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Abstract We prove Furuta-type bounds for the intersection forms of spin cobordisms
between homology 3-spheres. The bounds are in terms of a new numerical invariant of
homology spheres, obtained from Pin(2)-equivariant Seiberg-Witten Floer K-theory.
In the process we introduce the notion of a Floer Kg-split homology sphere; this
concept may be useful in an approach to the 11/8 conjecture.

Mathematics Subject Classification (2000) 57R58 - 57R57

1 Introduction

Let X be a smooth, oriented, spin 4-dimensional manifold. Donaldson’s diagonaliz-
ability theorem [9,10] implies that if X is closed, then X cannot have a non-trivial
definite intersection form. If X is not closed but has boundary a homology 3-sphere
Y, its intersection form is still unimodular, and Frgyshov [12] found constraints on
the definite intersection forms of such X; see also [18,31]. These constraints depend
on an invariant associated to the boundary Y and, later, various other invariants of this
type have been developed [13,14,21,23,33].

With respect to indefinite forms, the situation is less understood. If X is closed,
Matsumoto’s 11/8 conjecture [26] states that by (X) > % |o(X)|. (Here, o denotes the
signature). Since X is spin, its intersection form must be even. A unimodular, even
indefinite form (of, say, nonpositive signature) can be decomposed as

01
P(—Es)@q(l 0), p>0,q>0.
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696 C. Manolescu

For forms coming from closed spin 4-manifolds, Rokhlin’s theorem [34] implies that
p is even. Since by(X) = 8p 4+ 2¢g and p = |o(X)|/8, the 11/8 conjecture can be
rephrased as

q =3p/2. ey

An important result in this direction was obtained by Furuta [19], who proved the
inequality b>(X) > 2|0 (X)| + 2, i.e.,

gzp+1. 2)

The free coefficient 1 in the bound can sometimes be improved slightly, depending on
the value of p mod 8; see [7,37,40].

The purpose of this paper is to obtain constraints on the indefinite intersection forms
of spin four-manifolds with boundary. Although many of the results can be extended
to the setting where the boundary X = Y is a disjoint union of rational homology
spheres (equipped with spin structures), for simplicity we will focus on the case where
Y consists of either one or two integral homology 3-spheres. Then, the intersection

(1) (1)), and the parity of p is given by
the Rokhlin invariant of the boundary. (We allow here the case p < 0, and then we
interpret p(—Eg) as a direct sum of copies of the positive form Eg.) One method
to obtain constraints on the intersection form is to pick a spin 4-manifold X’ with
boundary —Y, and apply Furuta’s bound (2) to the closed manifold X Uy X’. This
method can be refined by choosing X’ to be an orbifold rather than a manifold, and
applying the orbifold version of (2) developed by Fukumoto and Furuta in [16]. We
refer to [5,8,15] for some results obtained using these methods.

In this paper we find further constraints by a different technique, based on adapting
Furuta’s proof of (2) to the setting of manifolds with boundary. (However, our proof
does not use the Adams operations, so itis in fact closer in spirit to Bryan’s modification
of Furuta’s argument [6].) Here is the first result:

form must still be of the type p(—Eg) & g (

Theorem 1 To every oriented homology 3-sphere Y we can associate an invariant
k(Y) € Z, with the following properties:

(i) The mod 2 reduction of k (Y) is the Rokhlin invariant u(Y);
(ii) Suppose that W is a smooth, spin, negative-definite cobordism from Yy to Y1, and
let by (W) denote the second Betti number of W. Then:

1
k(Y1) > k(Yo) + gbz(W)-

(iii) Suppose that W is a smooth, spin cobordism from Y to Y1, with intersection form
01
P(—Es) @ g (1 0). Then:

k(Y1) +qg=>=«y) +p—1.

Our main interest is in part (iii), but we listed properties (i) and (ii) in order to
compare k with the invariants «, 8, y constructed in [23], using Pin(2)-equivariant
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On the intersection forms of spin four-manifolds 697

Seiberg-Witten Floer homology. The invariants «, 8, y satisfy the analogues of (i)
and (ii). Property (iii) seems specific to the invariant «, which is constructed from the
Pin(2)-equivariant Seiberg-Witten Floer K-theory of Y. The use of Pin(2)-equivariant
K-theory is to be expected, because it also appeared in Furuta’s and Bryan’s proofs
of (2).

Roughly, the invariant « is defined as follows. We use the set-up from [23,24]:
Pick a metric g on Y and consider a finite dimensional approximation to the Seiberg-
Witten equations, depending on an eigenvalue cut-off v >> 0. The resulting flow has
a Conley index [,,, which is a pointed topological space with an action by the group
G = Pin(2). After changing I, by a suitable suspension if necessary, we can arrange
for the S!-fixed point set of I, to be equivalent to a complex representation sphere of
G. We then consider the reduced G-equivariant K-theory of 7. The inclusion of the
S!-fixed point set into 7, induces a map

i Ra(ly) — K3, 3)
We have a Bott isomorphism
Ro(I5) = Kg(pt) = Z[w, 2]/ (w? — 2w, wz — 2w).
We let
k(I,) = min{k > 0 | 3 x € image(t*) C Kg(pt), wx = 2Xw},

and obtain « (Y) from 2k(/,) by subtracting a correction term depending on v and g.
The invariant « (Y) can be computed explicitly in some cases. For example:

Theorem 2 (a) We have k(S3) = 0.
(b) Consider the Brieskorn spheres X (2,3, m) with gcd(m,6) = 1, oriented as
boundaries of negative definite plumbings. Then:

k(22,3 12n—1) =2, «k(Z2,3,12n—5) =1,
(22,3, 12n+1) =0, «k(Z(2,3,12n+5)) = 1.

(c) For the same Brieskorn spheres with the orientations reversed, we have

K(—32,3,12n — 1)) =0, k(=% (2,3,12n—5)) =1,
K(=32,3,12n+1) =0, «x(=3(2,3,12n+5)) = —1.

Observe that k (—Y) is not determined by « (Y). However, we can prove that k (Y) +
k(—Y) > 0. (See Proposition 3.) Furthermore, observe that for the examples appearing
in Theorem 2, the values for « coincide with those for the invariant o defined in [23].
We conjecture that k¥ # « in general; see Sect. 6 for a discussion of this.

Note also that when Yo = ¥; = S°, the bound in Theorem 1 (iii) is weaker than
Furuta’s bound (2). We can remedy this by introducing the following concept:
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698 C. Manolescu

Definition 1 We say that a homology sphere is Floer Kg-split if the image of the
map ¢* from (3) is an ideal of Z[w, z]/(w2 — 2w, wz — 2w) of the form (zk) for some
k> 0.

For example, one can show that the three-sphere S, the Brieskorn spheres
+3(2,3,12n + 1) and £X(2, 3, 12n 4 5) are all Floer K-split, but the Brieskorn
spheres of the form £X'(2, 3, 12n — 1) and =X (2, 3, 12n —5) are not Floer K g-split.
If the starting 3-manifold in a cobordism W is Floer K g-split, we can strengthen the
bound in Theorem 1 (iii):

Theorem 3 Suppose that W is a smooth, spin cobordism from Yy to Y1, with inter-

section form p(—Eg) @ g (? (1)) and g > 0. If Yy is Kg-split, then:

k(Y1) +q=xo)+p+1.
Applying this to ¥y = §3, which is Floer K -split, we obtain:

Corollary 1 Let X be a smooth, compact, spin four-manifold with boundary a homol-

ogy sphere Y. If the intersection form of X is p(—E3g) @ ¢ ((1) (])) and g > 0, then:

q>=p+1—k().

When ¥ = S3, we recover Furuta’s 10/8 Theorem (2). When ¥ = +X'(2, 3, m)
with ged(m, 6) = 1, we get specific bounds by combining Theorem 2 (ii) and (iii)
with Corollary 1. In some of these cases, the bounds given by Corollary 1 can be
obtained more easily by applying the orbifold version of Furuta’s theorem to a filling
of X. However, the bounds we get in the cases ¥ = +X(2,3,12n + 1) and ¥ =
+2(2, 3, 12n 4 5) appear to be new. We refer to Sect. 5.3 for a detailed discussion.

The techniques developed in this paper may also be of interest in studying closed
4-manifolds. Indeed, Bauer [4] proposed a strategy for proving the 11/8 conjecture (in
the simply connected case) by decomposing the 4-manifold along homology spheres.

