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Abstract McKay’s original observation on characters of odd degrees of finite groups
is reduced to almost simple groups.
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1 Introduction

In 1971 John McKay made an observation that changed the course of the Represen-
tation Theory of Finite Groups: “In this note we observe that the number m,(G) of
inequivalent irreducible complex representations of odd degree of a finite group G is
a power of two for many groups G” [17].

What McKay was noticing was a particular (but fundamental) case of what later
has become known as the McKay Conjecture: if G is a finite group, p is any prime
and P € Syl ,(G), then
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mp(G) =mp(Ng(P)),

where now m ,(G) is the number of inequivalent irreducible complex representations
of degree not divisible by p of a finite group G. If true, this is an astonishing fact,
since global information of a finite group G is going to be encoded in a local small
subgroup of G, the Sylow normalizer Ng (P).

In the case where NG (P) = P, one has that m ,(Ng (P)) equals the order | P/ P'| of
the largest abelian quotient of P, since the degrees of the irreducible representations of
afinite group divide the order of the group. Hence, what McKay was observing was that
m3(G) equals the 2-power | P/ P’| in the many finite groups having self-normalizing
Sylow 2-subgroups.

In this paper, we prove that in order to prove McKay’s original observation, it is
enough to check it for certain almost simple groups.

Theorem A Let G be a finite group with a self-normalizing Sylow 2-subgroup P.
Suppose that my(H) = |Q/Q’| whenever H is an almost simple group involved in
G with a self-normalizing Sylow 2-subgroup Q and H = soc(H)Q. Then m(G) =
|P/P|.

(Recall that a finite group H is almost simple if S < H < Aut(S), where S is a
non-abelian simple group. In particular, S is the unique non-trivial normal subgroup
of H and therefore the socle soc(H) is just S. Also, H is involved in a finite group G
if there exist subgroups ¥ <« X < G such that X/Y = H.)

Our proof of Theorem A uses the Classification of Finite Simple Groups. It is
also independent of the ongoing plan proposed in [8] (later refined in [26]) to prove
the McKay conjecture: a finite group G will satisfy the McKay Conjecture if every
non-abelian simple group S involved in G satisfies the inductive McKay condition.
Essentially, S satisfies the inductive McKay condition if there is a bijection between
the irreducible characters of p’-degree of the universal covering group S of §, and
those of its p-Sylow normalizer N¢(Q), where O € Syl p(S‘ ), that commutes with the

action of the automorphisms in Aut(S‘) that stabilize Q, respects central characters,
and satisfies certain delicate cohomology equalities between character correspondents.

In the statement of our Theorem A there are no cohomology conditions nor cov-
ering groups, but a pure reduction of the problem to almost simple groups. This is
only possible because, using the self-normalizing condition, we are able to prove a
perhaps surprising and deep extension theorem of characters (Theorem 3.3 below)
that eliminates cohomology, and that constitutes, we believe, a step further in the plan
to check that every finite simple group satisfies the inductive McKay condition. (We
note that Theorem 3.3 does not hold without the self-normalizing 2-Sylow condition
and that it does not follow from other extendibility results. See Remark 4.15.)

So whatis left in order to have a full proof of McKay’s original observation? Assume
that S is a non-abelian simple group and that S < H < Aut(S) is such that H/S is a
2-group and H has a self-normalizing Sylow 2-subgroup Q. What is needed is to prove
the existence of a bijection between Irry/(§) and Irrp (Ng(R)), where R = QN S, that
commutes with Q-action. If H = §, this is a consequence of work by Malle and Spith
[13,24,25]. For H > S, unless another argument is found, we need to understand how
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Q acts on the odd-degree irreducible characters of S. How Out(S) acts on Irr(S) for
a finite simple group of Lie type S is a fundamental problem, which is yet unsolved
and currently studied by several mathematicians (including M. Cabanes, G. Lusztig,
G. Malle, B. Spith, and others).

In the final section of this paper we offer another application of the extension The-
orem 3.3, by proving a reduction to almost simple groups of a well-known conjecture
on groups with self-normalizing Sylow 2-subgroups.

2 Extending characters

First, we recall the “modern notation” for m ,(G) which is
mp(G) = |Irrp (G)],

where

Ity (G) = {x € r(G) | p f x (1)}

and Irr(G) is the set of the irreducible complex characters of the finite group G. In
general our notation for characters follows [7].

We start by proving a new extension theorem of characters which uses Galois
conjugation. Let 0 € Gal(Q/Q) be the unique Galois automorphism such that o fixes
the 2-power roots of unity and squares the odd roots of unity. This is an automorphism
which is related to the McKay Conjecture by work in [18].

Theorem 2.1 Supposethat N< G, G/N has odd order. Let6 € Irr(N) be G-invariant,

and assume that 6° = 0. Then 0 extends to G, and has a unique extension e Irr (G)
such that

6)° =6.
Proof First we prove that if 6 extends, then 6 has a unique extension 6 € Irr(G) such
that (0)° = 0. Let Y € Irr(G) be such that ¥y = 6. Now, ¥° = Ay for some linear

» € Irr(G/N) by Gallagher’s theorem [7, Corollary (6.17)]. Let x = Av. Then ¥
extends 6 and

X7 =) =AY =AY =AY = .

Suppose now that Ty = 0 with 1 = t € Irr(G). Then T = pux for some linear
w € Irr(G/N). Now

px =t1=1"=p"x" =pux = u'x

and therefore . = 2, by Gallagher’s theorem. Hence 1« = 1, and we have proved
what we claimed.
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1158 G. Navarro, P. H. Tiep

Therefore, it suffices to show that 6 extends to G. We argue by inductionon |G : N|.
Let M /N be a maximal normal subgroup of G/N.Hence |G : M| = ¢, an odd prime.
By induction, 6 has a unique extension u € Irr(M) such that u° = u. By uniqueness,
W is G-invariant, because 6 is G-invariant. Now, u extends to G by [7, Corollary
(11.22)], and hence 0 extends to G. m]

Corollary 2.2 Suppose that N < G. Let x € Irry (G), and let 6 € Irr(N) be under .
Let T = Ig(0) be the stabilizer of 0 in G. If 6° = 6, then 6 extends to T.

Proof Let ¥ € Irr(T) be the Clifford correspondent of x over . Then ¥ has odd
degree, and therefore, we may assume that 6 is G-invariant. By [7, Corollary (11.31)],
it suffices to show that 6 extends to Q for every Q/N € Syl (G/N), q any prime.
If g = 2, then ) has some odd degree irreducible constituent y € Irr,(Q). Now,
yn = 6, by [7, Corollary (11.29)]. If g is odd, then 6 extends to Q by Theorem?2.1.

O

The following extension theorem is now a consequence of the McKay-Galois con-
jecture (proposed by the first author in [18]). However, this version of the McKay
conjecture seems to be very deep and only a few cases have been verified. So, in this
form, it can only occasionally be applied. We will remove the dependence of Corollary
2.3 on the McKay-Galois conjecture in Theorem 3.3.

Corollary 2.3 Set p = 2. Suppose that N < G, x € Irr,/(G), and let 6 € Irr(N)
be under x. Suppose that G has self-normalizing Sylow 2-subgroups. If the McKay-
Galois conjecture holds for finite groups with self-normalizing Sylow 2-subgroups,
then 0 extends to its stabilizer T = I5(0).

Proof Letyr € Irr(T) be the Clifford correspondent of x over 6. Since x has p’-degree,
it follows that 7' contains some P € Syl »(G). Since ¢ € Irr , (G), it follows that some
T € Irr,y (N P) under  has p’-degree. We also have that N P has a self-normalizing
Sylow 2-subgroup. Therefore, by the McKay-Galois conjecture [18, Theorem 5.2],
we have that T € Irr, (N P) is o-invariant. Since Ty = 6, then we conclude that 6 is
o-invariant, and Corollary 2.2 applies. O

The following extension lemma is elementary.

Lemma 2.4 Suppose that N < G is a p-group. Let x € Irr,(G), and let 0 € Irr(N)
be under y. Then 0 extends to 15 (6).

Proof Let T = I(0), and let ¢y € Irr(T) be the Clifford correspondent of x over
0, which has p’-degree. Hence, we may assume that T = G. Let P € Syl,(G),
which contains N. Then xp has some p’-degree irreducible constituent p which
necessarily lies over 6 and is linear. Thus 6 extends to P. But 6 extends to NQ
for every Q € Squ(G) with g # p, by [7, Corollary (6.28)]. Thus 6 extends to G. O

If a group A acts by automorphisms on G, we will use the notation Irr4(G) to
denote the set of characters in Irr(G) that are fixed by A, and Irry, ,y(G) to denote
those A-invariant that are of p’-degree. The following is well-known.
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Theorem 2.5 Suppose that G is a finite group, K = OF(G), and P € Syl ,(G). Then
every P-invariant irreducible character of K of p’-degree extends to G. In particular,

lIrr (G)| = |Irrp_y (K)| - |P - (PN K)P'|.

Proof 1f x € Irr;y (G), then xg € Irr(K) by [7, Corollary (11.29)]. Now the theorem
easily follows from [7, Corollary (6.28)] and Gallagher’s theorem. O

We also need a downstairs version of the previous theorem.

Theorem 2.6 Suppose that G is a finite group, K = OF(G), and let P € Syl (G).
Let P <V <GandU = VNK.If0 € Irr(U) has p'-degree and is P-invariant,
then 0 extends to V.

