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Abstract The focus of this work is the smooth global solvability of a linear partial
differential operator L associated to a real analytic closed non-exact 1-form b—defined
on a real analytic closed n-manifold—that may be naturally regarded as the first
operator of the complex induced by a locally integrable structure of tube type and
co-rank one. We define an appropriate covering projection M — M such that the
pullback of b has a primitive B and prove that the operator is globally solvable if and
only if the superlevel and sublevel sets of B are connected. As a byproduct we obtain
a new geometric characterization for the global hypoellipticity of the operator. When
M is orientable we prove a connection between the global solvability of IL and that of
"~ ! which is the last non-trivial operator of the complex, in particular, we prove that
LL is globally solvable if and only if L”~! is globally solvable. In the smooth category,
we are able to provide analogous geometric characterizations of the global solvability
and the global hypoellipticity when b is a Morse 1-form, i.e., when the structure is of
Mizohata type.
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1 Introduction

Let b be a real analytic closed non-exact 1-form defined on a real analytic closed (i.e.,
compact and without boundary) connected n-dimensional manifold M (n > 1). The
focus of this work is the differential operator L : C®°(M x sh - /\1 C®(M x ShH
defined by

Lu = diu + ib(t) A dyu, €))

where x belongs to the unit circle S! and d; : C®(M) — /\1 C(M) is the exterior
derivative on M. Consider the vector fields

3
Li=24i%Zn2 i=1.....n
J ar,+az,() J "

where (t1, ..., ;) are local coordinates on M and B is a local primitive of b. They
are local generators of the bundle ¥ = (T")- ¢ C® T(M x S') where T is the
line sub-bundle of C ® T*(M x S') generated by the 1-form dx — ib. Any involutive
structure defines in a natural way a complex of differential operators (see [10, Ch.VII],
[36]) which in the case of ¥ is given by (1) when acting on functions. Thus, we have
a complex of differential operators

1
C®M x S - (M x S1y 2
1 2 n—1 n
Lo xsh S o e xsh o )

analogous to the de Rham complex where the space ilj(M X Sl), j=1,...,n—1,
is obtained by taking an appropriate quotient on the space of j-forms on M x S! (we
refer to [10, p.311] for details).

The global hypoellipticity of (1) was studied and completely characterized by
Bergamasco, Cordaro and Malagutti [3].
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Global solvability of real analytic involutive systems... 1179

Here, we will study the smooth global solvability of the equation Lu = f, i.e.,
the possibility of finding a globally defined solution u € C®°(M x S') when f is
smooth. Of course, if f is in the range of L it must satisfy two obvious conditions
analogous to the fact that an exact form is both closed and orthogonal to the closed
cocyles: (i) L' f = 0 (a consequence of the complex property L', = 0), and (ii) f
must be orthogonal to the kernel of the dual operator IL*. They are usually referred
to as the compatibility conditions for f and they may be formulated in equivalent
different ways that turn out to be best suited for the operator under study.

Note that (i) is of local nature while the homology of M plays a role in (ii). In
general, given f satisfying the compatibility conditions, the equation Lu = f might
or might not have a solution. We say that IL. is globally solvable if the equation Lu = f
has a globally defined smooth solution whenever the right-hand side satisfies the
compatibility conditions.

We now recall some previous work. In his seminal paper [34], Treves studied
and characterized the semi-global solvability of a similar complex (defined in the
context of pseudo-differential operators) in terms of the homological properties of
the semilevel sets (sublevel sets and superlevel sets) of an appropriate locally defined
function associated to the complex (for the first operator of the complex this amounts
to the connectedness of the semilevel sets). This link between homological properties
of semilevel sets of an appropriate function and solvability led to several papers on
the local solvability of structures of co-rank 1, e.g., [13,15-20,28,35].

While the local solvability of structures of co-rank 1 has been extensively studied
and is well understood at all levels, much less is known about the global solvability of
the complex (2) except at the top level, a case that was extensively studied in [4]. Hence,
we focus on the first level and start by mentioning some previous results. If g(x) €
C*(S"), denote the Fourier coefficients of g(x) by §(&) = (27)~! foz” e % g(x)dx,
& € Z. Suppose that M is a closed orientable manifold M and b is smooth and exact,
then define a primitive on M by B(t) = fz:) b. The global solvability of the equation
Lu = f when b is exact was characterized in [12] as follows.

Theorem [12] If b is exact the following statements are equivalent:

() Forevery f € /\1 C®(M x SYY such that e_gB(’)fA(t, &) is exact forall & € 7,
there exists u € C®°(M x SY) satisfying Lu = f.

(Il) The semilevel sets {t € M : B(t) < r}and{t € M : B(t) > r} are connected
foreveryr € R.

When b is smooth and closed but not exact we may pull back b to the universal
covering of M and consider the semilevel sets of a primitive B of the pullback of b.
In [6,7], the authors studied the case of a torus M = T? and proved

Theorem [6,7] The following statements are equivalent:

(D) Forevery f = fi(t,x)dt1 + f2(t, x)dtr € /\l C®(T3) such that

27 2w 21 21w

L'f=0 and //fl(tl,O,x)dtldxz//fz(O,tg,x)dtzdxzo,
0 0 0 0
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1180 J. Hounie, G. Zugliani

there exists u € C(T3) satisfying Lu = f, where (t, x) = (1, t2, x) are global
coordinates in T3

(I) The semilevel sets {t € R? : B(t) < r} and {t € R? : B(t) > r} are connected
for everyr € R.

We now state our main result and describe the organization of the paper. It involves
acovering space M such that the pullback of b to M has a primitive B and is minimal in
the sense that any other covering with this property is above M in the usual partial order
of covering projections (see Sect. 2 for details). The natural compatibility conditions
for the right-hand side of the equation are described in detail in Sect. 3.

Theorem 1 Assume that b is real analytic, closed and not exact. The following state-
ments are equivalent:

(I) Forevery f € /\l C>® (M x S) that satisfies the compatibility conditions, there
exists u € C®°(M x S') satisfying Lu = f.

(I) For every r € R, the semilevel sets {t € M:B@) < r}and{t M : E(t) > r}
are connected.

The proof of (I) = (II) involves a refinement of the ideas in [37] and a related
submitted work by Bergamasco, Parmeggiani, Zani and the second author, where
necessary conditions for global solvability are considered for closed orientable surfaces
M although some of the arguments are strictly two dimensional. We emphasize that this
implication remains valid when b is a smooth—not necessarily real analytic—closed
non-exact 1-form defined on a smooth closed connected n-dimensional manifold M.
The reverse implication is discussed in Sect. 6 where we take advantage of some special
properties of real analytic functions proved in [24,27,33] and also make decisive use
of Lojasiewicz’s inequality (see, e.g., [11]) which states that if @ is a real analytic
function on a neighborhood of the origin and ®(0) = 0, then there exist Co > 0 and
6 € (0, 1) such that

IV®(s)|| = Col®(s)|”

for every s sufficiently close to 0. Let us denote by X the set of the critical points of
b, that is,

Y ={teM:b(t) =0}
In Sect. 6.1, we recall the existence shown in [3] of a primitive B T of b defined on a
neighborhood of ¥ and prove what is a crucial ingredient in the proof of (II) = (I)
in Theorem 1, namely the fact that the connectedness of the semilevel sets of B in M

is equivalent to the following property:

Every connected component ¥y of ¥ contains a point p* such that a local primitive

of bisopenat p*. ()

This geometric property was known [8] to provide a necessary condition for the global
solvability of (1) in the special case M = T2 when b is real analytic. Furthermore, it
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Global solvability of real analytic involutive systems... 1181

is a theorem of Bergamasco, Cordaro and Malagutti [3] that holds in the real analytic
setup that, for general M, property () is equivalent to the global hypoellipticity of
(1). Hence we get

Corollary 2 Assume that b is real analytic, closed and not exact. The following state-
ments are equivalent:

(I) Forevery f € /\1 C>®(M x S) that satisfies the compatibility conditions, there
exists u € C®°(M x SY) satisfying Lu = f. _
(I) For every r € R, the semilevel sets {t € M:B@) < r}and{t M : B(t) > r}
are connected.
(IIT) Property (%) holds.
(IV) L is globally hypoelliptic.

