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Abstract We study the partial regularity of suitable weak solutions to the three dimen-
sional incompressible Navier—Stokes equations. There have been several attempts to
refine the Caffarelli-Kohn—Nirenberg criterion (1982). We present an improved ver-
sion of the CKN criterion with a direct method, which also provides the quantitative
relation in Seregin’s criterion (2007).
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1 Introduction

We consider the Navier—Stokes equations
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where 2 C R3 is a bounded domain with C2 boundary and T > 0. The state variables
v and p denote the velocity field of the fluid and its pressure. We complete the above
equations by the following boundary and initial conditions

v=0 ondf2 x(0,T)
v =1v9 in 2 x {0}

where the initial velocity vy is sufficiently regular. Throughout this paper, we assume
that (v, p) is a suitable weak solution to this problem and the definition will be given
in the next section.

There are a huge number of important papers that contribute to the regularity prob-
lem of suitable weak solutions to the Navier—Stokes equations and there are many
good survey papers and books. So, we only mention a few of them. Scheffer [8,9]
introduced partial regularity for the Navier—Stokes system. Caffarelli et al. [1] further
strengthened Scheffer’s results. Lin [6] gave a new short proof by an indirect argument.
Neustupa [7] and Ladyzhenskaya and Seregin [5] investigated partial regularity. Choe
and Lewis [2] studied singular set by using a generalized Hausdorff measure. Escau-
riaza et al. [3] proved the marginal case of the so-called Ladyzhenskaya—Prodi—Serrin
condition based on the unique continuation theory for parabolic equations. Gustafson
et al. [4] generalize several previously known criteria.

Among the many important regularity conditions, the following criterion plays an
important role because it gives better information about the possible singular points:
There exists an absolute positive constant & such that z = (x,7) € 2 x (0,7T) is a
regular point if

lim supr_1 // |Vv|2dyds <e 2)
r—0 0(z,r)

where Q(z, r) denotes the parabolic cylinder B(x,r) x (t — r2 ) c R xR

There have been several attempts to refine this criterion. In particular, Seregin [10]
weakened the above condition as follows: foreach 0 < M < oo there exists a positive
number &(M) such that z € £ x (0, T) is a regular point if

lim supr_1 // |Vv|2dyds <M
r—0 Q(z,r)

lim inf r ! // |Vv|2dyds < e(M).
0(z.r)

r—0

3)

The proof was done by an indirect argument, which has been widely used as an
effective way to prove such kind of regularity theorems in the field of nonlinear PDEs.
The proof goes as follows. If the theorem is false, then there should exist a sequence
of suitable solutions (v,, p,) such that the scaled quantity

r! // |an|2dyds
0(z,r)
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tends to zero on a fixed particular cylinder centered at a singular point z. One can
show that the uniform boundedness occurs to ensure a compactness lemma and its
sub-sequential limit must be regular enough at the point z, wihch gives a contradiction
to the fact that z is a singular point. By this argument one can know the theorem is
true so that e(M) should exist. However, the argument does not provide any specific
information about ¢ (M), even the quantitative dependence on M is unclear.

In this paper, we shall give a new refined local regularity criterion of suitable
weak solutions to the Navier—Stokes system with a direct iteration method so that our
theorem shows a reverse relation between M and ¢ (M) and gives at least a quantitative
upper bound of (M) in terms of M. For simplicity we use the following notation.

Definition 1 For 9/5 < g < 2, we define

Eq(z,r) =r %24 // |Vv|?dyds
0(z,r)

and denote

E, (z) =1l E,(z, d E_(z) =liminf E, (z,
q(z) =limsup E4(z,r) and E_(z) im in ¢z, 1)

r—0

We omit the subscript ¢ when g = 2.

