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Abstract In this note, we generalize our results in Arezzo and Sun (Reine Angew
Math, doi:10.1515/crelle-2013-0097, 2012) to integer p-currents of any degree. We
prove that if the mass of a current, as a functional of the ambient metric, has a critical
or stable point in some special directions, then the current is complex. This holds
for any dimension and codimension. We also study a natural functional on the space
of currents representing a fixed homology class, closely related to the first derivative
of the Mass in our new approach, detecting the deviation of a surface from being
holomorphic.

1 Introduction

In this paper we expand in various directions the study started in [6] about the
relationship between volume minimizers and holomorphic submanifolds of Kéhler
manifolds. Let us recall that, while classically known that positively oriented chains
of holomorphic submanifolds are volume minimizers in their homology class thanks
to Wirtinger’s Inequality, the converse is by now known to be largely false (see e.g.
[3-5,19]). On top of this, and in fact not unrelated, the limitation about the positive
orientation of volume minimizers (which appears clearly when looking for example
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at two parallel flat discs in R*) prevents this classical approach to be of much use in
attacking various natural problems in Algebraic Geometry.

This has indicated the need for the search for more refined functionals, more capable
to detect the holomorphic properties of their minimizers and at the same time to get
rid of this orientation problem so that any infegral chain of holomorphic submanifolds
becomes a minimum among its competitors.

In Arezzo and Sun [6] we proposed the following construction: consider a fixed
immersion F of a surface ¥ inside (M?", @, Jy7), a compact symplectic manifold
with compatible almost complex structure Jys, and look at the space of potentials
H={p € C®°M,R) | @, == ®+ dd°p tames Jy}, which is clearly a nonempty
open subset of C*°(M, R).

Given p € H and @,(t) = w, + dd p(t) which tames Jj;, we can associate a
family of Riemannian metrics g, (f) on M given by

1
go()(X,Y) = 3 (c?)p(t)(X, InY) + o, @)Y, JMX)) . (1.1)
(denote g, = g,(0)) and we then define

A(p) = Area(F(X), F*(g))) = /z dup (1.2)

where du, is the volume form of the induced metric g, := F*(g,).

We are then looking at the area functional not on the space of immersions but on
the space of metrics generated by potentials in H in the ambient manifold.

One of the main results in [6] was then

Theorem 1.1 Let (M?", &, J) be a compact symplectic manifold with compatible
almost complex structure J and F : £> — M be an injective immersion. Setd: M —
R any smooth extension from a tubular neighborhood of F(X) to M of the distance
function from F(X), i.e. d(Q) = dist(Q, F(X)) for Q sufficiently near F (X). If

d ) d?
Eh:oA (a)p +tdd° (7)) =0

for some p € 'H, then the immersion is J-holomorphic. In particular, if the area
functional A has a critical point in 'H, then the immersion is J -holomorphic. Moreover
this holds also when F is not injective and has branch points (but one need more than
one function to test the critical property).

In fact the proof of this result shows that the regular part of a union of injectively
immersed surfaces is a chain of holomorphic submanifolds with possibly different
orientations, and indeed it is easy to check that fixing such an object the Area is
constant on the set of potentials (hence it has infinitely many critical points).

The first aim of this paper is to extend the above Theorem to higher dimensional
submanifolds. But equally important is to extend the setup described above to much
less regular objects, building in this way an existence problem in Geometric Measure
Theory with some hope of having a positive solution, very much in the spirit of the
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classical volume-minimizing problem which led to Almgren’s celebrated Big Theorem
([2,9—11]). The area functional above gets then substituted by the Mass (again for a
fixed object and moving metric!) and ¥ by an integer multiplicity p-current. Recall
that an integer current S is called complex, if g-almost all tangent planes of S are
complex (see Definition 3.1). Since us(SingS) = 0, in order to prove that an integer
current is complex, we only need to prove that the tangent space at each regular point
is complex.
The main result of this paper is then the following

Theorem 1.2 Let (M?", @, Jy;) be a compact symplectic manifold with compatible
almost complex structure Jy and S € R,(M) be an integer p-current in M with
p < 2n. If the Mass has a critical point p € 'H, then any embedded C* component S;
of Reg(S) is complex.

We pay the price of allowing singular competitors in our generalized setting by loos-
ing the possibility of studying deformations of metrics in one specific direction (given
by the distance square function in Theorem 1.1). We believe that the C> assumption
is not necessary in the above result in that even general C! components will satisfy
the same property, but it naturally arises in our proof to construct some special test
variations.

Thanks to Harvey-Shiffman [17] and Alexander’s results [1] in the case of integrable
complex structures, we immediately get the following

Corollary 1.1 If (M, &, Jy) is Kihler, Reg(S) has all C*-components and the
Mass has a critical point in'H, then p = 2k and S is a holomorphic k-chain, i.e. it is the
current of integration over a finite integral combination of holomorphic submanifolds.

Of course, the integrability of the ambient complex structure is crucial in applying
Harvey-Shiffman-Alexander’s Theorem and the analogue questions in the non-
integrable case are subject of intensive and deep research (see e.g. Tian-Riviere [23]).
Almgren’s Big Theorem on the other hand easily implies the following

Corollary 1.2 Let (M*", &, Jy, §) be a compact symplectic manifold with compati-
ble almost complex structure Jy and S € R, (M) be an integer p-current in M with
p < 2n. Suppose the mass has a critical point p € 'H and that S is area-minimizing
in (M*", 8p) in the usual sense, then p = 2k and S is a holomorphic k-chain.

The above results show that the first variation of the Mass with varying metrics does
detect J-holomorphicity, but again as we proved for surfaces in our previous work,
even the second variation (without assuming to be at a critical point of course) does
the same job:

Theorem 1.3 Let (M?", &, Jy, §) be a compact symplectic manifold with compatible
almost complex structure Jy and S € R,(M) be an integer p-zcurrent in M with
p < 2n. If the mass has a stable point p € H, then any embedded C* component S Ji
of Reg(S) is complex. In particular, if (M*", ®, Jy) is Kiihler, Reg(S) has all C*-
components and the Mass has a stable point in 'H, then p = 2k and S is a holomorphic
k-chain.
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252 C. Arezzo, J. Sun

As explained in our previous work [6], this approach is inspired by a classical work
of Lawson-Simons [18], where the ambient manifold is assumed to be projective and
the class of deformations of metrics where restricted to families coming from the
action of the automorphism group of the projective space. In the Sect. 4 of this paper
we extend, in analogy with the results obtained in [6] for regular 2-dimensional objects,
these results to this much more general setting. We believe these results explain, in
connection with Tian celebrated approximation Theorem [22], the naturality of our
approach.

All this suggests to study a new type functionals F, defined on the space of immer-
sions, which come essentially from the integration of | J L |2, which is the first derivative
in the direction of the distance squared of the Mass functional studied up to now. Thus
these functionals can be used to detect the deviation of a submanifold from being
holomorphic. In the surface case, we compute the Euler-Lagrangian equation for F,
and prove that similar to minimal surface system, the equation with ¢ > 1 is weakly
elliptic, with null directions coming from those directions tangential to the surface,
i.e. the kernel of the principle symbol arises from the diffeomorphisms of the sub-
manfold. We also conclude that any symplectic F,-critical surface with ¢ > 1 in
a Kihler-Einstein surface with positive scalar curvature must be holomorphic. One
interesting and challenging problem is whether Almgren’s Big Theorem is true for
these functionals.

