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Abstract The main results of the present paper consist in some quantitative estimates
for solutions to the wave equation Btzu — div(A(x)V,u) = 0. Such estimates imply
the following strong unique continuation properties: (a) if u is a solution to the the
wave equation and « is flat on a segment {xp} x J on the ¢ axis, then u vanishes in a
neighborhood of {xp} x J. (b) Let u be a solution of the above wave equation in 2 x J
that vanishes on a a portion Z x J where Z is a portion of 0€2 and u is flat on a segment
{xo} x J, xo € Z, then u vanishes in a neighborhood of {xo} x J. The property (a)
has been proved by Lebeau (Commun Partial Differ Equ 24:777-783, 1999).

Mathematics Subject Classification Primary 35R25 - 35L; Secondary 35B60 -
35R30

1 Introduction

The strong unique continuation properties and the related quantitative estimates have
been well understood for second order equations of elliptic [1,6,22,27] and parabolic
type [5,15,28]. The three sphere inequalities [30], doubling inequalities [20], or two-
sphere one cylinder inequality [16] are the typical form in which such quantitative
estimates of unique continuation occur in the elliptic or in the parabolic context. We
refer to [4,36] for a more extensive literature on these subjects. On the contrary,
the strong properties of unique continuation are much less studied in the context of
hyperbolic equations, [7,31,32].
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136 S. Vessella

To the author knowledge there exits no result in the literature concerning quantitative
estimates of unique continuation in the framework of hyperbolic equations. In this
paper we study this issue for the wave equation

82u — div (A(x)Vyu) =0, (1.1

(div := 27:1 0 xj) where A(x) is a real-valued symmetric n x n, n > 2, matrix whose
entries are functions of Lipschitz class and satisfying uniform ellipticity condition.

The quantitative estimates of unique continuation for the Eq. (1.1) represent the
quantitative counterparts of the following strong unique continuation property. Let u
be a weak solution to (1.1) and assume that

sup u(-, Hll 25, = Cnr™, YN eN, Vr<l,
J

te

where Cy is arbitrary and independent on r, J = (=T, T) is an interval of R. Then
we have

u=0 in U,

where U is a neighborhood of {0} x J. The above property was proved by Lebeau in
[31]. As a consequence of such a result and using the weak unique continuation prop-
erty proved in [23,34,35], see also [24], we have that, if the entries of A are function
in C*°(IR") then u = 0 in the domain of dependence of a cylinder Bs x J, where Bg
is the ball of R”, n > 2, centered at 0 with a small radius 8. Previously the strong
unique continuation property was proved by Masuda [32] whenever J = R and the
entries of the matrix A are functions of C? class and by Baouendi and Zachmanoglou
[7] whenever the entries of A are analytic functions. In both [7,32], the above property
was proved also for first order perturbation of operator 8,214 —div(A(x)Vu). Also, we
recall here the papers [11,12,33]. In such papers unique continuation properties are
proved along and across lower dimensional manifolds for the wave equation.

The quantitative estimate of strong unique continuation (in the interior) that we
prove is, roughly speaking, the following one (for the precise statement see Theorem
2.1). Let u be a solution to (1.1) in the cylinder B; x J and let r € (0, 1). Assume
that

sup lu(-, D)l z2p,y <€ and [u(,0)lg2p,) <1,
teJ

where ¢ < 1. Then
—-1/6
e Ol 2(s, ) < C [log (%) ~° (12)
where 5o € (0, 1), C > 1 are constants independent of « and r and

6 = |logr|~". (1.3)
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The estimate (1.2) are sharp estimate from two points of view:

(1) The logarithmic character of the estimate cannot be improved as it is shown by
a well-known counterexample of John for the wave equation, [26];

(i1) The sharp dependence of 6 by r. Indeed it is easy to check that the estimate (1.2)
implies the strong unique continuation for the Eq. (1.1) (see Remark 2.2 for more
details).

As aconsequence of estimate (1.2) and some reflection transformation introduced in
[1] we derive a quantitative estimate of unique continuation at the boundary (Theorem
2.3). Also, we extend (1.2) to a first order perturbation of the wave operator (Sect. 4).

One of the main purposes that led us to derive the above estimates is their appli-
cations in the framework of stability for inverse hyperbolic problems with time
independent unknown boundaries from transient data with a finite time of observation.
Some uniqueness results has been proved in [25]. In the paper [37] the most important
tools that are used to prove a sharp stability estimate are precisely the strong unique
continuation (at the interior and at the boundary) for the Eq. (1.1). The quantitative
estimate of strong unique continuation was applied for the first time to the elliptic
inverse problems with unknown boundaries in [3]. Concerning the parabolic inverse
problems with unknown boundaries such estimates were applied in [9,10,14,18,36].
In both the cases, elliptic and parabolic, the stability estimates that were proved are
optimal [13] and [2] (elliptic case), [14] (parabolic case).

The proof of (1.2) follows a similar strategy and ingredients as the one used in
[31]. In particular, in order to perform a suitable transformation of the wave equation
in a nonhomogeneous second order elliptic equation we use the Boman transforma-
tion [8], then, to the obtained elliptic equation, we use the Carleman estimate with
singular weight, [6,17,22] and the stability estimates for the Cauchy problem. The
main difference between our proof and the one of [31] relies in the different nature
of the results; in our case the results are quantitative while in [31] the results are only
qualitative. More precisely, in [31] the parameter ¢ has the particular form ¢ = Cyr"
while in the present paper ¢ is a free parameter. An important consequence of this fact
is that we need to control very accurately how much the error ¢ affects the growth of
the solution to (1.1) in order to reach the above sharpness character (i) and (ii).

The plan of the paper is as follows. In Sect. 2 we state the main results of this paper,
in Sect. 3 we prove the theorems of Sect. 2, in Sect. 4 we consider the case of the more
general equation q(x)atzu —div(A(x)Vyu) = b(x) - Vyu + c(x)u.

