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Abstract Given an initial C! hypersurface and a time-dependent vector field in a
Sobolev space, we prove a time-global existence of a family of hypersurfaces which
start from the given hypersurface and which move by the velocity equal to the mean
curvature plus the given vector field. We show that the hypersurfaces are C! for a short
time and, even after some singularities occur, almost everywhere C! away from the
higher multiplicity region.
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1 Introduction

A family {M;};>0 of hypersurfaces in R” is called mean curvature flow (MCF) if the
velocity vector v of M, is equal to its mean curvature vector £ at each point and time,
that is,
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v=h on M. (1.1)

As one of the fundamental geometric evolution problems, the MCF has been studied by
numerous researchers in the past few decades. One of many facets of investigations is
the time-global existence question of such a family when given an initial hypersurface
M. In general dimensions, there exists a unique smooth family of MCF for finite time
until singularities such as vanishing and pinch-off occur. Though the classical MCF
ceases to exist at this point, it is well-known that a unique time-global solution {M; };>¢
exists in a weak viscosity sense [11,16] despite the occurrence of singularities.

In this paper, we are interested in an aspect of time-global existence theory for a
related problem, and the question we ask is the following. Given an initial hypersurface
My and a vector field u, is there a family {M;};>0 of hypersurfaces whose velocity
vector v is equal to its mean curvature i plus #? What is the minimum regularity
assumption on u for the existence and regularity of such a family? To be more precise,
since we would be interested in the normal velocity to see the motion, the requirement
is

v=h+ (u-v)v on M (1.2)

where v is the unit normal vector field of M; and - is the inner product in R”.
Motivation to investigate (1.2) is more than just to see what happens when an extra
lower order term is added. While the MCF is of premier importance, one wonders what
is the limit of applicability of various analytic techniques developed for the MCF if one
puts a wild perturbation. In a reverse context, if one understands the limit of generality
of the MCEF, then some of the analytic techniques developed for more general settings
may be useful for the MCF. In fact, our investigation on (1.2) has already led us to the
development of a local regularity theory [30,46] which gives new insight to the MCFE.
Physically, one may regard (1.2) as a surface tension driven phase boundary motion
with a given background transport effect such as fluid flow or external force field. One
can also find such motion law in a coupled system with the Navier-Stokes equation
modeling a flow of dry foam (see, for example, [31] for the numerical simulation and
references therein).

Though far from complete, in this paper we obtain satisfactory time-global existence
and regularity theorems if we assume that M is C' and u satisfies

T 1 %
(/ (/ |u(x,t)|p+|Vu(x,t)|pdx)pdt) < 60 (13)
0 R~

forall T < oo, with2 < g < ooand2(;—z1 < p < 00 (3 < p in addition if
n = 2). Here Vu = (y,u, ..., 0y,u) is the weak partial derivatives and u, Vu are
measurable with the stated integrability. We prove that the hypersurfaces remain C'
at least for a short time, and it is a.e. C! away from a region where M, develops higher
multiplicities. With more regularity assumption on u such as Holder continuity, we
have C? instead of C! and (1.2) is satisfied classically. For the precise statement of
the regularity, see Theorem 2.3.
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Here we briefly discuss our approach. If u is regular enough with respect to x,
for example Lipschitz continuous, the level set method approach works well with a
good order preserving property (see, for example, [22] and [20, Sect. 4.8]). Also for
regular enough u, there are a number of short time existence results which are often
stated for the MCF but which can be extended to include regular u: (1) solving an
evolution equation for the height function from the reference initial manifold [10], (2)
solving equations for signed distance function [17] (and elaborated further in [21]),
and (3) constructing an approximate solution by time-discrete minimal movement [3],
just to name a few examples. On the other hand, with irregular u, one can not expect
the order preserving property in general and even the short time existence of solution
can be a serious issue. Hence to characterize (1.2), we take an approach pioneered by
Brakke [6] using the notion of varifold from geometric measure theory. To construct
a sequence of approximate solutions, we use the Allen-Cahn equation [2] with an
extra transport term coming from u, (3.5). Much of the analysis of the present paper
concerns various e-independent estimates of quantities associated with ¢,. We obtain
a desired solution by taking a limit ¢ — 0. Thus the interest of the present paper can
be also the analysis of (3.5) itself. Once we verify that the limit satisfies (1.2) in a
weak sense of varifold as in Brakke’s formulation, we apply a local regularity theory
developed in [30,46] which is tailor-made for the present problem. To our knowledge,
under the assumption (1.3) of u, even the short time existence of C! solution seems
new.

As for the MCF in general, there are a number of books and papers some of which
include up-to-date research results on the subject and we mention [4,5,12,14,20,35,
48]. Concerning a time-global existence for the MCF and the related problems, we
mention [3,6,11,16,29,34] and references therein. While there are numerous works
with varying generalities establishing the connection between the Allen-Cahn equation
and the MCF (for example [7,9,13,15,19,39]), analysis of the Allen-Cahn equation
using geometric measure theory was pioneered by Ilmanen [28] in which he proved
that the limit surface measures are rectifiable and satisfy (1.1) in the sense of Brakke’s
formulation. The second author proved that the limit surface measures are integral
[45]. There are a number of closely related works even if we restrict the scope within
some measure theoretic approach to the Allen-Cahn equation, and we further mention
[37,40,42,43] and references therein. The existence result of the present paper has
been proved by Liu et al. [33] for n = 2, 3 and with more restrictive assumptions on
p and ¢g. The limitation of the dimensions was due to the use of results by Roger and
Schitzle [38], which gives a characterization of limit measures under an assumption
of uniform L? bound of mean curvature-like quantity. In the present paper, we avoid
using [38], and we follow the line of proofs of [28,45] combined with various estimates
from [33]. This frees us from any dimensional restriction. As a special case, the first
author investigated the graph-like problem of (1.2) with a better regularity assumption
on u and showed a unique short time existence [44].

The paper is organized as follows. In Sect. 2 we set our notations and explain the
main results. In Sect. 3 we briefly discuss some heuristic aspects of the Allen-Cahn
equation. Section 4 deals with the uniform upper density ratio bound and monotonicity
formula, and this is the key to control the transport term subsequently. In Sect. 5, we
show that there exists a limit surface measure for all # > 0. Section 6 proves that
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the limit measure is rectifiable and this part owes much to Ilmanen’s work [28]. In
Sect. 7, we prove that the limit measure has integer density modulo surface energy
constant. There, the idea of proof goes back to [27] and the parabolic version [45].
In Sect. 8 we prove the main results by combining all the results from previous four
sections. We record our final remarks in the last Sect. 9. We intended the paper to be as
self-contained as possible, only exception being the proof for regularity. There we cite
the main local regularity theorem which has a set of assumptions we need to check.

2 Preliminaries and main results
2.1 Basic notation

Let N be the set of natural numbers and RT := {x > 0}. For 0 < r < oo and a € R¥
define

Bf(a) ={x € RF : [x —al| <r}.

We write BX := BX(0). When k = n, we omit writing n. We often identify R"~!
with R”~! x {0} c R". On R” we denote the Lebesgue measure by £" and for
0 < k < n, the k-dimensional Hausdorff measure by HK. Define w, := L"(B)).
Given a set A C R” and a measure p, the restriction of u to A is denoted by | 4.
The characteristic function of A is denoted by x4. Symbol V always refers to a
differentiation with respect to the space variables. For a set of finite perimeter (see
[24] for the definition) A, we denote the total variation measure of the distributional
derivative Vx4 by [|Vxall.

Throughout the paper, we set 2 to be either T”, the n-dimensional unit torus, or
R". For 2 = T" we often regard 2 as the unit square [0, 1) x - - - x [0, 1) C R" where
all the relevant quantities are extended periodically to the entire R”. Objects such
as functions and sets in 2 are understood implicitly in this manner. For any Radon
measure 4 on R” and ¢ € C.(R") we often write j(¢) for [ ¢ du. We write spt u
for the support of p. Thus x € spt u if Vr > 0, u(B-(x)) > 0. For 1 < p < oo, we
write f € LP(w)if f is u measurable and (f | £1P du)'/P < co. We use the standard

notation for Sobolev spaces such as WP () and Wllo’f (2) from [23].
For A, B € Hom(R"; R") which we identify with n x n matrices, we define

A-B:= ZA,-,-B,-,- and |A|:=+A - A.

i,j

||A|l denotes the operator norm. The identity of Hom(R"; R") is denoted by /. For
k € N with £ < n, let G(n, k) be the space of k-dimensional subspaces of R”".
The orthogonal complement of S € G(n, k) is denoted by S+ e G(n,n — k). For
a eR", a®a € Hom(R"; R") is the matrix with the entries a;a; (1 < i, j < n). For
S € G(n, k), we identify S with the corresponding orthogonal projection of R” onto
S. In the case of k = n — 1, we also identify S € G(n,n — 1) with the unit vector
+v e S"! which is perpendicular to S. Note that we may express the relation by
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S = I —v ®v. The correspondence is a homeomorphism with respect to the naturally
endowed topologies on G(n,n — 1) and S"~! /{#1}. For x, y € R" and < s define

1 ey

P(y.s) (X, 1) 1= ————— e 7, 2.1
@r(s—1)'T

which is the backward heat kernel with pole at (y, s).

2.2 Varifolds

We recall some definitions from geometric measure theory and refer to [1,6,41] for
more details. Forany openset U C R"let G (U) := U xG(n, k). A general k-varifold
in U is a Radon measure on G (U). We denote the set of all general k-varifolds in U
by Vi(U). For V € Vi (U), let | V|| be the weight measure of V, namely,

IVII(¢) i=/ ¢(x)dV(x, ), V¢ eCC(U).
Gr(U)

We say V € Vi (U) is rectifiable if there exist a ¥ measurable countably k-rectifiable
set M C U and a locally * integrable function 6 defined on M such that

V(p) = / & (x, Tan, M)O (x) dH* (2.2)
M

for ¢ € C.(G(U)). Here Tan, M is the approximate tangent space of M at x which
exists H* a.e. on M. Rectifiable k-varifold is uniquely determined by its weight mea-
sure ||V|| = 6 H"~ | through the formula (2.2). For this reason, we naturally say
a Radon measure p on U is rectifiable when one can associate a rectifiable varifold
V such that |V = . If0 € N, H* a.e. on M, we say V is integral. The set of all
integral k-varifolds in U is denoted by IV, (U). If 6 = 1, H* a.e. on M, we say V is
a unit density k-varifold.
For V € Vi (U) let §V be the first variation of V, namely,

sV (g) :=/ Vgx)-85dV(x,S) (2.3)
Gr(U)

forg e C Cl (U ; R™).Ifthe total variation ||§ V|| of § V is locally bounded and absolutely
continuous with respect to ||V||, by the Radon-Nikodym theorem, we have a || V||
measurable vector field 2(V, -) with

8V(g) = —/Ug(X) ~h(V, x)d|[V](x). (2.4)

The vector field A(V, -) is called the generalized mean curvature vector of V. For
any V e IV, (U) with an integrable h(V, -), Brakke’s perpendicularity theorem [0,
Chapter 5] says that we have
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/U (Tany M) (g(x)) - h(V, ) |V [|(x) = /U ¢ RV, 0V Q2.5)

forall g € C.(U; R"). Here, M is related to V as in (2.2). In the case of k = n — 1,
note that (Tan, M)+ = v(x) ® v(x) for IVl a.e.in U, where v(x) is the unit normal
vector to Tan, M. With this notation (2.5) may be written as

/U(g(X)-V(X))(h(V, X)'V(X))dIIVII(X)=/Ug(X)~h(V,X)dIIVII(X) (2.6)

forg € C.(U;R"). If h(V, ) € L2(||V||), by approximation, (2.6) holds even for
g € L2(|VI).

2.3 Weak formulation of velocity

Let{M;};>0 be afamily of smooth hypersurfaces in €2 whose normal velocity is denoted
by v. To formulate the velocity in a weak sense, observe the following characterization
of v: a smooth normal vector field v on M, is equal to v if and only if

d
— | ¢dH" ' < | (Vo —he¢) -0+ dpdH"! 2.7)
dt M, M,

holds for all ¢ € cj, ( x [0, 00); RT) and for all # > 0. Here 4 is the classical mean
curvature vector of M;. To check this claim, after some calculation, one first sees that
v satisfies (2.7) with equality. Conversely, if v satisfies (2.7), and already knowing that
v satisfies (2.7) with equality, we obtain

05/ (Vo — hd) - (5 — v) dH"™!
M,

for ¢ € C1(Q; RY). Forany £ € M, and A > 0, let g5 (y) := A2 "o (A~ (y — %)).
Substitute ¢ and let A | 0. Since A~' (M, — %) — Tan; M,, we obtain

0< / Vo dH"™ ' (5(%) — v(})).
Tan; M,

The integration by parts shows fTanA m, VO dH"~! L Tang M,. On the other hand, one

may choose this vector to be —(0(X) — v(x)), for example. Thus we have 7(X) = v(X)
and we complete the proof of the claim. The characterization (2.7) motivates the
following definition.

Definition 2.1 A family of varifolds {V;};>0 C V,,—1(£2) is a generalized solution of
(1.2) if the following four conditions are satisfied.

(@) V; € IV,_1(RQ) fora.e.t > 0.
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(b) Forall T > 0,

V,|I(B
sup IVill(R) < oo and sup  VallBr) (xl)) <oo. (28
1€[0,T] (€[0,T], By(x)cQ Wn—17"
(¢c) Forall T > 0,
T
/ dt/ |h)? + u)?d|| V| < oo. 2.9)
0 Q

(d) Forall¢ € CH(Q x [0, 00); RT)and 0 < 11 < 15 < 00,

n
Vill@e | 5/ dr/ﬂ(%—hm-{h+<u-v>v}+at¢d||vt||
=n f
(2.10)

holds, where we abbreviated /#(V;, x) by h.

The condition (b) may appear out of place in the definition of velocity. In fact, if u is 0
or a bounded function and if || Vj || satisfies (2.8), one can derive (2.8) as a consequence
of (2.10) via Huisken’s monotonicity formula. However, if u is not bounded, it is not
clear how to obtain (2.8) from (2.10). The other important point is that, unless one
has (2.8), it is unclear how to make sense of (2.9) and (2.10). The difficulty is, u(-, t)
needs to be defined as a || V; || measurable function for a.e. # > 0. In general, u(-, t) is
assumed to be in some Sobolev space on 2, and we need to define || V; || measurable
u(-, t) as atrace function. If we have (2.8), we may define the trace using the following
inequality.

Theorem 2.1 For a Radon measure j on R" with D := supg (,)cpn & ( ;f;‘l)l and
I1<p<n,

n—1

/ 19177 du < e(n, p)D (/ |V¢>|”dx)n_p @.11)
Rn

holds for ¢ € CL(R™).

See [36] and [49] for the proof in the case of p = 1. The above inequalityfor1 < p < n
may be derived by the Holder and Sobolev inequalities.

Suppose that we have (2.8). We only need to define u as a functionin L? (IIVi ]l xdt)

to make sense of (2.9) and (2.10). Since Wloc[7 C Wloc if p/ > p, we need to

consider only 1 < p < n. Using the Holder inequality and (2.11), we obtain (with

Vil (By
D= supg 1y | L)

loc

l*p

/|¢|2d||vt|| < (/ e dnvtu) " Vil sptgy)
2(n—p) % pn+p—2n
< (c(n, p)D) P D ( /Q |V¢|f’dx) Vil spt ) 7oD . (2.12)
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forgp € C Cl (€2). Here, we also need to assume that

2n
n+1

Pz (2.13)

so that pfl"f_pl) > 2. Since we will assume (2.14) in the next subsection, which implies

p > ’% in particular, (2.13) will be relevant only for n = 2 and we will assume p > %
when n = 2. With this restriction, we may define u as an leo (IV¢]l x dt) function on

Q x [0, T] uniquely as long as u € L? ([0, 00); (WIIO’CP(Q))”) by the standard density

loc
argument. The function u in (2.9) and (2.10) is defined in this sense.

2.4 Main results

First we present some existence result for (1.2) when given a vector field # and an
initial hypersurface My.

Theorem 2.2 Suppose n > 2,

nq

2<qg<o00, ——
2(¢ -1

4
<p <o (ggp inadditionifn:2) (2.14)

and Q2 = R" or T". Given any
u € L, ([0, 00): (WP (22)") (2.15)

and a non-empty bounded domain Qo C Q with C' boundary Mo = 9, there exist

(1) a family of varifolds {V;}>0 C V,—1(2) which is a generalized solution of (1.2)
as in Definition 2.1 with | Vo|| = H"~! Lm, and
1
(2) a function ¢ € BVjy:(2 x [0,00)) N CZZC([O, 00); LY () with the following
properties.
(2a) (-, t) is a characteristic function for all t € [0, 00),
(2b) V(- DII(@) < [IVil(#) for all t € [0, 00) and ¢ € Co(2; RT),
(2¢) ¢(-,0) = xq, a.e. on ,
(2d) writing |V,|| = 6H" 'y, and |Vo(-, )| = H"‘ILM for a.e.t > 0, we
have

H Y (MA\M;) =0 (2.16)
and

even integer >2 if x € M;\M,,

O(x,1) =
(x. 1) odd integer > 1 if x € M,

(2.17)

for "V a.e. x € M,.
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_ pi=D)
= b

1
T B q
(/ (/ |u|sd||Vt||)> dt) < 0. (2.18)
0 \Ja

If p = n, then we have (2.18) locally for U CC Q2 for any 2 < s < oo and if
p > n, then we have (2.18) with L® norm replaced by C'=% norm on .

(4) There exists T1 > 0 such that V; has unit density for a.e. t € [0, T1). In addition
IVo(. Ol = IVill for a.e. t € [0, Ty).

(3) If p < n, then for any T > 0, setting s : , we have

The condition (2.14) on « is a dimensionally sharp condition in the following sense.
Consider a natural parabolic change of variables X := 3 and [= ﬁ with A > 0.
Since u is a velocity field, it should behave just like x /¢, thus it is natural to consider
i := lu. Then we have

1

(/OOO (/ m'pdx)z dl); ) AHZ(/OOO (/ Ivmz’d%)Z df)q

and % + % — 2 < 01is equivalent to the second inequality in (2.14). This guarantees
that u locally behaves more like a perturbative term. In (3), if p > n, then the result
follows from the standard Sobolev inequality on R”.

To understand what V; and ¢ are, assume for a moment that no singular behaviors
occur and we have a smooth family {M,};>¢ with the velocity given by (1.2). Then
we should have spt | V;|| = d{e(-, 1) = 1} = M,. Since (1.2) is stated in terms of
V;, it may first appear that ¢ is redundant. However, beside the fact that ¢ is obtained
naturally from the approach of the present paper, it has a few important roles. First, ¢
helps to guarantee that V; is non-trivial. Since (-, t) is continuous in L!(£2) by (2),
(-, )l 11(q) cannot vanish instantaneously at some arbitrary time. As long as ¢ (-, 1)
is not identically zero or identically 1, || V;|| is non-zero measure. Note that, given
arbitrary fo > 0, by re-defining V; := 0 for all r > fy, we obtain another generalized
solution of (1.2) due to the inequality in (2.10). Obviously, this is not a solution we
would like to obtain in the end. The second role of ¢ is that it gives some restriction
on the possible singularities of spt || V;||. For example, consider in the n = 2 case. One
can see that a unit density V; cannot form a triple junction since d{¢(-, r) = 1} cannot
be a triple junction. Thus, having ¢ as an auxiliary object may be a useful tool to obtain
some better regularity results. As for the actual occurrence of the higher multiplicities,
Bronsard and Stoth [8] showed that one can have solution with & > 2 for a limit of
the Allen-Cahn equation, thus we may indeed have such solution in general.

We next state the regularity property of spt || V; ||, which is obtained as an application
of [30,46]. To state the result, we recall some definitions from there.

Definition 2.2 A point x € spt || V;|| is said to be a C!:¢ regular point if there exists
some open neighborhood O in R"*! containing (x, 7) such that O MU= (spt || Vs || x
{s}) is an embedded n-dimensional manifold with C'-¢ regularity in space and C (1 7)/2
regularity in time. Similarly, we define a C>“ regular point by replacing the respective
regularities by C>¢ in space and C'*/2 in time.
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Theorem 2.3 Let {V;};>0 be as in Theorem 2.2 .

(1) Suppose that there exist an open set U C Q and an interval (t1, t) such that V;
is unit density in U for a.e. t € (t1, 1). Then for a.e. t € (11, 1p), there exists a
closed set G; C U with H""(G,) = 0 such that (U N spt | V:ID\G; is a set of
CY¢ regular points where ¢ =2 — % — % if p < n. If p > n, one may take any
;with0<§<1—§.