As an extension of our previous results in [6], there are some new ideas in the
present papers, besides the analysis of the new family of functionals F.. In Arezzo and
Sun [6], we considered two-dimensional case, and everything was represented by the
Kihler angle, which of course does not apply to high dimensional case. Furthermore,
geometric measure theory comes in our present proof, which can surely have more
potential applications in the future analysis.

2 Variational formulas for the Mass in a symplectic manifold

Let (M?", &, Jy) be a compact symplectic manifold with compatible almost complex
structure Jyr. As in [6], let H = {p € C*(M,R) | w, := @ + ddp tames Jy},
which is clearly a nonempty open subset of C°°(M, R). Given p € H and @, (t) =
@, +dd (t) which tames Jjs, we can associated a family of Riemanian metrics g, (f)
on M given by

1
8 (DX, Y) = = (@, ()X I ¥) + By, Tu X)) 2.1)

Denote g, = g,(0).

Let S be an H”-measurable countably p-rectifiable set in M. Then we know that
the approximate tangent space T S exists for H”-a.e. x € S. Actually, we can express
S as the disjoint union U‘]?‘;OSJ [13,21], where H?(So) = 0, S; is HP-measurable,

and S; C N;, with N; an embedded p-dimensional C I submanifold of M. We have

T.S = TN, HP —a.e.x € S;.
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A variational characterization of complex submanifolds 253

We will denote SingS = Sp and Reg§ = U?‘;IS]-. Then H?(SingS) = 0, and RegS
is the disjoint union of pieces, each of which is a part of an embedded p-dimensional
C! submanifold of M.

Let S be an integer multiplicity p-currentin (M, g,) (27.1 of [21]). Namely, it can
be represented as

S(w) = /(a)(x), E))O(x)dHP (x), we APM, (2.2)
N

where S is an H”-measurable countably p-rectifiable subset of M, 6 is a locally
‘HP-integrable positive integer-valued function on S, and & : § — AP(M) is an HP-
measurable function such that for H”-a.e. point x € S, £(x) can be represented in the
form 7y A --- A 1), Where 11, - - -, T, form an orthonormal basis for the approximate
tangent space 7S with respect to the metric g,. Furthermore, denote u s the Radon
measure associated with the current S, then we see that (26.7 and 27.1 of [21])

dis = OdH?, 2.3)

and (2.2) can be written as
S(w) = /S(w(X), E(x))dps(x), we APM. (2.4)

We plan to compute the first and second variation formulas for the mass of the current
when the target metric varies by @,(t) = w, + dd°p(t). When the variation of the
target metric is induced by a vector field on M, the formulas are well-known. (See,
for example, Theorem 1 of [18].) In our case, g,(¢) are not induced by a vector field
on M. So we need to modify the argument. By Nash Embedding Theorem, we know
that there exists a family of isometric embeddings

ip(t) 1 (M*", 5,(1)) — RN, gl ), (2.5)

ie.,iy()* gé\; « = 8p(t). Here, gé\; . 1s the standard Euclidean metric on RV. (Actually,
we can take N = n(6n 4 11) if M is compact and N = n(2n + 1)(6n + 11) if M
in noncompact.) It is obvious that i (¢) is smooth in 7 if ¢(¢) is. Then the mass of the
current S with respect to g, (¢) is given by (27.2 of [21])

M, (1) = My (ip (1)3S) = /S Jsip(Ddps, (2.6)

where Jgi, () is the Jacobian of i, (¢) relative to S, that is,

Tsip(1)(x) = \/det(dsip(t)x)* 0 dSi,(1)y. 2.7)

Here, dSi oMy TS — RY is the gradient of i, (¢) restricting on §, which is well-
defined H”-a.e. on S and (dsip )™ : RY — T, S is its adjoint. (See section 12 of
[21].) From (2.6), we see that
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254 C. Arezzo, J. Sun

d d .
=M, (0) = /S im0 sip()dis, 28)

and
d? d? )
oM, () = /S e Jsip(dus. 2.9

We will compute the integrand at the point x € §; for j > 1, where §; is a piece of a
C! submanifold of M. Then Jgi (¢) is well-defined near x. We take a local coordinate
around x. Namely, let W C R? be an open set, and the coordinate on W is given by
{x1,---,xp}. Let W : W — M be a C! immersion such that W(0) = x, W(W) =

UNS;,forsome openset U C M containing x. Then T, S; is spanned by { d\l’ (0)}

We further assume that, the coordinate {x;} is chosen so that {¢; = g;‘: (0)} is an
orthonormal basis of 7\ S; = TS with the induced metric by i, (0) (thus orthonormal
by the induced metric from (M, g,)). Note that (dsip (Hx)*o dSip )y : TS > TS
can be represented as a p x p matrix. It is easy to check that

’

((dsi(t)x)*odsi(t)x)”:gxc<a(z(z)ow) 3(l(t)olll)) v v
ij

= 2,()(—, —).
oxi ox 8o ax,)

Note that we have g, (0)(3\1' ©0), 5 a\p (0)) = J;;. Therefore, we have at x:

d, . 1& e o
=0 Jrip () = 2 > &, 0)(er, e)

i=1

and, as us(Sp) = 0, by (2.3), we have
d 1< [,
EltzoMp(t) =3 ; S 8,(0)(ei, ei)dus. (2.10)

Here, the integrand is an H”-measurable function, and {ei}f’:l is any orthonormal
basis of Ty S with respect to the metric induced from g, for H”-a.e. x € S.If g, (¢) is
given by (2.1), then we have

d 1< 1o
Elt:OMp(I) = EIZ;/Sw;,(O)(ei, Jep)dus. (2.11)

If furthermore, we assume @, (t) = @, + dd ¢(t) for a family of C? functions (1)
on M with ¢(0) = 0, then we have

d 1< .
oMy () = 3 ; /S (dd*y)er, Jendus, 2.12)

where = d‘p(’)

lr=0-
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Similarly, by computing on the regular part of S and proceeding in the same way
as for smooth case (see [6] for p = 2), if

o 82(,0
Elt:o =1, Wh:o =7,

then we have

d? 1< .
d7|z=oMp(l) =3 ;/S [(ddn)(ei, Jen)]|dps

1
7> /S [(de )i, Jep) + (@dP) e, Tep| dus

l<i<j<p
1
4 z /S[(ddclﬁ)(ei,fei)— (ddcl//)(ej’fej)qus

I<i<j<p

P—2< .
+— Zj /S [@d“y)(ei, Jen]* dps. 2.13)

For our later use, let’s recall the following simple facts:

Lemma 2.1 [. For any smooth function ¥ on M, we have
d° = —dyr o J. (2.14)
2. For any C? function  on M and any tangent vector fields X, Y on M, we have

(dd“Y) (X, Y) = —(V9) (X, I+ Y)Y, TX)+ (T, (Vy )X —(Tx ))Y).
(2.15)

Here, (-, -) is any Riemannian metric on M and V is its Levi-Civita connection.