Specifically, suppose we had a counterexample to (1), i.e., a closed, spin 4-manifold X

01

with intersection form 2r (— Eg) © ¢ ( 1 0) and ¢ < 3r. By adding copies of §% x §2,

we can assume that ¢ = 3r — 1. If 71(X) = 1, then by a theorem of Freedman and
Taylor [11] we can find a decomposition

X = X1 Uy, XoUy, ---Uy,_, X, 4

such that:

(a) Y; is an integral homology 3-sphere for all i;

(b) For 1 <i <r — 1, the manifold X; has intersection form 2(—Eg) & 3 ((1) (1));

(¢) X, has intersection form 2(—Eg) & 2 ((1) (]))
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On the intersection forms of spin four-manifolds 699

(There are several variations of this; e.g., one could ask for X to have intersection
form 2(—Eg) ® 4 (? (1)) and for X, to have intersection for 2(—Eg) & ((1) (1)), as

in [4].) If the homology spheres Y; are arbitrary, Theorem 1 (iii) is not sufficient to
preclude the existence of such decompositions. On the other hand, Theorem 3 has the
following immediate consequence:

Theorem 4 There exists no closed four-manifold X with a decomposition of the type
(4), such that all the homology spheres Y; are Floer K g-split.

In view of this result, it would be worthwhile to find topological conditions guar-
anteeing that a homology sphere is Floer K g-split.

2 Equivariant K-theory
2.1 Background

We start by reviewing a few general facts about equivariant K-theory, mostly collected
from [38]; see also [2]. We assume familiarity with ordinary K-theory, as in [1].

Let G be a compact topological group and X a compact G-space. The equivariant
K-theory of X, denoted K (X), is the Grothendieck group associated to G-equivariant
complex vector bundles on X. When X isapoint, R(G) = K¢ (pt) is the representation
ring of G. In general, K (X) is an algebra over R(G).

Fact 1 A continuous map f : X — X' induces amap f*: Kg(X') = Kg(X).

Fact 2 For every subgroup H C G, we have functorial restriction maps Kg(X) —
Ky (X).

Fact 3 If G acts freely on X, then the pull-back map K(X/G) — Kg(X) is a ring
isomorphism.

Fact 4 If G acts trivially on X, then the natural map R(G) @ K(X) — Kg(X) isan
isomorphism of R(G)-algebras.

Now suppose that X has a distinguished base point, fixed under G. We define the
reduced equivariant K -theory of X, denoted K (X), as the kernel of the restriction
map Kg(X) — Kg(pt).

Fact 5 If the action of G on X is free away from the basepoint, then the pull-back
map K(X/G) — Kg(X) is a ring isomorphism.

Fact 6 There is a natural product map Kg(X) ® Kg(X') — Kg(X A X').
If V is any real representation of G, let 2V X = V* A X denote the (reduced)

suspension of X by V. When V = nRR is a trivial representation, we simply write
"X for TRX.
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700 C. Manolescu

Fact 7 If'V is a complex representation of G, we have an equivariant Bott periodicity
isomorphism, I%G X)) = EG (ZV X). This is given by multiplication with a Bott class
by € IZG(V+), under the natural map IzG(V"') ® IZ(;(X) — IEG(Z‘VX). The Bott
isomorphism is functorial with respect to based continuous maps f : X — X'.

Fact 8 Ler V be a complex representation of G. The composition of the Bott isomor-
phism with the map K (2VX) — Kg(X) induced by the inclusion X — XV X isa
map Kg(X) = Kg(X) given by multiplication with the K-theoretic Euler class

A_1(V) = Z(—l)d[AiV] € R(G).
d

Bott periodicity for V = C = R? says that Kg(Z%X) = Kg(X). Fori € Z, we
can define the reduced K-cohomology groups of X by

Kg(X) if i is even,

ot oy | K
Ko(X) = < Kg(XX) ifiisodd.

Fact9 If A C X is a closed G-subspace (containing the base point), there is a long
exact sequence:

— KL(X Ly CA) — K5(X) — K5(A) — KGTHX LA CA) — -+ (5)
where C A denotes the cone on A.
A quick consequence of Fact 9 is:
Fact 10 If X is a wedge sum A Vv B, then fg(X) = IZ(;(A) &) IZ(;(B).

The augmentation ideal a C R(G) is defined as the kernel of the forgetful map
(augmentation homomorphism) R(G) = K¢ (pt) — K (pt) = Z. The following fact
is closely related to the Atiyah-Segal completion theorem; see [3, proof of Proposition
4.3]and [1, 3.1.6]:

Fact 11 If X is a finite, based G-CW complex and the G-action is free away from the
basepoint, then the elements of the augmentation ideal a C R(G) act nilpotently on
Ks(X) = K(X/G).

One can also define the equivariant K-groups when X is only locally compact
(see [38]), e.g., for the classifying bundle E'G. The following is a consequence of the
Atiyah-Segal completion theorem; see [3, Proposition 4.3] or [27, Section XIV.5]:

Fact 12 The ring KG(EG) = K(BG) is isomorphic to R(G)%, the completion of
R(G) at the augmentation ideal. The projection EG — pt induces a map K¢ (pt) —
KG(EG), which corresponds to the natural map from R(G) to its completion.

The following is an immediate corollary of Fact 12:
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On the intersection forms of spin four-manifolds 701

Fact 13 Let X be a compact space with a free G-action. Let Q = X /G and denote
by 7 the projection X — pt. The induced map 7* from R(G) = K¢ (pt) to K(Q) =
Kg(X) can also be described as the composition

R(G) - R(G), = K(BG) — K(Q),

where the first map is completion and the second is induced by the classifying map
Q0 — BG for X.

2.2 Pin(2)-equivariant K-theory

From now on we specialize to the group G = Pin(2). If H = C @ jC denotes the
algebra of quaternions, recall that Pin(2) can be defined as S' U jS!  H. There is a
short exact sequence

1—>Sl—>G—>Z/2—>l.

As in [23], we introduce notation for the following real representations of G:

(a) the trivial representation R;

(b) the one-dimensional sign representation R on which §' € G acts trivially and j
acts by multiplication by —1;

(c) the quaternions HI, acted on by G via left multiplication.

We also denote by C the complexification R ®r C; this is isomorphic to R2 as a
real representation.

Fact 14 [19,37] The representation ring R(G) of G = Pin(2) is generated by ¢ = [@]
and h = [HI), subject to the relations &2 =1andch = h.

It will be convenient to use the generators:
w=i1(C)=1-¢ z=rH =2—h.
We obtain:
R(G) = Z[w, z]/(w? — 2w, zw — 2w).
The augmentation homomorphism is
R(G)— 7, w,z+ 0. (6)

Therefore, the augmentation ideal of R(G) is a = (w, 2).
Observe also that restriction to the subgroup S' C G induces the map

R(G) — R(SY) =17[p,0671], (7
w0,
22— (0 +67h,
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702 C. Manolescu

where 6 is the class of the standard one-dimensional representation of S'.

3 The equivariant K-theory of spaces of type SWF

In [23, Section 2.3] we defined a class of topological spaces with a Pin(2)-action,
called spaces of type SWF. These appear naturally in the context of finite dimensional
approximation in Seiberg-Witten Floer theory; see Sect. 4 below. In [23], we found
three numerical quantities (denoted a, b, and ¢) coming from the Pin(2)-equivariant
homology of a space of type SWF. Our goal in this section is to extract another quantity,
denoted k, from the Pin(2)-equivariant K-theory of a space of type SWF.

3.1 A numerical invariant

We recall the following definition from [23, Section 2.3]:

Definition 2 Let s > 0. A space of type SWF (at level s) is a pointed, finite G-CW
complex X with the following properties:

(a) The S!'-fixed point set X5 lis G-homotopy equivalent to the sphere RHF;
(b) The action of G is free on the complement X — X s 1.

We shall focus our attention on spaces of type SWF atan even level. This is because if
s = 2tiseven,the § I_fixed point set of X is G-equivalent to the complex representation
sphere (C')™, so we can use equivariant Bott periodicity (Fact 7) to get

Ko(XS) = Ka(8°) = R(G).

We let ¢ : X5' — X denote the inclusion, and let J(X) be the ideal of R(G) with
the property that the image of the induced map t* : Kg(X) —> K¢ (XSI) is J(X) ~bt@,
where sz is the Bott class.

Lemma 1 For any space X of type SWF at an even level, there exists k > 0 such that
wk € 3(X) and ¥ € 3(X).

Proof Apply the long exact sequence (5)to A = X s! C X:
o Yop oyS! o1 st
o> Kg(X) > Kg(X° ) = Kg(X/X> ) — -

By the definition of spaces of type SWF, we know that X / X' " has a free G-action away
from the basepoint. By Fact 11, we know that the elements z, w € a act nilpotently
on KL(X/X5") = R'((x/x5")/G).

