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Abstract We prove a nonlinear commutator estimate concerning the transfer of deriv-
atives onto testfunctions for the fractional p-Laplacian. This implies that solutions to
certain degenerate nonlocal equations are higher differentiable. Also, weakly frac-
tional p-harmonic functions which a priori are less regular than variational solutions
are in fact classical. As an application we show that sequences of uniformly bounded
“-harmonic maps converge strongly outside at most finitely many points.
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1 Introduction

An important tool for obtaining higher differentiability of solutions to elliptic partial
differential equations is the method of “differentiating the equation”: As an example,
take u € W2 a distributional solution to

Au=gell (Q). (1.1)

It is easy to obtain such a solution u € wl2 e, g., by the direct method of the calculus
of variations. Actually, any such solution belongs to Wfo’cz. To see this, we differentiate

the equation:
*
A =g e (Wil@) . (1.2)
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696 A. Schikorra

Now 9;u solves an elliptic equation with right-hand side in (W!2)*. Consequently,
diu belongs to Wllo’c2 and it is shown that u € leo’cz. Let us have a closer look at
this “differentiating the equation”-argument. The distributional Laplacian (—A)u is
defined on testfunctions ¢ € C2°(£2),

L.1)
(=A)ulp] ::/w Vo (= —/gw Vo € C°.
Since A is a linear operator with constant coefficients,

(=) @uw)le] — (=A)u[—0di¢] = 0. (1.3)

“Differentiating the equation” (1.2) in distributional sense becomes
(-a)@utgl = [ Vuv i) = [ ¢ g (14)

Higher differentiability u € Wl 2 then follows by duality: Take the supremum over ¢
with || Vel|;2 < 1 on both sides of (1.4), and obtain an estimate for 9; Vu in terms of
gelL?

The above reasoning relies crucially on (1.3). Of course, we can replace (—A)
and 9; with more general differential operators of arbitrary order: The s-Laplacian is
defined as

(=AY f =F N lE*Fh,

where F and F~! denote the Fourier transform and its inverse, respectively. As a
distribution

~arsiol= [ arre.
Rn
Similarly to (1.3), just via integration by parts,

(=AY T ulp] = c(=A) ul(=A)*¢] =0, (1.5)
where ¢ is a constant coming from the choice of the Fourier transform coefficients
and the definition of the s-Laplacian. With (1.5) in mind one can prove a finer scale
of higher differentiability results. For example,

weW'2(Q) and Aue (W'TH2Q)* = ue WIHHQ).

However, a statement of the form (1.5) is false for some nonlinear operators, in
particular it fails for the p-Laplace

Apu = div(|Vu|" 72 Vu).
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And indeed, even p-harmonic functions, i.e. solutions to A ,u = 0, may not be smooth.
In this paper, we investigate to what extent the “differentiating the equation”-
argument can be saved in the case of a nonlocal, nonlinear differential operator which
is related to the p-Laplacian: The fractional p-Laplacian.
The fractional p-Laplacian of order s € (0, 1) on a domain Q2 C R”, (—A);,Qu is
a distribution acting on testfunctions ¢ € C°(2) given by

— -2 _ _
(=AY, qulg] :/Q/Qlu(X) uIP W x) — u(y)) (p(x) — ¢(y)) dx dy.

e =y

It appears as the first variation of the W*'-Sobolev norm

y [ ) —u())?
[M]Ws.p(s'z) = /52 o W dx dy

In this sense it is related to the classical p-Laplacian which appears as first variation
of the W!-7-Sobolev norm || Vu||}.

If p = 2 the fractional p-Laplacian on R" becomes the usual fractional Laplace
operator (—A)®. For an overview on the fractional Laplacian and fractional Sobolev
spaces we refer to, e.g., [6,13].

The fractional p-Laplacian has recently received quite some interest, for example
we refer to [2,11,12,15,18-20,23,25]. Higher regularity is one interesting and very
challenging question where only very partial results are known, e.g. in [2] they obtain
for s ~ 1 estimates in C'**, We also refer to [5] where they show higher Sobolev
regularity when the right-hand side belongs to a Sobolev space.

Since the fractional p-Laplacian is nonlinear, one cannot expect a direct analogue
of (1.5). Our first result is a nonlinear commutator estimate which can play the role
of (1.5). It measures how and at what price one can “transfer” derivatives to the
testfunction. It implies that while an expression such as in (1.5) may not be zero, it is
small—on small differential scales. For simplicity we restrict our attention to the case
p=2.

Theorem 1.1 Lets € (0, 1), p € [2,00), and e € [0, 1 — s). Take B C R" a ball or

all of R". Letu € W*?(B) and ¢ € CX°(B). For a certain constant ¢ depending on
s, &, p denote the nonlinear commutator

&p
Re(u, 9) = (=A)}gulp]l — c(=A)}, gul(=A) > .
Then we have the estimate
-1
|R5(I/t, (p)| = Ce [u][‘;/x+s,1)(3) [(p]WSJFE’I’(R"y

The fact that the & appears in the estimate of R, (u, ¢) is the main point in Theo-
rem 1.1. For the proof we Taylor expand R; (-, -) in &. When computing % Rs we find
a logarithmic potential operator, which we estimate in the following way:
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698 A. Schikorra

Lemma 1.2 For p € (1, 00) we consider the following semi-norm expression for
p € CXRY)

o= (1.1

Here, a, B € (0,n), y € (0,1)sothats .=y + B —«a € (0, 1), and

1
P dxdy v
|x — y|tre

/ ka(x. 3, 2) (=) 0(2) dz
Rn

X —Z _ — 2
K=zl e |).

k()l(-xv y, Z) = (|x - Z|a7n log
lx — yl lx — yl

Then

A(@) < Cllwso@n.