Proof We have that

0% = > (6%, x1x + > 0%, x1x
x€lrp(K) xelrp(K)
(6%, x1x(1)#0mod p (0% x1x ()=0mod p
+ > 105 aax
x€lrr(K)\Irrp (K)

Note that the characters in Irr(K) \ Irr p (K) lie in P-orbits of nontrivial p-power size
and occur with the same multiplicity in the P-invariant character 6% Since X has
p’-degree, we deduce that there exists x € Irr(K) of p’-degree, P-invariant, such that
[x, 0K = [xu, f]1is not divisible by p. Now, x extends to G by [7, Corollary (6.28)].
Let ¢ € Irr(G) be an extension of x. Then [Yy, 8] = [xv, €] is not divisible by p.
Now,

[Yu.01= > [yv,tllww, 6]

relr(V)

and we deduce that there exists T € Irr(V) such that [ty, 6] is not divisible by p. Since
0 is P-invariant, [ty, 0] = 7(1)/6(1) divides |V : U| which is a p-power. Hence,
Ty = 6, as desired. O

Corollary 2.7 Suppose that K = OP(G) and let P € Sylp(G). Let P <V <G and
U=VNK.ThenV'NU =[U, V].

Proof We havethat U’ < [U,V] < V'NU.Letx € Irr(U/[U, V]). Then A is linear
and V-invariant. In particular, it is P-invariant. Hence, it has an extension »e Irr (V)
by Theorem 2.6. Now, V' < Ker(1) and V' N U < Ker(}). Since this is true for all
A €Ir(U/[U, V]), we have that V' N U < [U, V1. O

Finally, we will need an extension theorem from minimal normal subgroups under
certain fairly usual circumstances.
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1160 G. Navarro, P. H. Tiep

Lemma 2.8 Suppose that N < G, and that N = S1 X - - - X 8; is the direct product of
the set of subgroups Q = {81, ..., St} of N which are transitively permuted by G by
conjugation. Write S = Sy and view S/Z(S) <« A = Aut(S). Let6 =01 x --- x 6; €
Irr(N) be G-invariant, where 0; € Irr(S;) and 01 € Trr(S/Z(S)). If 01 extends to
14(61), then 0 extends to G.

Proof Write H = Ng(S), S; = $%, where G = Utj:l Hxj is a disjoint union. We
claim that §; = (6;)%. If s € S, then we have that 6 (s*') = ]_[j#i 0;(1)6; (s*). Also,

using that # is G-invariant, we have that 6 (s*) = 6(s) = Hj>1 0;(1)61(s). Thus 9*71
and 6 are multiple of each other, and therefore they coincide by irreducibility. The
claim follows. Now, we notice that #; is H-invariant because 6 is G-invariant. Let
C = Cg(S). Now, view S/Z(S) = SC/C < H/C < Aand 6, € Irr(SC/C). Since
01 extends to 14(61), we have that 6; extends to Iy (01) = H.Let ¢ € Irr(H/C) be
an extension of 0;. Now, let

p =y

be the tensor induced character. (See Section 4 of [6] for the definition.) By Lemma
(4.1) of [6], we have that

t
p(n) =[] w@nx;h
j=1

forn € N. Write T = H;'=2 S*,sothat N = § x T. Notice that T < C < Ker ().
If we write n = s1 - - - 5, with s; € S;, then we have that

t 1 t .
pm) =[]0y ) =[]0 =0m),
j=1

j=1

and this completes the proof of the lemma. O

3 Proof of Theorem A

In this section, we prove Theorem A assuming Theorem 3.1 on simple groups, which
will be proved in later sections. From now on we set p = 2.

Theorem 3.1 Let S be a finite non-abelian simple group, and let A = Aut(S). View
S < A. Suppose that 0 € Trry (S). Let I = 14(0) and let X/S be a Sylow 2-subgroup
of 1/S. Suppose that X has a self-normalizing Sylow 2-subgroup. Then 6 extends to
14(6).

The self-normalizing hypothesis is conveniently inherited in a key situation.

Lemma 3.2 Suppose that N <« G, and that N = S1 X --- x Sk is the direct product
of the set of groups 2 = {S1, ..., Sk} which are permuted by G by conjugation.
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Let P € Sylp (G) and assume that P = Nyp(P). Then there exists S; such that
Q = PN Ng(Si) € Syl,(NG(S)) and Q = Ns,0(Q).

Proof Work by induction on |G|. First,note by [21, Lemma 2.1(ii)] thatif Y < X, where
Y/Xisap-groupand P € Sylp(X),thean(P) = Pifandonlyif Cny (gy/r(P) = 1,
where R = PNY.Now, by Sylow theory, thereis some g € G suchthatNg (S1)NP¢ €
Sylp(NG(Sl)). Now, (S1)g_] = §; for some i, and therefore Q = PN H € Sylp(H),
where H = Ng(S;).

Write now N = M x K, where M is the product over the P-orbit of S; and K is
the product of the rest. Notice that P is self-normalizing in M P, because itis in N P.
Assume that M P < G. By induction, thereissome x € P suchthat R = Ny p(S7)NP
is a Sylow p-subgroup of Ny p(S7), and R is self-normalizing in S} R. Now, R s
self-normalizing in S;R*~ and R* = Nyp(S)) NP = NGg(SHNMPNP = O,
so Q is self-normalizing in S; Q, as desired. Hence, we may assume that M P = G,
and that P transitively permutes the set 2. In particular, NP = G.

Now, write S = Sj, and N = S*! x --- x 8%, where x; € P and x; = 1. Recall
that G = NP. Write U = QNN = PNN € Syl ,(N). Then PNS=0NS=V,

U=V"x...xV" and Ny(U)=Ng(V)" x -..- x Ng(V)".

By hypothesis, we have that P is self-normalizingin G = N P.Hence Cn, (v),u (P) =
1.

Suppose finally that zV € Cny(v)/v(Q), where z € Ng(V). Let y = Htj:l Fat s
Ny (U). We show that [yU, P] = U.Inthiscase y € U = V' x ... x V* and
therefore z € V, which will prove that Q is self-normalizing in SQ. Letx € P. We
have that

t
P = U Ox;.
j=1
Hence Qx;jx = Qx4 (j), where o is a permutation of {1, ..., k}. Since zV is fixed by

Q, we have that
TV = (V)N = (zV) Y0,
Then

GUY =@V vyt = [y YU =y,
J

as desired. O

The following is the fundamental idea to prove Theorem A. (Recall that its proof
uses the Classification of Finite Simple Groups.) The case were p is odd was recently
proved in [22], with a totally different type of proof, and inspired us to resolve the
case p = 2 here.
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1162 G. Navarro, P. H. Tiep

Theorem 3.3 Let G be a finite group. Set p = 2. Let P € Syl (G), and assume that
P =Ng(P). Let N« G, x € Ity (G) and 6 € Irr(N) be under x. Then 0 extends to
15(0).

Proof Let (G, N) be a counterexample with |[N| 4+ |G| as small as possible. Let
T = 1G(0), and let ¥ € Irr,y (T) be the Clifford correspondence of x over 6. Now, T
has p’-index, and therefore T contains a Sylow p-subgroup of G which is therefore
self-normalizing in 7. By minimality, we may assume that 7 = G and so

XN = ef. 3.1

Suppose that M <« G, where M < N, and write xy = f Zf: 1 Ti for a G-orbit
{t1,..., 7} on Irr(M). Since p 1 x (1), we may assume that T = 7| is P-invariant.
Set I = Ig(t),sothatt =[G : I]. By (3.1) we also have that 8y = (f/e) z;zl T,
and so N permutes 7y, ..., T, transitively, i.e. t = [N : I N N] and

G=IN. (3.2)

Let p € Irr(/ N N) be the Clifford correspondent of 8 over t. Since 0 and t are both
I-invariant, p is I-invariant by uniqueness in the Clifford correspondence.

Next, since x lies over p, it follows that some irreducible constituent x; of x; lies
over p. Hence x lies over 7 and necessarily x = (x1)¢ by the Clifford correspon-
dence. In particular, x; has p’-degree. Now, P is self-normalizing in I, and so by
induction hypothesis we have that p extends to some u € Irr(7). Applying (3.2) we
obtain

N = (i)Y = p" =9,

and so we are done in this case. Hence, we may assume that N is a minimal normal
subgroup of G.

If N is a p-group, then we know that 6 extends by Lemma 2.4. If N is a p’-group,
then Ng(P) = P implies that Cxy(P) = 1, and so & = 1y by the Glauberman
correspondence, whence we are done too.

Therefore we may assume that N is a direct product of isomorphic non-abelian
simple groups {S1, ..., S;} which are transitively permuted by G. By Lemma 3.2,
there is some S;, say i = 1, and write S; = S, such that if H = Ng(S), then
OQ=HNPEe Sylp(H) and Q is self-normalizing in SQ. Write 6 = 61 x --- X 6;,
where 6; = (6)8 for some g; € G with §8 = §;. Now, we have that S| < N < H.
Since x has p’-degree, it follows that some irreducible constituent & € Irr(H) under
x has p’-degree. Since xg is a multiple of 6y, it follows that &g is a multiple of 6;. In
particular, 6 has odd degree and is H-invariant. Let C = Cg(S). Then 6] = 6; x 1¢
is H-invariant of odd degree. Now, let H = H/C and use the bar convention. View
0 € Irr(SC/C) = Irr(S), whichis H-invariant. We have that Q is a Sylow 2- subgroup
of H, and that Q is self- normalizing in SQ. Write A = Aut(S), so we can view S< A,
and § < H < J = I4(6;) < A. Now let Y be a Sylow 2-subgroup of J containing
Q.Then SQNY = Q, and it easily follows that Y is self-normalizing in SY = X
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because Q is self-normalizing in QS. By Theorem 3.1, we conclude that 6; extends
to J. By Lemma 2.8, we now see that 8 extends to G, contradicting the choice of G
as a minimal counterexample. O

In order to prove our main result, we need a relative version of it which implies
Theorem A by setting N = 1.

