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Abstract We shall study special regularity properties of solutions to some nonlinear
dispersive models. The goal is to show how regularity on the initial data is transferred
to the solutions. This will depend on the spaces where regularity is measured.
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1 Introduction

The aim of this work is to study special regularity properties of solutions to the initial
value problem (IVP) associated to some nonlinear dispersive equations of Korteweg-de
Vries (KdV) type and related models.

The starting point is a result found by Isaza, Linares and Ponce [15] concerning the
solutions of the IVP associated to the k-generalized KdV equation

{a,u+a§u+ukaxu=o, x.t R, keZ, (0w

u(x,0) = ug(x).
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To state our result we first recall the following local well-posedness for the IVP (1.1)
established in [20]:

Theorem A1 [20] If ug € H¥*' (R), then there exist T =T (||uo|| (1 1K) > 0anda
Z i
unique solution of the IVP (1.1) such that

(1)
ueC(-T.T]: H¥* (R)),
(i1)
deu € L*([~T,T]: L®(R)), (Strichartz),
(iii)
T
sgp/_T |J du(x, 0)|>dt < oo for r €[0,3/41], (1.2)
(iv)

o0
/ sup |u(x, t)|2dx < 00,
—00 —T<t<T

with J = (1— 3)%)1/2. Moreover, the map data-solution, uy — u(x, t) is locally
continuous (smooth) from H 3/4+(R) into the class X ;/ . defined in (1.2).

If k > 2, then the result holds in H3/4(R).

We recall the definition of the Sobolev spaces H*(R) for index s > 0:
H'R) = {f € L*®R) : [|fls2= IV fll2 < o0}

where
00 . 1/2
175 fll2 = (/ (1+ sz)wf(s)ﬂds) ,

and fdenotes the Fourier transform of f. In particular, if s > s” > 0, then
H'R) c H' (R) C LA(R).
Thus, H3/#(R) represents the Sobolev space of index 3/4 and

YR = | B ®).
5>3/4
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On the regularity of solutions to a class... 799

For a detailed discussion on the best available local and global well-posedness results
of the IVP (1.1) we refer to [15,22].

Now we enunciate the result obtained in [15] regarding propagation of regularities
which motivates our study here:

Theorem A2 [15] Ifug € H¥*" (R) and for some | € Z*+, 1 > 1 and xo € R
l 2 * l 2
” 8xu0||L2((x0,OO)) = ‘/XO |8xu0(x)| d.X < 00, (13)

then the solution u = u(x,t) of the IVP (1.1) provided by Theorem Al satisfies that
foranyv > 0ande >0

0o .
sup / (afu)z(x, t)dx < c, (1.4)
0<t<T Jxo+e—vt
fOVj = O, 1, ey l Wlﬂ’l C = C(l, ||M0||3/4+’2; || BJICMOHLZ((X(),OO)); VU, €, T)

In particular, for all t € (0, T, the restriction of u(-, t) to any interval of the form
(a, 00) belongs to H' ((a, 0)).
Moreover, foranyv > 0,€ > 0and R > 0

T xo+R—vt
/ / 0wy (x, 1) dxdt < c, (1.5)
0 X

0+e—vt
with ¢ = (s uol, e, 11 01l 12((xp.00)): V3 €5 R: T).

This tells us that the H'-regularity on the right hand side of the data travels forward
in time with infinite speed. Notice that since the equation is reversible in time a gain
of regularity in H*(R) cannot occur so at r > 0, u(-, t) fails to be in H J(R) due to
its decay at —oo. In fact, it follows from the proof in [15] that for any § > 0 and
te0,Tyandj=1,...,1

s

/oo ;(B;uf(x,t)dx <

c
—oo (x=)/ +e !
with ¢ = c(l[uoll3/4+ 2: ||3)'£u()||Lz((X0’OO)); X0; 8).

The result in [15] (Theorem A2) has been extended to the generalized Benjamin—
Ono (BO) equation [16] and to the Kadomtsev—Petviashvili II equation [17]. Hence,
it is natural to ask if this propagation of regularity phenomenon is intrinsically related
to the integrable character of the model or as in the KdV equation is due to the form
of the solution of the associated linear problem. More precisely, to the structure of its
fundamental solution, i.e. the Airy function (see (3.3) below).

Indeed, for the so called k-generalized dispersive BO equation,

du +ukou — (—0H?0u=0, keZ", 1<a<2,
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800 F. Linares et al.

which for « = 1 corresponds to the k-generalized BO equation and o« = 2 to the
k-generalized KdV equation, one has that the propagation of regularities (as that pre-
sented in Theorem A2) is only known in the cases « = 1 and o = 2.

Our first result shows that this fact seems to be more general. In particular, it is
valid for solutions of the general quasilinear equation of KdV type, that is,

{B,M—i-a(u,axu, 92u) 93u + b(u, deu, 32u) = 0, 16

u(x,0) = ug(x).

where the functions a, b : R? x [0, T] — R satisfy:

(H1) a(-,-,-)and b(-, -, ) are C* with all derivatives bounded in [—-M, M]3, for
any M > 0,
(H2) given M > 0, there exists x > 1 such that

1/k <a(x,y,z) <k forany (x,y,2)€[-M, M,
and
d.b(x,y,2) <0 for (x,y,2) € [-M, M.
To establish the propagation of regularity in solutions of (1.6) of the kind described
in (1.4) we shall follow the arguments and results obtained by Craig, Kappeler and
Strauss in [10].

Assuming the hypotheses (H1) and (H2), the local existence and uniqueness result
established in [10] affirms:

Theorem A3 [10] Let m € Z*, m > 7. For any ug € H™(R), there exist T =
T (lluoll7.2) > 0 and a unique solution u = u(x, t) of the IVP (1.6) satisfying,

u € L*®°([0, T]; H™(R)).

Moreover, for any R > 0

T R
//(8?1+1u)2(x,t) dxdt < .
0 —R

For our purpose here we need some (weak) continuous dependence of the solutions
upon the data. Hence, we shall first prove the following “refinement” of Theorem A3.

Theorem 1.1 Let m € Z*, m > 7. For any uy € H™(R) there exist T =
T (lluoll7.2) > 0 and a unique solution u = u(x, t) of the IVP (1.6) such that

ueC(0,T]: H" P (R)) N L®(0, T]: H™(R)), forall §> 0, (1.7)
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On the regularity of solutions to a class... 801

with
3" e L*([0, T1 x [-R, R]), forall R > 0. (1.8)

Moreover, the map data solution ug — u(-, t) is locally continuous from H™ (R) into
C([0, T]: H™%(R)) for any § > 0.

Since our objective here is to study propagation of regularities we shall not address
the problem of (strong) persistence (i.e. g € X, then the corresponding solution u (-, )
describes a continuous curve on X, u € C([0, T] : X)) and the (strong) continuous
dependence ug — u(-, t), (i.e. the map data — solution from X into C([0, T'] : X)
is continuous), so that the solutions of (1.6) generate a continuous flow in H"(R),
m>"1.

Our main result concerning the solution of the IVP (1.6) is the following:

Theorem 1.2 Letn,m € Z*, n > m > 7. If ug € H™(R) and for some xg € R
dlug € L?((x0,00)) for j=m+1,....n,

then the solution of the IVP (1.6) provided by Theorem 1.1 satisfies that for any € > 0,
v>0andt €[0,T)

o]

/ 0duCe. 0P dx < c(e:v: ol 22 10Luoll 2ug.oop 11 =m + 1. 1),
xX0+€—vt

(1.9)

for j =m+41,...,n. Moreover, foranye >0, v > 0,and R > 0

T xo+R+vt
/ / 10"+ u(x, 1)) dxdt

0 xote—vt

< c(€; v; R; uollm.2: 19Luoll 2 H=m+1,....n). (1.10)

((x0,00))

Several direct consequences can be deduced from Theorem 1.2 for instance (for
further outcomes see [15])

Corollary 1.3 Letu € C([0,T] : H™(R)), m > 7, be the solution of the IVP (1.6)
provided by Theorem 1.1. If there existn > m, a € Rand t € (0, T) such that

dpu-, i) ¢ L*((a, 00))
then for any t € (0,1) and any B € R

Nu(-, 1) ¢ L*((B, 00)).
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802 F. Linares et al.

