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Abstract We derive a local Gaussian upper bound for the f-heat kernel on complete
smooth metric measure space (M, g, e~/ dv) with nonnegative Bakry—Emery Ricci

curvature. As applications, we obtain a sharp L}-Liouville theorem for f-subharmonic

functions and an L}-uniqueness property for nonnegative solutions of the f-heat

equation, assuming f is of at most quadratic growth. In particular, any L' -integrable
f-subharmonic function on gradient shrinking and steady Ricci solitons must be con-
stant. We also provide explicit f-heat kernel for Gaussian solitons.

Mathematics Subject Classification Primary 35K08; Secondary 53C21 - 58J35

1 Introduction and main results

In this paper we study Gaussian upper estimates for the f-heat kernel on smooth metric
measure spaces with nonnegative Bakry—Emery Ricci curvature and their applications.
Recall that a complete smooth metric measure space is a triple (M, g, e~ fd v), where
(M, g) is an n-dimensional complete Riemannian manifold, dv is the volume element
of g, f is a smooth function on M, and e~/ dv (for short, d ) is called the weighted
volume element or the weighted measure. The m-Bakry—Emery Ricci curvature [1]
associated to (M, g, e~/ dv) is defined by
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1
Ric’} = Ric+ V> f — —df ®df,

where Ric is the Ricci curvature of the manifold, V2 is the Hessian with respect to the
metric g and m is a constant. We refer the readers to [2,20-22] for further details. When
m = oo, we write Ric; = Ric%’. Smooth metric measure spaces are closely related
to gradient Ricci solitons, the Ricci flow, probability theory, and optimal transport. A
smooth metric measure space (M, g, e~/ dv) is said to quasi-Einstein if

Ricy = Ag

for some constant . When m = o0, it is exactly a gradient Ricci soliton. A gradient
Ricci soliton is called expanding, steady or shrinking if A < 0, A = 0, and A > O,
respectively. Ricci solitons are natural extensions of Einstein manifolds and have
drawn more and more attentions. See [5] for a nice survey and references therein.
The associated f-Laplacian A y on a smooth metric measure space is defined as

Af=A-Vf.V,

which is self-adjoint with respect to the weighted measure. On a smooth metric measure
space, it is natural to consider the f-heat equation

0 — Apu=0

instead of the heat equation. If u is independent of time ¢, then u is a f-harmonic
function. Throughout this paper we denote by H(x, y, t) the f-heat kernel, that is,
foreachy € M, H(x, y,t) = u(x,t) is the minimal positive solution of the f-heat
equation with lim, o u(x, r) = 87,y (x), where § 7,y (x) is defined by

/M d(X)8py(x)e T dv = p(y)

for ¢ € C3°(M). Equivalently, H (x, y, t) is the kernel of the semigroup P; = e’ Ay
associated to the Dirichlet energy f Y, |Vo|>e=/dv, where ¢ € C5°(M). In general
the f-heat kernel always exists on complete smooth metric measure spaces, but it may
not be unique.

When f is constant, then H(x, y, t) is just the heat kernel for the Riemannian
manifold (M, g). Cheng et al. [10] obtained uniform Gaussian estimates for the heat
kernel on Riemannian manifolds with sectional curvature bounded below, which was
later extended by Cheeger et al. [9] to manifolds with bounded geometry. In 1986, Li
and Yau [19] proved sharp Gaussian upper and lower bounds on Riemannian man-
ifolds of nonnegative Ricci curvature, using the gradient estimate and the Harnack
inequality. Grigor’yan and Saloff-Coste [13,27-29] independently proved similar esti-
mates on Riemannian manifolds satisfying the volume doubling property and the
Poincaré inequality, using the Moser iteration technique. Davies [12] further devel-
oped Gaussian upper bounds under a mean value property assumption. Recently, Li

@ Springer



Heat kernel on smooth metric measure spaces 719

and Xu [16] also obtained some new estimates on complete Riemannian manifolds
with Ricci curvature bounded from below by further improving the Li—Yau gradient
estimate.

Recently, there have been several work on f-heat kernel estimates on smooth metric
measure spaces and its applications. In [20], Li obtained Gaussian estimates for the f-
heat kernel, and proved an L }—Liouville theorem, assuming Ric? (m < o0) bounded
below by a negative quadratic function, which generalizes a classical result of Li
[17]. He also mentioned that we may not be able to prove an L%-Liouville theorem
only assuming a lower bound on Ricy. The main difficulty is the lack of effective
upper bound for the f-heat kernel. In [8], by analyzing the heat kernel for a family of
warped product manifolds, Charalambous and Lu also gave f-heat kernel estimates
when Ric’]’Z (m < o0) is bounded below. In [31], the first author proved f-heat kernel
estimates assuming Ric s bounded below by a negative constant and f bounded.

In this paper we prove a local Gaussian upper bound for the f-heat kernel on smooth
metric measure spaces with Ric y > 0, which generalizes the classical result of Li and
Yau [19].

Theorem 1.1 Let (M, g, e~ ' dv) be an n-dimensional complete noncompact smooth
metric measure space with Ricy > 0. Fix a fixed point o € M and R > 0. For any
€ > 0, there exist constants c1(n, €) and cy(n), such that

H(x,y,t) <

(s ©) XD P( —dZ(x’ y)) (1.1

VB2V (By (12 TP\ Gt e

forallx,y € B,,(%R) and0 <t < R2/4, where lim¢_.q c1(n, €) = o0o. In particular,
there exist constants c3(n, €) and c4(n), such that

I

H(x,y,t) <

AR 7 g
c3(n,€) e ( ("’y)+1)

X ex (—M) (1.2)
V(B (V) NG P '

4+ e

for any x,y € Bo(iR) and 0 < t < R2/4, where lim¢_,gc3(n, €) = oo. Here
A(R) :=sup,ep 3p) | f(X)I.