Theorem 3.4 Let G be a finite group with P = Ng(P), where P € Syl,(G) and
p =2 Let N< G and 0 € liry(N) that extends to N P. Assume that Irr,y (H) =
|Q/Q’| whenever H is an almost simple group involved in G with a self-normalizing
Sylow 2-subgroup Q and H = soc(H) Q. Then

It (G16)| = | P : P'(P N N)|.

Proof Let (G, N) be a counterexample minimizing |N |+ |G|. Let T = I5(0) which
contains P; in particular, P is self-normalizing in 7. Then

e (G10)] = [Irr (T'0)]

by the Clifford correspondence, and we may assume that 7 = G. Since € extends to
N P and has p’-degree, 6 lies under some yx € Irr,/(G) (because 6% has p’-degree).
By Theorem 3.3, we have that 6 extends to G. Thus |Irr ,(G|6)| = |Irr,, (G/N)| by
Gallagher’s theorem. If N > 1, then PN is self-normalizing in G/N and by induction
[Irr,,(G/N)| = |PN/P'N| = |P : P'(P N N)|, and we are done by induction.
Thus we may assume that N = 1. Let L be a minimal normal subgroup of G.
Suppose that L is a p’-group. Then every x € Irr,/(G) lies over some P-invariant
7 € Irr(L). Since by hypothesis Cz,(P) = 1, we have that T = 1, by the Glauberman
correspondence. Hence Irr,,(G/L) = Irr y (G), and we are easily done by induction.
Now let A be the set of p’-degree irreducible characters of L that extend to LP.
Then
Irr, (G) = |_| Irr , (Gl ) (3.3)
HEA

is a disjoint union. Indeed, if x € Irr,/(G), then some irreducible constituent T of

xLp has p’-degree, and 7, € A. Conversely, suppose that x € Irr, (G) lies over

some P-invariant u € Irr(L). If v € Irr(L) is any P-invariant character lying under

X > then we can write v = 8 for some g € G. Now the P-invariance of v implies that

gPg™' € I5(n). Note that I (jv) > P and NG (P) = P by hypothesis. It follows that

g € Ig(n) and v = pu. Thus p is unique, showing that the union in (3.3) is disjoint.
Write Qg = L N P and Ry = Q¢ P’. By induction, we have that

[Irr, (G| = [P = Rol
for all © € A. Hence (3.3) implies that

Hrrp (G)| = [A[|P 2 Rol. 34
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We claim that
[A||P : Ro| = [Trrpy (L P)]. 3.5)

If OP(L) = L, then this follows from Theorem 2.5. If L is a p-group, then A is the
set of different restrictions to L of the linear characters of P. This set has size

Al = |P:P| |P:P|
" |P:P'L|  |P:Rol’

and the claim also follows. Combining (3.4) and (3.5), we conclude that
[Irr (G)| = [Irr,r (L P)].

By induction, we may assume that LP = G, and certainly that G is not a p-group.
Hence we have that L (and every other minimal normal subgroup of G) is a direct
product of ¢t non-abelian simple groups of order divisible by p which are transitively
permuted by P.

Next, we show that we may assume that + = 1. The argument is more delicate
than expected. Write L = S x ... x §*, where G = UZ‘:] Hx; withx; =1, and
H = Ng(S). Thus G = HP and PN H € Syl ,(H). Write Q = P N H. We have
that Q is self-normalizing in SQ by Lemma 3.2. Let R = LN P = L N Q, and let
Ri=RNS=PNS=QNS. Notice that

R=R]"x--- xR
Furthermore, we claim that Q = Np(Ry). Since Ry = PN S and Q = Np(S), it
follows that Q@ < Np(Rp). Conversely, suppose that z € Np(Ry). Let 1 # v € Ry.
Then v € Ry < §. On the other hand v* € §¢ = S§% for some j and v* € SN §Y.
Necessarily $* = § = S§¢ and z € Np(S) = Q. Now, by [21, Lemma 4.1(ii)], we

deduce that
[rr,r p(R)| = [Irr )y o (R (3.6)

Now, by applying Corollary 2.7 to the groups G = L P and SQ, we have that
P'NR=[P,R] and Q'NR; =[0Q, R].
Combining this with Eq. (3.6), we obtain that
[R: P"NR|=|R;:Q NRyl. 3.7
Now, again by [21, Lemma 4.1(ii)] we know that
[Irrp pr (L)] = [Irr g, (S)]. (3.8)
By Theorem 2.5, we have that

ey (SQ)| = [Trrg, , (S)] - 1Q : Q'R (3.9
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and
[Irr , (G)| = |Irrp pr (L)] - | P P'R| (3.10)

Suppose that ¢ > 1. Then SQ < G, and by induction applied to SQ, we have that

|Irr, (09) = 1Q/ Q. (3.11)

Now, by using Egs. (3.10), (3.8), (3.9), (3.11) and (3.7), in this order, we obtain that
[Irr, (G)| = |P : P|.

Hence we may assume that r = 1, L = S, and that G = SP. Since all minimal
normal subgroups of G are non-abelian, we also have that C;(S) = 1. In this case,
the theorem follows by our hypothesis. O

4 Proof of Theorem 3.1

The goal of this section is to prove Theorem 3.1.

4.1 Preliminaries

We begin with a reduction.

Lemma 4.1 To prove Theorem 3.1, it suffices to show that 0 extends to R, whenever
R/S € Syl,.(1/S) is non-cyclic, r > 2 a prime, 6 is non-real, and (S, r) is one of the
following:

(i) S= PSL;(q)withq = p! for some prime p, e = £, r|f, and2 < r| ged(n, g —
€);
(ii) S = E¢(q) withq = p! for some prime p #3, € =+, r =3|f, and r|(q — €).

Furthermore, one may assume that 0 is not a unipotent character of S.

Proof By Corollaries (11.31) and (11.22) of [7], it suffices to prove that, for every
prime r such that R/S € Syl,.(I/S) is non-cyclic, 6 extends to R. Now if r = 2, then
we are done by [7, Corollary (8.16)], as o(x) = 1 and 2 1 x (1). Also, if 6 is real, then
0 extends to I by [19, Theorem 2.3].

Note that Out(S) is a 2-group if S is an alternating or sporadic simple group. It
remains to consider the simple groups S of Lie type, defined over F; where ¢ = p
for some prime p. If S = PQ;(q), then all 6 € Irr(S) are real by [27, Theorem 1.2],
and so we may assume S is not of type D4. Using the description of Out(S) as given
in [5, Theorem 2.5.12], one can check that the condition R/S is non-cyclic implies
that (S, r) is as listed in (i) or (ii). Finally, if 6 is unipotent, then the result follows
from [14, Theorem 2.4]. O

Proposition 4.2 Theorem 3.1 holds if S is a simple group of Lie type in characteris-
tic 2.
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Proof (i) By Lemma 4.1, we need to handle the pairs (S, ) as listed in (i) or (ii) of
the Lemma, with p = 2. We can find a simple algebraic group H of adjoint type
and a Frobenius endomorphism F : H — H such that § = [H, H] for H := HF.
For instance, H = PGL{,(q) in the case (i) of Lemma 4.1. Let (H*, F*) be dual to
(H, F)andlet H* := (H*)F " be dual to H. According to the Lusztig classification of
irreducible characters of H, cf. [3], each x € Irr(H) is labeled by the H*-conjugacy
class s7” of some semisimple element s € H* and a unipotent character 1 of Cg=(s).
As H has trivial center, Cy+(s) is connected, and so Cgy+(s) is a finite connected
reductive group defined over IF,,.

Assume now that 2 1 x (1). Note that g = 2/ > 8 in the cases under consideration.
It follows by [13, Theorem 6.8] that any finite non-abelian simple group of Lie type
defined over any extension of I, has exactly one unipotent character of odd degree,
namely the principal character. It follows (e.g. by inspecting the structure of Cg=(s))
that the same is true for Cy+(s), whence x = y;, the semisimple character labeled by
st

(ii) Let T be the involutory graph automorphism of S (mentioned for instance in
the proof of [16, Proposition 4.7]). Here we consider the case 6 is t-invariant. As
H < A = Aut(S), t also acts on H and preserves the set Irr(H |6). Note that J/S is
cyclic of odd order for J := Iy (6), as so is H/S. By the Clifford correspondence,
[Trr(H|0)| = | Irr(J160)] = |J /S| is odd. It follows that T fixes some x € Irr(H|60),
and x (1) = |H/J|-0(1) is odd. By (i), x = x5 for some semisimple element s € H*.
Now, by Proposition 4.3 and Lemma 4.6 of [16],

X=X"= Xe(s) = Xs—1 = X>

i.e. x is real. Hence the complex conjugation acts on the set Irr(S|x) (of irreducible
characters of § lying under x) which is of odd cardinality. This implies that some
character 6’ € Trr(S| ) is real. As 6 is H-conjugate to 8, we see that 0 is real and so
we are done by Lemma 4.1.

In fact, if 6¢ is t-invariant for some a € A, then 6¢ is real as shown above, and so
extends to 74(0%) = I (again by [19, Theorem 2.3]), whence 6 extends to / and we
are done. From now on we will assume that 6 is not t%-invariant for any a € A.

