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Abstract Let C be two times continuously differentiable curve in R? with at least one
point at which the curvature is non-zero. For any i, j > O withi+ j = 1, let Bad(i, ;)
denote the set of points (x, y) € R? for which max{||gx||'/?, lgy|I'/7} > ¢/q for all
q € N. Here ¢ = c(x, y) is a positive constant. Our main result implies that any finite
intersection of such sets with C has full Hausdorff dimension. This provides a solution
to a problem of Davenport dating back to the sixties.

Mathematics Subject Classification (2000) 11J83 - 11J13 - 11K60

1 Introduction

A real number x is said to be badly approximable if there exists a positive constant
c(x) such that
lgxll > c(x)g™" Vg eN.

Here and throughout || - || denotes the distance of a real number to the nearest integer.
It is well known that set Bad of badly approximable numbers is of Lebesgue measure
zero but of maximal Hausdorff dimension; i.e. dim Bad = 1. In higher dimensions
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970 D. Badziahin, S. Velani

there are various natural generalizations of Bad. Restricting our attention to the plane
IR?, given a pair of real numbers i and j such that

0<i,j<1l and i+j=1, (D

a point (x, y) € R? is said to be (i, j)-badly approximable if there exists a positive
constant c(x, y) such that

max{ lgx|I", llgyI'7} > c(x,y)qg7" ¥YqeN.

Denote by Bad (i, j) the set of (i, j)-badly approximable points in RZ. If i = 0, then
we use the convention that x!/? := 0 and so Bad(0, 1) is identified with R x Bad. That
is, Bad(0, 1) consists of points (x, y) withx € Rand y € Bad. Theroles of x and y are
reversed if j = 0. Inthe case i = j = 1/2, the set under consideration is the standard
set Bad, of simultaneously badly approximable points. It easily follows from classical
results in the theory of metric Diophantine approximation that Bad(i, j) is of (two-
dimensional) Lebesgue measure zero and it was shown in [11] that dim Bad (i, j) = 2.

1.1 The problem

Badly approximable numbers obeying various functional relations were first studied in
the works of Cassels, Davenport and Schmidt from the fifties and sixties. In particular,
Davenport [7] in 1964 proved that for any n > 2 there is a continuum set of @ € R such
that each of the numbers o, &2, ..., " are all in Bad. In the same paper, Davenport
[7, p. 52] states “Problems of a much more difficult character arise when the number
of independent parameters is less than the dimension of simultaneous approximation.
I do not know whether there is a set of o with the cardinal of the continuum such that
the pair (o, ?) is badly approximable for simultaneous approximation.” Thus, given
the parabola V5 := {(x, x?) : x € R}, Davenport is asking the question:

Is the set V>, N Bad, uncountable?

The goal of this paper is to answer this specific question for the parabola and consider
the general setup involving an arbitrary planar curve C and Bad (i, j). Without loss of
generality, we assume that C is given as a graph

Cr={kx, fx)) :x el}
for some function f defined on aninterval / C R. Itis easily seen that some restriction
on the curve is required to ensure that C N Bad (i, j) is not empty. For example, let L,

denote the vertical line parallel to the y-axis passing through the point (¢, 0) in the
(x, y)-plane. Then, it is easily verified, see [4, §1.3] for the details, that

L, NBad(i, j) = ¢
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Badly approximable points on planar curves and a problem of Davenport 971

for any o € R satisfying liminf, oo ¢'/7[lge|l = 0. Note that the lim inf under
consideration is zero if « is a Liouville number. On the other hand, if the lim inf is
strictly positive, which it is if « € Bad, then

dim(L, N Bad(, j)) = 1.

This result is much harder to prove and is at the heart of the proof of Schmidt’s Conjec-
ture recently established in [4]. The upshot of this discussion regarding vertical lines is
that to build a general, coherent theory for badly approximable points on planar curves
we need that the curve C under consideration is in some sense ‘genuinely curved’. With
this in mind, we will assume that C is two times continuously differentiable and that
there is at least one point on C at which the curvature is non-zero. We shall refer to
such a curve as a C® non-degenerate planar curve. In other words and more formally,
aplanar curve C :=Cy is C ) non-degenerate if f € C®(I) and there exits at least
one point x € I such that

f(x) #0.
For these curves, it is reasonable to suspect that
dim(C NBad(, j)) = 1.

If true, this would imply that C N Bad(i, j) is uncountable and since the parabola
V, is a C® non-degenerate planar curve we obtain a positive answer to Davenport’s
question. To the best of our knowledge, there has been no progress with Davenport’s
question to date. More generally, for planar curves (non-degenerate or not) the results
stated above for vertical lines constitute the first and essentially only contribution. The
main result proved in this paper shows that any finite intersection of Bad(i, j) sets
with a C® non-degenerate planar curve is of full dimension.

1.2 The results

Theorem 1 Let (i1, j1), ..., (ig, ji) be a finite number of pairs of real numbers sat-
isfying (1). Let C be a C® non-degenerate planar curve. Then

d
dim(m Bad(i;, j,) N c) =1.

=1

A consequence of this theorem is the following statement regarding the approxima-
tion of real numbers by algebraic numbers. As usual, the height H (o) of an algebraic
number is the maximum of the absolute values of the integer coefficients in its minimal
defining polynomial.

Corollary 1 The set of x € R for which there exists a positive constant c(x) such that
[x —a] > c(x) H(Ol)_3 Y real algebraic numbers o of degree < 2

is of full Hausdorff dimension.
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972 D. Badziahin, S. Velani

The corollary represents the ‘quadratic’ analogue of Jarnik’s classical dim Bad = 1
statement and complements the well approximable results of Baker and Schmidt [5]
and Davenport and Schmidt [8]. It also makes a contribution to Problems 24, 25 and
26 1in [6, §10.2]. To deduce the corollary from the theorem, we exploit the equivalent
dual form representation of the set Bad (i, j). A point (x, y) € Bad(i, j) if there exists
a positive constant c(x, y) such that

max{|A|", [BI'"7} |Ax — Byl > c(x,y) ¥ (A, B) € Z\{(0,0)}. (2)

Then withd = 1,i = j = 1/2 and C = ), the theorem implies that
dim {x e R : max{|A]% |B]?} [Ax — Bx2| > c(x) V (A, B) € Z2\{(0, 0)}} —1.

It can be verified that this is the statement of the corollary formulated in terms of
integer polynomials.

Straight lines are an important class of C® planar curves not covered by Theorem 1.
In view of the discussion in Sect. 1.1, this is to be expected since the conclusion of the
theorem is false for lines in general. Indeed, it is only valid for a vertical line L,, if «
satisfies the Diophantine condition lim inf,—, q'"lqa|| > 0. The following result
provides an analogous statement for non-vertical lines.

Theorem 2 Let (i1, j1), ..., (ia, ja) be a finite number of pairs of real numbers satis-
Sfying (1). Given o, B € R, let Ly g denote the line defined by the equation y = ax + .
Suppose there exists € > 0 such that

liminfqé_e lgell >0 if o :=max{min{i;, j;}:1 <t <d}>0.
q—>o0

If o = 0, suppose that § € Bad when o = 0. Then

d
dim (ﬂ Bad(;, j,) N La,ﬂ) =1

t=1

Note that when o = 0, we are considering the intersection of Bad (0, 1) := R x Bad
and/or Bad(1, 0) := Bad x R with L, g and the resultis essentially known. Wheno =
0, the intersection of Bad (0, 1) with the horizontal line Lo g given by y = B is empty
unless § € Bad in which case the full dimension statement is obvious. When« # 0, the
statement is easily verified for the intersection of Bad (0, 1) orBad(1, 0) withL, g. The
non-trivial situation corresponds to when considering Bad (0, 1) N Bad(1, 0) N Ly g.
The fact this intersection is uncountable is a simple consequence of Davenport’s result
in [7] and it is not difficult to modify Davenport’s argument to obtain the full dimension
statement.

In all likelihood Theorem 2 is best possible apart from the ¢ appearing in the
Diophantine condition on the slope « of the line. Indeed, this is the case for vertical
lines—see [4, Theorem 2]. Note that we always have that o < 1/2, so Theorem 2
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Badly approximable points on planar curves and a problem of Davenport 973

is always valid for ¢ € Bad. Also we point out that as a consequence of the Jarnik—
Besicovitch theorem, the Hausdorff dimension of the exceptional set of o for which
the conclusion of the theorem is not valid is bounded above by 2/3.

Remark 1 The proofs of Theorem 1 and Theorem 2 make use of a general Cantor
framework developed in [3]. The framework is essentially extracted from the ‘raw’
construction used in [4] to establish Schmidt’s Conjecture. It will be apparent during the
course of the proofs that constructing the right type of general Cantor setinthed = 1
case is the main substance. Adapting the construction to deal with finite intersections
is not difficult and will follow on applying the explicit ‘finite intersection’ theorem
stated in [3]. However, we point out that by utilizing the arguments in [4, §7.1] for
countable intersections it is possible to adapt the d = 1 construction to obtain the
following strengthening of the theorems.

Theorem 1’ Let (i, j;) be a countable number of pairs of real numbers satisfying (1)
and suppose that
lim inf min{i;, j:} > 0. 3)
11— 00

Let C be a C® non-degenerate planar curve. Then

dim(ﬂ Bad(i;, ji) N c) =1.

t=1

Theorem 2’ Let (i;, j;) be a countable number of pairs of real numbers satisfying (1)
and (3). Given a, B € R, let Ly g denote the line defined by the equation y = ax + B.
Suppose there exists € > 0 such that

lim infq%’enqoz” >0  where o := sup{min{i, j;} :t € N}.
g—00

Then

oo
dim (ﬂ Bad(iy. j) N La,ﬂ) =1

=1

These statements should be true without the lim inf condition (3). Indeed, without
assuming (3) the nifty argument developed by Nesharim in [10] can be exploited to
show that the countable intersection of the sets under consideration are non-empty.
Unfortunately, the argument fails to show positive dimension let alone full dimension.

Remark 2 This manuscript has taken a very long time to produce. During its slow
gestation, An [1] circulated a paper in which he shows that L, N Bad(i, j) is winning
(in the sense of Schmidt games—see [13, Chp.3]) for any vertically line L, with @ €
R satisfying the Diophantine condition lim inf,_, o g lga|l > 0. An immediate
consequence of this is that ﬂ;’i 1 Bad(i;, j;) N Ly is of full dimension as long as o
satisfies the Diophantine condition with i = sup{i, : ¢t € N}. The point is that this is a
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974 D. Badziahin, S. Velani

statement free of (3) unlike the countable intersection result obtained in [4]. In view
of An’s work it is very tempting and not at all outrageous to assert that Bad (i, j) N C
is winning at least on the part of the curve that is genuinely curved.! If true this would
imply Theorem 1’ without assuming (3). It is worth stressing that currently we do not
even know if Bad, N C is winning.

1.3 Davenport in higher dimensions: what can we expect?

For any n-tuple of nonnegative real numbers i := (i1, ..., i,) satisfying > & _, is = 1,
denote by Bad(i) the set of points (xy, ..., x,) € R” for which there exists a positive
constant ¢(x, ..., Xx;) such that
1/i1 1/in -1
max{ [[gxi |, ... llgxall 7} > clxr, ..o x0) g Vg eN.

The name of the game is to investigate the intersection of these n-dimensional badly
approximable sets with manifolds M C R". A good starting point is to consider
Davenport’s problem for arbitrary curves C in R”. To this end and without loss of
generality, we assume that C is given as a graph

G ={(fikx),.... fu¥) :x €1}

where f := (f1,..., fu) : I = R is a map defined on an interval / C R. As in the
planar case, to avoid trivial empty intersection with Bad (i) sets we assume that the
curve is genuinely curved. A curve C := C¢ C R” is said to be C" non-degenerate if
f € C™ (1) and there exists at least one point x € I such that the Wronskian

w(fl, .oy f(x) = det(fO(x))1<5,0<n # 0.

In the planar case (n = 2), this condition on the Wronskian is precisely the same as
saying that there exits at least one point on the curve at which the curvature is non-zero.
Armed with the notion of C™ non-degenerate curves, there is no reason not to believe
in the truth of the following statements.

Conjecture A Let i; := (i1;...,in) be a countable number of n-tuples of non-
negative real numbers satisfying > «_,is; = 1. LetC C R" bea C ) non-degenerate
curve. Then

dim (ﬂ Bad(i,) N c) =1.

t=1

1 Added in proof: An, Beresnevich and the second author have recently proved this winning statement. In
fact, winning within the more general inhomogeneous setup is established. A manuscript entitled ‘Badly
approximable points on planar curves and winning’ is in preparation.
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Conjecture B Leti := (iy, ..., i) be an n-tuple of non-negative real numbers sat-
isfying > 4_yis = 1. LetC CR" bea C"™ non-degenerate curve. Then Bad(i) N C
is winning on some arc of C.

Remark 3 Inview of the fact that a winning set has full dimension and that the intersec-
tion of countably many winning sets is winning, it follows that Conjecture B implies
Conjecture A.