In particular, (IT) furnishes a new geometric condition that may be used to characterize
the global hypoellipticity of L. and it turns out that L. is globally solvable if and only
if it is globally hypoelliptic. On the other hand, property (x) characterizes global
solvability in geometric terms that are formulated without recurring to any covering
of M. Note that the assumption that b is not exact is essential since when b = 0
the operator LL is globally solvable but not globally hypoelliptic. We recall that (1)
is defined by a real form b, and we observe that when dealing with general complex
forms the global solvability and the global hypoellipticity are also related to some
Diophantine conditions, as in [3,5,9], or in [14,21,25] for single vector fields.

When M is orientable, there is a natural pairing on 45 (M x S') x L% (M x S1),
0 < k < n, which may be used to interpret the operators L¥and L*=1,0 < k < n, as
dual of each other (here U°(M x S') means C®°(M x S!)). This duality is exploited
in [4] to show that .”~! is globally solvable if and only if L is globally hypoelliptic.
Since (I) and (IV) of Corollary 2 are equivalent properties we get

Corollary 3 Assume that M is orientable and b is real analytic, closed and not exact.
The following statements are equivalent:

(I) Forevery f € /\1 C>® (M x SY) that satisfies the compatibility conditions, there
exists u € C*°(M x SY) satisfying Lu = f.

(II) Forevery f € (M x S') orthogonal to KerlL, there exists u € /\"_1 D' (M x
S satisfying " 'u = f.

While (I) = () in Corollary 2 holds when b is just smooth, it is not clear
that the reverse implication remains true in general. In the smooth category, we prove
in Sect. 7 the equivalence of (I), (I[), (III) and (IV) under the assumption that b is a
non-exact Morse form, which is equivalent to requiring that the structure V is a Mizo-
hata structure. Mizohata structures have deserved considerable attention. The local
integrability question for Mizohata structures was studied in [26,29] and completely
solved in [30]. Concerning global aspects of such structures, we mention [22,31]. For
further information and details we refer the reader to [10,36]. In Sect. 7.1 we compare
briefly the local solvability of our system with its global solvability when b is Morse.
Finally, in Sect. 8, we discuss examples of globally solvable systems and mention
some open questions.

We are thankful to the anonymous referee whose thorough review and comments
helped us improve the presentation of the paper.
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1182 J. Hounie, G. Zugliani

2 Preliminaries

Suppose we are given a closed manifold M where a real smooth closed and non-exact
1-form b is defined.

Recall that the group of deck transformations of the universal covering space of
M is isomorphic to the first homotopy group 71 (M, po) ([23, Prop. 1.39]). We will
construct a covering space M of M with special properties, one of them being that the
pullback of b to M is exact. More precisely, take the subgroup G of w1 (M, po) equal
to the kernel of the homomorphism T : 71 (M, po) — R given by

yr—)/b.
¥

By of [23, Theorem 1.38] there exists a covering space (M, po) — (M, pp) such
that m; (M , Po) is isomorphic to G and for each pair of liftings of pg in (M , Do)
there is a deck transformation mapping one to the other ([23, Prop. 1.39]). Because
of this, (M, po) is called a normal covering space. Moreover, the group D of deck
transformations of (M, po)ism(M, po)/ G whichis finitely generated. We will denote
a minimal set of generators of D by {0y}, k =1, ..., €.

Definition 4 We call (1\7[ , Po) the minimal covering of M (with respect to b).

It is minimal in the sense that G must contain a copy of the fundamental group
of any covering space on which a primitive of b is defined. The definition above is a
natural generalization of the concept of minimal covering considered in [5,7].

This covering space is unique up to homeomorphisms and the basepoints can be
omitted since G is normal. B _

Let us fix the projection IT : M — M and define a primitive B of the pullback
[1*(b) in M by integration from #y € M. Note that, for each o € D, we have

(1) o (to) (1) o (1)
E(o(r)):/n*(b): / I (b) + / I (b) = / I1*(b) + B(),

o to o (tp) ]

since I1 = I1 o o and, thus, IT*(b) = (IT o 6)*(b) = o™ (IT*(b)).
The numbers ftg(")) I1*(b) do not depend on #o. Indeed, if t, € M,

a(ty) 1o o (1) o (1)

/H*(b)=/n*(b)+ / I (b) + / IT* (b)

1 1 fo o (1)

/ /

i o (to) ty o (to)
:—/I_I*(b)—i- / H*(b)—f-/d*(l_[*(b)) = / I1*(b).

fo fo fo fo
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Global solvability of real analytic involutive systems... 1183

Thus, we may write B B B
B(o () =B(t)+bs, teM, 3)

where the constant b, is not 0 unless o is the identity transformation.

Example 5 In Fig. 1 (page 12) we illustrate a case when M is an orientable surface of
genus 2. Assume that {c;, d;},i = 1, 2, are the canonical generators of the homology of

the tori whose connected sum is M. The 1-form b will be such that / b= b=0,
o) dy

and / b and / b are linearly independent over Z. We cut along ¢ and dp and we
c1 dr

glue infinitely many copies of this surface with boundary by identifying them properly,
in the sense that a primitive of b satisfying (3) is defined on the covering space.

We pick a complete Riemannian metric m on M and consider the induced Rie-
mannian metric m* on M given by

m*(X,Y;) =m(DsII(X ), D5I1(Y5)).
Recall that if o (p) = ¢ then

m*(Di,G(X[,), Do (Yp)) = m(DzII(Dpo(Xp)), DaTI(Dso(Yp)))
= m(DI;(l'I o 0)(Xf,), D[;(H o] U)(YI;)) = m*(Xf,, Yﬁ)

so we get the well known

Fact1 For every o € D, Djo is an isometry.

3 Compatibility conditions and global solvability

Now we are ready to define the compatibility conditions for our system. The space of
plausible right-hand sides for the equation Lu = f will be denoted by E.

Definition 6 (Compatibility conditions) We say that a 1-form f € /\1 C®(M x S
belongs to E if

(i) for each & € Z\{0} and each smooth closed curve y in M,
/ O fs. ) =0,
14

(i) and for each smooth closed curve y in M,

/ f(s,0)=0.
Y
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1184 J. Hounie, G. Zugliani

A few words about this definition. In (i), f (s, &) denotes (with a slight abuse of
notation) the pullback to M of the non-zero Fourier coefficients of f . For the sake of
simplicity, we will use the same notation for a form in M and its pullback to M except
when doing so might lead to confusion. Also, note that this definition is independent
of the choice of a primitive B. If we suppose that .# is a covering space where a
primitive B” of b is defined and y € w{(.#), theny € G = 7 (M), and

/ e*SE(S)f(S’ S) =0 — / e*SB/(S)f(s, E) =0
y 14

for & € Z\{0}.
The conditions then say that

e*‘EB/(t)f(t, &) is an exact 1-form on .# for every & € Z\{0}.

By taking Fourier coefficients, a candidate to a solution of Lu = f should satisfy, for
every & € 7Z, the differential equation

diii(t, &) — Eb(D)(1, £) = f(1,8) 4)
which can be rewritten as
di(e B D@, £) = 5O {1, 8). ©)

Definition 7 We say that the operator (1) is globally solvable if given any 1-form
f € E there exists u € 2'(M x S') such that Lu = f.

We say that the operator (1) is globally hypoelliptic if u € C®(M x S') whenever
Lu e \'coM x S).

Recall that if f is in the range of I we must have ! f = 0 by involutivity, a
property that holds for any f € E.

4 A necessary condition and auxiliary lemmas

In the proof of the part “(I) implies (II)” in Theorem 1 we will only need to assume
that M is a smooth closed manifold equipped with a Riemannian metric rather than
a real analytic one. Hence, in Sects. 4 and 5 no analyticity assumptions will be made
and b will be a smooth closed non-exact 1-form.

When b is exact, the connectedness of the semilevel sets of a primitive defined on
the manifold is a necessary and a sufficient condition for the global solvability in [12]
(in this case, the minimal covering is M itself). In [6,7], when M is the torus and b is
closed but not exact, the connectedness of the semilevel sets in the universal covering
space is a necessary and a sufficient condition for the global solvability. There, the
non-connectedness of a semilevel set in the universal covering space is equivalent to
the non-connectedness of a semilevel set in the minimal covering space which might
be the plane or the cylinder. Nevertheless, due to [37] one can construct examples
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Global solvability of real analytic involutive systems... 1185

of globally solvable systems when b is non-exact and defined on a surface of genus
g > 1, where a primitive of the pullback of b to the universal covering possesses a
disconnected semilevel set. This shows the relevance of considering all coverings for
which the pullback of b has a primitive rather than focusing on the universal covering
alone.