In the cases where H = 2Eﬁ(q)ad or H = PGU,(q), we have Out(S) = H/S x
Cy . If furthermore X > §, then X /S contains an H-conjugate of the coset 7§ and
so 0 is invariant under some H-conjugate of t, contrary to our assumption. Hence
X = S. Butin this case, Nx(Q) > Q for Q € Syl,(S) (indeed, Q is normalized by
some torus of order ¢ 4 1 in 2E, (g)sc, respectively in SU,(q)).

(iii) In the remaining cases, Out(S) = H/S x D, where D = C; x Cy. Let o
denote the field automorphism of S coming from the map x — x? of FF».

Considerthe case S = PSL,(q) (recalln > r > 3)andlet L = SL,(q) = SL(V),
where V = (eq, ..., en)F,. We can embed Q € Syl,(S) in L as the subgroup of
all upper unitriangular matrices and have Nz (Q) = QT, where T is the diagonal
subgroup. Also, QT is normalized by ¢ and by ¢ := vt, where v is the conjugation
by the element of L that sends e; to e,+1—ij, | < i < n,and t(g) = ’g_1 for all
g € L. Note that we can choose D so that D = (¢) x (o). Replacing 6 by a suitable
H-conjugate, we may assume that X /S < D. Now, ¢ acts on T via
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. . -1 —1 -1 -1
diag(ty, 2, ..., ty—1, ty) > diag(t, .1, 1, ..., 0, 1] ).

Write f = 2¢ f; with 2 1 f and consider o} := o /1. Then (¢, o1) is the unique Sylow
2-subgroup of D, and it acts trivially on the subgroup

Ty = {diag(t, 1,..., 1, |21 =1}

of T. Asr|f, we see that f| > r > 3, and so |T1| > 7; furthermore, 71 N Z(L) = 1.
Embedding Q ina Sylow 2-subgroup R of QT x (¢, o1), we now see that R € Syl,(Y)
for Y := § % (g, o1) and that Cng(p)/0(R) # 1. Hence R is not self-normalizing
in Y by [21, Lemma 2.1]. As S << X < Y, X cannot have a self-normalizing Sylow
2-subgroup, a contradiction.

Finally, in the case S is of type E¢, we can view S = M /Z(M) for M := E¢(q)sc-
We can embed Q € Syl,(S) first in M and then in a D-invariant maximal parabolic
subgroup of type As with Levi subgroup SL¢(g) - C,—1. The above arguments applied
to SLe(q) (which is D-invariant) show that X cannot have a self-normalizing Sylow
2-subgroup, a contradiction. O

Lemma 4.3 Let p > 2 be a prime, ¢ = pf, and let € = +.

(i) Suppose that n = 2m for some natural integer m. Then |GL,(q)|/|GL;, (@))? is
even for all m, and is divisible by 4 if 2t m > 1.
(ii) Suppose thatn = k+I1 for some odd integersk,l > 1. Then |GL,(q) : GLx(q) X
GLi(q)| is even.
(iii) Suppose that n = 2%m for some natural integers a, m. Then

21, GL,(@]
|GL, (@)*

(iv) Suppose that n = km for some integers k > 2 and m > 1. Then

)| |GL;(q)]
IGL, (@)
Proof We prove the statements for € = 4. The case € = — is proved in the same way,
replacing g by —q.
(i) Note that

N :=|GLan(q) : GLn(g) x GLm(Q)lp’
= (¢" + 1) 1GLan-1(9) : GLn(q) X GLn—1(q)|

is even. Moreover, if m = 2k + 1 > 3, then
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2k+2 _ 1)(q2k+3 -1 4k+2 _ D

...(q
(@—=D(@*=D...(¢*" =1
2k+3 _ 1)(q2k+5 —D... (q4k+1 -1
(@ = D@ —D...@g**" =1
(q2k+2_ 1)(q2k+4_ 1)(q4k -1 q4k+2_ 1
(@>=D@*=D...(g* -1 q—1

_

=(q

The first factor in the last product has 2-adic valuation 0. The second factor equals
(@™ + 1) [GLy-1(q%) : GLi(g®) x GLi-1(g)]

and so is even. The third is also even, and so we are done.
(i) We have

IGLy(q) : GLk(q) X GLi(@)|y =|GLu-1(q) : GLk(q) x GLi—1(q)|p
g"—1 g—1
X

g—1 ¢'—1

Since the last factor has 2-adic valuation 0 and the middle is even, this product is even.
(iii) We proceed by induction on a > 2, with the induction base a = 1 following
from (i). Suppose that the statement holds for n = 2“m. Then

GLywrin (@] _ 1GLan(@)] ,(|GL2am(q>|)2
GLu@P"  1GLa@P \IGLu(@)P

is divisible by 21+22"=D = 22""'=1 45 desired.
(iv) We proceed by induction on k > 2, with the induction base again following
from (i). For the induction step, note

|G L+ 1ym(q)] _ |G Link+1)(q)] G Lim(q)]
|G L (q)|<+! |GLikm(q)| - IGLy (@)l |GLy(I*

O

Lemma 4.4 Let n, k be integers with 0 < k < n, and let ¢ # %1 be an odd integer.

(i) (}) is odd if and only if

@-D@*-1...(¢" -1

Ha) = (g—D@>-1D...(¢*=1D-(qg—D@g>=1D...(¢g" k=1

is odd.
(ii) Ifn =2%then2 ¢ (Z)precisely whenk = 0, n. Ifn = 2% 42 witha > b > 0,
then 2 1 (Z) precisely when k € {0, n, 2%, 2b}.
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Proof (1) It is well known that f(g) is a polynomial in ¢ with integer coefficients. It
follows that f(¢) = f(—¢q)(mod2). Replacing g by —g if necessary, we may assume
that g = 1(mod4). In this case, (g/ — 1) = (¢ — 1)2 - jo» for 1 < j < n, whence

F@2= (),
(ii) Suppose first that n = 2% and 0 < k < n. Then

/2] = [k/2%] = L(n = k)/2°] =1,

whence 2|(}). Next suppose that n = 2¢ +2” and 0 < k < n/2; in particular, k < 2¢.
If moreover k > 2%, thenn — k < 2¢ and so

(/2] — [k/29] = L(n — k)/2°] =1,

implying 2| (}). If k < 2%, then 27 < (n — k)/2° < 297% 4 1, and so

1n/2b) — [k/22) — L — k) /28] =1,

again implying 2| (}). If k = 2°, then one can check that 2 1 (}). o

4.2 Groups of type A

A description of height O characters of finite groups of Lie type (in cross characteristic)
was obtained in [14]. However, for our purposes it is more convenient to have another
description of these characters in the cases of types A and Eg.

Lemma 4.5 Let L = SL,(q) and G = GL,(q) withn > 3 and g = p' for some
odd prime p. Let 6 € Irry (L) be non-unipotent and let x € Irr(G|0). Identify G*
with G and let s € G be a semisimple element such that x belongs to the rational
Lusztig series (G, (s)) labeled by s¢. Then one of the following statements holds for
C:= CG (S)

(a) x(1) =0(1)andC Z [/, GLi,(q) withm > 1, k; < -+ < kyy,and Y_/" | ki =
n. Moreover, s is G-conjugate to

diag(org, ..., 01y ooy Uy o ooy Q)
———— ————
kl km
for some pairwise distinct a1, ..., 0y € qu.

(b) x(1) =20(1), C = GLi(q)? n = 2k, and 2|k. Moreover; s is G-conjugate to

diag(e, ..., 0, —0, ..., —@)
——— N ——
k k

for some o € F.
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Proof (i) Note that [G : C],/|x (1) by Lusztig’s parametrization of Irr(G). Since G/L
iscyclicof orderg— 1 and 2 (1), we see that2(q — 1) 1 x (1); in particular, 2(g — 1) {
[G : C]. It is well known that there are some integers m > 1, k;j,a; > 1,1 <i <m,
such that n = > kja; and C = [[/L, GLy, (g%), where the factor G Ly, (q%)
corresponds to an eigenvalue ; of s of degree a; over F, and with multiplicity k;.
Now, if k;a; > 3 and a; > 2 for some i, then [GLy,q;(q) : GLi, (g“)], is divisible
by

[T «-vo.

I<j<kia;, a;itj

which is divisible by (¢ — 1)2, a contradiction. Similarly, if kja; = kpa; = 2 and
a; = ap = 2, then

[GLiyai+ha (@) : GLk (@™) X GLiy ("), = [GL4(q) : GL1(g*) x GL1(gH)]y

is again divisible (g — 1)2, a contradiction. So either a; = 1 for all i, or, say, a; =
k1a1 =2anda2=-~- =day, = 1.
(ii) Next, we consider

J={Aelir(G/L) | xA» = x}

as a cyclic group under multiplication, of order dividing ¢ — 1 = |G/L|. By [9,
Lemma3.2(1)], x(1)/6(1) = |J|. There is a group isomorphism z — A, between
Z(G) and Irr(G/L) such that the multiplication by A, sends the rational Lusztig
series £(G, (s)) to £(G, (sz)), cf. [12, (7.4.2),(7.5.5)]. As Lusztig series are disjoint,
it follows that s and sz are conjugate in G whenever A; € J.

