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Abstract We prove that the Atiyah—Singer Dirac operator D, in L? depends Riesz
continuously on L*° perturbations of complete metrics g on a smooth manifold. The

Lipschitz bound for the map g — 1, (1 +]D§)’% depends on bounds on Ricci curvature
and its first derivatives as well as a lower bound on injectivity radius. Our proof uses
harmonic analysis techniques related to Calderén’s first commutator and the Kato
square root problem. We also show perturbation results for more general functions of
general Dirac-type operators on vector bundles.
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1 Introduction

In this paper we prove perturbation estimates for self-adjoint first-order partial differen-
tial operators D and D of Dirac type, elliptic with domains WH2(M, V) in L2(M, V),
on vector bundles V over complete Riemannian manifolds (M, g). A typical quantity
to bound is

D

D
- 1.1
H\/Hf)z VIi+D? @b

L2(M,V)—>LE(M,V)

Our motivating and main example is when D = D) is the Atiyah—Singer Dirac operator
I on M, acting on sections of a given spin bundle V = A M over (M, g). The
perturbations D we consider arise from the pullback of the Atiyah—Singer operator on
a nearby manifold (N, h). More precisely, we have a diffeomorphism ¢ : M — N
which induce a map ¥ : A M — AN between the two spinor bundles, and we set
D := ¥~ "BV on M. For the construction of the induced spinor pullback, we follow
[8] by Bourguignon and Gauduchon and build this from the isometric factor of the
polar factorisation of the differential of ¢.

The perturbation (1.1) is for the symbol f (1) = A/+/1 + AZ in the functional calculi
of the operators D and D. This will yield continuity results in the Riesz metric given
by (1.1) for unbounded self-adjoint operators. However, our method of proof applies
equally well to any other symbol f(A) which is holomorphic and bounded on the
neighbourhood SY , := {x + iy : y* < tan® wx? + 02} of R for some 0 < w < 7/2
and o > 0. Our Riesz continuity result is non-trivial as it entails cutting through the
spectrum at infinity with the added complication that the symbol has different limits
at infinity (limy_, 1 f(X) = %1). This should be compared to the weaker continuity
result for the graph metric

D—i D-i
D+i D+i

L2(M,V)—>L2(M,V)

for unbounded self-adjoint operators, which is simpler since the symbol g(A) = (A —
i)/ (A + 1) is holomorphic at co.

The Riesz and graph topologies are of great importance in the study of self-adjoint
unbounded operators because of their connection to the spectral flow. Loosely speak-
ing, this is the net number of eigenvalues crossing zero along a curve from the unit
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Riesz continuity of the Atiyah—Singer. . . 865

interval to the set of self-adjoint operators. The study of the spectral flow was initiated
by Atiyah and Singer in [2] since it has important connections to particle physics. Their
focus, however, was on bounded Fredholm self-adjoint operators and their point of
view was largely topological. An analytic formulation of the spectral flow also exists
due to Phillips in [25].

In the bounded case, the choice of topology for the study of the spectral flow
is canonically given by the norm topology. However, in order to study differential
operators, the unbounded case needs to be considered. Here, a choice of topology needs
to be made and the graph metric is most commonly used in the study of the spectral
flow, primarily since it is easier to establish continuity in this topology. However, the
Riesz topology is a preferred alternative since it better connects to topological and K -
theoretic aspects of the spectral flow that were observed in [2] for bounded operators.
Further details of the relation between different metrics on the set of unbounded self-
adjoint operators can be found in [20] by Lesch. Moreover, the survey paper [7] by
BooSS-Bavnbek provides a recent account of problems remaining in field of spectral
flow.

Since in this paper we establish results in the Riesz topology, of particular relevance
is Proposition 2.2 in [20] where it is proved that

D D
JI+D2 V1+D?

S D = Dllwiz v, vy—12om,v)
L2(MV)—>L2(M.,)V)

holds for small perturbations D of D with both operators self-adjoint and with domain
W12(M, V). We achieve a non-trivial strengthening of this estimate for Dirac-type
differential operators, using techniques from harmonic analysis. The structure of the
perturbation that we consider is

D—D = A,V +divA; + A3, (1.2)

where A|, A, and A3 are bounded multiplication operators M ® V — V,V —
T*M®YV and V — V respectively. Typically in applications, and in particular for the
Atiyah—Singer Dirac operator, one can achieve

[Ailloo S 1€ — &lloos

where g is the metric on M and § = ¢*h is the metric on N pulled back to M. In
order to conclude small Riesz distance between D and D using the aforementioned
Proposition 2.2 in [20], one would need not only smallness of || A; || but also smallness
of | VEA;||. Via our methods, we are able to dispense this requirement and only require
the finiteness of || VEA;||.

In Theorem 2.4, which is our main result, we prove the perturbation estimate

If D) - FD)I < max [[Ajlloo | fllHor(sg, ,)- (1.3)
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866 L. Bandara et al.

where the implicit constant depends on the geometry of VV — M and the operators D
and D as described in the hypothesis (A1)~(A9) preceding Theorem 2.4. In Theorem
3.1, we specialise Theorem 2.4 to the case where the operators D and D are the Atiyah—
Singer Dirac operators as previously discussed. Here, the implicit constant depends
roughly on the C%! norm of g and C? norm of g. Injectivity radius bounds coupled
with bounds on Ricci curvature and its first derivatives allow us to obtain uniformly
sized balls corresponding to harmonic coordinates at every point. Moreover, we obtain
uniform C? control of the metric g in each such chart. Therefore our result, unlike
Proposition 2.2 in [20], will apply to metric perturbations with g — g small only in L*>°
norm, under uniform C2 control of g and uniform C%! control of g in each such chart.
A concrete example of such metrics are g = I and g(x) = (1 + e sin(|x| /¢))I on R”".
The main work in establishing (1.3) is to prove quadratic estimates of the form

i

where B is a bounded operator, a multiplication operator, or special kind of a singular
integral. The use of such quadratic estimates to bound functional calculi goes back
to the work of Coifman, McIntosh and Meyer [13,14] on Calder6én’s problem on
the boundedness of the Cauchy integral of Lipschitz curves. The quadratic estimates
that we require in this paper are at the level of those needed to bound Calderdn’s first
commutator. An additional technical difficulty for usis that B also may involve a certain
singular integral operator. To overcome this problem, we need a Riesz-Weitzenbock
condition stated as hypothesis (A9).

The starting point for our work in this paper, was a twin result for the Hodge—Dirac
operator d + d* proved by the last two named authors jointly with Keith in [4]. There
it was proved, in the case of compact manifolds, that

D I

B dt
= u —
1+12D? 1+1°D?

SIBIE s lulta gy, (14

L2(M,V)

dg+d dg +d )
sgn | —————=| —sen | ——= ||| S I lHor>s,,) 1€ — glloos
14 (dg + df)? 1+ (dg+d5)?

(1.5)

This made use not only of the methods from [14] described above, but also of
stopping time arguments for Carleson measures from the solution of the Kato square
root problem by Auscher, Hofmann, Lacey, Mclntosh and Tchamitchian [3]. These
techniques give results for perturbations when the domains of the Hodge-Dirac opera-
tors change, that is when no Lipschitz control of the metric is assumed, and even give
holomorphic dependence of sgn(dg + dz) on the metric g instead of only Lipschitz
dependence. However, there are also reasons to prefer the softer methods used in this
paper and to avoid the stopping time arguments. Namely, even though they make the
implicit constant in (1.5) independent of any Lipschitz control of the metrics, this
constant in applications may become too large for the estimate to be useful. Our plan
is to return to the perturbation problem for the Hodge-Dirac operator in a forthcoming

paper.
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Riesz continuity of the Atiyah—Singer. . . 867

As aforementioned, since the Riesz topology is one of the most important operator
topologies for unbounded self-adjoint operators, it is a natural question how much
of the above estimates hold for more general Dirac type operators, and in particular
the most fundamental Atiyah—Singer Dirac operator. For these operators we no longer
have access to Hodge splittings, and it is not even clear that the Dirac operators exist as
closed and densely-defined operators for rough metrics (measurable coefficients but
locally bounded below). Therefore, the perturbation estimates that we achieve in this
paper, with the constant depending on the Lipschitz norm of the metrics, may be quite
sharp. We do not even know however if it is possible to go beyond Lipschitz metrics
for Dirac operators like the Atiyah—Singer one. In any case, as Lesch rightly points
out in [20], it is more difficult to prove Riesz continuity as compared to other operator
topologies and therefore, our results should have interesting applications to the study
of spectral flow and to index theory of Dirac operators. Moreover, given the generality
of Theorem 2.4, we anticipate that these applications will go beyond the fundamental
case of the Atiyah—Singer Dirac operator that we consider as an application here.

The outline of this paper is as follows. Our main perturbation theorem, Theorem
2.4 for general Dirac-type operators is formulated in Sect. 2.4. Before stating it, we
discuss the geometric and operator theoretic assumptions and we list quantities that
the implicit constant in the estimate (1.3) depends on as hypotheses (A1)—(A9).

For the proof of Theorem 2.4, the reader may jump directly to Sects. 4 and 5. Inde-
pendent of this, we first devote Sect. 3 to prove Theorem 3.1, which is an application
of Theorem 2.4 to the Atiyah—Singer Dirac operator. For the sake of concreteness,
we only consider this Dirac operator obtained from the standard spin representation
of dimension 2121 and a given Spin structure. However, we expect Theorem 3.1 to
hold for more general Dirac-type operators on Dirac-bundles under similar geometric
assumptions. The proof of Theorem 3.1 amounts to verifying (A1)-(A9) and the pertur-
bation structure (1.2). A key observation regarding the latter is the following exploited
in Sect. 3.3. A perturbation term Az of the form A3z = dB (with d denoting a partial
derivative) with || B||« small, but with ||d B||» only bounded, can be handed as terms
A1040A,,with B = Ay = — Ay, since by the productrule, (0 B) f = 9(Bf)—B(3f).

The proof of Theorem 2.4 in Sects. 4 and 5, brought together in Sect. 5.6, con-
tains the following steps. Using the functional calculus of D and D, the estimate of
| f (D) — £ (D) is reduced to the quadratic estimate (1.4) in Propositions 4.5 and 4.6.
This quadratic estimate is obtained in three steps described by the formula (5.11),
following a well known harmonic analysis technique used in the solution of the Kato
square root problem with its origins from Coifman and Meyer. For us, the last term
v:E;Sf is not the main one, since the needed Carleson measure estimate follows
directly from the self-adjointness of D, as shown in Sect. 5.5. The main term in (5.11)
is rather the first, which localises the operator Q;, which is local on scale 7, to the mul-
tiplication operator y,. Our problem here is the presence of S = V(il + D)~!, which
is essentially a singular integral operator. To handle the non-local operator S in Propo-
sition 5.4, we require some smoothness of D, guaranteed by the Riesz-Weitzenbock
condition (2.5). In [9], Bunke obtains such an estimate, but with assumptions on the
Riemannian curvature tensor in place of the Ricci curvature. Our proof here is inspired
by the improvements that Hebey presents using harmonic coordinate charts under the
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868 L. Bandara et al.

presence of positive injectivity radius and bounds on Ricci curvature to prove density
theorems for Sobolev spaces of functions on noncompact manifolds in [17].

2 Setup and the statement of the main theorem
2.1 Notation

Throughout this paper, we assume Einstein summation convention and use the analysts
inequality a < b to mean that < Cb, where C > 0, and equivalence a >~ b.
The characteristic function on a set £ will be denoted by x g. Throughout, we will
identify vectorfields and derivations. That is, for a function f differentiable at x and
a vectorfield X at x, we write Xf to denote d f(X) = dx f. Often, X = e¢;, where
{e;} is a basis vector field inside a local frame. The support of a function (or section)
f is denoted by spt f. Whenever we write C5*, we do not assume C5* with global
control of the norm but rather, only CK* regularity locally.

2.2 Manifolds and vector bundles

Let M be a smooth, connected manifold and g be a metric on M that is at least Co-1
(locally Lipschitz). By p denote the distance metric induced by g and by u the induced
volume measure.

Throughout this paper, we assume that (M, g) is complete, by which we mean that
(M, p) is a complete metric space. By B(x, r) or B, (x), we denote a p-metric open
ball of radius r > O centred at x € M. For an arbitrary ball B, we denote its radius
by rad(B). We recall that by the Hopf-Rinow theorem, the condition of completeness
is equivalent to the fact that B(x, r) is compact for any x € M and r < oo.

By V, we denote a smooth complex vector bundle of dimension dim V = N over M
with a metric h that is at least C*'. We let 77y, : V — M be the bundle projection map.
We define the space of p-measurable sections of ) by I'(V). Using the Riemannian
measure u and the bundle metric h, we define the standard L.” spaces which we denote
by L? (V).

Let us now assume that V is a connection on ), compatible with h almost-
everywhere. By V, : D(V,) — L2(T*M ® V), denote the operator V with domain

D(V,) = {u e C®NL2V) : Vi € LAT*M ® V)} .