Consider the minimal covering IT : M — M of M and for any r € R denote by Q"
the superlevel set {t € M : B(t) > r} and by Q, the sublevel set {t € M : B(t) <r}
One of the essential observations in the proof of Theorem 1 is the fact thatforany » € R
each of the sets 2" and €2, have exactly one component as stated in the proposition
below. We will need a couple of lemmas in its proof. In the remainder of this section
we will focus on superlevel sets for the sake of simplicity but the corresponding claims
for sublevel sets are true as well. We now start preparing for the proposition below.

Fix a base point pg € M and a base point py € M such that T1(py) = po.
Considerloops y; € m1(M, po), j =1, ..., £at pg such that their equivalence classes
[yj] € mi (M, pp)/ G make up a minimal set of generators of m1(M, po)/G ~ D .
Lety;, j = 1,..., £ be the lifting of y; stemming from po. Then y; connects pg to
tj = 0j(po) where o € D is the deck transformation corresponding to [y;]. We will
assume without loss of generality that 8; = f Im*(») > 0, j = 1,..., £ Define

the set 2~ = Uﬁ.:lyj C M. Note that % is connected and tj e yiNojyj) C
H N O’J () so K Noj(X) is connected for any j =1, ..., £ and, more generally,

U k=00 (Jﬁ/ ) is connected as well.

Lemma 8 Letr € R, let 0 C Q" be a connected component of Q" and set

w = |[bllpodiam (M) = ||b]| Lo sup dist (7, po).
teM

Assume that there is a point Sy € O such that B(30) > r + . Then we can find a
deck transformation t € D such that t(py) € O.

Proof Set yy = I1(3p), let y be the minimal geodesic from yg to pg and consider the
lifting  that starts at yo and reaches a point 7(pg) € 1 ({po}) for some v € D.

Thus
-~ - ©(po) .
By - Beoi = [ me) = | [ b‘ <n
Y0 4
and similarly |B(y (s)) — B(y0)| w for any intermediate point ¥ (s) in the lifting of
y. It follows that B > rony soy C ¢ and t(pg) € 0. O

Lemma 9 Set

v =osc y = sup |B(t)— B(1)|.
t,t'eX

Assume that there is a point Yy € O such that E(y‘o) > r + p + v. Then we can find
a deck transformation t € D such that t(¢) C 0.
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1186 J. Hounie, G. Zugliani

Proof The proof of the previous lemma shows that we may find r € D such that
t(po) € O and B(t(py)) > r+v. Since the oscillation of B is the same on J and on
() and T (%) is connected, we conclude that B > ront(#)andt(%) C €. O

The following proposition is crucial.

Proposition 10 For every r € R, there is exactly one component of Q" on which B
is unbounded.

Proof First we prove the existence of a component of " on which B is unbounded.
As g1 > 0, E(a{“(t)) = B(1) +nB; > r fort €  and any integer n > ny if ng
is chosen sufficiently large. Hence, K = Uyp,07' () is a connected subset of £2".
Since B is unbounded on K, B is unbounded a component & of Q.

Now suppose that &' and ¢” are components of " and B is unbounded on both of
them. We must prove that & and &’ coincide. Since B assumes arbitrary large values
on ¢ and 0" we may apply Lemma 9 to find deck transformations 7, 7’ € D such that
() C O and /() C O'. We now write

P = ol (2 ()

for some ni,...,ny € Z\{0}, where, recall, o1 = [y1],...,0¢ = [y¢] are the
generators of D and we assume Sy, ..., 8¢ > 0. Moreover, we may assume that
{ni,...,ng}NZYT ={ny,...,ng_1} since D is abelian. Thus, we have

o/l o () =0, o, (T (). (6)
The sets

i
A= |J oMol @)
0<m j<nj
j=1,.. k=1

and

A = U o,:nk---a’.nj---dzu(f,(e%/))

are connected. Since T(#) C Aand 7/ (#) C A’, B is greater than r on AU A’. The
identity (6) shows that A N A’ # (3. Therefore, & and O’ are the same component of
Q. O

Remark 11 Let .# be a covering space of M where a primitive B’ of b is defined.
Notice that there exists r € R and a component & of Q" = {tr € A4 : B(t) > r} such
that B is bounded & if and only if B’ is bounded on a component &’ of {r € M :
B'(t) > r'} for some r’ € R. Therefore, the previous proposition shows that, when b
is non-exact, the non-connectedness of a semilevel set in the minimal covering space
is equivalent to the existence of a component &’ of a semilevel set such that B’ is
bounded on 0.
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Global solvability of real analytic involutive systems... 1187

We now state two additional key lemmas. The first one is proved in [1] although
we include the proof, which is quite short. The second one is a standard variation of a
celebrated lemma of Hormander’s. The version presented here is quite similar to the
one in [34] and need not be proved.

IfXC Mando € D, the set o (X) is referred to as a translate of X.

Lemma 12 IfE is bounded on a component O of Q" , a translate o (0), with o # 1,
is disjoint from O

Proof Suppose that ¢ € D is not the identity and let us show that &' N o (0) = 0.
Note that o (©) is connected and contained in the (r + g)-superlevel set with 8 =
ftg(t) I1*(b) for any t € M. Recall that B # 0 and assume first that 8 > 0. If
a(0)N O # (@ then 0(0) C O and therefore ok(0) c O for k € N contradicting
the boundedness of B on &. The case 8 < 0 is analogous. O

Lemma 13 [f L is globally solvable, there exist constants C > 0 and m € N such
that, for all f € E (see Definition 6) and g € /\1 CX(M x sh,

‘/. <f,g>‘ < CIFlmIL*gllm,
M xS!

where f = TI*(f) and LL* is the adjoint operator of LL.

Here |[v]l,n = supjzyg! Zlﬁlém [8fv(z, x)|, where | 8| denotes the order of a multi-
index f.

In the proof of “(I) 1mp11es (I)” of Theorem 1 we will construct sequences of 1-
forms f; € E and gx € /\ C°°(M x S!) that violate the inequality above when k
goes to infinity under the assumption that a semilevel set is disconnected.

5 Proof of Theorem 1: (I) implies (II)

Assume the presence of a disconnected superlevel set of B (the proof for adisconnected
sublevel set is similar). Due to Prgposition 10, in M there exists a component & of a
superlevel set, say ", such that B is bounded on &. Consider levels r; and r, both
smaller than the supremum K of Bon O ,withr <r; <.

SetI = {r e 0 : B(r) > s}. Wehave "2 C "' C @, and all of these sets are
disjoint from their non-trivial translates by Lemma 12.

Let x : M — {0, 1} be the characteristic function of &'

| o
X(I)Z[O’ ;;ﬁ.

Next let ¢ : R — [0, 1] be a smooth non-negative function on R satisfying

o Yy ({1}) = [r2, 00);
o ¥y 1({0) = (=00, 1]
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1188 J. Hounie, G. Zugliani

We then define a smooth function F : M — [0, 1] by
F(t) = x(OY (B(®)).
Notice that F has support contained in 1. We deduce that
B(t) < ry, Vt e supp(d;F). (7

Let P; be a point in € I'"2. Call P, a translate o~1(P)) of Py, with by < 0. Consider
small balls #) and %, respectively centered at P; and P,, such that B ) >rm+e
on them, for some ¢ > 0. The covering space M is path-connected, hence there exists
a simple smooth path « such that

e «([0,€']) C %;
o a([1—2¢,1]) C %y;
e a(¢y=P anda(l —¢') = P,.

Let % be a tubular neighborhood of «, with coordinates 1, .. ., #, (¢; being tangent
to «). Let 0 be a function defined on %/ such that 9;60 = 1 and 00 =0,j=2,...,n.
Take now g € C°(R) with g(s) = 1 if 8(P;) < s < 6(P>) and with support lying
inside [0 (x(0)), 6 (x(1))].

We construct the 1-form vy by

vo(t) = h(t)g(0(1))dt1,
where 4 is a function defined on %/, which is strictly positive on a tubular neighbor-
hood %' C % of «, vanishes on Z\%', and satisfies 914 = 0. Moreover, assume
that 7 is chosen so as to make the support of 1 +> h(¢)g’(0(¢)) lie inside %, U %,.
Furthermore, since % is a tubular neighborhood of a simple arc with different end-
points, we may assume that %/ is orientable even if M is not. We will take advantage

of these observations later. We illustrate the construction in Fig. 1.
We define, fort € M and k € N,

Futy = Y B0 -BO F g (ry), ®)

oeb

Finally, define

fi(t, x) = R HBOG (1)
and

gr(t, x) = e kB ).