Having Theorem 1.1 serve as a replacement for (1.5), for small enough & we obtain
estimates “close to the differential order s” for the fractional p-Laplacian.

Theorem 1.3 Lets € (0, 1), p € [2, 00), Q C R" open. Take u € W* P (2) a solution
to

(—A), qu = f.

Then there is an ey > 0 only depending on s, p, and 2, so that for ¢ € (0, g9) the
following holds: If f € (WS=¢@=D-P(Q))* then u € W, P ().
More precisely, for any 21 € 2 there is a constant C = C(21, R, s, p) so that

[ulws+er@py < C ||f||(W8—s<p—1),p(Q))* + Clulwsr()-

Also, by Sobolev embedding, the higher differentiability Wl‘;—zg’p implies higher
5.+
Wloc

integrability i.e. -estimates.

A higher differentiability result similar to Theorem 1.3 was proven by Kuusi
et al. [18,20]. There it is stated only for the case p = 2, but the proof goes through
for p € (1, co) with only minor modifications. Their method is a generalization of
Gehring’s Lemma and dual pairs. Our argument is quite different and allows for a
shorter proof. Both techniques are quite robust and can be easily extended to more
general nonlinearities:

Theorem 1.4 Lets € (0, 1), p € [2,00), and a domain @ C R". Let ¢ : R - R
and K (x, y) be a measurable kernel so that for some C > 1,

o) < Cle|P~", @)t > |1]P Vi eR,
and

Clx —y|™ P < K(x,y) < Clx — y|"P.
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We consider for u € W*P(Q), the distribution Ly x o (1)

Lo x.000le] = /S2 /Q K(x.y) p) — u(y) (9(x) — o(y)) dx dy.

Then the conclusions of Theorem 1.3 still hold if the fractional p-Laplace (—A)fp’Q
is replaced with Ly g q.

Remark 1.5 (Limiting case as s — 1) The classical p-Laplacian can be seen as a
(rescaled) limit of the fractional p-Laplacian (—A)‘;’Q ass — 1,see[4]. Nevertheless,
it seems unlikely that as s — 1 there is a limit differentiability version of Theorem 1.1,
and consequently a replacement for Theorems 1.3 and 1.4 if p > 2.

There is, however, a nonlinear commutator estimate due to Iwaniec [16] reminiscent
of Theorem 1.1. But it concerns integrability instead of differentiability. For any u
with suppu C Q and any ¢ € (—1, 1) there are maps v, R so that we have the Hodge
decomposition

|Vu|*Vu = Vv + R.

Moreover, | Vvl| £ = ||Vu||{1]+5 for all ¢ and, most importantly, by Iwaniec’ non-
+e’ ’
linear commutator estimate if ¢ is small then R is small:

1+¢
IRl psz g 3 lelIVull 3 o

The additional ¢ in the last estimate allows for estimates “close to the integrability
order p”. Indeed

||VM||£iiQ=/ |Vu|”_2Vqu+/ |Vu|P2VuR,
’ Q Q

and thus,

p+e p—1 1+
IValZE o 3 1A uloll + [ Vull 250 o 1Vl .

pte
In particular, if € is small enough and A ,u is in (W)’ e (Q))*, thenu € Whrte(Q).

The commutator estimate in Theorem 1.1 also allows to estimate very weak solutions—
i.e. solutions whose initial regularity assumptions are below the variationally natural
regularity:

In the local regime, the distributional p-Laplacian A ,u[¢] is well defined for ¢ €

C2°(S2) whenever u € Wllo’f - (£2). The variationally natural regularity assumption is
however W7, since A p appears as first variation of ||Vu||£,9. For the p-Laplacian,
Iwaniec and Sbordone [17] showed that some very weak p-harmonic functions are in

fact classical variational solutions:
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700 A. Schikorra

Theorem 1.6 (Iwaniec—Sbordone) Forany p € (1, 00), 2 C R”, there are exponents
1 < r1 < p < ry < 00 so that every (weakly) p-harmonic function,

Apu =0,

satisfying u € Wllo’zl () indeed belongs to WIIO’ZZ(Q).

Again, while the p-Laplace improves its solution’s integrability, the fractional
p-Laplace improves its solution’s differentiability. The distributional fractional p-
Laplace (—A);)’Qu[go] is well defined for ¢ € C2°(2) whenever u € w4 P=1(Q) for

any ¢ > 0 with ¢ > (*‘5%11)+. We have

Theorem 1.7 Foranys € (0, 1), p € (2, 00), 2 C R", there are exponents 1 < r; <
p <ry<ooandty <s <t sothat every (weakly) s-p-harmonic map,

(=AY} qu =0,

satisfying u € W' (Q) indeed belongs to Wltgérz(Q).