Theorem 1.2 tells us that the propagation phenomenon described in Theorem A2
still holds in solutions of the quasilinear problem (1.6). This result and those in KdV,
BO, KPII equations seem to indicate that the propagation of regularity phenomena
can be established in systems where Kato smoothing effect [18] can be proved by
integration by parts directly in the differential equation.

Since our arguments follow closely those in [10] without lost of generality and for
the sake of simplicity of exposition we shall restrict the proofs of Theorems 1.1 and
1.2 to the case of the model equation

du+ (14 (22u)Hddu =0. (1.11)

However, we shall remark that combining the arguments below with those in [10]
the results in Theorem 1.2 can be extended to solution of the IVP associated to the
equation

afu + f(l, X, U, 8)(“, a}%bl, 331/!) = 0,

under appropriate assumptions on the structure, regularity and decay of the function
f (). These decay assumptions are quite strong, for example, one should assume
roughly that f(-,¢,0,0,0,0) € S(R), (see [10]). This fact seems to rule out the
possibility of having a propagation of regularity phenomenun of the kind described
here in models involving periodic coefficients.

Next we consider the question of the propagation of other type of regularities besides
those proved before i.e. for ug € H" ((xg, 00)) for some xg € R.

We recall that the next result can be obtained as a consequence of the argument
given by Bona and Saut in [3].

Theorem 1.4 Let k € Z. There exists
up € H'(R) N C®(R)

with |lug|l1,2 < 1 so that the solution u(-, t) of the IVP (1.1) is global in time if k > 4
withu € CR: H'R) NL! (R: WL®(R)) and satisfies

loc

[u(~,t) e CI(R), t>0, t¢Z", (1.12)

u(-, 1) € CLR\{OP\C'(R), t € Z7.

Here, W/-7(R) denotes the space of functions whose distributional derivatives up
to order j belong to L?(R).

The argument in [3] is based in a careful analysis of the asymptotic decay of the
Airy function and the well-posedness of the IVP (1.1) with data ug(x) in appropriate
weighted Sobolev spaces. This argument was simplified [for the case of two points
in (1.12)] for the modified KdV equation k = 2 in [23] without relying in weighted
spaces. Here we shall give a direct proof of Theorem 1.4 which follows the approach
in [23], i.e. it does not rely on the analysis of the decay of the Airy function and applies
to all the nonlinearities.
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On the regularity of solutions to a class... 803

Our method has the advantage that it can be extended to W*7-setting. More pre-
cisely, we shall show the following:

Theorem 1.5 (a) Fixk=2,3,...,let p e (2,00)and j > 1, j € Z™. There exists
ug € HY/*(R) N W/ P (R) (1.13)
such that the corresponding solution u(-, -) of the IVP (1.1)
ueC(-T,T]: H¥*R))
provided by Theorem Al satisfies that there exists t € (0, T such that
u(- 1) ¢ WHP@RY) and u(-,—t) ¢ WHP(R™). (1.14)

(b) Fork = 1, the same result holds for j > 2, j € 7.

Remark 1t will follow from our proof that there exists ug as in (1.13) such that (1.14)
holds in R™. Hence, one can conclude that regularities in W/-?(R) for p > 2 do not
propagate forward or backward in time to the right or to the left.

Next we study the propagation of regularities in solutions to some related dispersive
models. First, we consider the IVP associated to the Benjamin—-Bona—Mahony BBM
equation [2]

[atu+axu+uaxu—a§atu=o, x,teR, 01s)

u(x,0) = ug(x).

The BBM equation was proposed in [2] as a model for long surface gravity waves of
small amplitude propagating in one dimension. It was introduced as a “regularized”
version of the KdV equation. In most cases, the independent variable x characterizes
position in the medium of propagation whilst ¢ is proportional to elapsed time. The
dependent variable # may be an amplitude, a pressure, a velocity or other measurable
quantity, depending upon the physical system and the modeling stance taken.

We recall the local well-posedness for the IVP (1.15) obtained by Bona and
Tzvetkov [5].

Theorem A4 [5] Let s > 0. For any ug € H*(R) there exist T = T (|luglls.2) > 0
and a unique solution u of the IVP (1.15)

ueC(0,T]: H (R)).

Moreover, the map data-solution ug — u(-, t) is locally continuous from H*(R) into
C([0,T]: H*(R)).

In [5] it was also shown that Theorem A4 is optimal in an appropriate sense (see
[5] for details).

The following result describes the local propagation of regularities in solutions of
the IVP (1.15).
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804 F. Linares et al.

Theorem 1.6 Let ug € H*(R), s > 0. If for some k € Z+T U {0}, 8 € [0, 1), and
Q C R open

u0|Q e Ck+9,

then the corresponding solution u € C([0, T]: H*(R)) of the IVP (1.15) provided by
Theorem A4 satisfies that

u(-, )|y € C** forall t €10, T].
Moreover,
u, du € C([0, T]: C9(Q)).

Remark (1) Theorem 1.6 tells us that in the time interval [0, 7] in the C¥*¢ setting
no singularities can appear or disappear in the solution u (-, ).

In particular, one has the following consequence of Theorem 1.6 and its proof:

Corollary 1.7 Letug € H*(R), s > 0. Iffora < xo < b, k € ZTU{0}and® € [0, 1)

k+6 k+6
U0 (4 x0)? u()’(xo’b) eC and “0’(a,b) ¢ C"

then the corresponding solution u € X3 of the IVP (1.15) provided by Theorem A4
satisfies

k+0 k+0
U0y 4D € C and w0, ¢ CH

(2) Theorems A2, 1.4, 1.6, and Corollary 1.7 show that solutions of the BBM equation
and the KdV equation exhibit a quite different behavior regarding the propagation
of regularities.

Next we consider the IVP associated to the Degasperis-Procesi (DP) equation (see

[11]):

[B,M — 838,u + 4uoyu = 38Xu3§u + uagu, x,t eR, (1.16)

u(x,0) = up(x).

The DP model was derived by Degasperis and Procesi as an example of an integrable
system similar to the Camassa—Holm (CH) equation ([8])

Bt + 26c0,u — 02 + 3udyu = 20,ud’u + uddu, « > 0. (1.17)

Like the CH equation it possesses a Lax pair formulation and a bi-Hamiltonian struc-
ture leading to an infinite number of conservation laws.
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On the regularity of solutions to a class... 805

Also, similar to the CH equation, the DP equation has been shown to exhibit multi-
peakons solutions

n
u(x,t) = Z o (1)e~ =i

j=1
where (x; (t))zf=1 satisfies
dxj _ 3 o (1)e O
di k=1
da (1.18)

n

=20 > o (t) sgn(x; — xi) e =0l
dt k=1
In [27] Yin shows that the IVP (1.16) is locally well-posed in H*(R), s > 3/2. It
shall be remarked that in the Sobolev scale H*(R) the result in [27] is the “optimal”
possible for the “strong” local well-posedness. More precisely, it was established by
Himonas, Holliman and Grayshan [14] that for s < 3/2 solutions of the IVP (1.16)
exhibit an ill-posedness feature due to the so called norm inflection (see [14]).

One observes that the multi-peakons solutions barely fail to belong to these spaces
since e € H*(R) if and only if s < 3/2. So we shall construct first a space where
uniqueness and existence hold, where the “flow” (characteristics) is defined (see (1.21)
below) and which contains the multi-peakons.

