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Abstract The well-known results of M. G. Krein concerning the description of self-
adjoint contractive extensions of a hermitian contraction 7' and the characterization of
all nonnegative selfadjoint extensions Aofa nonnegative operator A via the inequal-
ities Ax < A < Ap, where Ag and A are the Krein—von Neumann~extension and
the Friedrichs extension of A, are generalized to the situation, where A is allowed to
have a fixed number of negative eigenvalues. These generalizations are shown to be
possible under a certain minimality condition on the negative index of the operators
I — T[Ty and A, respectively; these conditions are automatically satisfied if 77 is
contractive or A is nonnegative, respectively. The approach developed in this paper
starts by establishing first a generalization of an old result due to Yu. L. Shmul’yan
on completions of nonnegative block operators. The extension of this fundamental
result allows us to prove analogs of the above mentioned results of M. G. Krein and, in
addition, to solve some related lifting problems for J-contractive operators in Hilbert,
Pontryagin and Krein spaces in a simple manner. Also some new factorization results
are derived, for instance, a generalization of the well-known Douglas factorization of
Hilbert space operators. In the final steps of the treatment some very recent results con-
cerning inequalities between semibounded selfadjoint relations and their inverses turn
out to be central in order to treat the ordering of non-contractive selfadjoint operators
under Cayley transforms properly.
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1 Introduction

Almost 70 years ago in his famous paper [47] M. G. Krein proved that for a densely
defined nonnegative operator A in a Hilbert space there are two extremal extensions
of A, the Friedrichs (hard) extension A ¢ and the KreIn—von Neumann (soft) extension
A, such that every nonnegative selfadjoint extension A of A can be characterized by
the following two inequalities:

Art+a) ' =s@+a) ' <@g +a)7! a>0.
To obtain such a description he used Cayley transforms of the form
Ti=I—-AI+A)7'T=U-AU+A)7",

to reduce the study of unbounded operators to the study of contractive selfadjoint
extensions 7" of a hermitian nondensely defined contraction 77. In the study of con-
tractive selfadjoint extensions of 7 he introduced a notion which is nowadays called
“the shortening of a bounded nonnegative operator H to a closed subspace 91’ of $
as the (unique) maximal element in the set

{(De[H]:0<D<H, ranD C N}, (1)

which is denoted by Hsy; cf. [3,4,57]. Here and in what follows the notation [$1, $2]
stands for the space of all bounded everywhere defined operators acting from ) to
2;if H = H1 = H> then the shorter notation [H] = [H1, H2] is used. By means of
shortening of operators he proved the existence of a minimal and maximal contractive
extension 7, and Tjs of T} and that T is a selfadjoint contractive extension of 77 if
andonlyif 7, < T < Ty.

Later the study of nonnegative selfadjoint extensions of A > 0 was generalized to
the case of nondensely defined operators A > 0 by Ando and Nishio [5], as well as to
the case of linear relations (multivalued linear operators) A > 0 by Coddington and
de Snoo [22]. Further studies followed this work of M. G. Krein; the approach in terms
of “boundary conditions” to the extensions of a positive operator A was proposed by
Vishik [63] and Birman [16]; an exposition of this theory based on the investigation
of quadratic forms can be found from [2]. An approach to the extension theory of
symmetric operators based on abstract boundary conditions was initiated even earlier
by Calkin [21] under the name of reduction operators, and later, independently the
technique of boundary triplets was introduced to formalize the study of boundary value
problems in the framework of general operator theory; see [20,29,31,37,43,54]. Later
the extension theory of unbounded symmetric Hilbert space operators and related
resolvent formulas originating also from the work of Krein [45,46], see also e.g.
[52], was generalized to the spaces with indefinite inner products in the well-known
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series of papers by Langer and Krein, see e.g. [49,50], and all of this has been further
investigated, developed, and extensively applied in various other areas of mathematics
and physics by numerous other researchers.

In spite of the long time span, natural extensions of the original results of Krein
in [47] seem not to be available in the literature. Obviously the most closely related
result appears in Constantinescu and Gheondea [24], where for a given pair of a row
operator 7, = (T11, T12) € [551@35/] , $2] and a column operator T£= col (Ty1, Th1) €
(91, 52D .‘73’2] the problem for determining all possible operators T € [$1 ® H, $H2 D
$5] acting from the Hilbert space $1 @ 9 to the Hilbert space £2 & £, such that

T=T, T|H =T,

and such that the following negative index (number of negative eigenvalues) conditions
are satisfied

ki =v (I =T*T) =v_(I = T*T.), Kky:=v_(I—TT*) =v_(I —T,T}),

is considered. The problem was solved in [24, Theorem 5.1] under the condition
K1, k2 < oo. In the literature cited therein appears also a reference to an unpub-
lished manuscript [53] by H. Langer and B. Textorius, where a similar problem for
a given bounded hermitian column operator 7" has been investigated; see [53, Theo-
rems 1.1, 2.8]! and [24, Section 6]. However, in these papers the existence of possible
extremal extensions in the solution set in the spirit of [47], when it is nonempty, have
not been investigated. Also possible investigations of analogous results for unbounded
symmetric operators with a fixed negative index seem to be unavailable in the literature.

In this paper we study classes of “quasi-contractive” symmetric operators 77 with
v_(I — T{T1) < oo as well as “quasi-nonnegative” operators A with v_(A) < o0
and the existence and description of all possible selfadjoint extensions 7 and A of
them which preserve the given negative indices v_(I — T2) = v_(I — TTy) and
v_(A) = v_(A), and prove precise analogs of the above mentioned results of M.
G. Krefn under a minimality condition on the negative indices v_(I — T;*T}) and
v_(A), respectively. It is an unexpected fact that when there is a solution then the
solution set still contains a minimal solution and a maximal solution which then
describe the whole solution set via two operator inequalities, just as in the original
paper of M. G. Krein. The approach developed in this paper differs from the approach
in [47]. In fact, technique based on nonnegative completions of operators appearing in
papers by Kolmanovich and Malamud [44] and Hassi et al. [39] will be successfully
generalized. In particular, we introduce a new class of completion problems for Hilbert
space operators, whose solutions evidently admit a wider scope of applications than
what is appearing in the present paper.

The starting point in our approach is to establish a generalization of an old result
due to Shmul’yan [59] on completions of nonnegative block operators where the result

1 After the Math ArXiv version of the present paper we inquired contents of that work from H. Langer who
then kindly provided us their initial work in [53].
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was applied for introducing so-called Hellinger operator integrals. Our extension of
this fundamental result is given in Sect.2; see Theorem 1 (for the case k < 00) and
Theorem 2 (for the case k = 00). Obviously these two results, already in view of the
various consequences appearing in later sections, may be considered as being most
useful inventions in the present paper with further possible applications in problems
appearing also elsewhere (see e.g. [4,6,27,28,58]).

In this paper we will extensively apply Theorem 1. In Sect. 3 this result is specialized
to a class of block operators to characterize occurrence of a minimal negative index
for the so-called Schur complement, see Theorem 3. This result can be also viewed
as a factorization result and, in fact, it yields a generalization of the well-known
Douglas factorization of Hilbert space operators in [32], see Proposition 1, which is
completed by a generalization of Sylvester’s criterion on additivity of inertia on Schur
complements in Proposition 2. In Sect.4, Theorem 1, or its special case Theorem 3,
is applied to solve lifting problems for J-contractive operators in Hilbert, Pontryagin
and Krein spaces in a new simple way, the most general version of which is formulated
in Theorem 4: this result was originally proved in Constantinescu and Gheondea [23,
Theorem 2.3] with the aid of [ 13, Theorem 5.3]; for special cases, see also Dritschel and
Rovnyak [33,34]. In the Hilbert space case the problem has been solved in [12,25,62],
further proofs and facts can be found e.g. from [8,10,19,44,55].

Section5 contains the extension of the fundamental result of Krein in [47], see
Theorem 5, which characterizes the existence and gives a description of all selfadjoint
extensions 7' of a bounded symmetric operator 77 satisfying the following minimal
index condition v_(I — T?) = v_(I — T12]) by means of two extreme extensions via
Ty < T < Ty. In Sect.6 selfadjoint extensions of unbounded symmetric operators,
and symmetric relations, are studied under a similar minimality condition on the
negative index v_(A); the main result there is Theorem 8. It is a natural extension
of the corresponding result of Krein in [47]. The treatment here uses Cayley type
transforms and hence is analogous to that in [47]. However, the existence of two
extremal extensions in this setting and the validity of all the operator inequalities
appearing therein depend essentially on so-called “antitonicity results” proved only
very recently for semibounded selfadjoint relations in [15] concerning correctness of
the implication H) < H, = Hl_1 > Hz_l in the case that H; and H, have some finite
negative spectra. In this section analogs of the so-called Krein’s uniqueness criterion
for the equality 7, = T are also established.

2 A completion problem for block operators

By definition the modulus |C| of a closed operator C is the nonnegative selfadjoint
operator |C| = (C*C)'/2. Every closed operator admits a polar decomposition C =
U|C|, where U is a (unique) partial isometry with the initial space ran |C| and the
final space ran C, cf. [42]. For a selfadjoint operator H = fR t dE; in a Hilbert space
$ the partial isometry U can be identified with the signature operator, which can be
taken to be unitary: J = sign (H) = fIR{ sign (t) d E;, in which case one should define
sign (1) = 1 if r > 0 and otherwise sign (t) = —1.
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2.1 Completion to operator blocks with finite negative index

The following theorem solves a completion problem for a bounded incomplete block
operator A° of the form

Al A\ (™ 1

A = - 2
(Azl * ) (5’)2) (5')2) @
in the Hilbert space § = 91 & 9».