The arguments for Theorem 1.7 are quite similar to the ones in Theorem 1.3, and we
shall skip them.

Let us state an important application of Theorem 1.3: It is concerning fractional
harmonic maps into spheres S¥ ¢ R¥*+1: In [23] we proved that for s € (0, 1) critical
points of the energy

Es(u) = —| x) (y),,|J dxdy, u:QcCcR'— sV
+ =
QJa |x —y["s

are Holder continuous. Indeed, together with Theorem 1.3 the estimates in [23] imply
a sharper result.

Theorem 1.8 (¢-regularity for fractional harmonic maps) For any open set Q C R”
there is a 6 > 0 so that for any A > 0 there exists € > 0 and the following holds: Let
u e Ws(Q,SN) with

(] o) < A (1.6)
be a critical point of Es(u), i.e.
Al e (T2 ) 2o vpecx@. RY) (1.7)
dili=0” \Jut1g)) =5 TS BRI '

Ifonaball 2B C Q2 we have

(] et o) < 1 (1.8)

then on the ball B (the ball concentric to 2B with half the radius),

[l ysis.2 gy = Ca.B-
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Nonlinear commutators for the fractional p-Laplacian... 701

This kind of e-regularity estimate is crucial for compactness and bubble analysis for
fractional harmonic maps. Da Lio obtained quantization results [8] in the p = 2
regime forn = 1 and s = % With the help of Theorem 1.8 one can extend her
compactness estimates to all s € (0, 1), n € N. More precisely, we have the following
result extending the first part of [8, Theorem 1.1].

Theorem 1.9 Let u; € WS (R"*, SN=1) be a sequence of (s, %)-harmonic maps in
the sense of (1.7) such that

[Mk]WA',¥(Rn’§N—I) S C'
Then there is uso € Wss (R", SN_I) and a possibly empty set {«y, ..., o} such that
up to a subsequence we have strong convergence away from {1, ..., oy}, that is
k—o00 . 5
Uy — oo in W, (R"\{ay, ..., a}).

A more precise analysis of compactness and the formation of bubbles will be part of
a future work.

2 Outline and notation

In Sect. 3 we will prove the commutator estimate, Theorem 1.1. Roughly speaking,
we compute the kernel «; (x, y, z) of the commutator and show that its derivative in ¢
(which gives a logarithmic potential) induces a bounded operator. The latter estimate is
contained in Lemma 1.2 which we shall prove via Littlewood—Paley theory in Sect. 4.

We try to keep the notation as simple as possible. For a ball B, AB denotes the
concentric ball with A-times the radius. With

w)p = |B|™! / u
B
we denote the mean value.
The dual norm of the p-Laplacian is denoted as

1= 80}, qtll gyt oy = SUP (=AY} qulg]
¢

where the supremum is taken over ¢ € C2°(2) with [@]wr.p@wry < 1.
We already defined the fractional Laplacian (—A)%. Its inverse I* is the Riesz
potential, which for some constant ¢ € R can be written as

Ig(x) = C/ Ix —z|""g(2) dz. 2.1)
Rn

In the estimates, the constants can change from line to line. Whenever we deem the
constant unimportant to the argument, we will drop it, writing A S Bif A < C-B
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702 A. Schikorra

for some constant C > 0. Similarly we will use A &~ B whenever A and B are
comparable.

3 The commutator estimate: proof of Theorem 1.1

Proof Recall that for ¢ € (0, n) there is a constant ¢ € R so that forany ¢ € C°(R"),

C/n X — 2" (=A)Ip(z) dz = I'(—=A) Tp(x) = p(x). 3.1)

We write

e =yl ey

u(x) — (P2 (u(x) — u(y)) (L2
(-ayfutel = [ [ (257)
B B

=y

@ / / ) = w172 ) = u(y)) (B REE)
B B R»

x(=A) 2" p(2)dz dx dy

- / / /lu(x)—u(yw2<u<x)—u<y>> (=2l —lx —yI'™)

|x_y|n+sp

B B R»

x(—A)#(p(z)dz dx dy
+///|u(x)—u(y)|p_2(u(x)—u(y))Kg(x,y,z)

e = ypor

B B R»
t+ep
X(=A)"2 ¢(2)dzdx dy
with

__ S|ttep—n __ __ o|ttep—n
lx —z| ly —z|

@@J&%=( )—ﬂx—d“”ﬂx—M“W

|x — yleP

Using again (3.1), this reads as

R(u, p) := (—A)‘:—gu[q)] — C(_A)fn,Bu[(_A)%pw]
_ -2 _ o
— / / / () —u (V)P (u(x) —u(y))ke (x, v, 7) )2 o(ordzdrdy.