If k is such that z* and w* act by 0 on K (1; (x/x3 : ), then the exact sequence implies
that z¢ and w¥ are in J(X). O

k

In R(G) we have w? =wz =2w,sow-wk = w-zF = 2kw. In light of Lemma 1,

we can make the following:
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On the intersection forms of spin four-manifolds 703

Definition 3 Given a space X of type SWF at an even level, we let
k(X)=min{k > 0|3 x € I(X), wx =2 w}.

Let us understand how the quantity k£ behaves under suspensions. Note that if X
is a space of type SWF at level 2z, then SHX is of type SWF at the same level, and

>CX is of type SWF at level 2¢ + 2.
Lemma 2 If X is a space of type SWF at an even level, then
32Cx) =3x), IEHEX) =z-3(X),
and consequently
k(ECX) = k(X), k(ZHX) = k(X) + 1.
Proof The statements about Z‘@X follow from the fact that (ECX )SI = Z‘@(X s! ),
together with the functoriality of the Bott isomorphism (Fact 7).
To get the statements about XX, note that inclusions of subspaces produce a
commutative diagram
Ko(ZHX) —— Kg(X)
5| &
Ro((z"x0)S") —— Re(x™).
Since (Hx)S "= xS l, the bottom horizontal map is just the identity. Under the
Bott isomorphism identification Kg (X Hy ) = Kg(X), the top horizontal map is
multiplication by A_(H) = z. This implies that
3(ZHX) =z-3(X) € R(G).
If we are given x € J(X) with wx = 2kw, we get w(zx) = 2wx = 2k+1yy,

Conversely, if we have x € J(X) with w(zx) = 2%w, then 2wx = 2kw, so wx =
2%=1y. Therefore, k(X X) = k(X) + 1. O

3.2 Examples

The simplest example of a space of type SWF is S°, for which 3(S%) = (1) and
k(8% = 0. From Lemma 2 we get that

(€ oHHYT) = () and k(T @HHT) =1.

Further, observe that if X is a space of type SWF at level 27, and X' is a space with
a free G-action away from the basepoint, then the wedge sum X v X is also of type
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704 C. Manolescu

SWEF at level 2¢. The term K (X') in Kg(X V X') = Kg(X) ® Kg(X’) does not
interact with the S'-fixed point set through the map ¢*. Therefore,

JXVX)=3(X) and k(X Vv X)=k(X). ®)

Combining the observations above, we find thatif a space X decomposes as a wedge
sum of a representation sphere ((f:’ ® Hk)+ and a free G-space, then J(X) is of the
form (zk). We call such spaces split.

We now introduce the following notion, which will play an important role in the

paper:

Definition 4 A space of type SWF at an even level is called Kg-split if the ideal
J(X) C R(G) is of the form (z¥) for some k > 0.

Thus, the K-split spaces are those that are indistinguishable from split spaces in
terms of the ideal J(X).

Let us give two examples of spaces of type SWF that are not Kg-split. These
examples were also considered in [23, Section 2.4], and arise from the following
construction. Suppose that G acts freely on a finite G-CW-complex Z, and let Q =
Z /G be the respective quotient. Let

7= ([O, 1] x Z)/(O, 72) ~(0,7)and (1,2) ~ (1,7)) forall z,7 € Z
denote the unreduced suspension of Z, where G acts trivially on the [0, 1] factor. We
view Z as a pointed G-space, with one of the two cone points being the basepoint.
Then Z is of type SWF at level 0. There is a long exact sequence:

- — Kg(Z) — Kg(8") — K§(ZZy) — -

Because G acts freely on Z, we have I%(l;(ZJZQ = I%G (Z4+) = K(Q), and the above
sequence can be written

0— K'(Q) — Ro(2) -5 R(G) 2> K(Q) — RL(Z) — 0. (9)

Here, the map 7r* is the one described in Fact 13. Exactness tells us that the ideal 3(Z)
is the kernel of 7 *.

Example 1 Take Z = G, acting on itself via left multiplication, so that the quotient
Q is a single point. In the exact sequence (9), the map 7 * is the augmentation homo-
morphism R(G) — Z from (6). Therefore,

J(G) = (w,z) and k(G)=1.

Further, since K (Q) = 0, we can compute

KG(G) = (w,z) and KL(G)=0.
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On the intersection forms of spin four-manifolds 705

Example 2 Now let Z be the torus
T=S'xjs'cCojC=H,

with the G-action coming from H. The quotient is Q = S'. Since the inclusion of a
point in §! induces an isomorphism

~

K" = K(pt) =17,
we deduce that the ideal TJ(T) is the same as in the previous example, that is,
I(T) = (w,z) and k(T)=1. (10)
Further, from (9), we get that Igé(f’) = 0 and IZG (f”) is an extension of (w, z) by

K'(Q) = Z. (Here, Z is R(G)/(w, z) as an R(G)-module.)

3.3 Properties

We now turn to some general properties of the invariant k(X).

Lemma 3 Let X and X' be spaces of type SWF at even levels. Suppose that there
exists a based, G-equivariant homotopy equivalence from X" Rx 10 xRY, for some
r > 0. Then, we have J(X) = J(X') and k(X) = k(X’).

Proof By suspending the G-equivalence "X — X"®X’ with another copy of R
we can assume that r is even, so that U := rR = (r/2)C is a complex representation.
Consider the commutative diagrams

Ke(X) ——— Kg(ZUX') ——— Kc(ZVX) ——— K (X)

J | | J

IZG((X/)SI) i} EG((EUX/)SI) i} kG((EUX)Sl) i} kG((X)Sl)

Here, in each row, the first map is a Bott isomorphism, the second comes from the
G-equivalence in the hypothesis, and the third is the inverse to a Bott isomorphism.
The vertical arrows are given by restriction. Comparing the first vertical arrow to the
last we obtain the desired conclusions. m|

Lemma 4 Let X and X' be spaces of type SWF at the same even level 2t, and suppose

that f : X — X' is a G-equivariant map whose S'-fixed point set map is an G-
homotopy equivalence. Then:

k(X) < k(X)).
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706 C. Manolescu

Proof Analyzing the commutative diagram

Rex) —L Rox)
o I
Ko((x)S") —— Ra(x5h),
we see that J(X’) € J(X). This implies k(X) < k(X’). O

Lemma 5 Let X and X' be spaces of type SWF at levels 2t and 2t', respectively, such
that t < t'. Suppose that f : X — X' is a G-equivariant map whose G-fixed point
set map is a homotopy equivalence. Then:

k(X)+1t <k(X)+1.

Proof Note that the G-fixed point set of a space of type SWF is homotopy equivalent
to S°. We have commutative diagrams:

Rox) —L Rex)

o] ¢

l *
Ry L2 kxS (n

Re((X)9) —1 Ra(XO).

The bottom four groups are all isomorphic to R(G), and we identified three of the
maps with multiplications by elements of R(G) using these isomorphisms; see Facts 7
and 8. We deduce that the middle horizontal map ( f 5! )*in (11) is multiplication by
an element y € R(G) such that

/

wey=w". (12)
On the other hand, since 7 < ¢, in view of Fact 7, the map
(5 R ((X)S) > R (xS
is zero. If we apply restriction maps Kg — K g1 to the middle row in (11) (compare
Fact 2), we see that y must be mapped to 0 under the map R(G) — R(S!) given by

(7). This implies that y = cw for some ¢ € Z, and from (12) we get

Zew =cw' T = w! =21y,
g s S '
so ¢ = 2!"~=1 We deduce that (/5 )* is multiplication by 2" ~'~lw.

@ Springer



On the intersection forms of spin four-manifolds 707

Let x € J(X’) be such that wx = 2K w, where k' = k(X’). From the top diagram
in (11) we see that

(fSl)*()C) — Zt/—t—lwx — 2k’+t,—t—lw € J(X).
Since w(K ' ~1=ly) = 2K +'~1y) we get that k(X) < kK’ + 1/ — 1. o
In the presence of the K-split assumption, we can strengthen Lemma 5:

Lemma 6 Let X and X’ be spaces of type SWF at levels 2t and 2t', respectively, such
thatt < t' and X is Kg-split. Suppose that f : X — X' is a G-equivariant map
whose G-fixed point set map is a homotopy equivalence. Then:

kX)4+t4+1<k(X)+1.