Theorem 1 Let $H = $H1 @D H2 be an orthogonal decomposition of the Hilbert space $)
and let A° be an incomplete block operator of the form (2). Assume that Ay = A7, and

Aa| = A}, are bounded, v_(A11) = k < oo, where k € Z, and let J = sign (A1y)
be the (unitary) signature operator of A11. Then:

(1) There exists a completion A € [$H] of A® with some operator Ay = A3, € [$2]
such that v_(A) = v_(A11) = k if and only if

ran Aqp Cran|A11|1/2. 3)

(2) If (3) is satisfied, then the operator S = |A11|1= Y2 Ao, where |A11 |-V denotes
the (generalized) Moore—Penrose inverse of |A11|'/?, is well defined and S €
[$52, 91]. Moreover, S*J S is the smallest operator in the solution set

A= {Ap = A3 € [H2] 1 A= (Ai))] ) : v-(A) =k} )

and this solution set admits a description as the (semibounded) operator interval
given by

A={Axn e[H]: An=S"JS+Y, Y =Y*>0}.

Proof (i) Assume that there exists a completion Ay € A. Let A, < Ay < --- <
A1 < 0 be all the negative eigenvalues of Ay and let ¢ be such that [A{| > ¢ > O.
Then 0 € p(A1; + ¢) and hence one can write

1 0\ (A1 +¢ A I —(A+e) 1A
—Ay (A +e)7 b T Ay Ap+e)\o I

_ A+ ¢ 0 )
0 An+e—An(An+e)tAp

The operator in the righthand side of (5) has k negative eigenvalues if and only if
Ay(An+e) A < Ap+e (6)
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or equivalently

ALl

(t +&) 'IEAfI? <elfII* + (Anf, ), (7
—[[ A ]l

where E; is the spectral family of Aj; and f € $,. We rewrite (7) in the form

Jianno @+ O AEARFI*+ [ 4, + &7 dIEALI?
<elfI? + (Anf, ),

This yields the estimate
_ 1
/ (t+e) \E AP <elfI*+ (Anf, ) — ——AnfI>  (8)
[0, A 111 A te

By letting ¢ N\ 0 in (8) the monotone convergence theorem implies that

PLAppf €ran Aiﬁ C ran |A11|1/2

for all f € $7; here Ajj4+ = f[O’”A“”]tdE, stands for the nonnegative part of
A1p and Py is the orthogonal projection onto the corresponding closed subspace
ran Aj14 = f[O,HAull] dE;. Since ran (I — P) is the k-dimensional spectral subspace
of A corresponding to its negative spectrum, one concludes that

(I — PY)Apf €ran Ay Cran|Aq|'/?
for all f € $;. Therefore, ran A1 C ran|Aq; |1/2.
Conversely, ifran A C ran |A11|1/2,then the operator S := |A11|[ 1A, is well
defined, closed and bounded, i.e., S € [$2, H1]. Since A, = |A11|1/ZS, it follows
from Ay = S*|A11|"/? and

—1/2

12
('Agi'J )J (1AL 7S) v (A) =, ©)

that the operator Ay, = S*J S gives a completion for A,
(ii) The proof of (i) shows that A>; = S*|A11|!/? is well defined and that S*J S €
[$2] gives a solution to the completion problem (2). Now

s —1lim Az (A1 + &) "Apn =5 — lim S*|A1 |2 (A1 + &) AL |Y2S = S*J S
e\0 e\0

and if Ay is an arbitrary operator in the set (4), then by letting ¢ \ 0 one concludes
that S*JS < Azy. Therefore, S*J S satisfies the desired minimality property.
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To prove the last statement assume that ¥ € [$)>] and that ¥ > 0. Then Ay =
S*JS+7Y inserted in A° defines a block operator Ay > Amin. In particular, v_(Ay) <
V_(Amnin) = kK < 00. On the other hand, it is clear from the formula

|A1y]1/2 0 0
AY:( By J (A2 JS) + 0y (10

that the x-dimensional eigenspace corresponding to the negative eigenvalues of A
is Ay-negative and, hence, v_(Ay) > k. Therefore, v_(Ay) =k and Y € A.

Notice that in the factorization Ajp; = |Aqq |1/ 28, S is uniquely determined under
the condition ran S C ran A1 (which implies that ker A1> = ker §); cf. [32].

In the case that k = 0, the result in Theorem 1 reduces to the well-known criterion
concerning completion of an incomplete block operator to a nonnegative operator; cf.
[59]. In the case of matrices acting on a finite dimensional Hilbert space, the result
with k¥ > 0 has been proved very recently in the appendix of [28], where it was applied
in solving indefinite truncated moment problems. In the present paper Theorem 1 will
be one of the main tools for further investigations.

2.2 Completion to operator blocks with an infinite negative index.

The completion result in Theorem 1 is of some general interest already by the sub-
stantial number of its applications known in the case of nonnegative operators. In this
section the completion problem is treated in the case that x = oo. For this purpose
some further notions will be introduced.

Recall that a subspace 9T C §) is said to be uniformly A-negative, if there exists
a positive constant v > 0 such that (Af, f) < —v||f||2 for all f € 901. It is maxi-
mal uniformly A-negative, if 9 has no proper uniformly A-negative extension. The
completion problem is now extended by claiming from the completions the following
maximality property:

There exists a subspace 9t C $;which is maximal uniformly A-negative.  (11)

Theorem 2 Let A° be an incomplete block operator of the form (2) in the Hilbert
space $) = 91 ® 2. Let A1y = A}, and Ay = A7, be bounded, let J = sign (Aqy)
be the (unitary) signature operator of A1, and, in addition, assume that there is a
spectral gap (—8,0) C p(A11), § > 0. Then:

(i) There exists a completion A € [$] of A® with some operator Ay = A3, satisfying
the condition (11) if and only if

ran Ajp C ran |[Aqg |1/2.

(ii) If the condition in (i) is satisfied, then S = |A11|I"V2 A1y, where |App |71/
denotes the (generalized) Moore—Penrose inverse of |A11|Y/2, is well defined and
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S € [$2, H1]. Moreover, S*J S is the smallest operator in the solution set
A:={Ap =A% e[M]: A= (Aij)iz,j=l satisfies (11)}

and this solution set admits a description as the (semibounded) operator interval
given by

A={Ap e[Mm]:Apn=S"JS+Y, Y =Y*">0).

Proof To prove this result suitable modifications in the proof of Theorem 1 are needed.
(i) First assume that A» € A gives a desired completion for A°. If ¢ € (0, §) then
0 € p(Aq1 + ¢) and therefore the block operator (A;;) satisfies the formula (5). We
claim that the condition (11) implies the inequality (6) for all sufficiently small values
e > 0. To see this let M C $; be a subspace for which the condition (11) is satisfied.
Then (A1 f, f) < —v]|| f||? for some fixed v > 0 and for all f € 9. Assume that
for some 0 < g9 < min{v, 6} (6) is not satisfied. Then ((Ay + €9 — A21(A11 +
€0) 1 A12)v0, vo) < 0 holds for some vector vy € $,. Define £ = WE_OI(EDT +
span {vg}), where

I —(A1 +e0) 1A
oo (0t 010,

Clearly, W, is bounded with bounded inverse and it maps 91 bijectively onto 21, so
that £ is a 1-dimensional extension of 1. It follows from (5) that for all f € £,

A1+ e 0
Af, + e 2 = _ u,u) <0,
(Af. ) +eoll 1 (( 0 Ax+eo— A2(A1l + &0) 1A12) )

where u = Wy, f € 9t 4 span {vo}. Therefore, £ is a proper uniformly A-negative
extension of 91; a contradiction, which shows that (6) holds forall 0 < & < min{v, 8}.
Then, as in the proof of Theorem 1 it is seen that ran A1y C ran A |1/ 2 note that in
the estimate (8) X1 is to be replaced by —3§.

Conversely, if ran Ajo C ran|A11|"/?,then S = |[A11|IT V5 A1 € [$92, $H1]and the
block operator A in (9) gives a completion. To prove that A satisfies (11) observe that
if 9 is a uniformly A-negative subspace in ), then (|A11 |12 s ) maps it bijectively
onto a uniformly J-negative subspace in §3;. The spectral subspace corresponding
to the negative spectrum of Aj; is maximal uniformly J-negative in $; and also
uniformly A-negative in $). By the above mapping property this subspace must be
maximal uniformly A-negative in ).

(ii) If Ay = A%, defines a completion A € [$] of AY such that (11) is satisfied then
by the proof of (i) the inequality (6) holds for all sufficiently small values ¢ > 0. Now
the minimality property of $*J S can be obtained in the same manner as in Theorem 1.

As to the last statement again for every Y € [92], Y > 0, the block operator Ay
defined in the proof of Theorem 1 satisfies Ay > Ani,. Hence, every uniformly Ay-
negative subspace is also uniformly Api,-negative. Now it follows from the formula
(10) that the spectral subspace corresponding to the negative spectrum of A1y, which
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is maximal uniformly Ami,-negative, is also maximal uniformly Ay-negative. Hence,
Ay satisfies (11) and Y € A.

3 Some factorizations of operators with finite negative index

Theorems 1 and 2 contain a valuable tool in solving a couple of other problems, which
initially do not occur as a completion problem of some symmetric incomplete block
operator. In this section it is shown that Theorem 1 (a) can be used to characterize
the existence of certain J-contractive factorizations of operators via a minimal index
condition; (b) implies an extension of the well-known Douglas factorization result with
a certain specification to the Bognar—Kramli factorization; (c) yields an extension of
a factorization result of Shmul’yan for J-bicontractions; (d) allows an extension of
a classical Sylvester’s law of inertia of a block operator, which is originally used in
characterizing nonnegativity of a bounded block operator via Schur complement.
Some simple inertia formulas are now recalled. The factorization H = B*EB
clearly implies that vi (H) < vy (E). If H and H, are selfadjoint operators, then

meemn=() (3 5) ()

shows that vy (H| + Hy) < vi(H))+ v+ (H>). Consider the selfadjoint block operator

H € [91 @ H2] of the form
A B*
H = (B 12) s (12)

where /o = J5 = J, I By applying the above mentioned inequalities shows that
V+(A) < vie(A — B*hB) +vi (o). (13)

Assuming that v_ (A — B*J; B) and v_(J,) are finite, the question when v_ (A) attains
its maximum in (13), or equivalently, v_(A — B*J, B) > v_(A) — v_(J>) attains its
minimum, turns out to be of particular interest. The next result characterizes this
situation as an application of Theorem 1. Recall that if A = J4|A| is the polar decom-
position of A, then one can interpret $H4 = (fan A, J4) as a Krein space generated on
ran A by the fundamental symmetry J4 = sgn (A).