As pointed out by Munteanu and Wang [25], only assuming Ricy > 0 may not
be sufficient to derive f-heat kernel estimates by classical Li—Yau gradient estimate
procedure [19]. But we can derive a Gaussian upper bound using the De Giorgi—Nash—
Moser theory and the weighted version of Davies’s integral estimate [11].

For Gaussian solitons, the f-heat kernel can be solved explicitly in closed forms.

Example 1.2 f-heat kernel for steady Gaussian soliton.
Let (R, go, e/ dx) be a 1-dimensional steady Gaussian soliton, where g is the
Euclidean metric and f(x) = #£x. Then Ricy = 0. The heat kernel of the operator

2 L
Ay = j7 F % is given by
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e L ot/4 Ix — y[?
H(x,y, t)= W X exp e

This f-heat kernel is solved using the separation of variables method, since it seems
not in the literature, for the sake of completeness we include it in the appendix.

Example 1.3 Mehler heat kernel [14] for shrinking Gaussian soliton.
Let (R, go, e/ dx) be a 1-dimensional shrinking Gaussian soliton, where gg is
the Euclidean metric and f(x) = x2. Then Ric r = 2. The heat kernel of the operator

2 L
Ay = j7 — 2x(% is given by

H(x,y,t)=

2xye—21 _ ()C2 + y2)6—4t
(27 sinh20)172 P | —e 4 tr)-

Example 1.4 Mehler heat kernel [14] for expanding Gaussian soliton.
Let (R, go, e /dx) be a 1-dimensional expanding Gaussian soliton, where go is
the Euclidean metric and f(x) = —x2. Then Ric f = —2. The heat kernel of the

operator Ay = %22 + 2x% is given by

ey = G2 eXp( [T

As applications, we prove an Llf--Liouville theorem on complete smooth metric
measure spaces with Ricy > 0 and f to be of at most quadratic growth. We say
ue Ly if [ lulPe='dv < oo.

Theorem 1.5 Let (M, g, e~/ dv) be an n-dimensional complete noncompact smooth
metric measure space with Ricy > 0. Assume there exist nonnegative constants a and
b such that

|f1(x) <ar’*(x)+b forall x € M,

where r(x) is the geodesic distance function to a fixed point o € M. Then any nonnega-
tive L }-integrable f-subharmonic function must be identically constant. In particular,

any L\.-integrable f-harmonic function must be identically constant.

From [6,15] any complete noncompact shrinking or steady gradient Ricci soliton
satisfies the assumptions in Theorem 1.5. Hence

Corollary 1.6 Let (M, g, e~/ dv) be a complete noncompact gradient shrinking or
steady Ricci soliton. Then any nonnegative Llf-integrable f-subharmonic function

must be identically constant.

Remark 1.7 Pigola et al. (see Corollary 23 in [26]) proved that on a complete gradient
shrinking Ricci soliton, any locally Lipschitz f-subharmonic function u € LY, 1 <
p < 00, is constant. Our result shows that this is true in the case p = 1. Brighton
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Heat kernel on smooth metric measure spaces 721

[3], Cao and Zhou [6], Munteanu and Sesum [24], Munteanu and Wang [25], Wei and
Wylie [30] have proved several similar results.

The growth condition of f in Theorem 1.5 is sharp as explained by the following
simple example.

Example 1.8 Consider the 1-dimensional smooth metric measure space

R, go, e~/ dx), where go is the Euclidean metric and f(x) = x2t28 5 = ﬁ
for m € N. By direct computation, Rics > 0. Let

x|
u(x) :=/ etHZSdt
0

Then u is f-harmonic. Moreover we claim u € L'(u). Indeed, the integration by parts
implies the identity

2428

Tt 1 e X Qrtt
/]e dt:z—i——ZS m—e+(1+28)[ md? .

Then by L’Hospital rule, when x is large enough,

x2+26

x
21 e

Therefore

[es) [x]
/ ue 7t dx :/ (/ e’2+25dt) e dx < 0,
R —00 0

ie,ue Llf, butu ¢ L forany p > 1. On the other hand, if § = 0 then u ¢ Llf.

By Theorem 1.5, we prove a uniqueness theorem for Llf—solutions of the f-heat
equation, which generalizes the classical result of Li [17].

Theorem 1.9 Let (M, g, e~/ dv) be an n-dimensional complete noncompact smooth
metric measure space with Ricy > 0. Assume there exist nonnegative constants a and
b such that

|Fl(x) <ar’(x)+b forall x € M,

where r(x) is the distance function to a fixed point o € M. If u(x, t) is a nonnegative
function defined on M x [0, +00) satisfying

(0 — Ap)u(x,t) <0, / u(x, t)e_fdv < 400
M
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forallt > 0, and

lim u(x, t)e_fdv =0,
t—0 M

then u(x,t) = 0 forall x € M and t € (0, +00). In particular, any L}-solution of
the f-heat equation is uniquely determined by its initial data in L}.

The rest of the paper is organized as follows. In Sect. 2, we provide a relative
f-volume comparison theorem for smooth metric measure spaces with nonnegative
Bakry—Emery Ricci curvature. Using the comparison theorem, we derive a local f-
volume doubling property, a local f-Neumann Poincaré inequality, a local Sobolev
inequality, and a f-mean value inequality. In Sect. 3, we prove local Gaussian upper
bounds of the f-heatkernel by applying the mean value inequality. In Sects. 4 and 5, we
prove the L}—Liouville theorem for f-subharmonic functions and the L'.-uniqueness
property for nonnegative solutions of the f-heat equation following the argument of Li
in [17]. In appendix, we compute the f-heat kernel of 1-dimensional steady Gaussian
soliton.

2 Poincaré, Sobolev and mean value inequalities

Let Ay = A —Vf -V be the f-Laplacian on a complete smooth metric measure
space (M, g, e~/ dv). Throughout this section, we will assume

Rin > 0.