Remark 4 Conjecture A together with known results/arguments from fractal geometry
implies the strongest version (arbitrary countable intersection plus full dimension) of
Schmidt’s Conjecture in higher dimension:

dim(ﬂ Bad(i,)) =n.

=1

In the case n = 2, this follows from An’s result mentioned above (Remark 2 in
Sect. 1.2)—see also his subsequent paper [2].

Remark 5 Given that we basically know nothing in dimension n > 2, a finite inter-
section version (including the case t = 1) of Conjecture A would be a magnificent
achievement. In all likelihood, any successful approach based on the general Cantor
framework developed in [3] as in this paper would yield Conjecture A, under the extra
assumption involving the natural analogue of the lim inf condition (3).

We now turn our attention to general manifolds M C R”". To avoid trivial empty
intersection with Bad (i) sets, we assume that the manifolds under consideration are
non-degenerate. Essentially, these are smooth sub-manifolds of R" which are suf-
ficiently curved so as to deviate from any hyperplane. Formally, a manifold M of
dimension m embedded in R” is said to be non-degenerate if it arises from a non—
degenerate map f : U — R” where U is an open subset of R” and M := f(U). The
mapf : U — R" :u— f(u) = (fi(u),..., f,(n)) is said to be non—degenerate
at u € U if there exists some / € N such that f is / times continuously differentiable
on some sufficiently small ball centered at u and the partial derivatives of f at u of
orders up to [ span R”. If there exists at least one such non-degenerate point, we shall
say that the manifold M = f(U) is non—degenerate. Note that in the case that the
manifold is a curve C, this definition is absolutely consistent with that of C being C™
non-degenerate. Also notice, that any real, connected analytic manifold not contained
in any hyperplane of R” is non—degenerate. The following are the natural versions of
Conjectures A & B for manifolds.

Conjecture C Let i; := (i1...,in) be a countable number of n-tuples of non-
negative real numbers satisfying > «_, is; = 1. Let M C R" be a non-degenerate
manifold. Then

dim(ﬂ Bad(i,) N M) = dim M.

t=1
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976 D. Badziahin, S. Velani

Conjecture D Leti := (i, ..., i,) be an n-tuple of non-negative real numbers sat-
isfying > %_ iy = 1. Let M C R" be a non-degenerate manifold. Then Bad (i) N M
is winning on some patch of M.

Remark 6 Conjecture A together with the fibering technique of Pyartly [12] should
establish Conjecture C for non-degenerate manifolds that can be foliated by non-
degenerate curves. In particular, this includes any non-degenerate analytic manifold.?

Beyond manifolds, it would be desirable to investigate Davenport’s problem within
the more general context of friendly measures [9]. We suspect that the above conjec-
tures for manifolds remain valid with M replaced by a subset X of R" that supports
a friendly measure.

2 Preliminaries

Concentrating on Theorem 1, since any subset of a planar curve C is of dimension less
than or equal to one we immediately obtain that

d
dim{ (") Bad(:. j)nC )< 1. 4)

t=1

Thus, the proof of Theorem 1 reduces to establishing the complementary lower bound
statement and as already mentioned in Sect. 1 (Remark 1) the crux is the d = 1 case.
Without loss of generality, we assume thati < j . Also, the case thati = 0 is relatively
straight forward to handle so let us assume that

0<i<j<1 and i+ j=1, Q)

Then, formally the key to establishing Theorem 1 is the following statement.

Theorem 3 Let (i, j) be a pair of real numbers satisfying (5). Let C be a C® non-
degenerate planar curve. Then

dimBad(i, j)NC > 1.

The hypothesis that C = Cy := {(x, f(x)) 1 x € I}is C ) non-degenerate implies
that there exist positive constants Cp, co > 0 so that

oo <If/x)]<Cy and co<|f'(x)|<Cy Vxel. (6)

2 Afew days before completing this paper, Victor Beresnevich communicated to us that he has established
Conjecture A under the extra assumption involving the natural analogue of (3). In turn, under this assumption,
by making use of Pyartly’s technique he has proved Conjecture C for non-degenerate analytic manifolds.
This in our opinion represents a magnificent achievement—see Remark 5.

Added in proof: V. Beresnevich: Badly approximable points on manifolds. Pre-print: arXiv:1304.0571.
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To be precise, in general we can only guarantee (6) on a sufficiently small sub-interval
Iy of 1. Nevertheless, establishing Theorem 3 for the ‘shorter’ curve C;ﬁ ={(x, f(x)):
x € Ip} corresponding to f restricted to Iy clearly implies the desired dimension result
for the curve Cy.

To simplify notation the Vinogradov symbols < and 3> will be used to indicate
an inequality with an unspecified positive multiplicative constant. Unless stated oth-
erwise, the unspecified constant will at most be dependant on i, j, Cp and cp only. If
a < banda > b we write a < b, and say that the quantities a and b are comparable.

2.1 Geometric interpretation of Bad(i, j) N C
We will work with the dual form of Bad(i, j) consisting of points (x, y) € R? satis-

fying (2). In particular, for any constant ¢ > 0, let Bad. (i, j) denote the set of points
(x,y) € R? such that

max{|A|"1,|B|"Y} |Ax — By| > ¢ V (A, B) € Z}\{(0,0)}. (7)
It is easily seen that Bad. (i, j) C Bad(i, j) and

Bad(i, j) = | Bad.(i. j).

c>0

Geometrically, given integers A, B, C with (A, B) # (0, 0) consider the line L =
L(A, B, C) defined by the equation

Ax —By+C =0.

The set Bad, (i, j) simply consists of points in the plane that avoid the

c

max{|A|'/7, |B|/i} /A2 + B2

thickening of each line L—alternatively, points in the plane that lie within any such
neighbourhood are removed. A consequence of (6) is that this thickening intersects
C in at most two closed arcs. Either of these arcs will be denoted by A(L). Let Ryg
be the collection of arcs A(L) on C arising from lines L = L(A, B, C) with integer
coefficients and (A, B) # (0, 0).

The upshot of the above analysis is that the set Bad, (i, j) N C can be described as
the set of all points on C that survive after removing the arcs A(L) € Ro. Formally,

Bad (i, )) NC = {(x, f(x)) €C : (x, f(x)) ¢ A(L) VA(L) € Ro}.
For reasons that will become apparent later, it will be convenient to remove all but

finitely many arcs. With this in mind, let S be a finite sub-collection of R and consider
the set
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978 D. Badziahin, S. Velani

Bad. s(i, )) NC = {(x, f(x)) €C : (x, f(x)) ¢ A(L) VA(L) € Ro\S}.

Clearly, since we are removing fewer arcs Bad, s(i, j) D Bad.(i, j). On the other
hand,

S:={(, fx))eC : Ax — Bf(x)+ C =0 for some L(A, B, C) with A(L) € S}
is a finite set of points and it is easily verified that
Bad, s(i, j) NC C (Bad.(i, j)NC)U S.
Since dim S = 0 for any finite set S of points, Theorem 3 will follow on showing that
dimBad, s(i, j)NC—1 as c¢— 0. ()

In Sect. 2.2.1 we will specify exactly the finite collection of arcs S that are not to
be removed and put R := Ro\S for this choice of S.

Remark 7 Without loss of generality, when considering lines L = L(A, B, C) we
will assume that
(A,B,C)=1.

Otherwise we can divide the coefficients of L by their common divisor. Then the
resulting line L’ will satisfy the required conditions and moreover A(L') 2 A(L).
Therefore, removing the arc A(L’) from C takes care of removing A(L).

2.1.1 Working with the projection of Bad, s(i, j) N C

Recall that C = Cy := {(x, f(x)) : x € I} where I C R is an interval. Let
Badfs(i, Jj) denote the set of x € I such that (x, f(x)) € Bad. s(i, j) N C. In

other words Badf s, j) is the orthogonal projection of Bad, s(i, j) N C onto the
x-axis. Now notice that in view of (6) the function f is Lipschitz; i.e. for some A > 1

lfx) — fFODI < Alx —x'| Vx,x" el

Thus, the sets Bad‘z s(i, j)andBad, s(i, j) NC are related by a bi-Lipschitz map and
o)

dimBad,. s(i, j) N C = dim Bad/ @, j).
Hence establishing (8) is equivalent to showing that

dimBad/ 4(i, j) > 1 as ¢ — 0. ©

Next observe that Bad”’ S(l J) can equivalently be written as the set of x € [ such
that x & TI(A(L)) for all A(L) € Ro\S where the interval IT(A(L)) C I is the
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orthogonal projection of the arc A(L) C C onto the x-axis. Throughout the paper,
we use the fact that the sets under consideration can be viewed either in terms of arcs
A(L) on the curve C or sub-intervals TT(A(L)) of /. In order to minimize unnecessary
and cumbersome notation, we will simply write A(L) even in the case of intervals and
always refer to A(L) as an interval. It will be clear from the context whether A(L) is
an arc on a curve or a genuine interval on R. However, we stress that by the length of
A (L) we will always mean the length of the interval IT(A(L)). In other words,

[A(L)| == [TI(A(L))].

2.2 An estimate for the size of A(L)

Given aline L = L(A, B, C), consider the function

Fr : I >R : x— Fr(x):= Ax — Bf(x) + C.

To simplify notation, if there is no risk of ambiguity we shall simply write F(x) for
Fr(x). Now given an interval A(L) = A(L(A, B, C)) let

VL(A) = min {|F;(x)[]} = min {|A - Bf'(x)]}.
x€A(L) x€A(L)

Since A(L) is closed and F, is continuous the minimum always exists. If there is no
risk of ambiguity we shall simply write Vz, for V7 (A). In short, the quantity V7, plays
a crucial role in estimating the size of A(L).

Lemma 1 There exists an absolute constant K > 1 dependent only on i, j, Co and
co such that

1/2
c c
A(L)] € K min - - , - - .
A@) Imax{lAll/’, |B|1i} -V, (max{lAll/’, |B|1/7} - IBI) ]
(10)
Proof The statement is essentially a consequence of Pyartly’s Lemma [12]: Let §, u >

0 and I C R be some interval. Let f(x) € C"(I) be function such that | f ™ (x)| > §
for all x € I. Then there exists a constant c(n) such that

wy 1/n
el s 1@l <l < cm (5)

Armed with this, the first estimate for |A(L)| follows from the fact that
c
max{|A['/1, |B|'/7}

for all x € A(L). The second makes use of the fact that

|F ()| >68:=V, and [FL(x)| < p:=

|F/ ()] = [Bf"(x)] > colBl Vx € A(L).
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980 D. Badziahin, S. Velani

Remark 8 The second term inside the minimum on the r.h.s. of (10) is absolutely
crucial. It shows that the length of A(L) can not be arbitrary large even when the
quantity V7 is small or even equal to zero. The second term is not guaranteed if the
curve is degenerate. However, for the lines (degenerate curves) L, g considered in
Theorem 2 the Diophantine condition on « guarantees that V is not too small and
hence allows us to adapt the proof of Theorem 3 to this degenerate situation.

2.2.1 Type 1 and Type 2 intervals
Consider an interval A(L) = A(L(A, B, C)) € R. Then Lemma 1 implies that
A(L) C Af(L) and  A(L) € A3(L)

where the intervals A7(L) and A3(L) have the same center as A(L) and length given

ALY = 2K ¢
P max{|AVi By - v
c 1/2
AS(L)| :=2K - - .
A2 (max{|A|1/a|B|1/f}-|B|)

We say that the interval AT(L) is of Type 1 and A3(L) is of Type 2. For obvious
reasons, we assume that B # 0 in the case of Type 2. For each type of interval we
define its height in the following way:

H(AY) = H(A, B) := ¢ '/2. v -max{|A|'/", |B|"/7};
H(A3) = H(A, B) := (max{|A|"", |B|"/} - |B])!/2.

So if A*(L) denotes an interval of either type we have that
|A*(L)] = 2Kc!? - (H (A"

Remark 9 Notice that for each positive number Hy there are only finitely many inter-
vals A% (L) of Type 2 such that H(A%) < Hp.

Recall, geometrically Bad. s(i, j) N C (resp. its projection Badf s(, J)) is the
set of points on C (resp. I) that survive after removing the intervals A(L) € Ro\S.
We now consider the corresponding subsets obtained by removing the larger intervals
A*(L). Given A(L) € Ry, the criteria for which type of interval A*(L) represents is
as follows. Let R > 2 be a large integer and A be a constant satisfying

11
)\>max|4- +’] (11)
J
Furthermore, assume that the constant ¢ > 0 satisfies
¢ < min {(8(c0 + DRI (cp + 1)COR2)*2} . (12)
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Given A(L) consider the associated Type 1 interval Aj(L). There exists a unique
d € Z such that
RY < H(AY) < R, (13)

Choose [ to be the largest integer such that
Mo < max{d, 0}. (14)
Then we choose A*(L) to be the interval A7(L) of Type 1 if
Vi > (Co + DR max{|A], | B|}.
Otherwise, we take A*(L) to be the interval A%(L) of Type 2. Formally

AX(L) if Vi > (Co+ DR 0+D max{|A], |B|}.

k o
AL = A%(L) otherwise.