(2) There exists T> > 0 such that every point of spt | V;| is a C¢ regular point for
allt € (0, T») (that is, G; = @), where ¢ is as in (1).

(3) If u is Holder continuous with exponent o in the parabolic sense, i.e.,

lulx, 1) —u(y, )l
|«/2}

sup |u| + sup m
Qx[0,T] x,yeQ.0<n <n<T Max{|x — y|¥, [t — i

forall0 < T < oo, then the same results for (1) and (2) hold true with CY-¢ there
replaced by C** and (1.2) is satisfied pointwise.

(4) We have lim,wt_%dist (Mo, spt | V) = 0 and spt||V;|| converges to My in
C! topology as t | 0. Namely, given ¢ > 0 there exists a finite number of
sets {Uj = x; + O,-(B;”1 X (—r, r))}fvzl, where O; is an orthogonal rotation
and x; € My, such that My C Uf.vle,-, and C' norms of difference of graphs
representing Mo and spt || V| over x; + Oi(Bf*I) in U; are less than ¢ for all
sufficiently small t > 0.

The claim (1) says that wherever V; is unit density in some space-time neighborhood,
spt || V; || is locally a hypersurface with regularity of C1-¢ in space and C!*+%)/2 in time,
almost everywhere in space and time. We can guarantee by (2) that there is some time
interval [0, 75) such that spt || V|| is a C!:¢ hypersurface. We obtain a lower bound
on 7> in terms of M and the norm of u. On the other hand, 7> may be much larger
than the lower bound and it is the time when a non-C!:¢ regular point occurs for the
first time. In general, 7> < Tj and it is plausible that some non-C'-¢ regular point
first appears at 7> but V; may remain unit density for some more time. The claim (4)
shows that spt || V;|| has C! uniform regularity and convergence as ¢ | 0. As for (3),
we first note that we can show the same existence results for Holder continuous u (and
not in L;’UC([O, 00); (WP (©))")) as in Theorem 2.2. In fact the proof is simpler if u
is bounded. C** regularity allows one to have pointwise mean curvature vector and
velocity vector of spt || V;| and (1.2) is satisfied pointwise. At this point, we reach a
well-defined PDE setting, and spt || V;|| is as regular as what the standard parabolic
regularity theory shows depending on any additional regularity assumption imposed
on u.

3 Allen-Cahn equation with transport term
As stated in the introduction, the method of proof for the existence is to approxi-

mate (1.2) by the Allen-Cahn equation with an extra transport term coming from u.
Throughout the paper, we assume that a function W satisfies the following:
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W :R — [0, 00)is C? and W(£1) = W/ (£1) = 0. (3.1
Forsome y € (—1,1), W <0 on (y,1) and W’ >0 on (—1,y). (3.2)
Forsomeo € (0,1) and « >0, W/(x) >« forall 1 > |x|>a. (3.3)

We also define a constant

1
o :=/ J2W(s) ds. (3.4)
-1

Basically, above assumptions require W to be W-shaped with non-degenerate two
minima at 1. Requiring (3.2) may appear non-essential, but it is used essentially
in deriving an upper bound for &, in Lemma 4.2. Any such W satisfying above can
be used. The reader can take a concrete example such as W(s) = (I — s%)? in the
following.

Given u and My as in Theorem 2.2, the whole scheme of the present paper is to
approximate the motion law (1.2) by

W' (ge)
g2

0rpe + e - Voo = Ay — s (3.5

where ¢ > 0 is a small parameter tending to 0 and u, is a smooth approximation of
u. For readers who are not familiar with the Allen-Cahn equation, we give a quick
heuristic argument. Assume that u is smooth and that we have a family of domains
2, with smooth boundaries M; = 9€2;. Let d(-, t) be the signed distance function to
M, so that d(-,t) > 0 inside of ;. Welet ¥ : R — (—1, 1) be an ODE solution of
W’ = W/(W) with lim,_, +o0 ¥(x) = %1. Such solution exists and we may assume
W (0) = 0. If we postulate that ¢, (x, t) &~ W (d(x, t)/¢e) and @, satisfies (3.5), then we
expect that

Wod +up - W'Vd ~ W Ad + e~ (W'|Vd]> — W (D). (3.6)

Since d is a distance function, |Vd| = 1, and the last two terms cancel each other.
This leaves

0rd +ug - Vd ~ Ad. 3.7

Due to the nature of the distance function, evaluated on M;, d;d is the outward velocity
of M;, u, - Vd is the inward normal component of u, and Ad is the mean curvature
of M;. As ¢ — 0, this approximation may be expected to get better, and the relation
(3.7) motivates that {¢. (-, #) = 0} should converge to M; which moves by (1.2). This
heuristic argument may be justified if we know in advance that there exists a smooth
M; moving by (1.2). Here, however, u is not smooth and we aim to obtain a time-global
existence result which necessitates a framework inclusive of singularities. This is the
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868 K. Takasao, Y. Tonegawa

reason to use the language of varifold in this paper as was done first by I[lmanen [28].
The basic approach is to prove that ¢, satisfying (3.5) has the property that

Voe|* e
puE = (8' ;” - W(:’ )) dx ~ o N(x, yH" L, (3.8)

when ¢ is small and where N (x, t) is some integer. At the same time we prove that
the limiting measure of ©® satisfies (2.10). The first key estimate to be established is
the analogue of (2.8) for ¢, which will be discussed in the next section.

4 Density ratio upper bound and energy monotonicity formula

In this section, we prove the upper density ratio bound for diffused interface energy
and energy monotonicity formula which are crucial in the limiting process. Estimates
in this section are similar to [33, Sect. 3] with some modifications.

4.1 The upper density ratio bound

We state the main theorem concerning the uniform density ratio upper bound inde-
pendent of € of the Allen-Cahn equation with extra transport term. The proof takes
the entire Sect. 4. We establish the monotonicity formula which is a perturbed ver-
sion of Ilmanen’s monotonicity formula for the Allen-Cahn equation (and Huisken’s
monotonicity formula for the MCF [26]) along the way.

Theorem 4.1 Suppose n > 2, Q =T" or R", p, q satisfy (2.14),

1
0<B<-—, 4.1)
2
0 < ¢ < 1 and ¢ satisfies
W/
3o +u-Vo=Agp— g") on @ x [0, T, 42)
e
@(x,0) =@o(x) on Q. (4.3)

Assume u € C°(Q x [0, T]), Vj<p, S,ngo e C(2 x[0,T)]) for k € {0,1} and
Jj €1{0,1,2,3}. Let uf be a Radon measure on Q defined by

2
o au;w :=/Q¢<x>(8'v‘”(2x”)' + W(*"ff’”)) dx @4

for ¢ € C.(2) and define

i (B (x))

D(t) := max { 1, uf (), —
B (x)CQ Wn—1T

] , tel0,T] 4.5)
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Assume
sup |g| <1, (4.6)
Qx[0,T]
supe'|Vigo| < ¢y foriel{l,2,3}, 4.7
Q
L pk _ . _
Rh_)moo R¥l¢ + Ul c2(mmBpyxio.ry = 0 for anyk € Nin case Q =R",  (4.8)
Vool? W
wup (sl pol” (<P0)) <o b 9)
Q 2 &
sup |ul <e P, sup |Vu| <e PV, (4.10)
Qx[0,T] Qx[0,T]
Nl La o, 71 (wir(pymy < €2 4.11)
and
D(0) < Dy. 4.12)

Then there exist Dy = D1(c2,n, p,q, Do, T) > 0and ey = €1(c2,n, p,q, Dy, T, c1,
B, W) > 0 such that

sup D(t) < D (4.13)
1€[0,T]

as long as ¢ < €.

Remark 4.1 1f u = 0, u7(2) is monotone decreasing, thus it is straightforward to
conclude that 7 (€2) is bounded uniformly independent of & if 1§ (£2) is. The uniform
density ratio bound may be also obtained from Ilmanen’s monotonicity formula. When
u # 0, however, it is non-trivial even to conclude that the total energy us (€2) up to
time 7 has a uniform bound independent of ¢. We will see that we need the density
ratio bound to estimate u? ($2).

4.2 Monotonicity formula

In this subsection as a first step we obtain a modified monotonicity formula analogous
to that of Ilmanen [28]. It is still not a very useful formula due to the possible negative
contribution coming from &, defined below. We will show that the negative contribution
is small when ¢ is small.

To localize the computations, fix a radially symmetric cut-off function

n(x) € C® (B%) with 5=1on B, 0<n=l. (4.14)

Define

- P
Py.s)(X, 1) = pio(x, DHnx —y) = e W nx—y) (4.15)

(4r(s —1)"T
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870 K. Takasao, Y. Tonegawa

fort < s and x, y € Q and define

__elVel* | W(p) __elVel*? W(p)
e = + 2 =l Y

4.16
2 e 2 e ( )

Proposition 4.1 Suppose that ¢ satisfies (4.2). With the notation of (4.4), (4.15),
(4.16) and writing p = p(y,s)(x, 1), we have c3 depending only on n such that

st 1/~||2d€(>+ ! /s~d
g [ P @) =5 | pluldui() + 50— | &epdx

1
+c3e 6D Mf(B%(y)) (4.17)
foryeQ 0<t<s<ooandt <T.

Proof We define L as follows and by (4.2),

/(90)

L:=0¢p+u-Vo=Ap—

By integration by parts we have

d 3 3 ~ s

—/ e:pdx =/{egatp—8(L—u~V<p)(Vp~V<ﬂ+pL)}dx

dt Q Q
V5 Vo2 V5 - V)2

:/ b f—tp (Hu) e (LWVMM)
Q P 19
Vj-V
+8,5M'V(p(L+u)] dx

0

A e S AT AL
< e:0p+e|LVp-Vo+ T + 8,0(u Vo)
Q

(4.18)
Moreover by integration by parts we obtain
/5LV,5 -Vedx =/ —e(Vo @ Vo) - V2j + eg Ap dx. (4.19)
Q Q
Substitution of (4.19) into (4.18) gives
d Vo ® Vo .
[(pdr = [(eo@i+ap +elvel (35 +a5- 5ot v2
dt Vol
Vp - Vo)?
%) —e,o(u Vo) dx. (4.20)

@ Springer



Existence and regularity of mean curvature flow... 871

We remark that p (without multiplication by n) satisfies the following:

Ve®Vy oo o (Vo-Ve)r

hp+ Ap=— P
IVo|? pIVel?

0
, 0 Ap —
25—1) 0+ Ap

4.21)

When one computes (4.21) with p instead of p, we have additional terms com-
ing from differentiation of 5. The integration of these terms can be bounded by
1 . 1
cui (B1a(y))e 60 for ¢ = c(n) since |V/ p| < c(j, n)e” 860 forany x, y € Q
with |x —y| > % and j = 0, 1. Thus, with an appropriate choice of c3 depending only
on n, we obtain (4.17). O

4.3 Some estimates on 2 x [0, T']

Lemma 4.1 Suppose that ¢ satisfies (4.2), (4.3), (4.6), (4.7) and (4.10). Then there
exists c4 > 0 depending only on n, ¢y, W such that

3|V X, t) — \Y ) 1
sup ¢|Vo|+ sup g2 Volx. 1) fp(y ) < c4.
Qx[0.T] x,yeQ, 1€[0,T] lx —y[2

(4.22)

Proof Take any domain B3, (xo) X [fo, to + 2¢2] ¢ Q x [0, T']. Define o(x,t) ==
@(ex + xo, €2t + o) and @i (x, 1) := u(ex + xq, €2t + 1) for (x, 1) € B3 x [0, 2. By
(4.2) we have

0,0 +eit-Vp=Ap—W(Q). (4.23)

Using the estimate of [32, p. 342, Theorem 9.1], if ;v — Av = f on By x [0, 2] then
we have

1300, V20l r B xj.2n < ¢ r)Lf. Vo, vl gy xg0.20) + (L= DIV E, Ol w2r sy)
(4.24)

for j =0 (uptot = 0)or j = 1 (interior estimate) and forr € (1, 0o).Let¢ € CJ.(B3)
be a cut-off function and multiply ¢>@ to (4.23), then by integration by parts, (4.6),
(4.7) and (4.10), we have

2
/ IV@|? dxdt < c(W). (4.25)
0 B
Hence by (4.6), (4.7), (4.10), (4.24) (r = 2) and (4.25) we obtain
2
/ @12 + |1V2@12 dxdt < c(n, c1, W).
0 B
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By applying (4.24) to the equation
81(@)&‘) - A(ﬁxi = —gﬁxi . VQZ — el - V¢Xf - W”((ﬁ)@xis

and using (4.6), (4.7) and (4.10) again, we obtain
2
| 98P+ 193 dxdr < con. o, w)
0 B

Therefore we obtain the W2 estimates of V¢ on By x [0, 2], and by the Sobolev
inequality we have

Vel 20+ < c(n, c1, W).
L =T (Byx[0,2])

We can use this estimate to (4.23) and (4.24) withr = % We repeat this argument

. . O . . .
until 7 is large enough so that W! < C2 with appropriate modifications of the
domain. Then we obtain the desired estimate

Vo <c(n,cy, W).
1980 g 0y = €012 W)

Since the domain was arbitrary, after returning to the original coordinate system, we
obtain (4.22). O

Lemma 4.2 There exists e = €x(n, W, B) > 0 such that, if ¢ < €3 and under the
assumptions of (4.1)—(4.3), (4.6), (4.7), (4.9) and (4.10), we have

elVol>  W(p)

5 <10e™# on Q x [0, T). (4.26)
&

Proof Rescale the domain by x + 7 and ¢ — 6% Under the change of variables, we
continue to use the same notations for ¢ and u. Define

_ Vel

§:=—

- W(p) — G(o), (4.27)

where G will be chosen later. We compute 9;§ + eu - VE — A& and obtain
0:& +eu-VE — A&
=Ve - Voo — W +Gop+eu®Ve) - Vip—e(W 4+ GHu - Vo
—|V2p* — Vg - V(Ap) + (W + G)Ag + (W' + G")|Ve>.  (4.28)

@ Springer



Existence and regularity of mean curvature flow... 873

Here, we denoted and will denote W/ (¢) as W/, G(¢) as G and so forth for simplicity.
Differentiate (4.23) with respect to x;, multiply ¢x; and sum over j to obtain

Vo - Vip+eVu- (Vo ® Vo) +e(u ® Vo) - Vi
=V V(Ap) — W|Vg|*. (4.29)

By (4.23), (4.28) and (4.29) we have

NE +eu-VE— A=W (W +G) — |V
—eVu - (Vo @ Vo) + G"|Vol|?. (4.30)

Differentiating (4.27) with respect to x; and by using the Cauchy-Schwarz inequality
we have

n n 2 n
Z( ‘px,-@xixj) ZZ(%-XJ- +(W/+G/)(ij)2
1

j=1 \i= j=1
= |VER +2(W + G)VE - Vo + (W + G)2|Vg|?
< |Vo|?|VZp[%. (4.31)

On {|Vg| > 0}, divide (4.31) by |V|? and substitute into (4.30) to obtain

& +eu-VE — A&
<WW +G)— !
B IVol|?
—eVu - (Vo ® Vo) + G"|Vg|?
2W + G)
IVol?
+G" |Vl (4.32)

(IVEX +2(W + G)VE - Vo + (W + G)2|Ve[?)

< (G -WG - VE - Vo —eVu - (Vo @ Vo)

By |Vg|?> = 2(§ + W 4+ G) and (4.32) we have on {|V¢| > 0}
WE+eu-VE—AE < —(G)Y —=WG +2G"(E+W+G)

20W' + G

Vol VE -V —eVu- (Vo ® Vo). (4.33)

Let¢(x,1) = ¢(x) € C°°(Bs,-1) be such that

2
¢ _ M = SUPR~ x[0,62T] (% - W(‘P)) on B38*1\B28’1’
0 on B,-1,

and

0<¢ <M, |Vo| <2eM, |Ap| < 2ne’M.
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Note that M may be bounded depending only on 7, ¢c;, W by Lemma 4.1. Note also
that we may assume M > 0 since M < 0 implies our conclusion (4.26) immediately.
Let

- 1
Ei=&—¢ and G(g) = e? (1 —gw—wz),

where y is as in (3.2). To derive a contradiction, suppose that

sup E>e2,
B__1 x[0,672T]

Since £ < 0 on (Bs,-1\B,,-1) x [0, 72T], & <&'= on By.-1 x {0} by (4.9) and
SUPE | x[0.6-2T] § > 8% , there exists some interior maximum point (xq, #p) of § where

3E>0, VE=0, AE<0 and & > 2
hold. By the definition of ¢ we have at the point (xq, 7o)
3E >0, |VE| <26M, AE <2ne*M and |Vg|> > 262 (4.34)

Substitute (4.34) into (4.33). Using eVu - (Vo ® Vo) < 2¢|Vu|(€ + W 4+ G) and
(4.10), we have

4(W'| +1G"heM

)

+2e'"PE+WHG) 427 P M. (4.35)

0<2ne’?M — (GY> =W G +2G"(E+W+G) +

Since < % and G = —&2 /4, for sufficient small ¢ depending only on 8 and W,
2G"E+W+G) +2' PE+W+G) <G'(WHG). (4.36)

If |@(xo, to)| < o, then

1

G (90, )W (oo, 1) = =~ min W)

which is a ‘big’ negative number compared to the rest, and one can check that this
and (4.36) (as well as WG’ > 0 and G > 0) lead to a contradiction in (4.35). If
lo(x0, t0)| > «, then we would have ‘big’ negative contributions coming from (all
evaluated at (xq, t9))

1
sla—lyD? e < e lrD

G/2>
G)" = 64 - 4

W'l
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which again lead to a contradiction in (4.35) for sufficiently small ¢. This shows that

Vol? 1
sup —W(p) ) <2ez,
By x[0.e2T] \ 2

where G < e7 is used. Now repeat the same argument, this time with M replaced by
267 and G replaced by 8¢' A (1 — %(ga —1)2). If we assume

sup &> 281_’3,
B, 1 x[0,672T]

£ = & — ¢ would attain some interior maximum in By -1 X [0, 72T by (4.9) and
3¢ y

by the subtraction of ¢. This time we would have 3, > 0, |V&| < 48%, AE < 4ned
and |Vo|? > 4¢!=P. With this (4.35) is

z

8(W'| +1G'De>

0 < dned — (G2 — WG'+2G" (€ + W + G) + S 1 F1GDe?
(4el=P)2

26 BE+ W+ G) +4e3 P

Exactly the same type of argument as before shows that we have a contradiction, and
since G < 8g!—# andé — G < 2¢'=# we have (4.26). O

Lemma 4.3 Let 115, D(t) and py 5y be defined as in (4.4), (4.5) and (4.15). Let s, R, r
be positive with 0 < s — (§)2 < T and R € (0, %). Sets =5 — (é)z. Then there
exists ¢cs = c5(n) > 1 such that, for any y € 2, we have

_ _ . r n—1 . . 7'2
/Qp(y’s)(x,s)dug,(x) < (MR) [ME(BR()’)) +/L§(B%(y))e><p(— —16R2)}

4+ ¢sD(5) exp ( — g)

Proof First, on Bg(y) we compute

o \! 2y
la(y,s)(X, §du; < ( ) / e &2 dut
/BR(y) ' VAT R Br(y) *

n—1
5( \/%R) LE(BR(Y)).
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On Q\ Bg(y) we have

—1
VarRY' . . 2y
/ p(y,s)(x,S)dMES/ e 4kT dput
r Q\BRr(y) B D\Br()

1 lxmy2
5/ s ((B;(y)\BR(y)) N [x le W > Al) di
0

exp(- ) ——
S/O My (B%(y)\BR(y)) d)»+/ P )“E(Bgm(y))dk

exXP(— 14x2
2 n—1 r2
= 2R N 16RZ  n—
< ug (B%(y))e 1687 + D($)wp—1 (T) [;GR "7 el dl
'y
. _2 (2R 2
< ug (B%(y))e o +c(mDE | —=) €T, (4.37)

. n=l _ _L
Here we used the fact that there exists ¢ = ¢(n) > 0 such thatl 2 ¢~/ < ce™2 for
any [ > 0. O

4.4 Proof of Theorem 4.1

In this subsection, we always work under the assumptions of Theorem 4.1. In particular,
results from the two preceding subsections are available. Furthermore, from now on
until Proposition 4.2, we assume