Theorem 3 Let A € [§1] be selfadjoint, B € [91, 2], Jo = J5 = Jz_l € [97], and
assume that v_(A), v_(Jp) < oo. If the equality

V_(A) = v_(A — B*LB) + v_(J) (14)

holds, then ran B* C ran|A|'? and B* = |A|'>K for a unique operator K &
[92, Ha] which is J-contractive: Jo — K*J4K > 0.

Conversely, if the equality B* = |A|'Y/2K holds for some J-contractive operator
K € [9,, tan A, then the equality (14) is satisfied.
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Proof Assume that (14) is satisfied. The factorization

o (A B*) _ (1 B*Jz) (A — B*B 0) ( 1 0)
B ) 0 1 0 J hHLB 1

shows that v_(H) = v_(A — B*J>B) + v_(J), which combined with the equality
(14) gives v_(H) = v_(A). Therefore, by Theorem 1 one has ran B* C ran |A|1/2
and this is equivalent to the existence of a unique operator K € [$)>, dom A] such that
B* = |A|Y?K;ie. K = |A|l"Y/2B*. Furthermore, K*J4 K < J> by the minimality
property of K*J4 K in Theorem 1, in other words K is a J-contraction.

Converse, if B* = |A|1/ 2K for some J-contraction K € [$2, dom A], then clearly

ran B* C ran |A|'/2. By Theorem 1 the completion problem for H® has solutions with
the minimal solution S*J4 S, where

S =|A|IFVABr = AP 14) 2k = K.

Furthermore, by J-contractivity of K one has K*J4 K < J, i.e. J; is also a solution
and thus v_ (H) = v_(A) or, equivalently, the equality (14) is satisfied.

While Theorem 3 is obtained as a direct consequence of Theorem 1 it will be
shown in the next section that this result yields simple solutions to a wide class of
lifting problems for contractions in Hilbert, Pontryagin and Krein space settings.

Before deriving the next result some inertia formulas for a class of selfadjoint block
operators are recalled. Consider the following two representations

Ju TN _( I 0\ (/i 0 I LT

T L) \ThHlI 0 JL—TAHT*]\O 1
e T*J, J1=T*LT O 1 0
—\0 1 0 Jy LT 1)°

where J; = J* = Jf], i = 1, 2. Since here the triangular operators are bounded
with bounded inverse, one concludes that ran (J, — T J;T*) is closed if and only if
ran (J; — T*J,T) is closed. Furthermore, one gets the following inertia formulas; cf.
e.g. [13, Proposition 3.1].

Lemma 1 With the above notations one has

ve(Ji = T*”LT) +vie(h) =ve(Jo = THT") +ve(J1),

vo(Ji = T*ILT) =vo(Jo =TI T").

The next result contains two general factorization results: assertion (i) contains an
extension of the well-known Douglas factorization, see [32,35], and assertion (ii) is
a specification of the so-called Bognar—Kramli factorization, see [18]: A = B*J,B
holds for some bounded operator B if and only if vy (J2) > vi(A).
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Proposition 1 Let A, B, and J> be as in Theorem 3, and let v_(A) = v_(J2) < oo.
Then:

(i) The inequality
A > B*)B (15)

holds if and only if B = C|A|'/? for some J-contractive operator C € [$4, 921
in this case C is unique and, in addition, J-bicontractive, i.e., Jo — C*J,C > 0
and J, — CJAC* > 0.
(1) The equality
A= B*)B (16)

holds if and only if B = C|A|'/? for some J-isometric operator C € [$4, 921
again C is unique. In addition, C is unitary if and only if ran B is dense in $;.

Proof (i) The inequality (15) means that v_ (A — B*J, B) = 0. Hence the assumption
v_(A) = v_(J2) < oo implies the equality (14). Therefore, the desired factorization
for B is obtained from Theorem 3. Conversely, if B = C|A| 172 for some J-contractive
operator C then (14) holds by Theorem 3 and the assumption v_(A) = v_(J2) < 00
implies that v_(A — B*J,B) = 0.

The fact that C is actually J-bicontractive follows directly from Lemma 1.

(i1) Assume that (16) holds. Then by part (i) it remains to prove that in the factor-
ization B = C|A|'/? the operator C is isometric. Substituting B = C|A|'2 into (16)
gives

A = |A|Y2Ccr A1V

Since dom C, ran C* C tan A and A = |A|'/2J4|A|'/?, the previous identity implies
the equality J4 = C*J»C, i.e., C is J-isometric. Conversely, if C is J-isometric then
clearly (16) holds.

Since B = C|A|1/2 and C € [94, 921, it is clear that B has dense range in
> precisely when the range of C is dense in $)>. The (Krein space) adjoint is a
bounded operator with dom C*I = $),. By isometry one has C~! ¢ C!, and thus
C~! is also bounded, densely defined and closed. Thus, the equality C~! = C*I
prevails, i.e., C is J-unitary. Conversely, if C is unitary then C~! = C!*I holds and
ran C = dom C*l = §,. Consequently, ran B = ran C|A|'/? is dense in $);.

If, in particular, v_(A) = v_(J;) = O then 0 < A < B*B and Proposition 1
combined with Theorem 1 yields the factorization and range inclusion results proved
in [32, Theorem 1] with A replaced by A*A. In particular, notice that if ran B* C
ran |A|'/2, then already Theorem 1 alone implies that S = |A|[=1/21B* is bounded
and hence B*B = |A|Y/2S5*|A|'/2 < ||S|I?A.

Assertions in part (ii) of Corollary 1 can be found in the literature with a different
proof. In fact, the first statement in (ii) appears in [13, Proposition 2.1,Corollary 2.6]
while the second statement in (ii) is proved in [23, Corollary 1.3]. Another extension
for Douglas’ factorization result can be found from [58].

For a general treatment of isometric (not necessarily densely defined) operators
and isometric relations appearing in the proof of Proposition 1 the reader is referred
to [14], [26, Section 2], and [27].
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A slightly different viewpoint to Proposition 1 gives the following statement, which
can be viewed as an extension of a theorem by Shmul’yan, see [60, Theorem 3], on the
factorization of bicontractions on Krein spaces; for a related abstract Leech theorem,
see [34, Section 3.4].

Corollary 1 Let A € [$)1] be selfadjoint, let B € [$1, 2], andlet J, = J = J{l €
[92] with v_(J3) < oco. Then:

()
A>B*hB and v_(A) =v_(J)»)

if and only if B = C|A|1/2 for some J-bicontractive operator C € [, H2]; in
this case C is unique.

(i)
A=B*IhB and v_(A) =v_())

if and only if B = C|A|'? for some J-bicontractive operator C which is also
J-isometric, i.e., J4 — C*J,C = 0and J, — CJoC* > 0; again C is unique.

Proof Observe that if C is J-bicontractive, then an application of Lemma 1 shows
that v_(J2) = v_(J4) = v_(A). Now the stated equivalences can be obtained from
Proposition 1.

This section is finished with an extension of Sylvester’s law of inertia, which is
actually obtained as a consequence of Theorem 1.

Proposition 2 Let A = (A; j)iz’ j=1 be an arbitrary selfadjoint block operator in § =

91 D 92, which satisfies the range inclusion (3), and let S = |A11 |[_1/2]A12. Then
v_(A) < oo ifand only if v_(A11) < oo and v_(Ayy — S*JS) < o0, in this case

V_(A) = v_(A11) + v_(Ap — S*JS).

In particular, A > O ifand only ifran A1, C ran |A11|1/2, A1 > 0,and App—S*JS >
0.

Proof By the assumption (3) S = |A1|[71/?1A}; is an everywhere defined bounded
operator and, since A1 = |Aq |2 J1A11]Y? (cf. Theorem 1), the following equality

holds:
A (1Anl"? 0y (7 0 [An|'2Js
S\ St IJ\0 Axp-—S*JS 0 1)’

i.e. A = B*E B where E stands for the diagonal operator with v_(E) = v_(A1) +
v_(Ap — §*JS) and the triangular operator B on the right side is bounded and has
dense range in ran A1 @ ). Clearly, v_(A) < v_(E) and it remains to prove that if
v_(A) < oothenv_(A) = v_(E).
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To see this assume that v_(A) < v_(FE). We claim that ran B contains an E-
negative subspace £ with dimension dim £ > v_(A). Assume the converse and let
£ C ran B be a maximal E-negative subspace with dim £ < v_(A). Then (E )+
must be E-nonnegative, sinceif v L E£and (Ev, v) < 0, then span {v+ £} would be
a proper E-negative extension of £. Since E £ is finite dimensional and ran B is dense
inran A1 @ $7, ran B has dense intersection with (ran A1} @ $7) © E £, and hence
the closure of this subspace is also E-nonnegative. Consequently, v_(E) = v_(£), a
contradiction with the assumption v_(E) > v_(A). This proves the claim that ran B
contains an E-negative subspace £ with dim £ > v_(A). However, then the subspace
L ={uctanA ® Hr : Bu € £} satisfies dim £ > dim £ and, moreover, £’ is
A-negative: (Au,u) = (EBu, Bu) < 0,u € £, u # 0. Thus, v_(A) > dim £, a
contradiction with dim £ > v_(A). This completes the proof.

Proposition 2 completes Theorem 1: if ran A1 C ran |Aj;|'/% then Ay = J|Aq1]
and Ajp = |A11]'/2S imply that Ayg| A1 |72 7 |A|EY2 A, = §*JS. Hence the
negative index of A can be calculated by using the following version of a generalized
Schur complement or a shorted operator (defined initially for a nonnegative operator
H in (1))

0 0
Ag = (0 Ax — S*JS) (n

via the explicit formula
V_(A) = v_ (A1) +v_(Ax — Ay ATV H 1AL T AR (18)

The addition made in Proposition 2 concerns selfadjoint operators Ajy that are not
solutions to the original completion problem for A°.

The notion of a shorted operator in infinite dimensional Hilbert spaces has been
extended to the case of not necessarily selfadjoint block operators in a paper by
Antezana et al. [6]. These so-called bilateral shorted operators introduced and studied
therein use two range inclusions, see [6, Definitions 3.5, 4.1], which in the selfadjoint
case reduce to the single condition (3) appearing in Theorems 1 and 2.