For a fixed point o € M and R > 0, we denote

A(R) = sup |[f(x)l.
x€B,(3R)

We often write A for short. First we have the relative f-volume comparison theorem
proved by Wei and Wylie [30] and Munteanu and Wang [25].

Lemma 2.1 Let (M, g, e~/ dv) be an n-dimensional complete noncompact smooth
metric measure space. If Ricy > 0, then for any x € B,(R),

Vi(Bx(Ri, R2)) _ A4 Ry — R}

) 2.1
Vi(Bx(r1,m2)) — ry —ry @D

forany 0 < ri <r, 0 < Rl < Rp < R, r1 <Ry, m < Ry < R, where
By (R1, Ry) := By (R2)\Bx(Ry).

Proof of Lemma 2.1 Wei and Wylie (see (3.19) in [30]) proved the following f-mean
curvature comparison theorem. Recall that the weighted mean curvature m ¢ (r) is
definedasmy¢(r) =m@)—Vf -Vr=Ayr.Forany x € B,(R) C M,if Ricy >0,
then

n—1 2 (7 2
mpy <214 2 / fode — = @),
r r? Jo r
along any minimal geodesic segment from x.
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Heat kernel on smooth metric measure spaces 723

In geodesic polar coordinates, the volume element is written as dv = A(r, 8)dr A
d6,_1, where db,_ is the standard volume element of the unit sphere sl Let
Ar(r,0) = e~ fA(r, 0). By the first variation of the area,

%(r, 0) = (In(A(r, 0))) = m(r, ).

Therefore

/

A
Af (r.0) = (In(As(r. 0))) = m s (r, 0).
.

For 0 < ri < rp < R, integrating this from r| to r, we get

Af(r,0) "2
—Af(rl, ) = exp (/rl myg(s, O)ds)

n—1 T r r
< (r_z) exp |:2/ ’ iz (/ f(t)dt) dr —2 ’ f(r)dr] .
r n T 0 rl r
n r 1 r
/ = (/ f(t)dt) dr = —— (/ f(t)dt)
rn 0 r 0

then we have

Since

R G

r 1l

dr,

r

Ag(rz,0) - exp (% ()r2f(f)dt) (rz)nl
S —
Ap(r,0)-exp (2 [ f(ndr) — \1

for0 < r; < rp < R. Thatis rl_”.Af(r, 0) exp(% for f(t)dr) is nonincreasing in r.
Applying Lemma 3.2 in [32], we get

f,flz Ap(r,0) - exp (% fot f(r)dt) dt f1§12 =14y
S o
frrlz Ap(r,0) - exp (% fot f(‘[)d‘[) dt frlz "=ldt

forO <r; <r,0 < Ry < Ry, r1 < Ry and rp < Ry < R. Integrating along the
sphere direction gives

V¢ (Bx(Ry, R2)) _ A R} — R
Vi(By(ri,r2) —  rf—rt’

forany 0 < ri <rm, 0 < R < Rp < R, r1 < Ry, n < Ry < R, where
By (R1, R2) = By (R2)\Bx(R)). o
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From (2.1), letting r; = Ry =0, = r and Ry = 2r, we get
Vi (By(2r)) < 2"e* - V(B (1)) 2.2)
for any 0 < r < R/2. This inequality implies that the local f-volume doubling
property holds. This property will play a crucial role in our paper. We say that a

complete smooth metric measure space (M, g, e~/ dv) satisfies the local f-volume
doubling property if for any 0 < R < oo, there exists a constant C(R) such that

Vi(Bx(2r)) = C(R) - Vy(Bx(r))
forany 0 < r < R and x € M. Note that when the above inequality holds with

R = o0, then it is called the global f-volume doubling property.
From Lemma 2.1, we have

Lemma 2.2 Let (M, g, e~/ dv) be an n-dimensional complete noncompact smooth
metric measure space. If Ricy > 0, then

Vi (Bx(s)) < g 8A (E)K
Vi(By(r)) — r/

where Kk = 10g2(2"e4A),f0r any0 <r <s < R/4andall x € B,(s) and y € By (s).
Moreover, we have

Vi(By(r)) < e*4 (@ + 1) Vi (By(r))

forany x,y € BO(A—ILR) and() <r < R/2.
Proof Choose a real number k such that 28 < s/r < 281 Since y € B, (s),
B.(s) C By(25) C B,(2K"2r),

and V¢ (B, (s)) < Vy(By (2¥*2r)). Moreover, the assumption Ricy > 0 implies the
local f-volume doubling property (2.2). So we have

Vi(Bi(9) < 2" F2V (B, (1) < (2"e*) (/) Vi (By (),
where « = log, (2"e*4). This proves the first part of the lemma.

For the second part, lettingr; =0, =r, Ry =d(x,y)—rand R, =d(x,y)+r
in Lemma 2.1, we have

ViBx(d(x,y) +1r) = Vy(Bx(d(x,y) — 1)) Y (d(x,y) +1)"
Vi (Bx(r)) B r
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forany x, y € B,,(}‘R) and 0 < r < R/2. Therefore we get

Vi(Bx(r)) = Vy(By(d(x,y) +r)) = Vi(By(d(x,y) — 1))

<M (—d(xr’ Vo, 1) Vi (By(r)

forany x,y € B,(R) and 0 < r < R/2. O

By Lemma 2.1, following Buser’s proof [4] or Saloff-Coste’s alternate proof (The-
orem 5.6.5 in [29]), we get a local Neumann Poincaré inequality on smooth metric
measure spaces, see also Munteanu and Wang (see Lemma 3.1 in [25]).

Lemma 2.3 Let (M, g, e~/ dv) be an n-dimensional complete noncompact smooth
metric measure space with Ricy > 0. Then for any x € B,(R),

/ 0 — @p.(r|7e dv < c1e?? -r2/ Vo2 dv 2.3)
Bo(r) B

forall0 <r < R and ¢ € C®(Bx(r)), where ¢ ) = Vf_l(Bx(r)) fo(r) e L dv.
The constants c1 and c> depend only on n.

