2.7) that for all u € ./ (R"), v € .Z(R"),

<(<xo, Dy) — (50, x))HTu, ﬁ)(sﬂ/“y = (%’T”v ((xo0, Dx) — (5_0, x))v)ty/wgﬁ
= (u, H1 (X0, D) — (G0, x))v).577,.7 = (u, (%o, Dx) — (€o, X)) A1 V)7 7

= (((Ro. D) — (Bo. 2Dt A0 1,7 = (A7 ((Fo. D) — (o, ). T) 5, .

that is,
Vu e S'R"),  ((x0, Dx) — (f0. x))H7u = AT ((y0. Dx) — {m0. X)), (2.9)
with (xg, &) = 7 (¥, o). On the other hand, we recall from [17] that
H7 i LA(R") — L*(R™M),
defines a bounded operator on L*(R”") whose operator norm satisfies
127 1l 22 ®my < 1.
Indeed, it is proved in [17] (Proposition 5.12) that the operator J#7 is equal to a

finite product of strongly continuous contraction semigroups on L?(R") at time t = 1
generated by maximally dissipative quadratic operators i Q’;’ (x, Dy),

Ay = QU DY | Li0f D)

where Q ; are quadratic forms whose imaginary parts are non-negative Im Q; > 0. It
is also shown in [17] (Proposition 5.12) that the operator .#7 : L>(R") — L*(R"),
is invertible if and only if 7 is a real symplectic linear transformation. In this case,
the operator %7 is a metaplectic operator associated to the real symplectic linear
transformation 7" and the operator

1 LA(R") — L*(R"),
defines a bijective isometry on L2(R").
The properties of this class of Fourier integral operators is summarized in the

following proposition:

Proposition 2.1 Associated to any non-negative complex symplectic linear transfor-
mation T is a Fourier integral operator

Hr o SR > SR,
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whose kernel? is the tempered distribution K1 € .’ (R2m) definedin (2.5), and whose
adjoint

Hf = %%71 L IRY - S(RY,

is the Fourier integral operator associated to the non-negative complex symplectic

. - ! Lo .
linear transformation T . The Fourier integral operator 7 defines a continuous
mapping on the Schwartz space

Hr S (RN > L(RY,

which extends by duality as a continuous linear map on the space of tempered distri-
butions

d1 . SR - S RY,
satisfying the Egorov formula

Y(y0,m0) € C*",Yu € " (R"),
((x0, D) — (&0, X)) H7u = H7 ({30, Dx) — (0, X))

with (xg, &) = T (yo, no). Furthermore, the Fourier integral operator
1 LA(R"Y) — L*(R"),

is a bounded operator on L*(R") whose operator norm satisfies 7 g2y < 1.

Remark I The kernel K7 € .#/(R*") of the Fourier integral operator .7 appearing
in the statement of Proposition 2.1 is only determined up to its sign. In many cases as
for the study of propagation of Gabor singularites in this work, this sign uncertainty
is not an issue.

3 Proofs of the main results

This section is devoted to the proofs of Theorems 1.2, 1.3 and 1.4. We begin by estab-
lishing the existence and uniqueness of evolution systems appearing in the statement
of Theorem 1.2.

3.1 Existence and uniqueness of evolution systems

Let 7 > 0 and ¢; : R?* — C be a time-dependent complex-valued quadratic form

a(x. &)=Y (q)apxE’,

a,BeN"
loe+B|=2

2 Determined up to its sign.
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with a non-positive real part
VO<t<T, Regq; <0, 3.1

and whose coefficients (¢;)q,s depend continuously on the time variable 0 <t < T.
This section is devoted to the proof of existence and uniqueness of an evolution
system for the non-autonomous Cauchy problem

d”(t)—q[ (x,Du(@), 0<t<t<T,
u(t) = v.

We follow the theory of non-autonomous evolution systems developed in [23] (Chap-
ter 5).

Accordingto[17, pp. 425-426], the assumption (3.1) implies that (g;" (x, Dx))o<i<T
is a family of infinitesimal generators of strongly continuous contraction semigroups
on LZ(R™). This family (¢/” (x, Dyx))o<;<7 1s therefore stable [23, p. 131] in the sense
of Definition 5.2.1 in [23]. Let B be the Hilbert space defined in (1.13). The space
B contains the Schwartz space .(R"). This Hilbert space is therefore densely and
continuously imbedded in L2(R"),

Vu € B, lullp2@ny < lullp.
It follows from (1.3) that
Vi >0, B C D(g").
We observe that the quadratic operator

OlD +Dﬁ o
g, D)= Y @ap——s——, 32)
a,feN"
lo+B1=2

satisfies for all u € B,

1
lg” e, Doull 2@y <Y |<q,>a,,s|(||x“D;?u||Lz<Rn)+5||[D,€‘,x“1u||Lz<Rn>)

o, BeN"
la+p|=2

20X @esl)iuls.

This implies that g;" (x, Dy) defines a bounded operator from B to L2(R"),

3
la" 6, DOl gseny < 5 D 1@l

o, BeN"
lo+B|=2
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so that the mapping
t €0, T] ¢ (x, Dx) € (LB, L), || - I £(5.12)):

is continuous.

We now check that B is g, -admissible forall0 < ¢ < T. Werecall from [23, p. 122]
(Definition 4.5.3) that while denoting (e“ftu ’)120 the strongly continuous contraction
semigroup generated by the quadratic operator g;” (x, Dy), it means that

YO<t<T,Vt>0, % (B)CB (3.3)

and that for all 0 < ¢ < T, the restriction of (e’th )r>0 to B is a strongly continuous
semigroup in B, that is, strongly continuous in the B-norm. Let 0 < ¢t < 7. We know
from [17] (Theorem 5.12) that the strongly continuous contraction semigroup etd" at
time T > 0 is equal to the Fourier integral operator

w

et = H itk (3.4)
associated to the non-negative complex symplectic linear transformation
eZirF, . (CZn s (C2n'

We deduce from Propositions 2.1 and (3.4) that for all (x, &) € R?", (x2, &) € R,
0<t<T,7>0,uc R,

((—&1, x1), (x, Do))e™ u = e ((—o)e 2TF (x1, &), (x, Dy))u (3.5)
and

<(_%-17 xl)s (xv Dx))((_$2v x2)7 (x, Dx))eré']fwu
— ot (0-872sz,()¢1’ gD, (x, Dx))(O'elerF’(xz, £), (x, D)), (3.6)

0 I

with o = <_In 0

>. With || - || the Euclidean norm on C”, we notice that

n
(@, b), (x, DYl 2 < @ D) Y (lxjull 2 + 1Dyl 12) < 20l (@, b)|lu] -
j=1
3.7
On the other hand, we deduce from the estimates (3.7) that

(a1, b1), (x, Dx))((az, b2), (x, Dx))ull 2

IA

(a1, bl Z (Ixj (@2, b2), (x, D)ull 2 + [|Dx; (a2, b2), (x, Di))ull2)
j=1

(a1, bl

IA
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X Z (@2, b2), (x, D))xjull 2 + 2l (@2, b) w2 + (a2, b2), (x, Dy)) Dy;ull2)
j=1
=< la1, bo)lli(az, b2) |l

2
X ( Z (||xkxju||L2 + | Dy xjullp2 + ”ka,xj””Lz + ||kaxju||Lz) + 2n\|u||Lz).
1<j,k<n

(3.8)

We obtain from (3.8) that there exists a positive constant C,, > 0 such that

(G, b, G, Do){(@z, ba), (x, Dull 2

< Il bl @, b

(2 (orjulle + 102, 4 ull 2 + 215Dl 2) + 3nlul2)
1<j,k<n

(4n + 3)nll(ar, bl (az, b2) [l llul 5. (3.9

A

X

IA

It follows from (3.5), (3.6), (3.7) and (3.9) that the inclusion (3.3) holds and there
exists a positive constant C > 0 such that