Here are our main results.
Theorem 1 Let9/5 < g < 2 and f = 0. There exists a positive number € such that
z € £ x (0,7) is a regular point if

fq(z)(S*Q)/(qfl)Eq(Z) <&

We only consider the case 9/5 < ¢ because of our interpolation inequality in
Sect. 5 (see Remark 17). The endpoint exponent 9/5 is important when one deals with
a reverse Holder-type inequality. But, the restriction f = 0 is inessential. Actually,
under some mild integrability condition on f, one can easily show that the contribution
from f is small enough so that the theorem is still true for nonzero forces f.

We have a further improvement when ¢ = 2. In this case, we treat f # 0 as an
illustration how to control the nonzero forces.

Theorem 2 Let f € L"(827) for some r > 5/2. There exists a positive number &
such that z € £ x (0, T) is a regular point if

EQ@)E(z) <e.

This is a quantitative version of (3): the point z € £2 x (0, T') is regular if

E@) < —
E(z <M.
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Remark 3 We shall define several scaled functionals and give various relations among
them. However, the estimates of those functionals in this paper will not depend on the
reference point z. So, we shall assume z = (0,0) and Q(z,2) C £ x (-8, 8) for
notational convenience. From now, we suppress z.

2 Preliminaries
We denote by L” (£2) and WP (£2) the standard Lebesgue and Sobolev spaces and we
use the boldface letters for the space of vector or tensor fields. We denote by %, (£2)

the set of all solenoidal vector fields ¢ € C2°(£2). We define L(27 (£2) to be the closure
of Z5(2) in L?(2) and W:2(2) to be the closure of 7, (2) in W!2(2).

Definition 2 (suitable weak solutions) Let 27 = £ x (0, T). Suppose that f €
LP(27) for some p > 5/2. We say that (v, p) is a suitable weak solution to (1) if

ve L0, T; LE(2)NL*0,T; WL2(®)), pelLl**(2r),

and (v, p) solves the Navier—Stokes equations in 2 7 in the sense of distributions and
satisfies the generalized energy inequality

t
/ ()PP ()dx +2 / / Vo2 pdxds
2 0 2
t t
S/ / |v|2(at¢+A¢)dde+/ / [v|?v - Védxds
0 2 0 2

1
+2/l/pv-V¢dxds+2//f-vqbdxds @)
0 Je 0 Je

for almost all t € (0, T') and for all nonnegative ¢ € C°(£27).

Throughout the paper, we use the following notation.

Notation I We denote the average value of g over the set E by

(8)e = ][ gdp = pu(E)™! / gdr.
E E

We denote A < B if there exists a generic positive constant C such that |A| < CB.

3 Local energy inequalities

We shall define several scaled functionals to describe neatly various relations among
them. The aim of this section is to present local Caccioppoli-type inequalities.

Definition 3 (scaled functionals I) Let

A(r):r‘1 sup / |v|2dy
B(x,r)

t—r2<s<t
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C@r)y=r2 // lv|3dyds
o(r)

Gy =r2 // (v — (0) 5 Pdyds
Q(r)

D(r) = r2 //Q 1= (s s

where (g)B(r) = fB(r) gdy.

From the definition of suitable weak solutions we get the next lemma. Indeed, it
is a direct consequence of the inequality (4) with a standard cutoff function ¢, so we
omit its proof.

Lemma 4 (local energy inequality I) For 0 < r <1
A(r) + E(r) S C2r)*3 +c@r)+c@n'Pperns.

In terms of the following scaled functionals, we shall derive another version of a
local Caccioppoli-type inequality.

Definition 4 (scaled functionals II) Let
0 1/3
G(r) :r*l/ (/ |v|6dy) ds
—r2 B(r)
0 1/3 2
P(r) =r~%inf —cPdy) ds) .
(r=r CHEIR(/_rZ(/B(r)Ip cl y) S>

Lemma 5 (local energy inequality II) For 0 < r <1
A(r)+ E(r) S[1+ EQr1GQ2r) + P(2r).