3 Proof of the main results

In this section, we will prove that, each C? component of an integer current in a
symplectic manifold for which the mass has a critical point or stable point is complex.
In the following, we will denote R , (M) the space of integer multiplicity p-currents
in M. Let us first recall the definition of complex current.

Definition 3.1 Let (M>", &, Jy;) be a compact symplectic manifold with compatible
almost complex structure Jys. Then an integer p-current S is said to be complex if
us-almost all tangent planes of S are complex, i.e., for us-a.e. x € S, (Jpr), maps
T, S onto itself.

Recall that when p = 2 and S is a smooth submanifold of (M?", @, J, g), we can
define the Kihler angle of the surface ([8]). In the current case, we can also define
this similarly. The cosine of the Kihler angle of a rectifiable 2-current S = (S, 6, &)
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256 C. Arezzo, J. Sun

is a us-measurable function cosa : S — R such that for pg-almost all x € S with
& =e1 ANex,cosa = w(eq, er). Here, {e1, e2} is any orthonormal basis of 7, S.
Similar to the smooth case, we can easily see that

Proposition 3.1 Let (M?", &, J, g) be a compact symplectic manifold with compati-
ble almost complex structure Jy;. A current S € Ry(M) is complex if and only if sin
vanishes as a measurable function, namely, sina(x) = 0 for us-a.e. x € S.

Now can now give the following

Definition 3.2 Given a current S € R, (M) in M, we say that the mass M has a
critical point p € H if for any ¢(t) € H with p(0) = p

4| _oM(@) =0
dr'"=° -

Definition 3.3 Given a current S € R, (M) in M, we say that the mass M has a

stable point p € H if
2

d
Wh:oM(l) >0
for any ¢(t) € H, ¢(0) = p.

As before, let (M?", ®p, Jm, 8p) be a compact symplectic manifold with compatible
almost complex structure Jys and S = (S, 0, £) be an integer p-currentin M. We have
shown that, for @, (t) = @, +dd ¢(t) with %—‘f lt=0 = ¥, the first variation formula is
given by (2.12). We already know that H”(SingS) = 0, and Reg$ can be expressed
as disjoint unions Reg$ = U?ilSj, where each component S; (j > 1) is contained
in an embedded p-dimensional C! submanifold of M. Our main result in this section
is as follows:

Theorem 3.1 Let (M?", &, Jyr) be a compact symplectic manifold with compatible
almost complex structure Jy and S € R,(M) be an integer p-current in M with
p < 2n. If the mass has a critical point p € H, then any embedded C*> component S Ji
of RegS is complex.

Proof By our assumption, for any x € S}, there exists a ball B3, (x) C M, such that
B3, (x)NS = B3, (x)NSjisa C? submanifold of M, and d(y, S) = d(y, B3, (x) ns;)
for y € By, (x). Here, the distance is measured by the metric g,, and we will denote
d(y) =d(y, S). Thenitis known that & = %dz is a C2 function in By, (x) for r small.
Taking a cutoff function ¢ € C§°(Ba,(x)) on M,sothat{ = 1in B, (x). Then s = ¢&
is a C? function on M with the property that: suppy C Ba,(x) and ¢y = & = %dz in
B, (x). By (2.15) and (2.12), we have

d 1< = —
SLUCEEDY (@ cener e+ centue. e | dns

+

N =

p
Z/SW(CE), (Viyeidmei — (Ve Iu)Iyeidps.  (3.1)
i=1
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Note that by the choice of &, we have £ = 0 and gé = Oon By, (x)NS;. Furthermore,
¢ = 0 outside By, (x). Therefore,

d 1< - —
a0 =32 /S _,. (¢ (T er, e+ (V) Umei, Juen | dns.

Recall that (Proposition 2.5 of [6]) for any xo € S;, Hess(§)(xo) represents the
orthogonal projection on the normal space to S; at xo. Namely, foreach U, V € T\\M
and xp € §;, we have

V). V)(x0) = (UL, V1), (3.2)

where Ty )M = Ty,S; @ Ny, S; and U~ is the projection of U onto Ny, S;. With
chosen as above, we have

d 1< 2
E|Z:OM,0(I)) = 5;/51_ ¢ ‘(JMei) ‘ dus.

In particular, by the definition of critical point, we have that (J, )t =00onB,(x)NS e
In particular, Jy; maps 7, S; onto itself. As x € §; is arbitrary, by Definition 3.1, we
see that §; is complex. O

Remark 3.1 In the proof of Theorem 3.1, we see that we actually only need the mass to
have a critical point along some special directions at each regular point. More precisely,
at each regular point, if the mass has a critical point in the direction g locally, then the
tangent space at this point is complex. When S is a closed C? embedded submanifold
of M, we can define the function d> globally in a neighborhood of ¥ in M. In this
case, we only need one special direction & , and Theorem 3.1 reduces to a higher
dimensional generalization of Theorem 1.1.

Let us now recall the following definition due to Harvey and Shiffman (Definition
1.7 of [17]):

Definition 3.4 Let (M &, I, g) be acompact Kihler manifold. A current 7 is said
to be a holomorphic k-chain in M, if it can be written as a finite sum 7 = > n ;[ V],
where each n; € Z and V = UV; is a pure p-dimensional subvariety of M with
irreducible components {V;}.

Roughly speaking, a holomorphic k-chain is a locally finite integral combination of
complex subvariaties. It is known that (Proposition 3.1 of [17]), a positive holomorphic
current is homologically area-minimizing, while a holomorphic k-chain is stable in
the usual sense. It is obvious that a holomorphic k-chain is a complex 2k-current. The
main result of Harvey-Shiffman (Theorem 2.1 of [17]) says that a complex 2k-current
S withdS = 0and H**!(suppS) = 0 is a holomorphic k-chain and later Alexander
[1] removed the support hypothesis.

Corollaries 1.1 and 1.2 follow then immediately (in the second case applying Alm-
gren’s Big Theorem) from our main result.
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258 C. Arezzo, J. Sun

The case of a stable point can be easily handled thanks to

Proposition 3.2 If p € H is a stable point of the mass M, then it is also a critical
point of the mass M.

Proof To this end, we consider special path in H, which is given by ¢(t) = p + %n

with n € C*° (M, R). In this case, we have ¢’(0) = ¥ = 0 and ¢”(0) = n. By (2.13),
we have

d? 1<
oMy = 5 ; /S [(dd*m)(er Je] dus

Suppose p € H is a stable point of the mass M, then by definition, % li=0M,, () = 0

for any ¢(t) € H, ¢(0) = p. In particular, for ¢1(¢) = p + %n and @a(t) = p — %n,
we have

1 p
2 Z/S [(ddc'?)(ei, J@,’)] dpus >0
i=1
and

1 p
) ZA [(ddcn)(ei, Jel-)] dus > 0.
i=1

In particular, we have

N =

P
Z/S [(ddn)(ei, Jep)]dus =0
i=1

for every n € C°°(M, R). By the first variation formula (2.12) and Definition 3.2, we
see that p is a critical point. O

Combining Proposition 3.2 and Theorem 3.1, we obtain:

Theorem 3.2 Let (M?", &, Jy, §) be a compact symplectic manifold with compatible
almost complex structure Jy and S € R,(M) be an integer p-current in M with
p < 2n. If the mass has a stable point p € H, then any embedded C* component S Ji
of RegS is complex.