Then, V; is densely-defined and closable, and we define the Sobolev space
WE2(V) = D(Vy), with norm [, = [[Voull* + [lu]|. Moreover, recall that

the divergence operator is then div = —V_z*. It is well known that CZ°()) is dense in
W!2(V) and when g is smooth, that CZ°(T*M ® V) is dense in D(div) (see [5]). In
what is to follow, we will sometimes write V in place of V5.

We shall require the following concept of growth of the measure u in later analysis.
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Riesz continuity of the Atiyah—Singer. . . 869

Definition 2.1 (Exponential volume growth) We say that (M, g, u) has exponential
volume growth if there exists cg > 1, x, ¢ > 0 such that

0 < uB(x,1r)) < ct“e“E" u(B(x, r)) < oo, (Eloc)

foreverytr > 1, r > 0and x € M.

We shall also require the following property.

Definition 2.2 (Local Poincaré inequality) We say that M satisfies a
local Poincaré inequality if there exists cp > 1 such that for all f € wh2(M),

7= (£ )

for all balls B in M such that rad(B) < 1.

< cp rad(B)|| fllwr2p) (Pioc)
L2(B)

This growth assumption as well as the local Poincaré inequality are very natural,
i.e., if the Ricci curvature Ricg of a smooth g satisfies Ricg > ng for some n € R, then
by the Bishop—Gromov comparison theorem (c.f. Chapter 9 in [24]), (Ejoc) and (Pjoc)
are both satisfied.

As for the vector bundle V, we require the following uniformly local Euclidean
structure, referred to as generalised bounded geometry or GBG following terminology
from [6].

Definition 2.3 (Generalised Bounded Geometry) We say that (M, h) satisfies gener-
alised bounded geometry, or GBG for short, if there exist p > 0 and C > 1 such that,
for each x € M, there exists a continuous local trivialisation ¥, : B(x, p) x CV —
ngl(B(x, p)) satisfying

C—l

v O

v ()

’

< |u <C
5 = oy = 5

for all y € B(x,p), where § denotes the usual inner product in CV and
vl = wx_l(y, u) is the pullback of the vector u € V), to CN via the local

X

trivialisation ¥, at y € B(x, p). We call p the GBG radius.

We remark that, unlike in [6], we do not ask for the trivialisations to be smooth.
A trivialisation satisfying the above condition is said to be a GBG chart and a set
of trivialisations {i, : x € M} a GBG atlas. For each GBG chart v, the associated
GBG frame is then

{ei () = ¥ (v, ) : {éi} standard basis for (CN} .

If these trivialisations have higher regularity, i.e. the trivialisations are C*¢ for some
k > 0and o € (0, 1), then we refer to this aforementioned terminology as a Cck.e
GBG chart/atlas/frame respectively.
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870 L. Bandara et al.

Like exponential growth, generalised bounded geometry is a geometrically natural
condition. In the case that the metric g is smooth and complete, under the assumption
inj(M, g) > « > 0 and Ricg, > ng for some ¥k > 0 and n € R, the bundle of
(p, q)-tensors satisfies GBG. See Theorem 1.2 in [17] and Corollary 6.5 in [6].

2.3 Functional calculus

In this section, we introduce some notions from operator theory and functional calculi
that will be of relevance in subsequent sections.

Let 7 be a Hilbert space, and T : D(T) C 7 —  a self-adjoint operator.
Indeed, by the spectral theorem (see [18], Chapter 6, §5), for every Borel function
b : R — R, we can define and estimate the operator b(7"). However, we shall only
consider symbols b which are holomorphic on a neighbourhood of R, in which case
b(T) is obtained by the Riesz-Dunford functional calculus as we now explain.

For w € (0, 7/2) and o € (0, 00), define

Se.o i= [x +iy: y* < tan® wx? +02},

We say that a function ¥ € W(Sg, ;) if it is holomorphic on S, ; and there exists an
a > 0, C > 0 such that

(I = TG

Letting the curve y denote { y? = tan®(w/2)x2/2 + 02/ 2}, oriented counter-clockwise

inside Sy, ,, the Riesz-Dunford functional calculus is

1
Y= gf W (ORr(©)u de. @1
Y

foreachu € 2, withRr(¢) = (¢1— 7)~! and where the integral converges absolutely
as Riemann-sums.

We say that a holomorphic function f € Hol**(Sg, ) if there exists C > 0 such that
Il f(&)lleo < C. For such a function, there exists a uniformly bounded v, € \IJ(SS)’ o)
such that i, — f pointwise, and the functional calculus is defined as

F(Tyu = Tim (T,

for u € 5, which converges due to the fact that T is self-adjoint, and is independent
of the sequence v,,.

These details are obtained as a special case of the functional calculus for the so-
called w-bisectorial operators. A detailed exposition can be found in [22] by Morris
and for w-sectorial operators in [1] by Albrecht, Duong, and Mclntosh and [16] by
Haase.
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Riesz continuity of the Atiyah—Singer. . . 871

2.4 The main theorem

We assume that the manifold (M, g) is complete and that both g and h are at least
o1,

Let D be a first-order differential operator on C°*°()). By this, we mean that, inside
each frame {e'} for V and {v;} for TM near x, there exist coefficients o] k¥ and terms
a)g (not necessarily smooth) such that

Du = (o] Vi, ug + ujo}) ', (2.2)

where u = u;e! € C®(V).
We consider two essentially self-adjoint first-order differential operators D and D,
and with slight abuse of notation we use this notation for their self-adjoint extensions.
In establishing our main perturbation estimate from D to DonV — M, we will
make the following hypotheses:

(A1) M and V are finite dimensional, quantified by dim M < oo and dim V < oo,

(A2) (M, g) has exponential volume growth as defined in Definition 2.1, quantified
by ¢ < 00, cg < 00 and k < o0 in (Ejec),

(A3) A local Poincaré inequality (Pjoc) holds on M as in Definition 2.2 quantified by
cp <00,

(A4) T*M has C%! GBG frames v ; quantified by pr=pq > 0 and Cr=pq < 00 in
Definition 2.3, with regularity |Vv j] < Cg 1+ M With Cg 1+ A1 < 00 almost-
everywhere,

(A5) V has C*! GBG frames e ;j quantified by pyy > 0 and Cy < o0 in Definition
2.3, with regularity |Ve;| < Cg,y with Cg,1 < 0o almost-everywhere,

(A6) D is a first-order PDO with L°° coefficients. In particular, [D, n] is a pointwise
multiplication operator on almost-every fibre V., and there exists cp > 0 such
that

I[D, nu(x)| < cp Lipn(x) [u(x)] (2.3)
for almost-every x € M, every bounded Lipschitz function 5, and where
Lip n(x) is the pointwise Lipschitz constant.
(A7) D satisfies |De j | < Cp,y with Cp ) < oo almost-everywhere inside each GBG
frame {ej },
(A8) D and D both have domains W'-2())) with C > 1 the smallest constants satisfy-
ing

CYullp < llullwi2 < Cllullp and C™'ullg < llullw2 < Cllullg. (2.4)
(A9) D satisfies the Riesz-Weitzenbock condition
IV2ull < cw (ID?ull + llul) (2.5)

with cyy < o0.
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872 L. Bandara et al.

The implicit constants in our perturbation estimates will be allowed to depend on

C(M, V, D, D) = max{dim M, dim V, ¢, ¢, k, cp, o1+ M C1+ M Co 15 M
ov, Cy, Cgy,cp, Cpy,C, cw} < oo. (2.6)

In Sects. 4 and 5, we prove the following theorem.

Theorem 2.4 Let (M, g) be a smooth Riemannian manifold with g that is C%', com-
plete, and satisfying (Eioc) and (Pioc). Let (V, h, V) be a smooth vector bundle with
C%1 metric h and connection V that are compatible almost-everywhere.

LetD, D be self-adjoint operators on L?(V) and assume the hypotheses (Al)—(A9)
on M, YV, Dand D. Moreover, assume that

Dy = Dy + A VY + div Aoy + Az, 2.7)
holds in a distributional sense for v € W2(V), where

Al e LX(LT*M RV, V)),
Ay € LYWL (V), D(div)), and 2.8)
A3z € L¥(L(V)),

and let |Allco = |A1lloo + [1A2]l00 + 1A3]lc0-
Then, for each w € (0, w/2) and o € (0, 0o], whenever f € Holoo(Sgw), we have
the perturbation estimate

1F D) = FD)l2 -2y S 1 e, 1 Allos,

where the implicit constant depends on C(M, V), D, ]3).

Remark 2.5 The assumption of self-adjointness of the operators D and D in Theorem
2.4 can be relaxed, as we only use this to deduce quadratic estimates for D and D. For
example, it suffices to assume that D and D are similar in L? to self-adjoint operators.

Remark 2.6 Although our motivation and key application in is in the case that D and
D correspond to the Atiyah—Singer Dirac operators on a Spin manifold corresponding
to two different metrics, we allow for greater generality in our main theorem since we
anticipate it to have a much broader set of applications. For instance, in the study of
particle physics, twisted bundles and their associated twisted Dirac operators are of
significance and we expect that such situations might also be analysed by our main
theorem. For readers interested in such operators, we hope that Sect. 3 will serve as a
guideline to how hypotheses (A1)—(A9) can be shown to be satisfied.

3 Applications to the Atiyah—Singer Dirac operator

Let M be a smooth manifold with a C%! (locally Lipschitz) metric g. We let QM
denote the bundle of differential forms and on fixing a Clifford product », we let
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Riesz continuity of the Atiyah—Singer. . . 873

AM = ATM denote the Clifford bundle. Recall that AM = QM as a vector
space. Moreover, we remind the reader that we identify vectorfields and derivations
throughout, so X f means the directional derivative dx f where X is a vectorfield and
f is a scalar function.

Fix a frame {vj} near x, let g;; = g(vj, vj) and define w}'d at points where g is
differentiable inside the frame by

1.
Wiy = Eglm(avz ok + 00 &mi — v, &1 + Cmkl + Cmik — Ckim)» (3.1

where ¢y = g([vk, vi], v) are the commutation coefficients and [, -] is the Lie
derivative. Let w{ = wqiej be the connection 1-form, and define V&v; = w? ® vg.
Thus, we obtain the Levi-Civita connection almost-everywhere in M as a map V& :
C®(TM) — I'(T*M ® TM). Note that since g is only locally Lipschitz, we have
that smooth sections are mapped to locally bounded (1,1)-tensors . When the context
is clear, we often simply denote V& by V.

A manifold (M, g) is said to be Spin if it admits a spin structure & : Pgpin (TM) —
Pso(TM), i.e., a2 — 1 covering of the frame bundle. It is well known that this occurs
if and only if the first and second Stiefel-Whitney classes of the tangent bundle vanish.
The triviality of the first Stiefel-Whitney class is equivalent to the orientability of M.

For the case of M = R" with g = §, the usual Euclidean inner prod-
uct, we let AR" denote linear space of standard complex spinors of dimension
213). In odd dimensions, this space corresponds to the non-trivial minimal com-
plex irreducible representation n : Spin, — L@R"), where Spin, is the spin
group, the double cover of SO,, and in even dimension to n = ny @ n— where
n+ : Spin, — L@ R") are the representations of the positive/negative half spinors.
For example, see [19]. We define the standard (complex) Spin bundle to be

AM = Psyin(TM) 3, A R"

as the bundle with fibre A R" associated to Pspin (TM) via n. We note that this is the
bundle with transition functions (n o Tyg) on Q, N Qg # & for Q, and Qg open
sets, where Tyg : 24 N Qg — Spin,, are transition functions for Pgpi, (TM).

The representation 7 induces an action - : AM — A M. When n is odd, there
are two such multiplications up to equivalence opposite from each other, and for
n even, there is exactly one up to equivalence. Fixing such a Clifford action, A M
has an induced hermitian metric (-, -),, pointwise unique up to scale satisfying
(X -0, ¥), =—(p,X-¢Y), forall X € T,M and ¢, y €, M for every x € M.
See Proposition 1.2.1 and 1.2.3 in [15].

Let E(ey, ..., e,) be an orthonormal frame for TM and {¢,} be the induced
orthonormal spin frame on A M. Let w{ be the connection 1-form in E and define
the connection V : C* @} M) — L° (T* M @4 M) by writing

loc

1
Vé, =3 D Wi @ (en - ea dy)- (3.2)

b<a
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This connection satisfies the two following properties:

(i) itis almost-everywhere compatible with the induced spinor metric (-, - ),, and
(ii) itis a module derivation: whenever X € C*(TM),

V(- ) = (Vxo) - ¥ + - (Vxi)

holds almost-everywhere for every @ € C*°(AM) and ¢y € C*@Q M).

We refer the reader to §1.2 in [15] for a exposition of these ideas, as well as Chapter
2, 83 to §5 in [19] for a detailed overview, noting that their proofs in the smooth setting
hold in our setting almost-everywhere.