Proof First, we fix ¢ € C°(27) satisfying0 < ¢ < 1inR3, ¢ =10n Q(r),¢ =0
inR3 x (—o0, 0)\ Q(2r)¢ and

0] + [Vl + Vo> < r 2.
Then, by the definition of the suitable weak solution, we have
/ lv()*¢>dy + / |Vo*p>dyds

< // 1v|? (3,0 + Ap*)dyds + / 10|20 - Vpdyds

+2//pv¢ - Vodyds

= I+ 11+1II. 5)

@ Springer
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We shall estimate each term on the right. By the Jensen inequality

0
I = r72/|v|2dyds < r/ ][ [v|>dyds
—4r2 J B(2r)
0

1/3
< r/ (][ |v|6dy) ds < rG@2r). 6)
—4r2 B(2r)

Since V - v = 0, we have

1= / (102 = [(0)5ar) )06 - Vebelyds.

Using the Holder inequality and then applying the Sobolev—Poincaré inequality, we
obtain that

11 <r! / [v — (v)anllv + (V) pon|lvIipdyds

0 1/6
S Vfl/z/ (/ v — (v>B(2r)|6dy)
—4r2 B(2r)
6. \1/6 50 \12
x ([ 1o+ wsanl®dy) ([ 1wPg?dy) s
B(2r)

12 [0 1/2 1/6
Sesup( [wpotar) [ ([ iworay) ([ pay) as
K —4r2 B(Q2r) B(2r)

12
<2 sup (/ ol2p%dy) E@n' 26N,
N
By the Young inequality we have for some C > 0 forall 6 > 0
2.2 Cr
Il <ésup | |v|“¢p-dy + EE(Zr)G(Zr). (7
s
Holder’s inequality gives

111://pv¢-v¢dyds§r_l/ |p — cllvigdyds

0 1/3 1/2
e [ (= epay) ([ ierar) s
—4r2 B(2r)

12
grl/zsup(/|v|2¢2dy) PR,
s

By the Young inequality we have for some C > 0 forall 6 > 0
9,0 Cr
111 <§sup [ |v|“¢ dy+KP(2r). )
S
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Combining (5)—(8) with a fixed small number §, we get the result. O

Remark 6 If f # 0, then we have for0 < r <1
Ar)+ E@r) S[1+ EQ2r)]GQ2r)+ PQ2r)+ F(2r)

where

0 32
F(r) = / (/ |f|2dy)2/3ds .
—r2 B(r)

Indeed, Holder’s inequality gives

[ s [ 1200 ) s
12 (0 12
s ([wroar)” [ ([ o ) s

172
<l sup</|v|2¢2dy) F@r)'2.
N

By the Young inequality we have for some C > 0 forall 6 > 0

//f vp>dyds < 5sup/|v| »>dy + —F(2r)

As in the proof of the previous lemma, we can absorb the first term on the right by
choosing small §. We notice that F'(r) — 0Oasr — 0.

Remark 7 The implied constants of the estimates in this section are all absolute.

4 Pressure inequalities

In this section we present pressure inequalities, Lemmas 8 and 13, which are used to
complete iteration schemes.

Lemma 8 (pressure inequality I) For0 <r < 1and0 <6 < 1/4
D@Or) <SOD(r) +6072C(r).
Proof We may assume r = 1. In the sense of distributions we have
—Ap = 90k (vvg).
Let v = v — (v) p(1) and let p; satisfy the equation

—Ap1 = 0,0 (V; V)
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where ¢ is a cutoff function which equals 1 in Q(1/2) and vanishes outside of Q(1).
By the Calderon—Zygmund inequality

6> // \p11¥%dyds S 672C(r). )
()

Since p» := p — p1 is harmonic in B(1/2), we have by the mean value property

‘972// |p2|*/2dyds < 9// |p2 > dyds
0®) Q(1/2)

§9D(1)+9// |p11>2dyds 10
o)
Since we have
D®) <072 // \p117% + | p2l ¥ 2dyds,
0(0)

combining the two estimates (9) and (10) yields the result. O

Now, we recall a decomposition of Lebesgue spaces.

