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Abstract We prove a (sharp) pointwise estimate for positive dyadic shifts of complex-
ity m which is linear in the complexity. This can be used to give a pointwise estimate for
Calder6én-Zygmund operators and to answer a question originally posed by Lerner.
Several applications to weighted estimates for both multilinear Calderén-Zygmund
operators and square functions are discussed.

1 Introduction

One particularly useful way to study many important operators in Harmonic Analysis
is that of decomposing them into sums of simpler dyadic operators. An example of
a recent striking result using this strategy is the proof of the sharp weighted estimate
for the Hilbert transform by Petermichl [23]. This was a key step towards the full A,
theorem for general Calderén-Zygmund operators, finally proven by Hytonen in [9].
Of course there are many instances of this useful technique, but we will not try to give
a thorough historical overview here.
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The proof in [9] was a four de force which was the culmination of many previous
partial efforts by others, see [9] and the references therein. Hytonen did not only prove
the A, theorem, but he also showed that general Calderén-Zygmund operators could
be represented as averages of certain simpler “Haar shifts” in the spirit of [23]. The
sharp weighted bound then followed from the corresponding one for these simpler
operators.

Later, Lerner gave a simplification of the A, theorem in [15] which avoided the use
of most of the complicated machinery in [9]; it mainly relied on a general pointwise
estimate for functions in terms of positive dyadic operators which had already been
proven in [14]. The weighted result for the positive dyadic shifts that this contribution
reduced the problem to had already been shown before in [12], see also [3] and [4].
More precisely, the proof of Lerner (essentially) gave the following pointwise estimate
for general Calder6n-Zygmund operators 7': for every dyadic cube Q

ITf(x)| < 22_5’"A§|f|(x) fora.e.x € Q, (1.1)

m=0

where § > 0 depends on the operator 7', S are collections of dyadic cubes (belonging
to same dyadic grid for each fixed S) which depend on f, T and m, and A% are
positive dyadic operators defined by

AZF) = D () gom Lo ),
QeS

where Q" denotes the mth dyadic parent of Q. Moreover, the collections S in (1.1)
are sparse in the usual sense: given 0 < n < 1, we say that a collection of cubes
S belonging to the same dyadic grid is n-sparse if for all cubes Q € S there exist
measurable subsets E(Q) C Q with |[E(Q)| > n|Q| and E(Q) N E(Q’) = ¥ unless
Q = Q. A collection is called simply sparse if it is %-sparse.

From this pointwise estimate Lerner continues the proof by showing that bounding
the operator norm of each A’g can be reduced to just estimating the operator norm of
Ag, in the same space for all possible sparse collections S’. More precisely, he shows
that

[ASflix < (m+ 1) ;ug 1A% £l (1.2)

where the supremum is taken over all dyadic grids 2 and all sparse collection S’ C 2,
and where X is any Banach function space, in the sense of [1, Chapter 1].

It is at this point where the duality of X is needed in the argument; the operators
A'g do not lend themselves to Lerner’s pointwise formula, while their adjoints do.
Consequently, the question of what to do when no duality is present was left open. Our
main result answers this question by proving a stronger (though localized) statement:
the operators A’ are actually pointwise bounded by positive dyadic O-shifts:

Theorem A Let P be a cube and S a sparse collection of dyadic subcubes Q such
that QU C P, then for all nonnegative integrable functions f on P there exists
another sparse collection S’ of dyadic subcubes of P such that
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M) S m+ DAY f(x) Yxe P (1.3)

In fact, we prove Theorem A in a slightly more general setting: first, the statement
is proven for a certain natural multilinear generalization of the operators A’. Second,
the sparse collection S is replaced by a more general Carleson sequence. The relevant
details are given in the next section.

The novelty in our approach is two-fold: we directly attack the pointwise estimate
for the operators A", instead of bounding their norm in various spaces. Also, in proving
the pointwise bound we develop an algorithm that constructively selects those cubes
which will form the family S’. This algorithm has “memory” in a certain sense: each
iteration takes into account the previous steps, a feature which is crucial in our method
to ensure that S is sparse.

As a corollary of Theorem A, we find an analogue of (1.1) for Calderén-Zygmund
operators with more general moduli of continuity (see the next section for the precise
definition). In particular, we obtain the following pointwise estimate for Calder6n-
Zygmund operators:

Corollary A.1 If P is a dyadic cube, f is an integrable function supported on P and
T is a Calderon-Zygmund operator whose kernel has modulus of continuity w, then

ITf(x)] < Za)(27m)(m + 1)AOSm|f|(x) fora.e x € P, (1.4)
m=0

where S,, are sparse collections belonging to at most 3¢ different dyadic grids.
Moreover, if we know that w satisfies the logarithmic Dini condition:

! 1\ dt
/ w(t) (1 + log (—)) — < 00, (1.5)
0 t t

then we can find sparse collections {S;, ..., Sgd }, belonging to possibly different
dyadic grids, such that