VO<t<T.Vr=0VueB, [e%ulg=Ce™Flu|g, (3.10)
since (e™4 ')fzo is a strongly continuous contraction semigroup on L2 (R"). The oper-
ator %4’ is therefore bounded on B for all 0 <t <T,t > 0.Itremains to check that
forall0 <t < T and u € B, the mapping t € [0, +o0[— e™’y € B is continuous.
It is sufficient to prove that forall 0 < ¢ < T, (x1, &) € R2, (x2, &) € R?" and
u € B, the mappings

7 € [0, +oo[—> ((—£1,x1), (x, Dy))e™ u € L*(R") (3.11)
and
7 € [0, +oo[> (=1, x1). (x, D)) ((—&2. x2). (x, Dy))e™ u € L*R"), (3.12)

are continuous. For all 7, 7gp > 0, we deduce from (3.5) that

[((=&1, x1), (x, D)™ u — ((—&1, x1), (x, Dy))e™% ul|
= |le"% (ge 2T F (xy, £1), (x, Dy))u — €™ (ge 2™ (x1, &), (x, Do))ul 2
€™ (o (e 27 F1 — e720Fty (xy, &), (x, Dy))ull 2

1™ — e Y (ae 20 (xy, &), (x, Dy))ull 2. (3.13)

IA

By using that (e”ffu y)rzo is a strongly continuous contraction semigroup on L2(R"),
we obtain from (3.7) that there exists a positive constant C > O such that forallu € B,
7,70>0,0<t<T,
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(=1, x1), (x, D))e™ u — (=1, x1), (x, Dy))e™ ul 2
< o (e 2™ — e 20 ) (xy &), (x, D))ull 2
+ 1™ — ™4 ) (ge X0 (xy, &), (x, Do)ull 2
< Clle @™ — e 208 |y 5
+ (€™ — ey (ge 2™ (xy, &), (x, D)) || 2. (3.14)

cl? (Rm)

Then, the continuity of the mapping (3.11) follows from the continuity of the mapping
7 € [0, +oo[> €™ v e LE(R") for v € L2(R"). The very same arguments allow to
prove the continuity of the mapping (3.12). It proves that B is g,’-admissible for all
0 <t < T. It follows from [23] (Definition 1.10.3 and Theorem 4.5.5) that the part
of the operator ¢, (x, Dy) in B, that is, the operator

q"(x,Dy):{ue BND()'):q/'u s B} — B
u g, Dy)u,

is the infinitesimal generator of a strongly continuous semigroup on B. Furthermore,
this strongly continuous semigroup on B is given by the restriction of L2-semigroup
(€™ )70 to B,

YO<t<T,Vt>0,VYueB, % u=e%y. (3.15)
We deduce from (3.10) that the strongly continuous semigroup (e”];w )r>0 on B satisfies

VO<t<T,Vt >0, (e |z < Ce* Il (3.16)

It follows from [23] (Theorem 1.5.3) that the resolvent set of the operator q,w/()_c\,/D )
contains the ray

14 Fe|l, +o0l. (3.17)

Recalling the continuity of the mapping ¢ € [0, T] — F; = 0 Q; € M»,(C), we set

0<w= sup ||F| < +o0. (3.18)
0<t<T
Letk>1and0 <t <pHh <---<f <Tandrtyq,..., % > 0. We deduce from (3.5)

and (3.15) that for all (x1, &) € R*, (x2, &) e R, 0<r<T,7>0,u € B,

e o
((x1, 81, (x, Dy))e™ M. e™ Tk

— (—=Dke | ™ (e i iy | ge T g (x £, (x, D))u (3.19)
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and
(()Cl, sl)’ (-xs Dx))((st 52), (x, Dx)>erlqtl - erkqfku
= el'l%uf L. efk%'Z (O.e—ZirkFrkO. L O_ef2ir1 Fry o(x1, &), (x, D))
(Ue_ziTkFth ce O'e*2it| Fy o(x2, &), (x, Dy))u, (3.20)
with

We observe from (3.18) that

—2itiF, —2it| F, 21| Fyy 4+ |
loe 2% g . ge 20 no(x, €l <e (Tl Fiy I 71| ’1”)||(xj,$j)||

< 2O T (g, (3.21)

since |lo || = 1. Recalling that ||erjq‘u; lzcz2y < 1, we deduce from (3.7), (3.9), (3.19),
(3.20) and (3.21) that

) )
I1((x1, €1), (x, D))e™ . e™ eyl 2
< foe 2% fug ge Mg (xy, &), (x, Dy))ul 2

< 20T (xy ) || |ul B (3.22)

and

[(Cx1, &1, (x, Dy))((x2, &), (x, Dy))e™ 1. ™yl
< lloe ? ™o . .ge 2 g (xy, &), (x, Dy))
(e 2 Fug ge Mg (xy, &), (x, Do))ull 2

< (@n + 3)neH MO (£ (x2, E2) I lull 5 (3.23)

We deduce from (3.22) and (3.23) that there exists a positive constant M > 1 such
thatforallk > 1,0<fi <ph <--- < <Tandty,..., 7% >0,

e L eI gy < MM,
According to (3.17) and (3.18), it follows from [23, p. 131] (Theorem 5.2.2)
that the family of generators (q;")o</<r is stable in B. The family of operators
(g (x, Dy))o<i<7 satisfies the assumptions of Theorem 5.3.1 in [23, p. 135]. We
deduce from this result that there exists a unique evolution system (% (¢, 7))o<r</<T

in L*(R") satisfying

YOo<t<t<T, |t D) <], (3.24)
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a+
YVO<t<T,VveEB, 5“2/0, )V)i=r = g7 (x, Dy)v, (3.25)

a
VO<t<t<T,VveB, 8—%([, v = =% (1, 1)qy (x, Dy)v, (3.26)
T

where the derivative from the right in (3.25) and the derivative in (3.26) are in the
strong sense in L2(R™).

3.2 Existence and uniqueness of B-valued solutions
We consider the notion of B-valued solutions given in Definition 1.1. The existence

of the evolution system given in the previous section is actually not sufficient to prove
the existence of B-valued solutions to the non-autonomous Cauchy problem

{ i) — g (x, Dyu(t), 0<t<t<T,

AN (3.27)

However, we already know from [23] (Theorem 5.4.2) that if the non-autonomous
Cauchy problem (3.27) has a B-valued solution u then this solution is unique and
given by the following formula

u(t) =%, t)v, 0<t=<t=<T. (3.28)
Indeed, the existence of the evolution system (% (¢, T))o<r</<7 only ensures the

uniqueness of B-valued solutions but not the existence of B-valued solutions as the
function

u(t) =%, t)v,
is not in general a B-valued solution. In fact, the subspace B does not need to be
an invariant subspace for % (¢, t), and even if it is such an invariant subspace, the
mapping ¢t — % (t, t)v for v € B does not need to be continuous in the B-norm.
We now study the existence of B-valued solutions for the non-autonomous Cauchy
problem (3.27). Setting
H = Ay + 22,

this harmonic oscillator defines an isomorphism from B onto L%(R"). Furthermore,
we observe that its Weyl symbol belongs to the following Shubin class

E7+x% € S((x, ©))%, ((x, )2 (dx* + dED).
The Hormander notation

SUCx, E)™, ((x, €))7 (dx* + d&?), m eR,
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refers to the class of smooth complex-valued symbols satisfying the estimates
Vo B €N 3Cop > 0,Y(x, &) € R, [9%00a(x. £)] < Copl(x, &))" I-1AL

We recall from [28] (Theorem 25.4) (see also [2]) that the inverse of the harmonic
oscillator .77 ~! writes as a pseudodifferential operator with a symbol belonging to the
Shubin class

S(((x, £)) 72, ((x, &) 2 (dx* + dED)).

