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Abstract We consider the radial free wave equation in all dimensions and derive
asymptotic formulas for the space partition of the energy, as time goes to infin-
ity. We show that the exterior energy estimate, which Duyckaerts et al. obtained in
odd dimensions (Duyckaerts et al., J Eur Math Soc 13:533-599, 2011; J Eur Math
Soc, 2013) fails in even dimensions. Positive results for restricted classes of data are
obtained.
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574 R. Cote et al.

1 Introduction
In this paper we consider solutions to the linear wave equation
Uu =0, u©)=f 0u0) =g ey

where (f, g) € (H' x L?)(R?) are radial. Denote by u(r) = S(1)(f, g) the solution
to this wave equation (1) with initial data (f, g) at time O.

The origin of our work lies in the exterior energy estimates obtained by Duyckaerts
et al. [5,6] which state that for d > 3 and odd one has either one of the following
estimates (even in the nonradial setting):

1
V>0, / Ve xSI(f, ) ()| dx > 5/(|Vf(x>|2+|g(x>|2>dx, or
Rd

[x[=1

1
V<0, / Ve SO(f, ©)(x0) P dx > 5/<|Vf(x>|2+ g dx,  (2)
R4

[x[>—t

where
IVexSO(f, )1 = Vu@)|* + [du(0)]

is the linear energy density (see [6, Proposition 2.7]). No result of this type was
established there for even dimensions, and the method of proof used in odd dimensions
does not apply in even dimensions.

In this paper we show that (2) fails in even dimensions. To be specific, there does
not exist a positive constant which can be substituted on the right-hand side for %
and so that the resulting inequality will hold for all (f, g).This will be based on a
computation of the asymptotic exterior energy

hm / |Vl,xS(t)(f’ g)(x)|2dx = t—l>H:|£100 ”vl,xS(t)(f’ g)(x)||i2(|x\2\t|)

t—=+00
lx|=l7]

Note that the exterior energy is decreasing in |¢|, whence (2) reduces to the computation
of these limits. Since the propagator S(¢) is difficult to work with on the “physical
side”, we employ the Fourier transform in this computation. To state our asymptotic
result, we introduce the Hankel transform H and the Hilbert transform .77 on the
half-line (0, 00):

oo oo

(Ho)(p) := / Y9 4o, and (He)(p) = /
0 p+a 0

@(o) do
o—o

where the second integral is to be taken in the principal value sense. Both these oper-
ators are bounded and self-adjoint (anti-selfadjoint, respectively) on L%((0, 00), dp),
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Energy partition for the linear radial wave equation 575

with norm 7. Furthermore, H is a positive operator since it is of the form H = %2
where 7 is the Laplace transform, see for example Lax [7, Section 16.3.3] for details.
This positivity is important for our purposes. In even dimensions, we find the following
expression for the asymptotic exterior energy in terms of H and 7. In the following
two theorems, we use the notation

(fog) = / FO)30) dx
0

for two functions f, g on the half-line (0, 00).

Theorem 1 Letd be even, (f, g) € H' x L*(RY) be radial as above, and denote by
£, & their Fourier transforms in R?. Then for some constant C(d) > 0 one has for
the solution u of (1)

im_ C@IV SO Do = / 1 F 2 +12(0) o dp
+—(_2)2 ((HE 1. 0% )= (HeT 0,07 2)) £Re (03 . 20" D).
3)

The constant C(d) is explicit, see below.

This immediately implies that for d = 2 mod 4, there can be no exterior energy
estimate for the initial value problem with data ( f, 0), whereas there is such an estimate
for data of the form (0, g).

Corollary 2 Let d > 2 be even. Let Ou = 0, u(0) = f € H'(RY) be radial,
0:u(0) = 0. Then for all t > 0, and provided d = 0 mod 4,

Ve SO O 72ynyy = @IV £ )
where c(d) > 0 is an absolute constant that only depends on the dimension. If d = 2

mod 4 then there can be no estimate of the form (4) for all t > 0: more precisely, there
exists as sequence f, € H 1 (Rd) such that

. 2 _ 2
im Ve SO Ol 2y = oIV ful2) as 0 — +oo,

For the dual initial value problem Ou = 0, u(0) = 0, 3,u(0) = g € L2(RY) radial,
one has forallt > 0

IV S@O. )22, = (@) 813

ifd =0 mod 4, whereas it fails (in the same sense as above) if d =2 mod 4.

This is in sharp contrast with the asymptotics for odd dimensions:
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576 R. Cote et al.

Theorem 3 Let d be odd, (f, g) € (H' x L?)(R?) be radial, and denote by f, § their
Fourier transforms in RY. Then for some constant C(d) > 0 one has for the solution

uof (1)

Jim C@)1Vex SO @720 2 = % / O’ f )P + 120 p? " dp

d+l A

(0T Re(H (05 ) 0T 2) + Re(pF £ (07 8))). )

From this one immediately deduces (2) up to constants. We prove Theorems 1, 3
in Sect. 2. The failure of (2) presents a serious obstruction for the extension of the
nonlinear machinery developed in [5,6] to even dimensions. However, see [3,4] for an
application of the exterior energy estimate in four dimensions restricted to data ( f, 0)
in the context of equivariant wave maps.

In order to salvage some aspect of (2) in even dimensions, we show in Sect. 3 that
at least a delayed exterior energy estimate holds. This is natural in view of two facts:

— energy equipartition,
— atleast one of the Cauchy data ( f, 0) or (0, g) is favorable in each even dimension.

The equipartition property here refers to the fact that after some time, which of course
depends on the solution, the energy will split more or less evenly between Vu and 0;u.
“Delayed” refers to lifting the forward (say) light-cone upwards by a certain amount.
Equivalently, it means calculating the energy over |x| > t — T instead of |x| > ¢ for
some T > 0. Figure 1 shows the distinction between an exterior region both without
and with a time delay.

The choice of this T is a delicate matter and depends on the data (f, g). The
following proposition expresses our main quantitative energy evacuation result. In

|z| >t —T*

|z >t

T*

Fig. 1 Exterior region without and with time delay
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Energy partition for the linear radial wave equation 577

odd dimensions, results of this nature are obtained via the sharp Huygens principle
and are simpler to obtain. The novelty here lies again with even dimensions.