=y

B B R»

Since ko (x, y, z) = 0 for almost all x, y, z € R”",
£ d
Ke(x,y,z)=/0 Ska(x,7,2) 5.
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Nonlinear commutators for the fractional p-Laplacian... 703

We denote

Sp d
ks(x,y,2) == |x —y| %Ka(x, v,2)

= (|x —_ Z|t+8p—n lOg |.X' _Z| _ |y _ Z|t+5p—n log |y _Z|) )
=l Jx =yl

Thus, R(u, ¢) is equal to

|x_y|(s+s)(p—l) |x_y|s+s—(s—8)p |x_y|n :

/g/ () —u ()P~ @ x) —u(y)) (m/ks(x,y,Z) (—A) 2 ()dz\ dx dy ds
0 B B n

With Holder inequality we get the upper bound for | R (u, ¢)|

p 1

1 ks(x,v.2) (—A) T p(z)dz|  dx dy
elulyysiep gy SUP
B B

5e(0,) |x — yJste=(e=dp [x — y|"

n

This falls into the realm of Lemma 1.2, for
a:=t+68p, B:=t+ep, y=s+e—(€—-8p, y+p—a=s+e.

This concludes the proof. O

4 Logarithmic potential estimate: proof of Lemma 1.2

For the proof of Lemma 1.2 we will use the Littlewood—Paley decomposition: We refer
to the Triebel monographs, e.g. [24], and [14] for a complete picture of this theory.
We will only need few properties:

For a tempered distribution f* we define f; to be the Littlewood—Paley projections
fj = Pjf, where

Pif(x) = / 27" p(27 (x — 2)) f(2) dz.
Rn

Here, p is a Schwartz function, and it can be chosen in a way such that

S hi=1r .1

JEZL
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704 A. Schikorra

For any j € Z we have the estimate for Riesz potentials and derivatives (cf. (2.1))
j+1
=) £l 37 27N fillp. (4.2)

i=j—1

The homogeneous semi-norm for the Triebel space F,, , = B), , is

10y, = 2770805 ) 43)

JEZ

Crucially to us, the Triebel spaces are equivalent to Sobolev spaces: For s € (0, 1) we
have the identification

L W 2~ L Twsr .- (4.4)

Proof of Lemma 1.2 We denote
B
To(x,y) :=/k(x,y,z) (=A)2¢(2) dz.
Rn

In order to obtain the claimed estimate, we will use two decompositions simultane-
ously. Firstly, we decompose into slices where |x — y| &2 27%. For this denote

Xlyl~2=k *= XBy—k o) \By—k-1g) -

Secondly, we use the Littlewood—Paley decomposition (4.1). Then

AP 3 D ik

keZ,jel

where

dx dy
lx — ylrtve

Ijk 2=//X|x_ym—k 1T, WP [ Tej(x, y)l

R R”

Set

<=

o T » dx dy
ag = Xlx—y|~2—k [To(x, y)l m

n Rn
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and
bj =20 gl .

Note that with (4.3) and (4.4)

1
P
af | ~A(p) and BN~ el ~lplwsr@n.  (45)
J p.p

keZ JEZL

With Holder inequality,

1
P
dx dy
UNIN (R//Xlx Ly [T (x, y)|p X — y|rer

n Rn

We have to possibilities of estimating / j.k» and we are going to interpolate between
them:

Firstly, for any small o € (0, &) we can employ the estimate | log % | 3 ‘Ifr:i I‘: +

|x—z|”
[x=y|®

. If we recall the Riesz potentials (2.1), we see that

/Ix z|* " log || |||( INE: @)l dz

_ B _ 23
S = yITT (= A) 29 () + |x = I T T N(=A) 2 9| (x).
Having in mind (4.2) we obtain the estimate

ne+
1 i3 < 2k( Vl) 2kﬂ2*kp||1a+(rl( A)2¢]|||p +2k( £y 2~ kﬂz*k

X III“*"I(—A)fso,/IIIp
220 DOFD By by b)) + 25D By b+ by

This is our first estimate:
[ 3 2% D0=0) 204=0) 4 1) (bj_y +bj +bji1). (4.6)

Secondly, by a substitution we can write

|z]
|x — ¥

To;x,y) = /R el og (005 +0 = (82 + 1) dz.
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706 A. Schikorra

We use now [ f(x) — f(M| 2 |x — yI((MIV fl(x) + M|V f[(y)), where M is the
Hardy-Littlewood maximal function. Then, again for any o > 0,

ITej(x, )l

< |x—y|/ 2
+|x—y|/ 2

Sl — y|1—“1“+"M|<—A>fw,-|<x)
B
+lx = YT MU (= A) 2V (y)
B
+lx = y"T I MU (= A) 2 V| (x)

log

’ MI(= A)2V¢]|(Z+x) dz

log |Z|

' |M(= A)2V§01|(z+x) dz

_ B
+lx — I MI(=A) 2 V().

Consequently, our second estimate is

~ _ B 1 _ B
[ 3 2K 190 M (= A) 2V ||, + 2KV 1) 1970 M(=A) 2 Vg5,
j 2/((]/—1-‘1—0') 2j(—0[—0'+ﬁ+1)||(pj”p + 2]{()/—1—0) 2j(—0t+0'+/3+1)”(pj”p.

Together with (4.6) we thus have
fk’j = min{2*—N=0) Q20Gk=)) 4 1y 2(i=kU-y=0) (| 4 H(I=kQ20)yy
x(bj_1+bj+bji1).

In particular, since y € (0, 1) pick any 0 < o < min{y, | — y}—which, as we shall
see in a moment, makes the following sums convergent:

o0
AP 3D D 20RO by by 4 bjy) al”
JEL k=j+1

j—1
+> D 28D i 4 b+ bjr) al”
JE€ZL k=—00

—1
+Z(bj—1 +bj+bjy1) af
JEZL
= I1+I1I+1II.