Remark 2.4 When f is constant, this was classical result of Saloff-Coste (see (6) in
[28] or Theorem 5.6.5 in [29]).

Combining Lemmas 2.1,2.2,2.3 and the argument in [27], we obtain a local Sobolev
inequality.

Lemma 2.5 Let (M, g, e~/ dv) be an n-dimensional complete noncompact smooth
metric measure space with Ricy > 0. Then there exist constants p > 2, ¢3 and cy, all
depending only on n such that

p—2

2p ) v czed 2 .

( / lp|7=2e~/ dv) <22 / (Ve +r2pe ldv (2.4
By (r) Vi(Bo(r)? 7 Bo(r)

forany x € M such that 0 < r(x) < R and ¢ € C*®°(B,(r)).

Sketch proof of Lemma 2.5 The proof is essentially a weighted version of Theorem
2.1 in [27] (see also Theorem 3.1 in [28]).

Besides, we have an alternate proof by applying the local Neumann Sobolev inequal-
ity of Munteanu and Wang (see Lemma 3.2 in [25])

Cc4A

c3et .y

lo — @B, ll 2» < IVell2,

L, T
g Vi(Bo(r))r

where || f|lm = (IB,; ) | £1™d )™ Munteanu and Wang proved this inequality holds
without the weighted measure, and it is still true by checking their proof when integrals
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are with respect to the weighted volume element e~/ dv. Combining this with the
Minkowski inequality

el

2y = |lo — o, 2o + 0B, 20 »
p—2 p—2 p=2

it is sufficient to prove

c3e4A
e, ol 2 = T llell2.
Vi(Bo(r))r
which follows from Cauchy—Schwarz inequality. Hence the lemma follows. O

Lemma 2.5 is a critical step in proving the Harnack inequality by the Moser iteration
technique [23]. We apply it to prove a local mean value inequality for the f-heat
equation, which is similar to the case when f is constant, obtained by Saloff-Coste
[27] and Grigor’yan [13].

Proposition 2.6 Let (M, g, e fdv) be an n-dimensional complete noncompact
smooth metric measure space. Fix R > 0. Assume that (2.4) holds up to R. Then there
exist constants ¢s(n, p) and cg(n, p) such that, for any real s, forany0 < § < §' < 1,
and for any smooth positive solution u of the f-heat equation in the cylinder
Q = B,(r) x (s —r2,s), r < R, we have

ceA
sup{u} < 5 cse 5 .
[ (8" = 8)" P r> Ve(B,(r)) Oy

udpdt, 2.5)

where Qs = B,(8r) x (s — 8r2,s) and Qg = B,(8'r) x (s — 8'r2, s).

Proof The proof is analogous to Theorem 5.2.9 in [29]. For the readers convenience,
we provide a detailed proof. We need to carefully examine the explicit coefficients of
the mean value inequality in terms of the Sobolev constants in (2.4).

Without loss of generality we assume 8’ = 1. For any nonnegative function ¢ €
C5°(B), B = B,(r), we have

/(q&u[ + VéVu)du = 0.
B
Let ¢ = y%u, ¥ € C°(B), then

/ (W Puu, + 92|\ VulP)dp < 2 ‘ / uWuvwdu'
B B

1
53/ |vw|2u2du+—/ V2 \VuPdp,
B 38
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so we get that
/ @ 2uus + [V Prdu < 101992, / Wdy.
B supp(y)

Multiplying a smooth function A(¢), which will be determined later, from the above
inequality, we get

9 ( / (Wu)zdu) 422 / IV Pdu
ot B B

< CAMIVY 12, + 12| sup ) udu,
supp(¥)

where C is a finite constant which will change from line to line in the following
inequalities.
Next we choose ¥ and A such that, forany 0 < o’ <o < 1,k =0 — 0o/,

(1) 0<y <1,supp(¥) CoB, ¥ =lino'Band |Vy| < 2(kr)~";
2)0<Ai<1,A=0in(—00,5s —or?), A = lin (s — o'r%, +00), and |A/(1)| <
2(kr) 2.

Let I, = (s —or?,s)and I, = (s — o'r?,s). Forany ¢ € I, integrating the above
inequality over (s — r2, 1),

sup {/ ¢u2du} +/ |V(¢u)|2dudt < C(r/c)fz/ u*dudt. (2.6)
B B><Io/ Qa

1,

On the other hand, by the Holder inequality and the assumption of proposition, for
some p > 2, we have

p=2 2
2 2p T )
/ wz(”")dui( prlp‘lzdu) ' ( / wzdu)p
B B B
2
P
< ( / wzdu) -(E(B) / (|V<p|2+r_2|<p|2)du) 2.7)
B B

for all ¢ € C{°(B), where E(B) = c3¢““r2V;(B,(r))~%/P. Combining (2.6) and

(2.7), we get
J,

with & = 1 + 2/p. For any m > 1, u™ is also a smooth positive solution of (3; —
A r)u(x,t) < 0. Hence the above inequality indeed implies

/s

6
uzed,udt < E(B) |:C(r/c)_2/ u2dudti|
Qo

o!

0
u?dpudt < E(B) [C(mc)2 / uzmdudt:| (2.8)

o

form > 1.
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Letk; = (1 —8)27", which satisfies °«; = 1 — 8. Letog = 1, 0141 = 0; —k; =
1 — Xik;. Applying (2.8) form = ', 0 = 03, 0’ = 071, we have

J

Therefore

0
u® ™ dude < E(B) [c"+1((1—5)r)—2/ u29idudt:| .

Qq;

9i+1 i

o~ G+

( / u29i+ldudt) <P BB (- oy / WPdpd,
Q0i+1 @

where ¥ denotes the summations from 1 toi + 1. Letting i — oo we get

sup{u®} < C - E(B)P"* - [(1 = 8)r] > P[lull3 o (2.9)
Os

for some p > 2.