Claim Fj € C®(M) and f; € E.
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P el

Fig. 1 Construction of vy

Proof Notice that, if 7y € M is such that I::k(to) # 0, then there is only one 0 € D
such that t € supp(F o o) for r close to #y. Hence, Fy is indeed well-defined and
smooth on | J,.p 0 (0).

Now suppose that g is in |J,cp o (I';)\ Uy, ep @ (I'y) (in particular, Fi(to) = 0).
Let us show that

KB =B (g (1)) — 0 ©)

when t — g, uniformly with respect to o € D. Indeed, if t € M and o € D are such
that F (o (1)) # 0, then B(c (1)) < K. Hence, eX(B@O)=B1) < K| for ¢ close to f.

Moreover, if ¢ is a local chart defined on a neighborhood W of 7y, and (W) is a
ball centered at ¢(79) = 0,

|F (o (o™ ()] < lIslisupepo. iy DasF oo 09!

Now, using that b is defined on M and Fact 1, we finish the proof of (9).

Therefore, the convergence in (8) is uniform on W and we conclude that Fy is
continuous everywhere. Applying the same procedure to the derivatives of the terms
in (8) we obtain the smoothness of Fj.

We have defined f; on M x S! and in order to prove that fj defines a function
on M x S! (that we will denote again by f;) it suffices to notice that it is invariant
in the ¢ variable under any deck transformations o € D, which follows from the
expression
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Fe(t k) = kBO > KBEO)=B0) g F (5 (1))

oeD

- Zek%a»w(ag)). (10)

oeD

]

We are in a position to apply the inequalities of Lemma 13. Since % is orientable
there is no loss of generality in assuming that the restriction to % of the Riemannian
metric given on M is the Hodge metric, i.e.,

<p,¢>>=/%pA*¢, pbe N\ cx.

where * denotes the Hodge star operator on % . On % x S' the integral in Lemma 13
becomes [ fi A *gr Adx and the adjoint L* may be expressed as L*gx = *«L" s g
[recall that L~ is the previous to last operator in the complex (2)]. We have

L' (ko) (1, x) = & KB g, () 1),
and a computation gives
di (xv0) (1) = h(1)g O (1))dty A - -~ Adty.

By (7) and (10),
I ficllm < Ck™e*™. (11)

Hence, in view of the construction of vy, we have || fi |l IIL*gklln < C,’nkz’"e_kg,
which goes to 0 when k goes to infinity. However, by Stokes” Theorem,

/d,l?}( NETN)

/ Feh)g @@)dn A~ Adty|.

=2

‘/fk/\*gk/\dx

=2

By choosing conveniently the functions 4 and g, one obtains the latter value arbi-
trarily close to 2 | Fy(P1) — Fr(P2)|.

Recall that we have taken P1 and P2 satisfying F(P;) = 1 and Fk(Pz) = kb
with b, < 0. Therefore, 2n|Fk(P1) — Fk(P2)| can be made strictly positive.

This contradiction leads us to conclude that there is f € E so that the equation
Lu = f does not have solution on M x S!. O
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6 Proof of Theorem 1: (II) implies (I)

The proof of the remaining implication is constructive and it will involve several steps.
In this part the analyticity assumptions will be essential in the arguments and we will
work in the analytic category.

First notice that, given f belonging to the space E of compatible right-hand sides,
we can compute the Fourier coefficients of a candidate to a solution of (1) on M by
solving a differential equation as in (5) for each £ € Z, which yields

t

&) = / v+ ngég“),

to

where v (s, &) = eié[g(s)fg(l)]f(& &).
In order to have a solution on M we need that u(o (1), £) = u(t, &), o € D, which
uniquely determines K¢ and the coefficients of the sought-after solution for & # 0,

namely
o(t)

21, 8) = p(&) / v, v(s, &) = e SBO-BOI g g), (12)
t

where p(£) = (e €% — 1)~!, and o € D is such that b, # 0.
On the other hand, we also obtain

ol

W, &) = p(—£) / v, (s, &) = e SBO-BOIf(s ). (13)

For £ = 0, we have

t
u(t,0) = / £(s,0), (14)
1o

which is Well—deﬁ,rled on M due to Definition 6.
We know that f(t, &) is rapidly decreasing in & € Z, i.e., for every N € Z™, there
is a constant C > 0 such that

Cy

-
OIS Tgpm

and we wish to prove that {i(z, £)}¢ 7, defined by (12) when & > 0, and by (13) when
& < 0, decays rapidly as well. Since we are free to choose the path joining 7 to o (¢) (or
to o~ (1)), the idea is to select a convenient path, which becomes possible provided
that 2, and in Q" are connected in M. The path will depend on 7 and the sign of £ € Z,
in particular, for each fixed ¢ there will be two paths, one for & > 0 and another one
for £ < 0. The choice will further obey the following rules: (i) the exponential term
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e §1B®)=BO] will remain bounded on each path with a bound independent of |£|;
(ii) the path will be of finite length; (iii) the previous bounds will be locally constant
with respect to ¢. The detailed construction will be carried out in Sect. 6.3 and, as a
preparation, the next two subsections will be dedicated to some useful technical results.
The real analyticity of b allows us to prove a key ingredient in Sect. 6.1—which is
the equivalence between the connectedness of the semilevel sets of B and property
(x)—and Sect. 6.2 deals with special paths.

6.1 A semi-global primitive and property (x)
We consider here the following property:

Every connected component £y of ¥ contains a point p* such that a local

primitive of bisopenat p*. (%)

Note that since b is closed it has a local primitive around a small neighborhood of
any given point but since it is not exact it does not have a primitive defined throughout
M. Yet it may have primitives defined on large proper open subsets of M. We will
make use of a primitive of b defined on a neighborhood of the singular set of b whose
existence was originally proved in [3]. We recall that we denote by ¥ C M the set of
the critical points of b, that is,

Y ={teM:b() =0}

Proposition 14 [3, Proposition 3.1] There exist an open set U suchthat¥ C U C M
and a real analytic function B' on U satisfying

d,B%:b on U and B' =0 on X.
We will need also a strengthened version of Proposition 10 that holds in the real-
analytic setup and is due to Arnol’d.

Proposition 15 [1, Theorem 1', p. 4] Every semilevel set has exactly one non relatively
compact component.

We may now prove

Proposition 16 The sets 2, and Q" are connected for every r € R if and only if
property (%) holds.

Proof First we suppose that property (x) fails, which means that there is a component
%o of ¥ such that B is not an open map at any of its points. Thus, for every x € X,
there exists a ball Z(x) C U, with U as in Proposition 14, such that BT > 0 on
A(x)or BT <0on AB(x). By the compactness of ¥, the radius of such balls can be
assumed equal. Set Uy = |, €% PB(x). Define the function

f(x) =infguB', xe .
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Now f is continuous on X, and the set § = {x € X¢ : f(x) = 0} is both closed and
open on Y. Indeed, if xo € S and x € o N HB(xg), then BT > 0 on B(x) N B(xp).
If BT < 0 on #(x), then we would have Bf = 0 on Z(x) N B(xy), which is a
contradiction. Therefore, x € S. As X is connected, we have that BT >00rB" <0
on Uj.

We will assume first that BT > 0 on U;. Due to the compactness of ¥ we may
assume that

YXNU =X

By taking balls %’ (x), with %’ (x) C U, we also define the set Uy = Uero P (x).
Thus, £g C Ua, and U, C U; C U. Notice that, if s € dUs, then B (s) > 0. Indeed,
s would be a regular point and then, if Bf(s) = 0, there would be arbitrary close
points to s where B is negative.

Set m = minB"|yy,, and consider r € (0, m). Then {s € U; : BT(s) < r} has
a non-empty component &' C Us. Take a component W of [T~ 1(U 1) containing a
component & of T1~ L(o™). For the sake of simplicity, assume that B(so) = 0 with
so € W and I1(sg) € Xo. We then have

BfoTll=BonW.
Claim The component & is a component of €2, on which B is bounded.

We postpone the proof of the claim and take it for granted. Now we may invoke
Proposition 10 to assert that €2, is not connected.

Similarly, if BT < 0on Uy, we may find that some 2" that is not connected. This
ends the first half of the proof.