D(r) = Dy (4.38)

holds for ¢ € [0, T1] and 77 < T. Here, D1 > 2Dy is a constant depending only on
c2,n, p,q, T, Dy, and not on &, and which will be determined after Proposition 4.2.
We need to be careful about the dependence of constants so that we do not end up a
circular argument. Any constant depending on D; will be again a constant depending
on ¢y, n, p,q, T, Dy. Note that such 77 > 0 exists because D; > Dy and by the
continuity of D(¢) in time. Such continuity follows from that of ¢ in the case of
Q = T", and additionally from (4.8) in the case of 2 = R". 71 may depend on ¢ in
general, but in the end, we prove that 71 = T as long as ¢ is sufficiently small. First,
under this assumption we have the following a-priori estimate:

Lemma 4.4 There exists ce depending only on n, p, q such that for any 0 < ty < t
we have

1 n W (@)\*
sup ui(Q) + —/ / e (Ago — (2('0)) dxdt
telto.n] 2 ) Ja &

€ 1-2 2
<ty (D F ol =10)- Ml o s wrryy S0P DO (4:39)
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In particular, there exists Eqg depending only on ¢y, n, p, q, T, Do such that

T,
sup pE(Q) + = / l / ( W(‘p)) dxdt < Eo. (4.40)

1e[0,71]

Proof By (4.2) we can compute

d 1 W)\ >
dtut(Q)_—z/Qs(Aw— 2 ) dx—}—e/sz(u-V(p) dx. 4.41)

To estimate the last term of (4.41), we consider two cases p < 2 and p > 2 separately.
In addition we consider 2 = T", R” separately, and let us consider T” first. Let
{o }o be a partition of unity on €2 such that ¢, € C°(2), diam (spt ¥,) < 1/2 and

pn=
n—p —

Vg llc2 < c(n). Consider p < 2 case first. Just as in (2.12), by setting s := =2
2, we have

8/(u-V<p)2d
Q

s 2
|u|Se|w|2dx) Qui)' s

2
( c(n, p) / |1/fau|‘Vs|w|2dx) @D(t)'~5
Q
C

N 2
c(n, pD() (/ Jul? + |Vu|1’dx) ) QD)+
spt Yo

(n, p)D(t)IIM( Dl Q) (4.42)

where each constant is different. We used the local finiteness of {{/y}o and >, Ag <
(O Aa)% since % > 1. For p > 2, we have

8/(u~V(p)2d
Q

( Iul”slvwlde)p(2Mf(9))1_1’
2
( c(n,p)/|wau|"s|w|2dx) QD)7
Q
C

spt Yo

C(n,p)D(t) |M|p+|M|p1IVu|dX) @D@)'»
(n, p)D(t)Ilu( t)llwlp(m- (4.43)

Here we used (2.11) with p = 1 there and ¢ = |y, u|”. Integration of (4 39) over
[to, t1] using (4.42) or (4.43) gives (4.39). We define E( to be Dy + c(,T fl c2D1 In
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case of 2 = R", we do not need to take the partition of unity and the proof proceeds
similarly. O

In the following we define B’ by

In fact, any number 8’ € (B, 1) can be used. To fix the idea, we specify such B/, and
suppose that 8’ depends on g for simplicity.

Lemma 4.5 There existc7 > 1, 1 > cg > 0 and €3 > O with 0 < €3 < € depending
onlyonn,cy,c2, p,q, T, W, Band Do with the following property. Assume ¢ € (0, €3)
and |¢(y, s)| <a < 1withs € (0, T1]. Here « is from (3.3). Then for any t € [0, T1]
with max{0, s — 2¢2P'} <t < s we have

1
g < F/Lf(BR (")s (4.44)

where R = ¢7(s + &2 — t)%.

Proof We will choose €3 < ¢, and assume for the moment that ¢ < €. Set p =
ﬁ(y,sﬂz)(x, t) in this proof. Assume |¢(y, s)| < o < 1. We have

72
e et (Ve - s
Jyranseor= [ e (S5 v) 4

where ¢(x,s) = @(ex + y,s). By |¢(0,s)] < o < 1 and Lemma 4.1 there exists
0 < c9 = co(n, c1, W) < 1 such that

Sco < / B dus (x). (4.45)
Q

From (4.10), (4.17), (4.26), (4.40) and ¢ < € we have for A € [t, s)

10 /e =1

d I T
— + c3e 1286+e2-2) Dy (4.46)

— [ pd €<s’2ﬁ/"d :
axr Jq My = Qp My +

Here [, p dx < /4w (s — 1) is used. Multiply (4.46) by ¢* =1 and integrate over
[z, s]. By £ > max{0, s — 282/3/} we have

— N /_
& ) /Q ﬁdui(x)’ﬁ < PP P00 o

£2(8'=B)

_1
+2c3Dye? e 128624220 287 (4.47)
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By (4.45) and (4.47) for sufficiently small ¢ depending only on D1, 8, n and c3 we
have

2c9 < / B d it (x). (4.48)
Q

Next we use Lemma 4.37 with r := ,/8log(2c¢s chgl), where we may assume that

¢s, Dy > 1 and c9 < 1. We chose this r so that

[N]

s 9
csDie” 8 = ER (4.49)

In Lemma 4.37, we replace s and s — (%)2 by s + &2 and 7 respectively. Remark that
R:=r(s+&*— t)% < r(e? +2£2/3/)% since s —t < 2¢%’. Hence we have R < % by
restricting & depending only on ¢s5, D and c9. From (4.38), (4.40) and Lemma 4.37
we have

/ pdu;(x) < (”/(«/471’13))’1_1 {uy (Br(y)) + Eoe—rz/(mRz)} + clee_’z/S,
Q
(4.50)

Note that /R > 8’/3//«/3. By (4.50), (4.48) and (4.49) for sufficiently small ¢ we
obtain

n—1
¢ = (r/(VAR)" i (Br(y).

Setcy i =r = 810g(ZC5D1c;1) and cg = r1="(v/47)"L¢9 and we have the desired

estimate (4.44). Note that the restriction on ¢ depends on c3, c¢5, D1, c9. Examining
the dependence, we may conclude the proof. O

Lemma 4.6 There exists 0 < €4 < €3 and ¢y depending onlyonn, c1, ¢c2, p,q, T, W,
B and Dg with the following property. Foranyr € (P’ %) andt € [2¢*, T1N[0, T1],
we have

elVol? W

/ ( Vol” _ ﬁ) (x, 1) dx < cjpe? P! (4.51)
Br(y) 2 € +

provided ¢ < 4.

Proof We only need to prove the claim when 77 > 2¢2#’ since the claim is vacuously

true otherwise. Let y € Q, r € (7, %) and 1, € [2¢?#, T1 N[0, T;] be arbitrary and
fixed. We define

A= {x € By (y) : forsome 7 with 1, — 2 <7 <1, |o(x,1)| < Ol},
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A= {x € Byyyoerer () dist(A, x) < 26‘78ﬁ/} .

By Vitali’s covering theorem applied to F = {Bzc7gﬁ/(x) : x € A} (note A C
Uper B), there exists a set of pairwise disjoint balls { B, .5 (xi)}lN: | such that

xi € Aforeachi=1,...,N and A C UY, B g .5 (x:). (4.52)
By the definition of A, for each x; there exists #; such that
te— e <0 <t lp(xi, ) < @ (4.53)
Define 7 := t, — 2¢2P’. Since 1, > 2¢*#’, we have f > 0. By (4.53),

e <f —F<2eW (4.54)

and the assumption of Lemma 4.5 is satisfied fors = #;, y = x;, t = fand R; :=
- al .
c71(fi + 2 — )2 if ¢ < e3. Hence we may conclude that

csR'! < (15 (BR;(x;)) fori=1,...,N. (4.55)

By (4.54), we have ¢7(¢2F" + 52)% < R; <c72e?P + 82)% < 2¢7¢P’, which shows

c11eP " < S (Bye e (x1)) (4.56)

from (4.55) with ¢ = CSC;_I. Since {326785/()6[)}?’:1 are pairwise disjoint and
B2C78/3’ ()Cl‘) C BZr+2678ﬂ’ (y), (456) giVeS

Nene?” "D < e By, 4 geem (). (4.57)
Hence the n-dimensional volume of A is estimated by (4.52) and (4.57)

wn (10c7)"e?’
C11

L"(A) < N, (10c76P)" < 145 (Boy y2cr68 (9)-

By (4.38) and r > &/,
10c7)"e?’
LM(A) < %Dlwn_l(% 207681 < cppefl (4.58)

where ¢17 = w,w,—1(10c¢7)" (2 + 267)"_1D101_11. Hence by (4.26) and (4.58)

Vo2 W
/ (M — ﬂ) (x, 1) dx < L"(A)10e™P < 10c;eP 1,
AnB.(y) \ 2 e /4

(4.59)
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Next we estimate the surface energy on the complement of A which decays very
quickly. Define ¢ € Lip(Bz(y)) such that

|1 if x € B,O)\A,
¢(x) = [0 if dist(x, Br(y)\A) > &,

Vol <267 and 0<¢ < 1.

By r > &P, 2¢7eP > ¢#" and the definitions of A and ¢, we have spt¢ N A = 0,
hence

lo(x,s)| = a, forx €sptg, s € [t, — &P t,]. (4.60)

For each j differentiate the Eq. (4.2) with respect to x ;, multiply ¢2337¢/’ sum over j
and integrate to obtain '

d
T |v¢| > dx +/(u Q Ve -Vip+Ve® Ve Vu)p>dx
//
:/ (w.Aw— (‘”)|v |)¢2dx. 4.61)
Q
By integration by parts and the Cauchy-Schwarz inequality (4.61) gives

d 1
G [ aivereas < [ wiversar+ [ 196 vulg? dx

+4/ |V¢|2|V¢|2dx—/ (‘D)W 2o dx. (4.62)
Q Q

By (4.60), W”(¢) > k on spte for t € [t, — £*P’, 1,]. By (4.10) and the definition of
¢, (4.62) gives

_2/3 ,
|V(p| ¢ dx </ (‘9—+a—1—ﬁ) |V(p|2¢2dx+16s_2’3/ |Vo|? dx
dt Q 2 sptg
K
-5 [ 1vePs ax
& Ja

< —%/ |V(p|2¢2dx+16£’2/3// Vol dx (4.63)
2e° Jo spte

for small ¢. By integrating (4.63) over [t, — &2P 1,1, we obtain

1 o 1
/ VPP (x, 1) dx < e 1)/ ~ Vo2 p*(x, 1, — 2Py dx
Q 2 Q 2

Ty P -~ ,
+/ e 2N 16728 (/ |V<p|2(x,k)dx) da
t—e2b! spté

(4.64)
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Define

1
M = sup / —|V(p|2(x,k)dx.
sptep 2

Ae[te—e2P 1]

By (4.64) we have
1 /_ ,
/ §|w|2¢2<x, 1) dx < (e_”w V3016228 ) M. (4.65)
Q

By spt¢ C Bor(y) and (4.38)

eM < wy_1D1(2r)" L. (4.66)

Since B, (y)\A C {¢ = 1}, we have
€ 2 € 2 2
=IVol“(x,t)dx < | =IV|"(x, t)9" dx. (4.67)
B,o)M\A 2 Q2

Recall that 8’ < 1. By (4.65)—(4.67), we obtain for sufficiently small ¢ (depending
only on k)

/ . §|V¢|2(x, t,) dx < 33k ' e* ' Dyw, 1 (2r)" . (4.68)
B (y

By (4.59) and (4.68), and since ' — g = 152 <2 — 28" =1 — B, we obtain (4.51)
with an appropriate choice of cjg. O

Later in Sect. 7, we use the following estimate which follows from Lemma 4.6.
Corollary 4.1 Forany0Q <r < % e <egandt € [2¢*P, T1N [0, T1], we have

"d Vo2 W ) )
/ _r/ (M _ ﬂ) (x,t)dx < c106? _ﬂ|log8| + 10w, &P P,
o ™ Jepy N 2 & /+

(4.69)

Proof For the integration over the range v € (0, ¢#'), we simply use the estimate
(4.26). For the range t € &P, r), we use (4.51). O

Lemma 4.7 There exists a constant c13 depending only on n, cy, ¢3, p, q, T, Do, W,
B such that for ¢ < €4, t € [0, T1] and t < s, we have

! 1 8|V§0|2 W(p) ~ B —B
/O{Z(S—)»)/Q( > T . )+p(y,s)(x,)»)dx}d)\§c13a | loge].

(4.70)
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Proof Ift < 262F then by using (4.26) and [ p dx = \/4m(s — 1) we have

! EVel: W@\
/(){Z(s—x)/gz( & )+:O(y,x)(x,)x)dx}d)\

"10e=P ,
< [ /X an <20V2nef P, 471
< [ Z=an <20y @71)

By the similar argument, if s > ¢t > s — 262F" then we have

’ ! Ve W@\ -
/3_282ﬂ/|2(s—x)/52( 7 & )+P(y,s)(X,)»)dx] di

< 204/ 2P P, (4.72)

Hence we only need to estimate integral over [282/3/, t]witht < s — 2628’ First we
estimate on B,z (y). We compute using (4.26) and s — ¢ > 262" that

Vol|? W
/ / 8| <p| (w)) 5dxd
2628 2(8 —A) e /+

/ 10e—Fené’ Wn 10s# P w,
< dr < .
262 2(s — ) "F (VAT (V8m)=l(n — 1)

(4.73)
On Q\ B_g (y), by (4.51),s —t > 2628 and computations similar to (4.37), we have
! 1 elVol? W@\ .
[ [ (A Y0
2620 2(s —4) Jang 2 e /4

</’ dk
2620 (s — 1)"3 (VAmyr-)

/1/‘ i Cwmz W@d Jl
[x—y| -
0 ByNfxie G ) 2 € /4

L e T 4 (s — )T
< cloc(n)z?’3 _’3/ ¢ + ) di

Zszﬁ, (s . )\‘) n+1
< croe(m)e? =P (1 + B'log(1/e)). (4.74)
By (4.71)—(4.74) we obtain the desired estimate. m]

To utilize the formula (4.17), we next obtain the estimate for u.
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Lemma 4.8 There exists c14 depending only on n, p and q such that for any to, t|
withs >t > tyg > 0 we have

telt,11]

(4.75)

1 ~
/ / Oy, olulFdptdt < cla(n _to)p”u”%q([to’tl];(wl,p(Bl(y)))n) sup D(1),
1o 2

where (1) 0 < p = W when p <n, (2) p < qq;Z may be taken arbitrarily

close to qq;2 when p = n (and c14 depends on p), and (3) p = qq;z when p > n.

Proof First, consider the case p < n. By the Holder inequality, for/ := g((r':—__;; (which
is > 1 due to (2.13)) we have

=1
T

- 1 !
/plulzduf < (/ Inzulzlpduf) / pduf
Q o By ()

1

=1 Lo & !
< (D)1 /Qluml pdu,
1

T
f(D(t))lll(;n_,/ |un5|2’duf) . (476)
(r(s—1) 2z Ja

By (4.76) and (2.11) we have

1
n—1 T

n—p
- D(t
[owPan <20 feop ([ 9w as
Q An(s —1)) o By (y)
c15D(1)
= s — oy v o @77

where c15 = c15(n, p). Hence by the Holder inequality and (4.77) we obtain (with

el := lleell o (g, 0r3: owr-p (8, (3ym)
2
q—2

11 1 e
/ /p|u| dpidt <cis|ull* sup D(t) / g 9
telny, ] 0] (s — t) Pq=2)

) —(=pig 4| q=2
< cisllull” sup D(t)c(n, p,q)((ty —1p) ra=2 ") ¢
telr,n1]
2pg—2p—ngq 2
<c, p,q)cis(ty —to) 74 lul|” sup D(1).
t€lto, 1]

We remark that (s —9)' — (s —#1)" < (t; —tp)* fort € (0, 1) and 7[)(&7_}72))'1 +1€(0,1).
By setting c14 := c(n, p, g)c15, we obtain the desired estimate when p < n. For
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1,p
Df for p’ < n, we repeat the same argument as above
W 0 qT_z as p 1 n. This gives the estimate for

1 ~
p =ncase.Forp > n,supg, ( In2ul < c(n, p)lullyirg, (y)).Thusf,0|u|2du;’3 <
2 2

p = n, since WIIO’C" cw,
for p close to n. Note that

c(n, p)D(t)||u||%V].p(B1 o) This gives the desired estimate for p > n. O
2

Proposition 4.2 There exist c16 > 1 depending only on n, c17 > 0 depending only on
n, p, q and €s > 0 depending onlyonn, p, q, c1, ca, Do, T, W, B with the following
property. For ty, ty with Ty > t; > to > 0and t; —ty < 1, suppose D(t1) = c16D (o)
and SUPsefr.11] D(t) < c16D(ty). Then, if ¢ < €5, we have

p 2
(tl - tO)p”u”Lq([to,ﬂ 1, (WP ())m) = C17, (478)

where p is as in Lemma 4.8.

Proof First, for any s > fg, by direct computation and by the definition of D(#y), we
have

/Q A(y.s) dug, < D(to). (4.79)

Let c16 > 1 be a constant defined by

g 5t
2.4 ’(z+C3)(4nl) ] (450)

€16 := max
Wn—1 wp_1e” 3

By definition, cj¢ depends only on n. Suppose that ¢ satisfies the assumptions.

Recalling the definition of D(#;), we have the following three possibilities, (a)

D(h) = ,u,fl (R2), (b) there exists B,(y) C 2 such that D(t1) = é,u,fl (B ()

wn_lrn—l
and r > %, and (c) the same as (b) except that r < 41'1' For (b), we have the following

Wp—1 _
ﬁD(m) < a1 "7 D) = 1 (B () < ().

Since w,_1 /4" < 1, either (a) or (b), we have

Wy —
T D) < 41 (). (4.81)

Then, by (4.39), we obtain with (4.81) that

4n—1 n—1
c16D(to) = D(n) = — wi, () <

n—1 Wn—1

q—2
(D(ro>+c6<n —1f0) T ||u||2c160<ro)),
(4.82)
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4n—|

where ||M|| = ”u”Lq([l(),l]];(Wl’p(Q))n)' By (480), Ol < %, thus (482) shows
s = —1o) 7 [lull” (4.83)

2¢e

This is the conclusion deduced from (a) and (b). Next consider the case (c). Let
s =11 + r2. By (4.17), (4.70), (4.75) and (4.39), we have

/ Ply.s) A, < / Biy.s) diut, + c13e? P lloge| + cracie D(t0) (11 — 10)||ue])?
Q Q
42
sty — 10)(D(t0) + coc16 D (o) (11 — 10) © [[u]l?). (4.84)
We compute using = 1 on B% (y)andr < zlt that

e

/ﬁ(ym dpj, Z/ Py.s) A1y, = ————— 11, (Br ()
Q By () dm) 7z -l

F

_ C16D(l‘())(1)n}’li—l16‘_Z > (2+C3)D(t())7 (485)
4r) 2z

where s = t; + r2, the properties of #; and c1¢ are used. By (4.79), (4.84) and (4.85)
give (using also 1 — 19 < 1)

Do) = c13e”P|logel + cracisD o)ty — 10)” lu)®
22
+escoete Do) (1 —10)” 4 ul. (4.86)
Since D(ty) > 1 by definition, we may restrict ¢ depending on ci3 (see Lemma
4.7) so that c13¢#" 7P| log e| < 1/2, for example. Now, examining the dependence of

constants, we obtain (4.78) from (4.83) and (4.86) by choosing an appropriate cy7 > O.
Herewealsouseﬁ<2—f7andt1—to§1. O

Proof of Theorem 4.1. We first choose 0 < T < 1 so that
TP} < ey (4.87)
holds. Due to the dependence of c17, T}, depends only on n, p, g, c2. Then set
Dy = Doclt/ " (= 2Dy by (4.80)), (4.88)

so that D depends only onn, p, q, ¢, T, Dy. Finally restrict ¢ < €5 as in Proposition
4.2. Now we claim that

D(t) < Doct ™! (4.89)
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holds forallz € [0, T], thus proving D(¢) < Djforallz € [0, T]and T; = T.Suppose
there exists 0 < ¢t < T such that (4.89) fails. Then there must exist some 0 < 71 < T
such that D(1) < Docl"/ ™" forall t € [0, Ti] and D(T}) = Docll/™™*" Note that
D(t) < Dj fort € [0, T1], satisfying (4.38). If T1 < T}, we apply Proposition 4.2
with 7g = 0 and t; = T7. We have D(T1) = c16Do and SUP; (0, 7] D(t) < ci6Dyp.
Thus (4.78) shows

P2
T/ c5 > cy7,

but this contradicts 77 < T and (4.87). Thus, we have 71 > Tp,. If T € [Ty, 2T}),
then D(Ty) = Doc%é. Thus there must exist #y € [T}, T1) such that D(ty) = c16Do
and 77 — t9 < Tp (note that D(¢) < Dycy6 forallt € [0, Tp)). By Proposition 4.2 with
t; = Ty, we have (T} — to)ﬁcg > c17, again contradicting 71 — t9 < Tj and (4.87).
Continuing this manner, we conclude that 77 = T, which is a contradiction. Thus we
proved that (4.89) holds for all ¢ € [0, T]. Also this concludes the proof of Theorem

4.1. |

Since we proved T = Ti, i.e., the assumption (4.38) is true for all [0, 7], all
the estimates in this section hold with 77 replaced by T'. In particular, we have the
following monotonicity formula which follows from (4.17), (4.75) and (4.70).