15)

Remark 10 1t is easily verified that for either type of interval, we have that
H(A®) > 1.
For Type 2 intervals A%(L) this follows by definition. For Type 1 intervals A} (L)

assume that H (A1) < 1. It then follows that d < 0 and /y = 0. In turn this implies
that

H(Ay) = ¢ Y2V, max{]A|", |B|'/}
> ¢ V2(Co + DR max{|Al, | By max{|A|'/, |B|'/7}

(12) i i
> max{|Al, |B|) max{|A|'/",|B|'"/} > 1.
This contradicts our assumption and thus we must have that H(A1) > 1.
We now specify the finite sub-collection S of intervals from Ry which are not to
be removed. Let ng = ng(c, R) be the minimal positive integer satisfying
2 RN Cy > 1. (16)
Then, define S to be the collection of intervals A(L) € Ry so that A*(L) is of Type 2
and H(A*) < R¥0_ Clearly S is a finite collection of intervals—see Remark 9 above.
For this particular collection S we put

R :=Ro\S.

Armed with this criteria for choosing A*(L) given A(L) and indeed the finite
collection S we consider the set

Bad (i, ) NC:={(x, f(x) €C : (x, fX)NA(L)=¥ VAL) eR}. (17)
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Clearly,

Bad! (i, j))NC Cc Bad, s(i, j))NC
and so Theorem 3 will follow on showing (8) with Bad. s(i, j) N C replaced by
Bad’ (i, j) NC. Indeed, from this point onward we will work with set defined by (17).
In view of this and to simplify notation we shall simply redefine Bad. (i, j) N C to be
Bad (i, j)NC and write A(L) for A*(L). Just to make it absolutely clear, the intervals

A(L) := A*(L) are determined via the criteria (15) and R is the collection of such
intervals arising from lines L = L(A, B, C) apart from those associated with S. Also,

the set Bad{ (i, j) is from this point onward the orthogonal projection of the redefined
set Bad, (i, j) N C := Bad} (i, j) N C. With this in mind, the key to establishing (9),
which in turn implies (8) and therefore Theorem 3, lies in constructing a Cantor-type
subset K. (i, j) of Bad{ (i, j) such that

dimK.({,j)—>1 as ¢—0.

3 Cantor sets and applications

The proof of Theorem 1 and indeed Theorem 2 makes use of a general Cantor frame-
work developed in [3]. This is what we now describe.

3.1 A general Cantor framework

The parameters. Let [ be a closed interval in R. Let
R:=(R;) with neZxg
be a sequence of natural numbers and
r:=(rp,) with m,n€Zyy and m <n

be a two parameter sequence of non-negative real numbers.
The construction. We start by subdividing the interval I into Ry closed intervals [
of equal length and denote by Z; the collection of such intervals. Thus,

#I1=Ry and || =R, III.

Next, we remove at most rq o intervals /1 from Z; . Note that we do not specify which
intervals should be removed but just give an upper bound on the number of intervals
to be removed. Denote by 77 the resulting collection. Thus,

#1 = #11 — 10,0 (18)
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For obvious reasons, intervals in 7] will be referred to as (level one) survivors. It will
be convenient to define 7y := {Jo} with Jy := 1.

In general, for n > 0, given a collection 7, we construct a nested collection 7, +1
of closed intervals J,, 41 using the following two operations.

o Splitting procedure. We subdivide each interval J,, € 7, into R, closed sub-intervals
I,+1 of equal length and denote by 7,11 the collection of such intervals. Thus,

#Tup1 = Ry x #J,  and  |Lq| =R, ).

e Removing procedure. For each interval J, € J, we remove at most r, , intervals
I,+1 € Z,41 that lie within J,. Note that the number of intervals 7,41 removed
is allowed to vary amongst the intervals in J,. Let Z}} +1 € Zn+1 be the collection
of intervals that remain. Next, for each interval J,,_; € J,_| we remove at most
Fp—1,n intervals Iy € 7)), thatlie within J, ;. Let Ir'l’;ll C 7, , be the collection
of intervals that remain. In general, for each interval J,_; € J,—x (1 < k < n)

we remove at most r,_k , intervals [, € IZ;{‘“ that lie within J,,_. Also

we let I;‘;f C Z,’:;{‘H be the collection of intervals that remain. In particular,

Tn+1 = I,? 1 is the desired collection of (level n + 1) survivors. Thus, the total
number of intervals I, | removed during the removal procedure is at most r,, ,#.7, +

Fn—1n#Tn—1+ -+ + 10, #Jo and so
n
#Tus1 = Rty — D reat Tk (19)
k=0

Finally, having constructed the nested collections 7, of closed intervals we consider
the limit set

o0
KLR =] /.
n=1JeJ,
The set (I, R, r) will be referred to as a (I, R, r) Cantor set. For further details and
examples see [3, §2.2]. The following result ([3, Theorem 4] enables us to estimate
the Hausdorff dimension of /C(I, R, r). It is the key to establishing Theorem 1.
Theorem 4 Given KC(I, R, 1), suppose that R,, > 4 for all n € Z>( and that

n k
Z(I’nk,n H (R4_)) < % (20)

k=0 i=1

Then

dim (I, R, r) > liminf(1 — log, 2).
n—00 n
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Here we use the convention that the product term in (20) is one when £ = 0 and by
definition logg 2 :=1log2/log R,.

The next result [3, Theorem 5] enables us to show that the intersection of finitely
many sets (I, R, r;) is yet another (I, R, r) Cantor set for some appropriately chosen
r. This will enable us to establish Theorem 1.

Theorem 5 For each integer 1 < i < k, suppose we are given a set KC(I, R, r;). Then
k
(K@ R, r;)
i=1
is a (I, R, r) Cantor set where

k
r:= (Fypp) With 1y, = Zr,ﬁi)n

i=1
3.2 The applications

We wish to construct an appropriate Cantor-type set K. (i, j) C Bad{ (i, j) which fits
within the general Cantor framework of Sect. 3.1. With this in mind, let R > 2 be a
large integer and

1 ij
c; = c2R"? where w:= Z]

and the constant ¢ > 0 satisfies (12). Take an interval Jy C I of length c¢;. With
reference to Sect. 3.1 we denote by Jy := {Jo}. We establish, by induction on n, the
existence of the collection 7, of closed intervals J,, such that 7, is nested in 7,,_1;
that is, each interval J,, in 7, is contained in some interval J,,_1 in [J,—1. The length
of an interval J,, will be given by
|Jul i=c1R™",
and each interval J, will satisfy the condition
JLZ,NA(L)=¢ VL with HA) < R"". (21)

In particular we put

o0

Kei.p= U7
n=1JeJ,

By construction, we have that

K.(i, j) C Bad! (i, j)
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Now let

ijw _ (i)

2 8

and R > Ry(e)

be sufficiently large. Recall that we are assuming that j > i > 0 and so € is strictly
positive—we deal with the i = 0 case later in Sect. 5.1. Let ng = no(c, R) be the
minimal positive integer satisfying (16); i.e.

A2 RN . Cy > 1.

It will be apparent from the construction of the collections of 7, described in Sect. 5
that K. (i, j) is in fact a (Jy, R, r) Cantor set IC(Jy, R, r) with

R:=(R,) = (R,R,R,...)

and

4R'¢ if m =n;
ri=(rmn) =1 2R'""€ if m<n, n—m#ng
3R if n—m=ngy, n>3np

By definition, note that for R > R((¢) large enough we have that

& 4\* 1 R
Lhs. of (20) = ;)rn_k,n (ﬁ) 4R T < 4 = ths. of Q0.

Also note that R,, > 4 for R large enough. Then it follows via Theorem 4 that
dimBad! (i, j) > dim K. (i, j) = dim K(Jo, R, 1) > 1 — logg 2.

This is true for all R large enough (equivalently all ¢ > 0 small enough) and so on
letting R — oo we obtain that

dim Bad(i, j) N C > dim Bad (i, j) — 1.

This proves Theorem 3 modulo the construction of the collections 7, and dealing with
i = 0. Moreover, Theorem 5 implies that

d
(Bad(:, j) Ne

t=1
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contains the Cantor-type set K(Jo, R, ) with

4dR'¢ if m =n;
= Fpn) = 2dRY¢ if m <n, n—m#ng
3dR'"€ if n —m =no, n > 3np.

where

. (G?
€ = Inin .
1<r<d 8

On applying Theorem 4 to the set X(Jp, R, ¥) and letting R — oo implies that

d
dim(ﬂ Bad(i;, j) N c) > 1.

t=1

This together with the upper bound statement (4) establishes Theorem 1 modulo of
course the construction of the collections 7, and the assumption that i > 0.

4 Preliminaries for constructing .7,

In order to construct the appropriate collections 7, described in Sect. 3.2, itis necessary
to partition the collection R of intervals A(L) into various classes. The aim is to
have sufficiently good control on the parameters |A|, | B| and V; within each class.
Throughout, R > 2 is a large integer.

o Firstly we partition all Type 1 intervals A(L) € R into classes C(n) and C(n, k,1).
A Type 1 interval A(L) € C(n) if

R < H(A) < R". (22)
Furthermore, A(L) € C(n, k,l) C C(n) if

RV < H(A) < 2MIRY 0 <k < logyR, (23)

RTED(Co + Dy max{|Al, [BI} < Vi < R™(Co+ 1) max{|Al, |B]}. (24)
and A(L) ¢ A(L') forany previous A(L") € C(n’, k', I") with (n’, k') < (n, k). Here
by (n’, k') < (n, k) we mean eithern’ < norn’ =nand k' < k.

Note that since the intervals A(L) are of Type 1, it follows from (14) that [ < [y.
Moreover

(0)
VL = |A — Bf'(x0)| < |Al+ ColB| < (1 + Co) max{|Al, |B]}
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so [ is also nonnegative. Here and throughout x is the point at which |F; (x)| =
|A — Bf’(x)| attains its minimum with x € A(L). We let

log, R

Cn.ly:= ] Co.k.1D).

k=0

e Secondly we partition all Type 2 intervals A(L) € R into classes C*(n) and
C*(n, k).

A Type 2 interval A(L) € C*(n) if (22) is satisfied. Furthermore, A(L) €
C*(n, k) C C*(n) if (23) is satisfied and also A(L) ¢ A(L’) for any previous
A(L") € C*(n', k') with (n', k') < (n, k).

Note that since H(A) > 1, we have the following the complete split of R:

We now investigate the consequences of the above classes on the parameters |A|, | B|
and Vp, and introduce further subclasses to gain tighter control.

4.1 Estimates for |A|, | B| and V;, within a given class
4.1.1 Class C(n, k, ) withl > 1

Suppose A(L(A, B,C)) € C(n,k,I) for some [ > 1. By definition each of these
classes corresponds to the case that the derivative V; = |F] (xo)| satisfies (24). In
other words the derivative is essentially smaller than the expected value max{|A|, | B|}.
Now observe that the r.h.s. of (24) implies either

Co+1 Co+1 ! B Co+1
4= so0sl < Ltiare (1= D) < 0B (14 S0

R* |A]| R>
or
Co+1 Co+1 A Co+1
|A—f’(xo)B|<%|B|¢(1— ,°+ A)< ,l | <(1+,°—+k).
R | f/(x0)IR | f/(x0) B| | f/(x0)|R

Since | f/(x0)| = co > O then in both cases, for R large enough we have that
27'A| < |f'(x0)B| <2|A| or |A|x |B|. (25)

On substituting the estimate (24) for V; into the definition of the height H(A) we
obtain that
_ i+l j+ 1 i+l j+1
J

c %.|A|max{ 7 >TI}R—)»(I+1) K H(A) €72 |A|max{l—., - }R_M.
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This together with (23) and the fact that i < j, implies that

i i

23 a 23 s
=Rt < |A],|B] < Tze"“(’“) : (26)

4.1.2 Class C(n, k, 0)

By (23) and (24), we have that in this case

max{|A|, |B ' ' 2l
et LB a1, 1311y < (A < 2R
Therefore,
2kc% ﬁ
|A| < A Rn-i-)» (27)
2kc% /J?
Bl <| = R"") 9

Unfortunately these bounds for |A| and |B| are not strong enough for our purpose.
Thus, we partition the class C(n, k, 0) into the following subclasses:

1
Ci(n, k) = {A(L(A, B, C)) € Cn,k,0) = |Al > I xo)lIBI}
Ca(n, k) == {A(L(A, B,C)) € C(n,k,0) : |A| < %If’(xo)IIBI, |AIYE < | By

1 . .
C3(n, k) := {A(L(A, B, C)) € C(n, k,0) : |A] < ZIf'(x0)lIBI, |AIYE > | By,

e Subclass Ci(n, k) of C(n, k, 0). By (27) we have the following bounds for | B| and
VL:

2"0% G
|m,n«(7rm“) ) (29)

Note that this bound for | B| is stronger than (28).
e Subclass C,(n, k) of C(n, k,0). We can strengthen the bound (27) for |A| by the
following:

1 -_—
. ke s
1Al < Bl « (T"RW) . (30)
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Since |A] < %|f’(x0)||B| we have that V; =< | B|, therefore

1 L
2k 3 J+1
Vi < (—CR"“) . 31)
R
Also we get that max{|A|'/?, | B|'//} = |B|!/J which together with (23) implies that
for any two A(L{(A1, By, C1)), A(L2(Az, Bz, C2)) € Ca(n, k),
VL1 = B1 = 32 = VLZ' (32)

e Subclass C3(n, k) of C(n, k, 0). As with the previous subclass C»(n, k) we have
that

VL <|B| ¥V A(L(Az, Bz, C2)) € C3(n, k).