Write

1
w%:EZw‘g@eb-ea (3.3)

b<a

to denote the lifting of the connection 2-form % Y hea Wi ®ep Aeq to/l M, and where
E is used to denote the dependence on the frame E(eq, ..., e,;). By ]Dg denote the
associated Atiyah—Singer Dirac operator given by the expression

]Dg¢a = ej : V€j¢a = ej : w2E(e]) : ¢ow (34)
so that Dg(%¢,) = (Ve,¥%) e/ - ¢, + Y*e! - Ve, ¢, Note that,
D) = (dn) - ¥ + nDe () (3.5

for every n € C*°(M) and ¥ € C*°@ M) and, as a consequence of the aforemen-
tioned module-derivation property of the connection V onj M,

Do(w - ) = Dpw) - ¥ —w - Pgp — 2V 2 (3.6)

for all w € C®°(AM) and y € C®@®) M), where Dy = d + d* is the Hodge-Dirac
operator, and # : T* M — TM given by o* = g(w, -).

Next, let (N, h) be another Spin manifold with a smooth differentiable structure
and h at least C*!. Suppose that ¢ : M — N is a C!!-diffeomorphism and let A '
denote the complex standard spin bundle of A" obtained via n. Following [8], we define
an induced unitary map of spinors ¥ : A M — AN .Let P = ¢, : TM — TN . Then,
the pullback metricis g(u, v) = h(Pu, Pv) and we have that g(u, v) = g((Pg*P)u, V),
where Pg* is the adjoint of P, and this expression is readily checked to be a metric
of class C%1, On letting U = P(Pg*P)’%, we have that h(Uu, Uv) = g(u, v). So,
U: (TM,g) — (TN, h)is anisometry of class o1, By U(x), we denote the induced
linear isometry U(x) : (T M, g) = (T¢ N, h).

Since ¢ is a homeomorphism, an open set £ C M is contractible if and only if
£(2) C N is contractible. For an orthonormal frame E(ey, ..., e,) € Pso(TM)
in @, we obtain UE (e, ..., e,;) € Pso(TA). Lifting E and UE through the spin
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structures locally, we obtain two possible maps Uspin,g ¢ Pspin(M) — Pspin N)
differing by a sign. We say that the bundles A M and A N are compatible if Uspin o
induces a well-defined global unitary map ¥ : A M — A N. By examining the local
expression, we see that I : A M — A N and y! (AN — A M are CO! maps.
Finally, we say that g and h are C-close for some C > 1, if for all x € M,

C™ M ulgey < [Sxttlneiryy < C lulggry -
Define
Cp =inf{C > 1:gandhare C-close} and py (g, *h) =log(Cr). (3.7)

The map pyy is readily verified to be a distance-metric on the set of metrics.

What follows is the main the result of this section. In fact, this theorem was the
original motivation of this paper, whereas Theorem 2.4 is a natural generalisation.
As aforementioned, we anticipate the more general result to have wider implications,
particularly to Dirac operators that arise through twisting the Spin bundle by other
natural vector bundles. The analysis of such objects is beyond the scope of this paper
and hence, we focus on the particular case of the Atiyah—Singer Dirac operator.

Theorem 3.1 Let M be a smooth Spin manifold with smooth, complete metric g with
Levi-Civita connection V4, let N be a smooth Spin manifold with a C%' metric h, and
¢ M — N a CYl-diffeomorphism with py (g, {*h) < 1. We assume that the Spin
bundles A M and A N are compatible. Moreover, suppose that the following hold:

(i) there exists k > 0 such that inj(M, g) > «,
(ii) there exists Cg > 0 such that |Ricg| < Cgand |VgRng| < Cg,
(iii) there exists Cy > 0 such that |V8(¢*h)| < Cy, almost-everywhere.

Then, for w € (0, 7/2), 0 > 0, whenever f € Hol*® (Sg),g), we have the perturba-
tion estimate

1f B = fF @ B2 S 11F loopar (. ¢ )
where the implicit constant depends on dim M and the constants appearing in (i)—(iii).

Remark 3.2 The map U is the fibrewise unitary map £, M — K.,y N. For the
LA M) — L*@AN) unitary operator U, = +/detB U, we also have an estimate

of || f(Dg) — f(Uz_lthwz)HLz%Lz as in Theorem 3.1. Either this can be seen by
inspection of the proof, noting Remark 2.5, or by using the functional calculus to
write

fDy)— F (W5 ' DaVa) =(f D) — fF W' DU+ W FDV — V5 ' £ Dn)V2),

noting that the second term is straightforward to bound.
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Remark 3.3 On fixing a Spin structure & : Pgpis (TM) — Pso(TM), we obtain an
induced £’ = Ug : (6" 'U™'Pso(TN)) — Pso(TN) which is a Spin structure for \V.
Since U : Pso(TM) — Pso(TN) is a homeomorphism, it is an easy matter to verify
that the bundles A N = (6 ~'U~"Pgo(TN)) x »A R" and A M are compatible.

For the case of M = N, where A M and AN denote the respective bundles
constructed via g and h, we obtain this theorem for ¢ = id. If further M = N is
compact, then (i)—(iii) in the hypothesis of the theorem are automatically satisfied,
and thus we obtain the result under the sole geometric assumption that pys(g, h) < 1.

Proof of Theorem 3.1 We apply Theorem 2.4, to the operators D = I, and
D = U™ ' Py, setting V =4 M.

The assumptions of completeness of g along with (i) and (ii) imply (Ejoc) and (Pjoc)
immediately (see Theorem 1.1 in [23]). Moreover, there exists ry, Cy > 0, such that
for all x € M such that ¢, : B(x,ry) — R are coordinate charts such that inside
each chart, ||g;;llc2(p(x,ry) < Ch and g =~ Y{dpn with constant Cp. See Theorem
1.2in [17].

This C2-control of the metric inside each B(x, rg) means that coordinate frames
{0y} satisty |V8xi| < 1and ]VZax,.| < 1. On orthonormalisation of these frames
in each B(x, ry) via the Gram-Schmidt algorithm yields frames {e;} for TM, {e'}
for T* M (the dual frame), and {¢a} for A M. These are smooth GBG frames with
constant Crepq = Cg g = 1, and with Ve |, [V2e;| < 1and [Ve, |, [V?¢,| < 1.
The constants only depend on (i) and (ii). Thus, we have verified the hypotheses
(A1)—(AS).

The hypothesis (A6) follows with C*° coefficients due to the derivation prop-
erty (3.5) of ]Dg with constant Cp = 1, and (A7) follows from the fact that
‘]Dg¢ot’ fs ‘V¢a’ S 1

The hypothesis (A8) is proved in Sect. 3.1 as Proposition 3.6, which makes use of
the completeness of g, C-closeness of h to g and the geometric assumptions (i) and
(i1). The hypothesis (A9) is proved in Sect. 3.4 as Proposition 3.18. It depends on the
crucial covering Lemma 3.5 which is a consequence of completeness of g coupled
with (i) and (ii).

The remaining hypothesis to verify in Theorem 2.4 is the perturbation structure 1.2,
which is done in Sect. 3.3. O

Through the remaining sections, we assume the hypothesis of Theorem 3.1 to hold.

3.1 The domain of the Dirac operator as the Spinor Sobolev space

In this section, we establish the essential-self adjointness of D, and By. By the smooth-
ness (and completeness) of g, it is well known that this operator, and all of its positive
powers, are essentially-self adjoint. For instance, see [11]. Thus, we focus only on Py
which arises from the lower regularity metric.

First, we assert Py is a symmetric operator on C2°(X N). This is immediate since
we assume that h is at least C*!, and therefore, the remaining divergence term in
when computing the symmetry pointwise almost-everywhere is the divergence of a
compactly supported Lipschitz vectorfield. A particular consequence of symmetry is
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that Dy, is a closable operator by the density of C2°¢& ) in L?(& V). Operator theory
yields that b, = I3;". With these observations in mind, we prove the following.

Proposition 3.4 The operator Py on C° (A N) is essentially self-adjoint.

Proof The conclusion is established if we prove that C3°¢A \) is dense in
D®;) = {¥ e LAY : (1. Brg)| < llell. ¢ € @A)

The first reduction we make is to note that D¢ (D) = {u € D(Dy) : sptu compact}
is dense in D(]Z);). This is a direct consequence of the fact that we are able to find a
C-close smooth metric h’, which is complete since h is complete, and for this metric
1, there exists a sequence of smooth functions p; : N — [0, 1] with spt p; compact,
with p; — 1 pointwise, and |dpg|,, < C~'1/k for almost-every x € A (and hence
|dpxlp, < 1/k for almost-every x € N). See Proposition 2.3 in [6] or Proposition 1.3.5
in [15] for the existence of such a sequence. The aforementioned density is then simply
a consequence of noting the formula Dy (f¢) = fDp(¢) + (df) - ¢, for f € C(N)
and ¢ € D(I;).

Next, for ¢ € D.(B;) "W2 @& N), we can write ¢/ = Z?’zl ¥ where yj = n; v,
where 7; is a finite partition of unity and spt n; is contained in a coordinate patch.
On obtaining a sequence ¥® € CX°(X \) by obtaining a mollification n? of n; inside
each coordinate patch, using the fact that v € W2 \) so that |} /|| = [[Bry/|| <
V¥ ||, we have that Y% — v in ||- ”Dﬁ'

The proof is then complete if we show that whenever ¢ € D.(3}), we have
that v € W2 V). By the compactness of spt 1, we assume without the loss of
generality that spt ¥ is contained in a coordinate patch corresponding to a ball B.
Thus assume that for every ¢ € C°A N, |(v, Bre)| < ll@ll. In particular, this holds
when spt ¢ C B, so let us further assume that. Then, note that

. 1
(v, Dh¢)=/<1/f, e '(Be,-w")féa) duh+/ <w, e’~5w2(ei)~<ﬂ> din,
B * B

*

and since w? € L (B) since h is locally Lipschitz, we obtain that

< llell-

[ fpei-@uenrta), dam

Moreover, letting . denote the Lebesgue measure, we have that dup = 6d.Z, where
0 = +/deth is Lipschitz inside B since h is locally Lipschitz. Thus

(ae,-@a)e = ae,' (e(pa) - (aei e)wot’

and since (9,0) € L°°(B), we further obtain that

[ pei-a@om), dﬁ‘ < 10¢l2s, ).
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Now, note that e’ - ¢, = n(e’)¢,, which is a constant expression inside B. Identifying
B with x (B) where x : B — R" is the coordinate map,

@ fr=e-f

for f € L2 R"), where fis the Fourier Transform of f. On extending v by zero to
all of R", we obtain that for any ¢ € C°(R",AR"),

5 ||9(P||L2(ARn)~

'(w, 0 09)e' -4,

LZ(A R™)

Then, by Parseval’s identity, we have that

-~

(¥ 8,09 )¢ - ) Ve

L2(AR") < 60 >L2 7S ON

That is,

(0. € - 09) 2 g | S 1000128 20,

where £ = £e' and for all ¢ € CAR™). Since B¢ is dense in LZ(AR™), we have
that & - w € LA R™) (since vectors act skew-adjointly on spmors) which implies that
¥ € WL2@X R"). On recalling that spt ¢ C B and that w? € L®(Q! M ® AM), we
have that ¢ € WI*Z(B,Z)S N). m]

To characterise the domains of the operators Dy and Py, as W2 we first note the
following lemma.

Lemma 3.5 On the manifold (M, g), there exists a sequence of points x; and a smooth
partition of unity {n;} uniformly locally finite and subordinate to {B(x;, ry)} satis-
fing >, ‘V/ 77,‘) < Cy for j = 0, ..., 3. Moreover, there exists M > 0 such that

L<MY 0

Proof The proof of this lemma, except for the estimate on the sum of squares of the
partition of unity, is included in the proof of Proposition 3.2 in [17]. This is due to the
completeness of g and (i) and (ii). We prove the remaining estimate, by noting that
by the uniformly locally finite property, there exists a constant M such that for each
xeM, 1= Z,Ic”:l ni, (x). Moreover, by Cauchy-Schwarz inequality,

2

M M M
1= (Z mk(x>) < (Z mk(x>2> (ZP) =M ).
k=1 k=1 k=1 i

With this, the following proposition becomes immediate.
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Proposition 3.6 We have D(Dy) = W2 N) with | B> +ll¢l1> = [Vl >+l
whenever ¢ € W2(X N). A similar conclusion holds for D,.

Proof By Proposition 3.4, it suffices to demonstrate the estimate ||Dpy/ | + ||¥] =
VY|l + ||| for ¥ € CE@AN). From the definition of the operator Dy,, we obtain
IDa |l < [V for all ¢ € C@AN). Thus, W2 @& N) < D(By,) is a continuous
embedding.

Let the partition of unity given by Lemma 3.5 for the metric g be denoted by {nlg}.
Define n; = {*n? = (nig o ¢~1. Now, Vi; = dMn,- and by the fact that pullback
commutes with the exterior derivative, we have that ¢V ni = aVv {*nig = {*dM 77,-g-
Thus, Zi |dNn,~| < CCpy, since g and h are C-close.