Theorem 4.2 Under the same assumptions of Theorem 4.1, if ¢ < €1 and for s >

t > 1y, to, 11 € [0, T], and y € Q we have
- hodr 5 5 .
/ pdu; +/ / |Eclpdx < cracy(ty — to)P Dy
Q t=ty 10 2(S - t) Q

1
+c136PPlloge| 4 e3¢ B0 (1) — 19) Dy, (4.90)

where p = pqy.5)(x, t) and & are defined as in (4.15) and (4.16), and p is as in Lemma
4.8.

The point of the right-hand side is that it is bounded independent of ¢, and it can be
made arbitrarily small when ¢ — 0 and ty — ;.

5 Existence of limit measures

In this section we construct a sequence of approximate diffused interface solution for
(1.2), given any bounded hypersurface My = 32 whichis C', and any vector field u
satisfying (2.15). We then prove that we may extract a subsequence which converges
to a family of Radon measures {u;};>0.

We first construct a convergent sequence of domains Qf) with C* boundary M(i)
which converges in C! topology. This can be carried out by locally representing M by
a C! graph and by some suitable mollification. Let d; be the signed distance function
to Mé which is positive inside of 96, and which is smooth in some r;-neighborhood
of Mé. Let h; € C°°(R) be a monotone increasing function such that 4;(s) = s for
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0<s<ri/3,hi(s) =ri/2fors > 2r; /3, h;(s) <1fors > 0andh;(s) = —h;(—s)
for s < 0. Then define c?i (x) := hi(d;i(x)) for x € Q. We next choose a sequence of
& > 0 so that

lim /& /r; = 0. (5.1)
1—> 00

We define the initial data (¢, ) differently depending on € = T" or R" as follows.

For Q = T", we define
di (x)
(e;)0 == \If( ’81 ) (5.2)
1

Here and in the following, ¥ is the solution for ¥ = W/(¥) (and ¥’ = /2W (¥))
with W(0) = 0. For Q = R", we will truncate the function to be —1 outside of a
compact set as follows. Due to the definition, note that for x € R” with dist(x, Q! 0) =
2r; /3, we have d, (x) = —r; /2. Choose a sufficiently large R > 0 such that

{x : dist(x, o) < 2ri/3} C Bg (5.3)

for all i. Then we have c?,- (x) = —r;/2 on R"\Bg. Let g : R™ — [0, 1] be a smooth
decreasing function such that g(r) = 1 forO <r < R, g(r) =0forR+1<r < o0
and |g'| < 2. Define

(@e;)o(x) —g(IXI)‘IJ( '; ))+g(IXI)— L. (5.4

l

Then (¢g;)o(x) = W (d‘%tx)) on Bg, and it smoothly changes from W (—r;/2¢;) to
—1 as |x| increases from R to R + 1. We may show from W' = /2W(¥) that
0 < W(—r;/2¢)) + 1 < cexp(—c'r;/g&;) for some positive constants ¢, ¢’ depending
only on W. Thus the difference between (¢;)o and —1 is exponentially small on
Br1\Bg by (5.1), and (¢, )o(x) = —1 on R"\ Bg,.1.

For both cases, one can check that (4.7) is satisfied for (¢ )o with some i-
independent c¢j, where we may need to take a smaller ¢; depending on the growth
of C3 norm of the graph functions representing M(i). We fix

=7 (5.5

though any 0 < B < 1/2 can be chosen. Using the fact that W solves U= 2W(P)
and |Vd;| < 1, one can check that (4.9) is satisfied for all i. We may also assume that

/‘(%,)o+1
— = X
l—)OO

X 2
lim (8z|v(§0s,~)0| n W((@si)O))d

i—00 2 &i

dx =0,

=0V ll=oH" 'y, (5.6)
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where the second identity is in the sense of measure convergence. We may also assume,
due to the assumption that My is C 1 that we have some Dy depending on M such
that D(0) as in (4.5) corresponding to (¢, )o is uniformly bounded by D independent
of i.

We next let 7; = i so that lim; ., 7; = 00, and let {”i}?il be a sequence of
C° vector fields with compact support such that |lu; — u I a0, 7;3: (wi.r )y —> 0as
i — 00, which can be constructed by the standard density argument. Then for each i
we associate j (i) so that (4.10) is satisfied, i.e.,

sup {lu;l. &) Vuil} < &) 5.7)
Q2x[0,7;]

for all 7, and at the same time, ¢;(;) < €| where €] is determined by Theorem 4.1
corresponding to Do, T = T; and c2 = ||u; Il aqo.7;7: (Wi ()ymy- We relabel € ;) as g
and u; as ug;.

With these choices, for each i € N, we solve (4.2) and (4.3) on @ x [0, 7;] with
initial data (¢g, )o and u replaced by ug,. For @ = T", the standard parabolic PDE
theory shows the existence of classical solution which we denote ¢;,. The maximum
principle shows (4.6). Due to the choice of ¢;, for each fixed T > 0, we have all the
assumptions of Theorem 4.1 satisfied on [0, T'] for all sufficiently large i, thus we
have (4.13). The same can be said about Theorem 4.2. For Q = R” and for each fixed
i, we construct the solution by domain approximation. Namely, for each k € N with
k > 3R (where R is defined in (5.3)), solve

0 + e, - Vo = Ap — L on B x [0, T3],

9 = (@50 " on By x {0}, (5.8)
p=-1 on 3By x [0, T;].

By the standard parabolic existence theory, there exists a classical solution which we
denote by ¢, . By the maximum principle, we have —1 < ¢, x < 1. We claim that

3R +tllug; L= — |x]

Gep k(x, 1) < W (
Ej

) = e, (x, 1) (5.9)

for all k by the maximum principle. To see this, on 9 By x [0, T;], we have ¢, « (x, 1) =
—1 < ¥, (x, 1) by (5.8) and (5.9). On By x {0} where ¢, x = (¢¢; )0, Wwe may check
Ye; > (@g;)o as follows. When |x| > R + 1, ¥, (x, 0) > —1 = (¢, )o(x), and when
R=<Ix| = R+1,(¢g)o(x) & =1 < W(0) < ¥, (x,0). When |x| < R,

d; (x) 2R 3R — |x|
(‘/)si)O(x) = llj(g_) < W (8_) =< v (5—) = %,- ()C, 0)

since |d~,- x)] < |di(x)] < 2R from Mé C Bg. Y, is a super-solution since, for

x| # 0,
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W' ()
2

W (Y. n—1 X
= # (||Ms,||L +— '”a,-) > 0.

i Xl Ixl

ath,- + Ug - leai - A"ﬂa,- +

We note that ¢, x cannot touch v, from below at |x| = 0. Thus we may prove (5.9) by
the standard argument of the maximum principle. Now let k — oo and we may prove
that ¢, x converge to a solution ¢, of (4.2) on R" x [0, T;] satisfying —1 < ¢, < ;.
Hence, we have (4.6). Due to (5.9), for each fixed i, we have the exponential approach
of ¢, to —1 as |x| — oo, which is (4.8). Thus, in the case of 2 = R”, we have all
the assumptions of Theorem 4.1 satisfied and we may obtain the desired conclusion.

We next prove that there exists a family of Radon measures {u, },>0 such that, after

&
choosing a subsequence, i, — u; as j — oo forall t > 0.

Proposition 5.1 Corresponding to T > 0 and ¢ € CCZ(Q; R™T), there exists c1g > 0
depending only onn, p,q, T, Do, ¢z and ||§| c2(q) such that, for alli withi > T and
Mf[ constructed as above, the function

t
1 (@) — crs ( /0 e, G )31y 45 + t) (5.10)

of t is monotone decreasing on [0, T1].

Proof By (4.2) and integration by parts we have

2
W (e W' (e,
—Mz ((P) /Q —8i¢(A€0ei - 8(‘;0 ')) — & Vo - Vﬁoai (Aﬁoai - fza l))

W/(%,-)
+8i¢ Agaé‘[ - 82 “s; : V‘Pe; + Ej (Vgaé‘,' : V¢)(u81 : V‘Ps;) dx. (511)

i

By the Cauchy-Schwarz inequality and estimating as in the proof of Lemma 4.4, we
have

,1Ve|?

—u' (@) < /Q &i|Ve, | + eidlug, 12| Ve, |* dx
< 4(sup [ V@I D (1) + sup [ple(n, pYD @) llue, ¢, D315 (g (5:12)

Thus with a suitable constant independent of i and Theorem 4.1, we have (5.10). O

Proposition 5.2 (See [28,33]) There exist a family of Radon measures {i;};>0 and a
subsequence (denoted by the same index) such that for all t > 0,

. &;
lim u," = u, as Radon measures.
i—00

@ Springer



Existence and regularity of mean curvature flow... 891

Proof FixT > Oand ¢ € CE(Q; R™). By the Cauchy-Schwarz inequality and g > 2,

5] g2
2 e 2
[ ”us,- (" s)”wl,p(Q) ds = (t2 - tl) 4 ”ué‘i ”Lq([(),T];(Wl*f’(Q))")
1

for 0 < #1 < tp < T. Hence the last term of (5.10) is uniformly bounded in
Holder continuous norm with exponent 4=2 Thus by the Ascoli-Arzela compact-
ness theorem, there exists a subsequence which converges uniformly on [0, T]. By
the monotone decreasing property due to Proposition 5.1, we can choose a subse-
quence such that uf" (¢) converges on a co-countable set B(¢) C [0, T]. Choose
a countable set {¢r )2, C CCZ(Q; R*) which is dense in C.(2; R™). By the similar
argument we can choose a subsequence such that ;' (¢ ) converges on a co-countable
set B = N2, B(¢x). For any k > 1 we define 1, (¢x) = lim; oo w; (¢y) for t € B.
Then we may define p;(¢) = lim;_ o ufi (¢) for any ¢ € C.(Q; R™) and for any
t € B since {¢ )2 is dense in C.(2; R™) and the measures are uniformly bounded.
Since [0, T']\ B is countable, we can choose a subsequence so that ,u,fi (¢px) converges
on [0, T]\B for any k. Thus we have the limit p,(¢) for all ¢ € C.(£2; RT) and for
all r € [0, T]. Now by letting 7 — oo and by diagonal argument, we may choose a
subsequence so that uf" (¢) converges for all # > 0 and ¢ € C.(R2; RT). O

We also denote, after choosing a further subsequence,

Definition 5.1 Let 1 be a measure on £ x [0, 00) such that dpu = lim;_, dufjdt
locally as measures.

Since sup; (0.1 1y’ (2) is bounded uniformly in j for all T, the dominated conver-
gence theorem shows du = du; dt. On the other hand, note that spte may not be the
same as U;>osptue x {t}. In the following section we also use the following notation.
Definition 5.2 Define (sptu); C 2 as (sptu); := {x € Q : (x,t) € sptu}.

We have the following inclusion.

Lemma 5.1 Forallt > 0,

spt iy C (Spt it);- (5.13)

Proof Suppose x € spt iz, and assume for a contradiction that (x, fp) ¢ spt w. Then
there exists 7 > O such that u(B, (x) x (to—r2, to+r%)) = 0. Take ¢ € C>(B,(x); RT)
with ¢ = 1 on B,/2(x). Since x € spt ji,,, We have 1i4,(¢) > 0. By Proposition 5.1
and 5.13, u,(¢) — Clg(fé Ju(,s) ”%/vlw ds + 1) is monotone decreasing. Thus one sees
that for all sufficiently small 2 > 0, we have pty—n(¢) > (@) — 0(1) > g () /2

where o(1) — 0 as h — 0. Since du = du,dt, this contradicts (x, fg) ¢ spt . O

6 Rectifiability of limit measures

Throughout this section, let ¢, wi, ug;, 4 and p be as in Sect. 5 and let p(y ), es;
and &, be as in (4.15) and (4.16). We fix arbitrary 7 > 0 and let ¢, be as in (4.11)
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with this 7. Note that all the estimates in the previous two sections hold in [0, T']
for all sufficiently large i (such that 7; > T'). For simplicity we often drop i from
these quantities. In this section we prove that for a.e. > 0, there exists a countably
(n — 1)-rectifiable set M, such that u; = 0(x, t)H"~! Lm,, where 6 is a non-negative
H"~! measurable function. The important ingredient for the proof is the vanishing of
the discrepancy measure defined below. As stated in the introduction, the content of
this section is based on [28] with some modifications coming from the transport term.
First we note

Lemma 6.1 Let ¢;, and Wi be the sequences constructed in Sect. 5. Then there exist
a subsequence (denoted by the same index) and a Radom measure || such that

t
lim /ll/ |§'5i|¢dxdt=/l/ ¢ d|&| (6.1)
1= Jn JQ o JQ

forall0 <ty <t <ooand ¢ € C.(R2 x [0, 00)).

Due to the uniform estimate sup; ¢y SUp; (o, 77 W' () for any fixed T, the existence of
such subsequence follows from the weak compactness of measures. Since |£ | measures
the difference between the two termsin ;' in the limit, we may call |£| as a discrepancy
measure. Unlike ,ufi , which converges to u, for all ¢+ > 0, note that we do not claim
any convergence of |&, (-, #)| dx in general. Instead, we will prove

Theorem 6.1 |£| = 0 on 2 x [0, 00).

6.1 Forward density lower bound

Lemma 6.2 There exist 1 > y|, n1 > 0 depending only on n, c, ¢, p, q, T, W,
Dy and 1 > ny > 0 depending only on n, c1, W with the following property. Given
0<t<s<T/2withs —t <y, setr = ~2(s —1) andt' :=s+r%/2. Ifx € Q
satisfies

/Qﬁw,s)(x, D dus(y) <n, (6.2)

then (By,(x) x {t'}) Nsptu = 0.

Remark 6.1 Note thatt < s <t' < T withs = ’,% The Lemma says that, unless
there is at least a certain amount of measure, there would be no measure later in
the neighborhood. The monotonicity formula (4.90) plays a crucial role for such
conclusion.

Proof Assume for a contradiction that (x’, ") € sptu for some x” € By,,(x) under
the assumption of (6.2), where y; will be chosen later. Then there is a sequence
{(x]', tj)}?il and {Sl‘(j)}?ozl such that limji)oo(xj7 l‘j) = (x/,t")and |§0€i(j) (Xj, l‘j)| <
o for all j. We relegate its proof to Lemma 6.3. We re-index i (j) as j. Then just as in
the proof of (4.45), there exists n, = n2(n, c1, W) > 0 such that
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Wige; (. 1))
e = E— 1) d
" _/Bs_,.(xj) gj p(xj”jJFS?)(y j)dy

< [ A0t 0. 63

We use Theorem 4.2. By restricting 1 — s < n; small so that

1

T o2 .
128(j+6% ) (

C14C%(tj —S)ﬁDl + c3e ti—s)Dy <m

in (4.90) for all sufficiently large j, we obtain
/Qﬁ(xj,tﬁg?)(y, 1)) dug! ()
< /Qﬁ(x_/,t_,ﬁ_%)(y, ) dug (v) + cwe’f"’sl log el + 2. (6.4)
Letting j — oo, we obtain by (6.3) and (6.4)

ZMSA@mwmem. 65)

We next want to change the center of the kernel from x’ to x. Fix 0 < § < 1/2 so
that 2§ D1 < 3. Corresponding to §, a direct computation shows that we may choose
y1 > 0 so that

/Qﬁ(x/,ﬂ)(y, s)dus(y) < 8Dy + (1 ~I—5)/Qﬁ(x,ﬂ)(y, s)d s (y) (6.6)

if |x — x’| < y1r. By the choice of §, (6.5) and (6.6) show

m = / Pex,ny (s 8) dpes(y). (6.7)

Q
Finally, since t' —s = s —t, we have p(c 11 (v, 8) = f(y,s)(x, 1). This is a contradiction
to (6.2). Thus we proved (x', t’) ¢ sptp. O

Lemma 6.3 Assume (x',1’") € sptu. Then there are sequences {(x;, tj)}?ozl and
{si(j)};?ozl such that lim;_, oo (x;,t;) = (x',t') and e, ;) (xXjs 1)1 < o for all j.

Proof 1If the claim were not true, there would be 0 < r9 < 1/2 such that

inf 0| = @ 6.8)

By, (x/)x[t’—rg,t/—i-rg]
for all sufficiently large i. Let ¢ € Cg(BrO (x")) be a function such that |V¢| < 2/rg,

0<¢ <lonB,((x')and¢ = 1on By, /3 (x”). Then the same computations following
(4.60) using (6.8) show
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d 1 K

— [ =V 2d)c<——/ Vo | 2d)c—i—lér_2/ Ve |> dx

dt Jq 2| ‘P8,| ¢ = 281-2 o | (Ps,| o) 0 - De;

fort € [t —rd, ' +r3]. Writing M; := SUDs /2.1 4121 Jspig %|V¢€i (x,1)|*dx,and
proceeding similarly as in (4.65), we obtain

1 —50—1'+r3)  32¢2
/ ElV(ﬂs,‘(', )»)|2¢2 dx < (e 51'2 0 + 3 ! )M,’ (6.9)
Q

I'OK

for » € [t/ — r2, t+ r2]. Since g; M; is uniformly bounded, we see from (6.9) that
0 0 y

i—00 2
relt' =Y v +rd]

lim  sup / %IV%(', W22 dx = 0. (6.10)
Q

Next, due to (6.8) and the continuity of ¢;;, we may assume 1 > ¢,;, > o on By, (x") x
[t — rg, t+ rg] without loss of generality. Otherwise, we have —1 < ¢, < —« and
we may argue similarly. In the following, we use

Wi(s)(s—1) > (s — 1)2/< > c(W))W(s) (6.11)
for some ¢(W) > 0if s € [«, 1]. Multiply the equation (4.2) by (¢, — 1)452 and

integrate over Q = Q x [t/ — rg, t+ rg]. By integration by parts, the Cauchy-
Schwarz inequality, ¢, — 1| < 1 and (6.11), one obtains

W (e, 1 1
C(W)/ ¢2# dxdt < -/ > dx +/ 2Ve1> 4 <|ug, [*¢* dxdr. (6.12)
o & 2 /a 0 2
Since the right-hand side of (6.12) is uniformly bounded, we obtain

W (ge
lim / 2 V@) =, 6.13)
o &

i— 00
The estimates (6.10) and (6.13) show that

t'+r3 '
lim i (%) de = 0. (6.14)

i—00 [/_rg/z

By Fatou’s lemma, Proposition 5.13 and (6.14), we have

t’+r§
/ we(@?)dr = 0. (6.15)
t

'—r3 /)2

This proves that (x', ') ¢ sptp. ]
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Corollary 6.1 Let U C Q2 be open. For O < t < T, there exists c19 depending only
onn,ci,c2, p,q, T, W, Dy with the property that

H'~H(sptiw) NU) < ero lim inf 2,2 (U) (6.16)
r—
and
H'Y(spt u; NU) < ep9lim inf 1,2 (U). (6.17)
r—

Proof We only need to prove the result for every compact set K C U. Set X; =
(sptu): N K. For any (x, t) € X;, by the same argument leading to (6.5), we have

2y < /Q Pyt — 1P du,_2(y) (6.18)

for sufficiently small » > 0. ForO < L < 1/(2r), using the upper density ratio bound,
we have

/ 5(xst)(yvt _r2) dlirfﬂ()’)
Q\BrL(x)

— S n—
< Dlwn_l(n)f% /2/4s2les ds. (6.19)
L

Thus by choosing sufficiently large L depending only on n, D and 7, (6.18) and
(6.19) show

m < / SOt — it a3 (6.20)
By (x)
Since pgx.p (5t — r?) < (dr)~@=D/2p=0=D from (6.20) we obtain

n—1 _
@) T " < 2 (B (x). (6.21)
Let B = {B,1(x) C U |x € X,} which is the covering of X, by closed balls centered
at x € X,. By the Besicovitch covering theorem, there exist a finite sub-collection

Bi, ..., B such that each 5; is a pairwise disjoint family of closed balls and

B(n) =
Xt CUiZ1 Vb, (jyes; Bro(x))- (6.22)

Let ;' be defined as in [41], so that 7"~ = lims o 1}~ '. By the definition, (6.21)
and (6.22) we obtain
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B(n)
M X< D> D)
i=1 B.p(xj)eB;
B(n) n—1
wp—1L
<D T D 2 (B(x))
i=1 () 22 5 e,
B(n) n—1 n—1
wni1L wu—1 L' B(n)
<D )= 2 (U).
i—1 4m) 2 m @r) 2 m

By setting c19 to be the constant above and letting r | 0, we obtain (6.16). The second
inequality (6.17) follows immediately from (6.16) and Lemma 5.1. O

Lemma 6.4 For1 < T < 0o, let Ny be as in Lemma 6.2 corresponding to T. Define

Zr = [(x,t) € sptu : 0<t<T/2, lim sup/ Ply.s)(x, 1) dps(y) < n2/2] .
st Q

Then we have u(Zr) = 0.