Formula (2.9) in fact is a L%-mean value inequality. Next, we will apply (2.9) to
prove (2.5) by a different iterative argument. Let o € (0, 1) and p = o + (1 — 0)/4.
Then (2.9) implies

sup{u} < F(B) - (1 — o)~ "7 lull2,g,,

o
where F(B) = c3e¢4 - r=1 . V(B,(r))~1/2. Since

1/2 1/2
lullao < Nulliy - el

for any Q, so we have

1/2 —1— 1/2
lulloc, 0, < F(B) - ully’g - (1 =)™ P2 ju) 2, (2.10)

Noyv fix 8 € (0, 1) and let 69 = 6, 0j4+1 = 0; + (1 — 0;) /4, which satisfy 1 — o; =
(3/4)' (1 —$). Applying (2.10) to 0 = o; and p = 0j+1, we have

1/2

ltlloo, 0, < (4/3)HPPIEB) - lully/y,

(1 — )12
=8~ PP

Therefore, for any i,

1/2

litlloo. g5 < (4/3) I HPPEIQD S [F(B) - |lully;,

- Ly (3
A=) g 2

where ¥ denotes the summations from 0 to i — 1. Letting i — oo we get

1/2

Jo (=8)71PRP,

lulloo,05 < (4/3)CTPF(B) - |lull
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Heat kernel on smooth metric measure spaces 729

that is,
ltlloo, 05 < (4/3)FPeseA (1 —8)"27P . r =2 Vi(Bo(r) ™' - ulli.0

and the proposition follows. O

3 Gaussian upper bounds of the f-heat kernel

In this section, we prove Gaussian upper bounds of the f-heat kernel on smooth
metric measure spaces with nonnegative Bakry—Emery Ricci curvature by applying
Proposition 2.6 and Lemma 2.2. To prove Theorem 1.1, first we need a weighted
version of Davies’ integral estimate [11].

Lemma 3.1 Let (M, g, e fd v) be an n-dimensional complete smooth metric measure
space. Let A1 (M) > 0 be the bottom of the sz-spectrum of the f-Laplacian on M.
Assume that By and B, are bounded subsets of M. Then

/ H(x,y, )du(x)du(y)
B J By

3.1

d*(B,, B
< Vy(BD'?Vy(B)'? exp (_M(M)t _ (;2)) ,

4¢

where d(B1, By) denotes the distance between the sets By and Bj.

Proof of Lemma 3.1 By the approximation argument, it suffices to prove (3.1) for the
f-heat kernel Hg of any compact set with boundary €2 containing By and B». In fact,
let ©2; be a sequence of compact exhaustion of M such that Q; C Q;41andU;Q2; = M.
If we prove (3.1) for the f-heat kernel Hg, for any i, then the lemma follows by letting
i — oo and observing that A1 (£2;) — A1(M), where A1(£2;) > O is the first Dirichlet
eigenvalue of the f-Laplacian on €2;, and A1(M) = infg,cpr A1(S2;).

We consider the function u(x, r) = e'2s121 g, with Dirichlet boundary condition:
u(x,t) = 0on 0S2. Then

/ He(x. y. Ddp(y)du(x) = / ( / Hg(x,y,r)lgldm))du(x)
By J By B Q

= / u(x, 1)dp(x)
By
1/2

< Vi(By)'/2- ( / u(x, t)dM(X)) - (32)

B
For some o > 0, we define &(x, t) = ad(x, By) — “—zzt and consider the function
J (1) :=/ u?(x, etV dp(x).
Q
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Claim: Function J(7) satisfies
J(t) < J(10) - exp(—=241(L2)(t — 10)) (3.3)
forall0 <1y <t.

This claim will be proved later. We now continue to prove Lemma 3.1. If x € By,
then &(x, 1) > ad (B3, By) — %t. Hence

J(1) = / u?(x, 1)t dp(x)
By
2
> exp (ad(Bz, By) — a—t)/ u?(x, dp(x). (3.4)
2 ) /s,

On the other hand, if x € Bp then &(x, 0) = 0. Using (3.3) and the continuity of J (¢)
att = 0T, we have

J(t) = J(0) - exp(=241(£2)1)

- / 0T dpa(x) - exp(—201 (1)
Q
= V/(B1) - exp(—201(R)0) (3.5)

Combining (3.2), (3.4) and (3.5), and choosing « = d(By, Bz)/t, we get

d*(By, Bz))

/ Hq(x, y, du(x)du(y) < Vs (B)'/?V;(B2)'/? exp (—M Q) —
B, /B, 4t

for any compact set & C M. Lemma 3.1 is proved. O

< _%|vg|2 and u; = A ru, we compute directly

Proof of the claim. Since &;
1
J (1) < 2/ uA pued dpu(x) — —/ u?ef |VEPdu(x)
Q 2 Ja
1
= —2/ |Vu|2e5du(x)—z/ u(Vu, V&)t du(x) — —/ u’e® |\ VEPPdu(x)
Q Q 2 Ja
= _2/ (uVE +2Vu)’ef du(x)
Q
= —2/ IV (uet'?) 2 du(x). (3.6)
Q
Moreover the definition of A1 (€2) implies
/ IV (et Pdpu(x) = 11 () / lue 2P du(x) = 1 (QJ ().
Q Q
Substituting this into (3.6) we get J'(r) < —211(2)J (t) and the claim is proved. O
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Now we prove the upper bounds of f-heat kernel by modifying the argument of
[12] (see also [18]).