Proposition 4 For all ¢ > 0 and for all (f, g) € (H' x L% (RY) radial there exists
T =T(e, f,g,d) > 0 such that

IV xS D2y iy < ENCE OIG1,2 ©6)

forallt > T.

In combination with finite propagation speed, Proposition 4 implies the following
result on the concentration of energy near the light-cone. Such statements are well-
known in odd dimensions, see [5, Lemma 4.1] for the three-dimensional version.

Theorem 5 Let (f,g) € (I-'I1 x LY(RY) be radial. Then we have the following
vanishing of the energy away from the forward light-cone {|x| =t > 0}:

lim limsup [V: xS (f, @) 2(jx|-t1>1) = O-

T—+400 14000

Finally, in Sect. 4 we present various results connected with the profile decom-
position of Bahouri—Gérard [2], in particular the Pythagorean expansion of the linear
energy with sharp cut-offs (Corollary 8). These are even-dimensional versions of tools
that are of essential importance to the nonlinear theory developed in [5,6].

Although these results are technical in nature we include them here since the meth-
ods needed to establish them in even dimensions are similar to those used earlier in
the paper. The key new point is a bilinear convergence result, see Lemma 6, which
follows from some representation formulas and computations analogous to those of
Proposition 4.

See our followup work [3,4] with Andrew Lawrie for concrete applications of these
results.

2 Asymptotic representation of the exterior energy

Before going into the detailed computations, let us first give an outline of the proofs of
Theorems 1, 3 and Proposition 4. Denote by u the solution to the linear wave equation
(1) with initial data (f, g) at time O:

u(t) = S)(f, 8-

The starting point is a representation formula of u(¢) through Bessel functions. More
precisely u(t) is given by

sin(¢|V])

= V) f +
u(t) = cos(t|V|) f v
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578 R. Cote et al.

Let f, % be the Fourier transforms in RY:
for= [ rman fo=en [ feae.
R4 R4
For radial functions, f is again radial. Recall that

_— do oy d—2
Ogi1(€) = Q)2 (ED, vi= —— 20,

where J,, is the Bessel function of the first type of order v. It is characterized as being
the solution of

K (0) 4 2 + (= VD) (x) =0 )

which is regular at x = 0 (unique up to a multiplicative constant). The inversion
formula takes the form

f(r) = (27‘[)_% / f(p)Ju(rp)(rp)_”pd_l dp.
0

The Plancherel identity takes the form || f ||% = Qm)|| f ||§. For the solution u(z, r)
this means that

sin(zp)

u(t,r)=(27r)_g/(COS(tp)f(pH é’(p)) Jo(ro)(rp) " p" dp,  (8)
0

(e.¢]
_d . o ~ _ _
du(t r)=(21) " / (= sinto)p £ (0)+20stp)g(0)) Juro)rp) ™ 0" dp. (9)
0
We shall invoke the standard asymptotics for the Bessel functions, see [1],

Ju(x) =/ % [(1 + w2(x)) cos(x — T) + wi (x) sin(x — 7)],
J)(x) = A/ % [(Z)l(x) cos(x — ) — (1 4+ @y (x)) sin(x — r)] . (10)
with phase-shift T = (d — 1)Z, and with the bounds (forn > 0, x > 1)

0 )]+ 10 ()] < Cox ™17 ol (0] + [0 (0)] < C,x 727" (1)

Using the representations (8) and (9), we have explicit formulas for ||V ;u|| L2(x|>1t])
or the delayed quantity. Then we expand these formulas and using the asymptotics
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Energy partition for the linear radial wave equation 579

of the Bessel functions; by a delicate inspection of all terms involved, we derive the
desired expansion as t — +00. We shall make frequent use of the monotonicity of
the energy on outer cones, i.e., the fact that

Il (u, 3:”)(t)||1-’11><L2(\x|2,_T) = ||Vt,xu(f)||L2(|x|zt—T) = ||Vt,x’4(5)||1‘2(|x\zs_T)

forall T <s <t. Also, givenaset . C R4 (possibly depending on time), define the
localized energy functional on .% as

1
2 o 2 2
1031, 2 = / S0P+ 1Vu) (o) d.
xes

We now proceed with the details. The goal in the remaining of this section is to
prove the expression (3) for the asymptotic exterior energy in even dimensions, as
well as the exterior energy estimate on the region {|x| > |7|}. We shall also contrast
this to the analogous known results in odd dimensions.

Throughout this section, the delay 7 = 0.

Proof (Proof of Theorem 1) First, notice thatit suffices tolet f, g be Schwartz functions
by energy bounds, and we may assume that f (o) and g(p) are supportedon 0 < p, <
p < p* < 0o. We begin with the kinetic part of the outer energy, viz.

o0
1 _ 1 _
@D 1O 2 gy = @8] / S0t 2 r=tdr
t

o0
1
= 2m)4S ! lim /—|3tu(t,r)|2rd_le_”dr
e—>0+ 2
t

o0 1 A
= lim_ / / / 5 (= sintonor f (o) + costp(on)
t

(= sin(02)02 f (p2) + costp2)2(p2)

Ty rp) Ly (rp2) (2 p102) " (1 p2) " dordpy Tt e ¢ dr. (12)

For each ¢ > 0 fixed, the integrals here are absolutely convergent. In view of the

asymptotic expansion of the Bessel functions as stated above, the leading term for (12)
1 d-1
is given by the following expression, with © = v + 3= T:
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o0 00 o0
— lim // (— sin(tp1)p1 £ (p1) +cos(t,01)£’(p1))
7T e—>0+
t 0 0
(= sin(02)02 £ (p2) + cost2)2(p2)
-cos(rp1 — ) cos(rpz — 1) (p1p2)" dprdpr e dr. (13)

We shall show later that this indeed captures the correct asymptotic behavior of the
exterior kinetic energy. To be specific, and adding in the contribution by 9, we make
the following claim:

Qr)d|sd=1 ! (||a[u(r>||iz(|xl>,) 10,12 12))