On the other hand, we notice from (3.2) that

x“Df + Dfx"‘

—1
5 I

A x, DA = Y (qapH

a,BeN"
la+p|=2

x"‘Df + Dfx"‘

=¢'. D)+ > (q,)a,ﬁ[% ;

o, BeN"|a+p|=2

1
=q/ (. D)+~ D (@apOp" (€ + 27 €T (3.29)
a,BeN" |a+B]=2

e

where Op"” ({S 24 x2, xogh }) denotes the Weyl quantization of the Poisson bracket
n
(£ +22 048] = 3 (o T r) L e - (s ) 2 0Eh).
j=1
We observe that this symbol belongs to the Shubin class
SUC, 6))% ((x, 6)) 72 (dx® + d&?)).
By composition, we obtain that the Weyl symbol of the time-independent operator
p* (162 + % xEP))

belongs to the Shubin class

S(1, ((x, &) 72 (dx? + dg?)).

We therefore deduce from the Calderdn-Vaillancourt theorem that

€0, Tl D (@)apOp” (& + 17 x*EP) 7,

a,feN"
o +B1=2
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is a L?-norm continuous (and thus also strongly continuous) family of bounded oper-
ator on L?(IR"). We can therefore apply [23] (Theorem 5.4.6) to obtain that the unique
evolution system (% (t, T))o<r<i<T On L2(R™) satisfying (3.24), (3.25) and (3.26)
also verifies

VO<t<t<T, (@, t)(B)CB (3.30)

and for all v € B, the mapping % (¢, T)v is continuous in B for0 <t <t < T.We
finally deduce from [23] (Theorem 5.4.3) that for all v € B, % (t, T)v is the unique
B-valued solution of the non-autonomous Cauchy problem (3.27). This ends the proof
of Theorem 1.2.

3.3 Some computations in the Weyl quantization

This section is devoted to derive a formula for the Weyl symbol of the evolution
operators. We begin with some symbolic computations in the Weyl quantization.
Let T > 0and ¢; : R — C be a time-dependent complex-valued quadratic form

G(x. &)=Y (q)apxEl, (3.31)

o, BeN"
la+p|=2

with a non-positive real part
YVO<tr<T, Regq <0,

and whose coefficients (g;)q,s depend continuously on the time variable 0 <t < T.
Let Q, € C?*?" be the symmetric matrix defining the time-dependent quadratic
form

QI(X)=<Q1X,X>» OEIST, X=(x,§)€R2n.

By assumption, Re Q; < 0 is a negative semidefinite symmetric matrix and the map-
pingt € [0, T] — Q; € C**?" is a C° function on [0, T']. Our ansatz is to find out
a function

8.0(X) = (Gr.o X, X) + h(t, 1), X = (x,§) € R, (3.32)

with G, . € C¥*2" a symmetric matrix depending continuously differentiably on
(t,7) € [0, T]* and h(t, 7) a continuously differentiable complex-valued function,
satisfying the equations

d , d
E(egt,r) — qt#weé{,r, E(egt,r) — _egr‘r#wq_[’ (333)

where a#" b denotes the Moyal product, that is, the symbol obtained by composition
in the Weyl quantization

(@b (x, §) = [¢57PPE2P) (a(x, £)b(y, )| (3.34)

5=
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By using that g, is a quadratic symbol, we deduce from (3.33) and (3.34) that

%(X)egwm = [ax)es=® 4 %U(Dx; Dy)(g:(X)esr )
+5:(5) o0 (@0 )] (339
and
%me%(’” =[5 Oger) + %U(D)G Dy)(ef* Mg (1)
Ao o]

with X = (x,&) e R” and Y = (y,n) € R?". Some direct computations provide
that
o (Dx: Dy)(q:(X)e#* ™) = —(oVx, Vy) (g:(X)es7 )
= —(0Vxq(X), Vyg (V)" V) = —4(0 0, X, G, ¥)ebtr V)
= —4(G; 10 Q;X, Y)es* ") (3.37)

and

o (Dx; Dy)*(g:(X)es= ™)

=4 (UVX)J‘(VY);((G,,raQ,X)kykegr.f(Y)>
1=<j,k=2n

=4 Z (GVX),-((G,,TGQ,X)j)egt,r(Y)

1<j<2n

+8 3 @V ((Greo QX0 ) Ve(Gr oY) jestr ™). (3.38)
1<jk<2n

While separating terms by homogeneity degree, we obtain from (3.35), (3.36), (3.37)
and (3.38) the following equations

(ath,rX’ X)=q;/(X) - 2i<Gt‘r0QtX’ X)

— Y ©@V0;((Grr0 QX)) X (G Xy (3.39)
1<j,k<2n
(9:G1.e X, X) = =q:(X) = 20(G1,:0 0 X, X)
+ Y ©@V0,((Greo Qe X)) Xi(Gr X)), (3.40)
1<j,k<2n
1
ah(t.7) = =5 Y (©@Vn);((Greo X)), (3.41)
1<j<2n
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1
oeh(t.T) =3 Y @), (G0 0 X)) (3.42)

1<j<2n
We notice that

> @V0;((Greo QX)) Xi(Gre X),

1<j.k<2n

= > o ((G,,rcr QzX)k)Xk(Gt,rX)j
1<j<n
1<k<2n

= 2 05((6re0 X0k XiGre X0
1<j<n
1<k<2n

= E (Gt,raQt)k,j+nXk(Gt,rX)j - E (GI,IUQl)k,ij(GZ‘,‘[X)j+n
1<j<n 1<j<n
1<k<2n 1<k<2n

= _(Gt,ra QtO'Gt,‘L’X9 X).

On the other hand, we observe that

Z (avx)j<(c,,raQ,X),~)= Z agj((G,,roQtX)O

I<j=<2n I<j=n
= Y 9 ((Greo 0:iX) 1)
1<j<n
= Y (Gir0Q)jjin— Y (Gi:00)jsn = —Tr(06G50,).
I<j=zn I<jzn

By using that the matrices Q; and G, ; are symmetric and o is skew-symmetric, the
equations (3.39), (3.40), (3.41) and (3.42) reduce to

Grr=0;—i(G1 00+ (G0 0)")

1
+5(G,,fanoG,,f + (G110 0,0G)")

=0/ —i(G1:00: — 010G11) + G110 010G 1, (3.43)
9:Grr=—0: —i(Grz00: +(G1:00:)")
—%(G,,,aQ,on + (G110 0:0G, )"
=—0:—i(G:0Qr — Q:0G, ) — G0 Q:0G, ¢, (3.44)
oh(t, 1) = %Tr(aG,,ro 0:), (3.45)
d:h(t,T) = —%Tr(oG,,,o 0:.), (3.46)
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where AT denotes the transpose matrix of A. By denoting S‘,J = 0 Gy, the Hamilton
map of the quadratic form X — (G, X, X) and F; = o Q; the Hamilton map of the
quadratic form ¢;(X) = (Q;X, X), we deduce from (3.43), (3.44), (3.45) and (3.46)

that

3t~§t,r =F - i(st,rFt — tht,r) + St,rFtst,ra
arSt,r = - F‘L’ - i(St,rFt - FrSt,r) - SI‘TF‘[SI‘,‘LW

1 ~
8th(t, T) = ETr(St,tFt)v

1 ~
ach(t,t) = — ETr(S[,TFT).