Suppose now that €2, is not connected for some r_€ R. By Proposition 15, there
exists a relatively compact component & of €2, and B(t) assumes a minimum value
on 0. This minimum cannot be attained on 9 &' where B = r, so there exists to € O
such that B(to) < B(t) forevery t € 0. Thus, p = I1(ty) € T, and we denote by 2
the component of ¥ containing p. We may assume that B(to) = 0. If there were some
p* € Xg such that BT is open at p*, then there would exist p’ sufficiently close to p*
with BT (p’) < BT(p*). Since X is path-connected (see, e.g., Proposition 20 below),
we would have ¢’ € TI~!({p'}) N @ such that B(r') = BT (p’) < BT (p*) = BT (p) =
B (t9), which is a contradiction. We proceed similarly if " is not connected. This
shows that property (x) does not hold and finishes the proof. O

Next, to complete the proof of the proposition, we prove the claim.

Proof (of the Claim) It is clear that 0 < B | < r. Let O’ be the component of Q,
containing &. Taket € ¢’ andt’ € ¢, and B a path in &’ connecting ¢ to ¢'. It suffices
to show that T1(8) C €. Indeed, if not, as T1(r) € &7, there would exist a first
s € TI(B) with s € 30" . Hence, s = T1(7) with 7 in W, and then B(7) = B (s) = r,
which contradicts the fact that € ;.. O
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6.2 Paths and estimates

In this subsection we state three key results from the literature that we will be crucial
in Sect. 6.3. The first one is a result by Teissier that we will need it in the following
form.

Proposition 17 [33, Proposition 3] Let U and B' be as in Proposition 14. Given a
compact set # C U, there exists C1 = C1(#) > 0 such that, for everyr € BT (),
any two points in a component of (BN)~\(r) N ¢ can be joined by a piecewise real
analytic path ¢ in (B)~V(r) N # whose length is less than C.

The second one is due to Maire.
Lemma 18 [27, Lemma 25] Let O be an open set in R™ and ® € C*°(0) satisfying

VD (s)|| = Co|®(s)|”

for constants C > 0 and 6 € [0, 1), and every s € O. For s € O with V®(s) # 0,
the maximal solution y; : [0, §(s)) — O of

Vo(y)

~ Vel
y(0) =s.

/

satisfies

D(yy (7)) = (s) + Cor 7,

fort €10, 5(s)).

The last one follows from the work of Hironaka [24]. We denote by 4, the ball of
radius r and centered at 0 € R”.

Definition 19 A set £ C %, is said to be semi-analytic at s € E if there exist an
open neighborhood O of s and a finite number of real analytic functions {g;;, f;;} on
O such that

ENO =Ui{s' € 0:g;j(s") =0, fi;(s") > 0,Vj}.

Proposition 20 [24, p. 462] Let a* be a non-isolated point belonging to the closure
of a semi-analytic set E C %By,. Then, for every a € E\{a*} sufficiently close to
a*, there exists a real analytic map y* : (=1, 1) — 2B, such that y*(0) = a* and
aey*0,1)CE.
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6.3 Construction of the global solution

Here we obtain the needed decay of the Fourier coefficients (12) when § > 0 and (13)
when & < 0. Given ¢y € M, set p =TI(t), and let ¢ : V — %, be a local chart of
M, with p € V and ¢(p) = 0. Assume that IT~' (V) consists of sets diffeomorphic
to V by IT. Take a component %/’ containing ty. Our goal is to select a path ' that
connects ¢ in a neighborhood % C %’ of 1y to o (t) or o~ 1(#) in a convenient way.

Consider o € D with b, > 0. First let us state an auxiliary lemma. We can assume
that

Supgy E(t) < infgy E(o (1)).

Lemma 21 Ift and m; are in %’ and~1§(ﬁj) > E(t), j=0,...,N, we can select
paths yj connecting m j to o (t), with B(t') > B(t) fort" € y;. If |y;| stands for the
length of y;, then

lyjl < C" = C'(mo, ..., mn).

Indeed, in this case, as B(a (7i;)) > B(7i;), both /ii; and o (i) belong to QF®,
which is connected by hypothesis. Now it only remains to connect o (i1 ;) to o (¢).
This can be achieved by the lifting starting at o (in1;) of the path ¢~ 1(¢), where ¢ is
the segment connecting ¢(m ) to (IT(z)). If necessary, we can modify the obtained
path in order to have a smooth path y; such that B > B(t) fort’ € Vi

We will now construct ¥ by composing paths, some of which are local. Let then
B : V — R be alocal primitive of b, with B(p) = 0. We have the following

Proposition 22 Consider o € D with b, > 0. Then, for every t in a certain neigh-
borhood of ty € M, there exists a piecewise smooth path y' connecting t to o (t)
satisfying:

() B() < B(), 1 ey’
(i) |y'| < C = C(t).

Proof Case I First we suppose that p is a regular point of b. Take a local chart
¢ :V — %, suchthat B oo Mt ... t))=1.

Let Q', Q be open squares inside A;,, both centered at 0, with QO c Qand @
having side-length equal to 2A.

Let £ : [0,1] — Q' be the segment joining ¢(T1(¢)) = (¢1,...,4;) € Q to
m=(A,0,...,0). We have, for A € [0, 1],

) = (1 — DeTI@) + im = (1 — )t1 + AA, (1 — Do, ..., (1 — Vi),
and
Bog l(t(n) = (1 — M + AA.
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Since A > t;, we have B o gp_l(ﬂ(k)) >t = Boll(t). Now joint € Qtoo(t) by
the path following the lifting of ¢! (£), and y; given by Lemma 21. We then obtain
the estimate (i).

As for the estimate (ii), set

2AV2supgrl| Do~ || + € = C(1o).

Case II Suppose p is a critical point of b. Take a local chart ¢ : V — %,,,. Call Z a
component of (¢ o [1)~!(%,), with r < rg, containing .

Step 1 We suppose that € % is such that [1(f) = g and B(g) > 0. We apply
Lojasiewicz’s inequality to B o ¢~ !. Hence, Lemma 18 says that the solution Yo(q)
necessarily encounters 0.%,. Consider then s € 0%, with s = y,(4) (7). Notice that

) 1 1-6
T < (C—Osup%w o |) .

Denote by X' the critical points of ¢.b|;5,. We write Z;. for the components of X,
J in a finite set J. Fix a regular point ¢(m ;) € 2;. if (p_l (Z;) is not contained in X.
If s is not in X', we apply now Lemma 18 for %, (with constant C(u)) to obtain

v 110, 8(s)] — 9%, such that

lim; 55y, (r) =5 € &'

If s € X for some j € J, we puts’ =s.

We connect ¢(g) to s and s to s’ respectively by using y,(4) and yst. Notice that,
since Bop~!(s”) > 0, Proposition 20 implies that ¢ ! (s") ¢ %, hence we can connect
¢~ 1(s) to m by apath ¢ in q)‘l(E}), with |¢] < ClJ thanks to Proposition 17.

Therefore, we have a path ¥+, connecting g to m j, with B oy greater than B(q).
If Gy = min{Cy, C3}, put

2 1-6
C= (—sup|B op! |)
Co Pr

and then the lifting of y to M, starting at 7, has length less than or equal to

2C~'sup%||D<p_1 I+ Cf.

Now join t € % to o (t) by the path y! following the lifting of ™ (starting at #) and
yj is given by Lemma 21. It is clear that we have constructed ' satisfying (i) and

7'l < 2Csup| De~" | + € + C'. (15)

Step 2 Now we will deal with those points 7 € % such that T1(¢) = ¢ and B(g) < 0.
According to Lemma 18, a possibility for the solution y, ) is that there is 7 satisfying
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Yo(q)(T) = s € 0%,. Keeping the notation as in Step 1, if 0~ l(s") ¢ =, we follow
exactly the same proof there.
The second possibility is that

lim: s 5(4(¢)) Yo (q) (T) is a critical point of B o o L

Therefore, it suffices to assume that we have a path y~ (consisting of orbits in %, )
connecting ¢ to a critical point ¢* of B, with B o y~ greater than or equal to B(q)
and

ly "1 < 2CsupylIDe™'|.

Since property (%) holds, we can connect ¢* to p* by a path ¢ in a component X of
¥ such that the semi-global primitive BT is open at p*. Moreover, due to Proposition
17, we can require that |¢| < Cj.
As BT is open at p*, Proposition 20 allow us to connect p* to a sufficiently close
point p* by a path y* on which BT is greater than or equal to 0 and BT (p™) > 0.
Hence, we have a path n* in U connecting ¢* to p* such that B o n* is greater
than or equal to 0 and

"l < Ci+ ly*l.