T e—>0+

— = lim / / / (= sinGoner f (o) + costp(on)

(= sin(p2)02 £ (02) + cos(tp2)&(p2))

-cos(rpy — r) cos(rpx — ) (r*p1p2)" dprdpy e~ dr +

— lim /// COS(tm)mf(m)—l—sm(tpl)g(pl))

T e—>0+

- (COS(tpz)pzf(pz) +sin(1p2)§(p2))
-sin(rpy — 1) sin(rpz — ) (p102)" dp1dpa e " dr + o(1) (14)

where o(1) is with respect to t — =£00. We now proceed to extract (3) from the

1
integrals. In order to carry out the r-integration in (14), we use (note 2t € (Z + 5)71)

cos(rp; —7) cos(rpy — )= ~[cos(r(p1+02) — 27) +cos(r(p1 —02))]

w|~t\>|—xN|~NIH

[(—=1)" sin(r(p1+p2))+cos(r(p1 — p2))]
sin(rp;—1) sin(rpx — 1)

[—cos(r(p1+p2) —21)+cos(r(p1 —p2))]

[—(=1)"sin(r (p1+p2))+cos(r(p1 —p2))]

d—2 R
(recall v = T). In what follows, we slightly abuse notation by writing f/(p) :=

of(p).
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Energy partition for the linear radial wave equation 581

For any smooth compactly supported functions ¢, ¥ on (0, 0co), one has for every
teR

lim / / / cos(r(p1 — p2))b (o1 (p2) e~ dr dp1dpa

e—0+
t

=n/¢(p>w<p>dp—// SN = P2 oy dprdpy (1)
P1 — P2
lim ///Sin(r(m+pz))tﬁ(m)llf(pz)e_”drdmdpz

e—0+
/ / “’S(“p il 2))¢(m)1ﬁ(pz)dmdpz- (16)

To prove (15) we note that

o0
t(ia—e) —t(ia+e)

: —er 1 1 e e i _ sin(ta)
81_1)%1+/cos(ar)e dr =limg_ 04 5 (_W + o ) =mndola) — ——

where the limit is to be taken in the distributional sense. For (16) the argument is
essentially the same.

Carrying out the r-integration using (15), (16) and ignoring constant prefactors
yields:

/ / [COS(Z(m — ) (" (1) f/(p2)+8(p1) & (p2)) —sin( (p1 — p2)) -

~(f/(P1)§(p2)—é’(pl)f/(/)z))} (mso(m —pz)—W) (p102)" dpidps

vt [f [COS(t(erpz)) (7o) F(p2)—=2(P1)E(02)) +sin(t (pr+p2) -

cos(t(p1 + p2))

(p1p2)" dprdpa
o1+p2

'(f’(m)é'(pz)+§(,01)f’(p2))}
which further simplifies to (integration extending over (0, 00))
o0
” / (170 P12 P dp

2 20N Pl on) 2(p2)
/ / sin ptl(’f P2 (7o) /(o2 + (00080 (o1 02)" dprdpn

2 _ ) _ -
T / / W(f/(m)é’(pz)—é’(m)f/(pz))(mpz)“dmdpz
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582 R. Cote et al.

2 ~ [
D // = (t(lerpZ))(f/(pl)f’(,oz)—§(m)§(pz))(m,02)“dpldpz

1 2 R _ _
( )2 // sin( l‘(101+102)) (F'(pDE(p2)+8(01) F(p2)) (o1 p2)* dprdps.
a7

It remains to determine the limit as t — oo. First, recall that for any @ > 0 (with %
denoting the Fourier transform on R)

Z [smiax)} &) = x(-aa)&), F [Cosiax)] (&) = mil—X(~00,~a) + X(@,00)]-

(18)
The integral on the second line is of the form
in(21 (p1 — p2)) Lf
sin(2t(p1 — P2 - N
/—¢(pl)¢(,02)dmdpz =z / (&)I* dg (19)
, o1 — P2 2 )
R p—

with ¢ (p) = f(p),o“. As t — 00, this approaches

1 .
SI013 = 7lg13.

Hence, the first and second lines in (17) approach

2 WP @r + @Ry as o cx.

Integration by parts shows that the fifth line vanishes in the limit as r — oo (the data
are Schwartz). For the expressions on the third and fourth lines, respectively, we use

cos?(x) ! + 1cos(z ) sin®(x) ! 1cos(z )
X) = — - X), X)) = — — — X
22 2 2

and (18), (19) to deduce that in the limit of (17) as t — oo equals

2 [0 @F +1gpt do

d
-2 1 . -
+ 2)2 // (F(p) f'(p2) — 8(p1)&(p2) (p1p2)" dprdp2
p1+ P2

1 ~ ~, <
+Re/ — f(p1)&(p2) (p1p2)" dprdpa,
L1 — P2
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Energy partition for the linear radial wave equation 583

up to a constant prefactor, and with integration extending over (0, co). This is exactly
what (3) claims.

It remains to verify the claimed dominance of the leading order terms of the Bessel
expansion, see (14). For simplicity, we restrict ourselves to the kinetic energy (12).
Subtracting (13) from (12) yields, with w; as in (11),

o0 00 0

2 lim / / (=sinoon fon) + costipnon)
tr 0 0

T e—0+
(= sin(p2)02 £ (02) + cos(p) & ()

~[(w2(rm) + w2(rp2) + w2 (rp1)wz(rp2)) cos(rpy — t) cos(rpz — 1)

+ w1(rp1)(1 + w2(rp2)) sin(rpy — ) cos(rpz — 1)
+ w1 (rp2) (1 + w2(rp1)) sin(rpz — 7) cos(rpy — 1)

+ w1 (rppw) (rp2) sin(rp; — 1) sin(rps — T)}(mpz)“ dpidpye™*" dr.