Remark 3.2 Asin Remark 3.1, to obtain the conclusion of Theorem 3.2, we only need
to ask for the mass to have a stable point in the directions £ around each regular

point, where ¢ is defined in the proof of Theorem 3.1. v is essentially § locally.

Corollary 3.1 Let (M?", &, Jy, g) be a compact symplectic manifold with compati-
ble almost complex structure Jy and S € R, (M) be an integer p-current in M with
p < 2n. Suppose the mass has a stable point p € ‘H and that S is area-minimizing
(M, 8p) in the usual sense, then p = 2k and S is a holomorphic k-chain.

In particular, by Remark 3.1 and Remark 3.2, when ¥ is a smooth manifold and
F : ¥ — M is an injective immersion, Theorem 3.1 and Theorem 3.2 generalize
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A variational characterization of complex submanifolds 259

the first two theorems of [6] to arbitrary dimension and codimension. Note that, by
definition, an immersion F' : ¥ — M is £Js-holomorphic if and only if F(S) is a
complex current.

Corollary 3.2 Let (M*", &, Jy) be a compact symplectic manifold with compatible
almost complex structure J and F : ¥P — M be an injective immersion. Setd : M —
R any smooth extension from a tubular neighborhood of F(X) to M of the distance
function from F(X), i.e. d(Q) = dist(Q, F(X)) for Q sufficiently near F (X). If

d d?
— ;= »+tdd‘(—)) =0,
7 li=0A(® + ( 7 )

or

d? 5 e d?
b C
Wh:OA(a) +t°dd (7)) >0

for some p € H, then the immersion is =Jyr-holomorphic.

Remark 3.3 Comparing with Theorem 3.2 of [6] (with p = 2), we even do not need the
stable point to be compatible with respect to the almost complex structure Jjs here.
Moreover, for any immersion (without injectivity assumption), existence of critical
points or stable points is enough to guarantee that the immersion is &=J7-holomorphic.
In this case we can not find one special direction as in the injective case.

Corollary 3.3 Let (M?", &, Jy, §) be a compact symplectic manifold with compati-
ble almost complex structure Jy; and F : P — M*" be an immersion with p < 2n.
If p is odd, then the area functional A does not have any critical point or stable point

inH.

4 Approximation results

In order to understand the nature of the new stability previously introduced, we take
any holomorphic vector field V on a Kéhler manifold M. Then V will generate a
family of holomorphic diffeomorphisms of M, denoted by ®;. We know that ®fo» =
+ \/—_laécp(t) for a family of smooth functions ¢(#) on M. Furthermore, as V is a
holomorphic vector field, we know that if we denote g(¢) = ®j g, then (o(?), g(¢), J)
is a compatible triple for each 7. Note that the former (namely, g() = ®;g) is in the
classical category, while the latter is in our category. In particular, if the area functional
is stable in our sense, then the second variation of the area functional in the classical
sense is nonnegative when the variation is induced by ®,.

In fact, we can say more about this, relating the classical case to our case. If we
denote ¢ = ¥, and ¢ = 7, then in our language, the second variation formula is
given by (2.13), where ¥ and n are two independent functions. However, when ¢ (¢)
is induced by a holomorphic vector field V as above, we know that both i and 7 are
determined by V. In fact, we have

V=103y = Ly®, ~/—199n = Ly(Ly®) = Ly (v/—133y),
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which shows that ¥ and n are not independent in this case. Actually, we can give more
precise relation between ¥ and n. By Moser’s trick, it is easy to see that, if we take
X)) =— %?t(j)(t) and W, the family of diffeomorphisms generated by X (¢), then we
have W w(t) = @. Here, V' is the gradient taken with respect to the metric g(¢). In
particular, combining with the choice of w(r), we see that we have V; = <I>,_1. Itis
easy to see that

1 _
V= (@)X (1) = 2 (@), V' ¢(0). @.1)

Then we have V = —X (0) = 1Vy. Using this fact and taking derivative with respect
to ¢ on both side of (4.1), we can obtain

d =t .

— =0V @(t) = 0. 4.2

o lr=0V @(2) 4.2)
Using the fact that g(¢)(U, V) = o(t)(U, JV), we can finally get that

dn = —(v=100v)(JVY, -). (4.3)

The point we want to explore now is that one should not restrict only to holomorphic
vector fields on M, but to the effect any holomorphic vector field of an ambient
projective space.

In fact, in the projective case looking at the space of metrics in a given cohomology
class induced by an embedding into projective spaces of increasing dimension (the
so-called Bergman space By), thanks to Tian’s celebrated approximation result ([22]))
we know we can approximate any potential in 7{ and moreover such approximation is
sufficiently strong that we can also approximate tangent directions and accelerations
of curves in H with corresponding objects in the Bergman spaces (this boils down to
the uniformity of the Tian-Yau-Zelditch expansion as noted in [12], Proposition 6).

This immediately implies that our stability can be thought as the limit of the stability
of the volume functional of the triple (¥ C M C cpY k), i.e. when restricted to the
Bergmann space of degree k. This gives the following

Theorem 4.1 If for any k sufficiently big there exists a function py € By s.t. pi is a
stable point for M| B, and py converges to p is H, then p is a stable point for M.

It is then natural to ask whether the existence of a stable point of M, for a given
fixed k is enough to guarantee our conclusion. That’s the problem we address in the
next subsections under various conditions (for p = 2).

4.1 Algebraic case (Lawson-Simons [18])
Let us now assume that the target manifold is an algebraic manifold that embeds into
some complex projective space CPY holomorphically and isometrically, namely that

there is an embedding

Li (M, @, J,8) — (CPY, wrs, Jrs, gFs),
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which is holomorphic, such that
Fops =0, Fgrs=g. 4.4)

Denote by H and [y the space of holomorphic vector fields and Killing vector
fields on CP" . Then it is well-known that Hy = Ky @ JKy.Givenany W € JKy, it
will generate a one parameter family of diffeomorphisms @, of CP" . It is known that
there exists a family of smooth functions ¢ () on CP", such that &(r) = dfwrs =
wrs+dd¢(t). Set (t) = ¢ (t) o, which is a family of smooth functions on M. Set
¢ = %|z=0§0(f)~
Definition 4.1 Given a current S € R,(M) in M, we say that the mass M has a
linearly projectively stable point at p € H if @, is projectively induced and

d2
Wh:OM(l) >0
for any w, (t) = @, + tdd“p, where ¢(t) is defined with @ replaced by @, as above.

We can then give a new more geometric proof of the following result of [18] (in
fact they proved it without restrictions on p) :

Theorem 4.2 Let (M, w, J, g) be an algebraic manifold with all structures induced
by the projective space as above and S € Ro(M) be a current in M. If the mass has
a linearly projectively stable point, then the current S is a holomorphic 1-chain.

Proof As J is compatible with any Kéhler metric in [@], without loss of generality,
we assume that p = 0 so that @, = ®. Recall that for @(¢) = @ + tdd®, the second
variation formula is given by [see (2.13)]

d2| M(r) = I/Dzd I/Dzd >0
d[2t=0 = 45‘1“8 452/“1“3_9

where

D = sina[—(ddV) (e, es) + (ddY)(ez, e3)],
Dy =sina [(dd°Y)(er, e3) + (dd V) (e2, es)] .