34{'
ITf@) <D AL IfI(x) forae x € P. (1.6)

i=1

The factor m in (1.2) precluded a naive adaptation of the proof in [16] to an A>
theorem with the usual Dini condition:

! dt
/ w(t)— < o0, (1.7)
0 t
since the sum
- o ! 1\ dt
> we )(m—i—l):/ w(t) 1+10g;)7 (1.8)
m=0 0
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could diverge for some moduli w satisfying only (1.7). Moreover, it was shown in [8]
that the weak-type (1, 1) norm of the adjoints of the operators A’g was at least linear in
m, even in the unweighted case, so using duality prevented an extension of this type.
However, although our argument does not quite give an A, theorem for Calderén-
Zygmund operators satisfying the Dini condition (we still need (1.8) to be finite), our
proof avoids the use of duality and the study of the adjoint operators (A'g)*. It thus
removes at least one of the obstructions to possible proofs of the A, theorem with the
Dini condition which follow this strategy. Hence, removing the linear factor of m in
Theorem A remains as an open problem.

Apart from being interesting in its own right, a bound for Calderén-Zygmund
operators by these sums of positive 0-shifts in cases where there is no duality has
interesting applications, some of which we describe later. Before, let us state a second
corollary to Theorem A.1:

Corollary A.2 Let || - ||x be a function quasi-norm (see Sect. 2) and T a Calderon-
Zygmund operator satisfying the logarithmic Dini condition, then

ITflIx < sup A% f1l1x., (1.9)
2,8

where the supremum is taken over all dyadic grids 9 and all sparse collections S C 9.

We now describe two immediate applications of our result. First we can continue
the program, initiated in [5] and extended in [21], which aims to extend the sharp
weighted estimates for Calderéon-Zygmund operators to their multilinear analogues
(as in [6]). In particular we obtain

Theorem B Let T be a multilinear Calderon-Zygmund operator. Suppose 1 <

1 _ 1 4, .41 Y -
pl,...,pk<oo,z—pl+ —i—pkandweAP.Then

max 1,ﬂ ..... l;—f‘) k
IT fllrwy S [J)]A;, I fillLp wp)- (1.10)
1

i=

The same theorem was proven in [21] but with the additional hypothesis that p had
to be at least 1. The proof of this theorem is an application of the result in [21] which
proved the same estimate (without the condition p > 1) but for a multilinear analogue
of the operators A%, together with Theorem A. In fact, we will need a multilinear
version of Theorem A which we state and prove in the next section.

Our second application is a sharp aperture weighted estimate for square functions
which extends a result in [17]. In particular:

Theorem C Let o > 0, then the square function Sy v for the cone in ]Rff_'H of apper-
ture o and the standard kernel  satisfies

1
S Fllroomd ) S @I N FlLoa,w forl <p <2
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and
1/2
1Sy 1l 200 2y S @ Tw] {71+ Toglwla) | £ 1l 2w ) - (1.11)

An analogous result was shown in [17] for 2 < p < 3:

1/2
1S £ll ooty S @ Twly (1 + loglwla, ) £ 1l Lo,

The proof relies on the use of Lerner’s pointwise formula and previous results by Lacey
and Scurry [13]. However, in [17] the requirement of p > 2 was necessary for the same
reason why the proof of the multilinear weighted estimates required p > 1 (a certain
space had no satisfactory duality properties). Theorem A can be used in almost the
same way as with the weighted multilinear estimates to prove Theorem C. Indeed, the
proofs in [13,17] reduce the problem to estimating certain discrete positive operators
which can be seen to be particular instances of the positive multilinear m-shifts used
in the proof of Theorem B.

As was noted in [13], estimate (1.11) can be seen as an analogue of the result in
[19] stablishing the endpoint weighted weak-type estimate for Calderén-Zygmund
operators

1Tl Loy S [wla, (1 +loglwlap) fll L1 -

See also [22] for a similar estimate from below and more information on the sharpness
of this estimate, known as the weak A1 conjecture. In this direction, it seems reasonable
that Lacey and Scurry’s proof in [13] could be adapted to the multilinear setting,
however we will not pursue this problem here.

Finally, as a third application of our results, it is possible to give a more direct proof
of the result in [10] for the g-variation of Calderén-Zygmund operators satisfying the
logarithmic Dini condition by using the pointwise estimate analogous to (1.1) in [10]
and then applying Theorem A. However, we will not pursue this argumentation either.

Shortly before uploading this preprint, Andrei Lerner kindly communicated to the
authors that he, jointly with Fedor Nazarov, had independently proven a theorem very
similar to Corollary A.1 [18]. Though the hypothesis are the same, their result differs
from the one in this note in that we give a localized pointwise estimate while their
pointwise estimate is valid for all of R?. However, our result seems to be as powerful
in the applications.'