All terms here are treated in a similar fashion. As a representative example, consider
for all ¢ > 0 the error term

o0 00 0

Ei(e) := ///Sin((t + T)p1) sin((z + T) p2) cos(rpr — T) sin(rp2 — T)w1(rp2)

o) F(02)(p1p2)" e dpidpy dr,

As before, we write

1
cos(rpr — T)sin(rpy —7) = =3 [(=1D)" cos(r(p1 + p2)) + sin(r (o1 — p2))].

expand the trigonometric functions on the right-hand side into complex exponentials,
and perform an integration by parts in the r variable as follows: for any o € R and
dropping the subscripts on w, p for simplicity, one has

e¢]

) e [eFio]t e [eFiolr
/e‘[s*"’]’w(rp)dr = —.w(tp)+/—.w’(rp)p dr.  (20)
EFio EF1o
t

t

We apply this with 0 = p1 + p2 and 0 = p; — p3 to the fully expanded form of E(¢)
as explained above. In both cases one has the uniform bounds

9,
d C .
8>0 / (p1 £ p2) Lic P2 =Cli¢l2

L2(p1)
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584 R. Cote et al.

In order to use this, we distribute the exponential factors as well as all weights over

the functions f (p1) and f (p2), respectively. For the first term on the right-hand side
of (20) we then obtain an estimate O (¢~!) from the decay of the weight o, whereas
for the integral in (20) we obtain a O (r2)-bound via

sup |/ (rp)p?| < Cr=2
p>0

which then leads to the final bound

o]

/O(r_z) dr =0 .

t

The O-here are uniform in & > 0. Note that various p-factors which are introduced
by the w-weights are harmless due to our standing assumption that 0 < p, < p < p*.

All error terms fall under this scheme. In fact, those involving two w-factors yield
a O(t~2)-estimate. This concludes the proof.

As an immediate corollary one obtains the exterior energy estimate in even dimen-
sions.

Proof (Proof of Corollary 2) Denote the left-hand side of (4) by E(t). Since E(¢)
is decreasing, it suffices to consider the limit as + — oo. Let us fix dimensions
d=4,8,12, ... and data (f, 0). Then (3) implies that

d+1

1 o o
Jim C@Vi SO0y = FIVAB+5 (H (07 7). 0F f). @D

It is well-known that the Hankel transform H is a positive operator on L2((0, 00)),
since H = %% where . is the Laplace transform which is self-adjoint. See for
example [7, Section 16.3.3].

The failure of the estimate for d = 2,6, 10, ... and data (f, 0) follows just as
easily since the operator norm of H on L? equals 7. More precisely, 1,.5/+/- where
b/a — o0 is an explicit extremizing family for .Z. Let f, = 1;,,/+/", then

d+1 A |12

o 2 fu

A

(H6S .05 f)=|1 (o5 1)

2 |

— as n— oo.
L2((0,00))

L2((0,00))
Then with data ( f;, 0)

d
2

. 2 dtl ~ o
im C@IV SO OOz =0 (105 Fil22 0 00r)

=0 (IfulBy1 z0)) -

The Cauchy problem with data (0, g) is treated analogously.

For the sake of completeness, we contrast the even-dimensional case of Theorem 1
with the odd-dimensional one ofTheorem 3. The asymptotic calculations are com-
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Energy partition for the linear radial wave equation 585

pletely analogous to the ones above, with the dimension entering only (in an essential

d—1
way) through the phase-shift t = —— in the expansions of the Bessel functions

for large arguments. The key feature being that 27 is an integer if d is odd, and a
half-integer otherwise.

Proof (Proofof Theorem 3) We begin by computing the asymptotic form of the exterior
energy as in even dimensions, say for ¢+ > 0. With all Fourier transforms being those
in R4, one has

(21! (natu(nniz(‘x,m 10,012 212

== lim / / / (= sinonor f(p1) + costipn)g(on)

T e—0+
. (— Sin(tpz)mf(pz) + cos(tpz)é’(pz))

-cos(rpy — t) cos(ror — D) (r2p1p2)" dprdpy e dr +

T e—>0+

+— lim /// cos(7p1)p1 f(p1)+s1n(tp1)g(m))

- (COS(tpz)pzf(pz) +5in(p2)§(02))

-sin(rpr — 7) sin(rp2 — ) (p1p2)" dpidpz e dr + o(1) (22)

d—1 -1
where the o(1) is for t — co. Here 1 = ——m, © = ——. Moreover, we used the

asymptotic expansions of the Bessel functions (10), and we absorbed all error terms
in the o(1), which is justified by the exact same reasoning as in the proof of (3). In
order to carry out the r-integration, we use (note 2t € Z)

cos(rpy — t)cos(rpy — 1)

1
E[COS(r(m + p2) — 21) + cos(r(p1 — p2))]

1
5[(—1)” cos(r(p1 + p2)) + cos(r(p1 — p2))]

1
sin(rp; — T)sin(rpz; — 1) = 5[— cos(r(p1 + p2) —21) + cos(r(p1 — p2))]

1

5[—(—1)“ cos(r(p1 + p2)) + cos(r(p1 — p2))1.

In what follows, we slightly abuse notation by writing f "(p):=p f (p). Carrying out
the r-integration using (15), (16) and applying trigonometric identities yields (ignoring
constant prefactors):
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586 R. Cote et al.

/ / [COS(t(m — o)) (F'(p1) ' (02)+&(p1) 8 (p2)) —sin(t (o1 — p2))

sin( (o1 —p2))

(f/(m)é’(pz)—é’(pl)f/(pz))} (nso(m—m)—
P1—pP2

) (p102)" dp1dps

F—DH / / [COS(t(m+pz))(f’(m)f/(p2)—é’(m)é’(pz))

sin(z (p1+p02))

(p102)" dprdp>
p1+02

+sin(r(py +/02))(f’(p1)§(02)+§(/01)f’(p2))}

which further simplifies to (integration extending over (0, 00))

b / (U (o) +18(0) )L dp
0

1 in(2 — . _
_5// w(f’(m)f/(pz) + 8(p1)&(p2))(p1p2)" dprdps
p1— P2

1 ([ 1—cos(2t(pj — A i
+3 // Cojl t_(ﬁ;lz r2) (f"(p1)&(p2) — &(p1) f'(p2))(p102)" dp1dp>

—1)~® in2 R _
+( 2) // R (f'(p1) f(p2) — &(p1)&(p2))(p1p2)" dprdp2
p1+ P2

—1* 1 — 2 R i
+( 2) // cos(21(p1+p2)) (F'(p1)&(p2)+8(p1) f(2) (p1p2)* dpidps.
p1+p2

We may now pass to the limit as ¢ — oo. The terms involving sin(2¢(p1; + 02))
and cos(2z(p1 + p2)) in the fourth and fifth lines, respectively, vanish in the limit
as t — oo as can be seen by integration by parts (we may again assume that the
data are Schwartz). The asymptotic form of the terms involving sin(2¢ (o1 — p2)) and
cos(2t(p1 — p2)) in the second and third lines, respectively, follows from (18):

o A ] -
lim //Sm(;l(pflm(f/(m)f/(pz)+§(p1)§(02))(m,02)“ dprdp>

t—>0o0 p2

=7 / (") +18(0) ) p% " dp

and

2 — ~ - ~
lim / / W(}”(m)é(pz) — &) F(p2)) (o1p2)" dp1dp = .