By the choice of i, we can see that (see Section 4 of [6])
. =N, - =N, -
Dy(W) = —2sina [(Vgl V, &)+ (Vo e4)] .
We know that cos « is well-defined and continuous on RegS. Now, we by our assump-

tion, we see that
Dy(W) =0, onM;, j=>1

Using Lemma 4.2 of [6], similar to the proof for smooth case, we see that we must
have sina = 0 on RegS. As H%(SingS) = 0, we have s (SingS) = 0. Therefore,

@ Springer



262 C. Arezzo, J. Sun

we see that sinae = 0 pus-a.e. on S. By Proposition 3.1, we see that the current is
complex. Then the conclusion follows from Harvey-Shiffman-Alexander’s Theorem.
O

4.2 Symplectic case with rational class

Let (M?", &, g, Jyr) be a compact symplectic manifold with symplectic form @, com-
patible almost complex structure Jj; and associated Riemannian metric g, such that
forany X,Y e TM,

gX,Y)=w(X, IyY). 4.5)

Since o defines a rational cohomology class, by a Theorem of Borthwick and Uribe
(Theorem 1.1 of [7]), we known that there exists a sequence of embeddings

M — (CPY wrs, grs, Jrs), (4.6)
such that, if we put
W = LWFS, 8k = {8FS, 4.7)
then for k > ko
1 C
H—cak —al| <-4, 4.8)
k C() k
and . c
_ - 2
—8k — < —, 4.9
H P38 o % 4.9)

for some constants C; and C; and large integer k.

Let S be an integer multiplicity p-current in M. Denote « and ¢, the Kihler angle of
RegS in (M*, &, g, Jy) and (CPM, wpg, grs, Jrs), respectively. More precisely,
for x € RegS, let {e1, e2} be an orthonormal basis of 7S with respect to the induced
metric from g, and {ej x, e2 x} be any orthonormal basis of 7y S with respect to the
induced metric from g, = (} g’; g» then

cosa(x) = w(ey, e2)(x), cosag(x) = wg(erk, e2x)(x).
We can take

. e, ey — grlea, ey ek
k=——, ek = - )
le2 — g (ez, erp)er kg,

leg |§k '

By (4.8) and (4.9), we see that
cos g (x) — cosa(x), sinog(x) — sina(x) for x € regS. (4.10)
Set K the space of Killing vector fields on CPV*. Given any holomorphic vector
field W € JpsKy, let @, be the one-parameter family of diffeomorphisms generated

by W. Set wi(t) = ®fwrs = wrs +ddy ¢p(t) for a family of smooth functions ()
on CPM.
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Note that %(Z)k and o are in the same cohomology class. Thus, there exists a smooth

one form y, on M, such that ® = %J)k + dyx. We consider a family of projectively
induced symplectic forms on M given by

- 1 * 1 * g K l_ 1 * 0 -
o(t) = Etkwk(t) = %lkcpt wps = %wk + d(%tdesw(t)) = o+ dBi (1),

where Bi (1) = %Ldepsw(t) — Yk is a family of smooth 1-forms on M.

Definition 4.2 Given a current S € R, (M) in M, we say that M has a compatible
linearly M¥-stable point at p € H if ®, is compatible with J and

d2
pr) l(=oM(t) > 0

for any o(t) = @ + td Bk, where B (t) is defined with @ replaced by @, in the above
construction.

Similar to the proof of Theorem 5.1 in [6] and the proof of Theorem 4.2 above, we
can show that:

Theorem 4.3 Ler (M, &, Jy, g) be a symplectic manifold as above and S €
Ro(M) be a current in M. There exists an integer K1, such that if the mass has a
compatible linearly MF*-stable point for some k > K1, then the current S is holomor-
phic 1-chain.

4.3 Kihler case with possibly non rational Kihler class

We now assume that (M, J) is an algebraic manifold, that is, a submanifold of some
complex projective space. When [@] is a rational class and g is the metric induced by
the Fubini-Study metric, we showed in Sect. 4.1 that, existence of linearly projectively
stable point also implies holomorphicity. In this subsection we allow [®@] to be any
real Kdhler class and g any J-induced metric. Take any Kéhler metric @ on M with
[wl e H 2(M ,RYNHM (M, C). Let g be the Riemannian metric associated to @ and
J.

As (M, J) is an algebraic manifold it is easy to see that there exists a sequence of
Kihler forms t,, with [t,,] € H2(M, Q) N H"1(M, C), such that

lTm — ollc2 < &m, 4.11)

withg,, — 0asm — oo.Here, the C 2 norm is taken with respect to the metric . Since
[t] s rational, there exists, for every m € N, a holomorphic line bundle (L,,, h;,) —
M carrying a hermitian connection D,, of curvature gDi = 1. In particular,
c1(Lm) = [tn]. For each positive integer k > 0, the hermitian metric /,, induces a

hermitian metric 4, on Ly, . Choose an orthonormal basis {Sm,O’ e Sm’ Nm,k} of the

space HO(M, L’,jl) of all holomorphic global sections of Lfn. Here, the inner product

@ Springer



264 C. Arezzo, J. Sun

on HY(M, Lﬁl) is the natural one induced by the Kéhler metric t,, and the hermitian
metric h’fn on Lfn. By Kodaira embedding theorem, there exists an integer k,, o such
that if k > k.0, then such a basis induces a holomorphic embedding W, x of M into
CPYnk given by

Wk o M — CPYA Wy 1(2) =[S (@) 2+ 2 Sy, (D] (4.12)

Let wrs be the standard Fubini-Study metric on CPVNmk_ Then %\Il;; (@Fs is a Kéhler

*

form on M which lies in the same Kihler class as 1,,,. We call %\Pm’

metric. A famous Theorem proved by Tian ([22]) tells us that

(@Fs the Bergman

< % (4.13)
C

*
H—‘I’ k@OFS — Tm

Here the C? norm is taken with respect to the metric 7, and the constant C depends
on 1,,. Because of (4.11), we can assume that the constant is uniformly bounded with
respect to m. Although the Bergman metric %\Ifj;l «@Fs depends on the Kihler metric
T, the set of Bergman metrics

1
Pk = [z‘l’;,kg*(wFS”U € Aut(CPN”"")] , (4.14)
is independent of the choice of 7, in [7,,] and P, := U,fi]Pk,m is dense in [, ] N

Ka(M) in the C?-topology induced by the one on A>M. Here, Ka(M) is the space
of Kiahler metrics on M. It is known that Py, ; has finite dimension for each k and m.
Set

Qu = [ k0 (@FS)|0 € Aut(CPNmM)} , (4.15)

—
k(m)
where k(m) > ko is a sequence of integers such that k(m) — oo as m — oo. Define

By = {@} —{tn}+Qm = [w — T+ =Y k(0 (@Fs)o € Aut(CPvak(m)]

1
k(m)
Then B,, is a finitely dimensional submanifold of [@]. In particular, for any o (t) C
Aut (CPNmkm) | there exists a smooth function ¢(¢) on M, such that

o) == — Ty + F;)‘I';;’k(m)o(t)*(wpg) =&+ 2v—=100¢(t) = &+ dd¢(t).
(4.16)

Definition 4.3 Given a current S € R,(M) in M, we call the mass M has an m-
linearly projectively stable point at p € H if there exists a smooth function p on M,

such that w, € Ka(M) and
2

d
Wh:OM(l) >0
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for any @(t) = w +tdd‘¢p, where ¢(t) is given with o (0) = id and @ replaced by @,
in the above construction.

