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Abstract Let f : X — P! be a non-isotrivial semi-stable family of varieties of
dimension m over P! with s singular fibers. Assume that the smooth fibers F are
minimal, i.e., their canonical line bundles are semiample. Then « (X) < x(F) + 1. If
K(X) = k(F)+ 1,thens > % + 2. If «(X) > 0, then s > 2 + 2. In particular, if
m = 1,5 = 6 and «(X) = 0, then the family f is Teichmiiller.
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1 Introduction

We always work over the complex number field C. Let f : S — P! be a nontrivial
fibration of semi-stable curves of genus g > 1. Itis aclassical problem to determine the
lower bound for the number s of singular fibers in the fibration f, see [1,6,7,9,15,17-
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19,23].In[1], Beauville first proved that s > 4 and conjectured thats > 5 when g > 2.
In [15], the second author confirmed Beauville’s conjecture. Later, Tu, Zamora and
the second author proved in [17] that s > 6 if S has non-negative Kodaira dimension.
It is conjectured that s > 7 if S is of general type. The first purpose of this note is to
confirm this conjecture.

Theorem 1 Let f : S — P! be a nontrivial semi-stable fibration of curves of genus
g = 2 over P! with s singular fibers. If S is of general type, then s > 1.

This conjecture has been verified for g < 5 ([17,23] or g > 58 ([16], unpublished)
by using the strict canonical class inequality established by the second author [15].
Recently, the authors in [10] have also proved this conjecture under the condition that
the family is birationally equivalent to a pencil of curves with only simple base points
on the minimal model of S.

We can find in [17] the examples of surfaces of general type admitting a semi-stable
fibration over P! with 7 singular fibers.

It is an interesting phenomenon that when the number of singular fibers is minimal,
the family is of very interesting arithmetic and geometric properties. When g = 1 and
s = 4, Beauville [2] proved that the family of curves must be modular, and there are
exactly 6 such families. In [14], the authors prove that for a non-isotrivial family of
semi-stable K3 surfaces f : X — P! on a Calabi-Yau manifold X, we have s > 4
and if s = 4, the family is modular.

Theorem 2 As in Theorem 1, if the Kodaira dimension of S is zero and s = 6, then
the family must be Teichmiiller and a)g Pl = 6g — 6.

Here a family of curves is said to be Teichmiiller, if up to a suitable finite étale
cover of S, it comes from a Teichmiiller curve.

For each type of surfaces of Kodaira dimension zero, Tu [18] has constructed an
example with a semi-stable family of curves over P! admitting exactly 6 singular
fibers.

When the Kodaira dimension of the surface is 1, the minimal number s should be 6
or 7. We have not found examples with s = 6, and we tend to believe that there are no
such examples. On the other hand, we give more precise description of such surfaces.

Theorem 3 With the notation as in Theorem 1. Suppose the Kodaira dimension of S
is 1 and s = 6. Then S is simply connected, pq(S) = q(S) = 0, the canonical elliptic
fibration on S admits exactly two multiple fibers, one of the multiplicities is 2, and the
second one isn = 3 or 5.

(1) Ifn =3, then 6g — 5 < wg/Pl
2) Ifn =5, then a)’,i,/]P,1 =6g —3.

< 6g — 3.

If the stability assumption is dropped, then it is only known that s > 3 for any
non-isotrivial fibration of curves over P!, even if we require that two of the singular
fibers be semi-stable [1,6].

Our method works also for the higher dimensional cases.
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Theorem 4 Let f : X — P! be a non-isotrivial semi-stable family of varieties of
dimension m over P with s singular fibers. Assume that the smooth fibers F are
minimal, i.e., their canonical line bundles are semiample. Then k (X) < k(F) + 1.

() Ifk(X) =0, then s > % + 2. In particular, s > 6 when m = 1, and s > 4 when
m =2 or3.

2) If k(X) =k(F)+ 1, then s > % + 2. In particular, s > 7T whenm = 1,s > 5
whenm = 2, and s > 4 when m = 3 or 4.