(3.47)
(3.48)

(3.49)

(3.50)

We observe that the Hamilton map S’,,f satisfies a matrix Ricatti differential equation.
In order to solve this differential equation, we follow [1] (Chapter 2) and consider the

first order linear differential equation

Y =MOY@D), Y@= (gg;) o cinn

with

_ iF, —F 4nx4n
M(t)_<Fl iFf)e(C .

We observe that

dt

With R the resolvent

oR(t,t) =2iF,R(t,T), 0<t<T,
R(Ts T) = 121‘15

with0 <t < T, we have

VO<t<T, Yi(t) —iY2(t) =Y1(7r) —iYa(7),
Yi(t) +iYa(t) = R(t, ) (Y1 (7) +iY2(7)).

It follows that

d . d . . .
—(Y1(1) = iYa2(1)) =0, E(Yl (1) +iY2(1)) = 20 F, (Y1 (1) + i Ya(1)).

(3.51)

(3.52)

(3.53)

(3.54)

| .
Vi e0.7], Yi(0) = 3(R(t.0) + L) Vi(0) + 5 (R(E. ) = L) Va (),

1 1
vVt €[0,T], Y2(t) = 2—(R(t, T) — Ipy)Y1(1) + E(R(t, ) + Loy Y2 (7).

i
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With the initial conditions Y;(t) = 0 and Y»>(r) = Iy, this leads to consider the
function

St, 1) = -Y1(OY2(t) "' = —i(R(t, 1) — L) (R(t, T) + 12,,)‘1, (3.55)

which is well-defined when | — 7| <« 1 is sufficiently small, since R(z, t) = Ip,. By
differentiating the identity

b, = (R(l, T)+ Izn)_l(R(t, 7) + 127!)’

we obtain that

%(R(t, D)+ b)) = —=2i(R(t,7) + Iy) FR(, T)(RG, T) + 1), (3.56)

when |t — 7| <« 1. It follows from (3.55) and (3.56) that

S, T) = 2FR(t, T)(R(, ) + To)
— 2(R(t,7) — 1) (R, ) + o) FiR(t, ) (R(t, T) + Do)~
= 4(R(t, 1) + 1) " FR(, O (R, T) + 1)~
= 4(RU,T) + b)) Fr —4(R(t,7) + Ta) " Fi(RG, T) + 1)~

when |t — 7| < 1. On the other hand, we deduce from (3.55) that

Fr—i(St, O F — FiS(t,7)) 4+ St, 1) FS(t, 1)
= F — (R4, ©) = L) (R, ©) + Ta) " Fy + F(R(t, ©) = D) (R, T) + Do)~
— (R, ©) = Do) (R(t, T) + Ta) " Fo(R(, ) = Do) (R(2, T) + Tn)

when |r — 7] < 1. A direct computation provides

F—i(St, D F, — FiSt, 1) + S, 1) FS(t, 1)
=2(R(t,7) + 1) Fr + F — 2F,(R(t, T) + 1)~
— (R, 7) = 1) (R(, ©) + Ta)
+2(R(, 1) + Tn) " F (R, ) — Do) (R(1,T) + D)~

implying that

Fy—i(SGt,1)F, — F;S(t, 1)) + S, 1) FS(t, )
=2(R(t, ) + D) Fr 4+ 2(R(t, ©) + 1)~ Fo(R(t, T) = D) (R(2, T) + D) ™!
= 4(R(t,T) + D) F— 4R, ©) + D) (R, T) + 1) ™,
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when |f — t| < 1. We therefore notice that the function ¢ — S(¢, 7) defined in (3.55)
satisfies the differential equation (3.47). On the other hand, we recall for instance
from [7] (Proposition 1.5) that the resolvent satisfies

0:R(t,7) = =2iR(t,7)F;. (3.57)

By differentiating the identity

I, = (R(l, T)+ Ign)_l(R(l, T)+ 12n)7
we obtain that

%(R(t, D)+ b)) =2i(R(, ) + Iy) R, T (RG, T+ 1)~ (3.58)

when |t — | < 1. It follows from (3.55) and (3.58) that
3:5(t,7) = — 2R(t, 1) Fy (R(1, 7) + Ty) '
+ 2(R(t,0) — L) (R(t, ©) + D) R, O Fe (R(t, ©) + o)~

= —4(R(t,7) + 1) " R, O Fe (R, T) + 1)~
= — 4F (R(t,7) + 1) +4(RU, ) + 1) Fe (R, T) + 1),

when |t — 7| < 1. On the other hand, we deduce from (3.55) that

— Fr —i(S(t,0)Fr — F:S(t, 7)) — S(t, D) F S(t, 7)
= —F, — (R(t,7) = ) (R(t, T) + Ia) " Fy + Fe (R(t, ) — 1) (R(t, ©) + D)™

+ (R, 1) — 1) (R, ) + Do)~ Fr(R(, ©) — I) (R(, T) + 1)

when |f — 7| <« 1. A direct computation provides

— F; —i(S(t,0)F; — F:S(t, 7)) — S(t, 1) F: S(t, 7)
=2(R(t,7) + o) Fr —2F(R(t,7) + D)~
+ (R, 1) = D) (Rt 1) + 1) e
— Fe = 2(R(t.©) — L) (R, ) + 1) " Fe (Rt ) + 1)

implying that

— F —i(St, 0 F — F: S, 1)) — S(t, ) F: S(1,7)
= 2F (Rt ) + 1) —2(R(t. ) — L) (R, T) + D) Fe(R(t.0) + Do)~
= —4F (R(t, D) + ha) " +4(R(t, ©) + D) Fo(R(, T + )~
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when |r — 7| < 1. We therefore notice that the function t — S(¢, t) defined in (3.55)
satisfies the differential equation (3.48). Let Log z be the principal determination of
the complex logarithm on C\R_. We consider the function

h(t, 1) = —%Log(2_2”det(R(t, ) + b)), (3.59)

which is well-defined when |t — 7| < 1, since R(t, t) = I»,. With Com(A) denoting
the adjugate matrix of A, that is, the transpose of the cofactor matrix of A, we indeed
notice from (3.55) that it satisfies

1 _
dh(t, ) = == (det(R, 7) + I2n)) "Tr([Com(R (1, 7) + 1,)]" (20)FiR(t, 1))

= —iTr((R(t,7) + In) ' FiR(t, 7)) = %Tr(F,S(t, 7)) — %Tr(F,)

%Tr(S(t, r)Ft),

when |t — 7| < 1, since from (1.15), we have Tr(F;) = 0. It proves the formula (3.49).
On the other hand, we deduce from (3.57) that

dh(t,7)

%(det(R(t, )+ Iy)) Te([Com(R(t, T) + )] QD)R(, 7) Fy)

iTr((R(t, T) + 1) R(t, 7) Fy)

%Tr(FT) + %Tr((R(t, )+ b)) (R, T) — 1) Fr),

when |t — 7] <« 1. We notice

S(t,7) = —i(R(t, T) — In) (R, ) + o)~
Ly — R(1, by — R, D\-1 <X 1
- i%(tr)(lzn — 2#01')) = ZW(IZ" — R(, t))k+1
. by — R(t,t)\~1 D, — R(,7)
= l<12n - 3 ) 3
= —i(RU, ) + 1) (R(1, T) — L), (3.60)

when |t — ] <« 1, since R(t, ) = Ip,. It follows from (3.60) that
1
a:h(t,T) = —ETr(S(t, T)Fy),

since Tr(F;) = 0. It proves the formula (3.50). We need the following instrumental
lemma:
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Lemma 3.1 Let R(t, ) be the resolvent

LR(t,7)=2iFR(t, 1), 0<t<T,
R(t7 T) - 12n,

with O < © < T. Then, the mapping R(t, t) : C*" — C?" is a non-negative complex
symplectic linear transformation satisfying

vi,t €[0,T], R(t,7) '=R(t 1),
Vi, €[0,T],VX,Y € C¥, o(R(, )X, R(t,T)Y) =0(X,Y),
VO<t<t<T,VXeC¥ i(c(Rt,0)X,R(t 1)X)—0o(X,X))>0.