2 Pointwise domination

The goal of this section is the proof of Theorem A and its consequences as stated
in the introduction. We will prove the result in the level of generality of multilinear
operators. Given a cube Py on R?, we will denote by Z(Py) the dyadic lattice obtained
by successive dyadic subdivisions of Py. By a dyadic grid we will denote any dyadic

I Since we uploaded this document to arXiv, two other articles have appeared: [7,11], in which similar
estimates are obtained.
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1116 J. M. Conde-Alonso, G. Rey

lattice composed of cubes with sides parallel to the axis. A k-linear positive dyadic
shift of complexity m is an operator of the form

k
'go,af(X) = Ap, o (f1s f2r s fi)(X) = Z aQ (H(fi)g(m))ﬂg(X)-
Qe (Py) i=l
0™k

As a first step towards the proof of Theorem A, it is convenient to separate the
scales of (or slice) A’ﬁo o as follows:

m—1 oo k
ﬁo,af(x) = Z Z Z (079) (H(ﬁ)g(m))ﬂg(x)

n=0 j=1 Q€D jm+n(Po) i=1
m—1

: z Ar;(;flaf(x).

n=0

Note that Z (Py) denotes the kth generation of the lattice Z(Py). Now we rewrite

Alp.", as a sum of disjointly supported operators of the form .Ar;fg. Indeed,

00 k
EOWIOED DY aQ(H<ﬁ>Q<m>)ﬂQ<x>

J=1 Q€D jmyn(Po) i=1

o) k
Z Z Z “Q(H(fi)Q(m))]lQ(x)
PeDy(Po) j=1 Q€D (P) i=1

D> AR,

PeZ,(Po)

which leads to the expression

m—1
Ml =D D> AR f).

n=0 PE%:(PO)

We say that a sequence {ag}pcy(p, is Carleson if its Carleson constant
lletllcar(py) < 00, Where

1
leelcarcmy = sup — > ol QI
Pe@(PO)| |Qe@(P)

The following intermediate step is the key to our approach:
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Proposition 2.1 Let m > 1 and o be a Carleson sequence. For integrable functions
f1s -+, fx = 0 on Py there exists a sparse collection S of cubes in Z(Py) such that

k
A F(x) < Crllelicarcry D (H<ﬁ>g)ﬂg(x>,

0eS \i=l1

where C1 only depends on k and d, and in particular is independent of m.

To prove Proposition 2.1 we will proceed in three steps: we will first construct the
collection S, then show that we have the required pointwise bound, and finally that S
is sparse. By homogeneity, we will assume that ||o|car(py) = 1. Also, we will assume
that the sequence « is finite, but our constants will be independent of the number of
elements in the sequence.

Let Ap, = 0 and, for each Q € Z,,;(Pp) with j > 0, define the sequence {yp}o
by

Q0 = max «R.
ReDm(Q)

For each Q € ,,;(Py) with j > 0, we will inductively define the quantities Ag
and B¢ as follows:

. k
fo = [0 if a0 — (T (o) vo = 0

22k+Dy otherwise,

where Cy is the boundedness constant of the unweighted endpoint weak-type of the
operators A" proved in Theorem 4.1 in the Appendix. Also, for every R € %,,(Q)
we define

k
Ar=Ag+(Bo - aR)(H<ﬁ>Q).

i=1

Note that the definition only applies to cubes in Z,,; (Py) for some j. For all other cubes
in Zp,, we set Bg = A = 0. The collection S consists of those cubes O € Z(Py)
for which 8o # 0. Note that, since 22**DCy > 1 = ||a|car(py) > g for all R and
by the definition of yp, we must have Ap > 0 for all Q. This can be easily seen by
induction.

Remark 2.2 'We are trying to construct a sparse operator of complexity 0 which domi-
nates Ar;(; f)a. One way to achieve this is to let S be the collection of all dyadic subcubes
of Py, but of course this does not yield a sparse collection. A better way would be to let
S consist of all dyadic cubes in Py for which at least one of its mth generation children
R satisfies ag > 0; unfortunately this yields a collection S which is not sparse, and
in fact it can be seen that the Carleson sequence f associated with this collection can
have a Carleson norm || 8|car(py) Which grows exponentially in .

@ Springer



1118 J. M. Conde-Alonso, G. Rey

The main problem with this approach is that, when the time comes to decide whether
a cube should be in S or not, we do not take into account which cubes have been
selected in the previous steps. Note that whenever we add a cube Q to S we are not
only “helping” to dominate the portion of A";(;f)a coming from @, but also what may
come from any of its descendants.

One can account for this by having the algorithm use a sort of “memory” to, essen-
tially, keep track of how many cubes in S (appropriately weighted with the averages
of f) lie above any particular cube. This is the purpose of A . This can also be seen
as the stopping time algorithm which selects a cube whenever the previously selected
cubes do not provide enough height to dominate the operator until that point.