Note that when X is of general type, we know that F' must be also of general type
and the equality « (X) = «(F) + 1 holds. Hence the lower bound s > % + 2 holds in
this case.

This note is organized as follows. Theorems 1-3 are proved in Sect. 2, and Theorem
4 is proved in Sect. 3.

2 Variations of the Hodge structures

In this section, we would like to prove Theorems 1-3. The main technique is based
on the variation of the Hodge structures attached to a semi-stable family of curves,
especially to a Teichmiiller family.

2.1 Preliminaries

In this subsection, we give a brief recall about the Teichmiiller curve and the associated
variation of the Hodge structures, and derive some inequalities. For more details, we
refer to [3,12,13].

Let M, be the moduli space of smooth projective curves of genus g, and 2 M, —
M the bundle of pairs (F, w), where @ # 0 is a holomorphic one-form on F € M,.
Here and in the following, we consider the moduli problems in the sense of stacks
(or one should take a suitable level structure). Let QM (my, ..., my) € QMg —
M be the stratum of pairs (F, w) such that @ admits exactly k distinct zeros of
order my, ..., my respectively. There is a natural action of SL,(R) on each stratum
2Mg(my, ..., my). Each orbit projects to a complex geodesics in M,. When the
projection of such an orbit is closed, it gives a so-called Teichmiiller curve. After a
suitable unramified cover and compactification of a given Teichmiiller curve, one gets
a universal family f : S — B, which is a semi-stable family of curves of genus
g. Moreover, there exist disjoint sections Dy, ... Dy of f such that the restriction
(Zle m; D) |F to each fiber F is just the zero locus of w.

Denote by s the number of singular fibers contained in f. According to the classical
Arakelov inequality (see for instance the proof in [21, Proposition 1.2] and Theorem 6
below for the generalization), for any line subbundle £ C fiws/ g, the following upper
bound on the slope of £ holds.

2¢(B) — 2+

deg(£) = (L) = 5
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In the case when f comes from a Teichmiiller curve as above, the Hodge bundle
fxwsyp contains a line subbundle £ C fiws,p with maximal slope (see for instance
[12, Proposition2.4] or [13, Theorem 5.5]):

2deg(L) = 2g(B) — 2 +s. (1

Consider the logarithmic Higgs bundle ( fyws/p @ R! f+«QOgs, 6) associated to the
fibration f, which corresponds to the weight-one local system R! f«Qgo; here f :
§Y — BYis the smooth part of f. The Higgs field @ is simply the edge morphism

fews/p = fi25,5(log ) —> R' .05 ® 2p(log 4)
of the tautological sequence
0 — f*Q2p(log A) — 25(log T) — 2g/5(log T) —> 0,

where 77 — A is denoted to be the singular locus of f. By Viehweg and Zuo [20],
the existence of a line subbundle £ C f,ws,p with maximal slope is equivalent to
the existence of a rank two Higgs subbundle (£ @ £~!, §) with maximal Higgs field
contained in the logarithmic Higgs bundle ( fsws/p ® R! f+«QOgs, 0) associated to the
fibration f.

Conversely, one has the following theorem, which is due to Moller [12].

Theorem 5 Let f : S — B be a semi-stable fibration of curves of genus g > 2
over a smooth projective curve with s singular fibers. Suppose that there exists a line
subbundle L C f.ws,p satisfying the equality (1) above. Then the family f comes
from a Teichmiiller curve; that is, the induced map B® — M ¢ IS a finite unramified
cover of a Teichmiiller curve. Here f : S© — B is the smooth part of f.

Since the relative canonical sheaf of a fibration of curves over a Teichmiiller curve
has a very special form [see (3) below], we can derive the following upper bound on

2
w§,p-
Proposition 1 Ler f : S — B be a semi-stable fibration of curves as in Theorem 5,

and assume also that there exists a line subbundle L C f.ws,p with the equality (1).
Then

3
“)é/B = 5(8—1)(2g(3)—2+s). )

Proof By Theorem 5, the induced map B — M ¢ 1s finite unramified covering of a
Teichmiiller curve. Hence after a suitable unramified base change, there exist disjoint
sections Dy, ... Dy of f such that the relative canonical sheaf wg,p has the form (cf.