Proof Since X is Kg-split, we must have J(X) = (z%) where k = k(X). The
only modification is now in the last step of the proof of Lemma 5. We know that
K+ ==y, € 3(X). An arbitrary element of J(X) is of the form z¥(Aw + P(z)) =
22Kw 4 7K P(z), where A € Z and P is a polynomial in z. For such an element to be a
multiple of w we must have P(z) = 0. We get that 28 +'~/~1y = A2k, and hence
K+t —t—1>k. ]

Finally, we mention the behavior of k under equivariant Spanier-Whitehead duality.
Let V be a finite dimensional representation of G. Recall from [27, Section X VI1.8] that
two pointed, finite G-spaces X and X’ are equivariantly V -dual if there exist G-maps
e:X'AX — Vtandn: VT — X A X’ such that the following two diagrams are
stably homotopy commutative:

nAid id An
VIAX—XAX' AX XAVE—X'AXAX
id ne 14 enid
XAVt VIAX ——= VI AX,
rAid
where r : VT — V7 is the sign map, r(v) = —v, and y are the transpositions.

Lemma 7 Let X and X' be spaces of type SWEF at levels 2t resp. 2t', such that X and
X' are equivariantly V -dual for some V = C* @ H!, with s,1 > 0. Then:

k(X) +k(X') > 1.

Proof Consider the duality maps ¢ and 7. Their restriction to the S'-fixed point sets
induce a VSl-duality between X5 ~ (CH)* and (X)S' ~ (C')*. Since VS' =
C*, this implies that 7 + ¢t/ = s. Let us view ¢S' and ns "as G-equivariant (that
is, Z/2-equivariant) maps from the sphere (C*)™ to itself. Their restrictions to the
7,/2-fixed point sets induce a duality between S° and S, that is, a bijection. This
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means that, up to Z/2-equivalence, the maps &% tand ns " are unreduced suspensions
of Z/2-equivariant maps from the unit sphere S(C*) to itself. Up to Z/2-equivalence,
such maps S(C*) — S(C®) are determined by their degree (which must be odd by
the Borsuk-Ulam theorem); see [32]. We conclude that the maps &S : and 775 1 are
determined (up to G-homotopy equivalences) by their degrees d(e 1) dn® 1) € Z.
The duality diagrams imply that d (&% ])d (nSl) +1, 50 &5 and 5 must be G-
homotopy equivalences. Applying Lemma 4 to both of these maps we deduce that:

kXAX)Y=k(VhH =1L (13)

Next, recall from Fact 6 that we have a product map Ke(X)®Kg(X) = Kg(X A
X'). If x € J(X) and x” € J(X') are such that wx = 2¥™)yw and wx’ = 2KXDy, then
xx" € J(X) and

w(xx) = 28Xy = kX)HK(XD,y,

We deduce that:
k(X AX) <k(X)+k(X). (14)

Combining this with (13), the conclusion follows. O

To see an example when the inequality (14) is strict, let X be the space G from
Example 1, and let X " be the space T from Example 2. We showed that k(G) =
k(T) = 1, and it is observed in [23, Example 2.14] that G and T are H-dual. From
Equation (13) we get that k(G A T) = 1 < k(G) + k(T) = 2.

4 Pin(2)-equivariant Seiberg-Witten Floer K-theory

In this section we use the methods in [23,24] to construct Pin(2)-equivariant Seiberg-
Witten Floer K-theory. We will start by working in the setting of rational homology
spheres (equipped with a spin structure), but when we discuss applications we will
specialize to integral homology spheres.

4.1 Finite dimensional approximation

Let us briefly review the construction of equivariant Seiberg-Witten Floer spectra. We
refer to [23,24] for more details.

Let Y be arational homology three-sphere, g is ametric on Y, s a spin structureon Y,
and S the spinor bundle for s. Consider the global Coulomb slice in the Seiberg-Witten
configuration space:

V=ikerd*® I'S)Cci'(Y)® (S).

Using the quaternionic structure on spinors, we find an action of the group G =
Pin(2) on V. Precisely, an element ¢! € S! takes (a, ¢) to (a, €!?¢), whereas j € G
takes (a, ¢) to (—a, j¢).
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Let p : TY — End(S) denote the Clifford multiplication, and  : I'(S) — I'(S)
the Dirac operator. The Chern—Simons—Dirac functional CSD : C(Y, s) — R, given
by:

CSD(a, ¢) = /(47, o + p(a)p)dvol — /a Adal,

Y Y

1
2

is invariant under the G-action. Its gradient (in a suitable metric) is the Seiberg-Witten
map, which decomposes as a sum

L+c:V—>V,

where £ is the linearization £(a, ¢) = (xda, #¢). We refer to the gradient flow of CSD
as the Seiberg-Witten flow.

The map ¢ is an elliptic, self-adjoint operator. We denote by V. the finite-
dimensional subspace of V spanned by the eigenvectors of ¢ with eigenvalues in
the interval (7, v]. Note that, as a G-representation, V" decomposes as a direct some
of some copies of R and some copies of H. We write this decomposition as

VY =VYR) ® V) (H).

Next, we consider the gradient flow of the restriction CSD|yy, where v > 0 and
T < 0. We view this as a finite dimensional approximation to the Seiberg-Witten flow.
The eigenvalue cut-offs v and 7 can be chosen independently. However, for simplicity,
we shall restrict to the case T = —v.

We pick R > 0 (independent of v) such that all the finite energy Seiberg-Witten
flow lines are inside the ball B(R) in a suitable Sobolev completion of V. We then
look at the approximate Seiberg-Witten flow on V" . It can be shown that the points
lying on trajectories of this flow that stay inside B(R) form an isolated invariant set. To
this set one can associate an equivariant Conley index /,,, which is a pointed G-space,
well-defined up to canonical G-homotopy equivalence. (Roughly, one can think of the
Conley index as the quotient of V” N B(R) by the subset of V¥ N d B(R) where the
flow exits the ball.) The following facts are established in [23,24]:

Proposition 1 (a) The Conley index I, is a space of type SWF at level dim ng (R).
(b) When we vary the choices in its construction, the Conley index I, changes as
follows:

(i) When we vary the radius R, it only changes by a G-equivalence;
(ii) When we change the cut-off v to some v' > v, the space I,y is G-equivalent to
the suspension of I, by the representation V_ U”, N
(iii) If we vary the Riemannian metric g by a small homotopy, we can choose a cut-off
v such that the operator £ does not have v or —v as an eigenvalue during the
homotopy. Then I,, only changes by a G-equivalence.
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For a fixed metric g, we can build a universe made of the negative eigenspaces of ¢
(together with infinitely many copies of the trivial G-representation), and construct a
spectrum SWF(Y, s, g) as the formal de-suspension X~ -V, I,; see [23, Section 3.4].
In view of properties (i) and (ii) in Proposition 1(b), the spectrum SWF(Y, s, g) is
independent of R and v, up to G-equivalence. We call SWF(Y, s, g) the Seiberg-
Witten Floer spectrum of the triple (Y, s, g).

When we vary the metric g, it is difficult to identify the universes that provide
coordinates for our spectra. Note that, for fixed v, the dimension of Vgu changes
according to the spectral flow of the operator £ = xd @ . The operator *d has trivial
spectral flow, but the Dirac operator has spectral flow given by the formula

SFE.(@) =n(Y,s, g) —n(¥,s, g1). (15)
Here, go and g; are the initial and final metrics, and the quantities
n(¥,s,g) € sZCQ

are linear combinations of the eta invariants associated to xd and d, for each metric.
Alternatively, given a metric g on Y, we can pick a compact spin four-manifold W
with boundary Y, let [)(W) be the Dirac operator on W (with Atiyah-Patodi-Singer
boundary conditions), and set

n(Y,s, g) = indc (W) + a(gV)' (16)

Although n(Y, s, g) is in general one-eighth of an integer, as we vary g (and keep
Y and s fixed) it changes by elements of Z. Also, when Y is an integral homology
sphere, we have n(Y, s, g) € Z, and its parity is given by the Rokhlin invariant w:

n(Y,s,gymod2 = u(Y) € Z/2. a7

Looking at (15), one is prompted to consider a formal de-suspension of
SWEF(Y, s, g) by n(Y, s, g)/2 copies of the representation H. (The factor of 1/2 comes
from the fact that (15) counts complex dimensions of the eigenspaces of @, rather than
quaternionic dimensions.) This produces an invariant of Y in the form of an equiva-
lence class of formally de-suspended spaces. The relevant definition is given below.

4.2 Stable even equivalence

Consider the set of triples (X, m, n), where X is a space of type SWF at an even level,
m € Z and n € Q. We introduce the following equivalence relation on such triples:

Definition 5 We say that (X, m, n) is stably even equivalentto (X', m’,n') ifn—n’ €
Z, and there exist M, N, r > 0 and a G-homotopy equivalence
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Thus, a triple could be thought of as a “G-equivariant suspension spectrum,” given by
the formal de-suspension of X by m copies of the representation C and n copies of
the representation H.