Theorem 1.8 Given ug € H't4(R) N WL (R), for some § > 0. There exist T =
T (luoll1+s.2, luoll1,00) > 0 and a unique strong solution (limit of classical solution)

ueCq0,T]: H'(R)NL®0, T]: H' P ®R) N L>®([0, T]: WH®(R)).
Moreover, if uy, — ug in H(®R) N WL(R), then the corresponding solutions
U, u satisfy that u, — u in C([0, T]: H'(R)).

With Theorem 1.8 in hand we can show the following result regarding the propa-
gation of regularities in solutions of the DP equation.

Theorem 1.9 Suppose ug € H'**(R) N WH2(R), for some § > 0, such that for
some open subset Q@ C R
uolg, € C'. (1.19)

Then the local solution of the IVP (1.16) u = u(x, t) provided by Theorem 1.8 satisfies
u(-, 1) € C'(Q), (1.20)

where Q; = ©,(R2) and ®,(xg) = X (t; x0) is the map given by

ax _ (X(@®),1)
ar (1.21)

X(0) = xo.
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806 F. Linares et al.

Remark (1) Notice that
ueC(0,T]: H (R)) — Cp(R x [0, T])
and
ue L0, T]: W (R))

which guarantees that the flow in (1.21) is well defined (see for instance [9]).
(2) Theorem 1.9 describes the propagation of C! singularities. In particular one has
the following consequence of Theorem 1.9.

Corollary 1.10 Ifug € H't3(R) N W2 (R), for some § > 0, (and for some Q@ € R
open) ug ’ o €C LQ\(x i) ?’: 1), then the corresponding solution u provides by Theorem
1.9 satisfies for t € [0, T']

u(, Nlg € Cl@\x; 0}

where Q; and x j (t) are defined by the flow ®;(xo) = X (t; xo) asin (1.21), 2; = ®(R)
and x;(t) = &;(X;).

This tell us that all C'-singularities for data in H'+® N Lip propagate with the flow as
in the case of multi-peakons see (1.18).

(3) Since m(x, 1) = (1 — 3})u(x, 1) satisfies
om + udym + 30, um =0, (1.22)

the propagation at the C2 level and beyond follows directly from the equation
(1.22). Therefore, the result in Theorem 1.9 extends to C*, k € Z7T, in (1.19) and
(1.20).

(4) A result like that described in Theorem 1.8 (when uniqueness, existence and
the “flow” is defined in a space containing the peakons) is unknown for the CH
equation (see [6,24,26]). Similarly for Theorem 1.9.

Finally, we consider the 1D version of the Brinkman model [7]

[¢atp + 0 (pv) = F(t, p), (1.23)

(=37 + )v = —8: P(p).

This system models fluid flow in certain porous media. It has been useful to treat
high porosity systems and a rigidly bounded porous medium. It also has been used to
investigate different convective heat transfer problems in porous media (see [25] and
references therein). Here p is the fluid’s density, v its velocity, P (p) is the pressure and
F the external mass flow rate. The physical parameters u, «, [i, and ¢ represent the
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On the regularity of solutions to a class... 807

fluid viscosity, the porous media permeability, the pure fluid viscosity, and the porosity
of the media, respectively. To simplify we shall assume (without loss of generality)

and that P(p) = p?
It will be clear from our method of proof that these are not necessary restrictions.
Thus the equation in (1.23) becomes

ap = (p(1 =)', (pP) =0 x,1€R. (1.24)

In [1] Arbieto and Iorio established the local well-posedness of the associated IVP to
(1.24) in HS(R), s > 3/2.

Our first outcome in this regard shows that the result in [1] can be improved to
H*(R),s > 1.

Theorem 1.11 Let po € H°(R), s > 1. There exist T = T (|luoll1,2) = ¢ ||u()||fé and
a unique solution p = p(x, t) such that

peCq0,T]: H*®R)NCY©, T): H'(R)).

Moreover, the map data solution is locally continuous from H® to C([0, T] : H*(R)).

With this local well-posedness theory we establish the following result concerning
the propagation of regularities in solutions of the IVP associated to (1.24).

Theorem 1.12 Suppose pg € H*(R), s > 1, such that
,00|s2 € Ck(Q) for some Q2 C R open.

Then the corresponding solution p = p(x, t) of the IVP associated to (1.24) provided
by Theorem 1.11 satisfies that

p( 0o, € @),

where Q; = ©:(R2) and ®;(xg) = X (t; x0) is the map defined by

ax _ (X(@),1)
dr " T

X(0) = xo.

The rest of this work is organized as follows: Theorems 1.1 and 1.2 will be proven
in Sect. 2. Section 3 contains the proof of Theorems 1.4 and 1.5. Section 4 is concerned
with Theorem 1.6, Sect. 5 with Theorems 1.8 and 1.9 and Sect. 6 with Theorems 1.11
and 1.12.
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808 F. Linares et al.

2 Quasilinear KdV type equations

For simplicity in the presentation and without loss of generality we will consider the
following IVP associated to a quasilinear KdV type satisfying the hypotheses (H1)-

(H2) in (1.6)
dqu+ (1+ @2u)?)Bu=0xeR, t >0,
u(x,0) = ug(x) € H"(R), m >17.

Proof of Theorem 1.1 For € € (0, 1) consider the parabolic problem

du+ (14 (32u)?)d}u = —€dtu,
u(x,0) = ug(x) € H'(R).

Denoting by
Ko+ f= efetaff _ (efet(zngﬂﬂv
using that

194K % )l < o 1l

and writing the solution u€ of (2.2) in its equivalent integral equation version
t
u¢(t) = K; * ug +/KH/ # (1+ (2u)?)aus () ar',
0

one sees that there exist
Te = Te(€; uollm2) > 0 with T, ~ O(e¥/*)
and a unique u€ solution of (2.2) such that

u® € C([0, T.]: H"(R)) N C*°((0, T.) : H*(R)).

2.1)

2.2)

(2.3)

(2.4)

Next we apply the argument in [10] to the IVP (2.2) to obtain a priori estimate
which allows us to extend the local solution € (-) in a time interval [0, T'] with T =
T (Jluollm,2) > 0 independent of € in the class described in (2.4). The only difference
with the argument provided in [10] is the term on the RHS of the equation in (2.2).

This can be easily handled using that
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On the regularity of solutions to a class... 809

—6/8f+lu68)lcu€)(1(x,t)dx = —6/8§+lu68$+lué)(1(x,t) dx
—2e¢ / XU ucd, i (x, 1) dx
—e/af"'lueaiuéaf)(l(x,t)dx
= —e/(&f“ue)z)(l(x, fdx
—26/(8§+1u€)(8iu6)8§)(1(x, 1) dt

€
+§/(a§u€)(a§u€)a§m(x,z)dt
= E| + E> + E3, (2.5)

with x;(u) such that
3 2.\2 2,32 +
Eax[(l + @)l — @+ Do+ @yu))x =0, leZ™, (2.6)
i.e.
2. €\2\—c¢ 2
xi = 1+ @;u)")™, 61=§(1+1)—1-

Thus one sees that E has the appropriate sign,

82 2
E, < %/(a§+luf)2;(,(x,z)dx +2e/(a§uf)2ﬂ(x, 1)dx
Xi
= Ex1+ E2p,

where E» 1 is absorbed by Ej. Terms Ez» and E3 are at the level of the estimate
involving derivatives of order /.
Hence, we can conclude that there exist T = T ([luol|7,2) > 0and a unique solution

€ € C([0,T1: H'(R)) N C((0,T) : H®(R))
of (2.2) with
sup sup [u®(t)ll7,2 < M7 = M7(|lugll7,2)- 2.7
O<e<l 0<t<T
Moreover, if ug € H™(R) withm > 7, m € Z*, then
u¢ e C(0, T1: H*(R) N C(0, T) : H*(R))

with

sup  sup ”Me(t)“m,Z <M, = Mm(||u0||m,2)
O<e<l 0<t<T
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810 F. Linares et al.