We partition C3(n, k) into subclasses C3(n, k, u, v) consisting of intervals A(L(A,
B, C)) € Cz(n, k) with

QPRM|BIVI < |AIMT <2V FIRMBIYY w0 AlogyR =0 =0, (33)
Then

@3) 2ktlex

j+1 . . .
IBI'T R™ < |B||AIYT = v, max{|A|VT,|1B|Iy = ¢S H(A) ‘2 R".

Therefore )
J
2kc% 7+ Juj
V=Bl <[ = R" R (34)
and .
1 -1
(33) S 2ke3 i
|A| < RMutDi|pili « (TCR") RIFTHM, (35)

We proceed with estimating the size of the parameter u. The fact that |[A| <
%| f'(x0)||B| together with (33) and (34) implies that

33) |A|VE i=i G4 G=im
w2 :B||1/f < |B|7 & RiGHD,

Therefore for large R, if C3(n, k, u, v) is nonempty then u satisfies

j—i

m <L ——-n+ 1. 36
i(1+j) (36)
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In particular, this shows that u is smaller than n if A > 1/i. Finally, it can be verified
that the inequalities given by (32) are valid for any two intervals A(L1), A(Ly) €
Cs(n,k,u,v).

4.1.3 Class C*(n, k)

By the definition (14) of [y, we have that
VL < R7(Co + 1) max{|Al, | BI}.

This corresponds to the r.h.s. of (24) with / = 1 and thus the same arguments as in
Sect. 4.1.1 can be utilized to show that (25) is satisfied. By substituting this into the
definition of the height we obtain that

H(A) = A5

which in view of (23) implies that

2k e
|A| < |B| < (E : R”) : 37)

A consequence of this estimate is that all intervals A(L) € C*(n, k) have comparable
coefficients A and B. In other words, if A(Ly), A(Ly) € C*(n, k) then

|A1] < [B1] < |B2| < [Az].

To estimate the size of V;, we make use of the fact that

—A(lp+1) a4 —d
Vi < (Co+ DR max(|A], |B]} < (Co+ DR~ max{|Al, |B|}

max{|Al, | B[}
Vi max{|A['/7, |B|'/}

(13)
< (Co + D%

This together with (12) and (37) enables us to verify that

Vi < |BI < 2t R" o (38)
LSRTEHMN) R '
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4.2 Additional subclasses C(n, k, I, m) of C(n, k, 1)

It is necessary to partition each class C(n, k, ) of Type 1 intervals A(L) into the
following subclasses to provide stronger control on V. For m € Z, let

Cn,k,l,m)
27-m=1R=M(Cy + 1) max{|A|, |B|} <V,

:[A(L(A’ B.OYeCik-D Iy, < oomRr=3(Cy+ 1y max{| Al |BI}

]. (39)

In view of (24), it is easily verified that
0<m < Xlog,R < logR.

An important consequence of introducing these subclasses is that for any two intervals
A(Ly), A(Lp) from C(n, k,l,m) withl > 1 or from C|(n, k) N C(n, k,0, m), we
have that

Vi, < Vi, and |A1] < |Az]. (40)

5 Defining the collection 7,

We describe the procedure for constructing the collections 7, (n = 0, 1, 2, ...) that
lie at the heart of the construction of the Cantor-type set K.(i, j) = K(Jo, R, r) of
Sect. 3.2. Recall that each interval J,, € 7, is to be nested in some interval J,,_{ in
Jn—1 and satisfy (21). We define 7, by induction on .

For n = 0, we trivially have that (21) is satisfied for any interval Jo C I. The point
is that H(A) > 1 and so there are no intervals A(L) satisfying the height condition
H(A) < 1. So take Jy := {Jo}. For the same reason (21) with n = 1 is trivially
satisfied for any interval J; obtained by subdividing Jy into R closed intervals of
equal length ¢; R~'. Denote by 7, the resulting collection of intervals J;.

In general, given J, satisfying (21) we wish to construct a nested collection 7,11
of intervals J,, 41 for which (21) is satisfied with n replaced by n + 1. By definition,
any interval J, in J, avoids intervals A(L) arising from lines L with height H(A)
bounded above by R”~!. Since any ‘new’ interval J, .| is to be nested in some J,, it
is enough to show that J,,41 avoids intervals A(L) arising from lines L with height
H (A) satisfying (22); that is

R" V< H(A) < R

The collection of intervals A(L) € R satisfying this height condition is precisely
the class C(n) U C*(n) introduced at the beginning of Sect. 4. In other words, it the
precisely the collection C (n) U C*(n) of intervals that come into play when attempting
to construct 7,41 from J,,. We now proceed with the construction.
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Assume that n > 1. We subdivide each J, in J, into R closed intervals 7,41 of
equal length ¢; R=""*+1 and denote by 7,4 the collection of such intervals. Thus,

i1l = R™"D and  #7,4 = R x #J,.

It is obvious that the construction of 7,4 corresponds to the splitting procedure
associated with the construction of a (I, R, r) Cantor set.

In view of the nested requirement, the collection 7,41 which we are attempting to
construct will be a sub-collection of Z,, 1. In other words, the intervals /,,;1 represent
possible candidates for J,,41. The goal now is simple—it is to remove those ‘bad’
intervals 1,41 from 7,4 | for which

Lis1 N A(L) # @ forsome A(L) € C(n) U C*(n) . 41)

The sought after collection 7,41 consists precisely of those intervals that survive.
Formally, for n > 1 we let

Tna1 = {Iys1 € Iyv1 : Iy N A(L) =0 forany A(L) € C(n) UC*(n)}.

We claim that these collections of surviving intervals satisfy the following key state-
ment. It implies that the act of removing ‘bad’ intervals from Z,, is exactly in keeping
with the removal procedure associated with the construction of a (Jp, R, r) Cantor set
with R and r as described in Sect. 3.2.

Proposition 1 Let € := (ij)?/8 and with reference to Sect. 4 let

log, R logo R
Cn,l) = U Cn, k,1),Ci(n) = U Ci(n, k),
k=0 k=0
log, R logoR Alogy R
Cin):= | J Gk and Csnowy:= | |J Ci(n.k.u.v).
k=0 k=0 v=0

Then, for R > Ro(¢) large enough the following four statements are valid.

1. For any fixed interval J,—; € J,—;, the intervals from class C(n,l) with n/) >
1 > 1 intersect no more than R'~¢ intervals In+1 € Ly with Iy C Jy—y.

2. Foranyn = 3ng where n, is defined by (16) and any fixed interval J,_p, € Jn—ng»
the intervals from class C*(n) intersect no more than RY=€ intervals Inv1 € Iny
with 1,41 C Jy—py-

3. For any fixed interval J,, € [T, the intervals from class C1(n) or Cy(n) intersect
no more than R'~¢ intervals In+1 € Ly with Iy C Jp. B

4. For any fixed interval J,—,, € Jn—u, the intervals from class C3(n, u) intersect no
more than R'™€ intervals Lns1 € Ly with Iy C Jy—y.

Remark 11 Note that in Part 1 we have that/ < n/A and in Part 2 we have that u is
bounded above by (36). So in either part we have that [, u < n for all positive values
n. Therefore the collections J,,—; and J,,—, are well defined.
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Remark 12 By definition, a planar curve C := Cy is C® non-degenerate if f €
C?(I) and there exits at least one point x € I such that f”(x) # 0. It will be
apparent during the course of establishing Proposition 1 that the condition on the
curvature is only required when considering Part 2. For the other parts only the two
times continuously differentiable condition is required. Thus, Parts 1, 3 and 4 of the
proposition remain valid even when the curve is a line. The upshot is that Proposition 1
remains valid for any C® curve for which V; is not too small and for such curves we
are able to establish the analogue of Theorem 1. We will use this observation when
proving Theorem 2.

5.1 Dealing with Bad(0, 1) N C

The construction of the collections 7, satisfying Proposition 1 requires that i > O.
However, by making use of the fact that Bad(0, 1) N C = (R x Bad) N C, the case
(i, j) = (0, 1) can be easily dealt with.

Let R > 2 be a large integer, and let

2¢R? 1
= where 0 <c¢c< — . (42)

‘- co 2R?

For a given rational number p/q(g > 1), let Ac(p/q) be the “interval” on C defined
by

A = -1 (B:I: ¢
c(p/q) [f 7 S HpD

)i| where  H(p/q) := qz.

In view of (6) the inverse function f ! is well defined. Next observe that the orthogonal
projection of A¢(p/q) onto the x-axis is contained in the interval A(p/q) centered
at the point f~!(p/q) with length

c
A =—
|1A(p/q)I wH (/D)

By analogy with Sect. 2.1.1 the set Bad{ (0, 1) can be described as the setof x € 1

such that x ¢ A(p/q) for all rationals p/q. For the sake of consistency with thei > 0
situation, for n > 0 let

Cn) = {A(p/q) © p/g€Q and R™ < H(p/q) < R”}.

Since C(n) = @ for n = 0, the following analogue of Proposition 1 allows us to deal
with the i = O case. For R > 4 and any interval J, € [J,, we have that

#Hlyp1 € Lngr  Iyy1 C Jpand A(p/g) NI, #9 for some A(p/q) € C(n)} < 3.
(43)
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In short, it allows us to construct a (Jy, R, r) Cantor subset of Badf (0, 1) with
R:=(R,)=(R,R,R,..)
and

3 ifm =n;
ri= () = 0 ifm <n.

To establish (43) we proceed as follows. First note that in view of (42), we have that

[A(p/q) <1
[In+1]

Thus, any single interval A(p/q) removes at most three intervals 7,4 from 7,4 .
Next, for any two rationals p1/q1, p2/q2 € C(n) we have that

1 1
‘fl (&) - (2)‘ > ———— > —R"> R =,
q1 q2 [f'E)lqiq2 ~ co

where £ is some number between p1/q; and p>/g». Thus, there is at most one interval
A(p/q) that can possibly intersect any given interval J, from 7. This together with
the previous fact establishes (43).

6 Forcing lines to intersect at one point

From this point onwards, all our effort is geared towards establishing Proposition 1.
Fix a generic interval J C I of length ¢]R™". Note that the position of J is not
specified and sometimes it may be more illuminating to picture J as an interval on
C. Consider all intervals A(L) from the same class (either C(n, k, I, m), C*(n, k),
Ci(n,kynC(n, k,0,m), Ca(n, k) or C3(n, k, u, v)) with A(L) N J # . The overall
aim of this section is to determine conditions on the size of ¢} so that the associated
lines L necessarily intersect at single point.

6.1 Preliminaries: estimates for F7 and F;

Let
¢y = 2Kc!? 27FR. (44)

This condition guarantees that any interval A(L) € C(n, k, 1) (or A(L) € C*(n, k))
has length smaller than |J|. Indeed,

23)
IA(L)| =2Kc'? - (H(A) ™' < 4Ke!'PR-27FRT < ).
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In this section we obtain various estimates for | Fy (x)| and |F; (x)| that are valid for
any x € J. Recall, xq is as usual the point at which | F} (x)| attains its minimum with
x € A(L).

Lemma2 LetO <m < Alog, R, [ > 0and c/l be a positive parameter such that
8CociR™" < 27"mR™M, (45)

Let J C I be an interval of length ¢|R™". Let A(L) be any interval from class
C(n, k, 1, m) such that A(L) N J # @. Then for any x € J we have |F; (x)| < Vi
and

[FrL(x)| < 51J|VL. (46)

Proof A consequence of Taylor’s formula is that

|Fi(x) = Vi| = |A=Bf'(x) = Vi =|x —xo| - | = Bf" (%)
(¢} +2Kc?R)R™™ - Comax{|A, | B|}

<
“44) /! p—n
< 2¢{R™" - Comax({|Al, | B} @7)

where X is some point between x and xo. Then by (44) and (45) together with the fact
that A(L) € C(n, k, 1, m) we get that

(391
|Fj (x) — Vi| < = - 27" 'R max{|A], |B|} < Vi

N =

In other words, |F; (x)| < V. Then

|FLO)| < [FLGe)| + [x — x| - [FL ()] < +4|J|VL

c
max{|A|!/7, | B[/}

where x| is the center of A(L) and x is some point between x and x;. However

. . 39)
cmax{|A]"", |BI"T )~ = PviHANT! < PR-RTMVE < TIVE
and as a consequence, (46) follows. O

Lemma 3 Assume | does not satisfy (45). Let J C I be an interval of length ¢{ R™".
Let A(L(A, B,C)) € C(n,k,l, m) such that A(L) N J # @. Then for any x € J we
have

|FL(x)| < 30Co|J|* max{|A[, | B]} (48)

and
|F7 (x)] < 10Co|J | max{|Al, | B|}. (49)
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Proof In view of (47) it follows that
|F[ (x)| <2c}R™"Comax{|Al|, |B|} + VL.
By (39) we have that
Ve <27"R™ max{|Al,|BI} < 8Co|J| max{|Al, |B}.
Combining these estimates gives (49).