We denote by € the set of stable even equivalence classes of triples (X, m, n).
Informally, we will refer to the elements of & as spectrum classes.

If (X, m, n) is a triple as above, we define its (reduced) equivariant Borel cohomol-
ogy, with coefficients in an Abelian group A, by

HE(X, m,n; A) == HET"T4(X; A)
and its (reduced) equivariant K-cohomology by
K&(X,m,n) = K52 (X).
We also set
k(X,m,n) =k(X)—n,

where k is the invariant defined in Sect. 3.1.

Lemma 8 Ler (X, m, n) be a triple as above. Then, the following are invariants of
the spectrum class S = [(X, m, n)] € €&:

(a) The isomorphism class of Borel cohomology, I:I(*; (S;A) = [ﬁ(*; (X, m,n; A)],
as a graded module over H*(BG; A);

(b) The isomorphism class of equivariant K-cohomology, l%g S) = [lgg (X, m, n))],
as a graded module over R(G);

(c) The quantity k(S) := k(X, m, n) € Q.

Proof The first two statements follow from the invariance of the two theories under
suspensions by complex representations; compare [23, Remark 2.3] and 7.

The third statement follows from the behavior of k under G-equivalences (after
stabilization by copies of R) and under suspensions by C and H. These were established
in Lemma 3 and Lemma 2, respectively. O

Remark 1 Inthe definition of stable even equivalence we only allowed de-suspensions
by copies of C = R @ R and H, which are complex representations of G. We did this
because equivariant cohomology and equivariant K-theory are invariant (up to a shift
in degree) under such representations, whereas they are not invariant under suspending
by an arbitrary real representation such as RR. If we had been interested only in the
equivariant cohomology with Z/2 coefficients (as we were in [23]), then we could
have allowed de-suspensions by R, and dropped the condition on X to be at an even
level.

Note also the presence of arbitrary suspensions by R in Definition 5. This is not
necessary for constructing a 3-manifold invariant as a spectrum class (which we do
in Sect. 4.3 below), but it makes computations more accessible. For example, when
we compute some spectrum classes in Sect. 5.2, we will be free to use standard facts
from equivariant stable homotopy.
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4.3 The Seiberg-Witten Floer spectrum class

If Y is a rational homology sphere with a spin structure s, let g, R and v be as in
Subsect. 4.1. Recall from Proposition 1(a) that the Conley index /,, is a space of type
SWEF at level dim V_OV(R). Define

S(Y, 5)
(1, 2 dim V(R)® , dimp V(H)?, + In(Y, s, )] if 1, is at an even level,

(SR, Jdim V(R)?, + 1), dimg V(ED?, + Sn(Y, s, )] if I, is at an odd level.

Proposition 2 The spectrum class S(Y, s) € € is an invariant of the pair (Y, s).

Proof This is a consequence of Proposition 1(b) and the formula (15) for the spectral
flow. Compare [24, Theorem 1]. O

We refer to S(Y, s) as the Seiberg-Witten Floer spectrum class of (Y, s).
In view of Lemma 8 and Proposition 2, we define the G-equivariant Seiberg-Witten
Floer cohomology of (Y, s), with coefficients in an Abelian group A, as

SWFHE(Y, 5; A) = HE(S(Y, 5); A).

(One can also define equivariant Seiberg-Witten Floer homology in a similar manner.)
Further, we define the G-equivariant Seiberg-Witten Floer K-cohomology of (Y, s) as

SWFK (Y, 5) := KE(S(Y, 5)).

This group in degree 2n(Y, s, g) € %Z can be called the G-equivariant Seiberg-Witten
Floer K-theory of (Y, s).
We define:
Kk(Y,s) :=2k(S(Y,5)) € §Z C Q. (18)

We say that the pair (Y, s) is Floer K g-splitif, for v >> 0, either I, or S®I,, (depending
on the parity of the level of 1)) is Kg-split in the sense of Definition 4; cf. Definition 1
from the introduction.

If Y is an integral homology sphere, then it has a unique spin structure s, which we
drop from the notation. Since n(Y, g) € Z, in this case SWFH,(Y; A) and SWFK, (Y)
are integer-graded, and we have « (Y) € Z.

4.4 Cobordisms

Suppose W is a four-dimensional, oriented cobordism between rational homology
spheres Yy and Yi, such that b; (W) = 0. Further, assume W is equipped with a
Riemannian metric g and a spin structure t. It is shown in [24, Section 9] and [23,
Section 3.6] that one can do finite dimensional approximation for the Seiberg-Witten
equations on W to obtain a map:
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F o mmoRpmoH gy, s mmEpmEgy, (19)

Here, (1y), and (1), are the Conley indices for the approximate Seiberg-Witten flows
on Yy and Y7, respectively, corresponding to an eigenvalue cut-off v >> 0. Let also V;
denote the global Coulomb slice on Y;, for i = 0, 1. The differences in suspension
indices in (19) are:

mo —my = dimg ((V)?,(R)) — dimg (Vo) (R)) — b5 (W)
and

no — ni = dimg (V)2 (H)) — dimg ((Vo)2,, (H)) + n (Y1, tly,, £)/2
—n(Yo, tlyy, 8)/2 — o (W)/16.

Moreover, the S'-fixed point set of (19) is induced on the one-point compactifications
by a linear injective map with cokernel of dimension b;’ (W).

Note that both the domain and the target of the map (19) are spaces of type SWF.
The difference in their levels is —l)2+ (W). If both levels happen to be even, then the
difference in the values of k for the domain and the target is

I
5 (V) = k(Y1) = o (W)/8).

We can now give the proofs of the main results advertised in the introduction:

Proof of Theorem 1 Part (i) follows from the formula (18) for «, the definition of the
spectrum class S(Y), and the fact that n(Y, g) mod 2 is the Rokhlin invariant; cf. (17).

For part (ii), after doing surgery on loops, we can assume without loss of gener-
ality that b1 (W) = 0. Consider the map (19) associated to the cobordism W. Since
b;r (W) = 0, the domain and target of (19) are at the same level. By suspending
the map f with R if necessary, we can arrange that the common level is even. The
conclusion then follows from Lemma 4.

For part (iii), again we can assume that b1 (W) = 0. If the intersection form on W

is p(—Eg) D g ((1) (1)), the difference in levels in (19) is —g. If ¢ = 0, we can simply

apply part (ii). If ¢ > 0 and g is even, since p = —o (W)/8, by applying Lemma 5 to
(19) we get:

k(Yo) +p <«k(X1) +q.

If ¢ > 0 and g is odd, the best we can do is to take the connected sum of W and a copy
of §2 x §2 to reduce to the case of g even. We do this at the expense of weakening the
bound above to: k(Yp) + p — 1 < k(Y1) +q. =

Remark 2 Parts (i) and (ii) of Theorem 1 admit straightforward generalizations to the
case when Yy and Y are rational homology spheres equipped with spin structures.
There is also an analogue of part (iii) which can be used to get constraints on the
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indefinite intersection forms of spin cobordisms between rational homology spheres;

however, these intersection forms are not generally unimodular, so we cannot write

them as p(—Eg) @ q (? (1)) The bound in (iii) can be expressed instead in terms of

the second Betti number and the signature of X.

Proof of Theorem 3 The same argument as in part (iii) of Theorem 1 applies here,
except that now we can use Lemma 6 instead of Lemma 5. When ¢ is even we get

k(Yo)+p+1=<«k)+gq. (20)

By part (i) of Theorem 1 the parity of « (Yp) — x (Y1) is the Rokhlin invariant of the
boundary of W, so it is the same as the parity of p. Therefore, for parity reasons we
can improve the inequality (20) to

k(Yo) +p+2<k)+gq.

When g is odd, we add a copy of S? x S? and we are left with the inequality (20).
O

Proof of Corollary I In Sect. 5.1 below we will prove that S(8?) = [(5°,0,0)], so
§3 is Floer K-split and « (S3) = 0. Assuming this, we can apply Theorem 3 to the
complement of a ball in W. O

Proof of Theorem 4 Suppose such adecomposition exists. Applying Corollary 1 to the
first piece X1 we getk (Y1) > 2+1—3 = 0. Next, apply Theorem 3 to the pieces X; for
i=1,...,r—1.Weobtain x(Y;j41) > «(Y;) for all such i, so k (Y,—1) > k(Y1) > 0.
On the other hand, by applying Theorem 3 to the complement of a ball in X, we get
k(Y,_1) < —1, a contradiction.