Next we want to show that (1€)~¢ converges in L>([0, T]: H3(R)).
Thus we consider

B 4 (14 (02u)?)2u = —edtuc

and

302u€ + (14 (82u)?)3%u® + 40, (1 + (3%u)>)du¢
+632u 0 u0tuc 4+ 1203u 93 ucotu = —ed!u

Similarly for u€ with0 < € < € < 1. Now we write the equations for w = wee

’ .
u¢ — u€ and aiw, ie.

dw + (1 + (2u)?) 03w + 02u€ (92u€ + 9%u)0>w

= —dw— (e —)otuc (2.8)
and
302w + (1 + (32u)?) 00w + (@%u)(02u¢ + 82u) 82w
+802uca3u B3 w + 49¢uc 8. [(02u + 92u)92w]
+602uc (0*uc + 0%u)otw + 6(04u) 202w
+12(02u)?0%w 4+ 12(0%u ) (03u + 92u ) w
(2.9)

=—¢d/w— (e —€)olut .
We multiply (2.8) by w and integrate the result to get

1d 3 1
o w2+5 / 3 ((92u)?) (9, w)? — 3 / 2 (@2u)Hw?
! 1 ! ’
- / (OFu) (Ou + 83u) (0w + 5 / o7 [83u (d3u + ogu)]w?
= —(e — e’)/axué/w

and multiply (2.9) by 85 w x and integrate the result to get (after some integration by
parts)

1d [3,0 _/ 3 )2
2dt /(a"w) 1= [ O
+/ {%ax[(l + @)D x] = B+ Do+ 02 x | (0fw)?

1
—5/35(1 +(afuf)zx)(afw)z+4/af(a§ufa§uex)(a§w)2
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=3 [ astat @fu + 0t 06 6 [ 016 10302
—i—/ 3%uc (82u + 02u)9wddw + 4/ O2uc 9, ((02u + 02u)d2w)dwy
+6/(a;‘u€’)zafwa§wx + 12/(33»# + 02u)ouc (03 w)?x
= —e//ajwa;ij — (e — e/)/azué/agwx.
As in [10] one chooses x = x3 (see (2.6)) such that

%ax[u + @u)M)x] = G+ Dax (1 + (05u)*)x =0,
ie.
2
clzg(l—l—l)—l >0
and
X3 = (1+ @7u)*) ™,
which by hypothesis and previous results in (2.7) it follows that

sup 1@ = u)lls.2 = e(lluoln.2) [l — u§ .2 + (€ + €],
[0,7]

Hence
W)e € C(10, T]: H' (R))
(uniformly bounded) converges as € | 0 in L*°([0, T] : H3(R)) tou € C([0,T] :
H3(R)).
Moreover, from (2.7) it follows that for any 6 > 0
u® - uin C(0,T]: H°®R))
and

ue L®(0,T]: H (R))

is a solution of the IVP (2.1). But by the uniqueness established in [10] this solution
is unique so it agrees with that provided in Theorem A3.
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In particular, for any R > 0

/

Moreover, the previous argument applied to two solutions

108u(x, 1) dxdt < ¢ = c(T; R; |luoll7.2). (2.10)

A—

u,v € C0,T]: HP(R)NL®0,T]: H (R))
with data uq, vo respectively, shows that

sup [l (u — v)() 13,2 < c(M(lluoll7,2, llvoll7,2)) lluo — voll3,2.
[0,T]

Hence, the map data solution from H’(R) into C([0, T] : H 7=5(R)) is locally con-
tinuous for any § > 0.
Proof of Theorem 1.2 As in the previous section we will consider the following IVP

[8;u + (14 @7w)?)dju =0,x € R, 1 >0, 2.11)

u(x,0) = up(x) € H™(R), m >17.

Without loss of generality we shall assume that m = 7 and that xo = 0. Thus we have
that the solution u(-) of the IVP (2.11) provided by Theorem 1.1 satisfies

ueCU0,T): H3M®)NL>®(0,T]: H' (R)), forall § >0 (2.12)
and (2.10).

As in [15] we define the family of cut off functions: for € > 0 and b > 5S¢, let
X., € C®(R) such that

Xop = [?i i Z 2.13)
supp x., < [€,00), suppx/, < [e,b], (2.14)
X, () 20 with ¥/, () 2 - Tie.p-20)(x). (2.15)
Thus,
K0 =i IxP @l xeR, j=1,2,3 (2.16)
Next we follow the argument in [10]. Thus we formally apply 8){ ,J=28,...,mto

the equation in (2.11) and multiply the result by
olu oy = oluvven, (2.17)
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with ¥ y ¢ »(x, 1) to be determine below, to get (after some integration by parts)

%%/@h)zwx, ndx — %/(&Zu)zatw,»(x, 1)dx
+f O[S90 + @20)y5) — o0+ GRdws)
8.0+ @2y, ]} dx
+/ Qi ((@mi=j O¥rj)ir<3) (x, 1) dx
1d

=5 @)y j(x,0)dx + Ey j + Ea j + E3. . (2.18)

where Q; (-, ) is a polynomial in its variables, linear in the components (¥}, 0x;,

83 Vi, 83 ¥ ;), and at most quadratic in the highest derivatives of u, i.e. (8){ u), involving
at most 7 + 2j derivatives of u.

First we consider E; ; which determines the choices of ¥/; = ¥ y.¢,p. As in [10]
we choose ¥j = ¥ y,¢,» such that for v > 0

3
Eax((l + @702 ) — G+ Dox (14 07w ¥ = X/, (x + 1) (2.19)

with
Yix,1) > 0 as x | —oo, (2.20)

i.e.
232 2 . ) 2,
(1 + (0202 — (1 -0 +1))ax(1 + @)y = 3x, o0, 221)

Hence if 5
di=1- 5(]' + 1), (2.22)

then
2 X
Vi =Vjeer=30+ @7~ (x, 1) / A+ @)%~ (s, )/, (s + vi) ds.
—00

We observe that
Yi(x,t) =Yjvenx, 1) >0 (2.23)
with

Supp I/Ij,v,é,b('v [) g [E — VI, Oo)a te [Oﬂ T] (2'24)
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and
Vjveb( 1) € L2(R) (2.25)

with
1Vjv,eb(, Dlloc < ¢ =c(v, € b;lluoll7,2). (2.26)

With this choice of ¥ (-) = ¥} v.e»(-), E2,j becomes
j+1 2 ’
Ey ;= /(8x u) (x,0)x_, (x +vr) dx. (2.27)

Also one sees [using (2.10)-(2.12) and (H2)] that for any T > 0, v > 0, j € ZT,
Jj = 8, there exists ¢ = ¢(T; v; j; k) € (1, 00) such that for any (x,#) € R x [0, T']

¢ Xy (V) S Yjuen(x, 1) S ey, (x + vn). (2.28)
Moreover (with ¢ as above)

10: V0,660, D < (X, (¢ + 1) + X/, (x +vD))
< c(Yjvente, D)+ x/, (x +v1), (2.29)

1029 jw.en (. O] < (1, + 1., + 1)
+x/, (x +vn)l), (2.30)

and

103 jv.eb G D] < (X + X, ,)(x +vr)
Hx!, e+ o]+ xS (x + o)), (2.31)

Therefore, combining (2.28) and (2.16) one has that
10006 06, D] < ¢(Wj0,en (o D)+ 1, 06+ 0D + Koy 8+ 00, (2.32)

r=2,3,forany (x,t) e R x [0, T].
Also using the Egs. (2.12), and (2.28) it follows that

1009 j0,e,600 D] < €(X, (6 +01) 4 !, (x +vD))
< c(Yjventr, D)+ X/, (x + o). (2.33)

We now turn to the estimate of E; ; in (2.18). First, we consider the case j = 8. In
this case using (2.33) we have that

@ Springer



On the regularity of solutions to a class... 815

C
Ersl < 5 / (0312 jvepx. 1) dx
+c| /(aﬁu)zx;b(x +vt)dx| = E1 81 + E1 8. (2.34)

We notice that £ g 1 is a multiple of the term we are estimating, so it will be part of
the Gronwall’s inequality. For the term E g » we observe that given 7 > Oand v > 0,
there exists R > 0 such that

Xé/_b(x +vt) < I(—R,R)(x) (2.35)

for all (x,7) € R x [0, T]. Therefore, the bound of E| g > follows from (2.10) after
integrating in time in the estimate. So at the level j = 8 it only remains to consider
E55in (2.18).