Suppose thata; = kja; =2anday = --- = a,, = 1.Thens is GLn(Fq)—conjugate
to
diag((xl,a?,ag, e O, Oy e, Oy,
k2 kom
where o € ]qu NFyandag, ..., ap € ]F; are pairwise distinct. Note that

[GLiyay (@) : GLi (™)), = [GL2(q) : GL1(gP)]y = q — 1 (4.1)

and so (¢ — DI|[G : C],. In particular, if 2 1 |J], then O(1) = x(1)/|J| is even, a
contradiction. Thus |J| is even, and so A, € J, wheret = —1y and V = ]Fg denotes
the natural G-module. This in turn implies that s and —s are G-conjugate. As n > 2,
we see that m > 2 and the multiplication by —1 preserves the multi-set Spec(s) of
eigenvalues of s (counted with multiplicities). Renaming the «;’s if necessary, we may
assume that o3 = —ap and k3 = k». By Lemma 4.3(1),

[GLip+k3(q) : GLiy(q) X G Ly ()]

@ Springer



Irreducible representations of odd degree 1171

is even. Together with (4.1), this implies that 2(q — 1)|[G : C],/, a contradiction.
(iii)) We have shown that a; = --- = a;,; = 1. As 6 is non-unipotent, [12, (7.5.5)]
implies that s ¢ Z(G), and som > 2.
Assume first that | J| is odd. If not all k; are distinct, for instance, k| = k3, then

[GLi+k(q) : GLi (q) X GLky ()]

is even by Lemma 4.3(i) and so (1) = x(1)/|J| is even, a contradiction. Hence the
k;’s are pairwise distinct. If in addition |J| > 1, then J > A; for some 1 # z =
B -1y € Z(G), and s and sz are G-conjugate. Hence the multiplication by S acts on
Spec(s), sending, say, 1 to o> and then forcing k; = kj, again a contradiction. Thus
we have arrived at the conclusion (a).

It remains to consider the case |J| = 2%¢ witha > 1 and2t¢ > 1. Then J > A,
where z =y -1y €e Z(G) and y € IE"; has order 2¢. As above, the multiplication by
y acts semi-regularly on Spec(s). Without loss, we may assume that {1, o2, ..., @}
is one orbit for this action, where r = 2¢. In this case, k| = --- = k,-, and

[GLk+kyt-tk(q) - GLE () X GLpy (q) X -+ - X GLg, (@)1

is divisible by 2" -1 by Lemma 4.3(iii). If @ > 1 in addition, thenr — 1 > a + 1, and
so 8(1) = x(1)/2% is even, a contradiction. It follows thata = 1 and y = —1. Now,
if m > 2, then we may assume that (kz, a2) = (k1, —1), (ka, 04) = (k3, —a3), and
Lemma 4.3(i) implies that

[G Lk +hy+hs+ks (@) GLi (q) X G Ly (q) X GLpy(q) X GLi, (@)

is divisible by 4, in which case (1) = x(1)/2t is even. So m = 2, and s has precisely
two distinct eigenvalues @ = o1 and op = —a, both with multipliticity k = n/2 > 1.
Choosing a generator As.1,, for J, where 6§ € IF; has order 2¢, we again have that
the multiplication by § acts on Spec(s). It follows that § = —1 and r = 1. Applying
Lemma 4.3(i) again, we see that 2|k, yielding the conclusion (b). O

In what follows, we denote by g1 the group {a € IF;Z | «?t! = 1} (under
multiplication). We will also sometimes denote by p 1 the multiplicative group IF;
Lemma 4.6 Let L = SU,(q) and G = GU,(q) withn > 3 and q = p' for some
odd prime p. Let 6 € Irry (L) be non-unipotent and let x € Irr(G|0). Identify G*
with G and let s € G be a semisimple element such that x belongs to the rational
Lusztig series E(G, (s)) labeled by sC. Then one of the following statements holds for
C :=Cg(s).

(a) x(1) =0(1)andC Z |/, GUy (@) withm > 1,k < -+ < ky,and Y. ki =
n. Moreover, s is G-conjugate to

diag(org, ..., 01y ooy Uy o ooy Q)

ki kin

for some pairwise distinct ay, ..., Qn € Ugt1.
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(b) x(1) =20(1), C = GUi(q)* n = 2k, and 2|k. Moreover, s is G-conjugate to

diag(e, ..., 0, —0, ..., —@)
————— N —
k k

Sfor some o € pgi1.

Proof As in the proof of Lemma 4.5, we have that 2(g 4+ 1) 1 x(1). Next,

C:=Cs(s) =[] GUk@*) x [] GLi, (g™,
i=1 j=1

where k;,1j,a;,b; > 1 are integers, 2 { a;, and >/, kja; + ZZﬁzlljbj = n.
Furthermore, x(1)/6(1) = |J|, where J := {» € Irr(G/L) | Ax = x}. Again,
there is a group isomorphism z — A; between Z(G) and Irr(G/L) such that the
multiplication by A, sends the rational Lusztig series £(G, (s)) to £(G, (sz)), and s
and sz are conjugate in G whenever A, € J. Arguing as in (i) of the proof of Lemma
4.5, we see that a; = 1 for all ;.

Suppose that v > 0. Note that

[GUup(q) : GLig™y =[] (@ — D)
1<i<2lb, 2bfi

is divisible by (¢ + 1)2 if Ib > 2. Hence the condition 2(q + 1) 1 x (1) implies that
ljbj = 1forall j. If moreover v > 2, then

[GUaybi20, (@) : GL1, (q*") x G L1 (g%)],y =[GUs(q) : GL1(g*) x GL1(g*)1,

is again divisible (g + 1)2, a contradiction. Thus v = 1, and, as n > 2, we see that s
is G-conjugate to

diag(org, ..o, @1y ove s Oy ey Qs By B9,
——— ————
ki kin
where 8 € JF;z N Mg+1,and o, ..., € pg41 are pairwise distinct. Since

[GUxby () : GL1, (g%, = [GU2(q) : GL1(gD)]y =g +1 (4.2

isevenand2 { 8(1) = x(1)/]J], wemusthave that |J | iseven. Itfollowsthat J > A_j,
(where V = ]FZ2 is the natural G-module), and so s and —s are G-conjugate. Thus,

the multiplication by —1 acts on the multi-set Spec(s), and this action leaves (1441
invariant. Renaming the «;’s if necessary, we may therefore assume that oy = —a;
and kp = k1. By Lemma 4.3(i) we have that

[GUk1a1+k2a2(61) : GUk1 (qal) X GUkz(qaz)]p/
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is even. Together with (4.2), this implies that 2(q + 1) 1 [G : C] p'» a contradiction.
We have shown that v = 0 and @; = 1 for all i. Now we can argue as in part (iii)
of the proof of Lemma 4.5. O

Lemma 4.7 Let S = PSL{(q) and H = PGL (q) withn > 3,e ==+, andq = pf
for some odd prime p. Let 0 € Irry (S) be non-unipotent and let x € Irr(H|0). If
s € H* = L = SL{,(q) is a semisimple element such that x belongs to the rational
Lusztig series E(H, (s)) labeled by s *, then one of the following statements holds.

(a) x(1) =6(1) and s is H*-conjugate to

diag(og, ...y O, ooy Oy e ey Qi)
———— ————
ki ki
for some pairwise distinct ay, ..., 0y € g, Wherem > 1, ky < -+ < kp,
and )" ki = n.
(b) x(1) =20(1) and s is H*-conjugate to
diag(e, ..., o, —o, ..., —@)
—— ———
k k

for some o € puy_¢, where 2|k =n/2.

Proof We can identify H* with L and set G = GL{,(q). Again, as H/S is cyclic of
order dividing ¢ — € and 2 1 6(1), 2(q — €) 1 x(1). Also, x(1)/6(1) = |J|, where
J:={relir(H/S) | Ax = x}, and J can be embedded in Z(L) via A, — z. As in
the proof of Lemma 4.5, s and sz are L-conjugate whenever A, € J. Note that s is
contained in a maximal torus T of G, and LT = G, whence LCg(s) = G. It follows
that [L : CL(s)],y = [G : Cs(s)],. Now we can view y as a character of G and
repeat the proofs of Lemmas 4.5 and 4.6 verbatim to identify possible s. O

Recall [5, Theorem 2.5.12] that, if S = PSLE(q) (withn > 3, = p/, p a prime,
and (n,q,€) # (3,2, —)), then Aut(S) = H/S x D, where H = PGL{,(q), and
the abelian group D of order 2 f is generated by graph and field automorphisms (as
specialized eg. in [2, §3.2]). In particular, D contains an automorphism ¢ = vt, where
7(g) =g~ ! and v is an involutory inner automorphism of S.

Lemma 4.8 Suppose we are in case (i) of Lemma 4.1 and moreover conclusion (b) of
Lemma 4.7 holds. Then 0 extends to R.

Proof Recall that x € Irr(H |0) is labeled by the semisimple conjugacy class s* with
s described in Lemma 4.7(b) and a unipotent character ¢ of Cy(s) = (GLZ(q) X
GL;(gq)) N L (where we have again identified H* with L). Next, D also acts on H
and L. As H is of adjoint type, the Jordan decomposition for Irr(H) can be chosen
to be equivariant under D, see [1, Theorem 3.1]. We may assume that R < R, where
R /S € Syl (Out(S)) and R contains the unique Sylow r-subgroup Dj of D. Note that
D; is cyclic, consists of field automorphisms, and D induces field automorphisms of

Cr(5).
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Now 1 = det(s) = ", and so a¢ = 1 ford := ged(n,g — €) = |Z(L)|. In
particular, z :== a~!' -1y € Z(L), where V is again the natural L-module. Multiplying
x by A, € Irr(H/S), we may assume that @ = 1. But now, s’ is fixed by D;. On the
other hand, v is also fixed by field automorphisms, cf. for instance [14, Theorem 2.5].
The D-equivariance of the Jordan decomposition now implies that x is Dj-invariant,
and so x extends to a character ¥ of HD; > R. We have shown that ¥ is a character
of degree 20(1) that lies above 6. On the other hand, as 2 1 |R/S|, any irreducible
character of R lying above 6 has degree an odd multiple of 6(1). It follows that xr is
the sum of two irreducible characters of R, both of degree (1), and (at least) one of
them extends 6. O

Lemma 4.9 Suppose we are in case (i) of Lemma 4.1 and moreover conclusion (a) of
Lemma 4.7 holds. Assume in addition that 0 is T-invariant, where t is the transpose-
inverse automorphism. Then 6 extends to R.