2 The main results
2.1 Notation and definition

Letn € N, n > 2. For any x € R", we will denote x = (x/, x,), where x’ =
(x1,...,xp—1) € R x, € Rand |x| = (z’}zle)l/? Given x € R", r > 0,
we will denote by B, B, §r the ball of R”, R"~! and R"t! of radius r centered
at 0. For any open set 2 C R” and any function (smooth enough) u we denote by
Viu = (Oxu, ..., dy,u) the gradient of u. Also, for the gradient of u we use the
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138 S. Vessella

notation D,u. If j =0, 1, 2 we denote by D){u the set of the derivatives of u of order

j»s0 D% = u, D!u = V,u and D2u is the hessian matrix {Ox;xjuly ;- Similar

notation are used whenever other variables occur and €2 is an open subset of R”~! or
a subset R" L, By HY(Q), ¢ =0, 1,2 we denote the usual Sobolev spaces of order £,
in particular we have HO(Q) = L2(S2).
For any interval J C R and 2 as above we denote by
W Q) = {ueC(J; HX(Q)) : 0fu € CO(J; H*H(Q)), £ =1,2}.
We shall use the letters C, Cg, Cq, .. .todenote constants. The value of the constants

may change from line to line, but we shall specified their dependence everywhere they
appear.

2.2 Statements of the main results

Let A(x) = {ai/ ()c)};1 j=1 be a real-valued symmetric n x n matrix whose entries are

measurable functions and they satisfy the following conditions for given constants
po>0,A¢€(0,1]and A > 0,

MEP < A)E-& <A~V [g)?, forevery x, & € R”, (2.1a)
A
[A(x) — A(y)| < — |x — y|, forevery x,y € R". (2.1b)
00
Let g = g(x) be a a real-valued measurable function that satisfies
A <q(x) <A7!, forevery x € R", (2.2a)
A n
lg(x) —g()| < p—|x—y|, for every x, y € R". (2.2b)
0

Letu € W([—Apo, Apol; Bp,) be a weak solution to
q(x)afu —div(A(x)Vyu) =0, in By, X (=ipo, Apo). 2.3)

Let rg € (0, po] and denote by

12
&= sup ,05”/ u*(x, 1)dx (2.4)
te(=Ap0,1p0) Bro
and
) | . 172
H = Zpé_n/ ‘D,{u(x,O)‘ dx | . 2.5)
j=0 Beo
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Quantitative estimates of strong unique continuation for... 139

Theorem 2.1 (estimate at the interior) Let u € W([—Apo, Apol; By,) be a weak solu-
tion to (2.3) and let (2.1) and (2.2) be satisfied. There exist constants so € (0, 1) and
C > 1 depending on A and A only such that for every 0 < ro < p < sopo the
following inequality holds true

C (pop™") (H +ee)
(6/10g (2££))

&

- 0)ll 25, < 2.6)

where

g — log(po/Cp)

= . 2.7
log(po/ro)
The proof of Theorem 2.1 is given in Sect. 3.

Remark 2.2 Observe that estimate (2.6) implies the following property of strong
unique continuation. Let u € W([—Apo, Apol; Bp,) be a weak solution to (2.3) and
assume that

1/2
sup po_”/ u*(x, t)dx = O(V(])V), VN eN, as rp— 0,
te(—=po,Ap0) By,

then
u(-,1) =0, for |x|+ 21" solt| < sopo. (2.8)

It is enough to consider the case 1 = 0. If [lu(-, 0)[| 12 Byypy) = 0 there is nothing to
proof, otherwise if
luC, 02 (g, ) > O (2.9)
we argue by contradiction. By (2.9) it is not restrictive to assume that H =
(-, O)ll 25, = 1. Now we apply inequality (2.6) with g9 = Cyr), N € N,
and passing to the limit as rp — 0 we have that (2.6) implies

e, Ol 2 <Csg“N7V6 WN eN,

By pg)

by passing again to the limit as N — 0 we get, by (2.9), [Ju(-, 0)||L2(B,,) = 0 that
contradicts (2.9).

In order to state Theorem 2.3 below let us introduce some notation. Let ¢ be a
function belonging to C 1’1(15’;)0) that satisfies

¢(0) =[Vyo0)| =0 (2.10)
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140 S. Vessella
and
ol 1\ = Epo, (2.11)
Cl.l(BpO)
where
)= Ol IO ) 8|52
||¢||C1,1(Bp0) ”¢”L°O(Bpo) po [ Vx ¢”L°“(Bpo) g || D¢ 1~ (s
For any r € (0, po] denote by
K, :={(x",x) € By : x, > ¢p(x")}
and
Z:={(x,¢x") :x" € B, }.
Letu € W([—Apo, Apol; K ) be a solution to
8,2u —div(Ax)Vyu) =0, in Ky, x (=Apo, Apo), (2.12)
satisfying one of the following conditions
u=0, on Z x (—Apo, Aoo) (2.13)
or
AVyu-v =0, on Z x (—Apgy, Apo), (2.14)
where v denotes the outer unit normal to Z.
Let rg € (0, po] and denote by
172
&= sup pa"/ u®(x, t)dx (2.15)
t€(—=Ap0,100) Ky,
and
) . , 1/2
H = Zp(f)‘"/ ‘D,{u(x, 0)‘ dx (2.16)
j=0 Ko

Theorem 2.3 (estimate at the boundary) Let (2.1) be satisfied. Letu € W([—Apg, Apol;
K ) be a solution to (2.12) satisfying (2.15) and (2.16). Assume that u satisfies either
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Quantitative estimates of strong unique continuation for... 141

(2.13) or (2.14). There exist constants 5o € (0, 1) and C > 1 depending on A, A and
E only such that for every 0 < ro < p < 5opo the following inequality holds true

C (pop™)C (H + es)

where
g = M. (2.18)
log(po/r0)

The proof of Theorem 2.3 is given in Sect. 3.2.