Definition 5 For 1 < p < oo define
(@) ={Avivewy @),
BP(R2) = {ph € LP(2)NC¥(R) : Apy = o}.
Lemma9 Let 1 < p < oo and 2 C R" be a bounded C*-domain. Then
LP(R) = a7 (R)®d B (R2).

Proof The proof can be found in [11]. O
Remark 10 Denote Lg(SZ) ={felL’(R):(f)e =0}and

BL(R2)=B"(R2)NLE(R).
Since &/”(2) C L{(£2), Lemma 9 implies that
Ly(R2) =" (R2)® B (R).

Lemma 11 For 1 < s < oo the operator Ty:.o7* () — W™25(R) defined by

(T; po, v):/ podv, ve W(R).
Q2
is an isomorphism.
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Proof Let py € <7*(82) and set
g =Ipol' Zpo € L* ().
By Lemma 9 there exist unique gy € . ‘V,(SZ) and g, € B (£2) such that
q =40+ gh.

In particular, go = Avg for some vg € W02’S/(SZ). Hence

S — —
Ipollzs@) = /onq = /QPOAUO =< ||Ts170||w—2=-v(:z)||vo||W§,s/(Q)
ST pollw-2@) g0l v @) S 1Ts pollw-2@) I Poll gy

This implies that

Ipollscey S I Tspollw-—25 @)
and the operator T has closed range. Furthermore, Lemma 9 implies also that if

Tspo = 0, then py € o7*(82) N P (82) = {0}. Hence Tj is injective and the result
follows from the closed range theorem. O

Remark 12 1. Let f € L*(2; R""), 1 < s < 0o. Then by Lemma 11 there exists
a unique py € </*(£2) such that

Apo=V-V-f (1n

in 82 in the sense of distributions. Morevoer, there holds the estimate
IpollLsey S I flis@)- (12)
2. Letg € L*(£2;R"), 1 < s < n. Then by means of Sobolev’s embedding theorem
V.geW (@) — w2 " () where s* = ns/(n — s). Thus, there exists a

unique py € < " (£2) such that

Apo=V -g (13)
in £2 in the sense of distributions. By the definition of <7 " (2) there exist vy €
WOZ’S (22) with Avg = po, and there holds A%2vy = V - g in £ in the sense of

distributions. By means of elliptic regularity we find vy € W>*(£2) together with
the estimate

IVpolies@) < lvollwsse) S g lLs@)- (14)
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3. Let p € L*(£2). In view of Lemma 9 we have p = po + p, with unique py €
/5 (R) and p, € $B°(R). Observing that p — (p)e = po + (pn — (pn)e) and
appealing to Remark 10 it follows that

lpr — (pr)ells@) S p— (P ellis@). (15)

4. The implied constant in (12), (14) and (15) depend only on s and £2. When £2
equals a ball, these constants depend on s but not on the radius of the ball.

Lemma 13 (pressure inequality IT) For O <r < 1and0 <6 < 1/4
PQ20r) SO*P(r)+ 0 *E(r)> + 6 *F(r).

Proof We may assume r = 1 and denote B = B(1) and Q = Q(1). By Lemma 9 we
may decompose fora.e.t € Ig

P =Ppo+t pn
where pg € <73 (B) and p;, € %> (B) is harmonic. By Remark 12 we may decompose
Po = pol + po2
where pg; € <73(B) is the unique weak solution to
Apor ==V -V ((v—(v)p) ® (v—(v)p))
in B in the sense of distributions, while pgy € &/ 3(B) is the unique weak solution to
Appp =V - f

in B in the sense of distributions for a. e.r € I(r) := (—r2, 0).
By the aid of (12) and (13) along with Sobolev—Poincaré’s inequality, we find that
fora.e.r € Ig