A similar argument can be used to exclude any decompositions of X into r spin
pieces, each of signature —16, and glued along Floer K -split homology spheres. O

Here is one last result mentioned in passing in the introduction:
Proposition 3 IfY is an oriented homology sphere and —Y is the same manifold with
the reverse orientation, then:

k(Y) 4+ k(—=Y) > 0.

Proof It is shown in [23, proof of Proposition 3.9] that the Conley indices I, (for )
and [, (for —Y) are equivariantly (V" )-dual to each other. The result now follows
from Lemma 7. ]

5 Calculations

In this section we prove Theorem 2 from the introduction, about the values of « for
$3 and for the Brieskorn spheres £X'(2, 3, m) with gcd(m, 6) = 1. We obtain some
concrete bounds on the intersection forms of spin four-manifolds with boundary, and
compare them to the bounds that can be obtained by simpler methods.

@ Springer



On the intersection forms of spin four-manifolds 715

5.1 Positive scalar curvature

If Y is a rational homology sphere admitting a metric g of positive scalar curvature,
by the arguments in [24, Section 10] or [25, Section7.1], we obtain

S(¥.5) =[(5°,0.n(Y. 5, 8)/2)]
and therefore
k(Y,s) = —n(Y,s,g).

In particular, S(83) = [(SY,0,0)] and x(S3) = 0. This proves part (i) of Theorem 2.

5.2 A family of Brieskorn spheres

We now move to parts (ii) and (iii) of Theorem 2.

We use the arguments in [25, Section 7.2] and [23, Section 3.8] to compute explicitly
the Seiberg-Witten Floer spectrum classes of +X'(2, 3, m). The calculations are based
on the description of the monopole solutions on X'(2, 3, m), which was given by
Mrowka et al. in [28].

We start with the case m = 12n— 1. The Seiberg-Witten equations on X' (2, 3, 12n—
1) have one reducible solution in degree zero, and 2 irreducibles in degree one. The
irreducibles come in n pairs related by the action of the element j € G. Thus, a
representative for S(X'(2, 3, 12n — 1)) can be constructed by attaching n free cells of
the form X G to a trivial cell S°. The attaching map for each cell is determined by
a stable homotopy class in {G ., S%)g = {S°, S} = Z. Together the attaching maps
given an element in Z", and the spectrum class is determined by the divisibility of
this element. The fact that it is primitive can be deduced from the calculation of the
S!-equivariant homology of S(X(2, 3, 12n — 1)), given in [25, Section 7.2]. (In fact,
it even suffices to know the non-equivariant homology.) We obtain:

S(X2,3,12n—1) =[GV EG4LV---VXG,,0,0)],

n—1

where G is the unreduced suspension of G, considered in Example 1. We computed
that k(G) = 1, and we know from (8) that k is unchanged by wedging with a free
space. Therefore, we have k(X' (2,3, 12n — 1)) = 2.

The spectrum class of — X' (2, 3, 12n—1) is dual to that of X' (2, 3, 12n—1); compare
the proof of Proposition 3. We know from [23, Example 2.14] that G is H-dual to the
space T from Example 2. Furthermore, G is stably (RY™ @)-dual to itself by the
Wirthmiiller isomorphism.! Since X HG, ~ ¥*G, we can write the dual of G
as the formal de-suspension of £2G | by H. We deduce that:

1 The Wirthmiiller isomorphism [22,41] is usually formulated in equivariant stable homotopy theory built
on a complete universe; that is, by allowing suspensions by arbitrary representations of G. In our setting,
we only use the representations R, R and Hl. Nevertheless, what is essential is that we can embed G in one
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S(—=X2,3,12n—1)=[(T Vv Z*G4 Vv ---Vv £2G4,0, 1]

n—1

In Example 2 we computed k(T) = 1, so we find that k(—X(2,3,12n — 1)) =
2.-(1—-1)=0.

The case of X'(2, 3, 12n—5) is similarto X (2, 3, 12n—1), except now the reducible
is in degree —2 and the irreducibles in degree —1. Thus, S(X'(2, 3, 12n — 5)) is a
formal de-suspension of S(X'(2, 3, 12n — 1)) by 1/2 copies of the representation H.
Therefore,

S(Z(2,3,12n=5) =[(GV XG,L V-V EGy,0,1/2)].

n—1

The spectrum class for — X' (2, 3, 12n — 5) is the dual of S(X'(2, 3, 12n — 1)), and the
formal suspension of S(— X' (2, 3, 12n — 1)) by 1/2 copies of H. Thus,

S(=X2,3,12n=5) =[(T v Z*G4 Vv ---Vv £2G4,0,1/2)].

n—1

From here we deduce that « (X' (2, 3, 12n — 5)) = k(=X (2,3, 12n — 5)) = 1.

Next, consider the Seiberg-Witten flow for X' (2, 3, 12n+-1). This has one reducible
in degree 0 and 2n irreducibles in degree —1, coming in k pairs related by the action
of j. The attaching maps have to be trivial for homotopical reasons. We get:

SE2.3,12n+1)=[S°vEIGLv---vETIGL, 0,0 (1)

n

Strictly speaking, by this we mean the spectrum class of

HY v 3GV v E3G4,0,1)],

n

but we write it as in (21) for simplicity. Its dual is:

S(—X2,3,12n+ 1) =[(S°V G, V-V Gy, 0,0)].
————

n

We obtain k(X' (2,3, 12n + 1)) = k(= X(2,3,12n 4+ 1)) = 0.

Footnote 1 continued

of these representations, in our case H. The Thom space of its normal bundle is then X' 3RG+, which shows
that G+ and E3RG+ are H-dual. After suspending by R, we get that G4 and 24]RG+ = ZJHG+ are
(R & H)-dual, which shows the Wirthmiiller isomorphism explicitly.
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Finally, the Seiberg-Witten flow for X'(2, 3, 12n + 5) is analogous to that for
X(2,3,12n + 1), except for an upward shift in dimension by 2. Therefore,

S(E2,3,12n+5)=[(S°vE Gy v vETGL, 0, —-1/2)],

n

with dual

S(—X2,3,12n+5) =[(S"VGy V.-V Gi,0,1/2)].
N——

n

We deduce that (X' (2,3, 12n +5)) = 1 and «(—X (2,3, 12n + 5)) = —1. This
completes the proof of Theorem 2.

5.3 Explicit bounds

For an integral homology sphere Y, define:
EY) =max{p—q | p,q eZ,q>1,E!X4spin,8X= Y,
000 = p(~E@q (4 o)}

where Q(X) denotes the intersection form of X.
The simplest way of obtaining an upper bound on &£(Y) is to find a compact spin
4-manifold X’ with X’ = —Y, and then apply Furuta’s 10/8 theorem to X Uy X'. If

X’ has intersection form p’(—Eg) @ ¢’ ((1) (1)) from (2) we get:

EV)=q —p' - L (22)

In particular, for Y = §3, by taking X’ to be a four-ball we get &(S3) < —1. Since the

K 3 surface has intersection form 2(—Eg) @ 3 ((1) (1)), we see that

E(87) =—1.

A more refined way of getting upper bounds on £(Y) is to find a compact, spin
4-dimensional orbifold® X’ with X’ = —Y . Let t denote the spin structure on X’. Let

also X be a spin manifold with boundary Y and intersection form p(—Eg) &g ((1) (1)),

suchthatg > 0, as in the definition of £. Fukumoto and Furuta [16] proved an analogue
of the 10/8-theorem for closed, spin orbifolds. Applying it to X Uy X', it reads

by (X Uy X) > 1 +indc B(X Uy X'). (23)

2 Orbifolds were first introduced by Satake [35] under the name of V-manifolds. The term V-manifold is
used in some of the literature, e.g., in [16,36].
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In [16], this is stated under the assumption ind¢ (X Uy X’) > 0. However,
since b;(X Uy X') = g+ b;(X’) > g > 1, the inequality (23) remains true if
indec P(X Uy X') < 0.

Fukumoto and Furuta defined an invariant

1
w(=Y, X', t) =indc P(X Uy X') + gO’(X).

This turns out to be independent of X. When X' is a plumbed spin orbifold, Saveliev
[36] proved that w(—Y, X', t) coincides with the Neumann—Siebenmann invariant
—pu(=Y) = u(Y) from [29,39]. Thus, in this case, from (23) we obtain:

qg+b5(X') =1+ a¥)+p.