Using the structure of E3 g commented after (2.18) and the bounds in (2.28)—(2.32)
it follows that in this case j = 8§, the term E3 g can be written as a sum of terms of the
form

/ P31 ((0Lu)pj<a) @2u)? Ys pep(x, ) dx (= Ess.1), (2.36)

/ Py (Glpzar) @3 D +udx (= Eygs)  237)

with 7 = 1, 2, 3, or terms involving lower order derivatives/ =0, ..., 7,
/ Pysa(@Lwy<r) X7 + v dx (= Exga), (2.38)
/P3,8,4((3iu)\1|57) Ysveb(x,1)dx (= E384), (2.39)
where

P53,1(-) and P35> () are polynomials of degree at most 2,
and
P383(-) and P3 g 4(-) are polynomials of degree at most 4.

In this case, j = 8, the terms in E3 g 3 and E3 g 4 are bounded since one has (2.12)
and the fact that

3

DX lloo + 1Vl L @xio.)) = €
r=3

with ¢ = ¢(v, €, b, suppg 7y lu(@)[17.2).

The term E3 g > can be estimated using (2.10) as in (2.35).

Finally, the term in (2.36) is the one we are estimating and will be handled by
Gronwall.
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Hence, gathering the above information we conclude in the case j = 8 that

T
sup /(a}ju)z(x,t) V8.v.ep(x, 1) dx +//(33u)2(x,t) X!, (x +vt)dxdt
[0,7] '

0

< ¢ = c(lluollz,2; 135uoll L2((0.00)): Vs € b)- (2.40)

We notice that by (2.28) that (2.40) implies that fore > 0, b > 5¢, v > 0,

sup /(agu) (x,1) x.,(x +vt)dx + / /(89u)2(x, t) X;h (x + vt) dxdt

< ¢ = c(lluollz.2; 18%u0ll 120,001 Vs €5 b). 2.41)

Once we have established the desired result (2.41) for the case j = 8 we sketch the
iterative argument for the general case j = 8§, ..., m.
Assuming the step j =mg € {8,...,m},i.e.for j =8, ..., my,

sup /(8 w)?(x, 1) Xep(x +v1)dx +//(3J+lu)2(x, 1) X;b(x + vt) dxdt

[0,T]

S ¢ = C(||M0||7’2, ”a)rcnou()”[,z((()’oo))s V] €] b)v (242)

we shall prove it for j = mg + 1.

We repeat the argument in (2.17) and (2.18) to get E jmo+1, E2,mo+1, and E3 1.

The estimate for E7 ,,,+1 is similar to that given in (2.19)-(2.27).

To handle the term Ej 41 we observe that from (2.33) (with j = mo + 1) one
has an estimate as in (2.33), (2.34) with m¢ + 1 instead of 8, i.e. the terms E1 ;o411
and Ej ;,+1,2. As in the previous case E1 ;41,1 is a multiple of the term we are
estimating and E1 ;,,,+1,2 can be bounded, after time integration, by the second term
in the right hand side of (2.42) by taking there an appropriate value of € and b. So it
only remains to consider the terms in E3 ,,,,+1, where (see (2.18))

E3,mo+l = / Qmo+1 ((a;lcu)%]\sm0+1; (S;Wmo+l)|r|§3) dx

where Qpo+1(:, -) is a polynomial in its variables, linear in the (Y041, Ox Yimg+1,
83 Yimg+1» 83 Yimo+1) components and at most quadratic in the highest derivatives of
u,ie. (E);'”)Jrl u) involving at most 7 + 2(mg + 1) derivatives of u.

To handle E3 ,,,+1 one combines the global (in space) estimate in (2.12) with that
in (2.10) and those obtained in the previous estimates j = 8, ..., mo, i.e. (2.42) with
Jj =38, ..., mptoobtain the desired estimate. The proof follows the argument provided

in details in [15] Sect. 3. Therefore it will be omitted.
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Finally, to justify the previous formal computation we recall that the argument in
the proof of Theorem 1.1 shows that # in (2.12)—(2.10) is the limit in the C ([0, T] :
H’~%(R))-norm (for any § > 0) of smooth solutions (weak form of the continuous
dependence upon the data). In particular, we have that u is the uniform limit of smooth
solutions in R x [0, T]. Hence, by performing the above (formal) argument in the
smooth solutions one obtains a uniform bounded sequence in the norms described in
(1.7) and (1.8). Hence, considering the uniform boundedness, the weak convergence
and passing to the limit we obtain the desired result.

3 Dispersive Blow-up

Consider the IVP associated to the k-generalized Korteweg—de Vries equation,

du+du+ukdu=0 k=1273,...,xeR, t>0, 3.0
u(x, 0) = ug(x). '
Proof of Theorem 1.4 Let ¢ (x) = e~2! and consider the linear IVP,
8,1)—{—831):0, xeR, t>0, (3.2)
v(x,0) = vg
whose solution is given by
v(x, 1) = V(Ovox) = e Rug = §; % vo(x) (3.3)
where
500 = ——4 ( - )
x)=—A; | —
' V33t \V/33t
and A; () denotes the Airy function.
Define
o
wo(x) = D o V(=)o x), a; > 0. (3.4)

j=1

If
o0
Dy«
j=1

we have that ug € H'(R), in factin ug € H>/?>~(R). This in particular guarantees the
global existence of solutions in H!(R) for the IVP (3.1).
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Step 1. Reduction to linear case.

Casek =2,3,...
Since the nonlinear part of the solution u of (3.1), i.e.

t

2(1) = / Vit —t")uFdu)dr’

0

is in C ([0, 00) : H2(R)) (see [23] for the proof in the case k = 2, since our solution
is C([0, T : H'(R)), the argument works for all k > 2). It suffices to consider the
linear part, V (t)uy.

Case k =1
We observe that from (3.3), (3.4) it follows that ug € H>> (R).
Next we recall the identity deduced in [12]: for § € (0, 1) and f € R

PV (o) f = V) (xIP £) + V(D p(F)}Y (3.5)

with R
1D, g (fll2 < c(1+ 2D f ll28,2- (3.6)
Hence, for g € (0, 3/4)

oo
lxPug e L*®) if D aj jP < oc.
j=1

Assuming the last inequality we have that for uq as above the corresponding solutions
of the IVP for the KdV equation satisfies for any 7 > 0

ueC(0,T]: H* (R) N L2 (|xP/*~€ dx)), (3.7)

J¥% 9w € LR : L*([0, T1)), (smoothing effect) (3.8)

and

T
/||D°‘9/21Su(-, OI%dt < oo for 0 <s <3/2, (Strichartz)
0

(g, p) =(06/0(x+1),2/(1=-0)), 6€(0,1), 0<a<1/2. (3.9

As in the previous case k = 2, 3, ... we shall show that for any ¢ € [0, T']

t
(1) = / V(t —tudyu(t)dt' € CL(R) (3.10)
0
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by proving that
2(t) € C([0, T] : HY* TUOR)). (3.11)

Using the inequality (see [21])

t

sup ||3x/ Vit —1)F(,tH)dl'|s < cllFlLip2 (3.12)
0<t<T *

one has that
t
sup [|D¥/2 /0 / V(= udsu()di' Il < | DY2 Wiy 2

0<t<T
0

3/27+1/6
< (Iull 5,2 1D ullors + En)

where the terms in E are easy to control by considering the commutator estimates in
the Appendix of [21] and interpolated norms of the previous terms to be considered
below, so we omit this proof.