Lemma 2.3 We have the pointwise bound

k
ApCF < D Bo (]‘[<ﬁ>g)ﬂg<x). 2.1

QeP(Py) i=1

Proof We will prove by induction the following claim: if P € %;,,(Py) for some
Jj =0, then

k
Aﬁfgf(x) =Ap+ Z Bo (H(fi)Q)IIQ(x). (2.2)
Qe (P)

i=1

Note that, when P = Py, this is exactly (2.1). Since « is finite, there is a smallest
Jjo € N such that g = 0 for all cubes 0 € Z- jom(Po).2 Let Q be any cube in
Djym(Po), we obviously have

0 7 .
Ag oS =0 inQ.
Since A > 0, the claim (2.2) is trivial for P € %, (Po). Now, assume by induction

that we have proved (2.2) for all cubes P € Z;,,(Py) with 1 < ji < j and let P be
any cube in 2, —1ym (Po). By definition,

k
Apaf =2 (aQ (H(ﬁ->P) Lo(x) + A"Q’i?,f(x))_

Q€D (P) i=1

Letx € Q € Z,,(P), then by the induction hypothesis and the definition of Ag:

(fi)R) Tg(x)
1
k

(fi)

k k
A$32f<x>saQ(H<ﬁ>p)+AQ+ > ﬁR(H
i=1 =
k
=aQ(H<ﬁ>p)+AP+<ﬁP—aQ>(H ~p)
i=1 i=1

ReZ(Q) i

2 We use 2>k (P) to denote those cubes Q in Z(P) of generation at least k, so |Q] < 27dk|P\.
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k
+ D Br (H<ﬁ>R) Lg(x)

ReZ(Q) i=1

k k
=AP+,3P( (fi)P)+ > ﬂR(H(fi)R)lR(X)
=1

i ReP(Q) i=1

k
=Ap+ D ﬁR(H<ﬁ>R)11R<x),

ReD(P) i=1
which is what we wanted to show. O
Lemma 2.4 The collection S is sparse.

Proof Let P € S, we have to show that the set

F = U 0

QCP,QeS

satisfies | F| < %lP |. To this end, let R be the collection of maximal (strict) subcubes
of P whicharein S, Note that forall R € R wehave R € P, (P) for some Np > 1.
We thus have

F=|]r

ReR

By maximality, for all R € R and dyadic cubes Q with R C Q C P we have
Bo =0.Forall R € Rand 1 < j < Ng we now claim that

k J k
A pvg—jpm) = Bpr (H<fl)P) — Z A p(Ng—v)m) (H(ﬁ>R((NRv+l)m)) . 2.3)
i=1 v=1 i=1

Indeed, one can prove this by induction on j. If j = 1 then by definition we have

k
A pvg-pm = Ap + (Bp — OtR«NRl)m))( (fi)P)
i=1

k k
> Bp (H(fi)P) — A R(Ng=Dm) (H(fi)P)v
i=1

i=1

since Ap > 0.
To prove the induction step, observe that (by the induction hypothesis) for j > 1
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1120 J. M. Conde-Alonso, G. Rey

k
A pg=im = A pg—j+im + (Bpg—jthm — QpNg—jm)) (H(ﬁ)R<(NRj+1)m>)

i=1

k
= A p(Vg—j+1m) — O g((Ng—jm) (H(ﬁ)R(<NRj+1>m>)

i=1

k j k
> Prp (H(fi)P) — > apvg-vm (H(ﬁ)R(<NR—U+nm>)-
v=1

i=1 i=1

From (2.3) with j = Ng, we have (since the terms are nonnegative)

k
Ar > Bp (H<ﬁ>p) — A0 ()

i=1

for all x € R. Since Br # 0, we must have

k
(H(fi)R) YR — AR >0,
i=1

ie.:

k k
(H<ﬁ>R)yR + A fx) > 226Dy, (H<ﬁ>P)

i=1 i=1

forallx € R.LetGpf = 3 per VR (Hle(ﬁ)R) 1R, then for all x € R we have

k
Gp f(x) + ARy f(x) > 226Dy (Hm)P),

i=1

hence

|F| <

k
[x €P:Gpfx)+ A f(x) > 226Dy (Hm)p)”

i=1
1/k

. 1/k
LI (P)x-x L (P)—>L1/k:>2(P)
Xk . K (H ||fi||L1(P))
(22(k+1)CW (Hi=1<fi)P)) i=1

1/k

lgp + .43

Am;O
B HgP + P,a LY (P)x--xLY(P)— Lk (p) |P|
Q2K+ Cyy)1/k
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Let us compute the operator norm [|Gp |11 (pyx...x11(P)—L1/k0o(py- Observe that,
since yp < 1 for all Q, the operator G is pointwise bounded by the multi-linear
projection

k k
Prfx)= Y. (]‘[<ﬁ>R)1R(x) = H(Z <ﬁ>R1R(x>).