In particular, if Y is a Seifert fibered homology sphere X' (ay, ..., ax) with at least
one of the a; even, we can take X’ to be the orbifold D?-bundle over S? (ai, ..., ar)
associated to the Seifert fibration; we choose the orientation of X’ so that 90X’ = —Y.

Then X’ has a unique spin structure t, and we have b;r (X') =1,b; (X) = 0; compare
[15,17]. We get the bound:

§(X(ar,...,a)) = —p(X(a, ..., ap)). (24)

Applying the same reasoning to —Y and — X" instead of ¥ and X', since b;r (=X =0,
we get the bound:

§(=2(ar,....a)) = W(X(ay, ..., &) — 1. (25)

The i invariant for X' (ay, ..., ax) can be computed explicitly; see [29,30]. In
particular, for the Brieskorn spheres +X'(2, 3, m) with gcd(m, 6) = 0, from (24) and
(25) we get the concrete inequalities:

£§(X(2,3,12n — 1)) <0, £§(—=X(2,3,12n — 1)) < —1, (26)
£§(X(2,3,12n—5) < -1, &(-X(2,3,12n—5)) <0, (27)
£(X(2,3,12n+ 1)) <0, E(—X(2,3,12n+ 1)) < —1, (28)
£(X(2,3,12n+5)) < 1, E(=X(2,3,12n+95)) < —2. (29)

This paper provides a new method for obtaining bounds on £. Indeed, by Corollary 1,
we have:
EY) =«x(¥)— 1. (30)

Given the values of x for £X'(2, 3, m) computed in Theorem 2, we find that (30) gives
the following bounds:
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§X(2,3,12n—-1)) <1, £§(=X(2,3,12n - 1)) < —1, 31
£(X(2,3,12n —5)) <0, £(—X(2,3,12n —95)) <0, (32)
E§(X(2,3,12n+1) < -1, &-X2,3,12n+1)) < -1, (33)
£(X(2,3,12n+5)) <0, £§(—=X(2,3,12n +5)) < =2. (34)

Comparing these with (26)—(29), we see that « gives better bounds in two of the
eight cases: namely, for £(X' (2, 3, 12n + 1)) and £(X' (2, 3, 12n 4 5)).

Let us see to what extent the information we get from (22), (26)—(29) and (31)—(34)
allows us to calculate £(+X'(2, 3, m)). We do a case-by-case analysis.

Y =+X(2,3,12n — 1). The Brieskorn sphere — X' (2, 3, 12n — 1) is the boundary of
the nucleus N (2n) inside the elliptic surface E(2n). The nucleus can be represented

by the Kirby diagram
0
0

The intersection form of N (2n) is equivalent to ( ] (1)) By reversing the orientation
of N (n), we obtain a manifold with boundary X (2, 3, 12n — 1) and intersection form

((1) (1)) From the definition of &, we get:

-1 <&EFX2,3,12n—1)).
In conjunction with (26), we obtain:
£§&(X2,3,12n — 1)) € {0, —1}, E—X2,3,12n— 1)) = —1.

We do not know the value of £(X'(2, 3, 12n — 1)) in general. However, for n = 1, the
complement of N(2n) in the K3 surface has intersection form 2(—Eg) & 2 ((1) (1))
Therefore,

£E(X(2,3,11)) =0.

Y = £X(2,3,12n — 5). The manifold —X¥ (2, 3, 12n — 5) is the boundary of the
following plumbing of spheres:

-2 -2 —2 —2 —2 -2 -2 —2 —2n

This plumbing has intersection form (—Eg) @ ((1) (1))
0
o)

we obtain a manifold with intersection form Eg ® ( (1)

. If we reverse its orientation,

and boundary ¥ (2, 3, 12n —
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5). We deduce that:
—2<&E(X(2,3,12n-5)), 0<E&(—X(2,3,12n—15)).
In view of (27), we get:
§(X(2,3,12n —=5)) e {—2, -1}, §&(—X(2,3,12n—5)) =0.

Forn = 1, observe that the complement of the (— E1¢)-plumbing inside the K 3 surface
has intersection form (—Eg) & 2 ((1) (1)) Therefore,

£(X(2,3,7) = —1.

Y =+X (2,3, 12n + 1). The Brieskorn sphere — X' (2, 3, 12n + 1) is the boundary of
the manifold

0
/\Q)—Qn
L
with intersection form (? (1)) Therefore, we have:

—1 <&EFX(2,3,12n 4+ 1).

Moreover, when n = 1 or 2, the manifolds X' (2, 3, 13) and X'(2, 3, 25) bound homol-
ogy balls, so, by applying (22), we get:

§(£X(2,3,13)) =§(*£X(2,3,25) = - L.
The inequalities in (33) now give the answers for all n:
EXX(2,3,12n+1)) = —-1.

Note that the result for +X'(2, 3, 12n 4 1) was not accessible from (28). This provides
a first example where « gives a better bound than the one from the filling method.

Y = £X(2,3,12n + 5). The manifold X' (2, 3, 12n + 5)) is the boundary of the
plumbing

with intersection form (—Eg) @ ((1) (])) By analogy with the case £ X (2, 3, 12n —5),
we obtain

0<&(X@2,3,12n+5), —2<&=X(2,3,12n+5)).

@ Springer



On the intersection forms of spin four-manifolds 721

The right hand side of (29) shows that:
E—X(2,3,12n+5)) = 2.

On the other hand, to obtain the answer for £(X' (2, 3, 12n 4+ 5)), we need the new
bound (34), which gives:

£(X(2,3,12n +5)) = 0.

When n = 1, this could have also been seen by applying the inequality (22) to the
positive definite Eg plumbing with boundary — X' (2, 3, 12n + 5).

Remark 3 An invariant similar to & was considered by Bohr and Lee in [5]:
m(Y) = max{30(X) — ba(X) | X* spin, 0X = Y}.

This invariant was used in [5] to study Z/2-homology cobordism. We have:
m(—Y)/2=max {p—q | pogeZ,3 X spin, 0X =Y, O(X)=p(—Es) ®q (‘1) (1))] .

Note that, unlike in the definition of £, here we do not assume that g > 0. Nevertheless,
by taking a connected sum with S? x $2, we obtain the bound m(—Y)/2 < £(Y)+1 <
k(Y).

6 Relation to homological invariants

In this section we explore the relationship between the invariant « (constructed using
equivariant K-theory) and the invariant & constructed in [23] using equivariant (Borel)
cohomology with Z/2 coefficients. In the process we define yet another invariant
of homology spheres, a(; this is constructed using equivariant cohomology with Q
coefficients.

6.1 The Borel homology of spaces of type SWF

Let X be a space of type SWF at an even level 2¢. In [23, Section 2.3], we associated to
X three quantities a(X), b(X), c(X) € Z. This can be done by considering either the
Borel homology or the Borel cohomology of X. Let us start by reviewing the definition
using Borel homology.

Let F, = 7Z/2 be the field with two elements. The reduced Borel homology
HC (X; F,) is a module over the ring

H*(BG; Fy) = Falq, v]/(¢%),
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where ¢ is in degree 1 and v in degree 4. (Hence, ¢ and v act on homology by lowering
degrees by 1 and 4, respectively.) Consider the long exact sequence

- B (XS Fy) —» AO(X:Fy) - HO(X/XS  Fy) — -

Since the quotient X/ X5 " has free G-action away from the basepoint, its homology is
finite dimensional over [F». Therefore, in large enough degrees, the Borel homology
HO (X F,) looks like that of the fixed point set x5' ~ (C")*, which in turn is just
isomorphic to H,(BG; F,). We find that I:If (X; ) has an infinite “tail” of the form

Formally, the tail can be defined as the submodule

*HO(X;Fy) := ﬂ image(vl : I:IEJFM(X; Fy) — HE(X; ).
>0

If we forget the action of ¢, the tail decomposes into three “sub-tails,” in degrees
congruentto 2¢, 2141 and 2142 mod 4. We define a(X), b(X), c(X) by asking that the
minimal degrees of nonzero elements in each of the three sub-tails are a(X), b(X) + 1
and c(X) + 2, respectively. We will mostly be interested in the first quantity,

a(X) = min{r = 2t (mod4) [3x, 0 #x € AL (X; F2)}.