4 Lifting of operators with finite negative index

As a first application of the completion problem solved in Sect.?2 it is shown how
nicely some lifting results established in a series of papers by Arsene, Constantinescu,
and Gheondea, see [12,13,23,24], as well as in Dritschel and Rovnyak [33,34] (see
also further references appearing in these papers) on contractive operators with finite
number of negative squares can be derived from Theorem 1.

For this purpose some standard notations are introduced. Let ($1, (-, -);) and
(%2, (-, -)2) be Hilbert spaces and let J; and J> be symmetries in 1 and 2, i.e.
Ji = Jl.* = Ji_l, so that (9, (Ji-, )i), i = 1,2, becomes a Krein space. Then asso-
ciate with 7' € [$1, H2] the corresponding defect and signature operators
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Dy = |Ji = T*LT|'?, Jr =sign(Jy — T*)T), D7 =rtanDr,

where the so-called defect subspace ©r can be considered as a Krein space with the
fundamental symmetry J7. Similar notations are used with 7*:

Dy = |Jy — THT*V2, Jpe =sign (J, — TJT*), Dp+ =T7an Drs.

By definition Jr D% = J1 — T*J,T and Jr Dy = DrJr with analogous identities
for D7+ and Jr+. In addition,

(i1 = T*LTYLWT* =T*Jh(Jo — TIHT*), (19)
(o =THhT*HT =TJ(J — T*T).

Recall that T € [$], $H2] is said to be a J-contraction if J; — T*JL,T > 0, i.e.
v_(J1 — T*J,T) = 0. If, in addition, T* is a J-contraction, T is termed as a J-
bicontraction, in which case v_(J1) = v_(J2) by Lemma 1. In what follows it is
assumed that

ki ==v_(J1 =T*HhT) <00, kp:=v_(Jp —TIHT") < oco.
In this case Lemma 1 shows that
v_(J2) = v_(J1) + k2 —K1. (20)
The aim in this section is to show applicability of Theorem 1 in establishing for-
mulas for so-called liftings T of T with prescribed negative indices k| and &, for the
defect subspaces, equivalently, for the associated signature operators. Given a bounded
operator T € [$)1, $2] the problem is to describe all operators T from the extended

Krein space (1 @ 9/, J1 @ J{) to the extended Krein space (2 ® 9, Jo» @ J}) such
that

() PTI$ =T and v_(J; = T*LT) =k, v (h-THhT") =%,
with some fixed values of k1, k2 < o0 Here P; stands for the orthogonal projection
from §; = $; ® H; onto H; and J; = J; ® J/, i = 1, 2. In addition, it is assumed that
the exit spaces are Pontryagin spaces, i.e., that

v_(J]), v—(J5) < oo.
Following [13,23] consider first the following column extension problem:

(). Give a description of all operators 7, = col (T C ) € [91,52 55’2], such that
v_(J1 — TC*J2T0)~: K1 (< 00).

Since J1 — T} JoT, = J1 — T*J,T — C*J;C, then necessarily (see Sect. 3)

K1 > k1 —v_(C*J5C) > k1 —v_(J}).
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Moreover, it is clear that kp > K2, since J, — TJ;T* appears as the first diagonal
entry of the 2 x 2 block operator J, — T;.J1 T, when decomposed w.r.t. ; = $); 6955;,
i=1,2.

With the minimal value of k all solutions to this problem will now be described by
applying Theorem 1 to an associated 2 x 2 block operator T¢ appearing in the proof
below; in fact the result is just a special case of Theorem 3.

Lemma2 Letk; = v_(J1 — Tc*szc) and assume that k1 = k1 —v—(J3)(= 0). Then
ran C* C ran D7 and the formula

T
Ie= (K*DT)

establishes a one-to-one correspondence between the set of all solutions to Problem
(*)c and the set of all J-contractions K € [f_)’z, Drl.

Proof To make the argument more explicit consider the following block operator

ro._ (N -TThT CY\_ (I C*) W—=T*hT, ON( I O
€= C J) =\ 1 0 BI\nc 1)

Clearly v_(T¢) = v_(J1 — Tc*szc) + v_(J}) < oo, which combined with k| =
K1 — v_(Jz/) shows that v_(T¢) = k1 = v_(J; — T*J,T). Now, the statement is
obtained from Theorem 1 or, more directly, just by applying Theorem 3.

Remark 1 (i) The above proof, which essentially makes use of an associated 2 x 2 block
operator T¢ (being a special case of the block operator H in (12) behind Theorem 3),
is new even in the case of Hilbert space contractions. In particular, it shows that the
operator K in Lemma 2 coincides with the operator S that gives the minimal solution
S*Jr S to the completion problem associated with T¢; the J-contractivity of K itself
is equivalent to the fact that T is also a solution precisely when k = k — v_(J}).

(i1) The existence of a solution to Problem (). is proved here using only the
condition k| = kj — v,(Jz’) (> 0). The corresponding result in [23, Lemma 2.2] is
formulated (and formally also proved) under the additional condition k, = 7. In the
case that v_(J1) < oo the equality ko = «» follows automatically from the equality
K1 = k1 — v_(J): to see this apply (20) to T and T, which leads to v_(J;) + k2 =
v_(J1) + k2, so that v_(J;) < oo implies k; = k. Naturally, in Lemma 2 the
condition k3 = k7 follows from the condition k1 = k1 —v_(J3) also in the case where
v_(J1) = oo; see Corollary 3 below.

Finally, it is mentioned that for a Pontryagin space operator 7 the result in Lemma 2
was proved in [13, Lemma 5.2].

In a dual manner we can treat the following row extension problem; again initially
considered in [13,23]:

(*)r Give a description of all operators T, = (T R) € [$; @ 9, $2], such that
V(= T, T =& (< ).
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Analogous to the case of column operators, J, — Trfl T)=JhL-THhT*— RJI’ R*
gives the estimate

Ky > Kkp — v_(RJ{R*) > Ky — v_(J]’).

Moreover, itis clear that k| > «1. With the minimal value of k> all solutions to Problem
() are established by applying Theorem 1 to an associated 2 x 2 block operator Tg.

Lemma3 Letio = v_(Jr— T, J T;¥) and assume that ky = ky —v_(J{)(= 0). Then
ran R C ran D7+ and the formula

T, = (T Dr+B)

establishes a one-to-one correspondence between the set of all solutions to Problem
(*)r and the set of all J-contractions B € [}, D7+].

Proof To prove the statement via Theorem 1 (cf. Theorem 3) consider

ro o (L=THT* R\ _ (1 RN\ (2-TNTF 0O I 0
k= R* J) -\ 1 0 J)\JR* 1)

Then clearly v_(Tg) = v_(J, — T,J~1T,*) + v_(J{) and hence the assumption k, =
Ky — v_(Jl’) is equivalent to v_(Tg) = ko = v_(Jp — T J1T*). Therefore, again the
statement follows from Theorem 1 or directly from Theorem 3.

Remarks similar to those made after Lemma 2 can be done here, too. In particu-
lar, the corresponding result in [23, Lemma 2.1] is formulated under the additional
condition k1 = «i: here this equality will be a consequence from the equality
k2 =k — v_(J{); cf. Corollary 3 below.

To prove the main result concerning parametrization of all 2 x 2 liftings in a larger
Krein space with minimal signature for the defect operators an indefinite version of
the commutation relation of the form 7Dy = D7+T is needed; these involve so-called
link operators introduced in [13, Section 4].

We will give a simple proof for the construction of link operators (see [13, Propo-
sition 4.1]) by applying Heinz inequality combined with the basic factorization result
from [32]. The first step is formulated in the next lemma, which is connected to a
result of Krein [48] concerning continuity of a bounded Banach space operator which
is symmetric w.r.t. to a continuous definite inner product; the existence of link oper-
ators was proved in [13] via this result of Krein. Here a statement, analogous to that
of Krefn, is formulated in pure Hilbert space operator language by using the modulus
of the product operator; see [34, Lemma B2], where Krein’s result is presented with
a proof due to W. T. Reid.

Lemmad4 Let S € [91, H2] and let H € [92] be nonnegative. Then

HS = (HS)* = |HS| < uH for some u < oo.
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Proof Since H S is selfadjoint, one obtains
(HS)?> = HSS*H < u*H?, u=|S| < oc.
Now by Heinz inequality (see e.g. [17, Theorem 10.4.2]) we get
|HS| = (HSS*H)'/?> < uH.

Corollary 2 Let T € [91, H2] and let J| and J be symmetries in $1 and $> as
above. Then there exist unique operators Lt € [O1,Dr+] and L+ € [Dr+, D]
such that

Dr«Lt =TJ1D7| D7, DrLy+ =T*JhDp+| Drs;

in fact, Ly = DYNT 1y Dr 1 ©1 and Ly = DY T* 1Dy | D1
Proof Denote S = Jp«JoT JrJ1T*. Then (19) implies that

D3.S = (J = THT* LTI ) T*
=Th(J, =T*LT)Jr i T*
=T\ D7J;T* >0,

so that D%* S is nonnegative and, in particular, selfadjoint. By Lemma 4 with © = || S||
one has

0 < TJiD3J\T* = D3.S < uD?..

This last inequality is equivalent to the factorization 7J; D7 [ ®r = Dr+L7 with a
unique operator L7 € [D7, O7+], see [32, Theorem 1], which by means of Moore—
Penrose generalized inverse can be rewritten as indicated.

The second formula is obtained by applying the first one to 7*.

The following identities can be obtained with direct calculations; see [ 13, Section 4]:
L;JT*[QT* = JrLrx;

(Jr = DriD7)[Dr = L} Jr+Lr; 21
(Jrx — Dy« JpD7+) [ Dpx = L;*JTLT*.

The next corollary contains the promised identity k; = & under the assumption
Ky = k2 —v_(J;) = 0in Lemma 3. Similarly k1 = «1 — v_(J{) implies k; = «2;
the general result for the first case can be formulated as follows (and there is similar
result for the latter case).