Proof For 0 < t < np, where 17 is as in Lemma 6.2, define

ZT;:[(x,t) e sptu :0<t<T/2, / Py,s)(x, 1) dus(y) <na, Vse(t,t+r]].
Q

Note that Z7 C UpY | Z™ for some {z,,}7°_; with lim,, o T, = 0. Hence we only
need to prove w(Z*) = 0. In the following we fix 0 < 7 < 5. For0 <t < T/2 and
x € €, set

Po(x,t):={(x',t) > |t—1|> y1_2|x — X'}, (6.23)

where y; is as in Lemma 6.2. For (x, f) € Z%, we use Lemma 6.2 to prove
P.(x,H)NZ" =4. (6.24)
Suppose for a contradiction that (x’, t') € P (x, t) N Z*. Suppose first that 1’ > ¢. Set
ri=/t' —tands := (1'+1)/2sothatt’ = s+r?/2. Note that we have |x —x'| < yir
by (x’,t") € P;(x,t).Since s —t < T < 11, we may apply Lemma 6.2 to conclude
that (x, ) € Z* implies (x’, ') ¢ sptu, and in particular, (x’,¢') ¢ Z7, which is a
contradiction. Next suppose that 7/ < ¢. We change the role of (x, ) and (x/, ¢’) in the
previous case, and conclude that (x/, ') € Z* implies (x,t) ¢ Z7, which is again a

contradiction. This proves (6.24). Next, for (xo, o) € 2 x [t/2, T /2], define

ZT000 = 77T N B%(xo) x (to —T/2, 19 + 1/2). (6.25)
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Then Z7 can be covered by an at most countable union of Z%*/*!/ with a suitable
choice of {(x;,;)}. Thus we only need to prove pu(Z**-0) = 0. With arbitrary
0 < r < y14/7, consider a family of closed balls {B, ()} x,1ezrx010 and apply the
Besicovitch covering theorem. Then we have a finite subfamily B, (x1), ..., B (xN)
with (x;, ;) € Z&*0 (j =1,...,N)and

{x € B% (x0) : (x,1) € ZT0:0) U;-Vzll_?r(xj), Nr* <2Bn)(1/2)". (6.26)
Note that for each j = 1, ..., N, by (6.24) and (6.25), we have

Z5N00 N By(x;) X (to—T/2, to+7/2) C Br(x;) X (to—7/2, to+T/2)\ P (x}, ).
(6.27)

The inclusions (6.26) and (6.27) show

Zroi C UV Brx) x (0 — ©/2, 00+ T/D\P (1), (6.28)

Since By (x;) x (to — 7/2, 1o+ T/D\Pr (xj, 1;) C By (x;) x [t; =y 2r2, tj +y; 2r2],
from (6.28) we obtain

ZIXOIOCU 1B ()cj)x[tj—)/1 t]—i—yl 2. (6.29)
Since du = dudt, (6.29), (4.13) and (6.26) show

ti+y 22 _
p(zmon) < Z / e (By (x) dit < 2w D1ty 2N
t, yl r
< 22 "wn—1 B(n)D1ry; 2. (6.30)

Since 0 < r < y1./7 is arbitrary, (6.30) shows w(Z%*0:©) = 0. This concludes the
proof. O

6.2 Vanishing of &

First we remark the following

Lemma 6.5 For 1 < T < oo there exists cao depending only on n, c1, c2, p, q, T,
W, Dg with the following property. For any (y, s) € Q x (0, T), we have

) P
/ dex,r) < ¢20. (6.31)
Qx5 S—1

Proof In (4.90),setfp = O0andt) = s — e for 0 < € < s. We simply let &; — 0
and we set the supremum of the right-hand side of (4.90) (with no ¢ term) plus Dy
(coming from the left-hand side) to be cp9. Then letting € — 0, we obtain (6.31). O

We are ready to prove Theorem 6.1.
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Proof We integrate (6.31) with respect to dusds over 2 x (0, T) and use Fubini’s
theorem to obtain

P(y.s) (X, 1)
/ ( / Lo0tx, 1 d,u,s(y)ds) diE|(x.1) < coDiT.  (6.32)
x©,7) \Jax¢r) S—1

The finiteness of (6.32) shows

e
/ Po9@ 1) 4 (s < oo (6.33)
Qx@¢,7) S—1

for |£] ae. (x,1) € Q2 x (0, T). Next, we claim that, whenever (6.33) holds at (x, 7),
we have

tim [ i () dias(3) = 0. 6.34)
sit Jo

We use the monotonicity formula (4.90) for the proof. Set A := log(s — ¢) and

h(s) ::/Qﬁ(y,s)()c,t)dﬂs(y)~

After the change of variable, (6.33) is equivalent to

log(T —1)
/ h(t + ") d) < . (6.35)

—00

We fix 6 € (0, 1] in the following. Corresponding to this 6, by (6.35), there exists a
decreasing sequence {A;}7°, such that

Al =00, Aj—Aip1 <6, h(t+eM)<6. (6.36)

For arbitrary A € (—00, A1), choose i such that A € [A;, A;—1). Then by (4.90) (with
e — 0) applied with 1) =t + ¢* < t; =t + ¢*, we have

h(t + ") =/Qﬁ(y,wre*)(x’f)dﬂmk(y)=/Qﬁ(y,wze*)(x’f+ek)dﬂz+e*(Y)

< /Q Plyasaen (6, 1+ €M) ity i (3) + o(1) (6.37)
where limg_,o o(1) = 0. On the other hand, by (6.36) we have
/gﬁ(ymx,-)(x, D d, g (y) = hit + ") < 6. (6.38)
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By direct calculation,
/Q Plyapacn (ot ) dty i (3)

<o(l) +/ ﬁ(y,,ﬂex)(x, r+ M) dp, i (¥) (6.39)
B »

2eh—eti

where limp/_, o, 0(1) = 0 and the convergence does not depend on 6. For any fixed
M, we have

sup Py 420y (X, 1+ eki)/ﬁ()z,z+e}‘i)(x7 1)
XEBM\/ 20k —ehi W
<exp (M* (™4 —1)/2) < 1+ 0(1) (6.40)

where limg_.go(1) = 0. The inequalities (6.37)—(6.40) show that A(t + et) is
made arbitrarily small for all A < X and prove (6.34). Finally define a(x,t) :=
lim supy |, fQ P(y,s)(x, 1) dus(y) and note that 2 x (0, T) may be split into two dis-
joint sets

AUB :={(x,1) : alx,t) =0} U{(x,1t) : a(x,t) > 0}.

The claim (6.34) proved |£|(B) = 0. On the other hand, by Lemma 6.4 we have
w(A) = 0. Since |&| < u by definition, this proves |£|(2 x (0, T)) = 0. Since T > 0
is arbitrary, we have |£](2 x (0, 00)) = 0. O

6.3 Associated varifolds and rectifiability theorem

We have so far obtained i, as a limit of Radon measures {/i;' }72,- To prove the
rectifiability of u; for a.e. t > 0, we now consider a sequence of varifolds which are
naturally associated with {;’ }°

i=1"
Definition 6.1 For ¢, (-, 1), we define Vi e V,_1(Q) as follows. For ¢ ¢
Cc(Gn—l(Q))’

, Vg, (x, 1) Ve, (x, 1) ;
V() = / ® (x, j —— £ du; (x).
QN[ Ve, (x,1)|£0) Ve, (x, )]~ [Ve, (-, )]
(6.41)
Lemma 6.6 For g = (g1, ..., gs) € C1(Q; R"), we have
. W' (pe,)
8Vi(g) =/(g'v(ﬂe,-)(8iA(Pei - i )dx
Q &
W (@s,
—/ —(%') I-Vgdx
QN(|Vg, |=0) &
Ve, Vo,
+ / Vg-( e g e )ss,. dx. (6.42)
QN{| Ve, 10} [Voe, | — Ve,
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Proof We omit i in the following. The first variation of V,° with respect to g is

SV (g) = /G o VO SAVC)
n—1

\Y \Y e w
=/ Vg - (1 _ TP g YO ) (-|V¢E|2 n —) dx.
QN{| V.| £0) [Voe| — Vel ) \2 &

(6.43)

By repeated integration by parts, we have

n
&
/ Vg -l §|V¢)g|2dx = —6‘/ z gj(%)xjx,(%)x, dx
QN{| Ve, |70} -1

= 8/ Vg (Vo ® Vo) + (g - Vo ) Ape dx.
Q

(6.44)
Also by integration by parts,
w w
/ Vg-]—dx:—/ Vg-I—dx
QN{|Vg |#0} € QN{| Ve, |=0} €
W/
—/ (g - Vo)—dx. (6.45)
Q I

Now substituting (6.44) and (6.45) into (6.43), we obtain (6.42). O

Proposition 6.1 For a.e. t > 0, u, is rectifiable, and any convergent subsequence
[r
v,”’ Y721 with

L. W/(‘Psi (x,1)) 2
lim 1nf/ ei; | Age;, (x,1) = ———F5——] dx <0 (6.46)
Q

J—00 e’
lj

converges to the unique varifold associated with ;.

Proof By Theorem 6.1 and by the dominated convergence theorem, we have

lim / &, (-, 1) dx = 0. (6.47)
i—oo Jo

for full sequence for a.e. # > 0. By Lemma 4.4, we see that

T yv/ 2
/ / il Age;, — — | dxdt <2E.
0 Q Ion

1
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Thus, by Fatou’s lemma, we have

2
W/ (@ (x,t
lim inf / & (A(psi (x.1) — W) dx < 0o (6.48)
Q £

i— 00 ;

for a.e. t > 0. Suppose ¢ > 0 satisfies both (6.47) and (6.48). Since |V, [|(R2) <
Wi () is uniformly bounded in i, by the weak compactness theorem for measures,

there exists a convergent subsequence {V,Sij }92., which satisfies (6.46) and which
converges to a varifold V;. Due to Proposition 5.13 and (6.47), we have

IVell = per- (6.49)

Next, a standard measure theoretic argument (see for example [41, 3.2(2)]) shows

(B, () _

e ([x € sptu; : limsup < s]) < 2" VsH ™ N (spt ) (6.50)

r0 @popr!
for any s > 0. By (6.17), H ! (spt uy) < o0, thus (6.50) shows
we({x € sptu; : £i%r1’”MI(Br(x)) =0}) =0. 6.51)
The two equalities (6.49) and (6.51) show that
Vi = Vilixe@:timsup, 1 r'=" [V (B, (1)) >0} x G (n.n—1)- (6.52)

Next we use (6.42). For any fixed g € Cg. (2; R™), (6.47) shows that the limits of the
last two terms of (6.42) are both 0. Thus we have

. 1/2
lim |8V, ()] < liminf ( / siflwg,-wzdx)
j—o00 j—o00 Q J

172

2
W/
X /8f.i (A(pgij ——2) dx (6.53)
Q &r

L

for g with sup |g| < 1. Since the right-hand side of (6.53) does not depend on g and
&
since 8V, 7 (g) — 8Vi(g), we have

sup [8Vi ()] < o0
g€CHRM), supg|<1

which shows that the total variation |8 V;|| is a Radon measure. Allard’s rectifiability

theorem [1] shows that the right-hand side of (6.52) is rectifiable, and hence so is
V;. Once we know that V; is rectifiable, V; is determined uniquely by || V;|| = w;.
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In particular, this shows that u;, is rectifiable. The argument up to this point is valid
for any convergent subsequence with (6.46) and (6.47). On the other hand, note that

&i; . .
1 does not depend on the choice of subsequence {V, ’ }?‘;1. Since u; determines V;

uniquely, any converging subsequence of {V," }72 | with (6.46) and (6.47) has the same
limit V;. This completes the proof. O

7 Integrality of limit measures

In this section we prove that the density function of y, is integer-valued p, a.e. modulo
division by o.

7.1 Separating sheets

We prove in this subsection that, if a set of appropriate quantities are controlled, then

we have a lower bound on a measure in terms of a sum of densities of vertically

aligned points. As the name of the present subsection indicates, what one carries out

in essence is to decompose the domain horizontally so that each separated domain

contains approximately one sheet of diffused interface. The original idea comes from

[1] and it has been first used in the context of the diffused interface problem in [27].

Lemma 7.1 Suppose

(1) N € N, Y is a finite subset of R",0 < R < 00,1 <M < 00,0 <a < 00,0 <
e<1,0<p<00,0< Eg<ooand —oc0 <l <lp <o0.

(2) Y has no more than N + 1 elements, and Y C {(0,...,0,x,) : l1+a < x, <
l» — a}. Moreover |x — z| > 3a for x,z € Y with x # z.

(3) (M + l)diamY < R, and put R := MdiamY.

(4) We have ¢ € C*({y € R" : dist(y, Y) < R}).

(5) Forallx =(0,...,0,x,) €Y,

R
dt _
/ T_”/ N l}|€s(yn—xn)—8<px,,(y—x)~Vgp|dH” l(y)fg
a I)cﬁyn:j

(7.1
for j = 1,2, where e; is defined as in (4.16).
(6) Forallx e Yanda <r < R,
W' () _
/B N & + (1 — (u))el Vo> + | Vo ‘Aw - ‘ dy < or"™",
- (x
(7.2)
where &; is defined as in (4.16) and v = (v, ..., v,) = %.
(7) Forallx €7,
R g
— )+ dy <o (7.3)
a T" JB,(x)
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(8) Forallx e Y anda <r < R,
/ e|Vo|>dy < Egr"™!. (7.4)
By (x)

Then we have the following:

(A) WithS :={x : 1 <x, <b}andforallx € Y anda <r < R,

=3 = ),
— e, < e +03+R). (1.5)
=1 Jg s CT R Jpecons

(B) There exists I3 € (I1, [2) such that |x, — 3] > a and

R
dr n—1
o lec(Yn — Xn) — EPx, (y —x)-VoldH »
a T (O)N{yn=l3}

1
<3(N+1)NM (Q+E02Q5) (7.6)

forany x = (0,-,0,x,) €Y.
(C) Put
Yi=YNn{x:lh<x,<l3}, h:=YN{x:Lh<x, <},
So:={x : 1 <x, <lyanddist(Y, x) < R},
Sy :={x : I} <x, <l3anddist(Y;, x) < R},

Sy :={x : I3 < x, < lp and dist(Y>, x) < R}.

Then Y| and Y, are non-empty,

N-—-1
diamY; <

diamY forj=1,2 (1.7)

and

! / +/ (i L) / +0G+R)
= e e —_— e e .
Rn—1 s € 5 ef = M Rn—1 5 e T

(7.8)

Proof Forany x € Y, after a parallel translation, assume without loss of generality that
x = 0 for the proof of (A). Let ¢ (y) be a smooth approximation of the characteristic
function xp, (), where a < r < R. Let £2(y) be a smooth approximation to the
characteristic function of S which depends only on y,. Let us denote
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904 K. Takasao, Y. Tonegawa

(7.9)

Multiply (7.9) by (y - V@)1 42. After integration by parts twice (as in the computation
for (6.42)) and letting {1 — X3, (0), We obtain

d 1 1 e )
d_ ﬁ/ e£§2 +_n/ (ée + Shg(y : V(p)){Z - n_-l—l/ (y . V(p) §2
r r B, r B, r 9B,
1
—r—n/B {eeyn — e9x, (v - V@)}&5 = 0. (7.10)

We estimate the integral over [r, R] (r > a) of the second term in (7.10) first. We let
{» — xs and compute

Rdr R dr
/ T @renivon < | —,,( / (ss)+)
NS r T B;
+/ ifl (/ 8Ihgllv<p|) <+ R (7.11)
r T B

where (7.2) and (7.3) are used. From (7.10), (7.11) and (7.1), we obtain (7.5), provmg
(A). Next,choose ¥, 7 € Y suchthatZ, — 3, > d”}‘\,“Y andYN{x : ¥, <x, <Zu}=

Letl; = ¥, + o 3y” andlp = 7, — Z”j” . To choose an appropriate 3 € (I}, [>) which
satisfies (7.6), we first observe, forx € Y and y € B, (x),

= |lec(yn — Xpn) — 5¢xn(y —x) - Vo
= [(—&) n — Xn) + €IVQI* (3 — Xn) — vu(y — x) - V)|

= lgelr +elVolr (1= )2 + V1= 02)?). (7.12)

Thus by Fubini’s theorem (7.12), (7.2) and (7.4) we obtain

A
/ dl / a / 1dH"!
I a T JB.)N{m=1)

Rd‘r ~ Ly
=/ —/ . ~ Id}’SR(Q-f‘EOZQZ). (7.13)
a T BNt <yu<b)

The inequality (7.13) is satisfied for each x € Y, hence we guarantee that there exists
I3 € (11, I) such that

7 (N + DR Q+EOQ2
dt n—1
— TdH"™ (y) = ——

a T « (ON{yn=l3} I —1
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foreachx € Y. Since L —I; > d‘grf\}Y, we have —~l < 3MN, and we obtain (B). We

have S| U Sy C B(R+d1amY) x)NSforx eY and S1 N Sy = @. Thus, using also (3)
and (7.5) with r = R + diamY < R, we have

1 1
= (/ €e +/ eg) = / [
R=1 \Us, $ R JB g, gy, GONS

(R+diamY

1 n—1 1
1+ —) [ / e: +0(3+R)
( M R Jpocons

(7.14)

IA

IA

Since Br(x) NS C Sy, we obtain (7.8). One can check that z,, — y,, > diaTmY implies
(7.7). This proves (C). O

Proposition 7.1 Corresponding to 0 < R < o0, 0 < Eyg < 00, 0 < s < 1 and
N € N, there exists 0 < o < 1 with the following property: Assume Y C R" has no
more than N + 1 elements and Y C {(0,...,0,x,) : x, € R}. For some(0 <a < R
and forall 'y, z € Y with'y # z, we have |y — z| > 3a and diamY < gR. In addition
we assume (4), (6), (7), (8) of Lemma 7.1. Then we have

1+
Z g e <5+ e (7.15)
R (x :dist(Y,x) <R}

xeY a (x)

Proof Denote the number of elements in Y by #Y. If #Y = 1, the proof leading to
the conclusion (A) of Lemma 7.1 (with [ = —oo and I, = 4o00) gives (7.15) if
o(1 + R) < s. Note that M is irrelevant in this case since diamY = 0. If 1 < #Y <
N + 1, we use Lemma 7.1 inductively. First, we choose M > 1 depending only on
s, n, N so that

1 d —— _— 7.16
m <14s an < (7.16)

(1 1 )(ﬂ*l)N N -1 M
N M+1

Suppose (M + 1)diamY < R. Then all the assumptions of Lemma 7.1 are satisfied,
and we obtain Y7 and Y» with the estimates. We apply Lemma 7.1 again to both Y;
and Y, with R there replaced by R = MdiamY. Due to (7.7) and (7.16), we have the
assumption (3) satisfied:

(M + 1)diamY; < MdiamY

for j = 1,2. We have (7.1) with the right-hand side given by the right-hand side of
(7.6). Foreach j = 1,2, if #Y; = 1, then we obtain (7.5) with r = a. Otherwise, we
separate Y; into two non-empty sets. Each time, all the assumptions of Lemma 7.1
are satisfied. Thus, after (#Y — 1)-times, we separate R” into #Y disjoint horizontal
stacks, each having one element of Y. With (7.16), (7.8) and (7.5), we may choose a
sufficiently small ¢ depending only on s, n, N, R, E so that (7.15) holds. O
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906 K. Takasao, Y. Tonegawa

7.2 The e-scale estimate

Next proposition is almost identical to [27] and [45]. It shows that the energy behaves
more or less like a 1-D simple ODE solution if certain quantities are controlled.