ReR \i=1 i=1 \ReR

Foreach 1 < i <k, we have || > pcr(fi)rRLRIL,(P) < Ilfill,(p)- Therefore, by
Holder’s inequality we get

k

”PPf”L]/kYOO(P) < H

i=1

> (fidrlk

ReR

k
< || Ifille,cp)-
Ly(p) i=l

On the other hand we have

k
0 7
LA Fll ke py < Cw [T fillz ey

i=1

by Theorem 4.1. Combining these estimates we get

”gP + Argig”Ll(P)meLl(P)—)L'/k-OO(P) f 2k+1(1 + CW) S 2k+2CW
and the result follows. O

From Lemmas 2.3 and 2.4 Proposition 2.1 follows at once. The proof shows that
one can actually take C; = 22TK7+dk=1) We are now ready to finish the proof of
Theorem A, which we state here in full generality:

Theorem 2.5 Let o be a Carleson sequence and let Py be a dyadic cube. For every
k-tuple of nonnegative integrable functions f1, ..., fr on P there exists a sparse
collection S of cubes in P (P) such that

k
m S =0 > (H(ﬁ)g) Lo(x).
QeS \i=l

Proof If m = 0 we can just apply Proposition 2.1 after noting that .A?,O can be

,a

written as A}joo B> where

Bo =apm.

One easily sees that |la||car(py) = llBllcar(py)- Hence, we may assume that m > 1.
Recall the expression
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1122 J. M. Conde-Alonso, G. Rey

m—1

haf =20 > AR,

n=0 PeZ,(Py)

from the beginning of the section. By Proposition 2.1, for each 0 < n <m — 1 and
each P € Z,(Pp) we can find a sparse collection of cubes S}, C Z(P) such that

k
A’ﬁgf(x) < Cillallcar(py) Z (H D) )1Q(x)

QeS}

Observe that the collection $" = Upcg, ( po)Sg is also sparse, so

n o f (1) = Crllelicarcry Z > (H )ILQ(x) 2.4)

n=0 QeS8

For 0 <n <m — 1 define

0  otherwise.

. _[1 if 0 e &"

Since the collections S" are sparse, the sequences " are Carleson sequences with
l4" llcar(py) < 2, therefore the sequence

m—1
Ho =2 1p
n=0

is also Carleson with || u|lcar(py) < 2m.
With this we can continue the argument using estimate (2.4) and the case m = 0:

Po. o F (@) < Crllllcarpy) Z Z (H )ILQ(x)

n= OQES” i=l
= Cillellcar(py) Z > wh (H )]lQ(x)
n=0 Qe (Py) i=1
k
= Cillallcacry D, Ho (]‘[m)Q)ILQ(x)
0eZ(Py) i=

= Cilltlicarp) A, . f ()

k
< CillellcarpyCi2m Y| (H )ﬂg(x>,

QeS8

which yields the result with C, = 2C?. o
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Remark 2.6 The above procedure does not rely on any specific property of the
Lebesgue measure. In fact, Theorem A also holds when we replace all averages—
both in complexity 0 and complexity m operators—by averages with respect to any
other locally finite Borel measure, because the proof is unaffected.

We now detail how to use Theorem A to derive the multilinear version of Corollaries
A.1 and A.2. For us, a multilinear Calderén-Zygmund operator will be an operator 7
satisfying

T(fl,u-,fk)=/deK(x,yl,---,yk)fl(yl)u-fk()’k)dyl oo dyg

for all x ¢ ﬁf.‘: 1 supp f; for appropriate f;. Also we will require that 7' extends to a
bounded operator from L9' x --- L% to L9 where

1 1 1

— = — 4 —

q q1 qk
and that it satisfies the size estimate

A
k kd
(Z,-,jzo lyi — yj|)

w will be the modulus of continuity of the kernel of the operator i.e. a positive nonde-
creasing continuous and doubling function that satisfies

IK (Yo, .-yl =

|K (V05 -+ s Yjs o os ) = K0y ooy Vs oo i)

lyj — ¥l 1
SC“’( 3 — kd
Zij=o v =il (5F 1 i = 1)

forall 0 < j < k, whenever |y; — y;.| < %maxosiik |yj — yil. We can now prove
Corollary A.1:

Proof of Corollary A.1 Fix a measurable f, and a cube Qg C R?. Our starting point
is the formula

ITF@) —mp QoI S D > 0™ [[Ufilmolok),

QeSS m=0 i=1

which holds for a sparse subcollection S C Z(Qy) (see [5,10], we are implicitly
using a slight improvement of Lerner’s formula which can be found in [8, Theorem
2.3]). Here m ¢ (Q) denotes the median of a measurable function f over a cube Q (see
[16] for the precise definition), which satisfies

I flIL1e0g)

<
Imp(Q) 'S 0]
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1124 J. M. Conde-Alonso, G. Rey

Hence we can just write

TS D 0@ [[fiholow). 2.5)

m=0 i=1

By an elaboration of ZQ s the well-known one-third trick, it was proven in [10] that
there exist dyadic systems {Z”} (. 1/3,2/3)¢ such that for every cube Q in R4 and
every m > 1, there exists p € {0, 1/3,2/3}¢ and Ro,m € 2° such that

O C Rom, 2"Q C 0™, 3¢(Q) < L(Ro.m) < 6¢(Q).