Corollary 3 Let R be a bounded operator such that ran R C ran Dy« and let T, be
the corresponding row operator and denote k| = v—(J1 —T,*J2T,). Then R = Dr+B
for a (unique) bounded operator B € [f)’l, D] and

K1 =K1+ v_(Jl’ — B*J7+B).

In particular, J-contractivity of B is equivalent to k| = k.
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Proof Recall that ran R C ran Dr+ is equivalent to the factorization R = D7+ B. By
applying the commutation relations in Corollary 2 together with the identities (21)
one gets the following expression for Jz, D%:

pop2 — (N -T*hT  ~T*hDrB
020 = \=B*Dy+«bT J| — B*Dr«J2 D7+ B
(22)
_ JTD% —DrL7+B
~ \-B*Li.Dr JpD% + B*L%.JrL71+B

Now apply Proposition 2 and calculate the Schur complement, cf. (18),
JgD% + B* L} JrLy+«B — B* L. Dy (DY DY DLy B = Jp D3,

to see that k1 = v_(J; — T*bT) + v_(J{ — B*Jr+B).

By means of Lemmas 2, 3 and the link operators in Corollary 2 one can now
establish the main result concerning the lifting problem ().

First notice that if Problem (x) has a solution, then by treating T as arow extension
of its first column 7, and as a column extension of its first row 7, one gets from the
inequalities preceding Lemmas 2, 3 the estimates

k1> k1(Ty) —v_(Jy) = k1 —v_(Jy);

%2 > ka(To) — v_(J]) > K2 — v_(J). 3)

Under the minimal choice of the indices k; and k¥, Problem (x) is already solvable;
all solutions are described by the following result, which was initially proved in [23,
Theorem 2.3] with the aid of [13, Theorem 5.3]. Here a different proof is presented,
again based on an application of Theorem 1.

Theorem 4 lftTbeaboundedOperatorfrom (9199, J1®J)) to (5289, D J;)
such that P,T|$H, = T. Assume that 0 < k| — v_(Jz’) =Kk < ooand 0 <
Ky —v_(J{) = k2 < oc. Then the Problem () is solvable and the formula

F_ T Dr+I"y
~\rbr —TaLyurTy + DrTDr,

establishes a one-to-one correspondence between the set of all solutions to Problem
(%) and the set of triplets {T', T2, T'} where T'1 € [9], D7+]1and Ty € [, Dr] are
J-contractions and T" € [Dr,, @1“;] is a Hilbert space contraction.

Proof Assume that there is a solution T to Problem (%) and write it in the form

= T R

(e %)
with the first column denoted by 7, and first row denoted by 7}, and assume that
kK1 = k1 —v_(Jy) and ko = k2 — v_(J{). Then (23) shows that k; = «(7}) and
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k2 = k2(T,). Hence Lemma 3 can be applied by viewing T as a row extension of T.
to get a range inclusion and then from Corollary 3 one gets the equality k1 = «1 (7).
Similarly applying Lemma 2 and the analog of Corollary 3 to column operator T one
gets the equality k2 = «2(7;). Thus k1 (Tc) = k1 —v—(J3) and k2(T;) = k2 —v_(J]).
Consequently, one can apply Lemma 2 to the first column 7, and Lemma 3 to the
first row T, to get the stated factorizations C = ' D7 and R = D7=I"1 with unique
J-contractions 'y and I'}.
To establish a formula for X we proceed by considering the block operator

2
H = ‘ITr DTr TI'T2
Tr, 2 J 2/ '

where 7)., denotes the second row of T.Ttis straightforward to derive the following
formula for the Schur complement

J, D}, — T3y Ty0 = Ty — T* DT

Thus v_(H) = k1 +v_ (J ) =k1=v-(Jr,) and one can apply Theorem 1 to o get the
factorization T*2 = Dy, K with a unique K € [$), Dr,] satisfying K*JT K < J3,
ie., KisaJ- -contraction; see Theorem 3.

It follows from (22) that

2 Dr 0 Jr 0 Dr —JrLp=T'1\ . x5
Jr.D r (—FTL’;*JT Drl) (0 IDFl 0 Dr, = B JB.

Since here v_(J7,) = k1 = v—(Jr) and B is a triangular operator whose range is dense
in ®7 @9r, (the diagonal entries Dy and Dr, of B have dense ranges by definition),
there is a unique Pontryagin space J-unitary operator U from ©7, onto D1 @ Dr,
such that B = U Dr, ; see Proposition 1 (ii). It follows that K* := (U~ 1)”‘K isa J-
contraction from $), to ®7 & Dr, and KB = K*DT = T;2. Now J; — KJTK* >0
gives

0 < KiK{ < J; — KoJrK§, (24)

where K = (K¢ K1) is considered as a row operator, and 7, = K B reads as
I'Dr = KoDr, X =—KoJrL7+I'1 + KIDF1~

Since all contractions that are involved are unique, Ko = I', J KoJr K = DFE”
and (24) implies that there is a unique Hilbert space contraction I' € [Dr,, Dry] such
that K| = Dr; I". The desired formula for 7 is proven (cf. (21)). It is clear from the
proof that every operator T of the stated form is a solution and that there is one-to-one

correspondence via the triplets {I"1, I'>, '} of J-contractions.

Remark 2 (i) By replacing T with its adjoint T* it is clear that all formulas remain
the same and are obtained by changing 7 with 7* and interchanging the roles of the
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indices 1 and 2; see also (21). This connects the considerations with row and column
operators to each other.

(ii) If k1 = Osothat J1 —T*J,T > 0, then the above proof becomes slightly simpler
since then J7,, Jr, and J] are identity operators and K is a Hilbert space contraction.
Then Theorem 4 gives all contractive liftings of a contraction in a Krein space. If in
addition k; = 0, then one gets all bicontractive liftings of a bicontraction in a Krein
space with Pontryagin spaces as exit spaces. In the special case that the exit spaces are
Hilbert spaces (v—(J1) = v_(J2) = 0 and k1 = k2 = 0) Theorem 4 coincides with
[33, Theorem 3.6]. In fact, the present proof can be seen as a further development of
the proof appearing in that paper; see also further references and historical remarks
given in [33,34].

5 Contractive extensions of contractions with minimal negative indices

Let $31 be a closed linear subspace of the Hilbert space $), let 711 = T} € [$1] be an
operator such that v_ (I — T121) = k < 00. Denote

J =sign({ — lel), Jy+ =sign(I — T11), and J_ =sign (I + T1y), (25)
andletky = v_(I—Ty1)andk— = v_(I+T71).Itisobviousthat J = J_Jy = J4J_.
Moreover, there is an equality k = xk_ + k4 as stated in the next lemma.

Lemma 5 Let T = T* € [$)1] be an operator such that v_(I — T?) = k < 0o then
v(I =T =v_(I+T)4+v_(I-T).

Proof Let E,(-) be the resolution of identity of 7. Then by the spectral mapping
theorem the spectral subspace corresponding to the negative spectrum of I — T2
is given by E;((o0; —1) U (1; 00)) = E;((—o0; —1)) @ E;((1; 00)). Consequently,
v_(I — T?) =dim E;((—o0; —1)) +dim E,((1; 00)) = v_(I + T) +v_(I — T).

The next problem concerns the existence and a description of selfadjoint operators

T such that X+ = 1+Tand A_ = I — T solve the corresponding completion
problems
I+Ty =T
0 _ 11 21
AL = ( e N ) (26)

under minimal index conditionsv_(I +T) = v_(I +T11),v—(I —T) = v_(I —T11),
respectively. Observe, thatif / =T provides an arbitrary completion to A(jt then clearly
v_(I£T) > v_(I£Ti1). Thus by Lemma 5 the two minimal index conditions above
are equivalent to the single condition v_ (I — T =v_(I — T]21).

Unlike with the case of a selfadjoint contraction 771, this problem need not have
solutions when v_(I — T2) > 0. It is clear from Theorem 1 that the conditions
ran 7y, C ran|l — T11|]B and ran 75, C ran|I + Ty;|'/? are necessary for the
existence of solutions; however alone they are not sufficient.

The next theorem gives a general solvability criterion for the completion problem
(26) and describes all solutions to this problem, when the criterion is satisfied. As in
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the definite case, there are minimal solutions A and A_ which are connected to two
extreme selfadjoint extensions 7" of

(T . H
T, = (TZI) 1 H — (5:)2)’ 27

now with finite negative index v_ (1 — T2) =v_(I— T121) > (. The set of all solutions
T to the problem (26) will be denoted by Ext 7, (-1, 1).

Theorem 5 Let Ty be a symmetric operator as in (27) with Ty = T}, € [$1] and
v_(I — T121) =Kk < 00, and let J = sign (I — lel)' Then the completion problem for
Agt in (26) has a solution I = T for some T = T* with v_(I — T =« if and only
if the following condition is satisfied:

v_(I = Th) =v—(I — T} Ty). (28)

If this condition is satisfied then the following facts hold:

(i) The completion problems for A(i in (26) have minimal solutions A4.
(i1) The operators T, == Ay — L and Ty :=1 — A_ € Extp (=1, 1).
(iii) The operators T, and Ty have the block forms

T — T DT”V*
"o VDr, =1 +VU -Ti)JV*)"’

(29)
To — T11 Dy, %%
M=\vDy, I —VU+T)JV*)"
where Dy, == |I — T2 Y2 and V is gi b = (=1]
Ty = | 1"/~ and V is given by V := clos (T21DTll ).

(iv) The operators T,, and Ty are extremal extensions of Ty:

TeBxtry (=11 iff T=T"€[9H], Tn<T <Tu. (30)
(v) The operators T,, and Ty are connected via

Dw=-Tu, (—T)m =—Tp. (31)

Proof Ttiseasy tosee thatk = v_(I—T3) < v_(I—T;Ty) < v_(I —T?). Hence the
conditionv_(I —T?) =« implies (28). The sufficiency of this condition is established
while proving the assertions (i)—(iii) below. (i) If the condition (28) is satisfied then
ranT}; C ran|l — T121 |'/2 by Lemma 2. In fact, this inclusion is equivalent to the
inclusions ran 75} C ran|I £ T11|'/2, which by Theorem 1 means that both of the
completion problems, AQ_L in (26), are solvable. Consequently, the following operators

S_ =1+ VYA, sy =1 — TV, (32)
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are well defined and they provide the minimal solutions A 4+ to the completion problems
for Agt in (26). Notice that the assumption that there is a simultaneous solution 7 £ T
with a single selfadjoint operator 7 is not yet used here.