Proposition 7.2 Given 0 < s, b, B < 1, and 1 < ¢ < 00, there exist 0 < o, €6 < 1
and 1 < L < oo (which also depend on n and W) with the following property:
Assume 0 < € < €6, ¢ € C%(Bu.1) and

3 [Vo(x) — Vo)l
1

sup e|Vep| <c¢, sup &2 =c le@] <1—=0b, (7.17)

Buer X,YEBuer [x —y|2
/iﬂw+a—wﬁwwwmusM%m“1 (7.18)
Byer
and
sup ()4 <& P, (7.19)
B4SL

where v and &, are as in (7.2) and (4.16). Then for J := Bz, N{x = (0,...,0,x,)},

ing dy,@(x) >0, (or supdy,¢(x) <0), and [-1+b,1—b] Ce(J). (7.20)
xe

xeJ

We also have

<. (7.21)

1
‘O’ N IR / €g
a)n,I(LS)n BsL

Proof Rescale the domain by x + . The rescaled function defined on By, is denoted
by ¢. Let ¥ : R — (—1, 1) be the unique solution of the ODE

[ W (t) = /2W (¥ (1)) fort € R, (7.22)
¥(0) = §(0). '

We have

Lwine g _ [ (W@ oo N W) o
/Rsz ()] dt_/R,/T‘-II (t)dt_/_l,/ sods=5. (1.23)

Define W(x) = W(x|,x2,...,x,) = W(x,) for x € R". Using (7.23), it is not
. . V/ 2 ey .
difficult to check that limy _, (I)n—llL'171 fBL (|V\211| + W(\IJ)) = o. Thus depending

only on n, s, b, W, we may choose a sufficiently large L > O such that
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! / 'W'2+W(\IJ>\ ’ (7.24)
T oL 5 \ 2 2 ‘

whenever |‘il(0)| = |@(0)| < 1 — b. After fixing such L, we next observe that, for a
constant ¢ = ¢(W),

~12
Vel” _ 1 +¢)? < —W(@) = e(E)4 <&

=12
'V;" 3 ~F on By  (7.25)
by (7.19). Some simple ODE argument combined with (7.25) shows that there exist
0 <b <band0 < € < 1 depending only on b, B, L, W such that, whenever
|$(0)] <1 —bande < e, we have |¢| < 1 — b on Byy.

Next, we define z : B4z, — R by z(x) = W~ 1($(x)), where W~! is the inverse
function of W. By ¥/ > O and |¢]| < 1 — l;, W1 and 7 are well-defined and

¥'(z(x)) = min _2W(9) (7.26)

[gl<1-b

for x € Bsr. By (7.17), we have ||@]| olh B < 2c. Since |[W~!
bounded depending only on b, 8, L, W due to (7.26), we have

le2qe:<1-5y 18

<C(@ L,W,oc). 7.27
||Z||C1,%(B4L)— (b,B,L,W,c) (7.27)

We next note that ¢ = W o z and (7.22) give

ik 1
| ;"' ~ W) = (@72 - 1),
VG2 (1 — (m)?) = (W' (@)2(IVz]? — (3x,2)%). (7.28)

After rescaling (7.18) and using (7.26) and (7.28), we obtain

(1Vz]? = 1| 4 |Vz]? = (3,2)D dx < max_ W) lo@L)""!. (7.29)
Bur, lt|<1-b

For a non-negative function f € C %(B4L), suppose maxz. [ = f (x) > 0 for
% € Bsz. Then it is easy to check that f(x) > f(%)/2 as long as |x — &| <
(f()?))z/(2||f||c )2 : 7. Then we have

. 2-4"||f||2C”%(B :
fR) < / 2fdxs—A“/ fdx
onr™ JB.(3) wn (f (X)) Bas

@ Springer



908 K. Takasao, Y. Tonegawa

and thus we obtain

(max £)*" 1 <247 £, fdx. (7.30)
Bsp, C2(BaL) J Byy

By (7.27), (7.29) and (7.30), we have

1
max(||Vz|* — 1] 4 |Vz|> = (85,20 < C(b, B, L, W, c)oT#1.  (7.31)

B3r

Since ¥ (0) = ¢(0) = W(z(0)), we have z(0) = 0. Note that (7.31) for sufficiently
small o shows that Vz = (0, ..., 0, £1) uniformly on B3 . This shows that z ~ x;, or
—x, in C'(B3r) when o is small, and in particular, we have (7.20). For the former case,
we have p(x) = W(z(x)) = ¥(x,) = ‘il(x), and (7.24) gives (7.21) for sufficiently
small o with the right dependence. In the case of —x,,, we simply note that changing
U to W (—x,) does not affect the proof. O

7.3 Estimate on {|¢.| > 1 — b}

We need to show some uniform smallness of energy on {|¢.| > 1 — b} for the final
step of this section.

Lemma 7.2 Suppose ¢. and u. are the solutions for (4.2) constructed in Sect. 5.
Given0 < § < T, there exist ¢ and €7 depending only onn, c1, W with the following
property. Suppose for (xg, ty) € 2 x (8§, T)and0 < A <2/3,

@ (x0,10) < 1 —&* (or e(x0.10) > —1 + &), (7.32)

where A additionally satisfies

1 <7:=cyrlloge| < e 'min{\/8/2, 1/2}. (7.33)
Then
inf 0. <a | resp. sup Pe > —O
B (x0) X (fo—&%72,19) B,7 (x0) x (to—&272, 1)
ife € (0, 7).

Proof First note that B,;(xq) x (to — 272, to) C 2 x (0, T) due to (7.33). Rescale the

domain by x > == and t - ’;—ZZO so that we are concerned with the domain B; x

(—72,0). Let @ (x, 1) 1= @s(ex 4+ x0, €2t +19) and flg (x, 1) 1= ue(ex + x0, €21 +19).
As a comparison function, we need a function ¥ with the following property

Y =AY — £y onR" x (—o0, 0),
Jx]+Te]

Y, 1) >e 2 onR" x (—o00, 0)\BI(0,0), (7.34)
¥ (0,0) =1,
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for some ¢y; > 0. To find such a function, solve AI]I = Klp /4 with 1/}(0) =1on
R" among radially symmetric functions. One can show that v grows exponentially as
|x| — oo and 1} achieves its minimum at the origin, thus 1} > 1 on R” in particular.
Then set ¥ (x, 1) := e ¥"/*4(x). With a suitably large ¢2; depending only on n and
K, this ¢ satisfies (7.34). Next set 7 := cp1 1| log €|. We choose such 7 so that

| —gheti = 0. (7.35)

Under the assumption of (7.32) which is equivalent to

$:(0,0) <1 —&*, (7.36)
for a contradiction, assume
inf @ >a. (7.37)
Bj x(—72,0)

Define ¢ := 1 —*1. By (7.34) we have 9,¢. = A, + %(1 —¢e) on R" x (—o00, 0).

Furthermore, on the parabolic boundary of B; x (—FZ, 0), v > eé by 7 > 1 and
(7.34), hence

b <1—grer =0 <a <@, (7.38)

where (7.35) and (7.37) are used. On the other hand ¢.(0,0) = 1 — 8)”1//(0, 0) =
1 —&* > @(0,0) by (7.34) and (7.36). Hence a positive maximum value of ¢, — @ is
achieved at a parabolic interior point (x’, #') € B x (—#2, 0]. We have 9; (¢, — @) —
A(pe — @e) > 0at (x', ¢') and ¢ (x', ') > @¢(x', t'). The latter inequality combined
with (7.37) and (3.3) implies W/(@.) < W’(¢.). By substituting the equations satisfied
by ¢, and ¢, into the former inequality, we obtain

o
IA

K - . . K 30
5(1 — @) + ety - Ve + W (@e) < 5(1 — ¢e) + e [ V@ellLe + W'(ge)

IA

K 3 ~ K 5 3 ~
—5(1 —¢e) + 3| V@ellLe < —5¢ +e4||IV@ellLe,

where W/ (¢s) < —« (1 — ¢) follows from (7.37) and (3.3) and |ii,| < e # = s’%
by (5.7) and (5.5). We also used { > ¥ > 1 in the last inequality. Since ||V, ||z~ is
bounded uniformly in & (see Lemma 4.1) and A < 2/3 < 3/4, for sufficiently small
¢, this is a contradiction. The other case may be proved similarly. O

Lemma 7.3 Under the assumptions of Lemma 7.2, there exist cyy and €3 with the
following property. Forty € (5, T) and 0 < r < 1/2 define

Zig =1xX €Q: inf lpe| < a] . (7.39)
By (x)x (to—r2.19)
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If0 < ¢ < €g, then
L(Zy 1) < o1 (7.40)

Proof For xo € Z,,,, we claim that there exist positive constants c»3 and ¢4 such
that

Mfo,zrz (Beyyr (x0)) = coar™ . (7.41)

Once (7.41) is proved, the Besicovitch covering theorem and (4.40) prove (7.40)
with an appropriate choice of ¢z;. To prove (7.41), for each xo € Z,, we have
(x',1") € By(xg) x (tg — r?, 1) such that |ge(x’, )| < . Just as in the proof of
Lemma 4.5, we have

3C24 < / ,5()‘/’[/_’_82) (x, t/) d/l/f/(.x) (742)
Q

By (4.90) with #; and 1 there replaced by ¢’ and 7y — 2r2, and restricting r and &
appropriately depending on constants appearing in the right-hand side of (4.90), we
obtain

t

/ B pre2) (X, 1) d g (x) < 4. (7.43)
Q t=t9—2r2
The inequalities (7.42) and (7.43) show that
2c04 < / Pt pr4e2) (X, to — 2r?) d“fo—zﬂ (x). (7.44)
Q

Using the estimate (4.13), we may choose a large ¢33 > 1 depending only on D so
that

/ B 42y (X, 10 — 2r%) dp 0 (%) < e (7.45)
Q\Bczy' (x")
By (7.44) and (7.45) we obtain

o4 < / Pt pr4e2) (X, to — 2r2) d“’fo—zﬂ (x). (7.46)
B

023r(x,)
Since iy 1462y (X, fo—2r%) < r'™"and Beyyr (x') C B(ey 41y (x0), by setting c23+ 1

to be again c¢p3, we obtain (7.41). We restricted r to be small, but when r does not
satisfy the restriction, we may choose ¢, large so that (7.40) holds trivially. O
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Proposition 7.3 Suppose ¢, and u. are the solutions for (4.2) constructed in Sect. 5.
Given) <8 <Tand0 < s < 1, there exist 0 < b < 1 and 0 < €9 < 1 such that

w 1
/ Wbt O) gy <5 (7.47)
(xeQ : |@s(x,1)|>1-D) €

forallt € (5, T)if0 < ¢ < €q.
Proof We restrict 0 < b to be small in the following independent of ¢. Assume that
1—vVb>a, cllogh|>1. (7.48)

Choose J = J (e, b) € N such that

e 7 ¢ (b, VBl (7.49)

Restrict € so that ¢ < min{e7, eg} and cy1|loge| < ¢~ "min{\/8/2, 1/2}. Note that,
with this choice of b and J, we have by (7.49) and (7.48) that

a3y logel = exllogh| = 1 (1.50)

Fix tp € (8, T) and we define
Aj = [x e l—eﬁ < |pe(x,10)| <1 —85 forj=1,...,J. (7.51)
For any point xo € A, we apply Lemma 7.2 with A = 2% Note that the condition

(7.33) is satisfied due to (7.50). Thus setting 7 := ¢»{| log e|/21, we obtain

inf loe| < a. (7.52)

Bgj (x0) x (tg—&272,10)

With the notation of (7.39), (7.52) shows
Aj - Zc‘218|10g5|/2/,zo (7.53)
and the application of Lemma 7.3 to (7.53) shows

LM(A}) < cnen2 Velloge| (7.54)

1

forall j=1,...,J.0nAj, by |g:| > 1 —¢e2/*T, we have

1
82j+1

2
Wie:) < (max |W”|) NP S AR YS 175 P (7.55)
& [—1,1] 2
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SetY :={xeQ : 1-b<|px,10)] <1—./e}. By (7.51) and (7.49), we have
Y CU_ A (7.56)

Combining (7.54)—(7.56) and setting c25 := c¢(W)cac21,

J J
114 w o
/ (®e) < Z/ (9e) < ¢s]log ¢ Z 2=ig2™
v € =i7A ¢ j=1

1
g2/+1 —\/5 - C25«/B

< (7.57)
log2 log2

J+1 B
< ¢p5]log 8|/ 271 dt = 25
1

where we used the fact that 2~*¢> " is monotone increasing for x € [1, J 4 1] as long
as log Vb < —1,and (7.49). We restrict b so that the right-hand side of (7.57) is less
than s /2. The similar estimate shows

Wige)

/ ) < cr5¢|loge]. (7.58)
{1-e<lps|<1-e3} €
Recalling that |¢,| < 1, we have
w 1
/ V@) i L < et (7.59)
{I—e3 <|gel} € €
By (7.57)-(7.59) we restrict ¢ depending on s so that we have (7.47). ]

7.4 Proof of integrality

Finally we prove the integrality of p;.

Theorem 7.1 For a.e. t > 0, u; = GH"_II_M,, where M, is countably (n — 1)-
rectifiable and(x, t) = N (x, 1o for some H"~' measurable integer-valued function,
U a.e. x € Q.

Proof By the argument in the proof of Proposition 6.1, for a.e. t > 0, we may choose
r
a subsequence {V, ’ }‘/’.":l such that (6.47) and (with the notation of (7.9))

cp(t) = sup/ ai_/|h8[j Vgogl.j |(x,t)dx < 00 (7.60)
j Q

hold while V,glj — V;. Here V; is the rectifiable varifold uniquely determined by 1,
and recall that y; = ||V;]|. In the following we fix any such ¢ and show the claim of
the theorem for u,. All functions are evaluated at the same ¢, and we do not write out
the time variable (except for u; and V; with or without ¢;) for simplicity. Moreover,
though it is important to note that we are discussing a particular subsequence (or its
further subsequence), we denote ¢;; by ¢; for simplicity.
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For any m € N, we define
Aim ={xreQ: / €ilhe; Vs, | dx < mu; (Br(x)) forall0 <r < 1/2}.
o (7.61)
The Besicovitch covering theorem with (7.60) and (7.61) shows that

c(m)cp(t)

i (Q\Ajm) < (7.62)

We then set

Ap = {x € Q : there exist x; € A;, for infinitely many i with x; — x} (7.63)

and

A:=US Ay (7.64)
We claim

we(2\A) = 0. (7.65)

Otherwise, we would have a compact set K C 2\ A such that u;(K) > %M(Q\A).
For any m € N we have K C Q\A,, by (7.64). For each point x € K, by (7.63), there
exists a neighborhood of x which does not intersect with A; ,, for all sufficiently large
i. Due to the compactness, thus, there exist ip and an open set O,, such that K C O,
and Oy N Ajy = @ foralli > ig. Let ¢y € Co(Op; RT) such that 0 < ¢, < 1 and
¢m = 1 on K. Then

i (K) < / P / G il = lim P
Q 11— 00 Q 11— 00 Q\A,,m
< liminf 125 (2\A ) (7.66)
1—> 00

for all j > ip. Since the last quantity of (7.66) is less than c(n)c, (¢)/m by (7.62), and
since m is arbitrary, we obtain p(K) = 0. This proves the claim (7.65).

Since p; is rectifiable, 1, a.e. point x has an approximate tangent space. By (7.65),
we may also assume that for u, a.e. x there exists some m € N such that x € A,,.
We fix any such point, and after a parallel translation, we may assume that x = 0.
Furthermore, after a rotation, we may assume that the approximate tangent space is

P := {x, = 0}. Denote 6 := lim, g ”Z’”ﬂ%. We will be done if we prove that

-1
o' eN.
For any sequence r; |, 0, we have lim; _, o (®,,)#V; = 0| P|, where ®,, (x) = f—l and
(P}, )# is the usual push-forward of varifold. | P| is the unit density varifold naturally
derived from P. Since 0 € A,,, there exists a subsequence (denoted by the same index)
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914 K. Takasao, Y. Tonegawa

X; € A;, such that lim;_,  x; = 0. After choosing a further subsequence, we may
assume that

lim (®,,)#V," = 6|P]|, (7.67)
11— 00
X
lim — =0 (7.68)
1—>00 I
and
B—B
g log ¢;
lim % —0. (7.69)
1—>00 r

For a such choice, we also have lim;_, o, f—: = 0. Rescale the coordinates by x := f—l
and define &; := f—’ — 0. Define @z, (¥) := ¢, (r;x). We also define “g‘s and h as in
(4.15) and (7.9) corresponding to &; and ¢z, . Due to (6.47), we may choose a further

subsequence so that

lim &, | di = 0. (7.70)

i—00 /s

Due to Corollary 4.1 and (7.69), for any y € B> and 0 < r < 2, we have

"dt ~ . 1 i dt
= (Eg‘, )+ dx = n—1 n (58,‘ )"r dx
0 T JB:(y) r; 0 T JB:(riy)

- 26108?7’% log ;|

< pra -0 (7.71)
T
as i — o0o. For ﬁgi, we have
s, Vi | di = —15 / e, Ve, | dx < — i (Bay, ()
B r
3 i
< m4" 1@,1,11)1” -0 (7.72)

asz — 00, where we used (7.68), x; € A; 1, (7.61) and (4.13). Ifone defines a varifold

V " corresponding to @z, as in (6.41), then one can check that V = (D, )#V . Next
we claim

(1 — )HE Vs> di — 0 (1.73)
B3
asi — oo, where v = (v, ..., vy) = i Note first that G,,_; (R") 2= "1 /{£1}

Vs, 1
and a function defined by v : £v € S"~ l/{jzl} — 1 — vn is continuous. Thus for
any ¢ € C.(R"), we have by (7.67)
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Viigy) = / P — () d|| V] |(F) — 0| PI(dV) (7.74)

and since P = {x,, = 0},
O1P|(¢y) = 9/})(1’()?)1//((0, -0, £1)dH"1(F) = 0. (7.75)

In particular, (7.74) and (7.75) prove (7.73). In the following we fix this subsequence
and drop the tilde for simplicity.
Assume that N is the smallest positive integer greater than o ~'6, that is,

6 e[(N—1)o,No). (7.76)

Let s > 0 be arbitrary. By Proposition 7.3 and (7.70), there exists 0 < b < 1 such

that
(Ve > W(ge
/ (81| ©g; | n (‘Ps,)) < (1.77)
B3N {lpe; 121-b) 2 i

for all sufficiently large i. Corresponding to s and b as well as ¢ given by Lemma 4.1,
by Proposition 7.2, we choose o and L (with a restriction on &;). Then with R = 2,
by Proposition 7.1, we restrict ¢ further if necessary. We use Proposition 7.1 with
a = Leg;. For all large i we define

Gi = B2 N {|(Pe,| = 1 - b} N [x : / 8i|hs,~V<Pe,~| + |§8,‘|
By (x)

+(1 = ) Deil Vg, I < opi (By(x) if ;L < r < 1} . (178)

By the Besicovitch covering theorem, we obtain

. c(n)
i (Ba N {l s, | El—b}\Gi)ST gilhe, Voo, | + &,
Bs
+(1 = ())& Vg, % (7.79)

The right hand side goes to 0 as i — oo by (7.72), (7.70), (7.73). Next we claim the
following lower bound for all sufficiently large i:

1y (Br(x)) > (00— 28)wy— 17" (7.80)

for all Le; < r < 1 and x € G;. To see this, first note that the assumptions of
Proposition 7.2 are all satisfied due to Lemma 4.1, (7.78) and (4.26). This proves the
inequality (7.80) with r = Le; and with 2s replaced by s. Next the identity (7.10)
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916 K. Takasao, Y. Tonegawa

with & =1, (7.11), (7.71) and (7.78) shows

L_l#fi(Br(x))r Zo(l)—/r M
v r=Lei Leg; "

> o(l) —wp-1D10 (7.81)
after integrating over [Le¢;, r]. We may restrict ¢ so that D1o < s. Thus (7.81) gives
(7.80) for all sufficiently large i. Since ;' = ||V, || — 6H"~!|p, (7.80) shows that

points in G; converge uniformly to P asi — oo.
Forany x € PN By and |I| < 1 — b, we next prove