Also, we may assume that for each p € {0, 1/3,2/3}¢ there exists a cube P(p) such
that Qg C P(p) C cqP(p) for some dimensional constant cy. Using this, we can
further write (2.5) as

00 k
TFOIS >, D™ Y (H<|ﬁ|>R<Q@L)1RQ.

pef0,5.3)d m=0 QeSRy mezr N=1

Let Fjp = {Ro.m : Rg € 9P} C P(P(p)). Then, we can estimate

) k
ITfIS6! Zw(z’")Z(H<|ﬁ|>R<m>)nR,

pe{(),%,%}d m=0 ReFph \i=1

since at most 62 cubes Q in 2 are mapped to the same cube Ro.m. Define the sequence

L if 0 € 7,
Q 0  otherwise.

The collections F are 2-1. 6’d—sparse, and hence Carleson with constant 2 - 64, In

12

order to apply Theorem A, for each fixed p € {O, 3 §}d, m > 0, we now split the

sum as follows:

k k
Za@(}‘[umgm))ﬂgu): > ag(H<|ﬁ|>Q<m>)ﬂQ(x>

QE@p i=1 QE-@zm(P(p)) i=l1

[e'9) k

+> > ag(H<|ﬁ|>Q<m>)1Q<x>
=1 QG%N—Z(P(P)) i=1

=I1+1L
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Now, since f; is supported on Qo C P(p) for 1 <i < kandall p € {0, 3, %}d, we
claim that IT < I. Indeed, compute

o0 k )
Z Z O/é(H(MDQ(m))]lQ(x < Z (H(IleQ(m))]lQ(x)
1 0ez i=1

=1 Q€Du_¢(P(p)) i=1 m—t(P(p))
k
(H /il P<p><’))-

Now observe that, by the support condition on the tuple f ,

;

k k
[T05D by = 27 T T4 £ Py

i=1 i=1

which is enough to prove the claim. Therefore, we only need to work in the localized

cubes P(p), p € {O, % %} . Therefore, we can obtain the first assertion of Corollary

A.1 applying Theorem A:

00 k
TS D Dlee™ D] ag(H<|ﬁ|>Q(m))nQ(x>

pe{0, 4 1 Z}d m=0 QePr, QCP(p)m i=1

> Zw(z Mm+1) > (Hm )

pel0.5.5)4m=0 €S, 7

A

> e ™M+ DAs, ),

pel0. 3. 34 m=0

w\—

for sparse collections S, 7 that may depend both on m and f (and which are subfam-
ilies of Z(P(p)) for each value of p). Now, reorganizing the sum above we obtain

TS X 2 @@ ™M+ DAs, )
pef0,4.3)4 S, 7C7°

Now, by the logarithmic Dini condition, each of the operators .4, is bounded above by
some absolute constant times a 0-shift whose associated sequence is 1-Carleson (and
localized in P(p)) to which we can apply again Theorem A. Therefore, we obtain

@ Springer



1126 J. M. Conde-Alonso, G. Rey

TFOIS D As, f(x),

pe(0,5,3)¢
for some sparse families S, C 2” which depend on f . O
We now introduce the notion of function quasi-norm. We say that | - ||x, defined

on the set of measurable functions, is a function quasi-norm if:
(P1): There exists a constant C > 0 such that

If+glx = CAflIx +lglx) .

(P2): [[Afllx = 1Al flIx forall 2 € C.
(P3): If [ f(x)| = |g(x)| almost-everywhere then || fllx < lIgllx-
(P4): |Iliminf,— o fullx < liminf,—co | fullx

Fix some dyadic system & such that there exists an increasing sequence of
dyadic cubes {P¢}; C 2 whose union is the whole space R4, and denote 1 Py f =
(Lp, fi, ..., 1p, fx). Now, taking into account properties (P1) and (P3), if we take
quasi—norms in the second assertion of Corollary A.1, we have

I1p,T(e, Hlix S ;lg IAs(Lp, /)lix Ve.

On the one hand, since f is integrable, T'(1 p, f ) converges pointwise to 7 ( f ). There-
fore, we have

1p,T(1p, f) — T(f)

pointwise. Finally, we apply property (P4) and we get

ITfllx = |timinf 15,7 (Lp, f

< Tim inf Hn T (Lp, ) H < sup HAS fH
X

This is exactly Corollary A.2.

Remark 2.7 We note that the dependence on m in the pointwise estimate of shifts of
complexity m must be at least linear in m. To see this, let us work in dimension one
and fix a large integer m. For any interval I = [a, b) let I; be the j-th interval of

Dm(I):
Ii=a+|I[j27", (+D2™).
Define a tower over an interval / to be the collection of intervals

— {[a,a F2 I ke N}.

The collection of intervals S = (J ;. 2,,1) 17 1s a sparse collection. Now consider
a function f on [ which is defined by
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0 ifx € I; with j even,

o]

2 otherwise.

Denote gen(J) = logz(E(I)E(J)’l) for cubes J € Z(I). Observe that for any
dyadic interval J € I with gen(J) < m — 1 we have

(flo=1L
Consider now the action of Ag on f.If x € (I;)o with j even then
‘s f(x) =m.
In order to construct a collection S’ of intervals in I for which we have
Gf() < CAG f(0),
we would need to select every interval J C [ with gen(J) > m — 1. Indeed, let / k(x)

be the interval in % (I) which contains x and let oy be 1 if J € &’ and 0 otherwise.
Then

m—1
CAO/f(.x) =C Zalk(x) >m
k=0

for all x € (I;)o with j even. This implies that at least m/C of these intervals must
be in S’. But this implies that the height

Z ajly(x)=m/C

JeS'

on half of the interval I, which contradicts the hypothesis of S” being sparse if m is
large enough.