To establish inequality (48) we use Taylor’s formula. The latter implies the existence
of some point X between x and x; such that

1 -
IFL)| < [FLe)l+ lx = xpl|lFp ()l + S — x| — Bf" (X))

(4<9) c
= max{|A['/i, |B|/i}

+20Co|J |> max{|Al, |B|} + 2Co|J |> max{|A|, | B|}.

This together with the fact that the first of the three terms on the r.h.s. is bounded above
by ¢!/2V, (H(A))~! < 8Co|J|? max{|A|, | B|} yields (48). o

The next lemma provides an estimate for F7 (x) and F; (x) in case A(L) is of Type
2.

Lemma 4 Let ¢, be a positive parameter such that
1 < Coc} and R%c < Coc)l. (50)

Let J C I beaninterval oflength ¢ R™". Let A(L) be any interval from class C*(n, k)
such that A(L) N J # (. Then for any x € J we have

|FL(x)] < 9Co|J|* max{|Al, |B]} (S

and
|F} (x)] < 3ColJ|max{|Al, |B|}. (52)

Proof As in the previous two lemmas a simple consequence of Taylor’s formula is
that there exists X between x and x¢ such that:

(38)
|F ()< Ve+Ix —xol - | = Bf"(®)] < R™"max{|A|, | B[}+2Co|J| max{|Al, | B|}
which by (50) leads to (52). For the first inequality, by Taylor’s formula we have that

|FL(x)| < +8Co|J > max{|Al, | B|} (53)

c
max{|A[/i,|B|1/7}
On the other hand by (23) we have that

H(A) = (max{|A|"7, |B|Y7}1B])!/? > R
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and so
¢ R?c|B| (0 5
. — < < ColJ Al, |B]}.
max{|A|l/, |B|/J} R2n ol J|” max{|A[, | B[}
This together with (53) yields (51) . -

6.2 Avoiding parallel lines

Consider all lines L1, Ly, . .. such that the corresponding intervals A(L1), A(L»), ...
belong to the same class and intersect J. Recall, |J| := ¢]R™". In this section, we
determine conditions on ¢} which ensure that none of the lines L; are parallel to one
another.

Remark 13 For the sake of clarity and to minimize notation, throughout the rest of
the paper we will often write Vi, V5, ... instead of Vy,,, V1, ... when there is no risk
of ambiguity.

Lemma 5 Assume that there are at least two parallel lines L1(A1, By, C1), L2(A»,

By, Cy) suchthat A(L1)NJ # Gand A(Ly)NJ # @.IfA(Ly), A(Ly) € C(n, k,l,m)
and (45) is satisfied then

c1Vimin{|Ay], |Bi[} > R". (54)
If A(Ly), A(Ly) € C(n,k,l,m) and (45) is false or A(Ly), A(Ly) € C*(n,k)

and (50) is true then
ciVIA1l|Bi| > R". (55)

Proof Assuming that L(A1, By, C1), L(A2, B2, C) are parallel implies that Ay =
tAy, By = tB1,t € Q. Without loss of generality, assume that || < 1. This implies
that |[A1| > |A2| and |B1| > |B2|. Then for an arbitrary point x € J, we have

[tC1 — Caf = |tFL,(x) — FL,(x)]. (56)

The denominator of ¢ divides both A; and Bj so ¢ is at most min(|A1|[, | B1]). Therefore
the Lh.s. of (56) is at least (min{|A], |B1|}) .

If ¢ satisfies (45) then the conditions of Lemma 2 are true. Therefore V; < V> and

r.h.s. of (56) is at most 5|J|(V] + V) < c/1 ViR™". This together with the previous

estimate for the L.h.s. of (56) gives (54). To establish the remaining part of the lemma,
we exploit either Lemma 3 or Lemma 4 to show that

r.h.s.of (56) < |J|> max{|A1], |Bi|} = (c’lR_")2 max{|A1], |Bil]}.
This together with the previous estimate for the Lh.s. of (56) gives (55). O
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The upshot of Lemma 5 is that there are no parallel lines in the same class passing
through a generic J of length ¢ R™" if ¢ is chosen to be sufficiently small so that
(54) and (55) are violated; namely

a R" bR"

Vimin{|A1], |Bil} "~ V]A1[[B1]

where a and b are the implied positive constants associated with (54) and (55) respec-
tively.

0<c) < minI

6.3 Ensuring lines intersect at one point

Recall, our aim is to determine conditions on c/] which ensure that all lines L associated
with intervals A(L) from the same class with A(L) N J # ( intersect at one point.
We will use the following well-known fact. For i = 1, 2,3, let L;(A;, B;, C;) be a
line given by the equation A;x — B;y + C; = 0. The lines do not intersect at a single
point if and only if

A1 B C
det | A» Bo Cy | #0.
Az B3 C3

Suppose there are at least three intervals A(L1), A(L2), A(L3) from the same class
(either C(n, k, 1), Ci(n, k), Ca(n, k), C3(n, k, u, v) or C*(n, k)) that intersect J but
the corresponding lines L1, L, and L3 do not intersect at a single point. Then

A1 B C
det | A By > 1.
Az B3 C3

Choose an arbitrary pointx € J. Firstly assume that the length ¢} R™" of J satisfies (45)
and that the intervals A(L1), A(L2), A(L3) are of Type 1. Then Lemma 2 implies
that

[Fr,(x)| < |J|Vy.

The same inequalities are true for F7,(x) and Fp,(x). We write this formally as

A1 B Cy X MARY
Ay B G |- f) || MIV2
Az B3 C3 1 [J]V3

where |(x1, x2, x3)| denotes the vector (|x1], [x2[, [x3]) and (x1, x2, x3) < (y1, y2, ¥3)
means that x; < y1, x2 < y2 and x3 < y3. We shall make use of the following useful
fact that is a consequence of the triangle inequality. If two vectors x and y from R3
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satisfy |x| < |y| then for any 3 x 3 real matrix M we have |Mx| < |M]|-|y| where the
entries of |M| are the absolute values of the correspondent entries in M. On applying
this with

-1

X |J| V1 Ay B Cy
x=|fx) |, y=|lJIVa], M=| Ay B,
1 |J| V3 A3z B3 C3

and by using Cramer’s rule we obtain the following inequality for the third row:
IJ] (IVi(A2B3 — A3Bo)| + [V2(A1B3 — A3B1)| + |V3(A1By — A2 By)]) > 1.

Without loss of generality assume that the first term on the L.h.s. of this inequality is
the largest of the three terms. Then

c11Vi(A2B3 — A3By)| > R". (57)

In other words, if the lines L1, L, and L3 do not intersect at one point and (45) is true
for a given c’1 then (57) must also hold.

If (45) is not true or the intervals A(L1), A(L3), A(L3) are of Type 2 then we
apply either Lemma 3 or Lemma 4. Together with Cramer’s rule, we obtain that

|J|*(max{|A1|, |B1|}|A2B3 — A3Ba| + max{|A;|, | B2|}|A1 B3 — A3B)|
+max{|A3|, |B3|}|A1 By — A2 B1|) > 1.

Without loss of generality assume that the first of the three terms on the L.h.s. of this
inequality is the largest. Then, we obtain that

civ/Imax{|A1], |Bi[}(A2Bs — A3By)| > R". (58)

We now investigate the ramifications of the conditions (57) and (58) on specific
classes of intervals.

6.3.1 Case A(L1), A(L2), A(L3) € C(n,k,l,m),l > 1
We start by estimating the difference between 2—; and g—;. By (24) we have that

A A

2 —Al
R J
B B < +IJ|

(59
where xg1 and x( are given by V| := |A| — By f/(x01)| and V3 := |A; — Ba f'(x02)]
respectively.

o Assume that (45) is satisfied. This means that |J| < R~M . We rewrite (57) as

< A f'(xo01)
By

A
+|f/(XO1)—f/(XO2)I+‘f’(mz) - B_i

¢11ViB2 B3| > R".

B

A A3
B, 3
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Then in view of (26), (24) and (59) it follows that

ch% s
R
3i

45 i » kes [
PO = L S= .(ZTCZRA) .

Since by assumption i < j, the last inequality implies that if (57) holds then

3i

, k% Raal
¢ > R ~(2;2Rk) .

Hence, the condition

3i

1 —
i f 2ke2 o
0 < R“m-( o Rk)

will contradict the previous inequality and imply that (57) is not satisfied. Note that
similar arguments imply that if (54) holds then

2i 2i
kL [En] ) ) kL s
R < c’lR_M (2 c? Rn+x(l+1)) _ C/an—,.i—lnR—ﬁu _(2 c2 R)‘) .
R

It follows that the condition

3i

. k.1 T
¢| < R .(_2;2 R)‘) .

will contradict the previous inequality and imply that (54) is not satisfied.
The upshot is that for A satisfying (11) the following condition on ¢}

3i

2k 1 T
¢ <8R .(TCZR*) (60)

will contradict both (57) and (54). Here 6 = 4(i, j, co, Co) > O is the absolute
unspecified constant within the previous inequalities involving the Vinogradov sym-
bols. In other words, if c/] satisfies (60), then the lines L; associated with the intervals
A(L;) € C(n,k,l,m)with! > 1 such that A(L;) N J # @ intersect at a single point.
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o Assume that (45) is false. In this case R~ <« R*|J|. In view of (25) we have that
|A1| < |B1]| and inequality (58) implies that

Ci\/lBleB3|

In view of (26) and (59), it follows that to

A> Az
223 R".
5 >

B3

3i

k.5 2G+D
Rn < (cll)%R)»/Z—n/Z(zlgz RVH-)»(H-I))

which is equivalent to

i

k.4 G+ ,
R" < ¢|RM3 (ZT”RA) (R

This together with that fact that i < 1/2 and Al < n implies that

i

. k4 T
> Rfllkl.(_zlng*) RS,

By similar arguments, estimate (55) implies that

. ki — T
¢| > R .(_2;2 Rk) .

The upshot is that for A satisfying (11), we obtain a contradiction to both these upper
bound inequalities for c/1 and thus to (58) and (55), if

i

1 ——
ok o3 [N
ciSS-Rl-(TCR)‘) R75.

In other words, if ¢ satisfies (61) but not (45), then the lines L; associated with the
intervals A(L;) € C(n, k,l,m) with [ > 1 such that A(L;) N J # @ intersect at a
single point.

w>

(61)

6.3.2 Case A(L1), A(L2), A(L3) € C*(n, k)

For this class of intervals we will eventually make use of Lemma 4. With this in mind,
we assume that (50) is valid. A consequence of (50) is that R™" < |J]|. It is readily
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verified that in the case under consideration, the analogy to (59) is given by

A A

(3% 7
B B, < |JI.

<A
B, B

Then by using (37), we find that inequality (58) implies that

/ Iy 2k _i%
c R+H" . | — .
> (R)

Similarly, inequality (55) implies the same upper bound for ¢/ . Thus if ¢| satisfies the

condition .
1

. k\ T G+D
o <5 rin (2 (62)
1= R 5

we obtain a contradiction to both (58) and (55).
6.3.3 Case A(L1), A(L>), A(L3) € Ci(n, k)N C(n,k,0, m)

In view of (27) and (29), inequality (57) implies that

3i

1 =1 1
2kc2 ik 2kea
Rl’l << C/]( ; Rn+A) << C/l ; Rl’l+)u .

Hence, if c/1 satisfies the condition

ded
C
cgga.( I R*) (63)

we obtain a contradiction to (57). Note that the same upper bound inequality for ¢}
will also contradict (54).

For the class C;(n, k) as well as all other subclasses of C(n, k, 0), when consider
the intersection with a generic interval J of length ¢ R™" the constant ¢ will always
satisfy (45). Therefore, without loss of generality we assume that c| satisfies (45).