Remark 2.4 By arguing similarly to Remark 2.2 we have that estimate (2.17) implies
the following property of strong unique continuation at the boundary. Let u €
W([—Apo, Apol; K ) be a solution to (2.12) satisfying either (2.13) or (2.14) and
assume that

w (i
te(=Apo,1p00) K

then

1/2
u?(x, t)dx) =0@Y), YVNeN, as rg— 0,

0

l/l(.x, t) = 07 for x € Kp(t)’ re (_)"1007 )&PO),

where p (1) =50(po — A7 '[]).

3 Proof of Theorems 2.1 and 2.3
3.1 Proof of Theorem 2.1

Observe that to prove Theorem 2.1 we can assume that u(x, t) is even with respect to
the variable 7. Indeed defining

ulx,t) +ulx, —t)
2 9

Uuy(x,t) =
we see that u satisfies all the hypotheses of Theorem 2.1 and, in particular, we have

s (x,0) = u(x, 0),

1/2
sup po_”/ ui(x, Hdx <eg,
tE€(—Ap0,1p0) By,
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142 S. Vessella

and

1/2

2

. . 2
Zpé_”/ ‘D){u+(x,0)‘ dx = H,
=0 Bpy

also, notice that the function of ¢ at the right hand side of (2.6) is not decreasing.
Hence, from now on we assume that u(x, t) is even with respect to the variable ¢.
Moreover it is not restrictive to assume pg = 1.

In order to prove Theorem 2.1 we proceed in the following way.

First step. After a standard extension of u(-,0) in H*(By) N HJ (B) we will
construct, similarly to [31], a sequence of function {vi(x, ¥)}ren, With the following
properties:

(1) forevery k € N the function vy belongs to H 2(By)N HO1 (B2), in addition vg(x, y)
is even with respect to the variable y € R,

(i1) the sequence {vi (-, 0)}reny approximates u(-, 0) in L%(By), more precisely we
have

||u(7 O) — Uk”LZ(Bl) E CHk_l/6

Moreover, for every k € N the function v (x, y) is a solution to the elliptic prob-
lem,

q ()35 + div (A() Vi) = fi(x,y), in By xR,
ok, 0l 225, =< &

where f satisfies

I o D28,y < (ClyD* Yk € N.

Second step. Here we derive some stability estimates of Cauchy problem for the
above elliptic equation getting estimates vy in the ball of R**! centered at 0 with
radius ro/4, (Proposition 3.6). Then we use Carleman estimates with singular weight
(Theorem 3.7) for the elliptic equation and the above estimate of [[u(-, 0) — vkl .2(p,)-
Finally, we choose the parameter k and we get the estimate (2.6).

First step.

Let us start by introducing some notation and by giving an outline of the proof
of Theorem 2.1. Let g an extension of the function ug := u(-, 0) such that uy €
H*(By) N Hy (B,) and

lwoll 25,y < CH, 3.1
where C is an absolute constant.
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Let us denote by A;, with 0 < A1 < Ay < --- < A; < ---

associated to the Dirichlet problem

div (A(x)Vyv) + wg(x)v =0, in By,
ve H} (B,

and by e; () the corresponding eigenfunctions normalized by

/ez-(x)q(x)dle.
B J

By (2.1a), (2.2) and Poincaré inequality we have for every j € N

the eigenvalues

(3.2)

(3.3)

A :/B A(x)Vyej(x) - Vyej(x)dx > cx2/ 3 (N)g(x)dx =cr>  (3.4)
2

B

where c is an absolute constant. Denote by
o) = / uo(x)e;(x)g(x)dx,
By

and let
o0
u(x,t) := Zajej(x) cos /At
j=1

Proposition 3.1 We have

2 2 2
Z(1+Aj)aj <CH?,

j=1

(3.5)

(3.6)

(3.7)

where C depends on ., A only. Moreover,i € W(R; Bo)NCO(R; H>(By)N Hé (By))

is an even function with respect to the variable t and it satisfies

q(x)d?1 — div (A(x)Vyii) =0, in By x R,

ZZ('? 0) = ﬁOa in B2,
ou(-,0) =0, in Bs.

Proof By (3.2) and (3.3) we have

(3.8)

Ajoj =/B o(X)Ajq(x)e;(x)dx = —/ div (A(x) Viiip(x)) e (x)dx.
2

B>
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144 S. Vessella

Hence, by (2.1), (2.2) and (3.1) we have

1 2
Z (1 + Af) o = ||;{0||§2(32;W) + H gdiv (AV,1ip) 2 < CH?,
j=1 L#(B;qdx)
where C depends on A, A only and (3.7) follows. O

Notice that, since u(-, 0) = u4(-,0) and 3;u(-,0) = 0 = d;u,(-,0) in B;, we have
for the uniqueness to the Cauchy problem for Eq. (2.3), (see, for instance [19]),

W(x, 1) =uy(x, 1), for |x|+1"1 < 1. (3.9)

Let us introduce the following nonnegative, even function v such that

1
5 (1 +cosmt), forlt] <1,
12
v = [ 0, for |t| > 1. (3.10)
Notice that € cl1, supp ¥ € [—1, 1] and
/ Yy(t)dt = 1. (3.1D)
R
Let
1:0\(1') :/ w(t)e_ifldt :/ Y(t)costtdt, T eR. (3.12)
R R

Since ¥ has compact support, 1//} is an entire function. By (3.11) we have

|1’ﬁ\(r)| 5/ Y(t)dt =1, forevery t € R,
R

and
—~ d? p
’r%ﬂ(r)’ = —/ W (t)—= cos ttdt| = —/ Y (t)costtdt gnz, for every 7 € R,
R dr? R
hence we have
|1/p\(r)| < min {1, nzr_z} , forevery r € R. (3.13)
Let
o) =4 ""w@r ), reR. (3.14)

In the following proposition we collect the elementary properties of ¥ that we need.
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Proposition 3.2 The function ¥ is an even and non negative function such that 9 €
CHlsupp 9 =[5, 51 Jp 0 (0dt = 1,9(2) = ¥ (%) and