P01l 35y S 19@) = () B 765y S IVVOI2)-

P02l 238y SNV P2l 32y S W O35

Integrating in time, we get

/1 Ipotllsds S J;1VVI2,, ds = E(D, (16)

/1 1p02ll s S Jy 1F e gyds = F(DV2. (a7)
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On the other hand, employing (15), we see that p;, — (pn)p € LY(I; L3(B)) and

/||Ph - (Ph>B||L3(B)dS S / lp — <Ph)B||L3(B)dS-
1 1

Applying the Poincaré-type inequality and using the mean value property of harmonic
functions, we obtain that

/20 Il Pn = {Pn) Bog 13 (B20Y)dS < O / IVprllL=Ba2)ds
1(20)
<6’ / lp = (P)llL3(pds. (18)

Combining (16), (17), and (18), we get

P20)'/? <! lp = (P)B©) | L3B20YS
1(20) e

< 9_1/ IPn = (Pr)B©) L3 B20) 45
106)

+9_1/ ||p01||L3(B)dS +9_1 / ||p02||L3(B)dS
< 1 1/2
0 ||p P)allsgds +0 7 E() + 07 F(1)

and the result follows. O
Remark 14 The implied constants of the estimates in this section are all absolute.
5 Interpolation inequalities

In this section we give a few interpolation inequalities.

Lemmal5 ForO<r <1land0 <6 <1
COr) <OCr)+672C(r)
and
COr) <03Ar) > +672C (). (19)

Proof We may assume r = 1 and denote B = B(1) and (v)p = fB vdy. By subtract-
ing the average (v)p we have

/ |v|3dy593|<v>3|3+/ lv — (v)5°dy.
B(6) B(9)

Integrating in time and using Jensen’s inequality we get the result. O
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640 H. J. Choe et al.

Lemma 16 (interpolation inequality I) Let

9 3—¢g 3—g¢q
—<qg<2, <k< . 20
51" 54-6="7 "3 20
Then for0 <r <1
5(,,) < A(r)(9_3q_3qk)/(6_2q)Eq(r)3k/(3_q). 1)

Proof By scaling we may assume r = 1 and denote B = B(1). Let¢* = 3¢ /(3 —q).
From the condition (20), wehave 0 < (3—kq¢*)/2 < 1,0 <k < 1,and 3—kq™)/2+
k < 1. Thus, we can apply the Holder inequality to get

/ lv — (v) pPdy
B

= / (lv — (0) ) C7KI2 (o — () |97k dy
B

< (L) ™o wnwlan) ([ - )

By the Sobolev—Poincaré inequality

(3—kq*)/2 kq*/q
[v=waray < ( [ wiay) ([ 1voiray)
B B B

¥ kq*
S A HOR( [ (vupray)
B

From the condition (20), we have 0 < kg*/q < 1. Thus, we can apply the Jensen

inequality to get
0
|| o= @afayas
-1.J/B

. 0 kq* /g
< A(1)BKa >/2/ (/ |Vv|"dy> M s
—1 B

< A(l)(3*kq*)/2Eq(1)k!1*/q.

Finally, we have (3 — k¢™)/2 = (9 — 3q — 3qk)/(6 — 2q) and kq*/q = 3k/(3 — q)
by simple calculations. O

Remark 17 In the proof of Lemma 16 we used the condition (3 — kg™)/2 +k < 1
to apply the Holder inequality and the condition 0 < kg*/g < 1 to apply the Jensen
inequality. These two conditions are equivalent to
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So, we should have 5g — 6 > 3. This is the reason for the restriction of ¢ > 9/5 in the
condition (20). In addition, we do not know that such kind of interpolation inequality
holds for some ¢ < 9/5. This is the reason why we only conisder the case ¢ > 9/5 in
Thoerem 1.