6.3.4 Case A(L1), A(Ly), A(L3) € Ca(n, k)

By (28), (30) and (31), inequality (57) implies that

i 2j
1 =+ 1
2kc2 RS 2kc2
Rn / Rn+k — / Rn+k .
< ( R i

Itis now easily verified that if ¢] satisfies inequality (63) then we obtain a contradiction
to (57).
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6.3.5 Case A(L1), A(Lp), A(L3) € C3(n, k,u, v)

By (34) and (35), inequality (57) implies that

i 2j
kb ONFTRT !
R < ¢ (2 - R”) R RN « (] (—2 - R”)R”—*“-/’.
R R

Hence, if c’1 satisfies the condition

we obtain a contradiction to (57). It is easily verified that if c’1 satisfies this lower
bound inequality, then we also obtain a contradiction to (54) as well.
It follows by (11) that A > 1/ and therefore the above lower bound inequality for
c} is true if
Rl*)»i
2ke2
The upshot of this section is as follows. Assume that A(Lj), A(L3), A(L3) all
intersect J and belong to the same class. Then for each class, specific conditions for

c’1 have been determined that force the corresponding lines L1, L, and L3 to intersect
at a single point. These conditions are (45), (50), (60), (61), (62), (63) and (64).

¢y <8-R"-

(64)

7 Geometrical properties of pairs (A, B)

Consider two intervals A(L1), A(Ly) € R where the associated lines L{(Aq, By, C1)
and Ly(A3, B, C») are not parallel. Denote by P the point of intersection L N L.
To begin with we investigate the relationship between P, A(L1) and A(L»).

It is easily seen that

P (P r) _ (C2Bl —C1By A1Cy — AxCy

g q A1By — A2B;" A1By — A2By

) 5 (pv r, CI) =1
Therefore

A1By — AyB1 =tq, Ci1By—CyBy=—tp, A1Cr— ACy=tr (65)

for some integer . Let x| and x; be two arbitrary points on A(L) and A(L>). Since
P € L N Ly, it follows that

p r
Aj (xl - —) - By (f(xl) - —) = Fr,(x1),
q q
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p r
A (X2 - —) - B (f(XQ) - —) = Fp,(x2).
q q

By Taylor’s formula the second equality can be written as

p r -
A (xl - ;) - B (f(xl) — 9_7) = Fp,(x2) + (x1 _XZ)Fiz(x)’
where X is some point between x| and x;. This together with the first equality gives

(A1 —Bl)_ xl_g . ( FLl(xl) )
Ay —B» fan =2 )7 \Fry(n) + 0 —x)F ) )

which on applying Cramer’s rule leads to

p Bi(FL,(x2) + (x1 — x2) F(¥)) — BoFp, (x1)

S E - det A (66)
e o AUFLy () + (1 — 32 F) () — AsFr, (x1)
fx) — i A 2 ) (67)
Here
detA = —ABy + A2B © —1q.

Now assume that both intervals A(L1) and A(L>) belong to the same class and
intersect a fixed generic interval J of length c’1 R™". Then, we exploit the fact that x{, x»
can both be taken in J.. Firstly consider the case that J satisfies (45) and A(L1), A(L»)
are of Type 1. Then by Lemma 2

Fp,(®) = Vo, Fr,(x1) K |JIVi, Fp,(x2) K |J|Vaand |x1 —x2| < |J| =R

This together with (66) and (67) implies that

B1|Vh) + | By|V, X] —
|B1|V2 |2|1>>|tI1/p|
R" <
[A1|V2 + |A2| V) lgf (x1) — 7|
> S
R" c

3

(63)

If J does not satisfy (45) and A(L1), A(L,) are of Type 1 we make use of Lemma 3
to estimate the size of Fy,(x2), F iz (x) and Fr, (x1). This together with (66) and (67)
implies that
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(IB1| max{|Az|, [B2|} + | Ba| max{|Ay], [Bi]}) _ lgx1 — p|

R2n (C/I)Z ’ 69)
(A1l max{|Az|, | B2|} + [Az| max{|Ail, [Bil}) _ lgf(x) —rl
R2n > (6/1)2 :

On making use of Lemma 4, it is easily verified that the same inequalities are valid
when A(L1), A(L») are of Type 2 and J satisfies (50).

7.1 The case P is close to C

We consider the situation when the point P = (p/q, r/q) is situated close to the curve
C. More precisely, assume that there exists at least one point (x, f(x)) € C such that,

p
x—Z

< == .
q 21

Cc 11— r
<5 ‘f(x)——
q

We show that every such point x is situated inside A(Lg) for some line L¢ passing
through P. Indeed, each line L(A, B, C) which passes through P will satisfy the
equation Ap — Br + Cq = 0. By Minkowski’s Theorem there exists an integer
non-zero solution Ag, By, Cp to this equation such that

|Aol < ¢'; |Bol <q’.

Then
_ _ p r -1
[Fro(x)| =[Aox — Bo f(x) + Col = |Ao | x — 7)) Bo | f(x) — 7 <cq
since |Ag - 5 — Bp - :7 + Cp| = 0. In other words, the point x € A(Ly).

7.2 The figure F

Consider all intervals A(L;(A;, By, C;)) from the same class (either C (n, k, [, m) with
[>1,C*(n,k),Ci(n,k)NC(n,k,0,m), Cr(n, k) or C3(n, k, u, v)) which intersect
a generic interval J of length ¢j R™". In this section we investigate the implication of
this on the coefficients of the corresponding lines L;.

In Sect. 6 we have shown that under certain conditions on ¢ all the correspond-
ing lines L; intersect at one point. Assume now that the appropriate conditions are
satisfied—this depends of course on the class of intervals under consideration. Let
P = (p/q,r/q) denote the point of intersection of the lines L,. Then the triple
(A, By, Cy) will satisfy the equation

A[p—B,r—}-th:O AI,B[,CIGZ.

Hence the points (A;, B;) € Z? lie in a lattice L with fundamental domain of area
equal to g.
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Let x; be the point of minimum of |F it (x)] on A(L;). Define

oy (P, J) == max{lgx, — pl} and (P, J) = max{lgf(x) —r[}.

Furthermore, let 71 (resp. #,) be the integer at which the maximum associated with w,
(resp. wy) is attained; i.e.

lgx, — pl = wx(P,J) and |qf(xy,) —r| = wy(P, J).
We now consider several cases.
7.2.1 Interval J satisfies (45) and intervals A(L1) are of Type 1
Assume that the interval J satisfies (45). Then on applying (68) with respect to the

pair of intervals (A(L;), A(L;,)) and (A(L;), A(Ly,)), we find that the following two
conditions are satisfied:

B, Vil + |B.V, P, J

BVl 1BVl o o __®) (70)
R Clcx(c()vc()’l? ])

A Vil + 1AV, (P, J

M 2 vy = /a))# t ;é t2 ) (71)
R" clcy(C(),CO,ly ])

where ¢, (Co, ¢, 1, j) and ¢, (Cy, co, i, j) are constants dependent only on Cy, cp, i
and j.

Firstly consider inequality (70). Since all intervals A(L;) lie in the same class
(Cn, k,l,m)withl > 1, Ci(n, k) N Cn, k,0,m), C2(n, k) or C3(n, k, u, v)), then
by either (32) or (40) we have V;, =< V;. This together with (23) substituted into (70)
gives

B VIl 1BV, 25 (B |+ BV,
= R" R H(A;, By)

X

In other words,
1
2ke2 ] |B:| + | By, |
R max{|A,|'i, |B,|'/7}

This means that all pairs (A;, B;) under consideration are situated within some figure
defined by (72) which we denote by Fy. Note that F, depends on B;, and ¢} which in
turn is defined by the point P, interval J and the class of intervals A(L;). The upshot
is that if all lines L, intersect at one point P and all intervals A(L,) intersect J then
all pairs (A;, B;), except possibly one with r = 71, lie in the set F, N L.

When considering inequality (71), similar arguments enable us to conclude that all
pairs (A;, B;), except possibly one, lie in the set F, N L where F), is the figure defined
by

vy K (72)

1
2ez AN+ 1A,
R max{|AV1, B[}

vy K (73)
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This together with the previous statement for F, implies that all pairs (A;, B;), except
possibly two, lie in the set Fx N Fy N L.

7.2.2 Interval J does not satisfy (45) and intervals A(L;) are of Type 1

Now assume that interval J does not satisfy (45). Then by applying (69) for the
pair of intervals (A(L;), A(L;,)) and (A(L;), A(Ls,)) we obtain the following two
conditions:

[ By | max{| A, | B[} + | B;| max{|A|, | By, |} ) (P, J)
5 = Oy = Tro A T t#4
R (cDex(Co, i, )
A A B A A B (P, J
[Ap, | max{|A|, | B[} + |A;| max{|A,], | z2|}2 . wy(P ) ‘40,

R Y (€)2ey(Co, iy )

which play the same role as (70) and (71) in the previous case. By similar arguments
as before, we end up with two figures F, and F y’ defined as follows:

1
2ke2 (1B + |By, 1) max{|Al, | B, 1Ay 1, | By, I}

. - - 74
Or & Rt V, max{| A, |//7, | B, |1/} 79
and .
2ker (JA] + |Ay ) max{|A|, |B;], |Anl, | By}
Oy T 1/i 1/j (75)
R+ V, max{|A,|'/1, | B, |1/}

The upshot being that when J does not satisfy (45) all pairs (A;, B;), except possibly
two, lie in the set F| N F}/, NL.

7.2.3 Intervals A(L;) are of Type 2

As usual, for Type 2 intervals we assume that (50) is satisfied. With appropriate
changes, such as the definition of H (A), the same arguments as above can be utilised
to show that all pairs (A;, B;), except possibly two, lie in the set F} N Fy* N L where
the figures Fy and FY are defined as follows:

oy K i 3] (76)
T RY max({|A, |V, | B, |V}
and o
2 |A;]
oy < (77)

R2 max{[A|'/i, |B|i}

Indeed, the calculations are somewhat simplified since for intervals of Type 2 we have
that |A;| < |A,| < |Ap|and |B;| < | By | < | By, |.
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1008 D. Badziahin, S. Velani

7.3 Restrictions to Fy N Fy in each class

We now use the specific properties of each class to reduce the size of F, N F), in each
case.

e Class C(n, k,1, m) with [ > 1 and interval J satisfies (45). Consider all inter-
vals A(L;(A;, By, Cy)) from C(n, k, [, m) such that the corresponding coordinates
(A;, By) lie within the figure F defined by (72). First of all notice that by (25) we
have |A;| < |B;|. Then by (39) we obtain that

|A]

m = 2" RM (78)
t

which together with (40) and (72) implies that

1B,| < 2et)" |A] < 2t By l<< et V, < 2kc%z—mze—“
! Ru, ’ ! Rv, Rv, ! Ru, ’

If we consider the coordinates (A,, B;) within the figure Fy defined by (73), we obtain
the analogous inequalities:

ked\ NEAN
A 7/ 2MmRM,
| ’|<<(Rvy) t<<(Rvy

Hence, it follows that all coordinates (A;, B;) € F, N Fy lie inside the box defined by

. 2kc% ch% i
|A;| < 1 := min : D Vi < A 27" R, (79)
Rv, Rvy

e Class C(n, k,[, m) with [ > 1 and interval J does not satisfy (45). Consider all
intervals A(L;(A;, By, Cy)) from C(n, k, 1, m) such that the corresponding coor-
dinates (A, B;) lie inside F[. As in previous case, (78) is valid which together
with (40) and (74) implies that

1

1 i

2ke2 2ke2 _ o

Al < (mamlww) Lo 2RI VAR R
X X

If we consider the coordinates (A;, B;) within the figure F’ ; defined by (75), we obtain
the analogous inequalities:

Oy

ch% W
[A/] < (_R : ZmRM_n) 7 |At|2_mR_M-
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Denote by 7’ the following minimum

1 1\ /]
, ) 2k+mc7 2k+mc§
n’ = min ,
oxR oyR

Then, since for intervals of Type 1 the parameter [ is always at most [y which in turn
satisfies (14), it follows that all coordinates (A;, B;) € F. N Fy’ lie inside the box
defined by

Al <0 Vil <n27" R (80)

e Class C*(n, k). Consider all intervals A(L,(A;, B, C;)) from C*(n, k) such that
the corresponding coordinates (A;, B;) € Fy N F;. A consequence of that fact that
we are considering Type 2 intervals is that |B;| < |B;,|. This together with (76)
and (77) implies that

2k Jli 22k l 22k (38)
B ; A ——|B % A IR
|B:| < (RQUX) |A/] K (R20x| t|) < R0, Vil < |Af]

and

92k i/j
A — .
i< (R2Gy)

Denote by n* the following minimum

92k 92k i/j
n* = min{ ——, (—) .
R20, Rzoy

The upshot is that all coordinates (A;, B;) € F; N Fy* lie inside the box defined by

Al <0 Vil < R (81)

e Class Ci(n, k) N C(n, k, 0, m). As mentioned in Sect. 6.3.3, for all subclasses of
C(n, k, 0), when consider the intersection with a generic interval J of length c/l R~
the constant ¢| satisfies (45). In other words, J always satisfies (45). With this in
mind, consider all intervals A(L,(A;, B;, C;)) from Cy(n, k) N C(n, k, 0, m) such
that the corresponding coordinates (A;, B;) lie within the figure Fy defined by (72).
Then, the analogue of (78) is

2" Vi = A
Although we cannot guarantee that | B;| < |B;, |, by (40) we have V; < V;, and |A;| <

|A,,| which in turn implies that max{|A,|"/7, |B,|'//} =< max{|A,, '/, | B, |'/}. So if
|B;| < |By|, it follows that
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1010 D. Badziahin, S. Velani

Bl + 1Byl B, |
max{|A, |1, |B,|V/i} — max{|A;, |1/, |B;, |17}

This together with the previously displayed equation and (72) implies that

B/ <|B 2\
|B/| < |By| K Rus .