/ |9'(t)| dt = 807", (3.15)
R
D)) < min {1, 162272}, forevery 7 € R, (3.16)
() —1| < (E)z for M| <X 3.17)
=\7 ) RN '
L_5 i 3.18
5 = 0(0). for i (3.18)

Proof We limit ourselves to prove property (3.17) and (3.18), since the other properties
are immediate consequences of (3.12), (3.13) and (3.14). We have

1
9 (1) — 1] 5/ v (s) (1 — cos (AfTr)) ds. (3.19)
-1

Now, if s € [—1, 1] and |2F| < Z then

AST AT\ 2
l—cos{—)<({—) .
4 4
Hence by (3.19) we get (3.17). Finally (3.18) is an immediate consequence of (3.17)
O

Asusual,if f, g € L'(R), we denote by (f*g)(t) := fR f(t—s)g(s)ds. Moreover
we denote by f*® := f s f*&=D for k > 2, where f*() := f.
Let us define
O (1) == (ko (kr))*® | for every k € N. (3.20)

Notice that 9 > 0, supp ¥ C [—%, %], fR U (t)dt = 1, for every k € N and
_~ ~ 1 k
B () = (z?(k_ r)) , foreveryk € N, 7 € R. 3.21)

Moreover, by (3.17) we have

lim 51((1) =1, foreveryt e R. (3.22)
k— 00

For any number u € (0, 1] and any k € N let us set
ouk = (O *ou) . (3.23)

@ Springer



146 S. Vessella

where

ou(t) = =0 (M—lz) , foreveryf € R. (3.24)

We have supp ¢, C [—w, W], @uk = 0and [p ¢, k(1)dt = 1. More-
over ¢, k is an even function.
Now, let us define the following mollified form of the Boman transformation of

(x, ) [8],
iy, k(x) = / u(x, ),k ()dt, for x € Bs. (3.25)
R

Proposition 3.3 Ifk € N and 1 = k= then the following inequality holds true
|ut-, 0) — ﬁl‘uk”Lz(Bl) < CHKY®, (3.26)

where C depends on A only.

Proof Let u € (0, 1]. By applying the triangle inequality and taking into account
(3.11) and (3.24) we have

/4 1/2
[ 0) = Tk O] 20 = (/B dx/ u(x, 0) — i, r>|2<pu<r>dr)
1

—Au/4

Aut1)/4 ) 1/2
+ / dx/ i (x, £)|° dt ||¢,L—¢,L,k||L2(R) =1L +5hL. (327)
B

—A(u+1)/4

In order to estimate /; from above we observe that by the energy inequality, (3.1),
and taking into account that 9,z (x, 0) = 0, we have

10, (x. 1) dx 5/ (|a,ﬁ(x, N> + IVxﬁ(x,t)|2) dx

B> By

<372 [ (10 0P + 9,7 0P) dx < CH2
By

where C depends on A only. Therefore

e
11252/ dx/ dyu(x, n)dn
B

0
Hence

2 A4
A wA

S—M/ dx/ |8,,u(x, 77)|2d77 < CH2,1,L2.
2 Jp 0

I < CHpu, (3.28)

where C depends on A only.
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Concerning I, first we observe that by using Poincaré inequality, by energy inequal-
ity, and by (3.1) (recalling that i € (0, 1]), we have

Aut1)/4 22
/ dt |ﬁ(x,z)|2dx5/ dr | |u(x, ) dx

—nutn/4 JB a2 JB
12

< c/ dt | |Vidi(x,)*dx < CH?, (3.29)
—1/2 B>

where C depends on A only. R
In order to estimate from above ||, — ¢, kll2r) We recall that Ou(r) = 0 (ur)

and @, k(1) = 1/9\(;”) (ﬁ(k’] 7))*, hence the Parseval identity and a change of variable
give

1 — IS CI
27 ku—fﬂu,k”iz(mz;/R‘(l?((ﬂk)_lt)) —1‘ D) dr.  (3.30)

By (3.16), (3.17) and (3.18) and by using the elementary inequalities 1 —e™* < z, for
every z € R, and logs < s — 1, for every s > 0, we have, whenever |ﬁ| < \/lj,

o k e _ )\2 2
0<1-— (z‘}((,uk)_lt)) =1 = Klogd™) o 2T 3.31)

~ 8ulk’

Now let § € (0, 1] be a number that we shall choose later and denote 8 = duk s

V2
By (3.30), (3.16) and (3.31) we have
2 | I 1/ '(5(( o'n) | e
T — = — T — T T
@M (Pu,k L2(]R) w l<p 1%
1 o~ 1 k 2 -~ 2
+—/ (19((Mk) r)) —1| [ dr
w Jizi=p
1 A%Z)z 1 3272\ 1
<1 AT df+_/ (_) dth(k385+—),
K ei<p (SMZk w Jir=p \A272 83 u%k3
(3.32)

where C depends on A only. If M2k3/5 > 1, we choose § = (M2k3)_1/4 and by (3.32)
we have

~5/8
lew = ekl gy = € (k3/ 5u2) : (3.33)

where C depends on A only. Hence recalling (3.29) we have
-5/8
L <CH (k3/5,ﬂ) . (3.34)
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148 S. Vessella

By (3.27), (3.28) and (3.34) we obtain

(. 0) = @kl p2epy) < CH(u+ &P u)™%). (3.35)

Now, if u = k’%, k > 1 then (3.35) implies (3.26). O
From now on we fix it := k’% for k > 1 and we denote

Up = U k- (3.36)
Let us introduce now, for every k € N an even function g € C LI(R) such that if

|z] < k then we have gi(z) = cosh z, if |z] > 2k then we have g (z) = cosh 2k and
such that it satisfies the condition

gk (D] + |8 ()] + |8/ (2)| < ce®*, foreveryz e R, (3.37)

where c is an absolute constant.
The following proposition is the main result of this first step.