Similar to the proof of Theorem 6.1 in [6] and the proof of Theorem 4.2 above, we
can show that:

Theorem 4.4 Let (M, J) be an algebraic manifold, @ be any Kiihler metric and
S € Ra(M) be a current in M. Then there exists an integer K, such that if the mass
has an m-linearly projectively stable point at p € H for some m > K, then the current
S is holomorphic 1-chain.

5 F.-functional

All we have seen up to now naturally induces to study a new type of functionals which
measure the deviation of a surface from a holomorphic curve. We will carry out this
analysis which resembles what Han-Li have done in [14] and [16] for a different type
of functionals defined on the space of symplectic surfaces in a 4-manifold.

Let M?" be a compact Kéhler manifold with Kéhler form o, complex structure J,
and compatible Kahler metric g, such that forany U,V € TM,

gU,V)y=wU,JV). 5.1
Let X be a compact real surface. Fix an immersion
F:2— (M,g).

We consider the functional

1
Fo(D) := 3, [T %d . (5.2)

Notice that this precisely (up to a multiple) the functional associated to every embed-
ded ¥ when computing the first derivative of the Mass in the direction of the distance
squared.

Fix a point x € X, it is easy to see that we can choose a g-orthonormal

frame {e1, e, e3, - - , €2} of Tx M, such that {e;, e»} spans the tangent space of X,
{e3, - -+, ez, } spans the normal space of X, and the complex structure takes the form
7= (J1)4x4a O4x 2n—4) ’ (5.3)

O0n—ayx4 (J2)2n—4)x2n—4)

where
0 cosa sina 0
—cosa 0 0 —sina

hi=| _ sin o 0 0 cosa |’ (5.4)

0 sine —cosa 0
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and J, = diag ((_01 (1)) Y (_O] (1))) From (5.3), we can easily see that

2n 2
T2 =D (3(Jei. eq))* = 2sin’a. (5.5)

a=3i=1

Therefore, actually we have
Fo= / sin” ad . (5.6)
)

For our later use, it is natural and does not matter to add a constant in the integrand
and we will consider the functional

.7-'C(Z)=/(c+sin2a)du=/(c+l—cosza)d,u, ceR. (5.7)
p)) D)

5.1 The first variation formula

In this subsection, we first compute the first variation formula. Given a family of
immersions
F,: ¥ x(=6,8) > M.

At a fixe point x € X, let {x;} be the normal coordinate on ¥ around x. The induced
metric on F;(X) is
() = (8Ft 8F,>
&ij - 8)61' ’ ax./ '
For simplicity, we denote %%? by e;, gij(t) by gij and F; by F'. Suppose V = % l1=0
is the variational vector field. Then it is easy to see that

d — _
% li=0 8&ij = (Ve, V. €j) + (e, Ve, V). (5.8)
Since aF aF
(2 IF )
cosoy = — 9l (5.9)
det(gij)
we have S aF aF
(c + Ddet(gij) — o (575 55)
F.(F) =/ Y 001”007 gy A dx2. (5.10)
b Jdet(gi;)
Denote

_ (c+ 1) det(gij) — 5)2(%’ %)

Then using (5.8), we can easily get

(5.11)

Jl,

e li—o= (c+14cos? @)(V,, V, e;) =2 cos a(d(V,, V, e2)+d(er, Ve, V)). (5.12)
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Therefore, we have

FL0) = / [(c + 14 cos? @)(V,, V, e;) —2cosa(@(V,, V, e2) + d(er, Vo, V))d .
p)

(5.13)
In order to obtain Euler-Lagrangian equation for the functional V, we suppose the
variational vector field V is a normal vector field. Then we have by (5.13)

FL(0) = —/)C (c+1+cos® a)(V, H)du—Z/Z cosa(@(V,, V, e2)+a(er, Vo, V))du
= —/Z(c + 1+ cos?a)(V,H)du
_2/2 cosa (er[@(V, e2)] + ex[@(er, V)] + &(V, Veyer — Ve e2)) d
= —/Z(C + 1+ cos?a)(V,H)du
+2/):[§)(V, €2) Ve, cosa + w(er, V)V,, cosaldu

= / (V,2J(Ve, cosae; — V, cosaer) — (c+ 1+ cos’ ao)H)d . (5.14)
)

Therefore, the Euler-Lagrangian equation is given by
(c+ 14 cos? a)H + 2(J (V,, cosaes — Ve, cosaer)) ™ = 0. (5.15)

We call a surface satisfying (5.15) an F,-critical surface.
Using (5.3), we can easily obtain that ([14])

(JVecosa)! = (Ve cosaer — V,, cosaer) cos o. (5.16)

If we further assume that ¥ is simplectic, i.e., cos @ > 0, then we see from (5.16) that
(5.15) is equivalent to

cosa(c+ 1+ cos>a)H+2(J(JVcosa) )t = 0. (5.17)

It is known that the minimal surface equation H = 0 is a weakly elliptic system,
where the kernel of the principle symbol arises from the diffeomorphisms of X. By
computing the principle symbol of the equation (5.15), we can obtain the following
for the F.-critical equation:

Proposition 5.1 The equation (5.15) is an elliptic system modulo the diffeomorphisms
of ¥ forc > 1.

We will present the proof of the proposition in the appendix.
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5.2 Elliptic equation of Kihler angle on F,-critical surfaces

In this subsection, we will compute the elliptic equation satisfied by cos « on an F-
critical surface. We assume that M is a Kihler surface, i.e., n = 2. Let’s first recall
the following result proved in [14]:

Proposition 5.2 Let M be a Kdihler surface with Kdhler form @ and let J be the
complex structure compatible with w on M. If ¥ is a surface which is smoothly
immersed in M with Kdhler angle o, then
Acosa = cosa(—|h3; — hy 1> — |h + h3l?)
+sina(HY + H}) — Ric(Jey, e2) sin’ (5.18)

where Ric is the Ricci curvature tensor of (M, g) and H";‘ = (?gH, Vg ).

The main result in this subsection is as follows:

Theorem 5.1 Suppose that M is a Kdhler surface and ¥ is an F-critical surface in
M with Kéhler angle a. Then we have

2(c?+2¢+3) cosa+4(c — 1) cos’ a+6cos’ «
c+14cos?a
—sina(c + 1 +cos>a)Ric(Jey, e2). (5.19)

A3 cos® a4c — 1)Acosa = —

|Va|?