1—>00

In conclusion, we obtain the following asymptotic expression for the left-hand side
of (14) for d odd as t — +o0:
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2 @R+ 1800

1 1 L
=Re // [ + (=" } f'(p1)&(p2)(p102)" dprdpy  (23)
PL— P2 o1+ mm

up to a constant prefactor, and with integration extending over (0, co). This is
exactly (5).

In order to deduce (2) from (23), one choses the direction of time so as the make

the second line of (23) nonnegative.

3 Delayed exterior energy and energy concentration

We now turn to a delayed version of the exterior energy bound. We will rely on the
radial Fourier formalism from the proof of Theorem 1 without further mention.

Proof (Proof of Proposition 4) Denote by u(t,x) = S(t)(f, g) the solution of the
wave equation (1) as above. We first remark that by conservation of energy (6) is
equivalent to the following:

I W12 = Vet oy < €N O, 12 (24)
forallt > T where T = T (e, f, g, d). Due to the fact that

1> I Vexu@®llp2xse—1)

is monotone decreasing, we see that (24) is a consequence of the following bound

timsup 10, 9131, = Vet | S el 0150, @)
t——+o0 -

which we now prove. Moreover, it suffices to let f, g be Schwartz functions by energy
bounds, and we may assume that f(p) and g(p) are supported on 0 < p, < p <
p* < 0o. We begin with the kinetic part of the outer energy, viz.

(Ix[=) =

o
1 _ 1 _
Qo S8t + )y = oIS [ S0+ TP ar
1

o0
1
= 2m)4|S4| lim /§|a,u(t+T, NPré e dr
e—=>0+
t

e—>0+

o0 1 .
— lim / / / 3 (=5 + Typnon Fon) + costa + Troaion)
t

(= sin(t + 12002/ (p2) + cos((t + T)p2)E ()
Jo(re) Lo (ro2) (P p1p2) ™ (p102) ! dprdpy rT! e dr. (26)
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For each ¢ > 0 fixed, the integrals here are absolutely convergent. In view of the
asymptotic expansion of the Bessel functions (10), the leading term for (12) is given

by the following expression, where u = v + % = %:
o0 00 0
I(T,1) = — Ji%h / / (= sin(t + Tyonpr (o) + cos((t + T)p)on)
100

(= sin( + T)p2)02 f (p2) + cos((t + T)p2)E(02))
-cos(rp1 — 1) cos(rpa — t)(p102)" dprdpr e™*" dr. (27)
We now proceed to estimate I (7, t), and then show later that the higher order correc-

tions to the Bessel asymptotics contribute terms that vanish as t — oo. To be more
precise, we shall show at the end of the proof that

2m)4
VT,t>0, (@7) 1|0 (t + T)||iz(|x|2t) =I(T, )+ 0@ ") as 1t > co. (28)
First, we expand [ as follows: With u := v + % = ‘12;1,
(o olNe olN0e e}
(T, )= 2— lim /// (Sln((t+T)p1) sin((t+T)p2) 01 f (p1)p2 £ (02)
7T e—>0+

—sin((t+T)p1) cos((t+T)p2)p1 £ (01)& (02)
—sin((1+T)p2) cos((t+T)p1)p2 f (02)&(p1)

+cos((t+T)p1) COS((t+T)p2)§(p1)§(pz))

-[(—1)” sin(r(p1+p2))+cos(r(p —pz))} (p1p2)" dprdpr e dr.  (29)

Inserting (15) and (16) into (29) yields

IT,)y=0L0E+T)+ (—D"IL(T,t) — (T, 1),

where
1 i ) 20 A0 N2 . 2oNF N
Ii(s) = —Re/(sm (sp) " f ()7 —2sin(Zsp)p f(p)g(p)
0

+cos?(5p)(p) %) o7~ dp.,

1 [eeNee) . _
I(T, t)=E//((COS((I+T)(P1—pz))—COS((t+T)(p1+pz)))mf(,01)p2f(pz)
00
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— (Sin((+T)(p14p2)) +sin((t +T) (01— p2))) p1.f (p1)E(p2)
— (SIn((t4+T) (p14p2)) —sin((t+T) (o1 — p2))) &(p1)p2.f (02)

+ (cos((r + T)(p1 — p2)) +cos((t + T)(p1 + p2))) §(P1)§(P2))

~cos(z(p1 + p2))

(p1p2)dp1dpa2,
p1+ 2

1 00 00 ) ]
L(T, t)=E//((COS((HT)(M—pz))—COS((t+T)(p1+pz)))mf(m)pzf(m)
00

— (sin((z 4+ T)(p1 4 p2)) +sin((z + T) (o1 — p2))) p1.f (p1)&(02)
— (sin((t + T)(p1 + p2)) — sin((t + T)(p1 — p2))) &(p1)p2.f (p2)

+ (cos((t + T)(p1 — p2)) +cos((t + T)(p1 + p2))) é’(m)é’(pz))

sin(z(p1 — p2))
P11 — P2

(p1p2)"dp1dp>.

Passing to the limit s — oo (by Riemann—Lebesgue or using the Schwartz property
of the integrand) yields

v Fo
h(s) — 5 / P1F )+ 18P0 dp =: I1(0)

@2n)?