Proposition 3.4 Let
vk (x, y) —Za, t (V) &k (vWhj)ej(x), for (x,y) € By x R. (3.38)

We have that vi (-, y) belongs to H*(By) N HO1 (By) for every y € R, vi(x,y) is an
even function with respect to y and it satisfies

q(x)0%v, 4+ div (A(X)Veup) = fe(x,y), in By x R,
YT (3.39)
e (-, 0) = ug, in Bs.
and
ok, )l 2 (p,) < & (3.40)
where

felx.y) = ZA i@k (Vi) (& (0W/hi) — g (y3/2))) a(@)ej(x). (3.41)

Moreover we have

D N0f vkl Wllg-i s,y < CHE™, for every y € R, (3.42)
j=0
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2k
IfeCo 2, < CHE min[l,(4m‘|y|) ] forevery y € R, (3.43)

where C depends on A and A only.

Proof First of all observe that

@k (VA)| < lemall i = 1. (3.44)

For the sake of brevity, in what follows we shall omit k from vy.
In order to prove that v(-, y) € H> (By) N HO1 (By) fory € R, let M, N € N such
that M > N and let us denote by

Vv (x, y) = Z @@k (VAj) & (y3/25) e (x). (3.45)

j=N+1

By (3.37) and (3.44) we have, for every y € R,

2
)»/ Ve Van (x, y)| dxg/ AX)ViVun(x, y) - ViV v (x, y)dx
B> By

M
> (/B A(x)vxej(x)~VXVM,N(x,y)dx)@:,k(\//\j)gk (v/2j) @)
j:N+1 2
M
Z 20505, (Va)) g (Wh)) < e D el
Jj=N+1 J=N+1

Therefore, since Vi n (-, y) € Hé (By) we have

M
| Var,n (-, y)”il({(&) < ce¥t Z kjajz-, for every y € R. (3.46)
J=N+1

The inequality above and (3.7) gives

IVin G 8y = 0, as M, N — oo, forevery y € R,

hence v € H& (B).
In order to prove that v € H?(B»), first observe that by (3.37), (3.44) and (3.45)
we have
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||diV(AVxVM,N) ||L2(B)_ —letk Z A] ], forevery y € R,
j=N+1

then by the above inequality and standard L? regularity estimate [21] we obtain
DIV N G G2, < ClIAV (AV Vi) 135,

e Z A/ i forevery y € R, (3.47)
j=N+1

where C depends on A and A only. Hence v € H?(B5). Moreover by (3.7), (3.46) and
(3.47) we have

oG, Wizzsy) + 1IVxvC 2y + ID3v(, W28y
< CHeZk, for every y € R, (3.48)

where C depends on A and A only. Similarly we have 9, v (-, y), 8)2,1)(., ¥), 0y Vyu(-, y) €
L%(B;) and

2
S0P vC M2y < CHEX, forevery y € R, (3.49)
j=1

where C depends on A and A only.

Inequality (3.49) and (3.48), yields (3.42). By (3.38) we have immediately that the

function v is an even function and it satisfies (3.39).

Concerning (3.40), we have by |l¢g kll1®) = 1, by Schwarz inequality, by (2.4)

and by (3.29),

r(p+1)/4
10, 0) 172 )=/ |ﬁk<x)|2dxs/ / ux, 1)1 dx | g ()dt <&,
0 Br() _)\(E‘H )/ 4 Bro

Concerning (3.43), first observe that by the definition of g; we have that g/ (y /A ;) —

gk (yy/A;) = 0,for|y|/A; < kand g} (v\/A))—gk(y/A))] < ce*, for|y|f>k

Hence, taking into account (3.16) and (3.21), we have, for every y € R and for every
keN,

gt (yf)—gk(yf)l}Wk(\ﬁ)}<C€2k‘l9(k l\ﬁ)‘ X{y:lyl /27 2k)
2ksupl(5(k‘\/fj)‘ :|y|\/7,-zk]gce2kmin’1,(4m1|y|) ]

(3.50)

@ Springer



Quantitative estimates of strong unique continuation for... 151

By (3.42) and (3.50) we have

1/2
2%) [ =
/iGN 2B, < ce? mm{ (4f7rk Iyl) } (Z A?a?) , forevery y e R.

Jj=1
By the above inequality and by (3.7) we obtain (3.43). O

Second step.

In what follows we shall denote by B, the ball of R"*! of radius r centered at 0.
In order to prove Proposition 3.6 stated below we need the following Lemma.

Lemma 3.5 Let r be a positive number and let w € Hz(Er) be a solution to the
problem

[q(x)awa(x, y) +div(Ax)Viw(x,y)) =0, in Er, (3.51)

dyw(-,0) =0, in B,

where A satisfies (2.1) and q satisfies (2.2).
Then there exist B € (0, 1) and C > 1 depending on X and A only such that

B

1-p
/~ wzdxdy <C (/~ wzdxdy) r/ wz(x, O)dx |} . (3.52)
By 4 By By

Proof After scaling, we may assume r = 1. By [4, Theorem 1.7] we have

§
lwllzay <€ (Ilegy)  (Iwlgng,) (3.53)

where C and 8 € (0, 1) depend on A and A only. Now, by the interpolation inequality,
the trace inequality and standard regularity for elliptic equation [21] we have

2/3 13 2/3 13
I llis,z) < CIwIs s o W5, ) < Cllg vl
2/3 1/3
< Clwl s, 100 2y (3.54)

where C’ depends on A and A only. By (3.53) and (3.54) we get (3.52) with 8 = 2?5
O

Proposition 3.6 Let vi be defined in (3.38) and let ro < %. Then we have

B 1-B
||Uk||L2 Br /4 C\/_( +H(C0r0)2k) (H€2k +H(C0r0)2k) . (355)

where B € (0, 1), C depend on \ and A only and Cy = 4mwer™".
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Proof Let wy € H? (By,) be the solution to the following Dirichlet problem

[q(x)ayzwk +div (A(x)Vywg) = fi, in Erg; (3.56)

wi =0, on 0B,.