Proof of Theorem 1.1 We denote u : (y,s) — H(x,y,s) be a f-heat kernel. Under
the assumption ¢ > r22, applying u to Proposition 2.6 with a fixed x € B,(R/2), we
have

Csec‘(,A t
sup Hix,y.s) < 2. / H(x. £ $)du(c)ds
(7,5)€0s ryVe(B2) Ji—142 JB,
CSeC(,A ,
=-———— [ H(x, ¢ s)dp() 3.7
4V¢(B2) JB,

for some s’ € (t — 1/4r3, 1), where Q5 = By (8r2) x (t —8r3,1) with 0 < § < 1/4,
and By = By(r2) C B,(R) for y € B,(R/2). Applying Proposition 2.6 and the same
argument to the positive solution

v(x,s) = | H(x,¢ s)dp(¢)
By

of the f-heat equation, for the variable x with r > rlz, we also have

c6A t
s [ mecsdne =52 [ b csdu@dueds
(X,S)Ga(; B rl Vf(Bl) 171/47'1 By /By
c5eC“A

~4vy(B) B Js,

H(E, ¢, s"du@)dp&) (3.8)

forsomes” € (t—1/4r?, 1), where Q5 = By (8r1) x (t—8r?, 1) with0 < § < 1/4,and
By = B, (r1) C B,(R) for x € B,(R/2). Now letting ri = rp, = A/t and combining
(3.7) with (3.8), the f-heat kernel satisfies

(C5€C6A)2

H L, Y, <"
(5.0 = Vi(B1)Vy(B2)

- / HE ¢ Y dp@du)  (3.9)
B J B

for all x,y € B,(R/2) and 0 < ¢t < R?/4. Using Lemma 3.1 and noticing that
s" € (%t, 1), (3.9) becomes

(c5e61)? 3 d*(Bi, By)
H ey PPl L2
() = TV (B () Xexp( R 4 )

(3.10)

for all x,y € B,(R/2) and 0 < t < R?/4. Notice that if d(x, y) < 24/7, then
d(Bx(\/1), By(v/1)) = 0 and hence

_PBWH,B,WD) _ B RC)
4t 4t
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and if d(x, y) > 2+/1, then d(By(\/1), By(y/1)) = d(x, y) — 24/, and hence

BN By(WD) [y =2V d@y)

c
41 41 S T Iiter TCO@

for some constant C(¢), where € > 0, and if ¢ — 0, then the constant C(¢) — oo.
Therefore, by (3.10) we have

H(x,y,1) < er(n, e X ex (—51\ t— M) (3.11)
U=V BB, T TP T T aarad)

forall x,y € By(AR) and 0 < r < R?/4. Recall that by Lemma 2.2

d , n
V(B (VD) < ¢* (% 4 1) Vi (By(WD)

forallx,y € BO(%R) and 0 < t < R?/4. Therefore we get

c1(n, €)e@etDA 1 d(x, y) 2 3 d*(x,y)
Hey 0 == o (I ( Vi +1) XeXp(_ZW_M)

forallx,y € By(}R) and 0 <t < R?/4. O

4 L}-Liouville theorem

In this section, we will prove L' -Liouville theorem on complete noncompact smooth
metric measure spaces by using the f-heat kernel estimates proved in Sect. 3. Our
result extends the classical L'-Liouville theorem obtained by Li [17] and the weighted
versions proved by Li [20] and the first author [31].

We start from a useful lemma.

Lemma 4.1 Under the same assumption as in Theorem 1.5, then the complete smooth
metric measure space (M, g, e~/ dv) is stochastically complete, i.e.,

/ H(x,y, e /dv(y) = 1.
M

Proof In Lemma 2.1, letting r{ = Ry = 0,7, = 1, R, = R > land x = o, if
|f1(x) < ar?(x) + b, then

Vi(Bo(R)) < C(n, b)R"e K

for all R > 1. Hence

/oo R R “.1)
1 log V¢ (B,(R))
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By Grigor’yan’s Theorem 3.13 in [14], this implies that the smooth metric measure
space (M, g, e fd v) is stochastically complete. O

Now we prove Theorem 1.5 following the arguments of Li in [17]. We first prove
the following integration by parts formula.

Theorem 4.2 Under the same assumption as in Theorem 1.5, for any nonnegative
L;-integrable f-subharmonic function u, we have

| ey outane) = [ Heynsuedne)

Proof of Theorem 4.2 Applying Green’s theorem to B,(R), we have

/ gy By DUON() / H(x,y,rmfu(y)du(y)'

Bo(R

9 9
/ —H(x,y, Hu(y)dpe r(Y) —/ H(x,y, t)—u(y)dua,ze(y)‘
3B, (R) OT 3B,(R) ar

5/ IVH|(x, y, Hu(y)dite,r(Y) +/ H(x, y, D|Vul(y)diio r (),
3B, (R) 9B, (R)

where d s g denotes the weighted area measure on d B, (R) induced by d . We shall
show that the above two boundary integrals vanish as R — oo. Without loss of
generality, we assume x € B,(R/8).

Step 1. Let u(x) be a nonnegative f-subharmonic function. Since Ricy > 0 and
| ] < ar®(x)+b., by Proposition 2.6 we get

sup u(x) < Ce*® Vi @2R) / u(dp(y), 42)
Bo(R) B,(2R)

where constants C and « depend on 7, a and b. Let ¢ (y) = ¢ (r(y)) be a nonnegative
cut-off function satisfying 0 < ¢ < 1, |[V¢| < /3 and

I on B,(R+ 1)\B,(R),

o) = [0 on By(R — 1) U (M\B,(R +2)).