In particular, if M is a Kdhler-Einstein surface with scalar curvature R, then

2(c% +2¢ + 3) cosa+4(c—1) cos’ a+6cos’ «

Va|?
c+1+cos?u

3 coson—c—])A cosa = —

2ozcosoz(c+ 1 + cos? o). (5.20)

R .
——sin
4
Proof Note that the we can choose local coordinate around the fix point p such that
at p, the complex structure J takes the form of (5.4). However, we can not assure that

it is of this form in a neighborhood of p. Since we will take derivatives with respect
to the components of J, so around p, we assume that J takes the form

0 x y Z
—x 0 z -y
-y —z 0 X
-z y —x 0

J = , (5.21)

where x> + y? 4 z% = 1. By definition of the Kihler angle, we know that
x =cosa = wler,er) = (Jey, ez).
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Note also that at the fixed point p, we have that y = sina and z = 0. Now we have
around p that

(J(Vg, cosaer — V,, cos ozel))L =0 cosoz(Jez)L — 0 cos oz(Jel)L
= —sinadia(zez — yeq) + sinadra(yesz + zeq)
=sina(yodyo — zd1)e3 + sina(ydia + z0r)es.

Combining this with (5.15), we finally get that

3o 2SNE e ey, HY = —— 2 (bt zhe)
o C+1+COS2Oly2 1% o C+1+C0S20ly1 2%
(5.22)
Furthermore,
dicosa = a)(?elel, er) + w(ep, ?elez)
=P (Jep, e2) + Wl (Jer, ep)
= (b, + hiy)y + (hjy — hi))z. (5.23)
Similarly, we can get that,
dcosa = (h3, + hy)y + (h3, — hiy)z. (5.24)
In particular, at p, we have
ha = —(h}; +h3,), ha=—(h3, +hiy). (5.25)
If we set V = 0yae3 + 01es, then by direct computation, we have at p
Ih3, — W3 ? + kY, + 3,12 = H? +2|V)> +2H - V
4sin* 4sin’
_ sin” « oo sin” « |Va|2
(c+1+cos?a)? c+1+4cosla
_ 2(c* 4+ 1) +4(2c — D) cos? a + 10cos* Vall. (5.26)

(c + 1 + cos? )?

Furthermore, using (5.22), we have at p,

sina(H + H3) = sina((Ve,H, e4) + (V,, H, e3))

sina (3 (HY) + H3(V,,e3, eq) + 02(H?) + H*(Voye4, €3))

. 5 2sina (yd1¢t + 200ct)
= —sin -
mea c—{—l—l—coszozyla Lo

45 2sin o (vd 810)
_— o — 701
2 c+1—|—coszozyz o

+sina(H3 (Ve e3, e4) + H*(Veye4, €3))
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— —sn?als 2 sin o P T 2 sin o -
- "\eri+cosZa ! 2\ critcosta?

2sin o
¢+ 1+costa

2sin’ o
e+ 1 +cosla

3101y + 0hadry)

(0p01z — 01 022)

2sin’ «
e+ 14cos?a
2(c +3)cosa — 2(c +4) cos® a + 2 cos’ «
B (c+ 1+ cos?a)?

+sina(H (Ve e3, e4) + H* (Voyeq. €3)) =

|Val|?

2sin’ o
e+ 1+cosla

2sin? «
¢+ 1+costa
+sina(H> (Ve e3, e4) + H*(Veo,e4, €3)). (5.27)

0101y + 0r02y)

(dpd1z — 91ad22)

From y = (Jey, e3), we have at p,

dradry + 0aaday = ha((J Ve e1, e3) + (Jer, Ve, e3))
+ha((IVeer, €3) + (Jer, Veye3))
= ala(h'fl(le,g, e3) + (cosaey + sinaes, @eleg))
+82a(hf2<]e,g, e3) + {cosaey + sinaes, 6(3263))
= —cosa(hf, + hiydia — cosa(hf, + h3,)da
= cosa|Val’. (5.28)

Here, we have used (5.25). Similarly, from z = (Jeq, es), we have at p,

(c — 1)cosa + 3cos’ «
c+1+cos?a
—sina((Ve,e3, e4) e + (Voyeq, e3)d1).  (5.29)

hadiz — djadrz = |Va|?

Putting (5.28) and (5.29) into (5.27) and using (5.22) yields

sinoz(H4 +H3) = 2sin’a A cosa
o1 2T e+ 1+ cos?a
—4(c+ 1) cosa + 4¢ cos® a 4 4 cos’

Val?. (530
(c+ 1+ cos?a)? Vel (5:30)

Then (5.19) follows from (5.26), (5.30) and Proposition 5.2. O

Applying the maximum principle to (5.20), we have
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Corollary 5.1 Suppose that M is a Kdhler-Einstein surface with positive scalar cur-
vature. Then any symplectic F.-critical surface with ¢ > 1 in M is a holomorphic
curve.

By a standard computation as above and in [20], [15], [16], we can obtain the second
variation formula:

Proposition 5.3 Let M be a Kihler-Einstein surface with scalar curvature R. If we
choose X = x3e3 + x4eq4 and Y = —J,X = xge3 — x3ey, then the second variation
formula of the functional F. on a F.-critical surface is

=1
M0 + 1100 = =20 + 1) [ XPKiadie+ 26+ 1) [ [V XPan
) b
1 2 2 s 2 2 ay2
-5 (c+1+cos” )| X|"Rsin“adu+ | (2cos”a — 1)|0X]|
) )

|Va|>du. (5.31)

_2/ |X|2(2cosza+c)(3cosza+c—l)
5 c+1+cos?a

6 Appendix
In this appendix, we will prove Proposition 5.1. Before we prove the proposition, we
first recall some basic facts on principle symbols.

Let ¥ be a smooth manifold and suppose E is a smooth vector bundle over M. To
a linear differential operator P : I'(E) — I'(E) of order k, at every point x € M

and for every £ € T,"M one can associated an algebraic object, the principle symbol
oz (P; x), often written simply by o (P). If, in local coordinate,

Pu= " a,(x)0"u, 6.1)

|| <k

where a, are dimE x dim E matrices, then o¢ (P; x) is the matrix

oe(Pix) = D ag()E”. 6:2)

| |=k
Here, £ = & .- &,".

Definition 6.1 A linear differential operator P : I'(E) — I'(E) is (strictly) elliptic
if there exists A > 0 such that

(0 (P; x)v, v) > Mg, (6.3)

forall (x,&) € T*(M) and v € I'(E).
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For a nonlinear differential operator P (x, 8ku), its linearization at u is the linear
operator

d
DPWW:iEPQﬁWu+wmm@ (6.4)
The nonlinear equation P (x, ok u) = 0 is elliptic at u, if its linearization at u is

elliptic in the sense of Definition 6.1.
Now we can prove the following proposition:

Proposition 6.1 The equation (5.15) is a weakly elliptic system for ¢ > 1. The kernel
of the principle symbol arises from the tangential directions of X.

Proof For simplicity, we suppose that 3 is a surface in C". The general case is similar.
In local coordinate, we can express the surface as

F:Y — C"=R™
(x1,%2) > F(x1,x2) = (F'(x1, x2), ..., F* (x1, x2)).

We will use the following conventions:
1<i,j,...<2, 3<a,B,...<2n, 1<A,B,...<2n.