Ii(c0) = 4ISH'(nfnzl +lgl72)

where the second line uses the Plancherel formula ||g[|3 = (27)?|gl|3 in L?(RY).

Next, for the terms containing the Hankel-transform kernel T we claim that the
P1+ P2
following representation holds:
cos(T + o - —
(T, 1) = // o pZ))( p1f(/>1)pzf(pz)+g(m)g(pz)) (p1p2)" dp1dpa
p1+ 02
sin(T(p1 +p2))  » = =
// o Jlrp 2 1 F(01)E(02) (p1p2)* dprdpy + (T, 1), (30)

where
VT,t20, |L(T.0)|<c@fI3+gll72). YT=0, L(T,t)—0ast—+oo.

Moreover, the convergence as t — oo here holds uniformly in 7 > 0.
To verify this claim, notice first that as py, p2 € [p«, p*] for some py, p* > 0, the

denominator

n does not create any singularity. We simplify the trigonometric
p1 T P2
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terms as follows, denoting by z either sin or cos (which can change from one line to
the next):

z((t + T)(p1 — p2)) cos(t(p1 + p2))
1
=5 [z2tp1 + T (o1 — p2)) + 2(=2tp2 + T (p1 — p2))].

Note that there is no complete cancellation of 7 in this process. Hence for all terms of
the type

hi(p1)h2(p2)

(p1p2)" dprdps
P11+ 02

Lt T) = //z(Ztm +T(p1 — p2))

(and symmetrically in p; and p;), we see that for all 7 one has 11 (¢, T) = o;(1) as
t — +o00, and uniformly in 7 > 0. The uniformity is established as follows: by the
support and smoothness properties of /1,

// eTi2ip1+T (p1—p2)] M(mpz)“ dp1dp

p1+ 02

_ // QTP M(mpz)ﬂ dp1 T P2y (py) dpy
o1+ 02

1 +i(2t+T)p hl(pl)pft W FiT,
= _— 0 - d 1 th d
:Fi(2t+T)//e "\ o+ 1Py e 2(p2) dp2

as desired. For the terms with z((r + T')(p1 + p2)) we use the identity

1
sin((t+T)(p1+p2)) cos(t(p1+p2)) = 7 [sin((2t+T)(p1+p2))+sin(T (p1+p02))] .

The first term yields a contribution of o;(1) as before whence

cos(t(p1+02))

// sin((t+7)(p1+02)) (plf(m)g(pz)+g(p1)pzf(pz)) P

% (p1p2)"dp1dpy =Re // sin(T (p1+p2))

1 £ (p1)&(02) (p1p2) dp1dpar+o0, (1)
pP1+p2

ast — oo, uniformly in 7 > 0. We also used the symmetry here to reduce to one pair
of functions. In the same way,

1
cos((t+T)(p1+p2)) cos(t(p1+02)) = 3 [cos((2t+T)(p1+p2))+cos(T (p1+p2))] -
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The first term makes a contribution of o0;(1), again uniformly in 7 > 0, and thus

[[ costit+ 13601 + o) (—mf(m)pzf(pz) + (P& ()

, cost(p1 + p2)) " cos(T (p1 + p2))
———(p1p2) dpldpz—
o1+ P2 p1+ P2

x (=p1f (ep2f (02) + é(pl)é(pz)) (p1p2)" dprdpa + 0: (1)

and we have proved (30). o
It remains to deal with the /3-term. Let /1, h> denote any of the functions

110, +00) (P)P* T f(p) or T 400)(0)P"E(0).

Here / j are the one-dimensional Fourier transforms. We write the trigonometric factors
in exponential form: all the terms are of the type

sin(t(p1 — p2)) »
[ s L )it dordn

1 — . N - . o~ ~
-3 / @ % @D ) (p2) 7 D2 hy (02 dpa
1 -
= E/hl(l’-i-(t+T))h2(rZF(t+T))dr 3D

where we used Plancherel on the last line. Via Cauchy—Schwarz we can bound these
terms by

Ihill 2=y 1R2ll L2122 7)- (32)

Due to the distinction between the Fourier transform on the line and in R? we can-
not simply express the previous expression by one involving the energy of (f, g)
over {|x| > T}. However, it is clear that (32) can be made arbitrarily small by taking
T >T,.

In summary, we arrive at the following preliminary conclusion:

Given ¢ > 0 there exists T, = Ty (e, f, g) such that the following holds: for any
T>T,

I(T, 1) > I1(co)(1 —¢) + (=1 // cos(T (p1+p2))
8 o1+ p2

X (—Plf(pl)pzf(pz)+§(,01)§(pz)) (p102)" dprdpa

1Y T A I -
( ) // ™ (pl+p2)),01f(/01)§(,02)(01,02)“dmdpz-l-l(T, 1),
pP1+p2
(33)
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where
Vi=0, [I(T.0)] <ci@dfl% +llgl7). and I(T.1) —> Oast — +oo.

The constants here do not depend on T, and the vanishing of [ ast — oo holds
uniformly in T > 0.
To proceed we first note that

T
1
/ 1B iy + 18132y ) 47— O (34)
0

as T — oo. The double integrals in (33) will be dealt with by randomizing T, in other
words, by taking averages in 7. This process becomes degenerate for small frequencies
p1, p2. However, by the uncertainty principle (which amounts to an application of
Bernstein’s inequality), these small frequencies occur only with small probability and
can therefore be ignored.

To be specific, we rely on the following simple fact: let & € L*(R?) be such that
120 21> k) < Sll2llL2. Then, with h being the Fourier transform in R?,

1l 2 1p) < (@ ((RD)E + 8) 1Al 2. (35)

To prove this property, let iy := hljjx<g], h2 := h—hy.Then ||f12||Lz < c(d)é|lh] 2
and

A d d
Il < bl < c@R2[[hil2 < c(d)R2 || 2.

Now, by Cauchy—Schwarz,

N A d
Ihill e 1p) < VIUEN < P} 1l < c(@)(Ro)Z IRl 2

As h = hy + hy, (35) follows.