3 Applications

We are now ready to fully state and prove the applications of the pointwise bound as
stated in the introduction. We begin with the multilinear sharp weighted estimates:

3.1 Multilinear A, theorem

We need some more definitions first. These were introduced in [20].

Definition 3.1 (Ap weights) Let P = (p1s..., pr) with 1 < py,..., pr < oo and
%=%+-~-+%.Givenﬁ)z(wl,...,wk),set
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k
— Hwip/m.
i=1

We say that w satisfies the k-linear A 3 condition if

[0y = s (IQI/ ) (IQI/ 3 pl)p/pl'

We call [w] Aj the A 5 constant of w. Asusual, if p; = 1then we interpret - IQI f oW 1 Pi

to be (essme w;)~ 1.
The following theorem was proved in [21]:

Theorem 3.2 Suppose 1 < py, ..., pk <oo,%= %—i—u-%—ﬁandﬁ)eAI;. Then

max

(4-9);
- ptp
1A fllLr o) S Twly [Tz

whenever S is sparse.

We can now use Corollary A.2 to extend the above result to general k-linear
Calder6n-Zygmund operators:

Theorem 3.3 Under the conditions of Theorem 3.2, for any k-linear Calderon-

Zygmund operator T, we have

/
P
max(l,—1

k) k
1T Fllerws) < 0], [Tz .

Proof We just need to apply Corollary A.2 with || - [ := || - |Lr(v;), Which clearly is
a function quasi-norm. The assumption of f being integrable is a qualitative one and
can be trivially removed by the usual density arguments. O

3.2 Sharp aperture weighted Littlewood-Paley theorem

Here we follow Lerner [17], the reader can find a nice introduction and some references
there. We begin with some definitions:
Lety € Ll(Rd) with fRd ¥ (x)dx = 0 satisfy

W ()] < (3.1

(1 + [x]d+e
/Rl Y (x +h) = Y (0)ldx S |hl°. (3.2)
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We will denote the upper half-space R¢ x R by ]Rffrl and the a-cone at x by
Iy(x) = {(y, HeRI |y x| < m} :

Let /; be the dilation of v which preserves the L' norm, i.e.: ¥, (x) = t 4y (x /1),
then we can define the square function Sy y f by

dydt\'?
Say [ (x) = (/Fa(x) [(EXDI0]E prE )

We will also need a regularized version. Let @ be a Schwartz function such that

Ipo,1)(x) < @(x) < 1p,2)(x).

We define the regularized square function 50“1, by

12
5 _ o (222 1(f 5y 24
(X,T//f(x) - Ri+l ta Iy td+1 .

The regularized version can be used instead of Sy y in most cases since we have

Sapr £ (%) < Sey f(X) < Sagy [ (x).
It was proved in [17] that
|Saropr £ ) = 0y Sy IS @ D727 S (1 f)3mp Lo ()
m=0 QeS

By the same Theorem A in its bilinear formulation (with fi = f> = f), the last
expression can be bounded, up to a constant, by an expression of the form

AT 2 mA ) D (I fplo).

pel0.5.5)¢ m=0 QeSe

As in [17], we know (a priori) that on(ga,Wf) — 0 as |Q| — oo so by the
triangle inequality and Fatou’s Lemma we can ignore that term (or by arguing as we
did in the previous section). Finally, arguing as in the proof of Corollaries A.1 and
A.2, we arrive at

ISe, fllLrooqwy S o sup AZCE Y21 oo ),
2,8
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where the supremum is taken over all dyadic grids & and all sparse collections S C Z.
To finish the argument we recall the following result, which was shown in [13]:

1
4.

max l)
IAG . OV ey S Twly 27 @p(wla ) ey 3.3)

for 1 < p < 3, where

® (1) = 1 ifl <p<?2
PE27 1 +1ogr if2<p <3.

We are thus able to extend Lerner’s estimate to 1 < p < 2, obtaining

1
1Say Flleroeay S @ Twl P fliray forl <p <2

and
1/2
18w fll 200y S @l Twl (1 + loglwla) [l 1l 2n)-

Acknowledgments The authors wish to thank Javier Parcet, Ignacio Uriarte-Tuero and Alexander Volberg
for insightful discussions, and Andrei Lerner and Fedor Nazarov for sharing with us the details of their
construction.

Appendix: The weak-type estimate for multilinear m-shifts

Here we prove the weak-type estimate for k-linear m-shifts needed in Sect. 2. Notice
that the only important point of the estimates below is the independenceof the constants
from the parameter m. The proof could be more or less standard by now, but the authors
have not been able to find it elsewhere. Therefore we include it for completeness.