Fix ¢ € C°A N) so we can write ¢ = ZIN=1 n; ¥. By Fourier theory, we obtain
a constant C’ > 0 such that [|V(:y) | < C'(|Bn (i) 1> + i w[|?) since spt n; C
B(x;, rg), which corresponds to a chart for which the metric g is uniformly comparable
to the pullback Euclidean metric.

Moreover, note that since V is a derivation, |n; V| < |dNn,- |2 W12+ IVnie)|?,
and since |Vy/|> < M > 171.2 |V/|? pointwise by Lemma 3.5,

2
IVy? < M/Z|n,~vw|2 du < /Z\d’vw( v du+Z/|V<mw>|2 du
i i i
2
< ||w||2+2/ymh<w>! du.
i
But by the definition of Dy, we have that

2
[Briv) [P S [ | 1 + 0 By

Integrating this estimate and on combining it with the previous estimates proves the
claim. The argument for g is similar. O

Remark 3.7 Typically, the estimate |[Pny/||1> + ||[v 1% = V¥ ||> + [|[¥|? is obtained
via the Bochner-Lichnerowicz—Schrodinger-Weitzenbock identity:

1
Diy = —tr Vi + ZR@M;,
where Rg is the scalar curvature of h. This would force h to be at least C'*! and we
would need to assume that Rg > y almost-everywhere for some y € R. However,

the fact that h is C-close to the smooth metric g with stronger curvature bounds allow
us to work in the setting where h is only C%!.

3.2 Pullback of Lebesgue and Sobolev spaces of spinors

In this section, we demonstrate that the unitary map U as defined before Theorem 3.1
induces maps between L? spaces and Sobolev spaces.
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For the remainder of this section, let us write

1

B=(P,P)"2, and O =detB 3.8)
so that g(B~'u, B~1v) = §(u, v) and dug = 0dug.
Proposition 3.8 The isometry U : (TM,g) — (TN, h) is of class C*' and the

induced U : f M — X M itself induces a bounded invertible map I : L” ( M) —
LP@AN) for all p € [1, 0o] satisfying

“wu”LP(A/\/') o ”u“Lp(AM)

In what is to follow, let us fix some notation. As noted in the proof of Theorem
3.1, the assumptions we make yields: uniform constants g, C > 0 such that at each
x € M, the ball B(x, rg) is contractible and inside B(x, rg), we have orthonormal
frames {e;} for TM and {¢, } forA M so that

leillcz gy = C and ¢y llc2(pie.ry) < C- (3.9)

Let the induced orthonormal frame for TA and A N inside ¢ (B(x, rg)) respec-
tively

{¢; =Uei} and {8, =V4¢,}. (3.10)
Throughout, by €2 we mean such a ball B(x, rg).

Lemma 3.9 We have wij(e;) = 8(Ve,ep, eq) and
28(Ve;ep, €q) = g(lea, epl, ej) + g(lej, eal, er) — g(len, €], eq)

almost-everywhere inside 2. Similarly conclusion holds for @}, (¢;) with respect to the
metric h. Moreover: h([Uu, Uv], Uw) = g([Bu, Bv], B_lw).

Proof We note that wj (e;) = w?b = e“(Vejeb) = g(Ve;ep, eq) by (3.1). The expres-

sion for 2g(Vejeb, eq) 1s well known. Since P = ¢, we have [Pu, Pv] = Plu, v]
and on recalling (3.8), we obtain

h([Uu, Uv], Uw) = h([PBu, PBv], PBw) = h(P[Bu, Bv], PBw)
= g([Bu, Bv], Bw) = g(B*I[Bu, Bv], w) = g([Bu, Bv], Bflw).

O

The following lemma allow us to relate derivatives of the metric g = ¢*h to the
coefficients of the tensorfield B. We note that this lemma can also be obEained via a
functional calculus argument. Inside 2, we write B = (ﬂ}) and B~! = (,3;.).
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Lemma 3.10 Then, there is a constant Co > 0 independent of Q2 such that such that
8L < Co and [o, | < C

Proof First note that we have |3e, g(ei, e j)| < 1 inside €2, since in this frame,

VE(E*h) = (3, 8;))e' ® €' ® el +§; ;¢ ® Ve, (¢ ® e,
and by assumption (iii) of Theorem 3.1, we have that [VE(¢*h)] < 1 as well as
|Ve, (¢ ® e1)| < 1. Now, e8] = —(e,,BZ)ﬁ;,BS‘" and so it suffices to simply bound
‘e, ,3;} < 1. We first note that

e8,, = eg(Be,, Bey) = e,g(B%er, e;) = ¢,(B?),4,

where B2 = ((B2),;) as a matrix. Thus, we obtain |e[,3§| < 1if we are able to prove
le:B| < |etB2 } Now, by the product rule, note that we obtain ¢;B? = B(¢;B)+(¢;B)B,
and that, for a vector u € T, M with |u| =1,

g(e:B%u, u) = g((BeB)u, u) + g((e;B)Bu, u)
= g(e;Bu, Bu) + g(Bu, ¢,B) = 2g(B(e;B)u, u)

since B is real-symmetric, as is ¢, B. This proves that the numerical radius nrad (¢, B%) =
2 nrad(B(e;B). Moreover, note that nrad(-) is a norm, and since any two norms on
a finite dimensional vector space are equivalent, and by the C-closeness of g and g
we have that [Bu| > C~! |ul, |¢,B?| ~ nrad(e;B?) = 2 nrad(B(e,;B)) =~ |B(¢e/B)| >
C~!l¢B]. o

With the aid of these lemmas, we obtain the following boundedness of U between
Sobolev spaces.

Proposition 3.11 The space YW2(k M) = WI2QRN) with [|[Uy ||+ | VR (W) || ~
I 1+ V8 | In fact, the pointwise estimate [ |+ |V (W) | = |y |+|VE | holds
almost-everywhere.

Proof Note that the assumptions (i)-(iii) in Theorem 3.1 imply an open covering
{Q,, = B(p, rH)} of M satisfying IVgep’,-| < C and |ael,vkg(e,,,,~, e,,,j)| < C, where
{ep.i} is the frame inside ). So, fix p and let ¥y € I'¢A M) be differentiable at
x € p and note that at x,

V] = [ enf = S vwn|
J J
Now, note that

Ve, Uy =05, 0 £+ (W 0 tTHV Fa,
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and that by the chain rule, on noting that Vgl_ bu = % Y ohea w%(é i)ep - &4 - #o from
(3.2) and (3.3), we obtain that '

UV (W) = e (W) o + Y (@hE)) © e - ea - by

We estimate each term on the right side of the equation.
First, note that by Lemma 3.9,

CACHES % (2(1Bea, Besl, Be)+e(Be;, Beal, B~ ep) —g([Bes, Be; 1. Bley))
and by metric compatibility between g and V&, we have that
g([Be,, Bes]. B 'e,) = g(Vg, (Bey).B™'e)) — g(Vg, (Ber), B~ 'ey).
We compute
V&, (Be,) = B VE (Bley) = B ((e /BYer +BEVE, ek) .

On combining these calculations using Lemma 3.9, we obtain that

2
2
Syl

> @b 0 e -ea o
J

To estimate the remaining term, we note that
(OBe; ¥*)¢y = BX (36,0, = B VE Y — BAyoVE 4,

But by Lemma 3.9

1
VS, ¢o SEZ‘wZ(ek)Eb-ea-% S [ Veea|les] S 1.

b<a b<a

Therefore,

D | @8e, v )| S IVEY |+ 1Y
J

This proves the pointwise estimate, and interchanging the roles of M and A proves
the reverse estimate. O
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3.3 The pullback Dirac operator and the structural condition

In this section, we pullback the Dirac operator P, to on AN to an operator D on
A M, and prove (2.7).

Fix an Q = B(x,rg) and let € '@ M). For y € Q for which Vi (y) exists,
define

PY(y) =Bew(y) and By (y) = VU G)BuW) (). (.11

Recall the map B from (3.8) and since B € F(T (LD A1), in an orthonormal frame
{e;}, we have that Be; = ﬂij e; and Be/ = ﬂi] ¢'. Moreover, we note that since

oum(g c*h) < 1, |8/ — B/| < I1 = Blloo < pum(g. h)

First, we examine the structure of the difference Ip — ID locally in a frame, the main
point being the use of the derivation property in Proposition 3.15, before establishing
the global result in Proposition 3.16.

Recall from (3.10) that ¢; = Ue; and &, = U¢,,. Note that this is the fibre-wise U
and not the ¥ in L2. We also denote the induced fibrewise Clifford bundle pullback
between AM and AN by U.

Proposition 3.12 We have
M — D)y = ZVy — (A —B)e) - whie;) - ¥ + ¢ - (whier) — U™ wi(@)) - ¥,

distributionally for € W2k M), where Z € L>®°(T* M @4 M, M) with norm
1Zlloo < IIT— Blloo.

Proof If Y = Y%, U = (¥* o ¢~ 1)&,, and so
Doy =& - 35, o ¢ N + (W% 0 ¢THE - Vi, d,.

Thus, on pulling back this expression to A M via Y~ and invoking the chain rule to
the first sum in this expression, we obtain that

Dy =e' - (Ope, Vo + Ve U Vil
Thus, the difference of these operators is given by the expression
B =D =€ (0¥ — e Vo + V€ - (Veby = U (V).
Recalling that V., ¢, = wi-(ei) - ¢, and that
UTVabe =V (@F@) - 2) = U7 Wi (@) - U 80 = (U @) - fo
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The first expression is then given by
e (Do ™ — Ope UMy = (6] — Be' -+ (00,
= (I =B)e)) - (0, ¥*)¢y = (1 —B)e!) - Vo, — y*(I = B)e’ - Vo .

Letw = w* ® ¢, € I'(T*M QA M) and define Zw = (I — B)w* - 10,,. This defines
a frame invariant expression with

ZVy = (1= B)e!) - Ve, ¥,

and |Zo| = |1 = B)w” -y, | < |1 = B)w| |1, | < [w’| |h,] = |o|. i

As a consequence of this proposition, we will continue to examine remaining terms
of the expression (]Dj_]Z)—ZV)w with the main term being e’ - (w% (ej) —U_lw%(éj))-
Y. Letting B! = (,Bl.j) in the frame {e; }, note that

(wi(e)) — U (@) = %Z(w’a’(ei) —@5(@) 0 ¢ ey e

b<a

1
=7 Z {(g([ea, epl,ej) +glej, eql, ep) — g(lep, ], eq))

b<a

—(h([eq. ep], €j) +h(le;, eql, &) —h([ep, ¢;], éa))} ey - eq

1
=7 Z {(g([ea, epl,ej) +g(lej, el en) — gllen, ejl, eq))

b<a

—(g([Beq, Bep], B~ ej) + g([Be;, Bey], B~ ep)

—g([Bep, Bej], B_lea))} ep - ey, (3.12)

where the last line follows from Lemma 3.9. Hence, it suffices to consider the differ-
ences of the form g([u, v], w) — g([Bu, Bv], B~ 'w).

Lemma 3.13 We have
g(lei.ej]. ex) — g([Bei, Be;]. B ex) = (5870¢ — B{' B B)g(lea es]. ec)
— ( (08e; (B) — Ipe; (B))eas B~ ex)
almost-everywhere in Q.

Proof Using the derivation property, we obtain that

[Bei, Be;1f = e, (B))en(f) + BY B eaes(f) — e (B Iea( ) — Bf Blevea(f)
= (08¢ (BY) — Ipe; (B)ea () + B Blleas enl f,
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where the last equality follows from the fact that @ and b are dummy indices, i.e.,
,35? ep = ﬂ?ea. Therefore,

g([ei, ejl, ex) — 2([Be;, Bej1, B~ ex) = g(le;, ej1, ex) — 2([Be;, Bej1, B~ 'ex)
= g(lei. el ex) — 2B BYleas en), Biec) — &( (e, (BY) — de; (B ))ea, B er).

c

Then, on noting that g([e;, e;], ex) = 8;’8?8kg([ea, epl, e.), we obtain the desired
conclusion. O

With the aid of this, we re-organise the expression (3.12) in the following way:

1
2 —1,..2 /= —qrs —~qrs —~qrs
(wgle) —U wr(e)) = 1 E (BI+ L, — Bligleg. erl.e) ep - eq
b<a

1
3 2 Cabi = Yoai +Yian = Yaib +Xiva = Yhia) b - €a;
b<a
(3.13)

where B10° = (528765 — Bd BrB)s Yabe = OBe, (BY)BLS pq. We analyse terms of the

abc
form Y, ep - e, where (r, s, t) are permutations of {a, b, i}.