#P')NGi N{g,, =1}) <N —1. (7.82)
If the claim were not true, we choose N elements and set it to be Y, and apply
Proposition 7.1 with R = 1, ¢ = ¢,, and a = Le;. The property |y —z| > 3L¢; holds
due to (7.20), diam ¥ < p due to the uniform convergence of G; to P, (6), (7) are

due respectively to (7.78) and (7.71). Thus all the assumptions of Proposition 7.1 are
satisfied and we have

1
2 oyt Bra 00 < s+ (49 (2 dist(¥,2) < 1) (783)
yeY

for all sufficiently large i. Since lim; _, oo Mfi({z cdist(Y,2) < 1}) =0w,—1,#Y = N
and (7.80), we obtain

N(o —25)wu—1 <s+ (1 +s5)0w,_1. (7.84)
Since o N > 6 by definition, (7.84) is a contradiction for sufficiently small s depending
only on o, 6 and n. Thus we proved (7.82).
To conclude the proof, we consider push-forward of

Vi = Vi il <1 xGnan—1)

by P, P#\A/f". For any ¢p(x,S) € C.((P N By) x G(n,n — 1)), we have (for all
sufficiently large i)

P#fo<¢)=/{l L BP@LPIAP U~y @vId. (159

Here A, _1A denotes the Jacobian of A € Hom(IR"; R") ([1]). One can check that
[Ap_1tPo(I —vQ®V)| =|v| = 1 "’ %’ . Due to the varifold convergence (7.67), we

have P#V,S’ — Py(0|P|) = 0|P| asi — oo. In the following we also use

lim
i— 00 B3

&V, | W(%,
S+

— Ve, |V2W (¢g,)| dx =0 (7.86)
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which follows from (7.70). Now we have

w,—10 = 01P[I|(B1) = lim [ P4V;7|[(B1) = lim / |vnl dpay’
i—00 i—00 Jp,

< lim inf [Vl dpust + 2s

=00 /B.m{|wgi|slb}m6,~

[n || Ve, [v/2W (ge,) dx + 25 (7.87)

< liminf/
17700 JBiN{lgs; IS1=-bING;

due to (7.77), (7.79) and (7.86). By the co-area formula [41, 10.6], we obtain
/ 1V, 13/ 2W () dix
BiN(lgs; 1<1-bING;
1-b
=/ dr/ v |V/2W (7) dH" L. (7.88)
- {‘ﬂai:T}mBlmGi

1+b

Then by the area formula [41, 12.4] applied to the map P : {¢;, = 7} — {x, = 0},
we have

/ [vp| dH" !
{pe; =TINBING;

= / H({lge; =) NBING NP ) dH ' (x).  (7.89)
{x,=0

Now the integrand of the right-hand side of (7.89)is < N — 1 due to (7.82) for |x| < 1,
and 0 otherwise. Combining (7.87)—(7.89), we finally obtain

1-b

w160 <2s +liminfw,_1(N —1) V2W(r)dr
i—00 —1+b

<2s +w,—1(N — 1)o. (7.90)

Since s > Oisarbitrary, (7.90) shows 6 < (N —1)o.By (7.76), wehaved = (N —1)o.
O

8 Proof of the main theorem

We finally define a family of varifolds which will be a generalized solution of (1.2).
To remove the multiple of o, we re-define V; as follows.

Definition 8.1 Fora.e.r > 0 when u;, is rectifiable and integral modulo division by o,
let V; be the uniquely defined integral varifold by o ~! 11;. For any other r > 0, define V,
by Vi(¢) := o~! fU ¢(x, Pp)dps(x)forgp € C.(G,—1(U)), where Pp € G(n,n—1)
is an arbitrary fixed element.
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918 K. Takasao, Y. Tonegawa

With this definition, we have |V;|| = o'y, forall + > 0, and V; € IV,_{(Q)
for a.e. t > 0 by Theorem 7.1. Thus (a) of Definition 2.1 is satisfied. The con-
dition (b) is satisfied due to (4.13). Let us consider (c). The L2 integrability of u,
fOT Jo lul*>d||V;]ldt < oo, may be proved as in (4.42) and (4.43) once (b) is estab-
lished. For i, we prove the following.

Proposition 8.1 For a.e. t > 0, V; has a generalized mean curvature h(V;) and we
have

2
W (@,
/¢|h(V,)|2d||Vt|| < a_lliminf/ s,-¢(A<p€,. - (f&)) dx <oco (8.1)
Q i—00 Q &

i

forany ¢ € C.(2; RT).

Proof Just as in the proof of Proposition 6.1, for a.e. # > 0, we may assume (6.47)

and (6.48) and there exists a subsequence {V:ij } =1 converging to o V; (note that
we re-defined V;) with (6.46). By arguing as in the proof of Proposition 6.1, for any
g€ CCI(Q; R™), we have

1/2 w’ 2
18Vi(g)| <o (/ |g|2du,) lim inf /sz-f (Awe,-. ——2) dx
Q j—>00 Q 7 e

tj

172

(8.2)

The inequality and (6.46) show that the total variation ||§V;|| of §V; is absolutely
continuous with respect to u; = o || V;||. Thus by the Radon-Nikodym theorem there
exists a || V;|| measurable vector field 2 (V;) (generalized mean curvature vector) such
that

§Vi(g) = —/Qg-h(Vz)dlthII- (8.3)

Since V; is rectifiable, going back to the definition of countably (n — 1)-rectifiable set,
one can show that Cg, () is dense in L2(||V;|)). Then a standard approximation argu-
ment shows h(V;) € L2(||V,||) and (8.1) with ¢ = 1. Next, given ¢ € C.(Q; R™),
let ¢r; € CC1 (2; RT) be a sequence such that limy s ||¢ — Yillcog) = 0. Using
Y g in the proof of Proposition 6.1 and letting k — oo, we obtain

) 12
12 ,
2 . w

= (/ olgl th) lim inf (/ Eij(p(AWe;. - 2) dx) .
Q j—=oo \Ja A

8.4)

’/ dg - h(Vy)du,
Q

By approximation, we obtain (8.1) from (8.4). O
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Now Proposition 8.1 combined with Lemma 4.4 and Fatou’s lemma proves (c). For
the proof of (d), one point which we need to be careful about is that we may not have
the whole sequence {V, }2, converging to V; as varifold for a.e. # > 0 even though
{||Vfi 1172, converges to o || V;|| = , forall z > 0.

Proposition 8.2 The family of varifolds {V;};>0 defined in Definition 8.1 is a gener-
alized solution of (1.2).

Proof We prove (2.10) for ¢ € C?(Q x [0, 00); RT).For ¢ € CCI, one can approxi-

mate ¢ by a sequence of Cf. functions and obtain the same result in the limit. First by
modifying (5.11) we obtain (with the notation (7.9))

) I3 L
,U«fl (¢(, t))’t . = / /Q_Sid’hg; —&ihe; Vo - Vg, + eiPheue; - Vo,
=n f
n ap . .
+& (Vg - Vo) (ug, - Vog,) dxdt + 3 dui'de.  (8.5)
1 Q

Modulo division by o, the left-hand side of (8.5) converges to that of (2.10) due to
Proposition 5.13. The same is true for the last term of (8.5). Hence we focus on the
middle 4 terms. First we approximate u,, by a fixed smooth i as follows. Given e > 0,
we choose a large j so thatt; < T and

”M — I/lgj ”Lq([(),T_,'];Wl*f’(Q)) < € and ”MEI. — Ug; ”Lq([(),Tj];W]"’(Q)) < € (86)

foralli > j. This is possible since u,; converges to u in this norm. Set i := u,;. Then
we have

%)
/ /Q 6idhe, (e, — ) - Voo, + 1(Ves, - V) (s, — ) - Vips,) ‘
141

1 1/2 t 1/2
: 2712 2 2 : ~12 &
([ [ e (002 w0rwanR)) ([ [ - il augar)
1 Q 1 Q

8.7)
As in the proof of Lemma 4.4, and by (4.13) and (8.6), we have
/t2 d;/Q lue, — > duy’ < c(n)Dy(ty — tl)l‘gllua,-
1
—iil 011 g W ) < €€ (8.8)

By (8.7) and (8.8), replacing u,, by u in (8.5) produces error of ce?. Similarly we
have

1
‘/2 / (—he + V) - (u—it) - v)vdusdt| < ce. (8.9)
1 Q
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Thus we will finish the proof if we prove

4]
lim inf/ / —8i¢>h§i —&ihe; Vo - Vg, + eidphg,ii - Vg,
1 Q

i— 00

+ 6/(Vge, - V)i - Vo) dxdi < / * Bu, i 0, ¢ 00, (8.10)
i
where we denote
Btia 760 6¢0) = [ (V9= k) -+ G- v dis
By the Cauchy-Schwarz inequality, we have

ai(t) = 8:’/ —¢h§, —he Vo -Vog + Qhgit - Voo, + (Ve - V) (- V)
Q
& Vol | i
< [ Sive,? (— + gl + 21l V|
Q ®
& N - - A
5/ 5 1Vee 2@ + gl + 21l VD =: bi (@), (8.11)
Q
where ¢A5 € C.(R2; R") is chosen so that % < (/'A) This in particular shows 13i (t) —
a;(t) > 0 fort; <t < . Using the general fact that liminf;_, o (a; + b;) <
limsup,_, o, a; + liminf; ., b; and Fatou’s lemma, we have

n

15 %) R R
lim inf / a;(t)dt < —liminf / (bi (t) — a; (1)) dt + lim inf / bi(t) dt
f i—oo Jy i—oo Jy

11— 00

1—>00 11—

1%) " %) N
< —/ liminf(bi(t)—&i(t))dt+liminf/ by (1) dt.
1 o Jn
(8.12)

Since l;,-(t) converges to %fQ(QAﬁ + @la|* + 2|i||Vp|)du, forall 1y < ¢ < 1, and
bounded uniformly, from (8.12) and the dominated convergence theorem we have

t %)
li_minf/ a;i(t)dr < —/ liminf(—a; (t)) dt. (8.13)
tl 1—>00

1—> 00 tl
Thus we may finish the proof of (8.10) via (8.13) if we prove

— liminf(—a; (1)) < B(u, i (-, 1), (-, 1)) (8.14)
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for a.e. t € [t1, t2]. Fix ¢ such that the claim of Proposition 8.1 holds. Let {sij};?‘;l be
a subsequence such that

liminf(—&; (1)) = lim (—a;, (1)). (8.15)
i—00 j—00

We may choose a further subsequence (denoted by the same index) such that V,Sij —
o'V, as varifold. By the Cauchy-Schwarz inequality,

. | Vo> 5 . )
—ai0 = | Sedh; - 7+|u| + [i@l|VPl ) &l Ve, |7 dx  (8.16)
Q

where the last negative term is bounded uniformly. If liminf ; , fQ & thgi. dx is
J

infinity, we have (8.14) with the left-hand side = —o0. Thus we may assume otherwise.
At this point, arguing just as in the proof of Proposition 6.1, we may prove that V; | (-0}
is rectifiable and V; | (¢~0;= Vi [(p=0}. Then the argument in the proof of Proposition

8.1 shows (8.1). For the remaining three terms in d;,, (), since V,sij Lig=0y— o Vil{s>0)
as varifold and by (6.41), we have for any o€ Cf({(b > 0}; RM)

lim &, / hey V6 Ve, — Bhey iV — (Voo - VO - Ve, )dx
j— 00 Q U j j j j J

=08Vi(Ve — iih) —/Q(V<13 )@ V) d iy

_ /Q b (V¢ — ) — (V- )i - v) dus. (8.17)

We may construct a sequence of approximation {(ik},fil such that limy_, o || —
d~)k||cz =0,¢ > ¢ and spt ér C {¢ > 0}. For such approximating sequence,

‘ / eijhe, V(= $) - Ve,
Q

120 119 — ol 2
) ([ OB,
5(/98’ s (sz Pl
2 12 e 1/2 &ij 1/2
< ( /Q s,;,.hg,.jqb) (219~ dilcx) @ @' 0 @18)

as k — oo uniformly in j. The error of replacing ¢ = ¢ in (8.17) by ¢ can be
approximated similarly. Thus (8.17) holds also for ¢ instead of ¢. Recall that we have
taken a subsequence so that (8.15) holds. Combined with (8.1) and (8.17) with qS = ¢,
and recalling that 4 -2 = h - (u - v)v for u, a.e. by Brakke’s perpendicularity theorem
[6, Ch.5], we have proved (8.14). This concludes the proof. O

We next discuss the proof of Theorem 2.2 (2).
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Proposition 8.3 There exists a further subsequence (denoted by the same index)

{0152, and a function ¢ € BVj,:(2 x [0, 00)) N C? ([0, 00); LY()) such that
forallt > 0,

loc

wg; (-, 1) = @(-, 1) (8.19)

strongly in L}
defined by

(2) and ¢ satisfies the properties of Theorem 2.2 (2). Here w, is

loc

S
we, := D o @, with (s) := 071/ 2W(y)dy.
—1

Proof Note that ®(1) = 1 and ®(—1) = 0. We compute

Ve > W(ge,
Vel =0~ Vg, 1V2Wige) < 0! (‘9" el (“’81)).

2 &i

Fix T > 0. For all sufficiently large i, by (4.13) we have

AVee |2 W(p.
/|Vw8,.(-,t)|dx§/a*1 (8’| bel” | (%')) dx <o~ 'Dy  (820)
Q Q 2 Ei

for any ¢ € [0, T']. By the similar argument we have

g T 10i9e 1> Wg,
/ /|8,w5i|dxdt§0_1/ /(El| Pul” (‘f’s')) dxdt
/
7]/ /81[(148[ V(pgl) +<A Vs, — (%’)) ]dxdt
l
W (0.
+a*‘/ /(—(ps’)dxdt, (8.21)
0 Q &

and the last quantity is uniformly bounded due to Lemma 4.4. By (8.20) and (8.21)
{wy, }°°l is bounded in BV, (2 x [0, T']). By the standard compactness theorem and
a diagonal argument, there exists a subsequence (denoted by the same index) {w¢; }72,
and w € BVj,.(22 x [0, 00)) such that

wg; — w strongly in L}OC(Q x [0, 00)) (8.22)
and a.e. pointwise. We set ¢ := (1 + ®~! o w)/2. We have
@s; = 29 — 1 ae.in Q x [0, 00)
and by this with |, | < 1 we obtain

@e; — 290 — 1 in L}, (R x [0, 00)).
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Due to the uniform bound on fQ WS/)F' dx, one can prove by Fatou’s lemma that
@e; — 1 forae. (x, 1) and hence ¢ = 1 or = 0 a.e. on 2 x [0, 00). In particular,
sincep =1 < w=1land¢g =0 <= w = 0, we have w = ¢ on
Q2 x [0, 00). This in particular proves the BV, (€2 x [0, c0)) property of ¢. For a.e.
0 <1t <t <T and any open set U CC €2, we have

/ lo(-, 1) — @(-, )| dx = lim / [we, (-, 11) — we; (-, )| dx
U 11— 00 U

4]
fliminf// [0;wy, | dtdx
11— 00 U f

2 (6|00 1? W (@s,)
< liminf *‘// L S — 1+ ——— ) didx.
SR oy U VRTINS )

Note that the right-hand side does not depend on U. Thus, by the similar argument to
(8.21) we have with ¢ = c(c2, n, p,q, Do, T, W)

/Q loC, 1) — @, n)|dx < ct2 — 1. (8.23)

Since (14, (-, 0))/2 — xgq, by (5.6), we have (2¢). We assumed that 2 is a bounded
domain, hence, (8.23) shows that ¢ (-, 1) € LY(Q) for a.e. r > 0. Moreover, we may

1
define ¢ (-, t) as a characteristic function for all# > O so thatp € le)c([O, 00); L1())

1
due to (8.23). This proves (2a) and le)c property for ¢. From (8.22), for a.e. t > 0,
we; (1) — @(-, 1) in LZDL(Q) strongly. Using (8.23), one can show by a simple
telescopic argument that the convergence is true for all # > 0 instead of a.e. ¢, which

proves (8.19). By the standard lower semicontinuity property of BV norm, for any
¢ € C.(2;RT)and 0 <t < oo, we have

[ odivec.ol <timint [ gvug|ax
Q 1—>00 Q

AVes |2 W
< lim a*‘/ (81' Gel” | (%’))qﬁd /¢d||vl||.
i—00 Q 2 E; Q

This proves (2b).

To prove (2d), we consider the a.e. r > 0 for which we have proved the integrality of
V:. Writing || V; || = OH"! L m,, we already know that 0 is integer-valued || V;| a.e. and
that M; is countably (n — 1)-rectifiable. In addition, by (2.8), we have 1 <6 < N(1),
H'lae. on M; for some integer N (¢). The latter shows in particular that

H o, < Vil < NOH g, (8.24)
By (2a) and (2b), we know that | Ve(-, )| = H"* ™! LIVII for some countably (n — 1)-

rectifiable set by De Giorgi’s theorem (see [24, 4.4]). To prove (2.16), assume the
contrary. Then by the standard argument (see [41, 3.5]), there would be a point x €
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MA\M; with lim, o H" ™' (B, (x) N M;)/w,—17"~" = 1 while lim, o H" ! (B, (x) N
M)/ wy—1 r"~1 = 0. Then, using also (8.24), one would then have a contradiction to
Theorem 2.2 (2b). Thus we have (2.16).

To prove (2.17), we closely follow the proof of integrality again. We already know
that for || V;|| a.e. x, we have the properties described in the proof of Theorem 7.1. By
the well-known property of set of finite perimeter ([24, 3.8]), for H"~ laex e Ml, the
blow-up limit of ¢ centered at x is supported by a half-space. For H" ! a.e. x € Q\M,
(in particular on Mt\Mt), the blow-up limit centered at x is a constant function with
value either 0 or 1. By (8.19), up to 4" ~! null set, we may assume in addition to the
properties of {V '}22, in the proof of Theorem 7.1 that wy, (¥) := wy, (r;X) converges

strongly in LZOC(R”) and pointwise L£" a.e. to x{x,>0} (Or X{x,<0}) if x = 0isin M,,
orto 1 (or 0)if x = 0isin MI\M,. Since the proof for other cases is similar, we
only discuss the case of M; and lim;_, o We; = X{x,>0} in the following. In terms
of @, (which is the relabeling of @,,), note that this means that ¢,, converges a.e. to
X{x, >0} — X{x,<0}-

As one follows the proof of Theorem 7.1, the difference occurs at (7.76), where
we already know that 6 is an integer multiple of o. Solet N — 1 := ¢~ '0(> 1). We
want to conclude that N is an even integer. We follow the proof until (7.89), and at
this point, define for i € N (and writing Y (7, x) := {¢,, =t} N B1 N G; N P~ (x))

Ai=xeB ™ i Vre(=1+b,1-b) = H(Y(t,x) <N -2},
Ai={xeB ™ i 3re(=1+b1-b)=H¥(r,x)=N—1}. (825

We know from (7.82) that H°(Y (z, x)) has to be < N — 1, thus, B;’_l = A;UA, and
H'H(AD = 001 —H' 1 (AD (8.26)

for all sufficiently large i. In (7.90), we have

1-b
wn_10(N — 1) < 25 + liminf V2W(O{(N = 2)H" " (4))
i=00 J_14p

+(N — DH" (A} dt < 25 + (N = 2)0w,_1 + o liminf H" "' (4;)  (8.27)
1—> 00

where we used (8.26). Thus we have from (8.27)

wn—1 — 20 's < liminf H"~1(A)). (8.28)

11— 00

By (7.20), for all sufficiently large i and any point x € A;, the image ¢, (B1N P~ (x))
covers [—1 + b, 1 — b] at least N — 1 times. The each covering is monotone, thus
we know that ¢, (y) as y moves from P lx)Nn{x, = —s}to P71 (x) N {x, = s}
along P~!(x) has to go up and down between —1 + b and 1 — b at least N — 1 times.
Next, since @g; converges a.e. pointwise to x{x,>0} — X{x, <0}, by Egoroff’s Theorem
and then Fubini’s Theorem, there exists s; € [s, 2s], s» € [—2s, —s], C; C B;’_l
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and Cp C Bf“] such that ¢,, converges uniformly to 1 on Cy x {s1} and to —1 on
Cs X {s2} while

H'NC) > wp_y — s fori =1,2. (8.29)
Set C3 = C1 N C3 so that, by (8.29),
H'NC3) > wpy — 25. (8.30)

Now, for a contradiction, assume that N is odd. For x € A; N C3, consider the
image of ¢, on {(x, x,) : x, € [s2, s1]}. By the uniform convergence and x € C3,
for sufficiently large i, @, (x,s2) < —1 4+ b and ¢, (x,s1) > 1 — b. Since ¢, is
continuous, image of ¢, having at least even N — 1 covering of [-1 + b, 1 — D]
implies that there has to be at least another covering of [—1 + b, 1 — b]. Thus, for each
te[-1+b,1—>b]and x € A; N C3, we have

HO({xn € [52,51] ¢ @ (x, X)) = T}) > N. (8.31)

Then by the coarea formula and (8.31), we have

S1
/ V ZW(%Z» (x, xn))|8x,, Pe; (x, x,)| dx,
52

1
_ / VIR (i € 52811 ¢ 9 (3, 30) = T} dT
—1

1-b

>N V2W (1) dx. (8.32)

—1+b

Note that by (8.28) and (8.30), we have for sufficiently large i
H A, NC3) > w1 — B+20Ds. (8.33)

Integrating (8.32) over A; N C3 and (8.33) give

/ S Ve, | = / AW (90101,
B (

AiNC3)x[s2,s1]
1-b

> (wp1 — B3+20"HsN V2W(t)dr. (8.34)
b

—1+

We may choose b so that f_ll__l:b V2W(t)dt > o — 5. On the other hand, by (7.67),
we have

F

Ve w
/,/2W(<p€i)|V<p5i|dx§/ M+—dx—>wn_1(N—l)a. (8.35)
B

By 2 &
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926 K. Takasao, Y. Tonegawa

For sufficiently small s depending only on n, N and o, (8.34) and (8.35) lead to a
contradiction. This proves N has to be even. As we mentioned, other cases of ¢ being
constant (either 0 or 1) can be similarly proved. This concludes the proof of (2.17)
and (2d). O

We next verify
Proposition 8.4 The function u satisfies the property of Theorem 2.2 (3).
Proof Consider the case p < n and fix T > 0. Since

lim; o0 lue; — ullpaqo, 1. (wi.ryny = 0, {ug,} is a Cauchy sequence in this norm.
By (2.11) with s = 8= we have

T ‘
_ s ’ _ q
A dt (‘/Q |u8i u8j| d”Vt”) = C(l’l, p.q, Dl)””si qu ”L‘l([O,T];(Wl*p(Q))")'
(8.36)

By a standard argument, we may subtract a subsequence {ugij }?‘;1 which converges

pointwise || V|| x dt a.e. on 2 x [0, T'] to an element of
LI([0, T1; (L*(IV¢11))™). This limit function is uniquely determined by « indepen-
dent of the approximate sequence and (2.18) holds. For p = n, we apply the same
argument locally for p’ < n which gives (2.18) with any 2 < s < oo. For p > n, the
standard Sobolev inequality and the Holder inequality prove the claim immediately.
]

To conclude the proof of Theorem 2.2 we prove
Proposition 8.5 We have T > 0 with the property described in Theorem 2.2 (4).