With Holder inequality and (4.5),

1 p=l1
P P

Iz (207 | 2a) ] =A@ [elwran.

JEZ JEL
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As for I, for any ¢ > 0,
o
1=2 2200
JjE€L k=]

oo
(k) (1=y—0) )
jZZzl 7 (&b + e ay)
JEL k=]

o
= Ci_y_oe? be +e P Z Zz(j_k)(l_y_”)af

jez JeZ k=j

k
=Cl_y—o€’ be +8—P'Z Z 2(/’—/<)(1—y—rr)a,€7

JEL keZ j=—o0

14 - P
= ley,gsprj +e P Ci_y0s Zak
JEZL keZ

~ gp[(p]l‘:v,r,p(Rn) + 8_p Cl—y—oA((p)p~
The same works for /1:

j—1
1= > 2= p, g0~

JEL k=—00

:j 8p[(p][‘}7yx,p(Rn) + £_p Cl—y_gA(QO)P.
Together,
I+11 j 5‘1)[(#]";‘”11’(]1@) + 8—[1’C1_)/_JA(¢)P7

which holds for any ¢ > 0. Pick

1
- 1

&= [@lyp@n AP
Then
AP < T+ 1T+ 111 3 A [plwsr@n)-

Lemma 1.2 is proven if we divide both sides by A(g)?~!. O

5 Higher differentiability: proof of Theorem 1.3
In view of Lemma 8.1 we can assume w.l.0.g. that 2 is a bounded open set, and that

the support of u is strictly contained in some open set €21 € €2. Then Theorem 1.3
follows from

@ Springer



708 A. Schikorra

Lemma 5.1 Let Q1 € Q2 two open, bounded sets, s € (0, 1), p € [2, 00). Then there
exists an g9 > 0 so that for any ¢ € (0, &p),

p—1
[ ]m/v+‘c P(Q) ~ [M]WY P(Q) + ”( A) QMH(WS_E(])_I)”)(Q))*'

Proof We can find finitely many balls (Bk),f=1 C € so that U,le By O Q1. We
denote with 10B; the concentric balls with ten times the radius, and may assume
U, 108, € Q.

Denote

I's = [u]{)va,p(Q)a Foye = [M]I;‘/s+€,p(g)'

We then have

K

Z[” Z/ / lu(x) —u(y)|? dx dy
+ s+e, .
Y £ P Wste.p(2By) 28 J B |x _ y|n+(v+8)p

As for the second term, because of the disjoint support of the integrals we find

_ P
/ / ule) —u(y)l dx dy 3 (diam By) %P Ts.
Q\2B; /B X — |x — ylrtGror

That is

K
.s+8 Z[u]ﬁ/ﬁ—s‘p(zgk) + FS'
k=1

With Lemma 8.2 and Poincaré inequality, Proposition 8.3, for any § > 0,

K

oo 38 Tope + Csly+ > 877 (sup( A) g1 [w])
k=1

_P_
—1

where the supremum is over all ¢ € C2°(4By) and [@]ys+e.p ® =< 1. Here we also

used that (J 521 8By covers no more than . Choosing § sufficiently small, we can
estimate "4, by

P
—1

K
Lo+ Y (sup {20l ¢ € C@BO. [plysieren < 1})
k=1
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With Theorem 1.1 this can be estimated by

P
Oy +erTlgqe
P

+i(sup{\(—A);,gBku[<—A>3”<p] L ¢ € CE@BY, [elwsermn < 1])7
k=1

If ¢ € [0, &) for g9 small enough, we can again absorb I'sy.. The estimate for 'y,
becomes

S -
ot Z (SUP {’(_A);’»SBku[(_A)%pw] D @ € C(ABY), [@lws+er®ny < 1}) .
k=1

Next, we need to transform (—A)%w into a feasible testfunction, and denoting the
usual cutoff function with nep, € C2°(6By), nep, = 1in 5By

o o
(A) 7=y + 1 —nep)(=A)2¢
Then € C(6B;)
[V ]ws—o-n.0(@) 3 Crl@lwster@ny < Ck.

Moreover, the disjoint support of (1 —7ep, ) and ¢ implies (see, e.g., [3, Lemma A.1])

M
[ = nos0 =3 Fp] < Culphwrsrn.

Consequently,
£ -1
(=AY g ul(=2) T 0 = Y| 3 [l -
Hence, our estimate for I'y4. now looks like

P
1

Lot D (sup {803 )] = v € C26BO. Wy < 1))

k=1

Finally, we need to transform the support of (—A)Z from 8By to 2. Since supp ¥ C
6By, the disjoint support of the integrals gives

(=AY g uldr] — (=AY, quly]
— -1 _
j/ / lu(x) —u)P™" [ (x) — ¥ () dx dy
Q\8By J 7B

|x _ y|n+sp

-1
< Ck [u]l‘fvs.p(g) [W]WS*E(P*I)YP(R") .
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710 A. Schikorra