Proof Fix some y € Irr(H|0) and let G = GL{(q), Z = Z(G),so that H = G/Z.
It is convenient to view 0 as an Z L-character (as ZL/Z = §) and view x as a G-
character. As x; = 6, case (a) of Lemma 4.5, respectively of Lemma 4.6, occurs.
Note that T acts on L and G as well. Hence, T acts on

Irr(G|0) = {xA | » € Irr(G/L)}.

By [1, Theorem 3.2], we may assume that the Jordan decomposition in consideration is
D-equivariant. As in the proof of Lemma 4.5, we can write Irr(G/L) = {A; | z € Z},
and, if x € £(G, (s)) then x 1, € E(G, (sz)). Now we can write x* = x A, for some
z =1y -1ly,where y € ugy_ and V is the natural G-module. The D-equivariance
of the Jordan decomposition implies that x* € £(G, (s*)) (note that T = vy with
v € Inn(G) and ¢ € D). It follows that s* and ys are G-conjugate and so the
multiplication by y sends the multi-set Spec(s), containing «; with multiplicity k;,
where a; € pug—e,1 <i <m,andk; <--- < kp, to Spec(s?) = Spec(s_l). Hence,
ya; = o "and

of =y~ 4.3)

for all i. Recall that 6 is non-unipotent as an S-character, so m > 1. Furthermore,
a1, ..., Qy are pairwise distinct. Hence (4.3) implies that m = 2, and o = —o.
As2 10 = x(1) =[G : Cly (1), where ¥ is a unipotent character of
C := Cg(s), Lemma 4.3(ii) implies that at least one of k; and k> must be even.
Renaming the ¢;’s if necessary, we may assume that 2|k;. Now we consider

X = Koo, €10(G1O)

that belongs to the Lusztig series £(G, (s*)) and corresponds to the unipotent character
¥* of Cg(s*) = C, where

s*i=sa; ! =diag(l,1,..., 1, —1,—1,...,—1).
N— e ——

ki k2
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Notethats™ € L = [G, G]. Thisin turnimplies by [20, Lemma 4.4(ii)] that x * is trivial
at Z and so can be viewed as an H-character. Again by [14, Theorem 2.5], the unipotent
character ¥ * of C = GLZ] (@) xG Lzz (g) is invariant under field automorphisms. Now
we can finish as in the proof of Lemma 4.8. (Alternatively, we may also observe that
x* is invariant under ¢ and t. As g and ’g are conjugate in G := GL, (Fq) and Cg(g)
is connected, it follows by the Lang-Steinberg theorem that g~! and t(g) = ‘g~! are
conjugate in G. Hence the t-invariance of x* now implies that x* = x* and so 0 is
real.) O

Lemma 4.10 Let g = p/ for some odd prime p and some non-2-power f. Let the
abelian group D = (¢, j) acton F := qu viac(x) =xPand j(x)=x"'\IFE <D
is a 2-subgroup not containing j, then |Co,, (r)(E)| > 7.

Proof Write f = 2¢ fo where fpis odd, and let go = p/0. Note that fo > 3as f # 29,

whence (qo—1)/(p—1) > 13and (qo+1)/(p+1) > 7. Suppose that E < (¢). Then

E < (¢/0) acts trivially on the subgroup {x € F | x(=D/(P=D = 1} of Oy (F).
Suppose now that E £ (). Since E # j by assumption, we must have that

b .
E = (c*hj)

for some 0 < b < a— 1.If b = 0, then E acts trivially on the subgroup {x €
F | x@0tD/(p+D = 1} of Oy (F). If b > 1, then E acts trivially on the subgroup

b
{x € F | x5 +D/2 = 1} of Oy (F). O
Proposition 4.11 Suppose we are in case (i) of Lemma 4.1. Then 0 extends to R.

Proof (i) As usual, we identify H* with L = SL¢(g). At the same time we will view
Sas LZ/Z with G := GL;(q) and Z := Z(G). Let V = F7, respectively IFZZ,
denote the natural G-module for € = +, respectively for e = —. We can also identify
A = Aut(S) with (G x D)/Z. By Proposition 4.2 and Lemma 4.8, we may assume
that p is odd and that conclusion (a) of Lemma 4.7 holds.

Let D5 denote the unique Sylow 2-subgroup of D. We will choose P € Syl, (G x D)
containing D> as follows. Let

n=2"42%94...42%
be the 2-adic decomposition of n, with a; > a3 > --- > a;, > 0. Note that t > 2,

as otherwise [L : Cp(s)], is even by Lemma 4.4, contrary to the assumption that
2416(1) = x(1). Now we can decompose

V=VieV,d -V
into a direct (orthogonal if € = —) sum of subspaces, where dim V; = 2%. We can
define 7 : g — ‘g~! by writing g € G in a basis consistent with this decomposition.

Furthermore, we can choose the involutory automorphism v to be induced by an
element of L fixing this decomposition. We also choose o € D to be the automorphism
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by raising each entry of the matrix of g € G inthis basis toits p-th power. Then¢ = vt
and o act on each GLG(\/I-)~. Now, we can choose a D;-invariant Sylow 2-subgroup
Qi of GL*(V;). Note that Q := Q1 x --- x Q; € Syl,(G); in particular,

0=(01xQ2x---x0)NL eSyl,(L).

Now we can extend Q (first to a Sylow 2-subgroup of NG “ DZ(Q) and then) to a
Sylow 2-subgroup P of G x D that contains Ds. In fact, P = Q x D;.

(i1) Recall that, by the assumption in Theorem 3.1, X/S € Syl,(//S) for I = 14(6)
and X has a self-normalizing Sylow 2-subgroup P. Since conclusion (a) of Lemma
4.7 holds, we have that I > H/S <1 A/S. Replacing 0 by a suitable A-conjugate,
we may assume that P = PZ /Z, where the Sylow 2-subgroup P of the full inverse
image of / in G x D is chosen such that P < P. As P > Qand P = Q x Dy, we
can write P = Q X E for some subgroup E < D,. Furthermore, by Lemma 4.9 we
may assume that / # t,and so E # ¢.

As P is self-normalizing in X,

CNS(Q)/Q(P) =1 (4.4)

by [21, Lemma 2.1(ii)], where Q := QZ/Z. We now show that our assumptions imply
t = 2. Indeed, suppose that > 3. The construction of Q ensures that P N G = Q is
centralized by

— (diag(B1 - viv--- By - 1v) | Bi € tg—e) N L.

Assume that € = —. Then we can choose 8 € g1 of odd order (g + 1)y > 1, so
that

h(B) := diag(B - 1y, 1y, ... 1y, B2 " - 1y)

has odd order and belongs to Cp ( 0)~ Z. Now the condition (4.4) implies that P > 0,
andso / > H.But Aut(S)/H = D = Cyy (as € = —) and g is the unique involution
in D. Hence we conclude that I 5 ¢ and so I > 7, contrary to our assumption. In fact,
by considering the element 4 (8) for ¢+ = 2 and using the condition / Z 7, we see that
h(B) e ZN L =7Z(L), and so

(g + Doyln. 4.5)

We will need this observation later.
Consider the case € = +. Then D = (o, ¢). By our construction,

o:B-1ly, > B 1y, 901,“3'1\/,-'—)571

for B € IFqX. Thus o and ¢ induce on F; the maps ¢ and j of Lemma 4.10. By

our assumption, P = 0 x E with E Z . Hence, by Lemma 4.10, we can choose
1#Be COZ,(F;)(E) such that
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Day—a

diag(ﬂ'1V1,1V2»~-~a1Vr,1,,3_ -ly,)
has odd order and belongs to Cz (P) ~ Z, contradicting the condition (4.4).

(iii) We have shown that t = 2,i.e.n = 2“1tV 4+ 2%, withu > 1 and v > 0. Now, we
view 0 as a character of LZ that is trivial at Z and consider x € Irr(G|6) belonging to
E(G, (s)) (and identify G* with G). Since the condition 4.7(a) holds, we are in case
(a) of Lemma 4.5 when € = + and of Lemma 4.6 when e = —. As 24 x(1) = 6(1),
[G : Cg(s)] is odd. In particular, 2 1 [GLS(q) : GL;—ki (q) x GL,(q)] for all i.
Since n = 241V 4 2V, this implies by Lemma 4.4 that k; € {2417, 2V}. Hence m = 2
and s is G-conjugate to

diag(er, o, ..., 0, @y, ay, ..., ay),

Qu+v v
where «, ¥ € p4—e. Furthermore, Z < Ker(x) implies by [20, Lemma 4.4(ii)] that

1 = det(s) = o>, (4.6)
Recall that r| f, so we will write f = 2%r¢ fy with gcd(fo, 2r) = 1. In what follows
we may assume by [1, Theorem 3.1] that the Jordan decomposition for Irr(G) is D-
equivariant. Changing the notation, we will view I as I xp(#). Let R be the complete

inverse image of R in G x D.
(iv) Now we can complete the case € = —. In this case, D = (o) = Cay. Since

I > G and R/LZ is non-cyclic, we have that RG = G(o1), where 01 = 02a+1rdf0
for some d < c. Set g1 = pZa’df0 so that ¢ = qui and o (x) = x4i forx € F,,. As
o fixes 6, it acts on

Irr(G1O) = {xr; | z € Z}

and so sends x tosay xA; forsomez = §-1y.Now x € E(G, (s)), xA; € E(G, (83)),
and o sends £(G, (s)) to E(G, (o1(s))). It follows that o1 (s) and §s are G-conjugate.
Inspecting the multi-sets of eigenvalues, we then see that

oﬂl2 =, (o:y)ql2 = Say,
and so yqlz_l =1.Asy € ugy1andg = qffd, in fact we have
ey “.7)
On the other hand, n = n’(g + 1), for some n’ € Z by (4.5). Hence (4.6) implies that

2@+ mnlathy = gn'a+D
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and so |y| is a 2-power. Together with (4.7), we have shown that y@ D2 = 1,
Furthermore, gcd(n, g1 + 1)2|n2 = 27, so

N (i Rl D))
(V2 )gcd(n.q1+l)2 = 1.