Lemma 3.14 The following holds almost-everywhere in S2:
Yabe = 00 VE(Aabe) — €] 08¢, (B 6aa) Bry8™ + ea(Mape)wipy 3™,

where tr denotes the trace with respect to the metric g and where ef; = ,Bf — 85 ,
Aabe = € B8 pgbaa e and 6ug = B = Sak B

Proof We compute V(Agpe) on letting v, = Be,

V(Aape) = V! & Vvl(eg,ég(quead ed)
= 3, (€0) B8 pgOaaBly €™ ® e + €}y, (BL0ua)Spq Bl € ® €
+ ed (Aabc)vl ® vv16d~

Now, note that v/ ® Vu el =e"® Ve el = —w,‘ékem ® ¢ and hence,
! d d k
eqd(Aapc)V' ® Vy e = —eq(Aape) Wy " @ e”.

Take the trace with respect to g to get

tr (00 (€A 8pyualy € @ ) = 0, €0V AL pyaaBlyd™

= 0y, (e)) B8 pg 8ty = D0, (e)) B8 pg = Yabe
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since Oaa Bl 6™ =3, OamBly = 3, BLBL, = 8l by the symmetry of g7 This
yields the stated identity. O

With this, we obtain the following local decomposition.

Proposition 3.15 There are pointwise multiplication operators X¢ € L® (L Q)
and Y € L¥(L(T*Q A Q,4A Q) and A® € L® NLip(LA Q, T*Q QA Q))) such
that

div(A%y) + Y9Vy + X%y

1
= Z Z(Tabi — Ypai + Yiab — Yaiv + Yiva — Yoia) €p o €q - Y

b<a

holds distributionally for € W2k M). Moreover,

IX%loo S IT—=Blloos 1Y% loe S IIT = Blloos
IA® oo S IIT—Blloo, and VA% ||s <1,

~

where the implicit constants in the gradient bound for A% is independent of .

Proof By the completeness and smoothness of g along with (i) and (iii) of Theorem
3.1 we have uniform constants C;, C» > 0 so that |Ve,| < C; and \aefga,,| < (C

inside Q. Let A%y = Ay ® (ep - €q - V) = (€4 B 8pg8riBY) e @ (ep - € - ¥) and
note that

V(Arst ® (ep - eq - Y) = V(Arst) @ (€p - €q - ) + Arst @ Viep - eq - V),
where
Ve eq ) =e" @V, (ep-ea) ¥ +e" ® (e ea) - Ve,V
Taking traces with respect to g, we obtain that
tr V(Apse(ep - ea - ) = (r V(Apge))(ep - eq - ) + tr(Apst @ Vep - eq - ).
Moreover, note that we can write A,5; = ey (Am)ed and therefore, we obtain that

Arst @ Viep-eq- ) = ea(Ars)e? @™ @V, (e - eq) - ¥
+ea(Arsi)e? ® ™ @ (ep - €q) - Ve, ¥

so that

tr(Arst ® Ve - eq - ¥) = ea(Ars)8™ Ve, (ep - €4) - ¥
+ea(Arst)8™ (e - €4) - Vo, .
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Define

erzvtw = ed(Arst)(Sdeem (ep-eq) - ¥
+ <ed(ArSt)w;dnk8mk — €y aBel (,8[ rd)ﬁ 8md> ep ey W’

and for ¢ € I'(T* M ® A M), define
Y0 = Y2 (g5e" © ¢y) = ea(Ars)8 0l (en - €a) - ¢y

Estimating with Lemma 3.10, we get X2, oo S IT=Blloos 1Y% loe S IT=Blloos

1Arst ]l S 11— Blloo and [VAZ,| < 1.
Lastly, by taking a sum over permutations over {abc} for the indices {r, s, t}, the
existence of coefficients X ¢, Y and A2 as stated in the conclusion is then immediate.
O

By collating our efforts throughout this section, we obtain the following main result.

Proposition 3.16 We have

Dy = DY + A VY +div Asyr + Ay, (3.14)

distributionally for v € W-2(k M) where the coefficients Ay, As, A3 satisfy

Ay € L®(L(T* M @4 M, A M)),
Ar € LX(LWL2(K M), D(div)))
A3 S LOO(AC@ M))

with [[A1lloo + [A2llec + 1A3llec S I1 = Blloo and [VA2|l S 1.

Proof First, we remark that by the assumptions in Theorem 3.1, exist constants
C1,C2,C3 > 0, a covering {B;} which are of fixed radius r > 0 with orthonor-
mal frames e ; inside B, and a Lipschitz partition of unity {1, } subordinate to { B, }
satisfying:

(a) |Vej,i| < C) for all i almost-everywhere on B,
(b) |9e;, g(ejl’ejl)| < Cp, where g = ¢*h, and
(© |Vn,| < C3in B;.

Let

Whiy = Z@Z,’; gl — Eligleq. el e5) ep - eq — (1= B)e') - wi(en),

b<a
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and recall the operator Z from Proposition 3.12, AV, and YV and XY from Proposition
3.15. Inside B;, we have the expression

B =Dy =Y n;divAZy)+ |2+ /Y5 |\ v+ Y 0 xBy+y g whiy
J J J J

On noting that div(ne) = ndive+tr(Vy®e) forn € C*(M)andp € N'(T*M®Q
V) differentiable almost-everywhere, we let

Ar=2Z+Y Py,
j

Ay = ZAB"YU,

J

Az =XPin;+ ) W =Y w(Vn) @ ).
J J

It is easy to check that the decomposition of the operator holds almost-everywhere.
The conditions (a) and (b) yield that | Ay ||+ || A2 ||+ A3]| < ||I—BJlo by Propositions
3.15. Moreover,

VA2l <3 |Va| ‘ABJ' <1,
j

NI
J
almost-everywhere uniformly with the constant depending on C1, C3 and C3. O

3.4 Riesz-Weitzenbock formula for Dirac operator

The goal of this subsection is to demonstrate (A9). We begin by noting the following.

Lemma 3.17 The Sobolev spaces satisfy W(%z@ M) = W22@ M).

Proof Due to the geometric assumptions (i) and (ii) in Theorem 3.1, the argument to
prove the assertion proceeds exactly as Proposition 3.2 in [17], which is a version of
this result for functions. The crucial point in the proof is to note that by the derivation
property for V, for n € C*°(M) and u € C*(V)

[V2000| < 101 [V2u] +2 V] 1Vul + |92 Jul. 0
With this, we obtain the following Riesz-Weizenbock estimate.

Proposition 3.18 There exists Cy > 0 such that |V>y|| < CW(”D?WH + ) for
all € DUB;) = Wo (A M) = W22 M).
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Proof Since our metric g is smooth, by Theorem 2.2 in [11], it is well known that
C° @A M) is dense (with norm ||- ||Dz) in the domain of ]Z)§ (and in fact for any positive

power ]Dg). By Lemma 3.17, in order to obtain the conclusion, it suffices to establish

IVl S B2 I+ 1 (3.15)

for all Y € C°Q M).
First we show that (3.15) holds for ¥ € C°(X M) with spt ¥ C B(x,rg). To
consider just the second-order part of the operator ]Z)é, we define

Ly =Dy — e el - (/) Verdy + (€iVa) Ve by + ¥ Ve, Ve be)
—e' Vel V.

2 <
L2(B(x,rn)) ™~

ILY|? + [[¥]? where Dy = ¢ ® ¢/ ® (eiejVa)¢, is the second-order part of
the Hessian. Also,

Estimating this operator by Plancherel’s theorem, we get || D2y ||

2 2 2 2 2 2 2
ILYIP S B 12 + max g W2 g IVWI2 + Il gy 1]

- max e g (pe ) IVV I

As we have noted in (3.9), a consequence of the assumptions (i)—(iii) in Theorem
3.1 is that max, | V¢, | < 1 and max, |[V?¢,| < 1 inside B(x,rpy) with constants
independent of B(x, r). Again, by Plancherel’s theorem,

IVYIE S 1B I + 1w 1% S ID5w 12 + 1%

Combining these estimates, we obtain that || V> |2 < ||m§¢||2 + Iy ]2,

Now, let ¢y € CZ°(X M) and note by the assumptions we make, on invoking Lemma
3.5, weobtain Cy > Osuchthat{B; = B(x;, rg)}isacoverfor M with lgijllc2(myy) <
Cy and a smooth partition of unity {»;} such that Zi |an,-| <Cpgyforj=0,...,3.
Moreover, this lemma guarantees that there exists M > 0 such that | < M Y, n?.
From the derivation property for V, we obtain

2 2
V20| S || 1P 19 e R + [V
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and we have that

vzw‘z d
"

IR = [m Y
SM/Z’V2771'
M [ S [vow)| du

S+ IVelP + Y IViama ™.

2
W du+ M/Z Vil > VY > dp
i

Now, spt (1; /) C B(xi, ri) and so [|V2(iy) |2 < D5 (niv) |2 + ¥ |12 by what we
have just calculated, and so on noting that ]Dé(m v) = T],’]Dél/f — 2V (grad i) ¥ — (An)Yr
by (3.6), where grad n; = (Vn,-)ti = g(Vn;, ), we estimate

STt £ Y [ [pv] du+ [ 1onl P au
+/Z‘v2m

SIBY I + Iy

2
ly|? du

In Proposition 3.6, we have already shown that |V ||2 < ||]Z)g1/f ||2 + ||l ||2 and hence
it suffices to note that

Beyl|* = (mgw, w) < DY YIS I 1% + v 1%,

to complete the proof. O

4 Reduction to quadratic estimates

The estimates in this section are operator theoretical in their nature and only make
use of the structure (2.7) of the perturbation, along with the assumption that D and D
are self-adjoint operators with domains contained in W!2 (V). We will show how to
reduce the estimate of f (13) — f(D) in Theorem 2.4 to quadratic estimates. Moreover,
in Sect. 5, we will see that the latter type of estimates allow us to prove the main
theorem via harmonic analysis techniques. Throughout this section, we assume the
hypothesis of Theorem 2.4.
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4.1 Perturbations of resolvents

Since the operators D and D are both self-adjoint, they admit a Borel functional calculus
via the spectral theorem as well as a bounded holomorphic functional calculus as
outlined in Sect. 2.3.

For t > 0, let us define operators

1 ~ 1

I+ t_2D2’ P, = m Q; =tDP;, and Q; =(DP;.

t =

The fact that D and D are self-adjoint gives

o ydt 1,
||QzM|| — = —||M|| and 1Qeull” — =< Slull®,
0 t 0 t 2

as well as

l\.)l'—‘

sup [P ||, sup P[], sup Q1. sup Qi1 <
t t t

Furthermore, we note that the operators P;, P;, Q;, Qt are self-adjoint.
Moreover, let

__¢ _
V() = T+ 22 and ¥ (5) =¥ (1)

and note that Q; = (D) and Q, = vy (D). We establish some operator theoretic facts
about Q; and Q; that will be of use to us later.

Let
R = —— = —(n""Rp(—(in") and R, = —— = —(in""Ro(~(in)")),
[+iD I+ 1D
and note that
- 1 1 1-iD 1 . D X~
R —iQ @)

T 1tuD I1+uDI_uD 142D 142D
Similarly, R, = P, —iQ;.
Proposition 4.1 The difference of the resolvents satisfies the formula:
R, — R, = R/[it(D — D)IR;.
Moreover,

Q — Q= —P,[+(D — D)|P, — Q[t(D — D)]Q,
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Proof First, note that:
R, —R; =R;(1 +itD)R; — R,(1 + irD)R;.

Since by assumption DD) = DD) = WE2(V), we have that R(R,) = D(D) and
hence, (I + itD)R; € L(57). Thus,

R, — R, = R,[(1 +irD) — (1 +irD)]R, = R,[ir(D — D)IR,.

Expanding R, = P, —iQ, as we noted in (4.1), a straightforward calculation yields
that

(P, —P) —i(Qr — Q) =R, — R, = P;[t(D — D)]Q; + Q;[t(D — D)]P,
+i {Pilr(D = D)IP: + QI (D~ D). |

which shows the expression for Q, - Q.. m]

In particular, we see that

1Qr — Q) fIl < IP:(t A1 V)P, fII + [P, (2 div A2)P; £ | + P, (tA3)P; £
+1Q tAIV)Q, £ + 11Q (£ div A))Q, f1I + 1Q: (rA3)Q, f I,
4.2)

Proposition 4.2 We obtain the estimates

sup [1Qr — Qill SllAlloos  sup IR, — Ryl < [l Alloos
1e(0,1] te(0,1]

where the implicit constants depend on C(M, V), D, ]5).

Proof First, we bound the terms with 13, and P;. Note that,

[P (A1 V)P, || < ( sup ||f>t||> IA1lloollE VP
te(0,1]

Moreover, by (2.4),
#VP:|| < Co(l1DP || + ([P [) < C(1 +1).
On combining this with the assumption that ||Aj|lcc < [|Allco, We obtain that

P (t Ay V)P || < Cll Ao (1 +1).
Next, we estimate ||P;(z div A;)P;||. First, we note that, for v € D(div),

1B, (¢ div)v| = sup ((ﬁ,(zdiv)u,g> = sup ‘(v,tdiv*f’,g)‘ < sup [vllllediviD, gl
lgl=1 lgl=1 lgl=1
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Now, note that div* = —V and on invoking (2.4),
ltdiv*P,g|l < C(|ItDP;gll + [[tP:gll) < C(1 + 1)lIgll.