This implies the final estimate of ['s. by

)4

L+ (sup {| (- 805 qutvl| = ¥ € €@ W hys vy <1])7

6 Differentiability of p-harmonic maps: proof of Theorem 1.8

For B C R", 1t € (0, 1), we set

— %—2 _ _ L|t—n __ _ S|t—n
Tt,BM(Z)Z// () —u(y)ls " (ux) —uy) (x —z| ly —z| )dx dy.
BJB

e — s

T;, pu was introduced in [23] because of the following relation

c / T, pu(2) 9(2) dz
Rn
_ / / 0) — 2~ u() Tpl) = ') |
BJB

|.X _ yln—i—sg

dy. (6.1

From [23, in particular (3.1), Lemma 3.3, 3.4, 3.5] we have the following

Theorem 6.1 Let u satisfy (1.6) and (1.7) in an open set 2. Assume that on the ball
2B for a small enough ¢ > 0 (depending on A) (1.8) holds. Then there is ty < s,
o > 0, so that for some y» > y1 > 1 for any ball B,,, C B

[l yys. g,y S Cap® (6.2)

and
IITro,Byl,,ullﬁ,Bp < Cpp°. (6.3)

Estimate (6.3) looks almost as if Ty, Byyp belongs locally to a Morrey space. But
the domain dependence on By, , prevents us from exploiting this immediately. The
following proposition removes the domain dependence.

Proposition 6.2 Under the assumptions of Theorem 6.1 there exists y > 1, 0 > 0 so
that

< o
It Bull 2 5, = Co.AP

for any ball so that B, C B.

Proof Set k1 > k> > k3 > 1 to be chosen later. Take y := 2y; with y; from (6.3).
We will always assume p < 1.
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For some ¢ € C2°(By1), ||<p||% < 1 we have

T, putll 2

n—1y”’

j/ Ty.Bu ¢
]Rn

% / / () — 52w ) —u () U0p() — I°9())
BJB

e — [

B i

dy.

We will now use several cutoffs to slice ¢ into the right form. This kind of arguments
and the consequent (tedious) estimates have been used several times in work related
to fractional harmonic maps, cf. e.g. [3,7,9,10,21-23], and we will not repeat them in
detail. We will also assume that k1 > k3 > «3. If they are equal, to keep the “disjoint
support estimates” working one needs to use cutoff functions on twice, four times etc.
of the Balls.

For a cutoff function n By, € C°(Byp<2), NB 0 = 1 on By, we have

"¢ =y + (1 = 1p,,)1"p.

Note that ¥ € C2°(Bs,2) and!

Il + o o S el (6.4)

01 (Rr)
The disjoint support of (1 — 1) and ¢ ensures (see [3, Lemma A.1])
0, _ u <, (k1—=K2)(n—10) N
P9 = Vst gy < P ”(/)HE' (6.5)
We furthermore decompose
o o
(=8)2 Y =19+ (1 =np ;) (=A)2 4.

Then ¢ € CZ°(Bayrs) and

lolz 3 gl (6.6)
IV = 1) oo S p~ 42T g 6.7)

Again with (6.1), we then have

Ty, puell co g, S M+ LT+ [ TIT] + |1V

n—I

o .
! This is true if % > 2, since then [f]Wva% < [[(=A)2 f||%. It % < 2 one has to adapt the estimate,

but the results remains true.
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where

1 ::/T,O,Bwu @,

1] = / () —u ()5 2@ (x) —u () (Y —10¢)(x)— (Y —1°¢)(¥)) d
= o x dy,
Byp / Byp |x—y["TSs
2 - _
e / / 1) w2 —u o) G =¥
B\By, J By 2 [x — Y|n+3?

and

IV::// ux) —u@)* @) = u(y) (109 — Y)(x) = (9 = ¥)(7)) dx dy.
BJB

R
With (6.6), supp ¢ C Bayxs C Bap, and (6.3),
PABY
With (6.2), (6.7) (for p small enough),

n_q n_ —(k3— —
113 [l n [V — 1],z < G =D == jk2—k3)n,

(Byp) S (Byp) ™~
With the disjoint support of the integrals, Holder inequality (& > {), and (6.4),

—1

LERTI~ T 3 ple b,

fo—s ,k2(s—1o) .
PV p W]W’W(B)

Lastly, with (6.5)
1
<11 0, _ . = plki—K2)(n—to)
VIS My oy 0% =y ) .
If we choose k1 = k2 = k3 = 1, we obtain
1T, 8ull 2 5, 2L
whenever By, C B, In particular
”TtO’Bu”sziB ,j L. (6.8)
n—iq
On the other hand, we may take

K1 > kp > k3 = 1.
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Then we have shown that

Tt Bull 2 By S P7

which holds whenever B,, C B. Equivalently, for an even smaller o,

| Tl 2 g 3 07,

n—ip’
which holds whenever B 1 C B. With (6.8) this estimate also holds whenever
yp*l
By, C B, with a constant depending on the radius of B. |

In[23]itis shown thatfor#; > 19, Ty, pu = I"""0T,, pu. Since according to Propo-
sition 6.2 Ty, pu belongs to a Morrey space, we can apply Adams estimates on Riesz
potential acting on Morrey spaces [1, Theorem 3.1 and Corollary after Proposition 3.4]
and obtain an increased integrability estimate for 73, pu.