Consider a path n by following the lifting of y ™ to M, starting at ¢, and then a lifting
of n*. For the final point ¢ of 5 (IT(+*) = p™), we can apply Step 1 and obtain path
+
v
Then we will join 1 € % to o (t) by a path y' following 7, y'", and o(n~1). We
have that y’ satisfies (i). Since

Inl < 2Csup|IDe~ " || + C1 + |y*|,
and |yt+| is estimated in (15), we put C; = max{C}, Cf} and
C(t9) = 6Csupz-| Do~ || +3C1 +2ly*| + C".
Then, after Step 1 and Step 2, the estimate (ii) holds and the proof is complete. O

Similarly, we have

Proposition 23 Consider o € D with by < 0. Then, for every t in a certain neigh-
borhood of ty € M, there exists a piecewise smooth path y' connecting t to o (t)

satisfying:

(i) B() < B(t), 1 ey’
(i) |y'] < C = C(t).
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Recall that, as f € [E, each integral that defines the Fourier coefficients does not
depend on the path. Take o € D with b, > 0. By using the path of Proposition 22 in
(12), we conclude for & > 0 and r € % that

(e, &) < (1 — e o)~ Csup | f (5. ).

Therefore, for every N € Z* and t € % , there exists C ;\, > ( such that

/

(1, ) < ———

(I +1EDN

For € < 0, we use o ! and the path of Proposition 23 in (13), which means that we
have the uniform decay of the Fourier coefficients on a neighborhood of 7o € M. Set
now

u(t, x) = Zﬁ(z, £)e™é
E€l

and note that u(¢, x) is continuous since the series is absolutely and uniformly con-
vergent. Since the coefficients satisfy

d(ii(1, 8)) — Eb(OYA(, &) = [(1,6),

in any local charts of M we have

0ji(t, &) = £0; B, &) + f(1, &) (16)

for j = 1,...,n showing that we have found a continuous function that satisfies
the equation Lu = f in the weak sense and it remains to be shown that u(z, x) is
smooth. This will follow by proving the appropriate decay for the derivatives of the
coefficients, which will involve and induction argument on the differentiation order.
We recall that we denote the order of a multi-index « by |«| and suppose that we have
lae| > 0 such that, for every N € Z, there is Cjq,x > 0 with

= N Cla|.N
max{|0% f(z,£)|, [0 u(t, &)} < ————
(14PN
for |o’| < |a| and every & € Z. If we consider a derivative of order |B| = |a| + 1,

then, by (16), we have, for some j =1, ..., n, that

o~

39,71, &) = £33, B()U(t, £)] + 3% f (1, £).

Each term in 9%[9; B(1)u(t, £)] is 0% 9; B(1)0* u(t, ) for some o', o” with |&/| +
lo”| = ||, and since M is compact there is a constant C|g| > 0 such that |8’3/Bk M <
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(:‘“3\ forevery t € M and 0 < |B’| < |B|. Hence, for every N € Z", £ € Z, and
teV,

Clan+1 Cla|,N+1
A+ EPNFL (1 + [N+

10871, £) < |€Cp

This allows us to conclude the infinite differentiability of u on M x S!. O

Remark 24 An alternative way to prove that the continuous solution u (z, x) is actually
smooth is to invoke the global hypoellipticity of (1) given by Corollary 4.8 in [3].

7 Global solvability for Mizohata structures

In this section we abandon the analyticity assumptions, assume that » is a smooth closed
non-exact 1-form defined on a smooth closed connected manifold M of dimension
n > 1and discuss the global solvability of the differential operator L. : C*°(M xS') —
/\l C>®(M x S') defined by

Lu = diu +ib(t) N Oyu,

where x belongs to the unit circle S! and d; : C®(M) — /\1 C°°(M) is the exterior
derivative on M. We will impose additional restrictions on b that we describe now.
Recall that the vector fields

where (1, .. ., t,) are local coordinates on M and B is a local primitive of b, are local
generators of the bundle 7 € C® T (M x S') orthogonal to the line sub-bundle 7’ C
C® T*(M x S') generated by the 1-form dx —ib. Denote by TO = TN T*(M x S!)
the characteristic set of ¥'. A point n = Z;’ 1 njdt; +nodx € *;x)(M x SH\{0}
belongs to T, (z ) if and only if —B(t) = = a—(t) = 0 and n = nodx, with
no € R\{0}. Hence the set of crmcal points of b, Z 1s the image of the characteristic
set under the canonical projection 7*(M x S') — M. Recall that

Definition 25 The Levi form of an involutive (or formally integrable) structure ¥ at
the characteristic point n € T((t) ] # 0, is the hermitian form on ¥}, p = (¢, x),
defined by

1
Lipm(V, W) = ([X Y]P)

where X and Y are smooth sections of ¥ defined in a neighborhood of p = (¢, x)
and satisfying X, = v, ¥, = W. A non-elliptic formally integrable structure of
codimension 1 with non-degenerate Levi form is called a Mizohata structure.
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From now on we will assume that our structure ¥ is a Mizohata structure. Thus, if
X=vLli+ --+v,LyandY =w(Li+---4+w,L,, withv;,w; €C,j=1,...n
we have

LpnX.¥) = 21 ;vjwk[L],Lk]
Js

Z v Wr (— 21) (t)a

k=1

= —1o (Ul, RN Un)HeSSlB(w_l, e 1w_n)t'

Hence, requiring that the Levi form is non-degenerate at any n € Tt ) 1 # 0, 1s
equivalent to considering a system defined by a Morse 1-form b, i.e., a smooth closed
1-form whose local primitives have only non-degenerate critical points (the primitives
defined on a covering space have the same property). The set X is finite since there is a
local chart in a neighborhood of p € X such that Bo<p‘1 t,...,ty) = j:tlzzi: :l:t2

Our goal is to prove the following theorem, where M is the mlmmal covering of M,
Ba primitive of the pullback of b to M and property (x) was defined at the beginning
of Sect. 6.1:

Theorem 26 Assume that b is a non-exact Morse 1-form. The following statements
are equivalent:

(D) Forevery f € /\ C OQ(M x S1) that satisfies the compatibility conditions, there
exists u € C®°(M x S') satisfying Lu = .
(II) Foreveryr € R, the semilevel sets {t € M : B(t) <r}and{t € M : B(t) > r}
are connected.
(ITI) Property (%) holds.
(IV) The Levy form of V is neither positive definite nor negative definite at any critical
point.
(V) L is globally hypoelliptic.

The index of p € ¥ will be the number of negative eigenvalues of Hess, B. Note
that (IV), i.e., the non-existence of critical points of index 0 or n—which are points
of a local maximum or a local minimum of a local primitive—is clearly equivalent to
1.

Proof (of (I) <= (1)) The implication (I) = (II) was proved in Theorem 1.
To prove the converse we will exploit the connectedness of the semilevel sets to we
construct some paths that allow us estimate the decay of the Fourier coefficients as in
Sect. 6.3. We maintain the notation used there.

Proposition 27 Fix o € D with b, < 0 and t) € M. There exists a neighborhood V

of to such that for every t € V there exists a piecewise smooth path y' connecting t
to o (t) satisfying:
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(i) B('y <B@), 1 ey’
(i) 1y'] < C = Clto).

Proof (of Proposition 27) Case L If p = Tl (1) is a regular point we may argue as in
Case I of Proposition 22.

Case II Suppose p € X (withindex s € {1,...,n — 1}). Take alocal chart ¢ : V —
By, suchthatBoga_l(t],...,tn) = —t12—~-~—tS2+~--+t,%.Weintr0duceA < ro,
omy) =(A,0,...,0), and p(my) = (—A,0,...,0).

Step1(s = 1) Let ¥ : [0, 1] = A4 be the segment joining ¢ (I1(¢)) = (¢1,...,1,) €
By to p(my) and £, : [0, 1] — HB4 be the segment joining ¢(I1(z)) to ¢(m>). We
have, for A € [0, 1],

Li(A) = dmy + (1 — V)e(I1(1))
and

V(Boe )W) - (M) = V(Bop )(t1(V) - (m — o(T1(1)))
=(2[AA+ A —=Mr)], 21 — M, ..., 21 —Nty) - (A—t1, —tr ..., —1y)
=2(-2AA —1) + A= Dtj(A —1) — (1 = )15 — - — (1 = A)12).