Let us now consider some variations of this, using Borel homology with coefficients
in Z or QQ rather than F,. Since BG is an RP?-bundle over HP>® (see [23, Section
2.1]), we have

H*(BG;Z) = Z]s, v]/(sz, 2s),

with s in degree 2 and v in degree 4. In large enough degrees ﬁf (X; Z) looks like
the homology H.(BG; Z), that is,

7.]2 7]2 35

with v being an isomorphism between the corresponding groups.
If we use Q coefficients, then H*(BG; Q) = Q[v] and H*G (X; Q) has an infinite
tail of the form

0o 0 O o o o -
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For any Abelian group A (in particular, for A = Z or QQ), we define

°°1-If(X; A) = m image(vl : 1:13_4I(X; A) — I:I*G(X; A)).
>0

Note that O"FI*G (X; Q) is supported in degrees congruent to 2 mod 4. We define
an analogue of a(X) using Q coefficients:

ag(X) = min {r 13x, 0% x € “H(X; @)} .

The relationship between a and agy can be found via Borel homology over Z, using
the universal coefficients theorem. In simple cases we expect that a = ag, but not so
in general. If we inspect the sub-tail consisting in copies of Z in (35), we observe two
possible things that can “go wrong” towards the end of the sub-tail:

First, the tail may end not in Z but in a torsion group. For example, the last v map
in the tail may be a projection Z — Z/2. If so, the copy of Z/2 survives in Borel
homology with [, coefficients, but not in Borel homology with Q coefficients, and
we geta(X) < ag(X).

Example 3 Consider the quaternionic Hopf fibration S(H) — S (H?) — HP'. Pull
back this S(H)-bundle under a degree 2 map from HP' = $* to itself, and let Z be
the total space of the resulting bundle. The group G C S(H) acts freely on Z, and the
quotient Q = Z/G is an RP?>-bundle on $*. The classifying map Q — BG induces
a map on homology, and, if we identify both H4(Q; Z) and H4(BG; Z) with Z, this
map in degree 4 is given by multiplication by 2. The unreduced suspension ZofZ
is a space of type SWF at level zero. There is a long exact sequence (compare [23,
Section 2.4]):

- = Hy(Q:;7) - H.(BG:;7Z) - HS(Z;7) — --- ,

from which we deduce that the sub-tail of OOI:IEK; (Z; 7) in degrees divisible by 4 ends
with a Z/2 in degree 4. Consequently, we have a(Z) = 4 but aQ(Z) =8.

Another thing that can happen at the end of the tail of Z’s in (35) is that the last
nonzero v map ends in a Z summand of H *(X; Z), but this last map has nontrivial
cokernel. For example, suppose that the tail ends in a copy of Z in degree r = 2¢
(mod 4), with the last v map having cokernel Z/2. Then, the tail of Borel homology
with Q coefficients ends in degree r as well, but the tail with [, coefficients ends in
a higher degree a(X) > ag(X) = r. This situation appears, for instance, for a space
that is equivariantly H"” -dual (for some m) to the space Z from Example 3.

Nevertheless, in many cases neither of the above two anomalies appear. We have:

Proposition 4 Suppose that X is a space of type SWF at an even level 2t, such that,
forany r =2t (mod 4):

(i) The group °°I:I,G (X; Z) has no 2-torsion elements, and
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(ii) There are no elements x € HrG(X; Z) such that 0 # 2x € OOI:IrG(X’; 7)) but
x ¢ %A (X 7).
Then, we have a(X) = ag(X).

Proof This is an application of the universal coefficients theorem. O

Observe that the assumptions of Proposition 4 are satisfied for the spaces Gand T
considered in Example 1 and Example 2.

Let us now mention how the quantities a and ag can be expressed in terms of Borel
cohomology rather than Borel homology. When A = I, or Q, the Borel cohomology
I:Ig(X ; A) has a tail similar to the one in Borel homology, except that the arrows
increase degree. We get

a(X) =min{r =2t (mod4) | Ix € ﬁé(X; F»), vlx # 0 foralll > 0}

and
aQ(X) =min{r [Ix € I:I{;(X; Q), vlx # 0 forall/ > 0}. (36)

6.2 Equivariant K-theory and Borel cohomology
Let us now explore the connection between ag(X) and the quantity k(X) introduced in
Definition 3. We will use the fact that, when we use QQ coefficients, the Chern character
gives an isomorphism between (non-equivariant) K-cohomology and the completion
of ordinary cohomology.

Recall that k(X ) was defined in terms of the ideal 3(X) C R(G), which is the image

of the restriction map Ig* (X)) —> K (X5 1) = R(G). We also have an interpretation
for agp(X) in terms of the ideal J(X):

Proposition 5 If X is a space of type SWF at an even level 2t, then
ag(X) =2t +4minfk > 0|3 x € Z*, u € Z, Az" + pw € 3(X)).

Proof Let F be the pointed space (X/ X3 : )/ G. The inclusion of XS "into X gives rise
to a long exact sequence:

S HNFQ) — HEX Q) - B XS QL AN Q - (D)

Let us identify I:IE‘; (XSl : Q) with H*~2 (BG; Q) using the equivalence xS~ (CH*.
By (36) and exactness, we can write

agp(X) =min{r | 3x,0 #x € I:Ir(BG; Q), f(x) =0}
= 2¢ + 4minfk | f(v°) # 0}.
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Similarly, we have a long exact sequence in equivariant K-theory:

> R(F)®Q — Ko()®Q - Ke(XS)eQ % K'(FeQ— - (38)

and we can identify 152 (XSI) ® Q with R(G) ® Q by the Bott isomorphism.
The maps f and g from (37) and (38) are the compositions of the maps in the
bottom, resp. top row of the commutative diagram:

RG)®Q ——> K(BG)®Q —— K'{(F)®Q

chl’:v chJ{E

H*(BG; Q) —— H*(BG;Q)) —— H"Y(F; Q).

Here, the first maps in each row are given by completion: for R(G) with respect to the
augmentation ideal a = (w, z), and for the cohomology H*(BG; Q) = Q[v] with
respect to the ideal (v). Note that w € R(G) gets sent to zero under completion over Q,
s0 K(BG)® 0 = R(G), ®Qis the power series ring Q[[z]]. The isomorphism in the
second column (given by the Chern character) is the map Q[[z]] — Q[[v]], z > v.

From the diagram above we find an alternative expression for ag in terms of the
top row:

ag(X) =2t +4min{k >0 |3e € Q, g(z* +ew) =0}.

The conclusion now follows from the exactness of (38). O

In view of this proposition, we can compare the quantities ag(X) and k(X) simply
by inspecting the ideal J(X). In particular, we have:

Corollary 2 Suppose that X is a space of type SWF at an even level 2t, such that
J(X) is of the form 5 or (W*, zk)for some k > 0. Then,

ag(X) = 2t + 4k(X) = 21 + 4k.

6.3 Invariants of homology spheres

Let Y be an integral homology sphere. (The whole discussion here can be extended to
rational homology spheres with spin structures, but we restrict to integral homology
spheres for simplicity.) In [23, Section 3.5], we extracted from the G-equivariant
Seiberg-Witten Floer homology of Y three numerical invariants «(Y), 8(Y), y(Y) €
Z. Let us focus on «(Y), which can be expressed as

a(Y) = %min{r =2u(Y) (mod4)|3x, 0£x¢€ °°SWFHE;(Y; F2)},

where C>oSWFH?(Y; IF») is the “infinite tail” of SWFHrG(Y; F>), and u(Y) is the
Rokhlin invariant. More concretely, if g is a metric on Y and v > 0 an eigenvalue
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cut-off as in Sect. 4.1, we have:
a(Y) = (a(l,) —dim V° )/2 — n(Y, g).
We can define a similar invariant using coefficients in Q:
ag(Y) = (ag(ly) —dim V°)/2 — n(Y, g).
Next, recall from Sect. 3.1 that we have the Floer K-theoretic invariant
k(Y) = 2k(L,) — (dimg VO, (H)) /2 — (Y. g).

Proposition 6 Let Y be a homology sphere.

(a) Suppose that, for any r = 2u(Y) (mod 4), the group ooSWFHrG(X; Z) has no
2-torsion elements, and that there are no elements x € SWFH rG (X; Z) such that
0 # 2x € “SWFHC (X; Z) but x ¢ “SWFHY (X; 7). Then, we have a(Y) =
ag(Y). -

(b) Let g be a metric on Y. If for all v > 0, either the ideal J(1,) or J(ZR1)
(whichever is well-defined, depending on the parity of the level of the Conley index
1,)) is of one of the types ) or (wk, zk)for some k > 0, then ag(X) = k(X).

Proof Part (a) follows from Proposition 4. Part (b) follows from Corollary 2, using
the fact that the level of I, is dim V° (R). o

Note that all the examples considered in Sects. 5.1 and 5.2 satisfy the hypotheses in
both parts of Proposition 6. Hence, for those manifolds ¥ we have a(Y) = ag(¥Y) =
k (Y). We expect that this fails in more complicated examples.
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