(i) & (iii) Proof of (i) shows that the inclusion ran 73] C ran|/ — T121 |1/2 holds.
This last inclusion alone is equivalent to the existence of a (unique) bounded operator
Ve = D[T._ll] T;, with ker V. O ker D7y,, such that T, = Dr,, V*. The operators
T, := A4 — 1 and Ty := I — A_ (see proof of (i)) can be now rewritten as in (29).
Observe that

Sz =1+ 0|72 Dy, V¥ = Pell £ T |2V = |15 Tn|'/? PV,
where P~ are the orthogonal projections onto
(ker [I £ T11|"5)* = (ker |1 £ Ty )" =tan|l + Ty | = tan |1 £+ T |/
Since ker V O ker Dy, implies fan V* C fan Dy, C tan |/ & 711!/, it follows that
S_ =1 =Ty |"2v*, Sy =|I+T |2V
Consequently, see (25),

S*I_S_ =V|I =TI =T\ |"?v* =V —T)JV*,
SETLSE = VI 4+ T2 + T |2V = v + T IV,

which implies the representations for 73, and Ty in (29). Clearly, T,, and Ty, are
selfadjoint extensions of 7', which satisfy the equalities

v (I +Ty)=x—, v-(I—Ty) =kKy4.

Moreover, it follows from (29) that

0 0
T —1Im = (0 2(1 - VJV*)) ' 53)

Now the assumption (28) will be used again. Since v_(I — T;Ty) = v_(I — T}))
and 7> = V D, it follows from Lemma 2 that V* € [, ©7,,] is J-contractive:
I -V JV* > 0. Therefore, (33) shows that Ty > T,, and I +T); > I + T, and hence,
in addition to I + Ty, also I + T}y is a solution to the problem Ag and, in particular,
v_(I+Ty) =«- =v_(I+T,).Similarly, I — Ty < I—T,, whichimpliesthat—T,,
is also a solution to the problem A% in particular, v_(I — T;;)) = k+ = v—(I — Ty).
Now by applying Lemma 5 we get

vl =Ty =v-(I =Tp) +v- (I +Tp) =4 +K_ =k,
v_(I — TA%I) =v_(I —-Ty)+v-(I+Ty) =k+ +k- =«.
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Therefore, T,,, Ty € Extr, (=1, 1) which in particular proves that the condition
(28) is sufficient for solvability of the completion problem (26).

(iv) Observe, that T € Ext 7, (—1, 1)ifandonlyif 7 = T* D Ty andv_(I £T) =
k+. By Theorem 1 this is equivalent to

S*J_S_ —1<Tpn<I—SJ:S,. (34)

The inequalities (34) are equivalent to (30).
(v) The relations (31) follow from (32) and (29).

For a Hilbert space contraction 77 one has v_ (I — T121) <v_(I- Tl* T;) = 0,1.e.,the
criterion (28) is automatically satisfied. In this case Theorem 5 has been proved in [39].
As Theorem 5 shows, under the minimal index condition v_ (I — T2) =v_(I— T121 ),
the solution set Ext 7, (—1, 1) admits the same attractive description as an operator
interval determined by the two extreme extensions 7, and Ty, as was originally proved
by Krein in his paper [47] when describing all contractive selfadjoint extensions of
a Hilbert space contraction. In particular, Theorem 5 shows that if there is a solution
to the completion problem (26), i.e. if 77 satisfies the index condition (28), then all
selfadjoint extensions T of Ty satisfying the equality v_(I — T?) = v_(I — TTy)
are determined by the operator inequalities 7,, < T < Tj;. The original paper [47] of
M. G. Krein has never been translated: for some literature in English where many of
the original ideas of Krein have been presented we refer to the monographs [1,9,51]
and the papers [11,39].

The original proof of Krein in [47] for the description of all contractive selfadjoint
extensions of a Hilbert space contraction 77 as the operator interval in (30) was based
on the notion of shortening or shorted operator; cf. (1). To get this result Krein first
constructed one contractive selfadjoint extension 7 for 77 and then used it together
with the following two formulas involving shortening of I + 7 and I — T to the
subspace Mt = H S dom 71 = Hy:

Tn=T—-U+Dn, Tu=T+U—-T)m,

see [47, Theorem 3]. It follows from Theorem 1, see also (10), and the formulas for 7},
and Ty in Theorem 5 that these descriptions of 7, and Tj; remain true in the present
setting: indeed, using the given block formulas one can directly check that

I+T=1+4Tpy+U+T), I -T=1-Ty+U-Ty,

where the shortening is calculated as defined in (17).

Notice that T belongs to the solution set Ext 7, , (—1, 1) precisely when T = T™* D
Ty and v_(I £ T) = k. This means that every selfadjoint extension of 77 for which
I-T»H=v_(I - T;*Ty) admits precisely «_ eigenvalues on the interval (—oo, —1)
and k4 eigenvalues on the interval (1, co); in total there are k = x_ + k4 eigenvalues
outside the closed interval [—1, 1]. The fact that the numbers k= = v_(I &= T) are
constant in the solution set Ext 7, (—1, 1) is crucial for dealing properly with the
Cayley transforms in the next section.
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6 A generalization of M. G. Krein’s approach to the extension theory
of nonnegative operators

6.1 Some antitonicity theorems for selfadjoint relations

The notion of inertia of a selfadjoint relation in a Hilbert space is defined by means
of its associated spectral measure. In what follows the Hilbert space is assumed to be
separable.

Definition 1 Let H be aselfadjointrelation in a separable Hilbert space $ and let E; (-)
be the spectral measure of H. The inertia of H is defined as the ordered quadruplet
i(H) = {i" (). 17 (H), "(H), % ()}, where

iT(H) = dimran E,((0, 00)), i (H) = dimran E,((—00, 0)),
i°(H) = dimker H, i®(H) = dimmul H.

In particular, for a selfadjoint relation H in C", the quadruplet i(H) consists of the
numbers of positive, negative, zero, and infinite eigenvalues of H; cf. [15]. Hence, if
H is a selfadjoint matrix in C", then i°(H) = 0 and the remaining numbers make up
the usual inertia of H.

The following theorem characterizes the validity of the implication

H <H = H'<H'

for a pair of bounded selfadjoint operators H; and H> having bounded inverses; in
the infinite dimensional case it has been proved independently in [30,40,61]; cf. also
[41]. Some extensions of this result, where the condition min{i;r ,i} < ooisrelaxed,
are also contained in [40,41,61].

Theorem 6 Let Hy and H, be bounded and boundedly invertible selfadjoint operators
in a separable Hilbert space $). Let i(H;) = {I}F, I']T, I(;, I?o} be the inertia of H;,
Jj = 1,2, and assume that min{lg, IT} < oo and that Hy < H»>. Then

Hy' < H' ifand only if i(Hy) = i(Hp).

Very recently two extensions of Theorem 6 have been established in [15] for a gen-
eral pair of selfadjoint operators and relations without any invertibility assumptions.
For the present purposes we need the second main antitonicity theorem from [15],
which reads as follows.

Theorem 7 Let H| and H; be selfadjoint relations in a separable Hilbert space $)
which are semibounded from below. Let i(H}) = {Ij, 17, I(j)», f;o} be the inertia of H;,
J = 1,2, and assume that iy < oo and that Hy < H,. Then

HZ_l SHI_I ifand only if i =1;.
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The ordering appearing in Theorem 7 is defined via
Hi<H & 0<(Hh-aD™' <(H —aD)™,
where a < min{u(Hy), n(H>)} is fixed and i (H;) € R stands for the lower bound
of H;,i = 1, 2. Notice that the conditions H; < H, and if < o0 imply i; < 00;
in particular these conditions already imply that the inverses H," and Hy I are also

semibounded from below. For further facts on ordering of semibounded selfadjoint
operators and relations the reader is referred to [15,42].

6.2 Cayley transforms

Define the linear fractional transformation C, taking a linear relation A into a linear
relation C(A), by

CA=({f+f. f=f:F=1ffreA)=-T+20+A)" (35
Clearly, C maps the (closed) linear relations one-to-one onto themselves, @2 =1, and
CA) ! = C(-A), (36)

for every linear relation A. Moreover,

dom C(A) =ran (I + A), ranC(A) =ran (I — A),
ker (C(A) — I) =ker A, ker (C(A)+ 1) = mul A.

In addition, C preserves closures, adjoints, componentwise sums, orthogonal sums,

intersections, and inclusions. The relation €(A) is symmetric if and only if A is sym-
metric. It follows from (35) and

If+ 1> =1f = fI> =4Re (f, f) (37)

that C gives a one-to-one correspondence between nonnegative (selfadjoint) linear
relations and symmetric (respectively, selfadjoint) contractions. Observe the following
mapping properties of C on the extended real line R U {4-00}:

C([0, 1D =10, 1], €([—1,0D = [1, +o0];
C([1, +oo]) = [-1,0];  C([—o0, —1]) = [—o0, —1]. (38)

If H is a selfadjoint relation then
T+ H) =i (CH)+D), iT(—-H) =i CH"+I),
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and hence

o(H) N (=00, —1) = o (C(H)) N (—o0, —1),
o(H)N (1, +00) = (C(H)™) N (=00, =) = o (C(H) N (=1,0);  (39)

which can also be seen from (38).

6.3 M. G. Krein’s approach to the extension theory with a minimal negative
index

InM. G. Krein’s approach to the extension theory of nonnegative operators the idea is to
make a connection to the selfadjoint contractive extensions of a hermitian contraction
T via the Cayley transform in (35). The extension of this approach to the present
indefinite situation is based on the fact that the Cayley transform still reverses the
ordering of selfadjoint extensions due to the antitonicity result formulated in Theorem 7
and the fact that in Theorem 5 T € Extp, ,(—1, 1) ifand only if 7 = T* D T} and
v_(I£T)=«.