Thus, IP, (¢ div)v|| < 2C|lv]| and since D(div) is dense in L%(T* M®)), we obtain that
P, (z div) extends to a bounded operator, uniformly bounded in 7 € (0, 1]. Therefore,

IP; (¢ div A2)Py || < [IP; (2 div) | A2 lloo IP || < ClIA oo

It is immediate that IIf’zf\3Pt|I < IIf’t||||A3||ooI|?z|| < [[Allco-
Similar bounds for Q; and Q; in place of P, and P; follow by exact!y the same
arguments noting that [[7VQ,|| =~ ||l — P;||. This shows that sup,¢ 17 [|1Qr — Q|| <

| Alloo- To show sup,¢ (g 1 IR, —R/|| < || Alloo, We note that it suffices to simply verify

that the previous argument holds for lit and R, in place of 13, and P; due to the formula
established in Proposition 4.1. O

A similar estimate of P; also holds, but we shall not need that.

4.2 First reduction

Now, let f € Hol*(Sg, ), for w € (0, 7/2) and o € (0, 00). We reduce estimating

I f (D) — f(D)|| to obtaining an appropriate estimate for 1Q; — Q;|. To that end, we
begin with the following lemma.

Lemma 4.3 The following identities hold.:

- 1~2ds 1 5 ds
I=P; +2 Q — =P +2 Q —,
0 s 0 s

where Py = 1+ D?*) ' and P; = 1+ D?»)~ L.
Proof Note that,
I-P,=1—-1+D>»!'=D*01+D*»"".

Moreover,

d 52 _ 2s
ds \1+s2)  (1+52)?2

and by setting s = ¢z, we have that

/1 (1z)*  dt _/Z s ds 1 77
o L+ ¢ Jo 42 s 21+
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By the functional calculus we obtain that
2 2,1 : 2 di
D°(I+ D7)~ u=2/ Y (D) u—.
0

The calculation for D*(I + D?)~! is similar. o

With the aid of this lemma, we obtain

f(D) — f(D) =[P + I —PIfD)P; + A —Py)]
— [P + (I —P)If(D)[P; + (I —Pp)]
=[(2P; — P} f(D) — 2P| — P]) f(D)] 4.3)
B PRI 202 ds dt
+4/O /O[(wsfw(D)—(wsfwl)(D)]?7.

Consider the second term on the right. Using the fact that the functional calculus
is a homomorphism yields that

W2 D) — W2 FyH D) = Y (D) Wy f) D) (D) — ¥ (D)]
+ s D) [(Ws f ) (D) — (W5 £ ) (D) ] (D)
+[Ys (D) — s D)5 fY) D) (D). (4.4)

Let n(x) = min {x, )lc} (1 4 |log|x|]). Then, we have the following preliminary
estimates for each of the three terms appearing in (4.4).

Lemma 4.4 The following estimates hold:

16 Fy) D) S 1 lloon (/8. N Wrs fYD DI S W1 f lloon(s/1), and
IG5 fY) D) = W fYD DI S N fllooll Allon(s/ 1),

where the implicit constants only depend on C(M, V), D, D).

Proof The bound for the first two terms follows directly from the norm estimate of
the Riesz-Dunford integral (2.1). For the last estimate, we have that, after fixing an
appropriate curve y,

(s f4) D) — (s f) D) < §I§ (s f ) (E)(R(2) — Rp @)l 1dg]

14

d
S lloon (s /1) (55 s fr (D)l ||§_C|I) EUP(”RI")(C) —Rp(©l 1£1)
v €y

S el Alloen (s /),

where the penultimate inequality follows from the decay of v; fy; and from Propo-
sition 4.2. O
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Proposition 4.5 Suppose that

b~ o dt 2 2
A 1(Qr — Qp)ull - < CollAll5c el

for all u € L*>(V). Then,

If D) = FD)I < N Allooll fllos

where the implicit constant depends only on C(M, V, D, ]5) and Cy.

Proof We appeal to (4.3) and first prove that

2P — P f(D) — 2P1 — P D) < 11 flloo | Allco-
To that end, define

2 1
() = (1 il +42>2) £©)

and note that ¢ € \IJ(SZM). Moreover, by the functional calculus, we have [(2f’1 —
P3) f(D) — (2P; — P) f(D)] = ¢(D) — ¢(D). Then, for an appropriate chosen curve
V’

lloD)u — pDyul| < IIflloojlﬁ 9O IR (2)(D — D)Rp (£)ul| 1d¢|
14

d
S I ool Allsolluell (55 Iw(C)I) % S I ool Alloollael
v

where the first inequality follows from Proposition 4.2.
Now, to bound the second term of (4.3), we appeal to (4.4). As we have previously
noted, ¥, (D) = Q; and v; (D) = Q;, and so,

195 (D) (s £ ) (D) [ (D) — ¥, (D]
= s (v DY FeO B D) — i 1w, v)

lul=llvl=1

= s (e @ - Qo Q).
lull=llvl=1
Fix ||u|| = |lv|| = 1, and we compute
(e o0 ®Q = Quw, Q)| < 1 f1 DY@ = Qull Q]
S 1 leon(s/D1Qr = QulllIQsvll.
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Thus,

e M (O ~ ds dt
/ / K(%-f‘/’t)(D)(Qz—Qt)u,QSv>‘ ds dt
0 0 p

t

1 1 d
<1 f e (/ (/0 1(s/D1Qs — Qul —) 7’)
d
(/ / 1 /0IQw I 2 t)
<||f||oo(/ 1@ — QoL ) (/ T )

S I ol Allso el vl

where the last inequality follows via our hypothesis and the self-adjointness of D. This
bounds the first term of (4.4). For the second term, we note that by using duality to
compute the norm, we arrive at:

{1 f 9B = Wi f90 DI, Quv)| S T4l oot (/DI Qv

where we have used Lemma 4.4. By a similar computation to the previous integral,
we obtain that

1 1 - 5 ds d
/0/0)([(M%)(D)—(%f%)(D)]Qtu,st}] S S 1Alool Flloclul o1

The last term in (4.4) is argued similar to the first term. Combining these estimates
together, we obtain that || f(D) — f(D)|| < ||Allcoll f lco as claimed. m|

4.3 Second reduction

In this section, we show that the quadratic estimate

b= , dt 2 2
/0 1(Qr — Qpull TS Al lull

can be reduced to quadratic estimates of the form

! o dt 2 2
A 1Q; SP;ull s S AN Null=,

where the operator Q; is an operator satisfying quadratic estimates, where P; is
either P; or Py, and § is an appropriate bounded operator with norm controlled by
C(M, V,D, D). Due to Proposition 4.1, via the decomposition of the difference
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D —D = A,V +div A, + A3, it is clear how the term || A« arise in the expression
as we note in the following:

1
1 i
~ dt ?
(/ 1@ — Q) f 12 —)
0 t
1 - dt % 1 - dt %
5(/ Bt AL VP, £1I* —) +</ I[P,z div AP, £1I? —)
0 t 0 t
1
1 5 Zdt 2
+ Bt AsP, f1* —
0 t
1 d % 1 d %
- t ~ . t
+(/0 101 A VQ, £ 7) +(/0 1Qut div A>Q, 1P 7)
1
~ dt\ 2
+(||sz3Qtf||2 7) : (4.5)
With this, we obtain the following.
Proposition 4.6 Suppose that
1
~ . -1 p dt 2 2
i 1QiAIVGL+ D) P fI2 = < CLlAISIf I, and

1
~ dt
/0 ||£P; div AP, £ — = CollAIZ N £ 112

for all u € L2(V). Then, for w € (0,7/2) and o € (0,00), whenever f €
Hol>(Sy, ), we obtain that

I£f®) — FO S 1 fllsollAllso
where the implicit constant depends on Cy, Cp and C(M,V, D, ]3).

Proof We demonstrate that each term to the right of (4.5) is bounded by
max {C1, C2} [|A]5,

and apply Proposition 4.5. First note that
b » dt 2 2y 2 A 2 2
P (tA3)P; £l 7= 1Al [ I 7= AN
0 0

and by the same calculation with Ql and Q; in place of f’, and P,

Jo 1QtADQ: fI2 4 < AR 1%
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By (2.4) and using the quadratic estimates for Q;,

b , dt 5 ! , dt
1P, AIVIP fII” — < lA1ll5e | NEVP fII7 —
0 t 0 t
a2 [ 2 ), dt
<2C7All5% A (lzDP; f117 + 11£P; £l )7

1
dt
< 2c2||A||§o/0 U fIZ+ 221 F11%) — = CHIAIZIFI%
Next, note that for u € D(div),

1Qirdivull = sup (Quedivu g) = sup fullrdivQgl
llgl=1 lgl=1

< Cllull sup (ItDQ/gll + 11Q:gl) < Cllull.
llgll=1

Therefore

o dt ! dt
/0 1Q; (¢ div A2)Q, f1I? — = c2||A2||2/0 1Q: £1I* — = CHIAIZ N £I%

The two remaining terms are then handled via the hypothesis. The first term is
immediate. For the remaining estimate,

1 1
2

o 2dt . . N 2dt 2
(/o 1Q: A1 V)Q; £l 7) (/0 1Q:A1V(AL+ D)™ (I +D)Q) 1l T)

1 1
LG : S g2 41 b~ . —1 , dt\?
< QA1 VGl + D)~ f vl 1Q:A1VGEL+ D)™ P f] -
0 0
1
! ~ . —1 2 dl 2
+ 1Q: AV + D)™ 2Q; £l I
0
since tDQ; = I — P;. By hypothesis,
b . -1 2 dt 2 2
QA VAL + D)™ P f - = AN,
0
and by the quadratic estimates for Q;, (2.4) and noting that || V(I + D)~ lul| < lull,

1
. . L dt . _
/O 1Q; Ay V(il + D) 1f||27§ IA 2 IVAL+D) 21 AI? S AN I
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For the remaining term,

1 , ~ dt ! dt
AHQMVM+DIMMﬂVTSZUMmQWﬂVTSWNQMW

This finishes the proof. O

We conclude this section by remarking that in typical applications, as we will see
in Sect. 5, the constants C| and C; themselves will depend on C(M, V, D, D).

5 Quadratic estimates

In this section, we prove the quadratic estimates in the hypothesis of Proposition 4.6.
We consider both quadratic estimates appearing as the hypothesis of this proposition
combined into the general form

1 dt
lAm&wVTQWQWK 5.1)

where § : L2(V) — L2(W) and Q; : LZ(W) — L2(V), with W an auxiliary vector
bundle and Q; is a family of operators with sufficient decay.

It is well known in harmonic analysis, going back to the counter example in [21] by
the second author to the abstract Kato square root conjecture, that estimates of the form
(5.1), even for multipliers S, cannot be proved only using operator theory methods
such as those in Sect. 4. Instead one needs to apply harmonic analysis to exploit the
differential structure of the operators and the space. It is here that we require the full
list (A1)—(A9) of assumptions.

The purpose of considering an abstract estimate of this form is due to the fact
that to satisfy the hypothesis of Proposition 4.6, we are required to prove two differ-
ent quadratic estimates with the choice of operators S = I for Q, = f’, div Ay and
S = V({l+D)! for Q; = Q;Ay. Therefore, in order to make the presentation clearer
for the reader, we combine these two estimates into a single estimate. Note that while
it may seem that the first choice for Q; and S is an easy estimate, the fact that the
operator P, appears in the required quadratic estimate to the right of Q; precisely
means that this estimate that cannot be handled by operator theory methods alone.

In what will follow, the key is to reduce the estimate (5.1) to a Carleson measure
estimate. We will impose further restrictions on S as required in the analysis that will
follow.

5.1 Dyadic grids and GBG frames

A central consequence of the growth assumption (Ejoc) is that it affords us with a
dyadic decomposition. This is illustrated in the following theorem.

Theorem 5.1 (Existence of a truncated dyadic structure) Suppose that (M, g) satisfies
(Eloc). Then, there exist countably many index sets Iy, a countable collection of open
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900 L. Bandara et al.

subsets {ngl C M :a €y, k €N}, points 7k € QF (called the centre of Q%), and
constants § € (0, 1), ap > 0, n > 0 and C1, C < 00 satisfying:

(i) forallk € N, u(M\ Uy Q) =0,

(it) ifl > k, then either Qi? C fol or Qig N Qg =,
(iii) for each (k,a) and eachl < k there exists a unique B such that Qf; c 0L,
(iv) diam QX < C;6%,

(v) B(zK, aps*) c QF,
(vi) forall k,a and forallt > 0, p{x € Q% : d(x, M\ QX) < t5¥} < Cor"pu(QK).