Proof Standard results about resolvents show that the mapping R(z, 7) : C*" — C?"

defines an isomorphism whose inverse is R(¢, 7)~' = R(t, ). On the other hand, we
notice from (1.7) and (3.54) that forall0 < ¢, < T,

%(U(R(t, DX, R(t, 0)Y))
— 6 (QiF,R(, DX, R, DY) + 0 (R(t, DX, 2 F,R(t, T)Y)
=2i0 (FR(t,1)X, R(t, DY) = 2i0 (FR(t, D)X, R(t, DY) = 0.

By using that o (R(t, 7)X, R(t,7)Y) = o(X,Y), since R(t,t) = Ip,, we obtain
that

VO<rt,t<T,VX,Y € C*, o(R(t, )X, R, 1)Y)=0(X,Y).
Setting
fr@0) =i(c(RGE, DX, R, DX) —0(X,X)), 0<t1<T, XeC”,

with 0 < 7 < T, we observe that f;(t) = 0, since R(t, 7) = I3,. On the other hand,
it follows from (1.7) and (3.54) that forall0 <t < T,

fl(t) =ioQiFRt, )X, R(t, 1)X) +ioc(R(t, )X, 2i F;R(t, T)X)
= —20(R(t, D)X, (F; + F)R(t, 1)X) = =40 (R(t, )X, Re F;R(t, T)X)
= —4Re q;))(R(t, )X, R(t,71)X) = —4(Re Q;R(t, 1) X, R(t, ) X)
= —4(Re O,Re(R(t, 7)X), Re(R(t, T)X))
— 4(Re Q;Im(R(¢t, 7)X), Im(R(t, T) X)) > 0,

since Re Q; < 0. We deduce that
VOo<t<t=<T, fr(t)=i(c(R(t, )X, R 1)X)—0(X,X))=>0.

This ends the proof of Lemma 3.1. O
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The following lemma shows that the matrix

. —1
S(t9 T) = _l(R(tsf)_Izn)(R(t9 T)+12n) )
defined in (3.55) is a Hamilton map:

Lemma 3.2 The matrix
. -1
S, 1)= _Z(R(tvf)_I2n)(R(t»T)+12n) s

defined forall0 <t <t <Tand0) <t —1 <4, with0 < § K 1, is the Hamilton
map associated to the quadratic form

X eR”" > (G, X,X)=0(X,S(t,1)X) € C,
whose real part is non-positive
Vo<t <t<T,VX € R”", Re((G;.X,X))<O0.
Proof 1t follows from Lemma 3.1 that
YO<1,t<T,VX,Y € C*, o(R(t,7)X.Y) =0(X,R(z,1)Y). (3.61)
We deduce from (3.60) and (3.61) that
VX,Y € C*", o(S(t,1)X.Y) =0(X,S(1,1)Y), (3.62)

when |t — 7| <« 1, since
+00o 1 ol
. +
S([,T):l E F(Im/,—R([,T)) .

k=0

We want to prove that the matrix S(¢, t) is the Hamilton map associated to the quadratic
form

X o(X,5(,0X).

According to (1.5), (1.7) and (3.62), it is sufficient to establish that S(z, ) = —S(z, 1),
when |r — 7| < 1. By using (3.60), this is equivalent to the following identity

—(R(t, 1) = D) (Rt D) + D)~ = (R(x, 1) + o)~ (R(z, 1) — Ioy),
that is

—(R(z, 1) + Ioy) (R(t, ) — Iny) = (R(t. 1) — Ioy) (R(2, T) + I2p),
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which holds true since

—(R(z, 1) + Iy) (R(t, ) — Ipy) = R(t,1) — R(t, T)
= (R(z, 1) — In)(R(t, T) + I2n),

since R(t1,1)R(ty,13) = R(t1,t3) when O < 11, t», 13 < T. On the other hand, we
deduce from Lemma 3.1 thatforall X e C**,0 <7t <t < T,

Re(io ((R(t, ) + Ion) X, (R(t, T) — I2n) X))
=Re(i[o (R, )X, R(t, 1)X) — 0o (X, X)])
+Re(i[o (X, R(t, 1)X) — o (R, DX, X)])
=i[o(R(t, DX, R, D)X) — o (X, X)]
+Re(i[o (X, R(t. 1)X) + o (X, R(t, 1)X)])
=i[o(R(t, D)X, R(t., 1)X) — o (X, X)] = 0.
We deduce from the above estimate that
VX € €, Re(io(X, (R(t, 1) — D) (R, 1)+ 1y) ' X)) =0,  (3.63)
when (0 <t <t < T and |t — 7| <« 1. We obtain in particular from (3.63) that
VX e R, Re(o(X,S(t,7)X))
=Re(—io (X, (R(t,7) — L) (R(t, 7) + ) "' X)) <0,
when0 <t <t < T and |t — 7| < 1. This ends the proof of Lemma 3.2. O
We consider the Weyl symbol
2n
\/det(R(t, 7) + Iy

Pra(X) = exp (—io (X, (R(t, T) — Iy) (R(t, T) + ) ' X)),

(3.64)
with X = (x, &) € R2 forall0 <t,7 < T, |t — | < 4, where the positive constant
8 > 0 is chosen sufficiently small for the determinant det(R(t, )+ 12,,) # 0 to be
non-zero and its square root well-defined when using the principal determination of
the complex logarithm. This is possible as R(¢,t) = I, when 0 <t < T. We notice
from (3.32), (3.33), (3.59) and Lemma 3.2 that it is equal to the symbol

Pre(X) =57 =exp (G X, X) + h(t, 1)),

and therefore satisfies the equations

d d
—— Dt = qz#wpt,r» ——Ptt = _pt,r#w‘hs Pre =1, (3.65)
dt dt
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when 0 <t,tv < T, |t — 7| < §. On the other hand, notice that Lemma 3.2 implies
that

VOo<t<t<T,0<t—1<8,VX € R,
| exp(Gi.e X, X)) = [exp (= io (X, (R(t. 1) = Ioa) (R(t. T) + 1) ' X))| < 1.
(3.66)

The symbol p; ; is thereforeaL°°(R§”)-function when0 <t <r<T,0<t—71 <6.

We consider the pseudodifferential operator p;”; (x, Dy) defined by the Weyl quan-
tization of the symbol p; ;. We aim at proving that this pseudodifferential operator is
equal to the Fourier integral operator

Hrny LR — SR,

associated to the non-negative complex symplectic linear transformation R(¢, 7). Set-
ting

< -1
S(t,t) = —(R(t,7) — In)(R(t, T) + I2n) ",
the following identities

b +38, 1) =2(R(t, 1)+ 1) and I, =8, 1) = 2R, D)(R(, T) + 1)
(3.67)

imply that
(I — 856, ) (In + 8¢, 1)) ' = R(t, 1), (3.68)

when0 <1t <t <T,0<t—1 < S.WeobservethatS’(r, ) = 0,since R(t, 1) = I,
for 0 < v < T. By possibly decreasing the value of the positive constant § > 0, it
follows that &1 are not eigenvalues of the matrix S (t,r)forall0 <t <t<T,0<
t —t < §. We can therefore deduce from the link between pseudodifferential operators
and Fourier integral operators established by Hormander in [17] (Proposition 5.11),
Lemma 3.2, (3.64), (3.67) and (3.68) thatforall 0 <t <t <T,0<t—1 <6,

2
Hreen) = 22det(R(t, 7)) ¢ TITX R~ L) (R(D) 1)~ X)W
. det(R(1, 7) + Iy

2”
B \/det(R(t, ) + by)