The tangent space of X at a fixed point x € X is spanned by {e1, e2} given by

OF 9FA OF  9FA
€1=E=a—xl A e2:3_x2:8_x2EA’ (6.5)
where {E1, ..., Ep,} is the standard orthonormal basis of R?", Therefore, the induced
metric on X is given by
AFA QFA
gij = (ei,ej) = o 0%, (6.6)

We can take the coordinate so that at the fixed point x € X, we have g;;(x) = §;;. We
will also take the standard complex structure J on C" given by

0 —1
1 0
J = - . 6.7)
0 —1
1 0
Then we have
JE>._1 = Ey,
2%k—1 2k 6.8)
JEy = E—1.

Furthermore, we choose any orthonormal basis {na}li”: 5 of the normal space. Denote

P=(+1+ cos’ a)H + 2(J (V,, cosaes — V,, cos ael))J‘. (6.9)
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We will compute the principle symbol of P.
First we consider the principal part of H. Note that by (6.6), we can easily see that
the Christoffel symbol of the induced metric is:

2
rk = Lo lagil 08,1 3gij] _ w 0FP oF®
L _

2 axj B_x, B 8xl axiaxj' axl '

Therefore, we have

2
H:AEF:gij( PF 8F)

3xiaxj ijﬁ
_ i PF PPFP IFP 9F
0x;0x; 0x;0x; 0x; 0x

(6.10)

i PFY Gy OFAOFP 97FB e
— £ dx;dx; & Oxx dx; x;0x;j A

The linearization of the operator at F in the direction G is:

3?GA  aFA aFB 3°GE

DH)(F)G = g" ( ) Ea + first order terms.

0x;0x B Oxx 0dx; 0x;0x;
(6.11)
Next, we will consider the second part of P. By definition,
D b J b
cose = v ) _ Ve a) (6.12)
Jdet(gij)  \J/det(gij)
By (6.5) and (6.7), we have:

n 8F2k—l 8F2k aFZk 8F2k—l
(Jer, er) = ( — ) . (6.13)

pa 0x]1  0xp dx1  0xp

Therefore, we have
9 2k—1 P 2k 9 2k3 2k—1
ZZ:I( 1;)‘1 E)FTZ_BFT [gxz )
cosa = )
Jdet(gij)
Jcosa 1 o K e ) e i e 0 )
= + —
dx1 Vet (gip) | & Ix?  ox dx; Ox19xy  dx7  0xa
dFk 92 k-l 1 i PFA AFA 9FA 92FA
) — S(Jer,e2)g
0x1 0x10x2 2 0x10x; 0x; ox; 0x10x;
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and

J cos o _ n (82F2k1 aFZk 8F2k71 aZFZk aZFZk 8F2k7]

0x2 /det(g,] [k:l 0x10x2 0x2 0x1 Bxg _8x18x2 0x2
gF2k 32F2k—1) 1

— —(Jey, ij
2( e1,e)g (

02FA 9FA  9FA 9?FA )]

ax1 Z)xg 0x20x; 0x; + dx; 0x20x;

By our choice of the frame, at the fixed point x, we have

(J (Ve, cosaey — V,, cosaer))™

dcosa dcosa

= o e )t — (Jen)*
acosa acosoz
= o (Jer, ng)ng — P (Jer, ng)ng. (6.14)

Notice that cos @, g;;, ¢; and ng only involve first order derivative of the immersion
F. Therefore, by (6.11) and (6.14), we know that the linearization of the operator P
at F in the direction G (computed at the point x) is:

o 9*GA AFA9FB 32GB

D(P)(F)G = 1 Za)g' — g E
(B)(F) (e+1+cosma)g (8x,~8xj & Oxr 0dx; 0x;0x; A

n (82G2k—1 aF2  gF2k—1 522k 92G2%k gp2k—1 g2k aszk—l)

2 — —
" {; ax? 3X2+ dx; dx1dxa  Ax?  Ox2 dx;  0x10x2

LiTer. ex)gi 9>GA aFA N dFA 32GA ) (] )
——(Jeq, e ex, n
28 ooy ax; | ax dxidx; 2 e

ZH n (82G2k—1 GaF2k  gp2k—192G2%  52G2%k gE2k-1  gp2k 82G2k—1)
k=

+ _ _
0x10x2 Jdx2 dx1 ax% 0x10x2  dx2 0x1 Bx%

1(] w 2G4 aF4 N dFA 32GA " )
2 xpax; 0x; | ox dxpdx; )| e
+ first order terms. (6.15)

We will denote GT and G the projection of G € R*" on the tangent bundle and
normal bundle of X, respectively. It is easy to see that

oF oF OFAQFB
IGT? = ¢"(G, —)G, —) =g"GAGE — —.
0Xx 0x; oxg 0xy

@ Springer



A variational characterization of complex submanifolds 275

Then we see that the principle symbol of P is given by:

(0(D(P))(x,8)G, G)
Al

=(c+1+cos’a)g” (E,EJ'IGI2 oy - l%-j AGB)

n 2k 2k—1
IF aF
2 GH 1 _G*——— ) (Jer, GH)E?
+ [kE_l( ™ ' (Jea, GT)E]

n 2k 2k—1
_,OF dF
+§ (GZI‘ ! - G* i )(Jel,GL)gg

0Xx1
k=1

aF g F2k—1

8x1

oF gF—1
+ (GZk_l— — G* ) (Jey, Gl>:| 16 (6.16)
8)62 3)62

N FA dFA
+ cos ag G4 (W(Jel, GHEg — W(Jez, GL)&&)] )
j

J

By (6.8), we have

(0 (D(P)(x,6)G, G) = (¢ + 1 + cos’ )£ |G
+2{(~Ue2, GH)Jer G) = et e2)(Goen)tea, GH) ) 6
+ (~Ue1, GHer, G + (Jer, e2)(G, ex)(Jer, GH))
+ (Wex GHer, G) + (et 6 Jer. G)
+ (et (G, en)(Jer, G) = (Jer, e2) (G ex)Jea, G1)) 182
(6.17)
Note that (Je1)T = (Jey, e2)er and (Jea)T = —(Jey, e2)e;. Thus we have
(@(D(P)(x.£)G. G) = (c + 1 + cos’ )£ |G H?
—2((G*, 28] — 2GH e} (GH Jen)ita + (G Je))
- ((c +1+cos?)|GH? —2(GL, Je2>2) £2
+4HGT Je)(Gh Jer)Eir
+ ((c+ 1 —I—coszoz)lGJ‘lz—Z(GJ‘,Je])Z) £2. (6.18)

The coefficient matrix is given by
0— ((c+ 1+ cos? a)|GL[> — 2(G, Jer)? 2(G*, Je1)(Gh, Je) )

2(G, Je1)(G*, Jep) (c+1+cos?a)|GH2 —=2(GL, Je)?
(6.19)
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We have

det O = (c+14cos? a)| G2 ((c+1+cos2 O|GLE=2((G*, Jer)2+(G*, Je2>2))
> (¢ — 1 +cos’>a)(c + 1 + cos® a)|GH[*. (6.20)

From (6.19) and (6.20), we see that if ¢ > 1, then for any (&1, &) # (0,0) and
G € R¥", we have
(o (D(P))(x,8)G, G) >0,

and the inequality is strict unless Gt =0,ie.,Gis tangential to X. This finishes the
proof of the Proposition. O
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