[3D .
ws/p = L& Os (Z miDi> : 3)

i=1
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where £ C fiws/p is the line subbundle satisfying the equality (1). Note that the
inequality (2) is invariant under any finite unramified base change. Thus we may
assume that wg,p already has the form as above.

As D;’s are disjoint sections, it follows that D; - D;j = 0 fori # j, and that

(ws/p+Dj)-D; =0, V1<ic<k.

Combining these with (3), one gets that Dl.2 = —ﬁ - deg L. Note also that
Z{f: 1m; =degwr = 2g — 2, where wr is the canonical sheaf on a general fiber of

f. Hence by (3) again, we obtain that

k
w§p =4(g — 1) -deg L+ Y m?D}

i=1

k m2
= (4(g— 1)—Zm‘_’|_1)deg£.

i=1

As Zk m; = 2g — 2, one gets easily that

i=1
2
i

m .
Zmi+122%:g_]‘

i=1 i=1

Therefore,
2 3
wsp <3(g—1)-degL = z(g —1)(2g(B) — 2 +5).

This completes the proof. O

In the case when f : S — P! is a semi-stable fibration of curves of genus g > 2
over P! with s = 6 singular fibers, we have the following easy criterion when f comes
from a Teichmiiller curve.

Lemmal Let f : S — P! be a semi-stable fibration of curves of genus g > 2 over
P! with s = 6 singular fibers. If the geometric genus pg(S) := dim HY(S, ws) > 0,
then there exists a line subbundle L C f,ws,p satisfying the equality (1), and hence
f comes from a Teichmiiller curve.

Proof As alocally free sheaf on P!, the direct image sheaf f» s/p! is isomorphic to
a direct sum of invertible sheaves:

8
f*(,()s/]pl = @ O]Pul (dl)
i=1

Note that d; > 0 due to the semi-positivity of the direct image sheaf fiwg /P! (cf. [4)),

and that d; < %(Zg(B) -2+ s) = 2 due to the Arakelov type inequality (cf. [20]).

@ Springer



1722 X.Luetal.

Without loss of generality, we assume that 0 < dy < --- < d, < 2. By Fujita [4,
Theorem 3.1], we obtain that

di=---=dys =0, and d; >0 Vi=>qg(S)+1,
where ¢(S) := dim H!(S, wg) is the irregularity of S. Hence
g
deg frwgpr = Y di.
i=q($)+1
On the other hand, it is well-known that
deg frwg/p1 = x(ws) — (g — D(g®") —1) = g + pg(S) — q(S).

Therefore, d, = 2 once pg(S) > 0. In other word, the line subbundle Opi(d,) <
Jrwgpr satisfies the equality (1). O

Corollary 1 Let f : S — P! be a semi-stable fibration of curves of genus g > 2
over P! with s = 6 singular fibers. If the geometric genus pg(S) > 0, then f comes
from a Teichmiiller curve and

w1 < 6(g = 1. )

Proof This is a combination of Lemma 1 and Proposition 1. O

2.2 Proof of Theorem 1

By Tan et al. [17, Theorem0.1], s > 6 if S is of general type (actually, the inequality
s > 6 holds once the Kodaira dimension of S is non-negative). To complete the proof,
it suffices to deduce a contradiction if s = 6.

Since S is of general type, we may assume that g > 5 by Tan et al. [17, Theo-
rem0.1(2)], and according to Tan et al. [17, Theorem 0.2] one has

1
wé/Plz6g—6+§<w%{+ a)f( w§+8g—8>, 5)

where X is the minimal model of S. Hence we may assume that p.(S) = O by
Corollary 1. It then follows that

deg fuwg/p1 = x(ws) — (g — D(g®") — 1) = g — q(S).