This theorem was first proved by Christ in [12] for k € Z (i.e. untruncated) for
doubling measure metric spaces. It was generalised by Morris in [23] to our particular
setting.

In what is to follow we couple this dyadic grid with the notion of GBG for the vector
bundle (V, h). We encourage the reader to assume familiarity with the constants Cy, ag
and § from Theorem 5.1. We remark that terminology we define below first arose in
the harmonic analysis of the Kato square root problem on vector bundles in [6].

We define and note the following:

e fix ] € N such that C18J < p/5 where p is from Definition (2.3),
o let ts = 87 which we call the scale,

e whenever j > J, 27 denotes the set of cubes Q({l,

e define 2 = UjZJQj,

e whenever ¢ < tg, we define 2, = 27 if /! <t < 8/,

o the length of a cube Q € 2/ is £(Q) = §/,

(5.2)

o forany Q € 2/, there exists a unique ancestor cube Q e
such that Q C Q and the cube @ is called the GBG cube of Q.

The following notion allows us to couple the dyadic structure with the GBG condi-

tion yielding “good” coordinates for V that enable us to import tools from Euclidean
harmonic analysis to the vector bundle setting. In the following definition, for a cube

Q = Q) € 2/, we define Xg = z{, and call this the centre of the cube.

Definition 5.2 We call the following system of GBG trivialisations
& = {w :B(xg, p) x C¥ — 73, (B(xg, p)), Q € 2’}
the GBG coordinates. Moreover, we let
G ={¥lg:0xC" > m,'(Q) y 7]

which we call the dyadic GBG coordinates. For an arbitrary cube Q € 2, the GBG
coordinates of Q are the GBG coordinates of the GBG cube Q.
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An important tool in harmonic analysis is to be able to perform averages, which
requires a notion of integration. In a general vector bundle, this is not a well-defined
notion under transformations. However, by using the GBG structure, we define the
notion of cube integration, as a map B(xa, p) X235 (x,0) — (fQ~)(x). For

1
uel,

V),and y € B(xa, p) wWe write

<Aﬂd¢>@%=(éuﬂm)g@)

where u = u;e' in the GBG coordinates of Q. Note that this integral is only defined
in B(x@, p). We then define the cube average ug € L°°(V) of some u € LIIOC(V) as
as

foudn yeBxg,p)

“o0) = {0 y ¢ Bxg, p).

Lastly, for each ¢ > 0, we define the dyadic averaging operator E; : LllOC V) —

Li(V) by
Eiu(x) = (7[ u d,u) (x) (5.3)
0

where Q € 2, and x € Q. This defines E,u(x) for x-a.e. on M. We remark that this
operator is well defined, and that E;u(x) on each Q € 2;. Moreover, E; : LZ(V) —
L2(V) is bounded uniformly for r < tg with the bound depending on the constant C
arising in the GBG criterion.

5.2 Harmonic analysis

Let us assume that V and W are two vector bundles both satisfying the GBG condition
and on taking a minimum of the GBG radius of the two bundles, assume that V
and W share the same GBG radius. Let Q; : L>(W) — L2(V) be a family of
operators uniformly bounded in ¢ € (0, 1]. The Q; we consider will naturally contain
the coefficients A; as a factor.

On defining (a) = max {1, a}, we assume that Q, satisfies off-diagonal estimates:
there exists Cq > 0 such that, for each M > 0, there exists a constant Ca » > 0
satisfying:

p(E, F) _
nmqmmmMsQMM&<t )M

P(E, F)
t

X exp (—CQ ) IXFullL2om) 5.4
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902 L. Bandara et al.

forevery Borelset E, F C Mandu € L2(W). Moreover, we assume that Q; satisfies
quadratic estimates, by which we mean there exists Cé > 0 so that

! , di / 2 2
/0 1Q: fl e = CollANISIA I (5.5

forall f € L2(V).
Recalling the constants cg and « appearing in (Ejoc), Lemma 4.4 in [23] states that,
whenever M > k alnd m > cg/t, we have

KQ) 20 Q) (_mM> <L 56
Q'e2, 0e2, n(Q" t !

As a consequence, arguing exactly as in Lemma 5.3 in [23], we obtain that Q;
extends to a bounded operator Q; : L* (W) — LfOC(V) with ¢ > 0 such that

1Quullf2 gy < €NANZA(Q Ul s (5.7)

whenever ¢ € (0, tg(Q)], where

t(Q) = min {5, 2(5/C1) ~'ex/Co) ™'

which we call the harmonic analysis scale of Q.

In harmonic analysis, constant functions are often required to extract principal parts
of operators. Under the guise of the GBG coordinate system, we are able to define a
notion of a constant section, locally, of V. Letx € Q € 2 and w € V, = CN, and
write w = w; €' (x) in the GBG frame {e' (x)} associated to Q. We then define the
constant extension of w by

w; ¢'(y) y €Bxg, p)

5.8
0 y & B(xg, p), oY

w(y) =

and we note that w¢ € L*®(V).
Forx € Q € 2, and w € V,, with GBG constant extension w¢ € L*®(V), we
define the principal part of Q; by

vx)w = (Quwe)(x). (5.9)

It is easy to see that the principal part is a well defined operator y[Q x) : Wy = Vs

for almost-every x € M. For convenience, we often write v, instead of y?.
We note that as a consequence of (5.7) that

][ e )P dux) < A% and  sup  [VE S [Allee.  (5.10)
Q 1€(0,tn(Q)]
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for all ¢+ € (0, ty(Q)]. This can be seen by a similar argument to that found in [23] or
[6].

With this notation in hand, we split the quadratic from (5.1) as follows:

1 dt 1 dt
/0 ||QtSP,f||27 < /0 1Q; — v/E/)SP, £ -

1 1
dt dt
+ /0 v/ E, S —Py) I —+ /O Iy B SfII* —

(5.11)

We call the first term on the left of (5.11) the principal part, the second term the
cancellation part and the last term the Carleson part.

From here on, we let the standing assumptions throughout the remainder of this
section be (A1)—(A9).

5.3 The principal part term

In this subsection, under some additional conditions on S, we bound the principal part.
The first thing we observe and require is a Poincaré inequality that is bootstrapped
from the Poincaré inequality for functions.

Lemma 5.3 (Dyadic Poincaré Lemma) There exists Cp > O such that
/Iu —ug[* dp = cPrKeCE”m)Z/ (196 + 1ui?) dpe
B B

foru € w2, for all balls B = B(xg, rt) withr > Cy/8 (with the constant C;
and 8 from Theorem 5.1) where Q € o?, with t < ts (with 2, and ts from (5.2)). The
constant Cp depends on C(M, V, D, D).

The proof of this lemma proceeds similar to the proof of Proposition 5.3 in [6].

Proposition 5.4 (Principal part) Let WV, hyy, VW) be another vector bundle satisfy-
ing C%'-GBG and suppose there exists C G.w such that in each GBG frame {e’ } for
w, [VWel (x)‘ < Cg.w for almost-every x. Let Q; : LZOW) — L%(V) be a family
of operators uniformly bounded in t € (0, 1] satisfying (5.4) and (5.5), and suppose
S :L*(V) — L2(W) is a bounded operator for which

IV Sl < Csllvllw.2

for some Cs > 0 and v e W2(V). Then, whenever u € L>(V),

tl(Q) dt
/O 1Q; — v:Er)SPrul||? -3 IANZ lull?,
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wheret(Q) = min {tH (Q), Co/(1 lcE)}. The implicit constant depends on Cg,w, Cs,
Ca 43 from (5.4), Cgy from (5.5) and C(M, V, D, D).

Remark 5.5 We allow for an auxiliary vector bundle )V in this proposition since, in
the proof of Theorem 2.4, we are required to invoke this with different choices for
W. We will see later that the constants Cg, Cg .1y, Ca «43 and Cb are themselves

dependent on C(M, V, D, D).
Proof The proof proceeds similar to Proposition 8.4 in [6], by replacing their QF with

our Q;.
Set v = SP;u. First, note from (5.3) that E;v(x) = vg (x) forx € Q, and so

1Q = V:EDvl* = Y~ Qi@ = v0)lfa g
0e2,

Letting Byp = B(xg, C1/8t), C;(Q) = 2/T1B\2/By, and on invoking (5.4) for
Q; and for some M > 0 to be chosen later, we obtain that

/ Qv — vo)* die
Q

2
> ,C; ,C;
< ||A||?><J (Z<p(Qt/(Q))>—M exp (_CQM> lv—vo ||L2(C_,-(Q))) .

j=0
(5.12)
By (4.1) in [23], we have
C
2f§z < p(xp, Cj(Q)) < p(Q, C;(Q)) + diam Q
and therefore
<p<Q, C,-<Q>)>‘M < - MGHD g
! (5.13)

exp <—CQ p(Q, fj(Q))> 5 exp <_ Cg(SCl 2j+l>

for all j > 0. Thus, by Cauchy-Schwartz inequality applied to (5.12), we obtain that
2
/Q Qi (v —vp)|” du

o0
. Cy .
< ||A||go ZZ_M(J'H) exp —CQ—IZJ‘H / |v - vQ}2 du.
= 2 Cj(Q)

(5.14)
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On observing that C;(Q) C 2/ !By, v e WI2OW), S : WL2(V) — W2(W),
and since (W, hyy, VW) has C%!1-GBG with ’VWei
apply Lemma 5.3 to obtain

< C¢ almost-everywhere, we

/ v —vol* du
Ci(Q)
(5.15)

C K42 C ) . 2
< (-‘) exp (CE—‘zf“z) 22<J+1>z2/ (‘va‘ + v]®) du.
8 (S 2_/+1BQ

To estimate the term

2/+1Bg

we use Lemma 8.3 in [6], which states that whenever » > 0 and {B j = B(xj, r)} is
a disjoint collection of balls, then for every n > 1,

2 2
P+ 0Py = [ ng (Vo] + o) d

K 4cgnk
ZXnBj Sn'e B
J

where the implicit constant depends on (Ejoc). We apply this on setting r = aof and
n = 2/T1Cy/(8ap) so that {B(xg, agt)} is disjoint to obtain the bound

. dernCy o .
Xarrigy S 29UV exp (%y“z) . (5.16)
On combining estimates (5.13), (5.15) and (5.16) with (5.14),

Z/Q Qv = vg)* die
e,

o0
SHA)Z Y 27 MDD exp <_2_(; (Cq — 10cgt) 2”‘)
j=0

UVl + ). (5.17)

This sum converges by choosing M > « + 2 and for t < I?—SE. Then, on setting
£1(Q) = min {tH(Q), CQ/(llcE)}, and recalling that v = SP,u,
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906 L. Bandara et al.

1(Q) dt
/ 1(Qc = v/E)SPrull* —
0

11(Q) dt 11(Q) dt
< ||A||?,o/ 2|V SPu|? — ||A||§o/ 2| SPu)? -
0 0
1(Q

11(Q) dt ) dt
S NAIZ @ IVYPu|* + IPu)?) — + |AlI% 12| SPau||* —
t t

0 0

11(Q) dt
S AN Null® + ||A||§o/0 7*|DP,u? -
S AR lul?,

where the second inequality follows from the assumption ||VWS w|? < ||va 1% +
w2, the third inequality from the boundedness of S : L2(V) — L2(W) and (2.4),
and the last inequality from the fact that tDP, = Q; satisfies quadratic estimates. O

5.4 The cancellation term

In this subsection, we estimate the cancellation term. First, we observe the following.

Lemma 5.6 On each dyadic cube Q, and for each u € WY“2(V) with sptu C Q, we
have that

'/Q Du du' < Q)2 ul.

The implicit constant depends on C(M, V, D, D).

Proof Let u = uje’ inside the GBG frame associated to @, and let {v;} be the GBG
frame for TM. Then, from (2.2), we write in this frame

Du = (ozljkvvjuk + u,-wf) el,
and for a bounded Lipschitz n : M — R,

[n, Dlu = nDu — D(nu)

ik j ik j ik
= (0] Vo, u + uiwf) e —a}" Vo, (qui) +nuiof) e =" (Vy mug €',

almost-everywhere inside the GBG frame. By choosing n appropriately, i.e., Vi) = v;,

3 )a/"‘z < dim(V).

J.k,l

Moreover, from (A7), we deduce the bound

>

12
i

2
Wy <cp,y-

~

i k|? i
a)ke‘ =‘De
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Before we proceed, we note that the assumption |Ve;| < Cgy implies that
|ij h;; | < 1 almost-everywhere since we assume that h and V are compatible almost-
everywhere. The implicit constant here depends only on of C¢ y and Cy.