Notice that, since fi is an even function with respect to y, by the uniqueness to the
Dirichlet problem (3.56) we have that wy is an even function with respect to y.
By standard regularity estimates we have

lwell2(,) + roll Veywill 2(5,) < Crollfell2(5,)- (3.57)

where C depends on A only. By the above inequality and by the trace inequality we
get

172 12
||wk(~,0)||L2(B,o/2) <C (ro / ”wk”LZ(EO) +r0/ ||szywk”L2(§ro))
3/2
< P fill 2 gy ) (3.58)

where C depends on A only.
Now, denoting

Zk = Vg — Wk, (3.59)
by (3.43), (3.40), (3.57) and (3.58) we have
Iz Ol 25, ) < &+ CrgH (Coro)™ (3.60)
and
ekl 2 (s,) = Cro/ H (% + 18 (Coro™). (3.61)

where C depends on A only.
Now by (3.56) we have

q(x)02zx + div (A(X) V) =0, in By,
dy2x (-, 0) =0, on By,

hence by applying Lemma 3.5 to the function z; and by using (3.42), (3.59), (3.60)
and (3.61) the thesis follows. O

In order to prove Theorem 2.1 we use a Carleman estimate with singular weight, proved

for the first time by [6]. In order to control the dependence of the various constants,
we use here the following version of such a Carleman estimate that was proved, in the
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context of parabolic operator, in [17]. First we introduce some notation. Let P be the
elliptic operator

P 1= q(x)82 +div (A(X) V). (3.62)
Denote
—1 —-1.2 172
o0,y = (47O -+ @O~ y?) (3.63)
B = {(x, MeR ok, y) < r} , r>0, (3.64)
Notice that
EJAr CB. C E;’/ﬁ , for every r > 0. (3.65)

Theorem 3.7 Let P be the operator (3.62) and assume that (2.1) and (2.2) are satis-
fied. There exists a constant C, > 1 depending on A and A only such that, denoting

s e*C*’l —1
P (s) = sexp (/ —dn) , (3.66a)
o
5(x,y) = ¢ (o(x, y)/2ﬁ) , (3.66b)

foreveryt > Cyand U € C° (E;’ﬁ/c*\{O}) we have

r/ 51—2f(x,y)|vx,yU|2dxdy+r3/ 57172 (x, y)U2dxdy
R/H—l Rn+l1

< c*/ 8272 (x, y) |PU|* dxdy. (3.67)
Rn+1
Conclusion of the proof of Theorem 2.1
Set
Vg
ry =
16
by (3.55) we have
IIvklle(EZ ) < Cri5, (3.68)
]
where C depends on A and A only and
k)P 2k ! P
S = (5+H(c1r1) ) (He + H(Cir) ) , (3.69)
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where C1 = 16Cq/ /A, recall that Cy has been introduced in Proposition 3.6.
Denote

8o(r) := ¢(r/2v/2), forevery r >0

and

R =

Vo
Cy

Let us consider a function i € C% (0,80 (2R)) suchthat 0 < h < 1 and

h(s) =1, foreverys €[5y (2r1), do (R)],

h(s) =0, foreverys € [0,80 (r1)]U [0 (3R/2), 80 (2R)],
ri|W ()| +ri R (s)| < e, foreverys e [8o (r1), 8o 2r1)],
|h' ()| +|h"(s)| < e, foreverys € [8(R), 8 BR/2)],

where c is an absolute constant.
Moreover, let us define

g(x,y) =h(éx,y)).

Notice thatif 2r; <o (x,y) < Rthen¢(x,y) = landifo(x,y) > 2Roro(x,y) <
r1 then ¢(x, y) = 0.

For the sake of brevity, in what follows we shall omit k from vy and f;. By density,
we can apply (3.67) to the function U = ¢ v and we have, for every t > C,,

f/~a 81727 (x, ) |V (4v)|2+r3/~” 371 (e ) gl

BZR BZR

< C/gn 82‘2’(x,y)|f|2€2+C/~0 8272 (e, ) | PEIP v

2R B2R
_ 2 2
+c/~ 87 ) Vo [Vat [ =hi + b+ L, (370)
By

where C depends A and A only.
Estimate of /.
Notice that

2 2 2 2
Vixl=+y S(s(m)<C2\/|)€| +y

20, < > for every (x, y) € B, (3.71)

where C, > 1 depends on A and A only.

@ Springer



Quantitative estimates of strong unique continuation for... 155

By (3.43), (3.65) and (3.71) we have

_ 1\ 2421
[, e Famitdaay s [ (2em) T iR dxay

By sise. B
2 _2427 2 —2+21
5/ [(2c2|y|‘) / G, y)lzdx} dy < CHZ/ (2caly™) T colyh ™ dy,
-2 J By -2
(3.72)
where C depends on A and A only.
Now let k and t satisfy the relation
oy (3.73)
S =k .
By (3.72) and (3.73) we get
I < CH*(Cy)*, (3.74)
where C3 = 2CyC3.
Estimate of I
By (3.42) and (3.68) and (3.70) we have
L <Crf /~ 82T (x, y)vldxdy + C/~ 827 F (x, y)vPdxdy
By \B7, Bir\By
= C (P8 DSt + M HT(R)),
hence (3.71) gives
B = C (557008t + e H2sy T R)) (3.75)
Estimate of /3
By (3.70) we have
I <Cri?sd 2f(r1)/ |v v dxdy + C83™ 2T(R)/ |V, o) dxdy.
B\ 3R/2\B
(3.76)

Now in order to estimate from above the righthand side of (3.76) we use the Cacciop-
poli inequality, (3.42), (3.43) and (3.68) and we get
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I < Cc‘i(z)zr(rl)(r1 / v2dxdy —I—/ B fzdxdy)
B4r1\Brl/2

4r1\B;71/2
+C82 ZT(R)/ |Vx yU| dxdy <C (Sk +H2 (C]}"l)4k)8 1- ZT(rl)
B3gn\B
+ CH2€4k8(1)72r(R) = ]3 (377)

Now letr; < 5 R and let p be such that jl <p=< % and denote by p = Vp.