If1; > 0, then Bo g~ !(£1(1)) < BoTI(¢) for A € [0, 1]. Otherwise, we conclude
that B o 9~ (£2(1)) < B o T1(¢) for A € [0, 1].
Step 2 (s > 1) Here we write —t? —--- — 12 = N

We connect o (IT(¢)) = (t1, ..., ts, ts1s -5 In) 0 (W =N, 0, ..., 0, t541, ..., 1)
by the path

;()") = (%()")a ts-‘rlv R tn)s

where %’(1) is in an arc of a circle of radius /—N (and length at most 7+/—N).

Clearly B o ¢~ 1(¢(%)) = B(r) for & € [0, 1].

Now we apply Step 1 in order to connect (+/—N, 0, ..., O’lts_;_l, s tp) tom;
(where j =1, 2) by a segment £; such that B o (pfl (£;) < B(1).

Finally, join ¢ to o (¢) by the path following liftings of ¢ ! (¢) and ¢! (£;), and y;
(given by Lemma 21). We then obtain the estimate (i).

As for estimate (ii), since /—N < A, put

(7 +2)Asupz-[ Dp” | + C = C(1o).

Similarly, we have

Proposition 28 Consider o € D with b, > 0. Then, for every t in a certain neigh-
borhood of ty € M, there exists a piecewise smooth path y' connecting t to o (t)
satisfying:
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(i) B('y = B(), 1 ey’
(i) |y’ < C = C(to).

In view of Propositions 27 and 28 we may reason as we did in Sect. 6.3 to one
obtain a smooth solution on M x S!, showing that (II) implies (I). O

Proof (of (II) <= (IID)) If (III) fails, (IV) also fails and then it is plain by Proposition
10 that 2, or 2" is not connected for some r € R. Hence (II) — (III).

Assume now that Q" is disconnected (the proof is analogue if €2, is disconnected).
By Proposition 10, there would exist a component & of Q" on which B is bounded
(and also disjoint from its non-trivial translates by Lemma 12).

Take a sequence {Pu)nen of pomts in ¢ such that B(pl) =r+e¢o, & > 0, and
B(p,,) S K = supﬁB(t) Set p, = I1(p,); we may suppose that p, — g € M.
Choose a sufficiently small connected neighborhood N of g evenly covered by IT
such that, if X and y belong to a component of TT~ L(N) (thus isometric to N), then
|B(x) B(y)| < &9. This shows that the components of T1~ 1(N) which intercept
{Pn}nen arein 0.

Note that for any 71, > € IT7'({g}) there is some ¢ € D such that o (g1) = g>.
Hence, only one component of I1~!(N) intercepts {p,},en. Denote by ¢* the point
in this component such that IT1(¢*) = ¢. Therefore, B (¢*) = K, which implies that
(IIT) fails. O

Proof (of (I) = (V)) Suppose that there exists v € 2/ (M x S1) satisfying Lv =
f e /\1 C>®(M x S'). Then f € E and by (I) there exists u € C®(M x S!) such
that L(z — v) = 0. From the computation at the beginning of Sect. 6, we conclude
that the Fourier coefficients of u — v are 0 if £ 7~ 0, and then u — v is constant. Hence
veC®M xS and (V) holds. o

Proof (of (V) — (D)) If (III) fails, there exists fp € M and a neighborhood
Uy of ty such that a local primitive B of b is defined on Uy and B(fy) < B(t) or
B(tg) > B(t) fort € Up\{to}. Assume that B(f9) < B(t). We can define the function
(1, x) > (1 — BUW=BO=ixy1/2 o5 17, denoted by u, which satisfies Lu = 0 on
Uy in the weak sense. By using a smooth function x € CZ°(Up) equals 1 on a
neighborhood Vi C Uy containing fy, we have that yu is singular at (7o, (1, 0)) and
L(xu) € /\1 C®(M x SY). If we assume B(fp) > B(t) on Uy, the proof is similar.
Therefore, (V) does not hold. O

The proof of Theorem 26 is now complete.

7.1 Local solvability versus global solvability

We now compare the properties of local and global solvability for L. = d; +ib(t) A 0y
when the closed non-exact form b has only non-degenerate critical points {¢;}. Recall
that IL is (smoothly) locally solvable at p = (¢, x) € M x S! if every neighborhood
U of p contains a neighborhood V of p such that for every f € U'(U) satisfying
L' f = 0 there exists u € C>®(V) satisfying Lu = f in V. If L is elliptic at p it is
fairly easy to prove that it is locally solvable at p. Furthermore, the local solvability
at each non elliptic point (¢, x) is characterized by the results of Treves [34]:
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Theorem [34] The operator L is locally solvable at (t;, x) if and only if the index of
the critical point t; is neither 1 norn — 1.

We see from Example B below that the system can be both globally solvable and
not locally solvable at (¢}, x), for every j. Example C below, in turn, shows that the
system can be globally solvable but locally solvable at (z;, x), for some j, and not
locally solvable at (#, x), for some k. Other combinations are possible by examples
similar to this.

In fact, the case n = 2 is a special case since when M has dimension 2 the system
is globally solvable if and only if it is not locally solvable at (¢, x), for every j. In
particular, if M = T2, the Euler characteristic x (M) is 0, and if there are critical
points, there are always critical points of index O (or n) and index 1, hence there exists
apoint (7, x) such that [ is not locally solvable at (¢;, x) and the system is not globally
solvable. Now if M is an orientable surface of genus g > 1, x (M) < 0, and there
always exists a point (¢, x) such that IL. is not locally solvable at (z;, x).

7.2 Global solvability of 1”1

Here we want to prove the version of Corollary 3 for a Morse 1-form b, that is,

Corollary 29 Assume that M is orientable and b is Morse and not exact. The following
statements are equivalent:

(I) Forevery f € /\l C%°(M x S") that satisfies the compatibility conditions, there
exists u € C®°(M x S') satisfying Lu = f.

(IT) Forevery f € YW'(M xS") orthogonal to KerlL there exists u € /\"_1 9" (M xS")
satisfying L' u = f.

Proof (of (I) = (II)) We know that (I) implies the global hypoellipticity of IL by
Theorem 26. That the global hypoellipticity of L implies (II) is a general result of
functional analysis and details can be found in [4]. O

Proof (of (I) = (D)) If (I) does not hold, there exists a disconnected semilevel set
by Theorem 26. The proof is then complete after the following proposition. O

Proposition 30 If Q" or Q, is not connected, then (II) does not hold.

We point out that the proof of Proposition 30 holds for a smooth closed non-exact
1-form b.

Proof (of Proposition 30) The proof follows the ideas in [4]. As in Lemma 13, we
have the following a priori estimates:

Lemma 31 [If (II) holds, there exist constants C > 0 and m € N such that, for all
f e (M x SY) orthogonal to KerlL and g € C®(M x SY),

V o FAgAdx| < ClfllmlILgllm-. 17)
M x
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Here [[vllm = supysst 22 51<m [8Pv(t, x)|. We will violate this a priori estimate
by defining sequences fi, g, plugging them in (17) and checking that, as in Sect. 5,
the left hand side is bounded below by a positive constant while the right hand side
tends to zero as k — oo.

Assume the presence of a disconnected superlevel set of B (the proof for a discon-
nected sublevel set is similar). Due to Eroposition 10, in M there exists a component &
of a superlevel set, say Q, such that B is bounded on &'. By Lemma 12, & is disjoint
from their non-trivial translates and then a primitive B of b is defined on I1(0). We
assume that B = B o 1 on 0.

Let x : M — {0, 1} be the characteristic function of I1(£). Consider ¢ > 0 such
that r + 3¢ < K, where K is the supremum of B on &. Define smooth non-negative
functions 1, Y2 : R — [0, 1] satisfying

o ¥ ({1) = [r 4 2¢, 00);
o Y ({0)) = (—o0, 7 +el;
e supp(y2) C (r + 3¢, 00).

We then define smooth functions ¢, 6 : M — [0, 1] by

@(1) = x @)1 0 B)(1),
0(1) = x(1)(¥2 0 B)(1).