A semibounded symmetric relation A is said to be quasi-nonnegative if the associ-
ated forma(f, 1) :== (f', f).{f, f'} € A, has a finite number of negative squares, i.e.
every A-negative subspace £ C dom A is finite dimensional. If the maximal dimen-
sion of A-negative subspaces is finite and equal to k € Z,, then A is said to be
k-nonnegative; the more precise notations v_(a), v—_(A) are used to indicate the max-
imal number of negative squares of the form a and the relation A, respectively; here
v_(a) = v_(A). A selfadjoint extension Aof Aissaidtobea k-nonnegative extension
of A if v_(A) = k. The set of all such extension will be denoted by Ext 4 (0, 00).

If A is a closed symmetric relation in the Hilbert space $) with k_(A) < oo, then
the subspace $); := ran (I + A) is closed, since the Cayley transform 77 = C(A) is a
closed bounded symmetric operator in ) with dom 77 = ;. Let P; be the orthogonal
projection onto $; and let P, = I — Pj. Then the form

ar(f. )= P f'. . {f f}eA, (40)

is symmetric and it has a finite number of negative squares.

Lemma 6 Let A be a closed symmetric relation in § with k_(A) < 00 and let
Ty = C(A). Then the form ay is given by

ai(f. /) =a(f, )+ IPfIP (41)
with v_(a1) < v_(A). Moreover,

dar1(f, ) = llgl* = ITugl?, 4a(f, f) = lgl* — ITigl?,

where {f, '} € A, g = f + f/, and T\| = P\ T\. In addition, Ty = P>T\ satisfies
172181 = 1P fIl = —(P2f, £).
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Proof The formula (37) shows that if 7] = C(A) and {f, f'} € A, then
Il = ITigll® = 4(f'. f) =4a(f. ). g=f+f edomT; =9

Moreover, Tr1g = Pr(f — f') = 2P,f = —2P,f gives (P2 f', f) = —|IP>f?
and

IT218l1> = —4(Pof', Paf) = —4(Pof’, f).

In particular, (41) follows from

alf, )= (Pif, )+ (Pof', ) =ai(f, f) = IP.f %

Finally, (41) combined with ||T>1g||*> = 4| P> f||* leads to

dai(f, ) = llgl* = IT1gl* + 1218l = ligl* — 1T gll*.

The main result in this section concerns the existence and a description of all
selfadjoint extensions Aofa symmetric relation A for which V_(A) < oo attains the
minimal value v_(aj). A criterion for the existence of such a selfadjoint extension
is established, in which case all such extensions are described in a manner that is
familiar from the case of nonnegative operators. To formulate the result assume that
the selfadjoint quasi-contractive extensions 7, and T); of T as in Theorem 5 exist,
and denote the corresponding selfadjoint relations A and Ag by

Ap=X(Tp)=—I1+2U +Tn)"", Ax =X(Ty) =—1+2(+Ty)~". (42)
Theorem 8 Let A be a closed symmetric relation in ) with v_(A) < oo and denote
k =v_(a1) (< v_(A)), where ay is given by (40). Then Ext 4 , (0, 00) is nonempty if
and only if v_(A) = k. In this case Ar and Ak are well defined and they belong to
Ext 4 (0, 00). Moreover; the formula

A=—T1+2(I+T)" (43)

gives a bijective correspondence between the quasi-contractive selfadjoint extensions
T e Extp «(—=1,1) of T1 and the selfadjoint extensions A=A*¢ Ext 4, (0, 00) of
A. Furthermore, A=A*¢ Ext 4 (0, 00) precisely when

Ak < g < Ar, (44)
or equivalently, when A;l < A1 < Al_<l’ or
Ar+ D' =@+ D7 <@k +D7" (45)
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The set Ext 4-1 (0, 00) is also nonempty and A € Ext A« (0, 00) if and only ifg_1 €
Ext 4-1 (0, 00). The extreme selfadjoint extensions Ap and Ak of A are connected
to those of A~! via

A hr=@rn™", @hx=@Ap". (46)

Proof Since v_(A) < oo, the Cayley transform 77 = C(A) defines a bounded sym-
metric operator in ) with 1 = dom 77 = ran (/ + A). It follows from Lemma 6
that

v_(A) =v_(a) =v_(I = T}Ty), v_(a)) =v_(I —T§),

and therefore the condition v_(A) = « is equivalent to solvability criterion (28) in
Theorem 5. Moreover, A is a selfadjoint extension of A if and only if T = C(A)
is selfadjoint extension of 77 and by Lemma 6 the equality v_(A) = v_(I — T?)
holds. Therefore, it follows from Theorem 5 that the set Ext 4 , (0, 0o) is nonempty
if and only if v_(A) = « and in this case the formula (43) establishes a one-to-one
correspondence between the sets Ext 4 (0, 00) and Ext 7, (=1, 1).

Next the characterizations (44) and (45) for the set Ext 4 , (0, 00) are established.
Let A € Ext o ,(0,00) and let T = G(A) According to Theorem 7 T = C(A) €
Ext 7, (=1, 1) if and only if T satisfies the inequalities 7, < T < Ty. It is clear
from the formulas (42) and (43) that the inequalities I + T,,, < I + T < I + Ty are
equivalent to the inequalities (45).

On the other hand, v_ (I — T121) = v_(I — T?) and hence the indices Ky =v_(I —
Ti) =v—(U—-T)andk_ =v_(I+Ty1) =v_(I +T)donotdependon T = C(A);
cf. (25). The mapping properties (39) of the Cayley transform imply that the number
of eigenvalues of A on the open intervals (—oo, —1) and (—1, 0) are also constant and
equal to «k_ and k4, respectively. In particular, since k_ = v_(I + T) is constant we
can apply Theorem 6 to conclude that the inequalities [ + 7, < [ + T < I + Ty are
equivalent to

T+Tw) ' <U+T) ' <U+Tn)7",

which due to the formulas (42) and (43) can be rewrittenas Ap +1 < A+1 < Ax+1,
oras Ap < A < Ag. This proves (44). Since v_(g) = Kk = k_ + k4 is also constant,
an application of Theorem 7 shows that the inequalities (44) are also equivalent to
ARt < AN <Al

As to the inverse AL, notice that v_(A~1) = v_(A). Moreover, since A~} =
C(—Ty) itis clear that ran (I + A~!) = dom 7 and thus the form associated to A~}
via (40) satisfies “1 Dy =it ) = uf f) = al(f, f). In particular,
V_ (a1 1)) v_(ay). Moreover, it is clear that v_ (A’l) = v_(A). Consequently,
the equality v_(A) = v_ (al) is equivalent to the equality v_ (A( Dy = v_ (a( 1)).
Furthermore, it is clear that A € Ext A.x (0, 00) if and only if A~! € Ext a-1,(0, 00).

Finally, the relations (46) are obtained from (31), (36), and (42).
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It follows from Theorem 8 that the extensions A € Ext A« (0, 00) admit a uniform
lower bound ¢ < w(A) (u < 0). This leads to the following inequalities for the
resolvents.

Corollary 4 With the assumptions as in Theorem 8 let v_(a;) = v_(A) < oo and
u < 0 be a uniform lower bound for the extensions A € Ext 4 (0, oo). Then the
resolvents of these extensions satisfy the inequalities

Ar+a)'<@+a) ' <A+, a>—p. (47)

Proof Let T = G(X) € Extr «(—1,1) be the Cayley transform of the extension
A € Ext 4 (0, 00) and rewrite the resolvent of A in the form

Gaarlc o2 (ryetl)”
Ta-—1 (a—1)2 a—1 '

Since —a < p < p(A), T admits precisely «_ eigenvalues below the number
—(a+1)/(a — 1) < —1. Therefore the inequalities 7, < T < Ty in Theorem 5
or, equivalently, the inequalities

1 1 1
a—+ §T+a+ <TM+a+
a—1 a—1 a—1

Ty +

imply the inequalities (47) by Theorem 6.

The antitogicity Theorems 6, 7 can be also Llsed as follows. If the inequalities (44)
and A" < A7! < Ay! hold, then k = v_(A) = v_(Ak) = v_(Ap) is constant.
If, in addition, (45) is satisfied, then it follows from (44) that k- = v_(I + A) =
v_(I+Ag) = v_(I+AF) is constant, so thatalso k4 = v_(I—X) =v_(I—Ag) =
v_(I — AF) is constant. However, in this case the equality v_(a;) = v—(A) need not
hold and there can also be selfadjoint extensions A of A with

v_(A) = v_(Ag) = v_(AF) > v_(A) > v_(a)),

which neither satisfy the inequalities (44) and (45), nor the equalities v_ (I + X) =K_
and v_(I — A) = k4. It is emphasized that the result in Theorem 8§ characterizes
all selfadjoint extensions in Ext 4 . (0, 0o0) under the minimal index condition x =
v_(ay) = v_(A).

In the case that A is nonnegative one has automatically x = v_(a;) = v_(A) = 0.
Therefore, Theorem 8 is a precise generalization of the well-known characterization
of the class Ext 4(0, oo) (with x = 0) due to M. G. Krein [47] to the case of a finite
negative (minimal) index ¥ > 0. The selfadjoint extensions A r and A g of A are called
the Friedrichs (hard) and the Krein—von Neumann (soft) extension, respectively; these
notions go back to [36,56]. The extremal properties (47) of the Friedrichs and Krein—
von Neumann extensions were discovered by Krein [47] in the case when A is a
densely defined nonnegative operator. The case when A > 0 is not densely defined
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was considered by Ando and Nishio [5], and Coddington and de Snoo [22]. In the
nonnegative case the formulas (46) can be found in [5,22]. Notice that in view of
(43) and (44) the minimal solution of the completion problem for a nonnegative block
operator A” can be also interpreted by means of the Krein—von Neumann extension
of the first column col (A1, Ap1) in (2); cf. [7, Section 4], [39, Section 4.9].

6.4 Krein’s uniqueness criterion

To establish a generalization of Krein’s uniqueness criterion for the equality Ar = Ag
in Theorem 8, i.e., for Ext 4 . (0, 00) to consists only of one extension, we first derive
some general facts on J-contractions by means of their commutation properties.