In particular, (y2")@+1/eedai+1) — | and so we can find & € jtg,+1 < fig+1 Such
that
y 2 =e" (4.8)

Setting x* = xA; with 7 := (¢/«) - 1y, we have that x* € £(G, (s*)), where

s* = diag(s, &,...,8,8y,8y,...,8Y). (4.9)

Qu+v v

The choice (4.8) yields that det(s*) = 1, and so Z < Ker(x™) by [20, Lemma 4.4(ii)].
Moreover, both ¢ and y belong to g, 41, see (4.7), and so are fixed by oy. Since
unipotent characters of Cg(s*) are op-invariant, we conclude that x* is o-invariant
and so extends to a character of G(o1) = RG that is trivial at Z. Consequently, 6
extends to R, as desired.

(v) Now we handle the case € = +. Since I > G and I?/LZ is non-cyclic, we
now have that RG = G(o1), where o = o2 fo for some d < c. We again set
q1 = pz“’df0 so that o (x) = x7! for x € Fp. As o fixes 0, it acts on

Irr(G1O) = {xr; | z € Z}

and so sends x to say x A, for some z =4 - ly. As in (iv), we then see that o1 (s) and
ds are G-conjugate and so

a?' = da, (ay)?' = day.

It follows that
yil=1. (4.10)

Recall that P = Q x E with ¢ ¢ E < D,.Hence we can write E = (02¢/), where
0y = 02" f with0 < b < aand j € {0,1}. Set g2 := p>" /0 and k = (—1)/.
Note that 029/ sends B - 1y, to <92 - 1y, for any B € tg—1. Moreover, in the case
j =1, we must have that b < a as E Z ¢, and so (g2 + 1)|(g — 1). We certainly
have (g2 — 1)|(g — 1) if j = 0. Thus (g2 — «)|(g — 1) in either case. Now, for any
B € g« < g1 of odd order, the element diag(8 - 1y, , B -2, 1y,) of L centralizes
P and so must belong to Z by (4.4). It follows that 8 = $~2" for any such 8, whence
(g2 — «)2/|n and we can write

n=2"n¢(q2 — )y (4.11)
for some odd 1, € N. Arguing as above, we also see that the o»¢/ -invariance of 6

implies that
y27F = 1. (4.12)
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Using (4.6) and (4.11), we now obtain that

—1 —v —1
(yz'f)f?,(‘maX(lﬁ *lg2=K)2) _ a*nk‘qf’?K~maX(2”,(quf()z%(qu/c)z/ -1

v o .
Hence, |y2" |, divides

2a —b

g-1 _a —1
92 — K 9 —K

= 2Pk (mod (g2 — ).

This implies by (4.12) that |y | is a 2-power, and (4.10) now yields that y@=br =1,
But ged(n, g1 — 1)alny = 2V, so (y2")@—D2/gedmai=12 — 1 Tt follows that

v 91—1
()/ )gcd(n,ql—l) — 1’

and so we can find & € 114, —1 < pg—1 such that (4.8) holds. Setting x* = x A, with
t := (¢/a) - 1y, we have that x* € £(G, (s*)), where s* is defined in (4.9). The
choice (4.8) again yields that det(s*) = 1, and so Z < Ker(x*). Moreover, both ¢
and y belong to 114, 1, see (4.10), and so are fixed by o1. Since unipotent characters
of Cg(s*) are oj-invariant, we conclude that x* is oj-invariant and so extends to a
character of G (o) = RG that is trivial at Z. Consequently, 6 extends to R, as desired.

O

4.3 Groups of type E¢

To handle case (ii) of Lemma 4.1, we will need the following variant of Burnside’s
fusion lemma:

Lemma 4.12 Let G be a finite group with a normal subgroup K, p a prime, and let
Qe Sylp(K). Then Ng (Q) controls G-fusion of elements in Z(Nk (Q)). Moreover,
if G = KE for some E < G and Q is E-invariant, then whenever y = x8 for
some x,y € Z(Ng(Q)) and g € G, we can find d € E such that y = x4 and
(K,g)=(K,d).

Proof Suppose that y = x& for some x,y € Z(Ng(Q)) and g € G. Then Qf and
Q are Sylow p-subgroups of Ck (y), and so Q = Q% for some ¢ € Cg(y). Now
gc € Ng(Q) and y = y© = x8¢, whence the first statement follows.

For the second statement, we have Ng(Q) = Nk (Q)E by assumption. So we
can write gc = nd for some n € Ng(Q) and d € E. Now we have x = x" as
x € Z(Nk (Q)), and so

yzyc’:xgc:xnd:xd.

Furthermore,

(K,d) = (K,n""gc) < (K,g) = (K,ndc™") < (K,d),
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and so we are done. O

Lemma 4.13 Let p be an odd prime, g = p/ = €(mod 3) for some € = =+.

(i) Let S be the simple group of type E¢(q) and Q € Syl,(S). Then Ng(Q) =
Q x Cig—e)y /3
(ii) If L = Eg(q)SC and Q € Syl,(L), then Ni(Q) = Q x C where C is abelian of
order (g — €)y.
(iii) H = E¢(q)aq has exactly 8(q — € — 3) irreducible characters of odd degree that
lie above non-unipotent characters of S = [H, H]. These characters belong to
q — € — 3 rational Lusztig series E(H, (s)), 8 in each series, and |Cy.(s)| =
(g — ©)|Spiniy(q)|. Each of these characters is irreducible over S.

Proof (1) This is [10, Theorem 6(c)].

(i) We can identify S with L/Z for Z := Z(L) = C3. Now (i) implies that
NL(Q) = O x C, where C/Z = C(4—), /3 and so C is abelian of order (g — €)'

(iii) According to [11], H has 8(g —€) irreducible characters of odd degree. Among
them, 24 restrictirreducibly to 8 unipotent characters of S, so the remaining 8(q —e —3)
all lie above non-unipotent characters of S. We identify H* with L. Now if s is
the label of any such series, then [L : Cp(s)] is odd, and so we may assume that
s € CL(Q) =Z(Q) x C = Z(Np(Q)) for Q € Syl,(L) by (ii).

On the other hand, by [4], L has g —e — 3 conjugacy classes of semisimple elements
t € L with centralizer C in the underlying algebraic group G of type D5T; (i.e. C is
a connected reductive group where Z(C)® is a one-dimensional torus and [C, C] is of
type Ds), and |CL(t)| = (g — €)|Spin{,(q)[; in particular, 2 { [L : CL(1)].

Next, we note that a finite Lie-type group Y of type Dg over F, has 8 unipotent
characters of odd degree, and these degrees are:

1, g%, q@s5®6, ¢ 0s5D6, G2 D3D5Dg/2, ¢' D3 D5Dg/2, ¢ DsDeDs /2,
q’ DD Dy /2

ifa =+, and

1, ¢%°, q@3®19, g D310, P D3DsD10/2, ¢ D3 PP 10/2, ¢> PPy D10/2,
q' DD P10/2

if « = +. (This can be checked directly. Another way to see it is that we can choose
a = £ such that g = a(mod4). There is no loss to work with ¥ = SO (¢), and
then, a Sylow ®,-torus in Y, as defined in [13, §5], is maximal and isomorphic to
C 3 _o» With the relative Weyl group isomorphic to the Weyl group Cg x S5 of type Ds.
The latter has 8 irreducible characters of odd degree (1,1,5,5,5,5,15,15). It follows by
[13, Corollary 6.6] that ¥ has 8 unipotent characters of odd degree. As E¢(g)aq has
exactly 8(¢ — o — gcd(3, g — «)) odd-degree characters lying above non-unipotent
characters of S, this implies that these 8 degrees are as listed above. Replacing g by —¢,
we see that S 01_0“ (¢) has at least 8, hence exactly 8 (by counting in Irry (Eg “(@)aq))s
odd-degree unipotent characters.)
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It remains to show that each of the above 8(g — € — 3) characters is irreducible over
S. Let x € £(H, (s)) be such a character. Consider any z € Z and the corresponding
character A, € Irr(H/S). Then A, x € £(H, (sz)). As mentioned above, s and sz both
belong to Cz(Q) = Z(N.(Q)). By Lemma 4.12 applied to (G, K) = (L, L), s and
sz can be L-conjugate only when z = 1. Thus

A elir(H/S) | Ax = x}l =1,

and so yg is irreducible by [9, Lemma 3.2(i)]. O
Proposition 4.14 Suppose we are in case (i1) of Lemma 4.1. Then 6 extends to R.