Theorem 4.1
k
supa {x € 2o A F) > 2 1 < Cwllelicaien [T1iluiny @)
r> i=1

where Cw > 0 only depends on k and d, and in particular is independent of m.

We will essentially follow Grafakos-Torres [6,9]. We first prove an L? bound and
then apply a Calderén-Zygmund decomposition. For the L? bound we will use a
multilinear Carleson embedding theorem by Chen and Damién [2], from which we
only need the unweighted result:

1

k P\ » k
> aQ(H<ﬁ>Q) < lelicacroy [ [ il fillricpy — (4.2)

QeZ(Py) i=1 i=1
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whenever
4 X
p pP1 Pk
Now we can prove

Proposition 4.2

k
AR, o Fllz2cpyy < Hlelcarcry [ Tl cy)

i=1

Proof We begin by using duality and homogeneity to reduce to showing
/P 8@, fodx <4

assuming that || fill .2« p) = lgll2(py) = lllcar(r) = 1 and g > 0. By definition
and Cauchy-Schwarz, this is equivalent to

2 1/2 1/2

k
> “Q(H<ff>g<m>) 0l S agle)lol

QE@ZM(P()) i=1 QE@Z,,I(P())
The second term can be estimated, using (4.2) in the linear case, by

1/2

> aglgblol] =2
erjzrn(PO)

For the first term observe that the sequence B¢ defined by

1
5Q=2d—m Z aR

ReDn(Q)

is a Carleson sequence adapted to Py of the same constant. Indeed:

1 1 1
gl >, BrlRI = 15 > R > ar

ReZ(0Q) ReZ(Q) TeZu(R)

— 5 X Xl

ReP(Q) TeDm(R)
1
=@ Z ar|R|
RG@zm(Q)

< llellcar(ry
=1.
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Therefore, we can write the first term as

« 2 1/2

> Bo (me) o .
Qe (Py) i=1
which can also be estimated by (4.2) as follows:
« 2 172 N
. <f{— <2
> ﬁQ(Z(fz)Q) o] = (2k_ 1) <
QeZ(Py) i=l1

Combining both terms we arrive at
/P 8@ f)dr <4

which is what we wanted. O

Now we can prove Theorem 4.1.

Proof By homogeneity we can assume |||l car(py) = Il fillL1(p,) = 1. We now follow

the classical scheme which uses the L? bound and a standard Calderén-Zygmund

decomposition, see for example Grafakos-Torres [6]. However, we need to be careful

with the dependence on m, so we will adapt the proof in [9] to our operators.
Assume without loss of generality that f; > 0. Define

Q = {x e Py MIfi(x) > xl/"}.
If (f;)p, > A!/¥ then by the homogeneity assumption
|Po] < A~k

and the estimate follows. Therefore, we can assume ( f;) p, < AWkforalll <i <k
and hence we can write €2; as a union the cubes in a collection R; consisting of
pairwise disjoint dyadic (strict) subcubes of Py with the property

(for =A% and (fi)ga) < AVE
Foreach 1 <i <kleth; =Y pcr. bR, where
bl (x) == (fi(x) = (fi)r) Lr(x).
We now let g; = f; — b;.
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Observe that we have
lgi (x)| < 29al/%,

as well as

Qil= D" IRl <27k

ReR;
Define Q2 = Uf.‘ZIQi, then we have
lx € Po: A o fO0) > A} <190+ |{x € P\Q: A, f(x) > A}
<k VR4 e PO\Q: AR L f(0) > A} (43)

To estimate the second term observe that

n o) = AR LG+ D))
2k—1

AR Q)+ DA (L R,

Jj=1

where the functions hlj are either g; or b; and, furthermore, foreach 1 < j < 2k _q
thereisatleastone 1 < i < k suchthat 2! = b;.Fix j andleti; be such thath{j =b;;,
then

GO R TA16)

= 2 (H Qw)ﬂw)

Q€D =m(Po)

= z o (bi;) g H (h{)Q(m) Lo(x)

Q€D>m(Po) I<i<k,i#i;

= > > aebfem | [ ®hom |1ow
RERi; Q€Z=m(Po) I<i<k,i#i;

= Z Z (XQ(b >Q(m) H (h{)Q(W’) I].Q(.X)
RERij Q69>m(R) ISiSk’i#ij

So we deduce that Po a(h’, e h‘,f)(x) = 0 for all x ¢ €2;;. With this fact we can
see that the second term in (4.3) is actually identical to

{x € Po\2: A’ﬁoyag(x) > A}
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Now we can use the L2 bound as follows:

. 1 .
I(x € PO\Q: AR (800 > M = IR 08 l72

1645
S )\’_2 H ”gl ||L2k(P0)
i=1

16 k dq1/k Zkki_1 1/k
2] l(2 M) gl
=

IA

gzd(Zk—l))\Z—l/k
— A k=1); ~1/k

Putting both estimates together we arrive at

x € Py A o f(x) > a}| < 27 @Dy =17k

which yields the result with Cyy = 2K0+d@k=1), O
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