Now

”D3/2*+1/6u”LM - 00

from (3.9) with p = ¢ = 6,60 = 2/3, « = 1/2 and using the inequality (2.11) in [13],

177 4() 8 )l < el b £IS 7 IIf 1S, ab >0, ¥ € (0,1),

we deduce

1/2 1/3 1/2+
lallposs 3 < ellon) V2 Hull < T 2 ull ey

< cTVRITYO) Pru)  e 2

— 1— _
< TN ull L 100 ull e
with y such that y 3/4~ = 1/27 (i.e. y > 2/3)and (1 — y)3/2™ > 1/6.
As in the case k = 2,3,... we have reduced ourselves to consider the linear
associated problem so the nonlinearity after Step 1 is not relevant for our purposes.

Step 2. Estimate for V (t)¢, (t > 0).

Assume that vy € L2(R) and e*vy € L2(R)

Now consider w(x,t) = e*v(x,t). Following Kato [18] we set v(x,t) =
e “w(x, t) where w is solution of

(3.13)

dw+ (0, — 1)’w =0,
w(x, 0) = e‘vg(x).
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Since
(3 — 1) =87 — 382 +30, — 1
one has that

w(x,t) = V(t)e3'3§e_3taxet (exvo(x))

_ V(t)e3’3x2e*3’3x (" v(x))
and
V(6o = v(x, 1) = e V(1)e¥ % (e X ug(x — 31)).
We notice using the heat kernel properties that
AV (1)vy ~ eV (1) (a;"e3’33) (eX*Z’uo(x _ 3;)).
It follows that

C —
I e* 0V Ovolla ~ lle™ volx =302 ~

_Cm
(3t)m/2 ’
since

x—2t x—3t

lle* ™ vo(x —30)[l2 = e'[le* " vo(x —31) 2 = ce.

Similarly, if # < 0, we have an IVP analogous to the one in (3.13) the operator
—(9y + 1)3 instead of (3, — 1)3. Thus

V(g = e* V(t)e_3taxze_3’3’( (e te " vg)
— ex V(t)e—3l3§€—3lax (e—x—lvo(x))

= e"V(t)e_M’X2 (e_x_4’vo(x - 3t)).
and so we have
A"V (t)vg ~ € V(t)(a;"e—3’33- ) (ex_4’v0(x + 3t))

and

Cm —t

e 0y V(t)voll2 ~ (?)t)—m/ze

(3.14)
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Step 3. Next we prove that
o0
D ajV(—j)p € CP(R)
j=l1
or equivalently
o
> aje V(—j)p € CP(R).
j=1
To do this, it suffices to show that
oo
> aje (a;"V(—j)¢) e L2(R) forall m
or equivalently
oo
Za'c—m el < oo
—(3j)ym? '
Jj=1
Step 4. Foreach t > 0,t ¢ Z™, we claim that
o
V(ug =D a;jV(t — j)p € C'(R).
j=l1
Combining (3.14) and the assumption
(0.¢]
elt=Jl
Z o) 3|t <00
=1
one has V(H)ug € 1OC(R) C CI(R).
Step 5. For t = n € Z" we affirm that
(0.¢]
V(muo = anp + D_a;V(n— j)p = and + P, (3.15)

j=1
J#n

with @,, € C1.
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As before using (3.14) and taking

00 1 '
Zaj =il < o
e TR

j#n

it follows that ®,, € HI%)C (R) which yields (3.15).
By settingaj = ¢ e~/” with ¢ small enough we obtain the desired result.

Proof of Theorem 1.5

(a) First we consider the case k = 2,3, .... We recall the Strichartz estimates for
solutions of the linear IVP (3.2) established in [20]

o0 l/q
/ IDPv ) fli%de ] <cllflla, (3.16)
o0

with (g, p) = (6/0(a +1),2/(1 —0)),0<6 <1 and 0 <a < 1/2.
In particular for p € (2, 0c0) and o = 1/2, the estimate (3.16) becomes

o (P=2)/4p
/ D=2y () £ 11402 gy < ¢l fll>. (3.17)
o0

We take iig € H'(R) withs = j — "4—;2 = j—p>3/4withig ¢ W/P(R™).
From (3.17) it follows that there exists 7 € (0, T /2) such that

. . -2
V(& i, V(£27)ig € WP with r =5 + p4— =
p
Thus we consider the initial data
ug = V(f)iig + V(—1)iip. (3.18)

Observe that ug € H*(R), so since

t
u(t) = V(tug — / Vit — tHukou(tydt’ = V(Oug + z2(1),
0

from the argument in [23] one has that

ze C([-T,T]: H*T'(R)) — C([-T,T]: W/P(R)).

@ Springer



On the regularity of solutions to a class... 823

Also one sees that
V(i )ug = VQ2i)ig + ig ¢ WP RT).

Similarly for V (—7 )ug. Gathering this information we obtain the desired result.

(b) Now we turn to the proof of the case k = 1. We observed that the argument of proof
in Theorem 1.4 (Step 1) shows thatin the case k = 1ifiig € H/ (RYNL2(|x|/* dx)
withj = j+1/2—1/p — 1/12 (thus H/ < W/-P) with iip ¢ W/-P(R) one has
that

13
1_1

z(t):/V(t—t’)uaxu(z’)dz’ e C(-T,T): H' ™27 %(R))L} W/ P(R).
0

Once this has been established the rest of the proof follows the argument provided for
thecasek =2,3,....

4 BBM equation

Proof of Theorem 1.6 We shall restrict ourselves to consider the most general case
s =0, i.e. up € L2(R). Thus, from the local well-posedness theory in Theorem A4
([5]) there exist T = T (Jlugll2) > 0 and a unique solution u = u(x, t) of the IVP

(1.15) such that
u e C(0,T]: L*(R)). 4.1)

We rewrite the BBM equation in (1.15)
du + By + udyu — 929,u =0
as the integro-differential equation
du = —0,J 2(u +u’/2) 4.2)

where
- a1, _ Loy
Jof=(0-9)) f:ze x f.
‘We observe that
I P=u2—1 4.3)

Since u € C([0, T : L3(R)) Sobolev embedding theorem guarantees that

3cJ 2u e C([0,T]: H'(R)) — C([0, T] : Coo(R)), (4.4)
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where

Cox(R) ={f:R— R : f continuous with |xl‘iinoo f(x)=0}.
Also, since

u? € C([0,T]: L' (R)),
one has that

3 2w?) = —%sgn(x)e_lx‘ xu’ e C(0,T]: Cp(R)),

4.5)

where Cp(R) = C(R) N L°°(R). Hence, combining (4.2), (4.4) and (4.5) it follows

that
t
u(x, 1) = ug(x) — / 3 2+ u*/2)(x, T)dT
0
= uo(x) +z(x, 1),
with

z(x,1) =z € C(0, T] : Cp(R)).
Thus, if for some open 2 C R, u0|Q e C(R2), then

gy 0.7 € CUO, T1: C()).

Moreover, using (4.3) one has that

t
dez(x, 1) = —/3%1—2@ +u?/2)(x, 1) dt
0

t
= /((u +u?/2) — I 2+ u*/2)(x, 7) dx.
0

Thus, from (4.7)
(u+ u2/2)|Qx[O,T] e C([0,T]: C(2),
and by (4.1) and an argument similar to that in (4.4)—(4.5)

J 2w +u?/2) € C([0,T]: Cp(R)),
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therefore we conclude that if uo|Q € C(R2), then

Z’QX[O,T] € C([0,T]: CY()).

Hence, from (4.6) : if for some Q C R open, uo|, € C?(R) with 6 € (0, 1], then

t|gpo.7y € CUO. TT: C7 (). (4.9)

Now using the previous step (4.9) with 6 = 1, i.e. if for 2 C R open, 1,t0|SZ e Cl(Q),
then

u|QX[0’T] e C([0,T]: Cl(Q)). (4.10)
This combined with (4.8) implies that
2(x,1) =z € C([0, T] : CX()).