On the other hand, if |B;,| < |B;| we straightforwardly obtain the same estimate for
| B¢|. So in both cases, we have that

b |
i PEY (Pt maBL B 2 2kt
! Ru, ’ ! Ru, Rv, = ' Ru, ’

If we consider the coordinates (A;, B;) within the figure F',, similar arguments together
with inequality (73) yield the inequalities:

1 l— 1 l—
2kez 2kez !
[A:] < (—) ;W <<( 27MRM,
Rvy Rvy

Notice that these inequalities are exactly the same as when considering ‘Class
C(n,k,l1,m) with I > 1, interval J satisfies (45)” above. The upshot is that all coor-
dinates (A;, B;) € Fy N F)y lie inside the box defined by

Al <y Vil <277 A (82)

Here 7 is as in (79) and notice that (82) is indeed equal to (79) with / = 0.

e Class Cy(n, k). In view of (32), for intervals A(L;(A;, By, Cy)) from Cy(n, k) we
have that | B;| < | By, |. Moreover, although we cannot guarantee that |A;| < |A, |, we
still have that max{|A,|"/7, | B,|'/7} =< max{|A,|"/?, |B;,|'//} and therefore one can
apply the same arguments as when considering class C1(n, k) NC (n, k, 0, m) above.
As aconsequence of (72) and (73), it follows that all coordinates (A;, B;) € FyNF),
lie inside the box defined by

A <05 B < nflt (83)

e Class C3(n, k, u, v). Consider all intervals A(L;(A;, By, C;)) from C3(n, k, u, v)
such that the corresponding coordinates (A;, B;) lie within the figure Fy. In
view of (32), we have that |A;| =< |B;| =< |B;| < |As| and (33) implies that
max{|A;|'/7, |B;|'/7} > R**|B;|'/J . This together with (72) implies that

. kL j/i
Rv)i < Bt—l//R—xu = B < 2%c2 Rl
Rv,

2kea
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and

2"0% : 2"0%
A B - RN,
|A/] < ( R | t|) < Ro.

If we consider the coordinates (A;, B;) within the figure F) defined by (73), we
obtain the analogous inequalities:

2"0% v ZkC%
A< =—— ) ; |Bl«=—— R M
Rvy Rvy

The upshot is that all coordinates (A;, B;) from Fy N Fy lie inside the box defined by

[A]l K = min —2](6% - R™Mu _zkc% v
¢ 3= Ry >\ Ruy

L (84)
JlE p—aj : ZkC% i _My ZkC% —Aj
|B;| < n3’ R™*" = min T R™TH == RTHNL

8 The finale

The aim of this section is to estimate the number of intervals A(L;) from a given class
(either C(n, k,1, m), C*(n, k), Ci(n,k) N C(n,k,0,m), Ca(n, k) or C3(n, k, u, v))
that intersect a fixed generic interval J of length ¢; R™". Roughly speaking, the idea
is to show that one of the following two situations necessarily happens:

e Allintervals A(L;) (except possibly at most two) intersect the thickening A (Lg) of
some line Lg.
e There are not ‘too many’ intervals A(L;).

As in the previous section we assume that all the corresponding lines Ly, Lo, - -
intersect at one point P = (p/q, r/q). Then the quantities w, (P, J) and wy (P, J)
are well defined and the results from Sect. 6.3 are applicable.

8.1 Point P is close to C

Assume that e o
wy(P,J) < Eq_’ and wy(P,J) < Eq_f. (85)

Then, by the definition of w, and w,, we have that for each A(L;)

c .
X — L < Eq_l_/ .

< Sg71 and ‘f(xt)—£
2 q
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1012 D. Badziahin, S. Velani

As usual, x; is the point in A(L;) at which |F 1’4 (x)] attains its minimum. In Sect. 7.1,
it was shown that this implies that all points x; lie inside A(Lg) for some line Lg. It
follows that all intervals A(L,) intersect A(Lg).

e Assume that A(Lg) has already been removed by the construction described in
Sect. 5. In other words, A(Lg) € C(ng, ko) or A(Lg) € C*(ng, ko) with (ng, ko) <
(n, k). Recall that by (ng, ko) < (n, k) we mean either np < n or ngp = n and
ko < k. Then by the definition of the classes C(n, k) and C*(n, k) each interval
A(L;) C A(Lg) can be ignored. Hence, the intervals A(L;) can in total remove at
most two intervals of length

R Kc?
2k Rn

on either side of A(Lg).
e Otherwise, by (25) the length of A(Lg) is bounded above by

R 2Kc?
2k Rn
This implies that all the intervals A(L;) together do not remove more than a single

interval AT (Lg) centered at the same point as A (Lg) but of twice the length. Hence,
the length of the removed interval is bounded above by

R 4Kc?
* R (80)

The upshot is that in either case, the total length of the intervals removed by A(L;) is
bounded above by (86).

8.2 Number of intervals A(L;) intersecting J

We investigate the case when at least one of the bounds in (85) for wy or w, is not
valid. This implies the following for the quantities v, and vy:

—i —j
Uy = /L or vy = ,L (87)
2¢1¢x(Co, i, J) 2¢1¢y(Co, 1, )
The corresponding inequalities for oy oy, are as follows:
cq_i Cq_j (88)

Ox 2 =~ ~ < Of Oy2 -
* 7 2(e))2ex (Cos iy J) Y7 2(c)) ey (Co, i, )

We now estimate the number of intervals A(L;) from the same class which intersect
J.
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A consequence of Sect. 7.2 is that when considering intervals A(L;(A;, Bt, C)
from the same class which intersect J, all except possibly at most two of the cor-
responding coordinates (A;, B;) lie in the set Fx N Fy N L or F; N F, N L, or
F¥ N F} N L—depending on the class of intervals under consideration. Note that
for any two associated lines Ljand Lo, the coordinates (A1, By), (A2, By) and (0, 0)
are not co-linear. To see this, suppose that the three points did lie on a line. Then
A1/B1 = Ay/B> and so L1 and L are parallel. However, this is impossible since the
lines L and L, intersect at the rational point P = (p/q,r/q).

Now let M be the number of intervals A(L;) from the same class intersecting J and
let F denote the convex ‘box” which covers Fx N Fy or Fy N Fy or F N Fj—depending
on the class of intervals under consideration. In view of the discussion above, it then
follows that the lattice points of interest in ' N L together with the lattice point (0, 0)
form the vertices of (M — 1) disjoint triangles lying within F. Since the area of the
fundamental domain of L is equal to ¢, the area of each of these disjoint triangles is
at least ¢ /2 and therefore we have that

%(M— 1) < area(F). (89)

We proceed to estimate M for each class separately.

e Classes C(n,k,l,m),l > 1and Ci(n,k) N C(n,k,0,m) and J satisfies (45).
By using either (79) for class C(n, k,l,m),l > 1 or (82) for class Ci(n, k) N
C(n, k, 0, m), it follows that

(87) 2% N 2k
area(F) <« n22_"’R_“ <« max 11 , 11 ~q2’2_”’R_”.
Rc2 Rc2

This combined with (89) gives the following estimate

k
2%¢)

T

Rc2

M <« max{D? D%/} .27mR™*  \where D := (90)

e Class C(n, k,l,m), | > 1 and J does not satisfy (45). By (80), it follows that

area(F) < (n)?2 "R~

2 2i/j

(88) 2k+m C/ 2 2k+m C/ 2 .

< max (11) , (11) g¥ 2R,
Rc2 Rc2

This combined with (89) gives the following estimate

N2 (N2 Al L 2Me)?
M <« max{(D")", (D)} 2™"R where D' := —. (C2Y)
Rc2
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e Class C*(n, k). By (81), it follows that

k ./ 4 k ./ 4i/j
2 p—n 2% 2¢; 2i p—n
area(F) < (n")°R™" « max =) — g R
Rc2 Rc2

This combined with (89) gives the following estimate

M < max{(D*)*, (D*)¥/i}. R where D* := ,?ilc}z 92)
e Class C>(n, k). By (83), it follows that
area(F) < n”% « max{D" DYiyq.
This combined with (89) gives the following estimate
M <« max{D'? DI}, (93)

e Class C3(n, k, u, v). By (84), it follows that

area(F) < /'R <« max {(D - R7HigHVT, (D )11} R

Auj (14i)
i

< max{DY'R="7 DRI} . 4.

This combined with (89) gives the following estimate

Auj(14i)
i

M « max{D''R~ , DViR=uiy, (94)

8.3 Number of subintervals removed by a single interval A(L)

Let ¢; := C%RH_‘O and w := ij/4 be as in (12). Consider the nested intervals J,, C
Jo—1 C Jy—o C -+ C Jo where J; € J; with 0 < k < n. Consider an interval
A(L) € C(n) N C*(n) such that A(L) N J, # @. We now estimate the number of
intervals I,,+1 € Z,4+1 such that A(L) N I,+1 # @ with 1,11 C J,. With reference
to the construction of 7,41, the desired estimate is exactly the same as the number
of intervals 1,41 € Z,,+1 which are removed by the interval A(L). By definition, the
length of any interval I,y is iR ! and the length of A(L) is 2Kc%(H(A))’1.
Thus, the number of removed intervals is bounded above by

Kc1 R , _ 2KR o5
G HB) + = Hay +2. 95)

Since R"~! < H(A) < R", the above quantity varies between 2 and [2K R~ + 2.
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8.4 Condition on / so that J,,_; satisfies (45)

Consider an interval J,_;. Recall, by definition
[ Jutl = ciR7" = (c/R") - R7".

So in this case the parameter ¢} associated with the generic interval J is equal to ¢ R!
and by the choice of ¢ it clearly satisfies (44). We now obtain a condition on [/ so
that (45) is valid when considering the intersection of intervals from C (n, k, [, m) with
Jy—1. With this in mind, on using the fact that m < Alog, R, it follows that

8C0 . ClR—n-H g R_)\.(l+1) g 2—mR—)J.
Thus, (45) is satisfied if
8Co - ciR* - RIGHD < g™,

By the choice of ¢1 and in view of (12), we have that for R sufficiently large

1
< . 96
1= 8CoR™ 96)
Therefore, (45) is satisfied for J,,_; if
1< -
A+1
Notice that this is always the case when [ = 0.
8.5 Proof of Proposition 1
Define the parameters € := %(ij)a) = %(ij)2 and
af ™ if 2k < RI-¢
fhy =1 2 ! 97
® [clRE_l if 2k > Rl-o, ©7
Consider an interval J,—; € J,—;. Cover J,_; by intervals J; 1, ..., J; 4 of length

E(k)R™™*!. Note that by the choice of ¢; and R sufficiently large the quantity
ci::E(k)R’ satisfies (44). It is easily seen that the number d of such intervals is
estimated as follows:

< k pwo—e k 1-w
[d\ZR if 28 < R 98)

d < R=¢  if 2k > Rl-o,
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8.5.1 Part 1 of Proposition 1

A consequence of Sect. 6.3 is that if ¢| = ¢; R! satisfies either (60) or (61), depending
on whether inequality (45) holds or not , then all lines L associated with intervals
A(L) € C(n,k,l, m) such that A(L) N J,—; # @ intersect at a single point. This
statement remains valid if the interval J,_; is replaced by any nested interval J; ;.

Inequality (60) is equivalent to
k.t —r
<5 (2 ¢ R*) R-1-e
R

2keh -A
€1 <6 R* or ¢
R
kb O\ N
c1 < 5,(2;2 R*) RM3 o ¢ < 8-(2;2 R*) R1-o=2/3

and inequality (61) is equivalent to
In view of (12), for R large enough both of these upper bound inequalities on c¢ are
satisfied. Thus the coordinates (A, B) associated with intervals A(L(A, B,C)) €
C(n, k,l, m) intersecting J; , where 1 < t < d, except possibly at most two, lie
within the figure F := F, N F, NLor F := F; N F; N L—depending on whether or
not J; ; satisfies (45). Moreover, note that the figure F is the same for 1 <t < d;i.e.
it is independent of 7.

If (85) is valid, then all intervals A(L) that intersect J; ; can remove at most two
intervals of total length bounded above by

D=

R 4Kc?
2k Rn

Then, it follows that the number of removed intervals 1,41 C J,—; is bounded above

1
R 4Kc2 1 K R1-© Rl-o (98)
o 2R 4).d=4 1).-d 1).-d < R'™.
(2k R |1n+1|+) ( 2k +) <<< x T ) <

99)

Otherwise, if (85) is false then the number M of intervals A(L) € C(n, k, [, m)

that intersect some J; ; (1 < ¢ < d) can be estimated by (90) if J; ; satisfies (45) and
by (91) if (45) is not satisfied. This leads to the following estimates.

e M is bounded by (90) and 2¥ < R'~®. Then

ke plte I\
M << 2—mR—)J < (RG)Z . R(Z—A)l.