(e—ia<x,<R<r,r>—12n)(R(z,r)+lzn)—'X))w = p;’.(x, Dy)
(X, D),

(3.69)

since det(R(t, ‘L’)) = 1, because R(r,7) : C** — C?" is a non-negative complex
symplectic linear transformation and therefore belongs to the special linear group
SL, (C). Indeed, the real symplectic linear group is included in the real special linear
group SLo, (R), seee.g. [19] (Proposition 4.4.4). On the other hand, we know from [17]
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(Proposition 5.10) that any non-negative complex symplectic linear transformation
T : C* — C?" can be factored as 7 = 7; 773, where 77 and 73 are real symplectic
linear transformations and 75 (x, £) = (x/, ") where for all 1 < j < n, either

(x}, &) = (xj cosht; — i§; sinh 7, ix; sinh ; + &; cosh 7;),
with 7; > 0, or
(. &) = (xj,ixj +&).
We consider

X&(x7 é,-:) = X(€x7 8%‘)’

where y € Cg° (R?", R) is equal to 1 in a neighborhood of 0. By Calderén-Vaillancourt
Theorem, the pseudodifterential operator x(x, Dy) defines a bounded selfadjoint
operator on L?(R"), whose operator norm is uniformly bounded with respect to the
parameter 0 < ¢ < 1,

3C>0,Y0 <e<1, [Ix (x, Dolgy <C. (3.70)

Furthermore, it is also a continuous mapping from L?(R") to .#(R") since . €
Z(R?"). We observe that the symbol ( Xe)o<e<1 1s bounded in the Fréchet space
Cr (R?") and that (3¢ )o<e <1 converges in C*° (R?") to the constant function 1, when
¢ tends to 0. It follows from [19] (Lemma 1.1.3) that the sequence (x (x, Dx)u)o<s<1
converges to i in . (R"), if u € . (R"). On the other hand, it follows from (3.70)
that for all u € L>(R") and v € . (R"),

limsup [[u — x, (x, Dx)ull ;2
e—0

<limsup [[v — x2 (x, D)l 2@y + (€ + Dlu — vl L2gny

e—0

< (C + 1)”“ — v”LZ(Rn). (371)

By density of the Schwartz space in L?(R"), we obtain that when u € L>(R"), the
sequence (x2 (x, Dx)u)o<g<1 converges to u in L2(R™) when ¢ tends to 0,

Yu e L2(R"Y), lim || (x. Dy)u = ull 2y = 0. (3.72)

Let u,v € .Z(R"). We deduce from Proposition 2.1 and (3.69) that the function
Pty (x, Dy)u belongs to the Schwartz space forall0 <7 <t <T,0<r—17 <.
The theorem of regularity of integrals with parameters allows to obtain that for all
0<t<t<T,0<t—1<5$,
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d w d w —
E(Pm(x, Dy)u,v)p2@ny = E(P,,T(Xv Dy )u, v) 1wy, 7 @R

Pre(x, Y H(u, v)(x, E)dxdé = /

R2n

d
d—rpz,r(x, EYH(u, v)(x, §)dxd§,
(3.73)

N dt R2n

where H(u, v) denotes the Wigner function which defines a continuous mapping
(u,v) € SR x L R") > H(u,v) € S R™), (3.74)

between the Schwartz spaces, see e.g. [19] (Chapter 2). The differentiation under the
integral sign in (3.73) is then justified as we notice from (3.64) and (3.66) that

IC)>0,¥V0<t<t<T,0<r—1<8§V(x &) R,
d
| 2= Pre(r §)] = Coll + Ix + 1€ P). (3.75)
For u, v € .7 (R"), we define the function
fe(@) = (P« (¥, D)X (8, D)W (T, 1), V) 2 (3.76)
whentg <7 <1o,with0 <79 <19 <T,0 < 19— 19 <8, where (Z (t, T))o<r<t<T
stands for the contraction evolution system given by Theorem 1.2. This function is
well-defined since % (t, to)u € L2(R") implies that
Xe (X, DO (t, to)u € S (RY), (3.77)
and, as Proposition 2.1 and (3.69) provide that
Vio <t <to, pp (. D)y (x, D)% (t, wo)u € S (R").
We observe from (3.64), (3.66), (3.76) and (3.77) that the mapping
fé‘(‘c) = (p;:)},r(-xs DX)X;U(xa DX)%(ts TO)Ms U)LZ(]RH)

= A‘RZ" Pror (X, EYH (XY (x, D)% (T, T0)u, v)(x, E)dxdE,  (3.78)

is continuous on [, #]. Indeed, we notice from (3.74) that H (x* (x, D)% (t, To)u, v)
€ .7 (R?") since X (x, D)% (v, 1o)u € ' (R") and v € . (R"). Furthermore, we
deduce anew from (3.74) that the continuity of the mapping T — % (t, tp)u € L*(R"™)
successively implies the continuity of the mappings v +— x2 (x, Dx)% (t, ©o)u €
S (R") and © — H(x' (x, D)% (z, To)u, v) € . (R?"). The domination condition
then easily follows from the fact that any Schwartz seminorm of the Wigner function
can be bounded as
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sup X EX29P AP H (5 (x, DU (x. To)u, v) (x, £)]
x,E€R",
g [+lea|+|B1 1+ B2| =Nt

= el % @l sp xofu)l)
xeR”,
|+ B1<N2

= clullpn( swp x“afveol),

xeR™”,
la|+|BI=N2

since | % (t, 70)ll g2y < 1. On the other hand, we have for all 7p < © < # and
0 # |h| < inf(to — 7, T — 70),

fe(t+h) — fe(D)

h
_ ptlg’-[+h(x7DX)_p;g,r(-vax) w
= ( " Xe (X, D)% (T + h, 0)u, v)LZ(R")
U (t+h, ) — % (T, 1)
w w
+ (pto,t()C, Dx)Xs (x, Dy) h u, U)LZ(R”). (3.79)

By using anew that the mappings !’ (x, Dy) : L*(R") — . (R") and p;g’r(x, D)) :
S (RY) — L (R") are continuous thanks to Proposition 2.1 and (3.69), we deduce
from Definition 1.1 and Theorem 1.2 that

. U (t+h, ) — U, 1)
w w
lim (pie (v, D)X (v, Dy) ; 4v)
= (Piy.c (6. D)% (¥, D)qy’ (x, D)% (T, 70)U, V) 2 g (3.80)

since T — % (t,)u € C(Jw, to], L2(R™)). On the other hand, it follows from
(3.74) and (3.77) that

(p;g"[+h(x7 DX) - p;g_"[(-xv Dx)
h
1
=i L (s 508 = e )R 5, DO (5 4 7o, ), ),

X DO (@ o v)

since p; ¢ is a LOO(RZ”)-function when 0 <7 <t <T,0<t—1 < 4. The
above integral is well-defined as the Wigner function H( xS (x, D)% (t+h, o)u, v)
belongs to the Schwartz space .7 (R>") since X2 (x, D)% (vt + h, ro)u € S (R")
and v € .Z(R"). The continuity of the mapping & — % (t + h, ©o)u € L*(R")
successively implies the continuity of the mappings & +— x2 (x, D)% (t +h, to)u €
(R") and h — ’H(Xsw(x, D)% (t + h, ©o)u, v) € .7 (R?"). We therefore deduce
from (3.65) and (3.75) that
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. p;gr+h(vax)_p;g,T(-anx)
| . Y(x,D
h]—%( Y Xe X, D) (T + h, ©o)u, U)LZ(]R”)
= _/Rz (Pro,e#"qe) (x, EYH (XY (x, D) (t. 10)u, v) (x, §)dxdE
= _(p[lg,'[(-xv Dx)CI;U(xs DX)X;U(xv DX)%(‘Cv TO)”? U)LZ(]RH)’ (381)

since the domination condition follows as above from the fact that any Schwartz
seminorm of the Wigner function can be bounded as

sup X EX2 0B O H (4 (x, DU (T + h. To)u, v)(x, 6)]
x,E€R”,
ot [+ |+ B1 |+ B2| <N1