Proof (i) Again, we have by [5, Theorem 2.5.12] that A = Aut(S) = H x D, where
H = E{(q)aq, D = (0, 1) is abelian of order 2f, o is the field automorphism
coming from the map x +— x? of Fp, and 7 is an involutory graph automorphism
considered in [16, Lemma 4.6]. By Proposition 4.2 we may assume that p > 2. Now
by Lemma 4.13(iii) we have I = 14(0) > H. We may assume that R < R, where
R/S € Syl,.(A/S) and R contains the unique Sylow r-subgroup D; of D. Next, we
can write HX = H x D3, where D3 is a 2-subgroup of D, the unique Sylow 2-
subgroup of D. Then we choose Pe Syl, (A) that contains D>, and may assume that
P=PnNIe¢ Syl,(X) and Q = PNSe Syl,(S). In particular, Q is D»-invariant,
and P = O x D3 as |H/S| = 3. We again assume by [1, Theorem 3.1] that the Jordan
decomposition of H is D-equivariant.

(i1) Suppose that 6 is t-invariant. As H <1 A, t acts on the set Irr(H|6), which
consists of |H /S| = 3 characters by Lemma 4.13(iii). Since |7| = 2, t fixes some
x € Irr(H|0). On the other hand, if x € £(H, (s)), then the D-equivariance and
Lemma 4.6 of [16] show that x7 € E(H, (7(s))) = E(H, (s~ 1)). It follows that s and
s~ are L-conjugate. Hence, as shown in the proof of [19, Lemma 9.1], the complex
conjugation sends £(H, (s)) to E(H, (s~")) = E(H, (s)). Thus ¥ is another character
of odd-degree in £(H, (s)) of degree equal to x (1). As shown in the proof of Lemma
413, Irrpr(H) N E(H, (s)) consists of 8 characters of pairwise distinct degrees. It
follows that ¥ = x and so 6 is real, whence we are done.

(iii) From now on we may assume that / # 7. Note that g > 5% and 3|(qg —€) by
Lemma 4.1(ii). Now if H = 2E¢(g)ad, then 3|(g + 1) implies that f is odd, and so ©
is the unique involutionin A/H = D.AsI > H,|H/S| = 3,and X/S € Syl,(1/S),
we conclude that X = S and P = Q. But then [Ns(Q)/Q0| = (¢ + 1)2/3 > 1 by
Lemma 4.13(i), a contradiction.

So H = Eg(q)aq. Write f = 27 fo with 2 fp and let op = 670, go = p/0. Now
we show that o and 7 act on Z(Ng(Q)) via

o) =19, t(t)=1"" (4.13)

for some generator o of (op). First, by considering irreducible representations of S
over Fp, and recalling that 7 is semisimple, we see that o(¢) and 19° are S-conjugate,
i.e. 190 and ¢ are conjugate G := S X {(op): t9° = t8 with g = hog for some h € S.
Applying Lemma 4.12 with K = § and E = (oy) (recall that Q is normalized by
D, > E), we see that 190 = o (¢) for some o1 € (0p), and
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(S,01) = (S, hog) = SE =G,

i.e. (01) = E. For the second relation in (4.13), note that (¢) and  ~! are S-conjugate
by [16, Lemma 4.6]. So we can apply Lemma 4.12 with K = S, E = (1), and
G =SE.

Recall that P = QD3 with D3 < D, = (o1, 71) and D3 # 1. Hence we can
write D3 = (alzbtj), where 0 < b <aand j € {0, 1}. Set ¢» := pzbf" = ng and
k = (—1)/.Note thatif j = 1thenb < aas D3 # t andso (q2+1)|(¢ — 1). Certainly,
(g2 — D|(g — 1), and so (g2 — k)|(g — 1) in all cases. In particular, the cyclic factor
C(g-1), /3 of Cs(Q) contains a subgroup B of order

(g2 — 1)/ ged(3, (g2 —Kk)2) =7

(as 2 < r|fpand p > 5). Now, for any r € B, by (4.13) we have that
o2 Ti(1) = 10 =1,

and so Cng(p)/0(P) # 1, a contradiction. u]
Theorem 3.1 now follows from Lemma 4.1 and Propositions 4.11 and 4.14. |

Remark 4.15 (i) Note that Theorem 3.1 does not hold without the assumption that X
has a self-normalizing Sylow 2-subgroup. Indeed, let p > 2 be any prime and let r be
a prime such that

pl(r —1). (4.14)

Set g = rP, so that p(r — 1)|(¢ — 1) and consider S = PSL,(q). Leta € F(f be of
order p(r — 1) and set

s = diag(e, o, . . ., @, el PyelL = SLy(q).
———
p—1

Viewing L = H* for H = PGL,(q), we see that s corresponds to a semisimple
character x € Irry(H) of odd degree (g — 1)/(g — 1). It is easy to see (for instance
by degree consideration) that 6 := xg is irreducible. Next, let o denote the field
automorphism of order p of H induced by the map x — x”. Then

o) o(al=P) B

o al-p

r—1

andsoo(s)/s =t :=a" -1y € Z(L), where V = Ff; denotes the natural L-module.
Thus x? = xA;, where A, € Irr(H/S). As 6 = yg, it follows that 6 is o-invariant,
and so [ := Iaus) (@) contains (H, o). However, 6 does not extend to /. Otherwise,
there must be some x € Irr((H, o)) extending 6, and so x* := (x)y is o-invariant.
As (x*)s =0 = xs, we have x* = x A, for some v = B8 - 1y, with

P =1. (4.15)
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Recall that x € E(H, (s)), so x* € E(H, (Bs)). The o-invariance of x* now implies
that o (Bs) and

Bs = diag(aB, af, ..., af, a'"PB)
1
e

are L-conjugate. It follows that o8 = o (a¢f) = («¢8)" and so
ai’—l — ,Bl_r — 1

by (4.14) and (4.15). But this is a contradiction, as we chose « of order p(r — 1).
(i1) The example in (i) also shows that extendibility results, eg. [2, Theorem 4.1],
do not imply Theorem 3.1.

5 A consequence of the McKay—Galois conjecture

A consequence of the Galois version of the McKay conjecture is that the character
table of a finite group G determines if G has self-normalizing Sylow p-subgroups
[18]. While for p odd this claim is now a theorem [21], the case p = 2 remains
open. Specifically, it is expected that a finite group G has a self-normalizing Sylow
2-subgroup if and only if every irreducible odd-degree complex character of G is
o-fixed, where o is the Galois automorphism defined in §2. A reduction to simple
groups of this statement has been carried out in [23]. Using Theorem 3.3, we can offer
a shorter reduction of one of the implications.

Theorem 5.1 Let G be a finite group with a self-normalizing Sylow 2-subgroup.
Assume that, whenever H is an almost simple group involved in G with a self-
normalizing Sylow 2-subgroup Q and H = F*(H)Q, every y € Irry (H) is o -fixed.
Then every x € Irry (G) is o -fixed.

Proof We argue by inductionon |G|.Set p = 2andlet P € Sylp(G). Since Ng(P) =
P, notice that we have that G/ G’ is a 2-group, by the Frattini argument.

Let x € Irr,/(G). Let N be a minimal normal subgroup of G. Let 6 € Irr(N) be
P-invariant and lying under x, and let » € Irr(T) be the Clifford correspondent of
x over 0. If T < G, by induction we have that /° = v, and therefore y = % is
also fixed by o. So we may assume that 7 = G. By Theorem 3.3, we have that 0
extends to G. Let p € Irr(G) be an extension of 6. By Gallagher’s theorem, we have
that x = pt for some t € Irr,y (G/N). By induction, T is o-fixed, so it suffices to
show that we can choose p to be o-fixed.

If N is a p/-group, then N < Ker(y) by the Glauberman correspondence, and we
are done by induction. Suppose that N is a p-group. Then 6 is linear and p is linear.
Then p has 2-power order and therefore is o -fixed.

Hence, we may assume that N is a direct product of isomorphic non-abelian simple
groups. Suppose that NP < G. Then pyp is o-fixed by induction. In particular,
6 = (pnyp)n is o-fixed. We now have that p and p? are two extensions of 6, and
therefore
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o

Pl =Ap
for some A € Irr(G) linear with 2-power order. Now,

pnp = (onp) = (p°)NP = ANPPNP

and we conclude by Gallagher’s theorem that Ayp = lyp. Then Ap = 1p and
therefore A = 1 (as G/ G’ is a 2-group). Thus p is o-fixed and we are done in this
case too. Therefore, we may assume that G = N P, and that N is the only minimal
normal subgroup of G. We have that N = S§*!' x ... x §% for some non-abelian
simple group S. If H = Ng(S) and Q = P N H, then we know that Q is self-
normalizing in QS by Lemma 3.2. Write 6 = 61 x --- x 6, where 0; € Irr/ ($*).
Since 6 is P-invariant, we have that 01 is Q-invariant. In particular 6; extends to some
y € Irr(SQ). If t > 1, then by induction we have that y is o -invariant, and therefore
01 = ys is o-invariant. Since 6; = (01)", we deduce that §; and thus 0 are o -invariant.
Now, 6 has a canonical extension to G by [7, Corollary (6.28)], which is necessarily
o-invariant, and so we are done again. This leave us with the case t = 1, which is true
by hypothesis. O

Added in proof While the paper was in submission, we learned that the McKay con-
jecture for p = 2 was proved by G. Malle and B. Spéth [15].
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