We apply (35) to establish the following “randomized estimate” on the double
integrals in (33). We formulate it as a general principle:

Given$ > Oandanyhy, hy € LZ(Rd) radial, there exists T* = T*(8, hy, hy) such
that forall T > T*,

el T(o1+p) 5
/ / / ol o0ia(e2) (019" dprdpad| < @B il 2 ol
(36)
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With T, p > 0 to be determined later, we split the integral into two parts:

lf(ﬂH—pz)
(. T) = ~ / / / 1 (pia(e) (p1p2)" dprdpad,
0 p1+p2=p
eiT(p1+02)
Ip(t,T) == —/ // hl(m)hz(pz) (p1p2)" dprdprdT
0 p1+p2=p

where it is understood that p{, pp > 0. Then with R as in (35)

<p(t,T)|

IA

T N N
1 |1 (pD) |1 [72(p2) |1

pr1+ P2

IA

1H (A1 (o014 Doy <o) 122 17202 P51 121y < )
d
< c(d)*((RPp)? + 8)*|hll 212l 2

where we used L2-boundedness of the Hankel transform (H f)(r) := f o0 { fs) ds and

(35) to pass to the final estimate. For the second term, we integrate first in t

lh1(p1)h2(02)]
p(t.T)] < = // (p1p2)" dprdp
>p (p1+p )2 102 1 2
01+,02>0

2 . . Cd)
—T<H(|hllpf), lhalpy ) < p—TIIhlllLZIIhzlle

IA

where (-, -) is the L?(0, oo)-pairing. Taking first R large (depending on 8, iy, hy),
then p small, and finally T large implies (36).

It is now a simple matter to finish the estimation of the principal term. Indeed, fix
a small ¢ > 0 (to be determined later) and let T*, T, > 0 be sufficiently large. Then
for all T > max(T*, Ty) and ¢t > 0, we obtain the following lower bound on (33):

T T
%/I(r, Hdr > (I—S)Il(oo)—%/ﬁ(r,t)ldr.
0 0

By the asymptotic behavior of I(t, t) we see that givene > ( there exists Ty, depending
on g, f, g and d, such that

limsup%/l(r, t)ydt > (1 —&)I1(0c0).

—>00
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Recall that so far we have only dealt with the kinetic part of the energy, i.e., the one
given by 9d;u. The other contribution coming from 9, u(¢, r) equals

o0
1 | i
(ZjT)d|Sd 1| 1§||aru(t+T)”i2(|x\Z,) :(Zﬂ)d/zlaru(t+T’ r)|2rd ldr
1

o0
1
= @2m)? lim /—|8ru(t+T,r)|2rd_le_8rdr
e—>0+ 2
t

e—>0+

o0 1 .
~ lim / / / 3 (costa + 7900001 F (o) + sin@ + T2 (on)
t

(cos(t + 2102 F(p2) +sin((t + THom)E ()

Sy rp) ) (P p1p2) ™ (p1o2)* dprdpa r? Tt e dr 4 04(1)
as t — oo. The final term here results from the derivatives in r falling on the 2"
weight outside of the Bessel functions, see below for the treatment of such error terms.
Plugging in the asymptotics from (10), and performing the same type of arguments as
before now yields

t—00

T

. 1

lim sup - / IVt 4T 2 (1= 2 + NI D1 2
0

for all T > Ty. We also used the Plancherel identity ||f||% = (27T)d||f||%. By the
monotonicity of the exterior energy, we can take T = Ty which leads to the desired
result.

It remains to verify the dominance of the leading order terms of the Bessel expansion
as expressed by (28). This is very similar to the corresponding argument in the proof
of Theorem 1. Indeed, subtracting (27) from (26) yields, with w; as in (11),

2 o000 X0 A
I(T.0) = = lim / / (= sin( + T)p1)r Fon) + eos((e + Troniton)
T e—0+
t 0 0

(= sin( + T)p2)p2 f(p2) + cos((t + T)p2)E(p2)

~[(wz(rp1) + w2(rp2) + w2 (rp)wz(rp2)) cos(rpy — t) cos(rpz — 1)

tw1(rp)(1 + w2(rp2)) sin(rpy — ) cos(rpy — 1)
tw1(rp2)(1 + w2(rp1)) sin(rpy — 7) cos(rpr — 1)

+w1(rp1)wi (rp2) sin(rp; — 1) sin(rpy — T):|(;01,02)“ dpidpye™*" dr.

@ Springer



Energy partition for the linear radial wave equation 595

All terms here are treated in a similar fashion. As one example, consider for all ¢ > 0
the error term

o0 00 0

Ei(e) := ///Sin((t + T)p1) sin((z + T) p2) cos(rpy — T) sin(rp2 — T)w1(rp2)
t 00

o) F(02)(p1p2)" e dpidpy dr,

As before, we write

1
cos(rpy — T)sin(rpy — 1) = —7 [(=1)Y cos(r(p1 + p2)) + sin(r (o1 — p2))],

expand the trigonometric functions on the right-hand side into complex exponentials,
and perform an integration by parts in the r variable as in (20). We apply this with
o = p1+p2and o = p; — p7 to the fully expanded form of E(¢) as explained above.
In both cases one has the uniform bounds

o0

sup || [ —20) < Clgln.

£>0 (p1 £ p2) Lic
o0 L%(p1)

In order to use this, we distribute the exponential factors as well as all weights over

the functions f (p1) and f (p2), respectively. For the first term on the right-hand side
of (20) we then obtain an estimate O (') from the decay of the weight w, whereas
for the integral in (20) we obtain a O (r~%)-bound via

sup |/ (rp)p?| < Cr2
p>0

which then leads to the final bound

o0

/O(V’z) dr=0@a™".

t

The O-here are uniform in & > 0. Note that various p-factors which are introduced
by the w-weights are harmless due to our standing assumption that 0 < p, < p < p*.

Proof (Proof of Theorem S) This is an immediate consequence of Proposition 4 and
the monotonicity of the energy on the region {|x| >t 4 T}.