§c||02/(r+h,r0)u||Lz(Rn)< sup |x“afv(x)|)

xeR”,
lae|+IBI=N2

< C”u”LZ(Rn)( sup |x“8)’?v(x)|),
xeR”

la|+BI<N2

since | % (t + h, 1)l £z2) < 1. It follows from (3.79), (3.80) and (3.81) that for all
0 <T <,

F@) = (P, (2. DO (¢, D). g7 (v, DOV (T, 70)u, 0) oy (3.82)
We deduce from (3.65), (3.76) and (3.82) that

(X;‘”(-xs Dx)%(l()v T())M, U)LZ(R”) - (pzbg,ro(xv DX)X;U(-xv D)C)uv U)LZ(R”)

0]
= / (p;f)),f(xv Dx)[x:}(-xs Dx)s Q;U(xv Dx)]%(rv TO)”» v)L2(Rn)d‘Ca (383)
T

0

since % (1o, 10) = 1 L2(R")- By passing to the limit when ¢ tends to 0, it follows from
Proposition 2.1, (3.69) and (3.72) that

((%([O, T0) — p[l(‘)),ro(xv Dx))”a U)LZ(]RVL)

fo

= hm (p;g,r(-xa DX)[ng(xv DX)’ q-::l)(xa Dx)]%(ta TO)Ma v)LZ(Rn)dTﬂ (384)

e—0 7

since % (ty, o) and p}f)”ro (x, Dy) are bounded operators on L2(R"). By using that the
Weyl symbol of the operator ¢ (x, D) is quadratic and (3.31), standard results of
symbolic calculus show that the commutator [ (x, Dy), g2’ (x, Dy)] is equal to
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(X, D), g (6, DOl = Y (qe)aplx (x, Dy), (x*EP)"]

a,feN"
lo+Bl=2
1
== D @asO0p” (I, x*6"). (3.85)
o, BeN"
lo+B1=2

We notice that the symbol

asp agpf
R SR SN 0}

n 3y
(Xe 26} ) = ) (- (ex, e6)
Koo X STIE ;::I(agj ! ox; o 0;

writes as W (x, &) = W(ex, e§), with W e C{° (R?", C). It is therefore uniformly
bounded in the Fréchet space CEO (R?") with respect to 0 < ¢ < 1. On the other hand,
this symbol vanishes on any compact set when 0 < ¢ < 1. It therefore converges
in the Fréchet space C®°(R?") to zero when ¢ tends to 0. By using the very same
arguments as in (3.71), we obtain that

Vw e LX(R"),  lim [Op" ({xe, x*&" wll 2zn) = 0. (3.86)

Furthermore, the Calderén-Vaillancourt Theorem together with the continuity of the
coefficients T € [0, T] = (g:)o,p € C imply that there exists a positive constant
Cy > 0 such that

Voo <t <1,V0 <e <1, |[x."(x, Dx), g7 (x, DI gr2mnyy < Cr. (3.87)

Recalling from Proposition 2.1 and (3.69) that p}g .z (x, Dy) defines a bounded operator
on L2(R"), we deduce from (3.85) and (3.86) that for all tp < T < 10,

‘5!112) (p[zgyt(x’ Dx)[ng(xr Dx)v ‘I;U(X, Dx)]%(T’ TO)M’ U)LZ(R") = O (388)

On the other hand, it follows from (3.87) that for all o < 7 < 19,

|(Pio.= (s DX (x, D), g7 (6, DU (T, 70), 0) 12 oy
= Cillull 2@y llviig2 gey, (3.89)

since from Theorem 1.2, Proposition 2.1 and (3.69), we have || py . (x, D)l g2y <1

and || % (z, 10) ||L(L2) < 1. By Lebesgue’s theorem, we deduce from (3.84), (3.88) and
(3.89) that

Vu,ve SR, ((% 10, 10) = pjy.oy(x. D)), v) 15 gy = 0. (3.90)
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By density of the Schwartz space in L?(R”") and the continuity of the operators on
L%(R™), we finally conclude that

Vu e L*R"), % (1o, 0)u = pjy o, (x, D), (3.91)
that is, Z (ty, T0) = P17, (X, Dx). This ends the proof of Theorem 1.4.
On the other hand, let 0 < 7 <t < T. We choose a finite sequence (s;)1<;<n,
with N > 2 satisfying

S| =T <8 <--<SN_| <SN =1, 0<sjp1—s5;<d, 1<j=<N-1,

where § > 0 is the positive constant given by Theorem 1.4. We deduce from (3.69),
Theorems 1.2 and 1.4 that

?/(l, T) = %(SN, s1) = %(SN, SN—1) - - .02/(.?2, 51)
= pg;v,qu (x,Dy)... I’;‘z},sl (x, Dy) = <%/R(SN,SN,1) cee <%/R(s2,s1)-
(3.92)

It is shown in [17] (Proposition 5.9) that if 77 and 7, are non-negative complex
symplectic linear transformations then 7775 is also a non-negative complex symplectic
linear transformation and the associated Fourier integral operators satisfy either
AT T, = AT, KT,
or
T T, = — KT, KT,

Recalling from Proposition 2.1 that the kernels of the Fourier integral operators are
only determined up to their signs, we may therefore consider that the following formula

holds true
T, = KT, KT, (3.93)

whenever 77 and 7, are non-negative complex symplectic linear transformations. We
therefore deduce from (3.92) and (3.93) that

%(I’ T) = ji/R(SN,SNfl) oo C%/R(SQ,S]) = %/R(SN,S]) = Ji/R(t.I)-

Theorem 1.3 then directly follows from Proposition 2.1.

4 Propagation of Gabor singularities

This section is devoted to give the proof of Theorem 1.6.Let T > O and ¢, : R*" — C
be a time-dependent complex-valued quadratic form with a non-positive real part
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Re g; <0forall0 <t < T, and whose coefficients depend continuously on the time
variable 0 <t < T.

We aim at studying the possible (or lack of) Schwartz regularity for the B-valued
solutions u(t) = % (t,0)ugp at time 0 < ¢t < T to the non-autonomous Cauchy
problem

dt

dult) — gv(x, Dou(t), 0<t<T,
u(0) = uy,

givenby Theorem 1.2, where ug € B is anarbitrary initial datum. To thatend, we derive
a microlocal inclusion for the Gabor wave front set of the solution u (1) = % (¢, 0)ug
in terms of the Hamilton maps (F)o<r<; of the quadratic symbols (g7 )o<r<; and the
Gabor wave front set of the initial datum W F (u(). Thanks to Theorem 1.3, the proof
of Theorem 1.6 is an adaptation of the analysis led in [25] in the autonomous case.
The keystone in [25] (Theorem 4.6) is the proof of the microlocal inclusion

WF(K7) C (b7 NRY)\ {0}, 4.1)

for the Gabor wave front set of K7 € .#/(R?") the kernel of the Fourier integral
operator %7 defined in Proposition 2.1 and associated to a non-negative complex
symplectic linear transformation 7°, where A7 denotes the non-negative Lagrangian
plane (2.2). It follows from (2.2) and (4.1) that