Let § y be the number of nodes contained in the fibers of f. Then by Noether’s formula,
one has

8 = 12deg friwg pi _wé/[@l = 12(g — q(S)) — wé/ﬂpl.
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According to Tan [15], for any integer ¢ > 2, we have the following inequality

1 35

O e < (2g—2)(2g(1p>1) _2+¥)+e_2f,
3(12(g —q(S)) — @2

:(2g—2)<4—§)+ ( i S/P)'

e

Hence

2
> e 6\ , 36(g —q(9)
ws/]pl S€2+3(28—2)(4—e>+ e2+3

Taking e = 3, one obtains
wgp =68 =3 —3q(S) <68 -3, ©)
Combining this with (5), one obtains that
\/g,/w§(+8g—8§6—w§(,

— % (0} +8g—8) < (6—w})?

2
ﬁa}xs

g+ 1 <1, sinceg >>5.

This gives a contradiction. O

2.3 Proof of Theorem 2

Let X be the minimal model of S. If X is either an abelian surface or a K3 surface,
then p,(S) > 0, and hence the conclusion follows directly from Corollary 1 and [17,
Theorem0.2].

In the remaining cases, X must be either an Enriques surface or a bielliptic surface
according to the classification of surfaces with Kodaira dimension equal to zero. Let
Kx be the canonical divisor of X. Then there exists an n > 1 such that nKx = 0.
Hence one can construct a finite étale cover  : § — S such that py(S) > 0 and that
the Kodaira dimension of S is still zero. Moreover fi=fom: S — Plisstill a
semi-stable fibration with 6 singular fibers by Beauville [1, Lemma 3].

@ Springer
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Since = is finite étale,
‘”%/Pl = deg(n) - g p1, & — 1 =deg(n)- (g — 1), (7

where g is the genus of a general fiber of f . By construction, S is either an abelian
surface or a K3 surface, so pg(S) = 1. Hence the family f comes from a Teichmiiller

curve and a)g P = = 6(g — 1) by the above argument. Therefore, the family f is

Teichmiiller. Moreover, Together with (7), we obtain >

/Pl = 6g — 6 as required. O

2.4 Proof of Theorem 3
Because the Kodaira dimension of S is 1, by Tan et al. [17, Theorem 0.2] we have

W p1 = 68 — 5. (8)
Hence pgy(S) = 0 by Corollary 1. Similar to the proof of Theorem 1, the inequality
(6) holds. Thus ¢ (S) = 0 by (6) and (8).

As the Kodaira dimension of S is 1, the minimal model X of S admits an elliptic
fibration

h: X — C.

Since ¢(X) = ¢(S) = 0, it follows that C = P'. Let {n I, ..., n.I}} be the set of
multiple fibers of 4 with 2 < n; < .- < n,. Then the canonical sheaf of X is given
by Griffiths and Harris (cf. [5, § IV-5])

wx = h*(Opi(=1) ® Ox <Z<ni - 1)F,-> . ©)

i=1

We claim first that » = 2. Indeed, it is clear that r > 2 by (9) since «(X) = 1, and
that r < 3, since otherwise by an unramified cover one can construct a new surface
S with pg(S) > (. Moreover, similar to the proof of Theorem 2, one shows that Sis
still a semi-stably fibred over P! with 6 singular fibers. This is a contradiction by the
above argument.

We claim also that n; [ na. Suppose n; divides n3, one can construct an unramified
cover §” over S, which is still semi-stably fibred over P! with 6 singular fibers.
Moreover, the minimal model of S” admits an elliptic fibration with only one multiple
fiber. This is again a contradiction by the above argument.

Let F be a general fiber of f and Fy its image in X. Let I" be a general fiber of &
and d = gcd(ny, ny). Then there exist m, my € Z such that mny + mony = d. Let
Iy = mp 1 + m1 5. Then numerically,

mo mi my  mj d
In=—nml+— mbh~um|—+— )T = T
ni ny ni na ninz
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Moreover, by (9), one has the following numerical equivalence:

1 1 niny np np
@WX ~num (1____>F’\‘num (_____)FO-
ni nz

According to the proof of [17, Theorem 2.1], one has

wg/pl 268_6+wXF0
niny Ny np
—6g—6 ( ————)F.F
g + p p P 0o
nny  np
e (2
g—o+ 4 d

Fromn, f ny and (6), we see that there are only two possibilities as stated in Theorem 3.