2% Red
By (11), & > 2 and therefore M <« R*.
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e M is bounded by (90) and 2¢ > R!=“. Then

1 2
2k 2 Rote Rl
M << (C— 27mR7)J < (Rw+6)2‘

1

Rc2

because R > 2¥ and A > 2.
e M is bounded by (91) and 2¥ < R'~®_Then

2m R2

2kCR2+2€ RZI 4
L p@=n)l
M K (— 2k R R .

2
1 ) 2"RM < e
22kRc2
Since A > 4 by (11) and ¢ < R~27* by (12), it follows that M < R*.
e M is bounded by (91) and 2¢ > R!=®_Then

k. p2e+2w p2I\ 2
M« (u) P RM < . gm | RAEto) R0
Rc2

Again, by the choice of A and c it follows that M < R*€+®),

The upshot of the above upper bounds on M is that

(R*  if2k < R1-©

(Rw+e)4 ifzk > Rl-@ (100)

M<<’

In addition to these M intervals, we can have at most another 2d intervals—two for
each 1 < t < d corresponding to the fact that there may be up to two exceptional
intervals A(L(A, B, C)) with associated coordinates (A, B) lying outside the figure
F. By analogy with (99), these intervals remove at most R'~€ intervals I+ € Ty
with 1,11 C J—;.

On multiplying M by the number of intervals I, € Z,+1 removed by each A(L)
from C(n, k, [, m), we obtain via (95) that the total number of intervals 7,1 € 7,41
with 1,41 C J,—; removed by A(L) € C(n, k, [, m) is bounded above by

1-w

5+ 1) - (R9*

<< Rl—6+R1—(D+4€ lf 2/( <Rl—w

2K R"™¢ (23) R
2R+ (—H(A) +2) S(RY* < R+ (

H(A) 2k

2KR"™® (23) R'=e
2R1—6 + ( +2) . (Ra)+€)4 << RI—E + ( + 1) . (R6+a))4
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Since w = %i jand e = %(i J)w, in either case the number of removed intervals 7,41
is « R'7¢. Now recall that the parameters k and m can only take on a constant times
log R values. Hence, it follows that

#{Ly1 € Tyt * It © Jueg, IA(L) € C(n, 1), A(L) N Iyiy # 0} < log? R - R'™€.
For R large enough the r.h.s. is bounded above by R!~¢/2.
8.5.2 Part 2 of Proposition 1

Consider an interval J,_,, € Jn—n,, Where ng is defined by (16) and n > 3ny.
Cover J,_y, by intervals Jy 1, . .., Juy,q of length ¢(k)R~"*1"0 where ¢ (k) is defined
by (97). Notice that d satisfies (98). Also, in view of (16) it follows that ¢} := ¢(k)R
satisfies (50). Therefore, Lemma 4 is applicable to the intervals J,,, ; with 1 <t <d
and indeed is applicable to the whole interval J,,_,.

To ensure that all lines associated with A(L) € C*(n, k) such that A(L) N J,,—p, #
@ intersect at one point, we need to guarantee that (62) is satisfied for ¢} := ¢; R™.
This is indeed the case if

j 2]{ i+1
cIR™ < §. RTA" (—) . (101)

Since i < j we have that ILJH > % which together with the fact that n > 3ng implies
that (101) is true if

)
C% < S - (2_) o R—l—w
R

In view of (12), for R large enough this upper bound inequality on c is satisfied. Thus
the coordinates (A, B) of all except possibly at most two lines L(A, B, C) associated
with intervals A(L(A, B, C)) € C*(n, k) with A(L) N J,,.; # ¥ lie within the figure
F = F{NF;NL. By analogy with Part 1, if (85) is valid then the number of intervals
Iy41 C Jy—pn, removed by intervals A(L) is bounded above by R'~€. Otherwise, the
number M of intervals A(L) € C*(n, k) that intersect some J,, ; (1 < ¢ < d) with
associated coordinates (A, B) € F can be estimated by (92). Thus

2k~k 4 eNd p—n sk 1—-w
M<<( c()) Rng{(R)R if2k < R

RC% (Re+w)4R7n if 2k > Rl-o

Sincen > 1 and w 4+ € < 1/4, it follows that M < 1. Now the same arguments as in
Part 1 above can be utilized to verify that

#{L1 € Tpir : iyt C Juey, AA(L) € C*(n), A(L) N Ippy £ 9} < logR - R'€.

For R large enough the r.h.s. is bounded above by R!~¢/2.
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8.5.3 Part 3 of Proposition 1

Consider an interval J,, € J,. Cover J, by intervals Jo 1, ..., Jo,4 of length c(k) R™"
where ¢ (k) is defined by (97). As before, d satisfies (98).

First we consider intervals A(L) from class Ci(n, k) N C(n, k,0, m) such that
A(L) N J, # @. In this case, the conditions (82) on the convex ‘box’ containing the
figure F, N Fy N L and the conditions (90) on M are the same as those when dealing
with the class C(n, k, [, m) in Part 1 above. Thus, analogous arguments imply that

#{ly1 € Tuw1 : Lnp1 C Ju, IA(L) € Cr(n), A(L) N Ipyy # 0} < R

Next we consider intervals A(L) from class Ca(n, k) such that A(L) N J, # @. A
consequence of Sect. 6.3 is that if c’1 := ¢ satisfies (63), then all lines L associated
with intervals A(L) € Cy(n, k) such that A(L) N J, # @ intersect at a single point.

Inequality (63) is equivalent to
kAo \7!
s (ZCR) R
R .

1 —1
2ke2 3
c1 <6 R R or ¢

In view of (12), for R large enough this upper bound inequality on c is satisfied.
Thus the coordinates (A, B) associated with intervals A(L(A, B, C)) € Cy(n, k)
intersecting Jo ; where 1 < ¢t < d, except possibly at most two, lie within the figure
F := Fy N Fy, N L. We now follow the arguments from Part 1. If (85) is valid, then
we deduce that the total number of intervals I,,11 C J, removed by intervals A(L)
is bounded above by (99). Otherwise, the number M of intervals A(L) € Ca(n, k)
that intersect some Jo; (1 < ¢t < d) with associated coordinates (A, B) € F can be
estimated by (93). Thus, with ¢} := ¢(k) given by (97) we obtain that

=
N

ke [(ROVI if2k < R
M<K 1 X (Rs-‘rw)l/i if 2k > pl-@
Rc2 = :
It follows via (95) that the total number of intervals 1,11 € Z,4+1 with 1,11 C J,
removed by A(L) € Ca(n, k) is bounded above by
1—w

. (23) R .
+2)-(R€)1/’ < R1‘6+( % +1)~(RE)”‘

<< Rl—E+Rl—w+€/i lf 2k<Rl—w

n—w

2R+ 2R
H(A)

and

l-w
2k
<< Rl—é +R(a)+€)/i lf 2]{ > Rl—w.

2R"™® ; (23) R
2R1—E + ( +2) . (Rw+6)1/l << Rl—e + (

(petanl/i
H(B) +1) (R
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1020 D. Badziahin, S. Velani

Since w = %i jand e = %(i J)w, in either case the number of removed intervals 7,41
is « R'7¢. Hence, we obtain that

#{Ip1 € Tust ¢ Inp1 C Ju, AA(L) € Ca(n), A(L) N 14y # B} < logR- R'™€.
For R large enough the r.h.s. is bounded above by R'~</2,

8.5.4 Part 4 of Proposition 1

The proof is pretty much the same as for Parts 1-3. Consider an interval J,_, €
In—u. Cover J,_, by intervals J, 1, ..., J, 4 of length ¢(k)R™"t* where ¢(k) is
given by (97). As usual, d satisfies (98). Recall, that C3(n, k, u, v) C C(n, k,0) and
for all subclasses of C(n, k, 0) when consider the intersection with a generic interval
J of length ¢| R™" we require the constant ¢} to satisfy (45)—see Sect. 6.3.3. Thus,
to begin with we check that the interval J,,_, satisfies (45). Now, with c’1 = ¢ R*
and / = 0, together with the fact that m < A log, R, the desired inequality (45) would
hold if

8Coci R*™" < R™*.

It is easily verified that this is indeed true by making use of the inequalities (36)
and (96) concerning u and ¢ respectively.

A consequence of Sect. 6.3 is that if ¢} := ¢ R" satisfies (64), then all lines L
associated with intervals A(L) € Cs(n, k, u, v) such that A(L) N J,—, # @ intersect
at a single point. Inequality (64) is equivalent to

Rl*)\,l‘

1
2kea

R*)\.l‘*a)

1
or c2<6- ;
2kea

c1 <6

In view of (12), for R large enough this upper bound inequality on c is satisfied.
Thus the coordinates (A, B) associated withintervals A(L(A, B, C)) € C3(n, k, u, v)
intersecting J,, ; where 1 < ¢t < d, except possibly at most two, lie within the figure
F:=F.NF,NL.

We now follow the arguments from Part 1. If (85) is valid, then we deduce that
the total number of intervals 7,11 C J, removed by intervals A(L) is bounded above
by (99). Otherwise, the number M of intervals A(L) € C3(n, k, u, v) that intersect
J..+ with associated coordinates (A, B) € F can be estimated by (94). Thus, with
¢} 1= ¢(k) given by (97) we obtain that

k.t pl+ 1/ -
M < (2 Csz IERM) Re=min 52 (e g gk < gi-o
2¥Rc2
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and

1

k. pot 1/i o
M <<(2 cZR” eR“) Ru(l—min{w,kj}) < (ROTOIi jf ok > pl-o,
Rc2

Note that these are exactly the same estimates for M obtained in Part 3 above. Then
as before, we deduce that the total number of intervals I,,+1 € Z,,+1 with I,41 C J,
removed by A(L) € Cz(n, k, u, v) is bounded above by R!=¢. Hence, it follows that

#{Ins1 €Tpat = Ing1 C Jn—u,IA(L) € C3(n, u), A(L) N Iyy 0} <log? R - R' €.

For R large enough the r.h.s. is bounded above by R!~¢/2.

9 Proof of Theorem 2

The basic strategy of the proof of Theorem 1 also works for Theorem 2. The key is to
establish the analogue of Theorem 3. In this section we outline the main differences
and modifications. Let (i, j) be a pair of real numbers satisfying (5). Given a line
Ly,g : x — ax + B we have that

FL(x):=(A—Ba)x+C—BB and Vi :=|F](x)|=|A— Ba],

Thus, with in the context of Theorem 2 the quantity Vy, is independent of x. Further-
more, note that the Diophantine condition on « implies that there exists an € > 0 such
that .

VL > BT, (102)

Also, |F/(x)| = 0 and the analogue of Lemma 1 is the following statement.

Lemma 6 There exists an absolute constant K > 1 dependent only on i, j, o and B
such that

c

A(L)| < K : —.
A max{|A|'/7, B!/} -V

A consequence of the lemma is that there are only Type 1 intervals to consider.
Next note that for ¢ small enough H(A) > 1 for all intervals A(L) . Indeed

H(A) = ¢~ 2v, max{|A|V?, | BV}

Soif |A| < %|B|, then V; < B and H(A) > 1 follows immediately. Otherwise,

(102) ANV
H(A) > ¢ 1/? (%)

which is also greater than 1 for ¢ sufficiently small.
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As in the case of non-degenerate curves, we partition the intervals A(L) € R into
classes C(n, k, I) according to (23) and (24). Unfortunately, we can not guarantee that
Al < n as in the case of curves. However, we still have the bound ! < n. To see that
this is the case, suppose that / > n. Then (25) is satisfied and

Vel > R™ (|l 4+ 1) max{|Al, | B|}. (103)
By (23), we have that
RV < H(A) < R".
On combining the previous two displayed inequalities we get that
A 1/2y &5
|A — aB| < |B|T5 . (Rcl/?)TH7,

Then by choosing A and c¢ such that

A >

41 .
P and (Rcl/z)fﬁ<ing{q%—fnqan}::r (104)
qe

implies that

|A —aB| < t|B|"1 .

This contradicts the Diophantine condition imposed on o and so we must have that
[ < n.

With the above differences/changes in mind, it is possible to establish the analogue
of Proposition 1 for lines Ly, g by following the same arguments and ideas as in the case
of C® non-degenerate planar curves. The key differences in the analogous statement
for lines is that in Part 1 we have [ < n instead of Al < n and that Part 2 disappears
all together since there are no Type 2 intervals to consider. Recall, that even when
establishing Proposition 1 for curves, Part 1, 3 and 4 only use the fact that the curve
is two times differentiable—see Sect. 5 Remark 12. The analogue of Proposition 1
enables us to construct the appropriate Cantor set C(Jp, R, r) which in turn leads to
the desired analogue of Theorem 3.
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