WF(KT)
C ey & —n) e RM™\{0}: (x,&) =T (y. 1), (y,n) € Ker(Im T) NR*},
4.2)

with Im 7 = %(’T — 7). We notice from (4.2) that the Gabor wave front set of
the kernel K7 € " (R?") does not contain any point of the form (0, y, 0, —n) for
(y,n) € R¥\{0}, nor points of the form (x, 0, £, 0) for (x,&) € R?*\{0}, since
T : C* — C?" is invertible. We can therefore deduce from [16] (Proposition 2.11)
the microlocal inclusion

Yu e ' (R"), WF(#7u) C WF' (K1) o WF (1), 4.3)
that is,

Yu e ' R"), WF(H7u)
@ {(X,S) e R*"\{0} : 3(y,m) € WF(w), (x,y,& —1) € WF(KT)}-
“4.4)

It follows from (4.2) and (4.4) that
Vu e S (R"), WF(Hu) C {(x,&) e R*\{0}:

3y, n) € WFu) NKer(im 7) NR*, (x, ) = T(y, n)},
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that is
Vu e S (R"), WF(#7u) C T(WF@u) NKer(m 7) NR™).  (4.5)
By noticing that
T(WF@u) NKerm 7) NR*) = T(WF ) NKerm 7~ ") NR*",  (4.6)
it follows from (4.5) and (4.6) that
Vue S (R"Y), WF(#7u) C T(WF@w)NKer(m 7" N R, 4.7

On the other hand, we deduce from (4.7), Theorems 1.2 and 1.3 that for all ug € B
and0<t<t<T,

WF (% (t,0)ug) = WF (% (t, 1)% (t, O)up)
C R(t, )[WF(Z (r,0)u0)] N Ker(Im R(z, 1)) N R*"
C R(, t)[R(t, 0)(W F (0)) N Ker(Im R(0, 7)) N RZ"] A Ker(Im R(z, 1)) N R?"
C R(t,0)(WF(uo)) N Ker(Im R(z, 1)) NR*". (4.8)

Then, it follows from (4.8) that forall0 < < T,
WF (% (t,0)ug) C R(t,0)(WF(up)) N So,. (4.9)

where S ; is the time-dependent singular space

Sos = ( () Ker(im (. t))) NR>", (4.10)

0<t<t

defined in Definition 1.5. With
Re R(1,0) = %m(;, 0) + R(1,0)),
we finally obtain that for all 0 <t < T and ug € B,
WF (u(r)) = WF (% (t,0)uo) C (Re R(t,0))(WF(up)) N So,s, (4.11)
since W F (ug) € R?"\{0} and So.r C R?". This ends the proof of Theorem 1.6.
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5 Appendix: Gabor wave front set

This appendix is devoted to recall the definition and basic properties of the Gabor
wave front set of a tempered distribution. This wave front set is defined as a subset
of the phase space characterizing the lack of Schwartz regularity of the tempered
distribution.

For all x, y, & € R”, we denote

Tof() = f(y—x), Mef(y)=e?f(y), T, &) =MsTy,

the translation, modulation and phase space translation operators. Given a window
function ¢ € ¥ (R")\{0}, the short-time Fourier transform of the tempered distribu-
tion f € ./ (R") is defined in [10] as

(Vo )(x, &) = (£, TI(x, @) rmny.o@ny,  (x, &) € R¥.

The function (x, &) € R?" — (Vo f)(x, &) € Cis smooth and its modulus is bounded
by C((x, &)X for all (x,&) € R for some constants C,k > 0. If ¢ € S (R"),
lell2wny = 1 and f € ' (R™), the short-time Fourier transform inversion for-
mula [10, Corollary 11.2.7] reads as

Vg € y(R”) (f, &) @m), .7 ®m)

(27T)" / (Vo ), XTI, ), 8) 1y 7 amy .
On the other hand, we recall that the Shubin symbol class G, with m € R, is defined
as the space of all a € C®(R?", C) satisfying

Va, p € N",3Cy 5 > 0,¥(x, §) € R™", |8§‘8§a(x, E)| < Cop(x, &))ymlal=IAI,
5.1
The space G™ equipped with the semi-norms

sup (e, &) "Bl a(x, £)], @, e N,
(x,6)eR2n

is a Fréchet space. Given a Shubin symbol a € G™, a non-zero point in the phase
space (xg, §o) € R2"\{(0, 0)} is said to be non-characteristic for the symbol a with
respect to the class G provided there exist some positive constants A, ¢ > 0 and an
open conic? set T C IRZ”\{(O, 0)} such that

(xo.€0) €T, V(x,§) eI VI|(x, §) = A, la(x,§)| = &((x,§))".

Otherwise, the non-zero point (xg, &) € Rz”\{(O, 0)} is said to be characteristic. We
denote by Char(a) C RZ"\{(O, 0)} the set of all characteristic points.

3 A set invariant under multiplication with positive reals.
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The notion of Gabor wave front set is defined as follows by Hormander [16] to
measure the directions in the phase space in which a tempered distribution does not
behave like a Schwartz function:

Definition 5.1 Let u € .¥'(R") be a tempered distribution. Its Gabor wave front
set W F(u) is defined as the set of all non-zero points in the phase space (x,§) €
RZ”\{(O, 0)} such that for all @ € G™, with m € R,

a®’(x, D u € S(R") = (x, &) € Char(a).

According to [16, Proposition 6.8] and [27, Corollary 4.3], the Gabor wave front
set can be microlocally characterized by the short-time Fourier transform. Indeed, if
u e 7' (R and ¢ € Z(R™)\{0}, then (xq, &) € R¥"\{(0, 0)} satisfies (xo, &) ¢
W F (u) if and only if there exists an open conic set I'y, g, € R?"\{(0, 0)} containing
(x0, &) such that

VN >0, sup  ((x, NN [(Vou)(x, &)| < +oo.
(-xas)erxo,é’o

The Gabor wave front set satisfies the following basic properties:
(i) Ifu € &' (R™), then [16, Proposition 2.4]
WFu) =0+ uec.SR") (5.2)
@@i) Ifu € ' (R") and a € G™, then
WF(a™(x, Dy)u) C WF(u) Nconesupp(a) C WF(a"(x, Dy)u) U Char(a),

where the conic support conesupp(a) of a € G™ is the set of all (x, £) € R?"\{0}
such that any conic open set I'y ¢ C R\ {0} containing (x, &) verifies

supp(a) N T’y ¢ is not compact in R"

The Gabor wave front set also enjoys some symplectic invariant features thanks to
the symplectic invariance of the Weyl quantization. We recall that the real symplectic
group Sp(n, R) consists of all matrices x € GL(2n, R) preserving the symplectic
form

o(x(X), x(X)) =0 (X, X", (5.3)

for all X, X’ € R?", whereas the complex symplectic group Sp(, C) consists of all
matrices x € GL(2n, C) satisfying (5.3) for all X, X’ € C?". To each real symplec-
tic matrix x € Sp(n, R) is associated [8,15] a unitary operator (x) on L2(R™),
determined up to a complex factor of modulus one, satisfying

Va e ' R™), n(x) " a¥(x, Do)u(x) = (@o )" (x, Dy). (5.4)
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The operator i(x) is an homeomorphism on . (R") and on ./(R"). The mapping
Sp(n,R) > x +— wu(y) is called the metaplectic representation [8]. It is in fact a
representation of the so called 2-fold covering group of Sp(n, R), which is called the
metaplectic group and denoted Mp(n, R). The metaplectic representation satisfies the
homomorphism relation only modulo a change of sign

n(xx)=xunGOux). x,x €Spn R).

According to [16, Proposition 2.2], the Gabor wave front set is symplectically invariant,
that is, for all u € &' (R"), x € Sp(n, R),

(x,§) e WFu) <= x(x,§) € WFu(u),

that is,
WF(u()u) = xWF@w), x eSpn,R), ue. s R". (5.5)
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