Since u is f-subharmonic, by the Cauchy—Schwarz inequality we have
0< / ¢2MAfMdM =- / V(¢2u)Vud,u
M M
=— 2/ du(VoVu)du —/ &>\ Vul>du
M M

1
52/ |V¢|2u2du——/ 6 IVuldp.
M 2/
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By (4.2), we have that

VulPdp <4 / VoPuldp
M

<12 / uzdu
B,(R+2)

<12 sup wu-llullpiy,
B,(R+2)

Ceoz(R+2)2

/Bo(R+1)\Bo(R)

On the other hand, the Cauchy—Schwarz inequality implies that

12
/ Vuldy < ( / |Vu|2du) VSR + DAV (R,
Bo(R+1\B,(R) Bo(R+1D\B,y(R)

Combining the above two inequalities, we have

/ \Vuldp < C1e®® - Jull 1,0, 4.3)
Bo(R+1D\By(R)

where C; = C1(n, a, b).
Step 2. By letting € = 1 in Theorem 1.1, the f-heat kernel H (x, y, t) satisfies

¢ dx,y)  \? )
H(x’y’”fvfwxm'( Ji “) X‘“”‘P(C“R ‘T) (44

forany x,y € B,(R) and 0 < t < R2/4, where ¢3 = ¢3(n, b) and ¢4 = c4(n, a).
Together with (4.3) we get

J = / Hx, y. 0|Vul()du(y)
B, (R+1)\B,(R)

< sup H(x,y,t)- |Vuldp
YEBo(R+1)\Bo(R) Bo(R+D\Bo(R)
Callu R+14d(o, 2 R—d(0,x))

_ Colleluigo ( +1+d( x>+1) Xexp(_ﬂ+c4(1e+1)2>,
Vi (Bx (V1) Vi >t

where Cr = Ca(n, a, b).
Thus, for T sufficiently small and for all + € (0, T') there exists a fixed constant
B > 0 such that

Callull 10 (R+1+d(0,x) )g (_ N dz(o,x))
'S VB g ) ree AR rem )
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where C3 = C3z(n, a, b). Hence for all t € (0, T) and all x € M, J; tends to zero as
R tends to infinity.

Step 3. Consider the integral with respect to du,

/M¢2(y)|VH|2<x,y,r>=—2/M<H(x,y,t)w(y),qs(y)VH(x,y,t))
—/M¢2<y)H(x,y,rme(x,y,r)
1
52/ |V¢|2<y>H2(x,y,r>+§/ FOIVH(x, y. 1)
M M
—/M¢2<y)H(x,y,rme(x,y,t).
This implies

/ VHP
B, (R+1)\B,(R)

< [ FoIvHREy.D

M

54/ |V¢>|2H2—2/ P*HA H
M M

512/ H2+2/ H|AfH|
By(R+2)\B,(R—1) Bo(R+2)\B,(R—1)
1

2 2 % 2 2
512/ H—|—2(/ H) (/(AfH)). (4.5)
B,(R+2)\B,(R—1) B,(R+2)\B,(R—1) M

By Lemma 4.1, we have
/ H(x,y, t)ydu(y) =1
M
forallx € M and ¢ > 0. By (4.4) we get
Hz(x,y,t)dy, < sup Hx,y,t)

/Bo(R+2)\Bo(R—1) YEB,(R+2)\B,(R—1)

3 (R+2—d(o,x)+1)’z'

< .
~ Vi(Bi(V1) Vi

X exp [— (R—-1 —Std(o, x))2 + c4(R + 2)2i| .
(4.6)
We claim that there exists a constant C4 > 0 such that
/M(AfH)z(x, y, Ddp < %H(x,x,t). 4.7
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Because f-heat kernel on M can be obtained by taking the limit of f-heat kernels
on a compact exhaustion of M, it suffices to prove the claim for f-heat kernel on any
compact subdomain of M. Let H (x, y, t) is a f-heat kernel on a compact subdomain
Q C M, by the eigenfunction expansion, we have

o]

H(x,y.0) =D e My ()i (y),

i

where {1/; } are orthonormal basis of the space of L? functions with Dirichlet boundary

value satisfying the equation
Arvri = —Aivi.

Differentiating with respect to the variable y, we have
o0
ApH(x,y 1) =— > hie M0 ()Y (y).
i

Notice that s2e™25 < Cse* forall 0 < s < o0, therefore

o]

| @smrano) = e 3 e = Gt H
M

i

and claim (4.7) follows.
Combining (4.5), (4.6) and (4.7), we obtain

_1
IVHPdp < ColV; ' + 17V, 2 HE (x. x, 1))

R+2—d(o,x) 2
X (—«/; +1)

(R—=1—=4d(0, x))?
10z

/Bo(RH)\Bo(R)

X exp [— +c4(R + 2)2:| .

where Vy = Vf(Bx(ﬁ)). By the Cauchy—Schwarz inequality we get,

/ IVH|d
Bo(R+1)\Bo(R)

1/2
< [V(Bo(R + D)\ Vs (Bo(R)NI'? x [ / IVHIZdM}
B

o (R+1D\Bo(R)
_1
< oV} (Bo(R+ IV +17'V, P H (x,x, 1]

B n 1 2
x(%cj(o’x)+l)4xexp|: (R—1-d(0,x)) +69(R+2)2i|- (4.8)

201 2
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Therefore, by (4.2) and (4.8), by Cauchy—Schwarz inequality we have

= / IVH(x, v, 0)lu()dp(y)
B,(R+1)\B,(R)

< sup u(y) - IVH(x,y, t)|du(y)
YEBy(R+1)\By(R) Bo(R+D\Bo(R)

Crlluell 1y
- Vfl/ 2(B,(2R +2))

(R+2—d(0,x)+1)2 _(R—1—d(0,x))*
X —\/; X exp 207

_1
WV TV H 0]

+cro(R + 2)2:| ,

where Vy = Vf(Bx(ﬁ)). Similar to the case of Ji, by choosing T sufficiently small,
forall t € (0, T) and all x € M, J, also tends to zero when R tends to infinity.

Step 4. By the mean value theorem, for any R > 0 there exists R € (R, R + 1)
such that

J :=/ [H G, y, DIVul(y) + IVH|(x, y, Du()]d g 7 (y)
3B, (R)

[H(x,y,D)|Vul(y) + |[VH|(x, y, Hu(y)ldn(y)

~/B,,(R+1)\BP(R)
=Ji1+ /.

By step 2 and step 3, we know that by choosing 7" sufficiently small, for all € (0, T')
and all x € M, J tends to zero as R (and hence R) tends to infinity. Therefore we
finish the proof of Theorem 4.2 for T sufficiently small.