Remark 18 If we choose ¢ = 2 and k = 1/4, then the estimate (21) becomes the
well-known estimate

C) S AN EE.
If we choose k = (3 — ¢)/3, then the estimate (21) becomes
Cr) S AT D2E, (r). (22)
Lemma 19 Let
X(r):=C(r)+ D(r).
3— 1

Ifg56]§2andS3_—qﬁ51{5Tq,thenfo;’0<r§landO<0<;1

X(Or) SOX(r) + 607 2A(r) 03340/ 620 g )3k G0,

Proof 1t follows from combining Lemmas 15, 8, and 16. O

Lemma 20 (interpolation inequality II) ForO <r < land0 <6 <1

GOr) SOTVE(r) + 02A0).

Proof We may assume r = 1 and denote B = B(1) and (v)p = fB vdy. By the
Sobolev—Poincaré inequality

/ |v|6dy§/ |v—<v>3|6dy+/ [(v) 5|°dy
B(6) B(6) B()
2 3 3 6
< ([ 1volay) + @ I@sl
B

Thus, we have

0 1/3
G(0) :9—1/ (/ |v|6dy) ds
02 \JB©o)

0
SG’IE(r)Jr/ |(v) 5 *ds,
_92
and the result follows. O
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642 H. J. Choe et al.

Lemma 21

(ﬂ// |v|3dyds>2/3 < A() + E().
o)

Proof By scaling we may assume » = 1 and denote B = B(1) and Q = Q(1). By
the Holder inequality

//Q|v|3dyds < /_O1 (/B|v|2dy)l/2</B|v|6dy>1/3ds.

By the Young inequality
3 23 1/3 2/3
([ wiavas)™ < aaPGars < a + .
Q

By Lemma 20 with 8 = 1 we get the result. O

Remark 22 The implied constants of the estimates in this section are all absolute.

6 Control of local kinetic energy and pressure

The aim of this section is to prove that the scaled quantities of local kinetic energy
and pressure are controlled by the velocity gradient.

Lemma 23 Let 9/5 < q < 2. There exists an absolute positive constant y such that
ifl < E; < 00, then

limsup[A(r) + D()] < yE, " 23)

r—0

Remark 24 We assume Eq > 1 for convenience. Indeed, we may consider the case
that E; has a positive lower bound because of the criterion (2).

Proof Fix ¢ and denote M = Eq. There is R < 1 such thatforall0 <r < R
E, (r) <2M.
From the local energy inequality I in Sect. 3, we have for0 <r < Rand0 <6 < 1
A@Or) <14 X(206r)
where X (r) = C(r) + D(r). If we set

Y(r) = A@r) + X(r),
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A new local regularity criterion for suitable weak... 643

then, by using the trivial estimate X (6r) < 4X (20r), we get
Y(@r) <14 X(20r). (24)

Using Lemma 19 with k = (3 — ¢)/3 and then applying Young’s inequality, we obtain
thatfor0 <r < Rand0 <6 < 1/4

X26r) <OX(r) +072A)C D2 M

< QY (r) + 0~ T—D/a=D pp2/(q=1) @5
Thus, combining (24) and (25) yields that for some positive constant g > 2

Y(Or) < BOY(r) + o~ T-0/@=Dp2/a=D | g
< BOY (r) + 280~ T—0/@=1 py2/(q=1),

If we fix = (28)~, then the last inequality becomes
1
Y(Or) = Y+ 2p)°/ @b p2/a=h,

By the standard iteration argument we get

limsup Y (r) < y M?/@=D

r—0
where y = 2(28)% @~ This completes the proof. O

Lemma 25 There exists an absolute positive constant y such that if E < oo, then

lim sup P(r) < yFZ.

r—0

Proof From Lemma 13 we have forallr < 1and0 <6 <1/4
PQ20r) <O*P(r) + 0 2E(r)? + 072 F(r).