Proof By integrality, we already know that || V; || = 6H"~! Lm, fora.e.t > 0, where 0
is integer-valued 4" ! a.e. on M;. Thus we should prove that H"~'({0(-, 1) > 2}) =0
fora.e. 0 < t < Tj for some 77 > 0. We will determine the lower bound of 7) in
the following. Assume there exist 0 < < Ty and £ € M; such that M; has the
approximate tangent space at £ and the density (%, #) > 2. Then it is not difficult to
check that

r—0

lim o Biz.itr) A7l = O(X, ) >2. (8.37)
Since || Vol = H"* ! LM, and My is C', we have

/Q B dIVoll < 3/2 (8.38)

for any (x, 1) € Q x (0, T1], where T; depends only on M. We then use (4.90) with
& — 0. We then have

r—0

i s 1,
lim | /g ;+,2)d||v,||( )= c14c5tP Dy 4 c3e” 8Dy, (8.39)
Q 1=

@ Springer



Existence and regularity of mean curvature flow... 927

and the right hand side of (8.39) may be made smaller than 1/2 by restricting 77.
Then we would have a contradiction since the left-hand side is > 1/2 due to (8.37)
and (8.38). This proves the first part of (4). We next prove |Vo(-, 1)|| = ||V;| a.e.
¢ € [0, T]. With the notation of (2d), for a.e. ¢ € [0, T}], we have ||V;|| = H" ! Lm,
since & = 1 a.e. from the first part. But then, by (2.17), H*™ (M, \M,;) = 0 since
6 = 1 and odd. Thus combined with (2.16), M, = M; modulo null set, and this shows
the claim. We may take 77 to be sup{r > 0 : V; is unit density for a.e.t € [0, 7]}. O

As for the proof of Theorem 2.3, (1) and (3) follow from [30] and [46], respectively,
which give criterion for partial CY¢ and %@ regularity. For (1), we check that [30,
Sect. 3.1 (A1)—(A4)] are all satisfied. Namely, (A1) asks V; to be unit density for a.e.
t, (A2) is on the uniform density ratio upper bound which follows from (2.8), (A3)
is on the integrability of u which is given by (2.18) and (A4) is the flow equation
which is (2.10). If p < n, the exponent of integrability of « in (2.18) has to satisfy
(i =1—-m—-1)/s—2/q =2—-n/p—2/q > 0, and this follows from (2.14). If
p > n, we may choose any s > (n — 1)q/(q — 2) in (2.18) so that we have 0 < ¢,
and we may take sufficiently large s so that 0 < ¢ < 1 — 2/¢ can be arbitrarily close
to 1 — 2/q. This proves (1). The conclusion for C>¢ is precisely the claim of [46].
Thus we only need to prove (2) and (4).

Proposition 8.6 The family of varifolds {V,},;>0 satisfies the property of Theorem 2.3
(2) and (4)

Proof Fora.e.0 <t < T, we have proved that V; has unit density property, thus we
may use results in [30] for {V;}o</<7,. We first claim that there exists 0 < 73 < T
depending only on Dy, n, p, q, lull a0, 1,): (w'-» @)y (D1 corresponding to 77) and
26 = ¢26(D1, n) such that

dist (spt || V; I, Mo) < c26v/t (8.40)

for a.e. 0 <t < T3. For the proof, we use [30, Proposition6.2]. Citing the result for
the convenience of the reader, we have forx € Qand0 <r < 1

/ Paeate DAVl — / Peirer (5 0)d| Vol
By (x) B (x)
1=2
<cn,s,Qlullsg D, *t* +cm)Dir e, (8.41)

g = p(n 1)

where 1fp<nandany(" 1)q<s<o<>1fp>n§_1 (n—1)/s—2/q

and Jull o = (1 S, o Il AIVAIN 20V fs ey i pesrsey times a radially
symmetric cut-off function with support in Bi4,/15(x) and = 1 near x. Note that
llul| s« may be bounded in terms of Dy and |[ull 14 [0, 7,3, (w'.» () as Was done for
the proof of (2.18). By restricting 73 small, we may conclude from (8.41) that

. ~ 1 _
/ Pexi+e) (D Al Vil —/ Purate (- 0V dlIVoll = 5+ c() Dir ’1. (8.42)
By (x) By (x)
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928 K. Takasao, Y. Tonegawa

Let c26 be a constant to be fixed shortly and assume that there exists x € spt || V;|| such
that dist (x, My) > c26+/f and 0 < t < T3. We may assume that V; is unit density and
has approximate tangent space with multiplicity 1 at x, since such time and point are
generic. In particular, one can check that lim¢_, o fBr @) Pxt+e) (DA Vil = 1 and
(8.42) thus shows

1

5 - / Py (- 0)dl|Voll < c(m)Dyr21. (8:43)
By (x)

We now choose r = c2¢+/1/2. Since B, (x) N My = @, the integral in (8.43) is 0.
Hence we obtain % < 4c(n)D1c;62. If we choose a sufficiently large cy¢ depending
only on n and D1, we obtain a contradiction. This proves (8.40).

Next, since spt || Vo (-, 1) || C spt || V;|| by Theorem 2.2 (2b), (8.40) shows that ¢ (-, 1)
is a constant function on each connected component of Q\ {x : dist (x, Mo) < c26+/1}
fora.e. 0 < < T3. Since ¢(-, t) is a characteristic function and is continuous in L!
norm with respect to time, one sees that

o(,1) =1 on{x € Qo : dist (x, My) > cae~/1},
(-, 1) =0 on{x ¢ Qo : dist (x, My) > ca6~/1} (8.44)

for all 0 < r < T3. We now estimate the location of spt || V;|| during the short initial
time. Since My is assumed to be C!, there exists r; > 0 such that, for each x € M
(we may assume that x is the origin and T, My = R"~! x {0} after parallel translation
and orthogonal rotation), My is locally represented as a C! graph g : B;’l_l — Ron
Bfl’l x (—r1, r1). We take the coordinate system so that ¢ is located on the upper
side, above the graph of g. We may also restrict r; (uniformly on Mp) so that for all
r <ry, we have

r
sup [g(x)] = —. (8.45)
n—1 10
xeBy

For ¢ € [0, (10c26) ~2r2], (8.44) and (8.45) show that

@(,1) =1 on Bg;/}o x [r/5,11),
@(,1) =0 on Bgr—/}o x (—=r1, —r/5]. (8.46)

Next we use [30, Theorem 8.7]. Using the notation there, corresponding to 1 <
Ei <00,0<v <1, p,gwithl—(mn—-1)/p—2/q > 0, there exist 4 constants
(g6, 0, A3, c19 in [30]) with the stated properties. Here, we use E1 = D1, v = 1/2,
p = s above and the same ¢g. The condition 1 — (n —1)/p —2/g > 0 1is then satisfied.
To avoid confusion in the following, we denote the constants in [30] corresponding to
these choices by €6 k7, 0k, A3 kT, c19, k7. In the following, let P € G(n,n — 1)
be the projection R” — R"~! x {0} and P~ be its orthogonal complement. We then
use [30, Proposition 6.5] with
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A=A3k7/18 (8.47)
to obtain ce g7 with the property that

1 1 2 1 1 2
1 [ IPEOPRAIVI < exp(1/@A) —— [ 1Pr@I2d] Vol
r Br r BLr

+ o kT ullFog + ¥ llullpea) L + L™ exp(—(L — 1)?/(8A))}  (8.48)

forall t € [0, Ar?] provided 2 < L < oo and rL < 1. Here cg, x depends only on
s,q, D1, A3 k7 butnoton L. Given 1 > ¢ > 0, we may choose L > 2 so that

co.x7 L exp(—(L — 1)%/(8A)) < ¢ (8.49)

and then choose rp < L~} uniformly on My so that (using My is ch

exp(1/(4A)) sup

O<r<r

2
C6.KT (r25||u||%s,q 47 ||u||Ls.q) L2 <e (8.50)

1 1 2
g /BL,.'P WP d[Voll <.

The inequalities (8.48)—(8.50) gives forr < ry and ¢ € [0, Ar?]

1 1 2
pra |P=()|"d||[ Vil < 3e. (8.51)

We next use [30, Proposition 6.4] on B, x [0, Ar2] with a slight modification. Instead
of obtaining result on the time interval [R2/ 5, A] as in [30], we modify the proof so
that we obtain the similar estimate on the time interval [(IOCZ6)’2r2, Ar?]. This is
achieved by a simple replacement of the cut-off function. We have a different constants
which depends also on cy¢. Citing the result from [30, Proposition6.4], we obtain

spUIVi I N Bars C P ()| < pr} fort € [(10c26) r%, Ar°], (8.52)
where
2 C5KT ar? LN 2 2 -3 ¢ 2
W= [P~ |7 dVilldt + cokrllullpsa Dy A2+ A)
r 0 B,
(8.53)
and where ¢5 g7 and ¢2 k7 depend only on n, s, ¢ and c26. If we restrict r» further so
that the second term of (8.53) is smaller than &, (8.51)-(8.53) with sufficiently small

& gives

spt [ VIl 0 Bayys C {|P(x)| < r/5) fort € [(10c26) 212, Ar?].  (8.54)
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Combining (8.46) and (8.54), and using the L continuity of ¢(-, t), we obtain

(-, 1) =1 on Bays N{P*(x) = r/5},
(-, 1) =0 on Byys N{PT(x) < —r/5) (8.55)

for ¢ € [0, Ar?]. Since B',' x [—r/2,7/2] C Bays, (8.55) shows

@(,t)=1 on Br"/;l x [r/5,r/2],
¢(,1) =0 on B! x [-r/2, —r/5],
spt [V [l N (Bf/gl x [=r/2,r/2]) C B;’/gl x [=r/5,r/5] (8.56)

fort € [0, Ar2] and r < rp. At this point, because of the third claim of (8.56), by
setting V; = O on B:’/_zl x (R\[=r/2, r/2]), we may assume that {V;}y-,< 4,2 satisfies
(2.10) on (B:‘/E] x R) x [0, Ar?]. We next want to apply [30, Theorem 8.7] with
R := r/6. For the application, we need to check the conditions (8.83)—(8.86) of [30].
The first condition (8.83), the smallness of space-time L>-height may be achieved
due to (8.51), (8.56) and by restricting ¢ depending on € x and A3 gr. The second
condition (8.84), the smallness of ||« ||, may be achieved by simply restricting r>. Thus
we need to check the last two conditions, (8.85) and (8.86) of [30]. Let ¢p g and ¢
be defined as in [30, Definition 5.1]. We need to show that (recall that we have set
v=1/2)

3
It € BR*/2,2RY) : RT"VIVyl(9p p) < 3¢ (8.57)

and

2 2y . p—(n-D) 2 1
€ (QA3 kT —2)R”, QA3 kT —3/2)R") : R Vi, (@5 r) > ¢

(8.58)

First we show (8.57). Since My is C', we may restrict r, uniformly in x so that for all
R =r/6 <rp/6, we have

i e 1 11
RV Vol (3 ) < R=0D / 0 pant + te= e (850
P 10710
By (2.10), we have for t; € (3R?/2,2R?)

1 n
Vil < /0 / (—hg2 g+ V3 o) - (h+ (- v d|Vldr.  (8.60)

By (2.5) and (2.6), we may replace V¢>%’R by Sl(Vd)%)_R) for || V|| a.e., where S is the
approximate tangent space at the point. Since Vgp g = P(V¢ p.R) (note ¢pp r(x) =
¢p.r(P(x)) by definition), we have
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SE(VepR) = = 8) o (P(Vop ) = (P —S) o (P(Vep ).  (8.61)
Thus, by using the Cauchy-Schwarz inequality to (8.60) and by (8.61), we obtain
2 ]! " 129 2,2
||Vr||(¢>p,R)‘ = —51hl"¢p g + 2Mul"dp g
t=0 0 2
+811S — PI*IVp rI*dVi (-, S)dt. (8.62)

The first term on the right-hand side of (8.62) can be dropped. The second term can
be estimated using the Holder inequality as

f 2.2 : 2 \1-2
/ /2|u| ¢p rdllVillde S/ (/|M|sd||Vt||) dr- sup [[Vill(¢p g) =
0 1e0,1]

< NullZsgty X -ts[gg]nvtn(qsp Siats (8.63)
€[0,1

Due to the third claim of (8.56), spt || V|| N'spt¢p r C B3, for example. Thus we
have || V;||(¢3 z) < Diw,—1(3R)"~!. Since 1 < 2R?, we obtain from (8.63)

1
/ / 20ulP¢p g dllVilldt < c(Dy,n, s, @)|lullfoq R (8.64)
0

For the third term of (8.62), we use [30, Lemma 11.2] (or [1, 8.13]), namely, for
¢ =o¢pR

/nS— P Vo2 dVi(, S) < 16/|PL<x>|2|V|V¢||2d||Vt||

/|h| VoL d|viI)? /|Pi(x>| VPRIV, (8.65)

By repeating a similar argument leading to (8.62) with slightly larger test function
which is 1 on spt ¢ p g, one can obtain

3]
/0 / |h?|Vop rI>dIIV;Il < c(m)R". (8.66)

Since we have spt ||V, || Nspt¢p g C B3g and by (8.51), we obtain

1
/ / |PL) P IVop rIZdIIVilldt < 3e(BR)™ 1 sup |Vp rl* < c(m)eR™.
0
(8.67)
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Thus, by (8.66) and (8.67) and similarly estimating the last term, we obtain from (8.65)
that

t
/I/HS—P||2|V¢>P,R|2dvz<-,8)dr <cm)(Ve+e)R (8.68)
0

Combining (8.59), (8.62), (8.64) and (8.68), we obtain

—(n— 11
RV 105 2) < 15+ D1 n,s, @llulfed R +em)(Ve + ). (8.69)

Thus, by restricting r < r; and ¢ in (8.69), we can guarantee that (8.57) holds. To see
(8.58) holds, we use the first two claims of (8.56). Due to the unit density property,
recall that for a.e. r, we have ||V;|| = |[V{p(-, 1) = 1}|| = H"! La*{e(.,n=1}> Where
9*A denotes the reduced boundary of A (see [24]). Let v, be the x, component of
the inward pointing unit normal vector of 9*{¢(-, ) = 1}. We apply the generalized
divergence theorem valid for sets of finite perimeter, in this case, {¢(-, #) = 1}N{x, <
r/3}. Then we have for a.e. t € [0, Ar?]

[ Gwaivi= [ vad pdH!
0*{p(-,0)=1}

—/ By, 9 g dx +/ ¢p rdH" ' =R"'c (8.70)
{p(-.H=1}N{x, <r/3} {xn=r/3}

since qb%), g does not depend on x,, and by the definition of ¢. In particular, we have
proved (8.58). Now we are ready to apply [30, Theorem 8.7]. For all sufficiently small
¢ > 0, we have seen that we may choose r, independent of x € M such that all the
assumptions of [30, Theorem 8.7] hold on (B;/2 x R) x [0, Ar?] forall r < rp. The
conclusion is that in Bg;R x Randfort € (As.xr — 1/4)R%, (As.xT + 1/4)R?),
spt || V; || is represented as a graph F(-, 1) of C!¢ function and it is C1+9/2 in time,
with [VF| + R~ F| bounded by a constant multiple of ¢ (see (8.89) of [30]). The
argument up to this point can be carried out for each point on x € My uniformly
and spt || V¢|| can be covered by such graphs. This shows that for all small # > 0,
spt || V; || is C1-¢ everywhere. We have the local graph representation as claimed in (4)
and r~1/2dist (spt | Vill, Mo) — O ast — 0. It is possible that spt || V;|| remains che
for some more time, and let 7> be the maximal time without non-C!-¢ regular point.
In case that u is a-Holder continuous, the regularity criterion are the same (see [46,
Theorem 3.6]) except that the constant corresponding to g6 g7 may need to be smaller
there. Thus, in this case, there is a short initial time interval such that spt || V;|| is a
c>« hypersurface. This ends the proof of (2) and (4). O

9 Final remarks
9.1 Non-uniqueness

The solution may be non-unique without having singularities of M;, as a simple exam-
ple demonstrates. An example such as My = {x, = 0} C T2 and u(xy, x2) =
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0, V/x2]) € WLP(T2)2 ( p < 2) has an obvious ODE-level non-uniqueness. Thus,
on top of the non-uniqueness issues generally associated with singularity occurrences
of the MCEF, one has far richer source of possible non-uniqueness with irregular u, even
though we have a local regularity theory. It is interesting to investigate how generic
the uniqueness may hold for the flow in this paper with respect to the initial data
and the transport term. We mention that there is a nice generic property for the MCF
besides the existence of unique viscosity solution. If My is C? and dj is the signed
distance function to My, then the viscosity solution for the MCF starting from {dy = s}
in the sense of [11,16] is a unit density Brakke MCF for a.e. s € (—ro, ro), where
ro > 0 is some small number depending on My [18]. For such level set, a phenomena
called fattening does not occur in particular. It is interesting to see if there is some
generalization of this type to the setting of this paper.

9.2 Structure of singularities

There have been intensive effort to understand the nature of singularities for the MCF
inrecent years. A particular emphasis has been placed on the mean convex flow and we
mention names of Andrews, Huisken, Sinestrari and White who analyzed structure
of singularities in depth. We mention a recent work by Haslhofer and Kleiner [25]
for a streamlined treatment of the regularity theory of mean convex flows as well as
up-to-date references. Note that many of the techniques used by White such as the
dimension reducing and stratification of singularities [47] may be used for the flow in
this paper. While there may be some limitation compared to the mean convex flow, it
is interesting and challenging problem to investigate the singularities in the setting of
the present paper.
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