By estimating from below trivially the left hand side of (3.70) and taking into account
(3.77) we have

877D [ Ve[ 48D WP <h+h+h (378)
B3\BS,, BB,

Now let us add at both the side of (3.78) the quantity
- 2 a—1—
aé ZT(mﬁ |Vx’yv| +801 2‘[(5)[ v2
B, B,

since this term can be estimated from above by I, by using standard estimates for
second order elliptic equations and by taking into account that 8o(p) > 8o(r1), we
have

p2/~ |v,c,yv|2 +/ v <8 () (I + b+ Ch), (3.79)
B% Bg

where C depends on A and A only.
Now by (3.71), (3.74), (3.75), (3.77) and (3.79) it is simple to derive that if (3.73)
is satisfied then we have

/02/~ \Vx,yu’2 +/~ 2 <C 513( O(ﬁ)) + H2Ck ( o(ﬁ)) ’
Bap By So(r1) 30 (R)

(3.80)

where C4 > 1 depends on A and A only.
Now, by applying a standard trace inequality and by recalling that v(-, 0) = uk(-, 0)
in By (where uy is defined by (3.36)) we have

B B S (ﬁ) 1427 80(;0) 1421
L0 <cpl| 82 ( 0 ) H2Ck ( ) . (381
/szmk( )2 < Cp [ o) o (3:81)
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By Proposition 3.3, by (3.69) and (3.81) we have, for r; < §
p/ u(-,0)* <C (Hk,t - sz‘”3)
Bip/2

. 5()(;5) 1427 21-p) 28 - 30(;6) 1427
Jrc[c5 (—80(”)) H e+ HACH S ., (3.82)

where

142
) peTeid

-
So(r1) 3l

and C, C5 depend on A, A only.

Now let us choose T = %. We have that (3.73) is satisfied and by (3.71), (3.82)
we have that there exist constants C¢ > 1 and ko depending on A and A only such that
for every k > ko we have

4Bk
p /B (-, 0)2 scsﬂf[(cﬁprrl) & +<cép)4ﬁk+k—”3], (3.83)
rp/2

where

&

Hy .= H +ec andeg; := .
! + ! H + ec

Now, let us denote by

— I
o= | L | 4
2logry

where, for any s € R, we set [s] ;= max{p € Z: p < s}. If kK > ko we choose k = k
so that by (3.83) we have, for p < 1/Ce,

0P 2 ( 2660 2log(1/r1))‘/3
p /B WG OF = CaHy (81 +(1Og(1 o : (3.84)

_ log(1/Cep)
0= Qlog(1/r)

where

(3.85)

Otherwise, if k < ko then multiplying both the side of such an inequality by
log(1/Cep) and by (3.85) we get 6y log(1/e1) < ko log(1/Csp). Hence

(H + ee)*P% < (Cgp)~2Pkog2B%,
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By this inequality and by (2.5) we have trivially

/ |M(, 0)|2 < (H + 68)2 = (H + 68)2(1_}300)(1_1 + 68)2590
B2
< (H+ 68)2(1_ﬁGO)(C6p)_2ﬂk082ﬂ90, (3.86)

Finally by (3.84) and (3.86) we obtain (2.6). O

3.2 Proof of Theorem 2.3

First, let us assume A(0) = I where [ is the identity matrix n x n. Following the
arguments of [1] or [3] we have there exist p1, p2 € (0, pp] such that 'Z—é, % depend

on A, A, E only and we can construct a function ® € cl! (sz (0), R™) such that

® (By,) C By, (3.87a)
@(y',0)= (', ¢()), foreveryy € B}, (3.87b)
@ (B)) C K,y (3.87¢)

Cilly =z < 1@(x) — D) < Cily —zl, forevery y,z € Bp,, (3.87d)
Cz_l < |detD®(y)| < Cp, foreveryy € B,,, (3.87¢e)

|[detD®(y) — detDP(z)| < C3|y — z|, forevery y,z € B,,, (3.87f)

where C1, C2, C3 > 1 depend on A, A, E only.
Denoting

A(y) = |detD®(»)|(DD ™ (@ (y) A(D () (DD (D(y)),

v(y, 1) = u(®(y), 1), (3.88)

we have
A00) =1 (3.89a)
ak(y,00=a"(y,0=0, k=1,....n— L. (3.89b)
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Moreover, we have that the ellipticity and Lipschitz constants of A depend on
A, A, E only. For every y € B,,(0), let us denote by A(y) = {a;; (y)};”j=1 the matrix
with entries given by

al oy, lynl) =@’ (', lynl), ifeither i, j € {l,...,n—1}, ori=j=n,

vy, yn) = a" (', ya) = sgn(y)a” (v, lyal), ifl1<j<n-—1.

We have that A satisfies the same ellipticity and Lipschitz continuity conditions as A.
Now, if u satisfies the boundary condition (2.13) then we define

Uy, 1) = sgn(y)v(y', [ynl, 1), for (v, 1) € By, X (=202, Ap2),

q(y) = [detD®(y", [ya)|, fory € By,
we have that U € W ((—Ap2, Ap2); B,) is a solution to
G(3FU — div (A(»)VU) =0, in By, x (—=Ap2, Ap2). (3.90)
Moreover, by (3.87d) we have that
Kyjc, C @ (B;") C Kc,r, forevery r < ps.