Notice that
B(t) <r+2e Vtesupp(dip).
As M is orientable, take Q € A" C°°(M) nowhere vanishing. Finally, set for k € N
fi(t,x) = e Do ()Q (1)
and
gr(t, x) = e HED ().
Each f; is orthogonal to KerL = C. Since

Lek(t, x) = ¢ TBO g, 0(1)

and
/kagkAdX=10750,
we may conclude the proof by reasoning as in Sect. 5. O
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8 Examples, comments and open problems

Example A Consider the torus T” and identify S' with R/(27Z). The functions defined
on T" are identified with the functions in R" 27 -periodic on each variable.
Now consider the real analytic function B® : R” — R given by

n In
B:(t],...,tn)zot]/ sin29d9+-~-+an/ sin® 0do,
0 0

where o1, ..., a, are linearly independent over Z. Therefore, b = d,Bu is a closed
non-exact 1-form defined on T” and M = R".

In this case ¥ = (wZ)", and we have only degenerate critical points. Nevertheless,
B is open at every point of ¥. Then property (*) holds, and the system defined by b
is globally solvable.

Example B We will construct a smooth Morse 1-form b without critical points of
index O or n on the connected sum of closed n-manifolds M| and M;. In particular,
the corresponding operator L will be globally solvable. This example is inspired by
[2] and a similar one, as well as more examples of Morse forms, can be found in [37].

Start by taking two Morse 1-forms w; and w respectively defined on M; and
M. Assume that w1 and w; do not have critical points of index 0 or n, and consider
sufficiently small open sets N1 > pj and N» 5 p», which are neighborhoods of regular
points px € My fork =1, 2.

In RN (with (71, ..., ty) as the canonical global coordinates, N > n), set Q =
[—2, 21V, and let @ be a diffeomorphism between N, kﬂ and Ny, where

° Nl: is the intersection of Q with {(¢1,...,t,, —1,0,...,0)},
e and N2u is the intersection of Q with {(#1,...,,,1,0,...,0)}.

We apply the Local Submersion Theorem to choose diffeomorphisms ¢; between
N{ and Ny, satisfying

oi(wp) =dn fork =1,2.

Consider now disjoint n-manifolds M} and Mj, both embedded on RY, respectively
diffeomorphic to My and M;, such that M ,E N =N, ,E We will obtain a connected

sum of M f and Mg and define a closed 1-form b on it.
In order to do this, take a smooth concave function % : [1, 1+¢] — [0, €] satisfying:

e h(r)=2(r — 1) forr closeto 1;
e h(r)=c¢forrcloseto 1+ e.

Now let T C Q be the set consisting of the points (1, ..., #;+1, 0, ..., 0) such that

<t 0,0, 0| < 146 and ety =h(|(t. ... 1. 0,....0)]).
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Then T is diffeomorphic to §7=1 % [—1, 1]. Take open disks D,/C C Dy C Nu, such
that T N M,E = D_k\D,Q, and remove D, (k = 1,2).

By choosing orientation preserving diffeomorphisms ¢y, Theorem 5.5 of [32]
allows us extended them to diffeomorphisms ¢ : M ]E — M. We put

blr = dt, b|M/E\Di = @i (wr), for k=12
Notice that b has only two critical points on 7', namely (1,0, ...,0), of index n — 1
and (—1,0,...,0), of index 1. In particular, b is non-exact.
Example C In this example, we will construct a Morse 1-form b on T* ~ R*/(2n Z)*
without critical points of index O or 4. Define

f(x,y) =(sinx)(2 —cosy), x,yeR.

The critical points of f in T? ~ R? /(2 7Z)? are:
P = Q@n/2,7), f(P1) = —3 (minimum);
P, = (37/2,0), f(Py) = —1 (saddle);

Py = (7/2,0), f(P3) = 1 (saddle);

Py = (/2, ), f(Ps) =3 (maximum).

Define now a function B” : R* — R by

B”(u, v, x,y) =biu+bv+ f(x,y) — ¥ (f(x,y)(sinu 4 sinv)/2,

where the numbers 0 < by, by < 1/2 are linearly independent over Z, and ¢ €
C*°(R) satisfies:

e Y(l)=1,
o Y(s)=0fors =—3,—1,3;
o [Y/(s)] < 1fors € R.

Note that b = d; BY defines a closed non-exact 1-form on T*. It is easily seen that
M =R? x T? and D is generated by two deck transformations.

Let ¢; € (0, /2) be the two roots of the equation 2b; = cost, 0 <t < 7/2,
J=1,2,andA; € 3w /2, 2m) the roots of the equation 2b; = cost, 37w /2 <t < 2m,
j=12.

Claim If P = (u,v,x,y) € R? x [—m, ] x [—m, ] is a critical point of B’ then
(x,y) = Pyand, forsome k € Z, u = &1 +2kmw oru = A +2km, and v = &, + 2km
or v = Ay + 2km. In all these cases the index is neither O nor 4.

Indeed, we have
3B (P) = by — ¥ o f(x,y)(cosu)/2;
3B (P) = by — ¥ o f(x, y)(cos v)/2;

3 BY(P) = (1 — ¢ o f(x, y)(sinu + sinv)/2)dy f (x, );
dyBY(P) = (1 — ¢ o f(x, y)(sinu + sinv)/2)dy f (x, y).
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Suppose that 5(P) = 0. Since 1 —v/" o f(x, y)(sinu+sinv)/2 # 0, we conclude that
(x0, yo) is a critical point of f, hence (xo, yo) = P; for some 1 < j < 4. However,
if j # 3, then 9, BY(P) = by # 0. Therefore, (xo, yo) = P3, and we have

9uB*(P) = by — (cosu)/2 =0 and 9,B(P) = by — (cosv)/2 = 0.

Finally, we have

(sinu)/2 0 0 0
HesspB' — 0 (sinv)/2 O2 O2

0 0 82, f (P3) 82, f (P3)
0 0 03, f(P3) 07, f(P3).
(sinu)/2 0 0 0

10 (sinv)/20 O

—10 0 -10
0 0 0 1

This proves the claim.

The four possibilities of critical points yield four determinants of Hessp B?, two
positives and two negatives (recall that the Euler characteristic x (T*) is 0).

A similar example can be constructed by taking f defined on T* and having a
critical point of index 2 in order to have a globally solvable system (in M =R%xT%
which is locally solvable at (¢}, x), for every j.

Open problems

While Theorem 1 and Corollary 2 give satisfactory characterizations of the global
solvability of . = d,+ib(t) Ad, on M xS' when the coefficients of the closed and non-
exact 1-form b are real analytic, our knowledge is not as complete in the general smooth
case. Historically, several results concerning the link between geometric properties of
the operator symbol and solvability (or hypoellipticity) properties of the operator itself
where proved first in the real analytic case and later extended to the technically harder
smooth setup. It is in this spirit that we state below some open problems that aim at the
solution of this question. In the sequel b will always be a smooth, closed, non-exact
1-form on a compact, connected, n-dimensional smooth manifold M of dimension
n> 1.

Open Problem I Assume that the primitive of b defined on the minimal covering
of M x S! has connected semilevel sets (i.e., property (I) of Theorem 1 holds). Is it
true that I = d; 4+ ib(t) A 9, is globally solvable?

This is known to be true when M = T? [6,7] and there are additional partial results
for M = T" in [5].

Open Problem 2 If L = d; + ib(t) A 0y is (smoothly) globally solvable then L is
globally hypoelliptic because we can find a particular smooth solution for any smooth
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form in the range of IL and any two solution differ by a constant. We have seen that
the converse is also true in the real analytic case and when b is a smooth Morse form
(Theorems 1 and 26). Is the converse true in the general case?

Note that the converse holds when M = T2 because the proofs of (V) = (1II)
and (IN) = (II) in Theorem 26 hold when b is a smooth closed non-exact form
on a smooth closed connected manifold and Problem 1 has a positive answer when
M =T2

Open Problem 3 Let 0 C M bea component of a semilevel set and suppose that
B is bounded on &. Is then & relatively compact?

It was conjectured by Arnol’d [1] that this is true and he proved it in the real analytic
setup and in the case M = T?. A weaker version of the conjecture goes as follows.
Let 0 C Mbea component of the superlevel set " and suppose that B is bounded
on O. Does there exist s > r such that Q° possesses a relatively compact component
contained in &'? (Similar question for sublevel sets.)

It is not difficult to answer this version once it is proved for Morse forms. Since
when M is n-dimensional and b is a Morse form it follows from the proof of (III)

— (II) in Theorem 26, the weaker version has a positive answer.

Open Problem 4 While property (x)—originally proposed in [3] to deal with global
hypoellipticity in the real analytic case—is relevant and quite useful when the form b
is either Morse or real analytic, its present form does not seem adequate for the general
smooth case. How should property (x) be formulated in the general case?
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