It remains to show that S is simply connected. Since x (Ox) = 1 > 0, it follows
from Noether’s formula that the elliptic fibration /& admits at least one singular fiber.
Moreover, we have shown that /2 has exactly two multiply fibers whose multiplicities
are coprime. From [11, §II.2-Theorem 10], it follows that X, and hence also S, are
both simply connected. This completes the proof. O

3 Arakelov type inequality

In this section, we generalize our results to the high dimension cases, i.e., we prove
Theorem 4. The technique uses the Arakelov type inequality, which is deduced from
the variation of the Hodge structures attached to such families.

The Arakelov type inequality for the direct image of the relative pluri-canonical
sheaves goes back to Viehweg and the last author [22,24]. This kind of inequality is
generalized in the recent work [8]. The following form can be found in [24, Theo-
rem4.4] and [8, Prop3.1 & Remark 3.2], which is the key to our proof.

Theorem 6 Let f : X — B be a semi-stable family of varieties of relative dimension
m > 1 overa smooth projective curve of genus g (B) with s singular fibers. Assume that
the smooth fibers F are minimal, i.e., their canonical line bundles are semiample. Let
wx/B be the relative canonical sheaf, and £ C f, (w%‘B) be any non-zero subsheaf.

Then the slope (€) := f;ii

satisfies that

mk(2g(B) —2 +s)
(&) < > .

The main idea of proving Theorem 4 is to compute the plurigenera by applying
Riemann-Roch theorem for the direct image sheaves f (a)g?k) on the base curve.
Combining with the asymptotic behavior of the plurigenera, we complete the proof.

Proof (Proof of Theorem 4) Since the base is a rational curve P!, it follows that
wx = wy/pl X f*(,()[pl = wxp! X f*OPl(—Z).
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Hence for any £ > 1, one has
Fe(@F5) = ful@Fp) ® Opi (=2k). (10)

Let £ C f. (w?k) be any subsheaf. Then by (10), £ ® Opi1(2k) is a subsheaf of
Jx (w?fpl ) Thus by Theorem 6, one obtains

k
1) + 2k = u(€®Op 20) = 25 (5= 2);
equivalently, we have
k
wé) < E(m(s—2)—4). (11)

As a locally free sheaf on P!, the direct image sheaf f, (w?k) is isomorphic to a
direct sum of invertible sheaves,

Tk
fo(@F) = P Opi(di), i = rank fi(0F").
i=1
By (11), we have

d; < (m(s—2)—4), i=1,2,...,r.

[NSR R

Hence

dim H°(X, ") = dim HO(P', f*(0%9) = Y @ + 1)
di>0

< max {0, [g(m(s —-2)— 4)] + 1} -rankf*(a)ﬁk).

Here ‘[e]” stands for the integral part.
According to the definition of the Kodaira dimension of a variety, when & is suffi-
ciently large, one has

rankf*(a)gk) = dim HO(F, 0%F) ~ k1),
dim HO(X, %) ~ k<X,

Hence «(X) < «(F) + 1. Moreover, if «(X) > 0, then
1 .
—(m(s—2)—4)>0, ie, s>—+2
2 m

and if x (X) = «(F) + 1, then

%(m(s—2)—4) >0, ie, s> ;+2.
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This completes the proof. O

Remark 1 Recall that the volume of a projective variety X is defined to be

_ (dim X)! - dim HO(X, o)
Vol(X) = lim sup LM X .

k

The above proof shows also that for a variety of general type semi-stably fibred over
P! with s singular fibers, one has

(m +1)(m(s —2) — 4)
2

Vol(X) < Vol(F),

where F' is a general fiber of f. In particular, when X is of general type and f :
X — P! is a semi-stable fibration of curves of genus g > 2 with s singular fibers, one
computes that

Vol(X) = w%,. Vol(F) =2g -2,
where X is the minimal model of X. Hence the above proof shows that in this case,
Wy, <2(s —6)(g — 1.
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