Let $; and $; be Hilbert spaces with symmetries J; and J;, respectively, and let
T € [91, H2] be a J-contraction, i.e., J1 — T*JT > 0. Let Dy and Dy be the
corresponding defect operators and let J7 and Jr+ be their signature operators as
defined in Sect. 4. The first lemma connects the kernels of the defect operators D7 and
Dr+.

Lemma7 Let T € [$91, H2), let J; be a symmetry in i, i = 1,2, and let Dt and
D7+ be the defect operators of T and T*, respectively. Then

LT (ker D7) = ker Dr+, T*J(ker D7+) = ker Dr. (48)
In particular,
ker D7 = {0} if and only if ker D7+ = {0}.
Proof 1t suffices to show the first identity in (48). If ¢ € ker Dr = ker Jr D%, then
the second identity in (19) implies that J,T¢ € ker JT*D%* = ker D7+. Hence,
JoT (ker D7) C ker Dr«. Conversely, let ¢ € ker Dr«. Then 0 = JT*D%*go or,

equivalently, ¢ = JoT J1T*p, and here J; T*¢ € ker Dy by the first identity in (19).
This proves the reverse inclusion.

Lemma 8 Let the notations be as in Lemma 7. Then
ranT Nran Dy =ran T Jy Dy = ran D7+ Lp,

where L is the link operator defined in Corollary 2.

Proof By the commutation formulas in Corollary 2 we have ranTJ;Dr =
ran Dy« Ly C ran T Nran Dr+. Hence, it suffices to prove the inclusion

ran T Nran D7« CranT J1 D7.

Suppose that ¢ € ran T N ran Dy+. Then Corollary 2 shows that T*J¢ = Dr f for
some f € ®r, while the second identity in (19) implies that

(Jo—THhT") o =TJDrg,
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for some g € ©r. Therefore,
9= —=ThT)he+ThT*he=T)Drg+ThDrf=TJhDr(g+ f)

and this completes the proof.

We can now characterize J-isometric operators T € [91, 2] as follows.

Proposition 3 With the notations as in Lemma 7 the following statements are equiv-
alent:

(i) T is J-isometric, i.e., T*JbT = Ji;
(i) ker T = {0} and ran T Nran D7+ = {0}, _
(iii) for some, and equivalently for every, subspace £ withran Jo,T C £ one has

T

W Tol_ oo forevery ¢ € $Hi\{0}, (49)
ree D= £l

i.e., there is no constant 0 < C < oo satisfying |(f, Tp)| < C||Dt= f|| for every

felife#0.

Proof (i) = (iii) Let £ be an arbitrary subspace with ran JobT C €. Assume that the
supremum in (49) is finite for some ¢ = J1 € $1. Then there exists 0 < C < oo,
such that

[(f, TJiy)| = ClIDr=f1l forevery f € L.
Since ran J,T C £ and T is J-isometric, also the following inequality holds:
W I? = (WT* BT, ) < CIDr+ LT Y. (50)

By taking adjoints (and zero extension for L7+) in the second identity in Corollary 2 it
is seen that D7« LTy = L’;* Dryr = 0, since T is J-isometric. Hence (50) implies
¢ = J1¥ = 0. Therefore (49) holds for every ¢ # 0.

(iii) = (ii) Assume that (49) is satisfied with some subspace £. If (ii) does not
hold, then either ker T 7~ {0}, in which case (49) does not hold for 0 # ¢ € ker T, or
ran 7 Nran Dr= # {0}. However, then with 0 # T = Dr+h the supremum in (49)
is finite even if f varies over the whole space ). Thus, if (ii) does not hold then (49)
fails to be true.

(i) = (i) Letran T Nran D7+ = {0}. Then by Lemma 8 one has T J; D7 = 0 and it
follows from ker T = {0} that D7 = 0, i.e., T is isometric. This completes the proof.

After these preparations we are ready to prove the analog of Krein’s uniqueness

criterion for the equality 7, = T) in the case of quasi-contractions appearing in
Theorem 5.
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Theorem 9 Let the Hilbert space $) be decomposed as $ = H1 ® $H2 and let T\ €
[91, 9] be a symmetric quasi-contraction satisfying the condition (28) in Theorem 5.
Then T,, = Ty if and only if

(Tf P
fSélgl m =00 for every ¢ ﬁZ\{O} (51)

Proof Let J = sign (I — T121)- According to Theorem 5 thereis V € [D7,,, 2], such
that 75y = V Dr,,; moreover, V* is a J-contraction, i.e., I — VJV* > 0. This implies
that

(T1 f, ) = (Ta1 f, 9) = (Dpy, f, Vi), (52)

and a direct calculation shows that
[-TTy = I-T{{—T3 Ty = J D, —Dp,,V*V Dy, = Dpy, Dy Jy Dy Dry,. (53)

By construction Dy € [®D7y,] and therefore ran Dy Dy, is dense in ®y = ran Dy.
Furthermore, since V* is J-contractive it follows from Lemma 1 that v_(Jy) =
v_(J) = v_(I — T121) and, therefore, the assumption (28) shows that v_(Jy) =
v_(I — Tl* T1). Now according to Proposition 1 (ii) if follows from (53) that there is
a unique J-unitary operator C € [D7,, Dy] such that Dy D, = CDr,.

In view of (33) T, = Ty if and only if V* is J-isometric. Since ran JV* C
ran D7,,, it follows from (i) and (iii) in Proposition 3 that 7 := V* satisfies the
condition (49) with £ = ran Dy, .

On the other hand, it follows from (53) and J-unitarity of C € [®1,, Dy] that

1Dy Dy, I < ICIID7 I, 1Dz |l < IC™ Dy Dy, |l

By combining this equivalence between the norms of || D7, || and || Dy Dy, || with the
equality (52) one concludes that V* satisfies the condition (49) precisely when T
satisfies the condition (51).

Remark 3 In the case of a hermitian contraction acting in a Hilbert space the criterion
in Theorem 9 was proved by Krein [47].

As to the geometric interpretation of the condition in Theorem 9, observe that if
the supremum (51) is finite for some ¢, then Tj¢ € ran D7, (see e.g. [38, Corol-
lary 2]) and as the proof shows Dy, = D, DyC~*, which gives the equation
D7, V*¢ = Dy, DyC™*v for some v. Consequently, V*¢ = Dy C~*v and hence
again an application of Proposition 3 to V*, now using items (i) and (ii), shows that
(51) is equivalent to V* being J-isometric. Here (see (33))

0 0
Tot = I = (o 21 - VJV*))'
Recall that the minimal and maximal extension 7, and Tj; of T} are determined

via the minimal solutions Ay =1 + T, =S*J_S_and A_ =1 —Ty = S J+S¢
to the completion problems (26), where
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S_o=1+Tn|"VAT5, Sy =1 -T2

Here Q) := S*J_S_ =V —T;)JV*and Qu := ST /.S = VU +T1)JV*
appear when calculating the generalized Schur complements of the block operators
AL and A_ using proper range inclusions; see Proposition 2 and (17). These two
operators can be expressed either by limit values or by integrals as follows:

3

) ITull 75, dE, T
Om =TI+ TNV = lm oy (I +eT1) ' T3, =/ 1—t21
etl —ITul +1

Tl 70, dE, T
Om =Tl —T1) VTS = lim o (I — eT11) "' T, =/ e
etl —img L=t

where ¢ is sufficiently close to 1 (to guarantee proper invertibility of indicated inverses)
and E; stands for the spectral family of 77;. With these notations the equality 7,, = Ty
can be also rewritten in the form Q,, — [ = I — Qpy,i.e.2] = Q;, + Qy =2V JV*
or, equivalently,

/|Tll I 75,dE, 7"2*1

=1 (54)
T

In the special case of finite defect numbers (dim (dom T1)+ < o0) the condition (54)
appears in Langer and Textorius [53, Theorem?2.8]. Notice, that using the factorization
T>1 = V D7y, and the formula [ — T121 =J Dlel the condition (54) can immediately
be rewritten in the form VJV* = I.

The criterion in Theorem 9 can be translated to the situation of Theorem 8 via
Cayley transform to get the analog of Krein’s uniqueness criterion for the equality
Ar = Ak.

Corollary 5 Let A be a closed symmetric relation in $) satisfying the condition
v_(A) = v_(a1) < oo in Theorem 8. Then the equality Ar = Ak holds if and
only if the following condition is fulfilled:

(A+ D7 'g, )2
up —
g€9 (1Alg, )

=00 forevery ¢ € ker (A* + I)\{0}, (55)

where A = (I + A)~*AU + A~ is a bounded selfadjoint operator in )1 = ran
(A+1).

Proof Let T = C(A) so that {f, f'} € Aifandonlyif {f + f',2f} € T + I, see
(35). Then with g = f + f' e dom Ty} = $; and ¢ € H, = (dom T1)+ one has

(Tig,¢) = (T1 + Dg, ¢) =2((A+ 1) 'g, ¢).
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Let A; = Ps A be the operator part of A; here P; stands for the orthogonal projection
ontomul A = (dom A*)* = ker (T;+1). Then the forma(f, f) = (f', f) associated
with A can be rewritten as a(f, f) = (As f, f), f € dom A, and thus

(I =T{T)g. g) =4(f, ) =4A, T+ A7 g, T+ A) '),

Where 2(1 + A)~ ' — 7y + I is a bounded operator from ) into $). Then clearly

= +A)" *As(I + A)~ ! is a bounded selfadjoint operator in £ and, moreover,
V_ (A) =v_(a) =v_(I — T*Tl) see Lemma 6. Thus, it follows from Proposmon
1 that there is a J-unitary operator C from ran A into D7, such that Dy, = C|A|1/ 2
As in the proof of Theorem 8 this implies the equivalence of the conditions (51) and
(59).

Observe that if A is nonnegative then with {f, f'} € Aand g = f + f' € 91,

(A+D7'g,0)=(fr9), (AU +Ag, I+A)7"e)=(Af ),

and, therefore, in this case the condition (55) can be rewritten as

I(f, @)

sup = oo forevery ¢ € ker (A* + 1)\{0},
ir.ea (F150)

the criterion which for a densely defined operator A was obtained in [47] and for a
nonnegative relation A can be found in [38,39].
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