Since lim,_,o F(r) = 0, we initially start from a small number »r = R and then
perform a standard iteration argument to get the result. O

7 Proof of Theorem 1

Fix g and denote
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644 H. J. Choe et al.

Suppose 1 < M < oo for convenience. Lemma 23 implies that there is a positive
number R such that forall0 <r < R

A(r) S MY and  D(r) < MP@D, (26)

On the other hand, there exists a sequence of positive numbers 7, such that r, < R
and

nlin;orn =0 and nll{go E (ry) =m.
Combining (19) and (22), we have foralln and 0 < 6 < 1
COry) SO3AE)Y* +072A0) D2 E, (1y).
Hence from (26) we obtain that for some 8 > 0
C(Ory) < oM@ 4 ,30_2M(3_q)/(q_1)Eq(rn).

If 0 < m, then we take § = [M~4/@=D;u]1/3 g0 that
COry) < /393M3/(q_1) + ﬂ9—2M(3—q)/(q—1)Eq (rn)
< B(ME D) (1 o Ey ).
Since
Tim m ™ Eq () = 1,
we have for all large n
C(Ory) < 3BeP.

If ¢ is small, then we take R = Ory and a large natural number N so that z is a regular
point.

If m = 0, then theorem is trivially true. Indeed, we can choose 6 so that 8 93 M3/@=1
is small enough and

lim o 2MC~D/4"VE, (r,) =0.

n— o0

Therefore z is a regular point. This completes the proof of Theorem 1. O
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8 Proof of Theorem 2

Finally, we give the proof of Theorem 2. From Remark 6 we have for all 20r < R
and0 <0 < 1/4

A@r) + E@©r) < [1+ EQ0r)1G(20r) + P(20r) + F(R)
where R will be determined later. From Lemma 13, we have for0 < 6 < 1/4
PQ20r) <O2P(r) + 07 2E(r)? + 0 2F(R).
From Lemma 20
GQ0r) SO7VE(r) + 02 A(r).
We also have
EQ6r) < 20)'E(r)

by the definition. Combining all the above estimates, we conclude that for 26r < R
and0 <6 < 1/4

A(Or) + E©0r)
SOAME®F) +02A(r) +0*P(r) + 0 "E(r) + 0 2E(r)* + 0 2F(R). (27)

Let us denote
M=E and m=E

If m = 0, then theorem is trivially true. We may consider the case 0 < m and
1 < M < oo. Lemma 23 with ¢ = 2 implies that there is a positive number R; such
that forall0 < r < R
A(r) < M2 (28)
Lemma 25 implies that there is a positive number R; such that forall0 < r < Ry
P(r) < M2 (29)
Since lim,_,¢ F(r) = 0, there is a positive number R3 such that forall0 < r < R3
F(r) < M2&%. (30)

We also have for some R4 and for all 0 < r < R4

E(r) <2M.
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We can take
R =min{Ry, Rz, R3, R4}
and fix a sequence r,, such thatr, < R,

lim r, =0 and lim E(r,) = m.
n—od n—oo

Combining (27)—(30), we have for all sufficiently large n and forall 0 < 6 < 1/4

A@Ory) + EOry)
<SOMPE(ry) 4+ 0*M? + 07 E(ry) + 07 2E(ry)> + 07 2M 262
SOMPm+60*M> +0""'m +072m? + 072 M 22,

Since Mm < ¢ and ¢ < 1/16, we can take & = ¢!/2M~! < 1/4 so that the above
estimate becomes

A(an)+E(€r)1)583/2—{‘84‘81/2581/2. 3D

As it has been proved in [12] there exists an absolute constant ¢ such that if D(r) < ¢
that z is a regular point (cf. [13]). This together with Lemma 21 shows that there exists
a positive constant ¢ such that z is a regular point if for some r > 0

A(r)+ E(r) <e.

Due to (29) and (31), we conclude that the reference point z is regular for the case
m > 0. This completes the proof of Theorem 2. O
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