Proposition 6.3 Under the assumptions of Theorem 6.1 there arey > 1,19 <t < s,
and p| > nf—l] so that

”TI],Bu”p],Bp =< CApJ
for any ball so that B, C B.

Now we exploit (6.1): For any ¢ € C°(R")

U
()5 gl = | T =)o,

Letop € C?O(B%p) for B,, C B. With the usual cutoff-function n € C2°(B,), n = 1
on B%p
I(—A)%,Bu[fp]l STy Bullpy.8, I(=2)2 ¢l B,

N
H7sy.pulln g, 1(=A)Z¢] LRNB) -

By the Sobolev inequality for Gagliardo—Norms [23, Theorem 1.6], and the disjoint
support [3, Lemma A.1], this implies

|(=A)% gulell 3 Calel goy-z2 .
s’ 114 Py (Rn)

Since p; > , we have s + 1] — ﬁ < s, and the claim of Theorem 1.8 follows

n
n—riy 1
from Theorem 1.3 by a covering argument. O
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7 Compactness for T -harmonic maps: proof of Theorem 1.9

From the arguments in [8, Proof of Lemma 2.3.] one has the following:
Proposition 7.1 Fors € (0,1), p € (1,00) let (up);2, € W*P(R", SN=1), A :

supgenluklwsr@rny < 0o and g9 > 0 given. Then up to a subsequence there is
Uoo € WSP(R", SN=1) and a finite set of points J = {ay, ..., a;} such that

Up — oo in WP (R, SN_I) as k — oo,
and for all x ¢ J there isr = r, > 0 so that

lim sup[ug]ws.r(B,(x)) < €0-
k—o00

This, Theorem 1.8 and the compactness of the embedding W“"S’%(B, (x)) —
W* s (B, (x)) immediately implies that

k— 00

Uy —> Uno 1IN Wloj R™\J).

Appendix A: Useful tools

The following Lemma is used to restrict the fractional p-Laplacian to smaller sets.
Lemma 8.1 (Localization lemma) Let Q| € Q2 € Q23 € Q C R” be open sets so

that dist (21, 259), dist (R, %), dist (23, Q) > 0. Let s € (0, 1), p € [2, 00).
For any u € W5 P (Q) there exists u € W5 P (R") so that

(1) u — u = const in Q1

(2) suppu C 22

3) [alwsr@ny 3 [ulwsr @)
(4) Foranyt e (2s — 1,5),

~ -1
=A% 0l i gy B N AY il yier @y + [l -

The constants are uniform in u and depend only on s, t, p and the sets Q1, 22, Q23,
and Q2.

Proof Let Q) € Q,letn = ng, € C°(22), ng, = 1 on Q. We set
=g, (u — (e).
Clearly u satisfies property (1) and (2). We have property (3), too:
[ilws.r®ny 3 [ulwsr(g)-
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We write

u(x) —u(y) = nx)x) —u(y)) + &) —n(y)wly) — We,) -

a(x,y) b(x,y)

Setting
T(a) := |a|’ a,
observe that
IT(@+b) = T@] 3 bl (lal”=2 + b1 72) .
Also note that
T(a(x,y) ="~ @0)lulx) — u)P 2 @(x) — u(y))

We thus have for any ¢ € C°(€23),

(=AY, giile]
_ / / ji(x) — AP (@() — @) @) = @)

x— [

dx dy

// | (x) = uIP 2 @@) —u() 1”7 @) (&) = 9() dx dy

|x _ y|n+sp

// (T'(a+b) —T(a)) (¢(x) —¢(y)
|

x — |n+sp

dx dy

_ / / u(x) — uWIP 2 @) —u(y) @' @) — 0"~ Me()

x— Y
/ / lu(x) — u(IP72ux) —uy) @GP~ — P L)e ()
=yl

// (T'(a+b) —T(a)) (¢(x) —9(y)
|

X — |n+sp

dx dy

dx dy

dx dy

= (=A)} quln’~" ]
// lu(x) — u(WMIP72@(x) —u(y)) P~ 1(x) —nP~ l(y»go(y)
|x — y|rtsp

//(T(a-H?) T'(a)) (¢(x) — ()

e =yl

dx dy

dx dy.
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Consequently,

(=A)3, gilel|
j ”(_A);’QMH(W’J’(Q))* [ﬁp_lw]whp(g)
+// lu(x) —uIP~ T P~ — P~ ()] eI,

lx — |n+sp

dxdy

// [n(x)—n)| lu(y)— (u)QIIn(X)P*2 lu(x)—u(y)|P~2 Iw(x)—so(y)ld
x dy

e =y

// In(x) —nWIP 1 u(y) — g, 1P~ lw(x)_(p(yﬂdxdy.

e =y 5P

That is for any ¢ < s

(=AY} qille]]
S =AY, ull ey 17 wer ey

1
[P~ x) — P~ O)IP lo(»)]? »
ey ([ e )

1
— P — p v
Helwer @ [u]sv?i(g) (/Q/Q In(x) —n(y)l |M(Xz (e, | dxdy)
2

lx — y|n+(23 Hp

—1

_ p _ p =
el (/Q/Q () —nIP lu(y) — W)l Ix dy) _
2

lx — y|n+(2s—t)p

Since 7 is bounded and Lipschitz, supp n C €25, and ¢ € C2°(€23) we have that

[~ elwer @) 3 [@lwer @)