Therefore, if ug o€ C1H9(Q) for some 0 € (0, 1], then from (4.6) it follows that

"‘|Qx[o,T] e C'([0,T]: C'9 (). 4.11)

It is clear that by reapplying this argument one gets the desired result.

5 Degasperis—Procesi equation

In this section we shall consider the IVP associated to the Degasperis—Procesi (DP)
equation

ot — 8,8)%14 + 4uodyu = 38Xu8§u + uagu, xeR, >0,
5.D
u(x,0) = up(x).
The equation in (5.1) can be rewritten in the integro-differential form
3 2y—1 2
Btu—i—uaxu—i—z(l —09;) 0x(u”) =0, 5.2)

where
2,2 -2 1 —Ix]
1=0)"f=1J f:ze * f.
Notice that
I P=J—1.
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Proof of Theorem 1.8 In [27] it was shown that the IVP associated to the Eq. (5.2) is
locally well-posed in H*(R) for s > 3/2.

Let u¢ be the solution corresponding to the initial data pe * ug = ug, with ug €
H'@®R) N WL®(R), § > 0, and p, denoting the usual mollifiers. Thus,

u¢ e C(0, T.]: H*®R) N ... (5.3)
To estimate T, we recall that using the commutator estimates in [19], see (5.8)—(5.9),
and simpler inequalities as those below one obtains the formal energy estimate: for

any vy € H*(R) with s > 3/2 the corresponding solution to the DP equation in (5.2)
veC(0,T]: H*(R)) with T = T (J|vg|ls.2) > O obtained in [27] satisfies:

d
2D ls2 = e (lv@lloo + [3xv(D)loo) V(@) 5,2 (5.4

The estimate (5.4) implies the following continuation principle : given vy €
H*(R), s > 3/2, then the corresponding solution v € C([0, T] : H*(R)) of the
IVP associated to (5.2) can be extended in the time interval [0, T*] with T* > T
satisfying that v € C([0, T*] : HS(R)) whenever

T*
(@ lloo + 18xv(1)[l00) dt < 0. (5.5

A priori estimate We shall show that if ug € H'*(R) N WL®(R), § > 0, then T
defined above can be estimated independently of €, i.e. Tc = T, Ve > 0, with

T = O((lluoll1.2 + lluollioo) ™) as (luolli.2 + lluoll1.00) 4 0.
Applying energy estimates we have that
d
Ellue(t)llz < cllu®llocllu @l (5.6)
after using that
85I 72 )21l = cll sgn()e ™™ 5 @)?ll2 < 1?2 < e foollu 2.

Also, as far as the characteristics flow is defined, i.e. X€(7; xo),

X ) = e xe@, )
ar T T
X€(0) = xo,

one has that
d 3 _
TUEX(5x0), 1) = =00 2((u)?).
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Since
-2 2 2 2
185 ™= (@) [loo < ()" Il1 < Nufl3,

it follows that

d
Tl < ¢ llu€ (1) 13-

Next, we recall the following estimates deduced in [19]: for any r > 0

175 £1gll2 < el fllool I gll2 + ligloollJ” £112),

and
1" (N2 < cr (I fllooll T gll2 + NIgllocll I f112)-

Combining (5.8), (5.9) one gets that

u +
¢ 1 6,2

< c(9xu O llocllu M52 + cllu D lloollu® (D ll14,2)-

Finally, since

B0t 0, 0) - (oY o) + 3 (47 ) = @) = 0

then

d
E(axug(xe(t; x0), 1))

+ ((axuﬂ2 + gu” )? — (uf)z)) (X€(t; x0), 1) = 0.

Thus, using that

-2 2 2 2
1777w = ) lloo < cllull5

]

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

we conclude that if ug € H'+¥(R) N W1 (R) (actually H*(R) with s > 1/2 instead
of 1 4 & will suffice for this step), there exists T = T (|luo|1+s.2; leoll1,00) > O such

that

sup (11 O)l1-05.2 + 14 Oll1.00) = M (ol + o] .00)-
[0,T]

(5.12)
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We recall that if v € C(R x [0, T]) N L®([0, T] : WL (R)), then the characteristic
flow X, (¢; xo) = X (t; xo) solution of

dXt =v(X (@), 1
E()_v( (), 1),
X (0) = xo,

(5.13)
is well-defined. Thus, combining these facts with the continuation principle in (5.4)-
(5.5) we conclude that

(U)e=0 C C([0, T]: H*(R)),
with T as in (5.12). As it was remarked above for this step one just needs ug €

H*R)NWL®([R), s > 1/2.
Convergence ase | 0 Defining w = u€ — u€ one gets the equation

3 /
dw + udw + wiu + Eaxrz((uf +u)w) = 0. (5.14)
Thus
© ol < (10 oo + 102 ) w02
d[ —_ X o0 X o0
e (l oo + 16 oo I (1) 2 (5.15)
Hence

u® > u in C([0,T]: L*(R)) as € | 0,
and consequently from (5.12)
u® > u in C([0,T]: H' (R)). (5.16)
Moreover,

ueCI0,T): H R)NL®0,T]: HR)), (5.17)

with
du — du in C([0,T]: L>(R)) as € | 0.

This tells us that u = u(x, t) is the solution of the DP equation (5.2) with data
u(x,0) = up(x) € H'T(R) N WL (R), where the equation is realized in C ([0, T :
L%(R)). Furthermore, since u € C([0, T] : C(R)) (5.12) and (5.16) imply that u €
L>([0, T1: W°(R)) with norm bounded by M as in (5.12), thus the characteristic
flow X, (t; xp), see (5.13), is defined.

Notice that (5.15) implies uniqueness and a weak continuous dependence of the
solutions upon the data, i.e. if ug, — uo in H I with uo,,uo € H 146 (R) uniformly
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bounded, then the corresponding solutions u,, converges to u inthe C ([0, T] : H'(R))-
norm.

It is clear form our proof above that a weaker version of the Theorem 1.8 holds for
ug € H'(R) N WH°(R), with s > 1/2. However we fixed s = 1 + 8, 8 > 0, such
that the equation is realized in C ([0, T] : LZ(R)).

Proof of Theorem 1.9 Here we establish the propagation of regularity at the C! level
since at the C? level and beyond it follows by writing m = (1 — 8§)u and considering
the equation

orm + udym + 30, um = 0.
Notice first that if f = 39,J~2(u?) with u as in (5.17) one has that
fecqo.T1: H*®)). (5.18)

Therefore, if ug o€ C! with Q@ C R open, then
u(,n|_eCl, Q=
Q2
where &, (xg) = X, (t; x9) = X (¢; xo) defined as the solution of

d—X— X(),t
dt—u((,),

X(0) = xg.

Since the solution u(-, -) satisfies

[8,u+u8xu+f:O (5.19)

u(x, 0) = up,

with f = f(x,t) asin (5.18) one sees that

d

EM(X(I; x0), 1) = f(X(#; x0), 1)
and

t
u(X(t; x0), t) :uo(x)+/f(X(T;x0)»T)dT~
0

This yields the desired result.
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6 Brinkman model 1-D case

This section is concerned with the IVP associated to the Brinkman model,

dp =0 (p(1 =80, (pD). x€R, 1>0, 61
p(x,0) = po(x). '
We shall use that
-2 2,1 1 —Ix]
Jf=01-9) f:ze * f (6.2)
and
ZJP=J -1 (6.3)

Proof of Theorem 1.11 Let p¢ be the solution corresponding to initial data pj(x) =
Ge * po(x), with G¢(x) = e_lG(x/e), GeCR),Gx) =0, fG(x)dx =1, and
f x G(x)dx = 0. We recall that in [1] the local well-posedness of the IVP (6.1) in
H*(R), s > 3/2 was established.
A priori estimate inH' (R) To simplify the notation we shall use p instead of p€ in
(5.3), (5.4) and (6.8).