Now we can apply Theorem 2.1 to the function U and then by simple changes of

variables in the integrals we obtain (2.17). In the general case A(0) # I we can

p
consider a linear transformation G : R” — R” such that setting A’(Gx) = %

we have A’(0) = I. Therefore, noticing that
Bﬁr c G(By) C er, for every r > 0,

it is a simple matter to get (2.17) in the general case.
If u satisfies the boundary condition (2.14) then we define

V(y,t) =v(y, |yl 1), for (y,1) € By, x (—Ap2, Ap2),

and we get that V is a solution to (2.12). Therefore, arguing as before we obtain again
(2.17). O

4 Concluding remark: a first order perturbation

In this subsection we outline the proof of an extension of Theorems 2.1, 2.3 for solution
to the equation

q(x)82u — Lu =0, in By, X (—=Apo, Ap0). 4.1)
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where
Lu =div(A(x)Vyu) + b(x) - Viu + c(x)u, “4.2)

and A, g satisfy (2.1), (2.2),b = (b', ..., b") b/ € CH1(R"), c € L®(R"), b(x) and
c(x) real valued. Moreover we assume

lb(x)| < 27 'py !, forevery x e R", (4.32)
A n
|b(x) —b(y)| < p [x —y|, foreveryx,y e R". (4.3b)
0
and
le(x)] < X_lpa2, for every x € R". (4.4)

In what follows we assume pg = 1.
First of all we consider the case in which

b=0 4.5)

and we set
Lou = div (A(x)Vyu) + c(x)u, 4.6)
Let us denote by A;, with A} < --- <A <0 < Appypg < --- < Aj < --- the

eigenvalues associated to the problem

Lov 4+ wg(x)v =0, in By,
{ ve H (By), S
and by e; (-) the corresponding eigenfunctions normalized by
/ e} (x)q(x)dx = 1. 4.8)
B

In this case the main difference with respect to the case considered above is the presence
of non positive eigenvalues A1 < --- < X,,. In what follows we indicate the simple
changes in the proof of Theorem 2.1 in order to get the same estimate (2.6) (with
maybe different constants so and C). Let ¢ and H be the same of (2.4) and (2.5).

Likewise the case ¢ = 0, the proof can be reduced to the even part u with respect
to ¢ of solution u of Eq. (4.1). Moreover denoting again by

u(x,t):= Zajej(x)cos VAjt, (4.9)
j=1
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it is easy to check that instead of Proposition 3.1 we have

Proposition 4.1 We have
o0
> (1 + 1] +A2) . < CH?, (4.10)
j=I

where C depends on ), A only. Moreover, i € W (R; B2)NC? (]R; H?(B))N HO] (Bz))
is an even function with respect to variable t and it satisfies

q(x)&tzﬁ —Lou =0, inBy xR,
u(-,0) = up, in B, 4.11)
o;u(-,0) =0, in By.

Similarly to (3.9), the uniqueness to the Cauchy problem for the equation g (x) a,zu -
Lou = 0 implies

H(x, 1) = uy(x,t), for|x|+2r7"r| < 1.
Likewise the Sect. 3 we set
ﬁk = ’ﬁﬁ’k,

where & := k_%, k > 1 and ﬁu,k is defined by (3.25). In the present case we set,
instead of (3.38),

we(x, y) = o e, ) 4 0P, ), (4.12)

where

m
v,((l)(x, y) = Zajg?ﬁ,k (i,/l)»ﬂ) cos (‘/Mjly) ej(x), for (x,y)€ By xR
j=1

(4.132)

v,iz)(x,y): Z a; \/—)gk (y\/>) ej(x), for (x,y)e€ By xR.

j=m+1
(4.13b)

and g (z) is the same function introduced in Sect. 3, in particular it satisfies (3.37).
Instead of Proposition 3.4 we have

Proposition 4.2 Let vy, be defined by (4.12). We have that vy (-, y) belongsto H' (By)N
HO1 (By) forevery y € R, vi(x, y) is an even function with respect to y and it satisfies
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q(0)d5v +div (A Veve) = f(x,y), in By x R,

w (- 0) = i in B “.19)

and
196, Ol 25, < - (.15)

where

fioyy = 27 ke (Vas) (81 (W/h)) — gk (7/hj)) ej(x). - (4.16)

Jj=m+1

Moreover we have

2
D N30 N I g2-i gy < CEVMIHE for every y € R, (4.17)
j=0

I feCo )28y < CHe* min{l, @xa~ |y}, forevery y e R, (4.18)

where C depends on A and A only.

Instead of Proposition 3.6 we have
Proposition 4.3 Let vy be defined in (4.12). Then there exists a constantc, 0 < ¢ < 1,
depending on A only such that if ro < ¢, we have

10kl 125, ) < C/roe™ e + H(Coro)*)P (He* + H(Coro)™)' ™. (4.19)

where B € (0, 1), C depend on A and A only and Co = 4mwer™".

With propositions 4.1, 4.2, 4.3 at hand and by using Carleman estimate (3.67), the
proofs of estimates (2.6) and (2.17) are straightforward, whenever (4.5) is satisfied.

In the more general case we use a well known trick, see for instance [29], to
transform the Eq. (4.1) in a self-adjoint equation. Let z be a new variable and denote
by Ap(x,z) = {a(i)j (x, z)}g’";;ll) the real-valued symmetric (n 4+ 1) x (n + 1) matrix
whose entries are defined as follows. Let 7 € C!(R) be a function such that 1(z) = z,
forz € (=1, 1), and [n(2)| + |7/ (2)] < 227"

af (x,2) =al (x), if i,jell,....,n},
ag ™ (x,) =al" V) = @b @), i 1<j=n,
a(()n+1)(n+1)(x’ 2) =Ko
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where Ko = 8173 + 1. We have that A satisfies
Mol¢? < Ao(x,2)¢ - ¢ <Ay g% forevery ¢ e R™T!

and

|Ag(x, 2) — Ao(y, w)| < Ao (Ix — y| + |z —w]), forevery (x,2), (y, w) € R"™!

where A( depends on A only and Ag depends on A, A only. Denote
LU :=divy ; (Ao(x, 2) Vi U) + c(x)U

It is easy to check that if u(x, t) is a solution of (4.1) (pp = 1) then U (x, z, 1) :=
u(x, t) is solution to

q(x)d’U — LU =0, in By x (=1, A).

Therefore we are reduced to the case considered previously in this subsection and
again the proofs of estimates (2.6) and (2.17) are now straightforward.
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