Also, choosing some bounded 24 € 2 so that Q23 € Q4,

1 1
// In”” (X)|xn” WP leWI” dy

_ |n+sp

3 / / lx — y| TP dx o) |Pdy
Q3 JQq

+/ / lx —y|7"7 dx lo(y)|Pdy
Q3 JR"\ Q4

:\</ ”‘P” [(p]Wr p(Rn

@ Springer



Nonlinear commutators for the fractional p-Laplacian... 717

Finally, using Lipschitz continuity of n and that2s — 1 < < s

// In(x) —nWIP luly) — W), |” dx dy
Q2

|)C _ y|n+(25—1)p

5/ lu(y) — (w)g, I”/ [x — y|7"TUHI=29P gy gy
Q3 Q0

1
+/ u(y) — (g |1’/ . axdy
2\ Y g, lx — ylrtsp
z/ / () — u@|? dy dz
Q1 J 2

lu(y) — M(Z)|p/ —————dxdydz
/Q] /Q\Q3 Q> | |n+vp

Note that for x,z € € and y € Qf we have that |[x — y| ~ |y — z|, and since
Q1, Q7, Q3 are bounded we then have

//Q In(x)—n(i)l” u(y) — (e, |” dx dy 3 [ulwsr@)-
2

|n+(2v np

Thus we have shown that for any ¢ € C2°(Q23),

. —1
(=%, qiilell 5 (1= AY gl qyrr gy + gy ) [€Twer @,
Since moreover, supp it C 2o, for any ¢ € C°(23),

(=4, el 3 (=AY, gilg]l + [l [@lwer @,
we get the claim. O
The next Lemma estimates the W*”-norm in terms of the fractional p-Laplacian.
Lemma 8.2 Let B C R" be a ball and 4B the concentric ball with four times the

radius. Then for any § > 0, [u]ﬁ,x,pw) can be estimated by

p
8P [uliys.pap)

+£’(S“p/ / 1) =Pl — 1)) (@) = 9G)) dde)ppl
v ¢ J4B J4B

r =y

C
+W diam (B) ¥ / lu(x) — (u)p|? dx
4B

where the supremum is over all ¢ € C°(2B) and [¢]lws.»r@wry < 1.
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Proof Letn € C°(2B), n = 1 in B be the usual cutoff function in 2B.

Y(x) = () x) — (w)p), and @)= n*@x)Ux) — @) p).

Then,
(W lws.r ey + [@lwsr@rey 2 [ulws.r2B)- (8.1

We have

u(x) —uIP 2 (x) = Y () G (x) — ¥ ()
[M]Ws p(B)

X =y dx dy.

4B 4B

Now we observe

W) =Y’ = @) — PO — () ux) = @)p)
Y () (y) —n(x) (ux) —uly))
Hex) — o) (x) — u(y)).

That is,
[lfyeppy ST+ 1T +111,

with

I // lu(X)—u(y)lp_z(u(x)—u(y))(fﬂ(x)—w(y))d
— xdy,
r =yl
4B 4B
_ p—2 _ _
I :// lu(x) —uWMIP™=n(x) — M| ¥ (x) — ¥ ()] () — ()] dox dy.
Ix —_ ylfl“rSP
4B 4B
_ p—1 _
111 ::// lu(x) —uMIP™ n(x) —n(y)l )l dy.
r = ylor
4B 4B
With (8.1),
_ =2 _ _
Is[u]ws,p(m) sup // lu(x) —u)|P™=(u(x) nrs(py)) (p(x) — @(¥)) dx dy.
WA p(Rn)<l4B4B |x - yl
Asfor 1,

1121V // |u(x) = uIP 2P @) = Y ()| [ux) = @)

= y o] dx dy.

4B 4B
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For any #, > 0 so that #, = 1 — s, we have with Holder’s inequality

— //m(x)—u(ynp2|w<x>—w<y>| ) = @l

lx — y|n+s(p—2)+x—t2

4B 4B

. — -2
S diam (B i, Ohwscsny | [ [ 200
B

Since t, > 0,

/ lu(x) — @)pl|”

T dx dy = (diam B)?P / lu(x) — (u)g|? dx.
4B

4B 4B

So using again (8.1), we arrive at

P

11 = diam (B)™* [u]ﬁ;,lp(w) / lu(x) — (w)pl” dx
B

111 can be estimated the same way as /[, and we have the following estimate for

P
[u]Ws.p(B)

lu(x) — u()P~2(u(x) — u(y)) (e(x) — ()
[ulws.p4aB) sup dx dy
4

|x _ y|n+sp

4B 4B

Hull b diam (B ([ 1) = wal? dx
B

We conclude with Young’s inequality. O

The next Proposition follows immediately from Jensen’s inequality and the defini-
tion of [u]}.., O.B)"

Proposition 8.3 (A Poincaré type inequality) Let B be a ball and for > > 1 let AB
be the concentric ball with A times the radius. Then for any t € (0, 1), p € (1, 00),

/ lu(x) — (u)p|? dx 2 A"TPdiam (B)"?
iB

P
lyyipp)-
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