Now, let h* = h; jei ® ¢/ denote the induced metric for V* fromh = h/¢; ® ej,
where e/ (ej) = 8;j. Now, note that we can write a section f € L} (V) in {e'} as
f = fie! =h(f, hy e') ek, and on choosing v to be a Lipschitz function supported
inside the trivialisation for the frame {e;}, with ¥ = 1 on Q we compute using the
fact that u = O on spt Vi

/Du:/ h(Du, Yhix ei)ekz/ h(Du, Yhix e")ek=/ h(u, D(Yhig ') ef
0 0 M M
= / h(u, D(hi €)) ¢ = / B, (" Vot + hixeof) € .
0 0

Therefore,

'/QDM

SR S R D S AP
¢ kml ¢ km

% L
< m=] xQ|u|§</ xé) (/ |u|2) = 1(0)* [ul,
0 M M M

using the proved bounds on (xlj K and a); and bounds on Vo, hg; and hy; from (AS). O

Lemma 5.7 On each dyadic cube Q, each u € W'2(V) and v € D(div) with
spt v, sptu C Q, we have that

1 . 1
‘/Q Vudu'SM(Q)ZIIMII and ’/levvdM‘SM(Q)ZIIUII.

The implicit constants depend on C(M, V, D, ]5).

This lemma is proved very similar to Lemma 5.6. For a comprehensive outline of
the proof, we consult the reader to the proof of Theorem 6.2 in [6]. Although the
metrics in [6] are assumed to be smooth, it is easy to verify that our assumption of
C%! regularity of the metric suffices in their proof.

The following is a generalisation of a key estimate in [3].

Lemma 5.8 (Cancellation lemma) Let Y be either one of D, 15, V, or div. Then,

Td2< ! 2d ! Tzl_% 2
‘][Q udu NE(Q),?<][QIMI u) <][Q| ul) +][Q|u|,

forallu € D(Y), Q € 2,t € (0, ts], where n is the parameter from Theorem 5.1
and £(Q) and ts are from (5.2).
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At this point, we note that the operator D satisfies the following off-diagonal esti-
mates.

Lemma 5.9 Let U; be one of R; = I+ 1itD)~!, P, = I+ 1’DH) ™!, Q, = DU +
t2D2)_1, tVP,, P;t div, and Q;. Then, there exists Cy > 0 such that, for each M > 0,
there exists a constant Ca > 0 so that

E,F) ™M E.F
||xEUt(xFu)||§CA<p(t ) >exp<—cup(t ))nan (5.18)

for every Borel set E, F C M and u € L>(V).

This “exponential” version of off-diagonal estimates first appeared as Lemma 5.3
in [10] by Carbonaro, Morris and McIntosh. The proof here is similar, and relies on
the commutator estimate (2.3).

With the aid of these tools, we estimate the cancellation term in (5.11). We note
that the proof is similar to the corresponding result found in [4], with the exception
being the complication arising from the operator S in the following statement. Thus,
we give sufficiently detailed recollection of the proof.

Proposition 5.10 Let S =1or S = V(il +D)~!. Then,
tH(Q) dt
/ Iy E: S — Poul? — 3 ]|
0

Proof First we note that IEZ2 = [, and therefore,
IV E ST —Poull = Iy EE ST —Prull < [|AllolEr ST — Pp)ue]|.

By Schur estimate techniques (see Proposition 5.7 in [4]), it suffices to prove that

s\e [t\*
_ < mi 2 -
(I, S (I Pz)QsIIlen{<t) (s) }
for some o > 0.

Note the identities
1 K
I-P)Qs = ;Qz(l —Py) and P,Qs = ;QIPS- (5.19)

For ¢ < s, it immediately follows from (5.19) that

IE ST = P)Qsll S 1T —P)Qsll

A
Y|~

Fort > s, we write

N
IE ST —P)Qsll < I1E:SQsll + P Qs I S IESQsll + o
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where the last inequality follows from (5.19). Thus, we only need to prove that there
is an « > 0 such that

N
1EsQ s (3)
Fix u € L2(V) and note that

I SQsull® = ) IESQuullty)- (5.20)
0e2,

If S = V(i 4+ D)~', we have that
SQ, = SsDPy = V(il + D)~ 'sDP; = sVP, — isV(il + D) ' P;.

Also, forx € Q,

E;SQsu(x) = ][ sVPsu dpu — ][ s VP, (il + D)_IPSu du,
0 0

and therefore,

I, SQsullf ),

:/ ‘][ sVPsu du—][ isVP,(I + D) 'u dp
ol/o 0

< u(Q) ‘][ VP djt
0

2
dp

2

2
+ 1(Q) '][ sVPs(il + D) lu du (5.21)
0

In the case S = I, we obtain that £, SQu = fQ sDPsu dpu, so that

2
IE; SQsull 20y = 1(Q) ‘][Q sDPsu dp

This latter estimate can be handled if we can handle the former estimate and so it
suffices to only consider this case. On noting that t >~ £(Q) from (5.2), by Lemma
5.8

S\ 1 2—
<(2) — n ' n
~ (l) //L(Q) ”Psu”LZ(Q)”SVP.SMHLZ(Q)

2
‘][ sVPsu d,u‘
0
2 1
2 2
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Then, by choosing p = 2/n and ¢ = 2/(2 — n), and by Holder’s inequality and
the uniform boundedness of Py, sP;, and Q; = sDP; ons € (0, 1],

U 2—1
D 1Pl o) s VPsull s,
e,

n 2-n

2 2

S IPaulfag | | D2 IsVPsulifsg,
0e2, 0e2,

2—n
S IPsu|l"(sDPyu|® + IsPsul) 2 < Jlull®.

Thus, for u replaced by (il + D)_l u, we obtain,

52 s\ S\ . _
1B, SQuul® S (5) ul + (3) el + (=) 161+ D)~ uf?
52 S\
S )+ () .

This finishes the proof. O

5.5 The Carleson term

We are now left with the task of estimating the last term, the Carleson term in (5.11).
Recall that v is a local Carleson measure on M x (0, t'] (for some ¢’ € (0, ts], where
tg is the scale we define in Sect. 5.1 ) if

b= swp sup L&D
e, 0e2, M(Q)

’

where R(Q) = Q x (0, £(Q)), the Carleson box over Q. The norm || v||¢ is the local
Carleson norm of v.
If v is a local Carleson measure, then by Carleson’s inequality,

// IE, (0)ux)|* dv(x, 1) < [vllelul?
Mx(0,t']

forall u € L?(V). This is proved for functions in Theorem 4.2 in [23] but we note that
the proof carries over mutatis mutandis to our setting.
Since S is a bounded operator, we can reduce Carleson’s inequality

! o dt 2 2
A Iy Sull - S AN ull
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to showing that

dv(x, 1) = [y, (x)? M

is a local Carleson measure with Carleson norm controlled by || A ||2

Fixacube Q € Z;,letBp = B(xQ C1 £(Q)), Note that since we considert’ < tg,
we have that 3By C B(xQ, C E(Q)) where p is the GBG radius. This is one reason
why we fix tg < p/5 in our analysis.

For w € CV, let w® denote the local constant extension of w as defined in (5.8),
and define w? = X2Bg w¢. Then, we note that

dp(x)dt t(Q) 2 dudt
// i@)P ——— < sup viEw?| —,
R(Q) 4 lwlen=1/0 0 t
and therefore, it suffices to prove that
€(Q) 2 dudt
/ / vEw?| = < A1d (@) (5.22)
0 0

for each |wlpy = 1.
In order to do this, we split up this integral in the following way:

/@(Q)/
0(Q) 2 dudt €] 2 dudt
/ /‘(YtEt Qt)wQ) e / /’Qth’ MT

0 0

(5.23)

2 dudt
v.Ew N“_

Proposition 5.11 Let Q; : L>(W) — L2(V) be a family of operators uniformly
bounded in t € (0, 1] satisfying (5.4). Then for each cube Q € 2;,

€(Q)
/ /]m]E, Qe[ L < Az,

whenever t € (0, 13(Q)], where t3(Q) = min [tH(Q), i—%} The implicit constant
depends on C(M, V, D, D) and CA k+1 from (5.4).
Proof First, we note that for x € Q, E,w€ (x) = w(x) and hence, 87 OEwlx) =

(Q;w¢)(x). Setting v = w? — wC, we have ‘(VIIE, - Qt)wQ| = |Q;v| almost-
everywhere in Q.
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Letting C;(Q) = 2/*!Bg \ 2/Bg, and fixing M > 0 to be chosen later, we
estimate via (5.4) and by using Cauchy-Schwartz as in (5.14)

2

o0
/Isz|2 du =/ QY xe0 | 0| dn
0 Q j=0

) C -M
< ||A||§oz<p(Q ,/(Q))>

j=0 !
p(Q, C;(Q))

t

X exp <—2CQ ) /M |ch(Q)U|2 du. (5.24)

First, note that v(x) = w2 (x) — w(x) = X2Bg (x)w;e' (x) — w;e' (x) and hence,
|[v(x)| < 1 for almost-every x, and thus

2 .
/M |XCj(Q)U| du < n(Ci(Q)) < u(Z"'HBQ).
Moreover, from (Ejoc) and since 877! < ¢ < £(Q) = &/,
, 4 _ o
w2 *Bo) < u(B(xg.2711C1/8) £ 27UV exp <CE?12]+1,> 1(0).

Thus, on combining these two inequalities with (5.13) we obtain from (5.24) that

2 < (e—M) () ceCr CQCr) ,ip
/|Qtv| s ||A||OQE(Q)M<Q>22 p(( o )2 ).

Thus, by choosing M > «, or explicitly, setting M = k 4 1 and choosing t < %,
the right hand sum converges. That is,

2dud
|l —owe [ 5 < 1o,

which completes the proof. O
From this, we obtain the following.
Proposition 5.12 Let Q, : L2(W) — L2(V) be a family of operators uniformly

bounded in t € (0, 1] satisfying (5.5) and (5.4). Then, whenever S € L(L*(V)), for
everyu € L2(V), we obtain that

13(Q) 5
/O IVAEy Sull? —<||A|| ul?,
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where t3(Q) = min {tH(Q), 32—%] and where the implicit constants depend on the
bound on ||| 212, C(Q) from (5.5), Ca 41 from (5.4), and C(M, V, D, D).

Proof This follows from Proposition 5.11 and the computation:

tQ) dpdt _ 1 dt
L] lewe 5 s [Tiomeir S a1l P £ 141nce)

where the second inequality comes from the (5.5) assumption on Q; and the third

inequality follows from the fact that spt we c 2Bg and u(2Bg) S n(Q) by (Eioc).
m}

5.6 Proof of the main theorem

Finally, we gather the estimates in Sects. 4 and 5 to obtain a proof of the main theorem.

Proof of Theorem 2.4 First, we note that, by Proposition 4.6, it suffices to show that

L dt
/ ||tPtdivA2P,f||2—5 IAIZ 1 £1%,  and

/IIQIA1V(11+D) PP S S AP,

For the first inequality, we set Q; = tls, div A, and noting the identity tl3, div =
(Q; + itP)(VAI — D)’])*, the quadratic estimatgs for Q;, the boundedness of P,
uniformly in # and the the boundedness of V(il — D)~!, we obtain

/IIszII /”(tPtle)AZf” —<||A2f|| < IAISIFIP.

Moreover, from Lemma 5.9 with D’ = divand u = A, f, we obtain that Q; satisfies
(5.4). Letting S = I Propositions 5.4, 5.10 and 5.12 yields

nQ dt
/0 1P, div A2P; £1|* — 3 IANZ N £ 12

for all f € L2(V), where #;(Q) = min {tH (Q), Cq/(1 lcE)} (from Proposition 5.4),
and since #1(Q) < 13(Q) where 13(Q) is defined in Proposition 5.12. We obtain

1
L dt
/ 1B, div AP, £1I> — S IAIR I £II?
11(Q) t

from recalling that 7P, div AP, Il S 1 A2]loo |l f || uniformly in ¢.
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Now, set Q; = Q;A; and S = V(il + D)~!. This Q; clearly satisfies (5.5) and by
Lemma 5.9 it satisfies (5.4). Thus, we are able to apply Propositions 5.10 and 5.12,
but in order to apply Proposition 5.4, it remains to verify that the operator S satisfies
IVSu|l < I|Vull + |lu|| whenever u € W12(V), To this end, we use the assumptions
(A8) and (A9) to estimate

[VSu| = [[VVGL+ D)™ ull = VG4 D)~ u||
S ID?GL+ D)~ uf| + [|GI + D)~
< IDGL+ D™ HDu|| + [lull < IDull + llull < IVull + full.

We obtain
n(Q dt
/ QA1 VG + D)~ 'P, £ -5 AN I £ 112
0

for f € L%(V). Similar to our previous calculation,

1
~ . _ dt
/ 1Q: A1 VAL + D) 'P, £l — S IAIA N £1?
1(Q) t

follows from [|Q,; A VGl + D)~'P, £l < lA1lloo |l £l uniformly in ¢.

For the two choices of Q; which we made, namely Q; = ¢ P, div A, and Q; = Q,A,,
the constants Ca_p from (5.4) and Cé) from (5.5) only depend on C(M, V, D, D) and
the constants Cs and Cg,w from Proposition 5.4. This completes the proof. O
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