Energy estimates show that

d
Eup(t)n% = / dep(l — 3D 719, (pH)p dx
+/p(1 -0 "o (pPpdx

1
== /p(l — )0 (pP)pdx

2
1
< 5||<r2 — DM llscllp®)113
< clplZle®I3. (6.4)

since |/ 72(p) oo < ¢llp?lloo, and

%naxp(t)n% =/8§(p<1 — 7). (p)dcp dx
= / 03p(1 =099, (pP)drp dx

+2/axp<1 — 0907 (pM)dxp dx
+/p(1 — )"0 (pM)dxp dx

< cllpl% 13 p ()13 (6.5)
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Notice that from Sobolev embedding theorem and (6.4)—(6.5) one gets that

d
o Olh2 = cllpS I -

Therefore, there exists

T =T(lpglh2) =Tleolh2) =c IIpollfé, (6.6)
such that
sup [|p°()l1,2 < 2llpoll1,2- (6.7)
[0,T]
Similarly,
i 2 2 192
7 10z 02 < cllpliz oy e @)]l2- (6.8)

Combining (6.7), (6.8) it follows that if pg € H'(R), then

sup |82 p¢ (1)[l2 = O(e ™). (6.9)
[0.7]

Convergence as € |, 0. Let p and p be solutions of (6.1). Thus, w = p — p satisfies
the equation

dw = (w(1 = 07) 7', (pH) — (A1 — )9, (p” — p7) =0.  (6.10)

Multiplying (6.10) by w and integrating in x we have

d
Enw(r)n% = /ax<w<1 — 321, (pP)wdx

+ [ 0G0 - )00 - Py
= W; + W,. (6.11)

By integration by parts
W, =/8xw(1 — 07 o (pHwdx

+/w(1 — 097192 (pPHwdx

< cllp*lollw@)|3 (6.12)
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and
W = / 05(1 — 030y ((p + Pyw)w dx
+ [ 5=+ prupwas
< 9xpll2ll(1 =373 (o + Dw) oo lwll2
HAllooll (o + Awll2llwll2. (6.13)
Since

11 =019 ((p + AYw)lloo < o+ AWl < o+ Allallwllz,  (6.14)

combining (6.11)—(6.14) we obtain that
iIIw(t)||2<C(SH lo@)l,2; 1@ 1) lw @)1
dt 2= plio()l,2; sup |p(E)ll1,2) lw(@)]3-
[0,T] [0,T]

Thus, if 0 < €’ < €, then

[%u%n(pe —pHDl2 < cllpolli) oG — p§ 2 = 0(e), as € L 0.  (6.15)

Similarly, for any two strong solutions p, p € C([0, T]: H I(R)) one has

sup l[(p — ©) () ll2 < cUlpoll1,2; leoll1,2) o — Poll2.
[0,T]

Next, we shall estimate for ||d, (0 — pe/)(t)||2. Let w = p€ — ,06/, so w satisfies the
equation

dw — d(w(l — 32) 1 ((09)?))
—3,(p (1 = 8278, ((p€ + pHw)) = 0.

Thus
d 2 2 2\—1 €2
E”axw(t)nz = /3x(w(1 —0;)7 9 ((p°)))0rwdx

+ / 02 (1 — 9" 0 ((p° + p Yw))dyw dx

=W, + W,. (6.16)
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But
W = / 7wl —87) 0 ((0) )3y w dx
12 / dow(l — 07 92((p) )0 w dx
+/w(1 — 0193 (0)2)dew dx
and so

—~ 1/2 3/2
Wil < cllpf 12 I0w®I3 + cll o 13, lw® 1y 8w @)1,

after integrating by parts and using that
/ w(l =) 710} (0w dx = — / w(@y — 8 2 ((p°)))dxw dx.
Also,
Wy = / 020 (1 — 91 0x ((p° + p Yw)dyw dx
+z/ 3ep (1= )71 02((p° + pHw)dyw dx
+ / p€ (1= 81703 (0" + p ) w)dew dx
= W2,1 + Wz,z + VT’2,3~

Then

[Wail < 11020 112110 + o w1 8xwll2

< 1820 1121l + o€ l2llwll2 85 wll2,
[Waal < 11850 1216 + p w8 wll

< 1850 1121105 + £ oo llwll o 85w,

and

[W231 < 116 oo 13 (0 + p<)w)ll2 115wl
= 10 oo (10 + 0 llsc 9z wll2 + [10x (0 4+ P ll2llwllo0) 105w 2.

We observe that considering (6.7), (6.9), and (6.15) one sees that

|Wa.1| < co(l) [|a,w]2 as € |, 0.
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Inserting the above estimates in (6.16), and then using (6.9)—(6.15) it follows that
p¢ — pwith p € C(0,T]: H'R)) N C'((0, T) : L>(R)) and T as in (6.6). The
continuous dependence of the solution upon the data can be proved in a similar manner
(see [4] or [22] Chapter 9). This basically completes the proof of Theorem 1.11.

Proof of Theorem 1.12 Using (6.3) we write the equation in (6.1) as
dip— (1 =379 (pNdep = (J 72 = D(p?)p.

Hence, formally one has that

0i0xp — (1= 97) " 0 (0230 p
=2(J72 = D)(p*)dxp — 2p*dxp + 0xJ 2 (p7)p, (6.17)

ai0zp — (1= 09", (p%)3,97p
=3(J 7 = D(pHdp — 2077 p + 30 (J 2 = I)(pD)dp
+37 2 (pP)p — [92 (0P p — 20737 0], (6.18)

and for the general case k € Z*t

30k p — (1= 39", (p?)d, 9% p
= (k+ D= D(p*)dp =203 p
Haf 1 0,(J 72 = D(p*)at " p
+af 59272 = D(pHdkp
ot ai oy (I = D(pDdep
+0L T2 (07 — [05(0P)p — 2070 ). (6.19)

From Theorem 1.11 given pg € H L(R), there exist T > 0 (as in (6.6)) and a unique
strong solution p € C([0,T] : H 1(R)) of the IVP (6.1). We introduce the notation

a(x, 1) = J729,(p?) € C([0,T]: H'(R)) = C([0,T]: CL(R)), (6.20)
and
(J72=D)p?, p* e C(0,T]: H'(R)) = C([0,T]: CL(R)). 6.21)

In particular, from (6.20) it follows that the flow ®,(xg) = X (¢; xo) given by the
solution of

6.22)

IX =a(X,1),
X(0) = xo,
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is well defined for t € [0, T']. For 2 C R we define AgT2 as
AL =1{(x,0) i x e (), te€]0,T]).
Setting py = 8f,0, k=1,...,m,the equations in (6.17)—(6.19) can be written as
dpk +alx, 1)oypuk = br(x, )k + cp(x, 1), (6.23)
with a(x, t) as (6.20),
b(x,1) = (k+ DI = D(p*) —2p* € C([0, T1: C4(R)),
(see (6.21)) and

(e, 1) = ag_ 9, (J 77 = D(pHd ' p
+af 592 (J 72 = D(pH*2p
o af T I = D(pHokp
+5 T2 (%) — (95 (0P)p — 20705 ). (6.24)

Thus, fork =1, if ,oo|Q € C! for some open set Q2 C R, since
c1(x. 1) = 8 2 (pH)p € €10, T1: C,(R)),
then using the Eq. (6.23) with k = 1, it follows that
il ar = 0ep(, )] 41 € C.

If /00|Q € C?, by combining the previous case k = 1 and the fact that p € C([0, T] :
HY(R)) it follows that

ca(x, 1) =30, (J 72 = D(pH)drp + 97T > (0P
~[020M0 — 207020 (6.25)

satisfies that
62('9 .)|A?2 € Ca
then using the equation (6.23) with k£ = 2, one concludes that
palyr = 03pC. )| 41 € C.
Q Q
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For the general case k € Z™, this iterative argument will yield the result if assuming
that
dip(, )| eC j=1,2,...k
Q
one can show that
k1 ')|A§ eC.
But this follows directly by the explicit form of cx1(:, -) in (6.24).
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