Step 5. Using the semigroup property of the f-heat equation,

d (e(ert)Afu) — i(esAfemfu) — B i(etAfu)
a(s +1) at ot
— eSAfetAf(Afu) — e(s+t)Aj (Afu),
we prove Theorem 4.2 for all time ¢ > 0. O

Next we prove the L} Liouville theorem, Theorem 1.5.

Proof of Theorem 1.5 Let u(x) be a nonnegative, L}-integrable and f-subharmonic
function defined on M. We define a space-time function

u(x,t)=/MH(x,y,t)u(y)du«(y)
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with initial data u(x, 0) = u(x). From Theorem 4.2, we conclude that

d 0

Eu(x,t)=/MEH(x,y,t)u(y)du(y)
= [ asHe a1 4.9)
=/MH(x,y,t)Afyu(y)du(y)20,

that is, u(x, t) is increasing in . By Lemma 4.1,

/H(x,y,t)du(y)=1

M

forall x € M and r > 0. So we have
/u(x,t)du(X)=/ / H(x,y,t)u(y)du(y)du(X)=/ u(y)dpu(y).
M MJIM M

Since u(x, t) is increasing in ¢, so u(x,t) = u(x) and hence u(x) is a nonnegative
f-harmonic function, i.e. A fu(x) = 0.
On the other hand, for any positive constant a, let us define a new function i (x) =
min{u(x), a}. Then h satisfies
0<h(x) <u(x), |Vh| <|Vu| and Agh(x) <0.

In particular, % satisfies estimates (4.2) and (4.3). Similarly we define & (x, t) and

0 0
WMM=5AHw»Mwmm

/MH(x, Y. DA h(y)du(y) < 0.

By the same argument, we have that A sh(x) = 0.

By the regularity theory of f-harmonic functions, this is impossible unless 4 = u or
h = a. Since a is arbitrary and u is nonnegative, so ¥ must be identically constant. The
theorem then follows from the fact that the absolute value of a f-harmonic function
is a nonnegative f-subharmonic function. O

5 L}-uniqueness property

For the completeness we provide a detailed proof of Theorem 1.9 following the argu-
ments of Liin [17].

Proof of Theorem 1.9 Let u(x,t) € L' be a nonnegative function satisfying the
assumption in Theorem 1.9. For € > 0, let u.(x) = u(x, €). Define
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B (x) = /M Hx, v, Due ()di(y) 5.1)

and
Fo(x, 1) = min{0, u(x, 1 + €) — 2 uc(x)}.
Then F¢(x, t) is nonnegative and satisfies

lim Fe(x,1) =0 and (3, — Ay)Fe(x,1) <0.
t—0
Let T > 0 be fixed. Let h(x) = fOT Fc(x, t)dt, which satisfies

T
A ph(x) =/ ArFe(x,t)dt
0
T
> / 0 Fc(x,t)dt = Fe(x,T) > 0. 5.2)
0

Moreover,

T
/h(x)du:/ /Fe(x,t)d,udt
M 0o Jm

T
5/ /Iu(x,t+6)—e’Afue(x)ldudt
0 M

T T
< / / u(x,t + e)dudt +/ / "X uc(x)dpdt < oo,
0 M 0 M

where the first term on the right hand side is finite from our assumption, and the
second term is finite because ¢’2/ is a contractive semigroup in L;. Therefore, h(x)

is a nonnegative L;—integrable f-subharmonic function. By Theorem 1.5, & (x) must
be constant. Combining with (5.2) we have F.(x, t) = 0. Hence F.(x, T) = 0 for all
x € M and T > 0, which implies

e uc(x) > ulx, 1 + €). (5.3)

Next we estimate the function e’/ u¢(x) in (5.1). Applying the upper bound esti-
mate of the heat kernel H (x, y, t) and letting R = 2d(x, y) + 1, we have

, C d(x, ) 2
tAj .
e = ( NG +1)
2
X / [exp (édz(x, y) — d(;c—y)) u(y, 6)] dpu(y).
M t
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Thus there exists a sufficiently small 75 > 0 such that for all 0 < ¢ < 9, we have
lime_, 0 e'*/uc(x) = 0 by the assumption

lim u(x,e)du(x) =0.
=0 /y

Therefore by the semigroup property, we conclude that lim¢_.g e'®/u.(x) = 0
for all x € M and ¢t > 0. Combining with (5.3) we get u(x,¢) < 0. Therefore
u(x,t) =0. O
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Appendix

In the appendix we solve for the f-heat kernel of 1-dimensional steady Gaussian
soliton (R, go, e/ dx), where g is the Euclidean metric, and f = kx with k = %1.
The method is standard separation of variables. Suppose the f-heat kernel is of the
form

B v — P
Hx,y, 1) = g v (1) x exp (=== ).

For a fixed y, we get

2 — v|2
Hy = ppe 7 (w,+w'x4zy| )
t
21
o — ope- b=y x-y 1
= e (¢>xx+¢ b ¢>2t).

So H; = Hy, — fH, implies

o e _
¢>(1/ff+w'x y') w(¢xx+¢'x W2 y—f)

412 472 t 2t

—kw(¢x—¢x;y).

That is,

1/ft_¢xx—k¢x_x—y_2¢x—k¢_i

v ¢ 2t ) 2
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Therefore

brex — ky _c, 2oy — kp)(x — y) — 0 ﬂ:cl—ﬂ

0] ) v 2t

From above, their solutions are
1
¢ = C3e?™,
1
Y =Cq—e ",
Jt
where C1, C», C3, C4 are constants.

By the initial condition lim, o u(x, t) = 87,y (x) we get p(y) = e%ky, and C3C4 =
—L_ Therefore the f-heat kernel is

2JT
e /4 Ix — y|?
Hx,y,t) = ——>— xexp|l —— ) .
T

It is easy to check that fR H(x,y, e~ f®dx = 1, which confirms the stochastic
completeness proved in Lemma 4.1. O
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