4 Concentration compactness decompositions
The section collects some admittedly more technical results which, however, are of

crucial importance in the implementation of certain nonlinear arguments in our fol-
lowup work [3,4].
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4.1 A bilinear convergence property

We begin with the following result is useful when considering energy splitting in a
concentration-compactness decomposition. The issue here is to localize such a splitting
to the exterior of balls. We show that such a localization does not affect a Pythagoras-
type property of the energy. Technically speaking, the main issue here is the inclusion
of the cut-off {|x| > r,} or {|x| < r,} in (37). We present this material here since it
rests on the exact same considerations as the exterior energy estimates from above.

Lemma 6 Letw, = (wy,0, Wn,1) be a bounded sequence of radial functions in H' x
L?. Let t,, ry be two sequences (r, > 0): Assume that Vy ;S(—t,)w, — 0in L? as
n — oo. Then for any U = (ug, u1) € (H' x L?)(R?), one has

Vit St)U - (Vixwy 0, wp1)dx — 0 as n — 400, 37

[x|>rp

Ve iSt)U - (Vewy 0, Wn,1)dx — 0 as n — +o0. (38)

[x]<ry

Proof By conservation of the linear energy, one has

/Vx,tS(tn)U . (wan,Oy wn,l) dx
Rd
= / ViU S(—=t)(Vxwp,0, wp,1)dx — 0 as n — +oo. 39)
Rd
Hence, (38) and (37) are equivalent.
By unitarity of the evolution we may assume that u is a Schwartz function with

Fourier support away from the origin. Also it suffices to show the claim assuming that
the sequences

(t)n, (Fdn, (tn —rp)n and (t, + rn)n have a limit in R.

If ¢, has a finite limit, then S(#,)U converges strongly in L? and (V, Wy .0, Wn,1)
converges weakly in . L?. Now recall the following simple fact: if f,, — f weakly in
L?, and a, — o € R, the dominated convergence theorem shows that

Tixi=a, fn = L@ +o00)f weakly in L>.

Applying this to o, = r, and f,, = (Vywy 0, Wy, 1) yields the result in this case.
We now turn to the case when lim#, € {foo}. We have shown above that the
sequence V, ;S(t,)U asymptotically concentrates its L? mass where x| —|ta]| < R.
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In particular,

IVesSE)UP — 0

[x|<[tn]/2

If r,, is bounded, it then transpires that

/ Vx,tS(tn)U : (wan,07 wn,l) dx — 0,

[x|<rn

and we are done with this case.
It remains to treat the case where both (7,), and (r,), have infinite limits. We
proceed as in the proof of Proposition 4, using the Fourier representation and the Bessel

d—-2
functions J,, with v = ——. Retaining only the leading orders in the expansions of

these functions the dominant contribution to (37) is given by

/ (c0s(ty p) IR0 (p) + sin(t p)i0) (p)) sin(rp — 7)(rp) "2 p* L dp

\8

n

0
o0
/En,\o(o)o sin(ro — t)(ra)_”_%crd_1 do e & ri lar
o0 o0
. . - ol g
+// (— sin(t,0) pii0 (0) + cos(t,p)it1 (0)) cos(rp — ) (rp) "2 p4 1 dp
0

I'n
o
— 1 3 B B
[ costra 00 Aot o e i ar
0

in the limit & — 0. Carrying out the r-integration and passing to the limit yields the
expression

/(COS(tnp)puo(p)+sm(tnp)u1(p))p 7 ano(o)a E
0

(n _sin(rp(p —0)) (_I)UCOS("n(P +0))) dpdo
p—0 p+o
+ / / (= sin(t, ) piid (p) + cos(tu ) (p)) p 7 Wri(c)o T
0 0
(7180(,0 —0) — M + (_1)Uw) dpdo.  (40)
p—0C p+o
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The &9 make the following contribution to (40):

o]

/ pito () [c0s(tn ) P10 (p) — sin(tnpYwn 1(0)] p~" dp
+ [ 7100 [sint,0)975(0) + 030,75 1(0)] 0% dp
0

which tends to 0 by the assumption on w,. Next, we extract the terms involving the
Hilbert transform kernel from (40) (ignoring multiplicative constants):

00 00
// {puo(p) €08 (tp )0 Wy () — sin(tn )Wy, 1(0)]
00

sin(rp (o — o))

+iE1 () [$in(t )T 0(0) + €OS(tn )y 1(0)] (po)'T dpdo.

(41)

Using simple trigonometry, the terms involving u( can be transformed into the fol-
lowing expression:

//ﬂuo(p)[ [sin((ty +ra)(p — @) = sin((ty — 1) (p = 0))] cO8(1,0)0 Wy 0(0)
0 0

+[cos((ty + 12)(p — 0)) — cos((rn — tx)(p — 0))]sin(t,0)0 Wy, 0(0)
— [cos((tyn — ra)(p — 0)) — co8((ty + 1) (p — 0))] cOS(t,0 )W, 1(0)

— [=sin((ty — ra)(p — 0)) +sin((ty + r2)(p — 0))] Sin(tno')w;l,\l(o')]

d—1
2
oz

= //pbfo(p)l [sin((tn +ra)(p — 0))
p—0

0 0
+sin((ry — ta)(p — 0))] (cO8(1,0) oWy 0(0) — Sin(1y0)Wn,1(0))
+ [cos((ty +rp)(p — o)) — cos((ry, — 1) (p — 0))]

d—1
x (sin(t,0)0T 0(0) + COS (10 i 1 (o)) ] (f; U_) .

dpdo. (42)

Define, with .% the Fourier transform on R,
~ g1 ~ =l 2
uy = | (]IR+pu0(,o)p 2 ) e L“(R).
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Then with some constant c,

o
/ (EiBio=0) PIOP) 51 (sign(- + By)iio) (0).
p—o0
0

If B, has a limit in R or 00, then this converges strongly in L>(R): in our case, B,
is t, + ry or t, — ry. Thus, (42) can be reduced to the form (v,, v,) — 0 where vy,
converges strongly in L? and ©, — 0 weakly in L? as n — oco. Analogously, the
terms involving u in (41) are reduced to the following expressions:

/ / ui(p)[ [sin((tn + 1) (p — 0)) — sin((ty — r)(p — 0))]
00

(sin(tna)am(o) + cos(tncr)ﬂn,\l(cr))

—[cos((tn +1n)(p — 0)) — cos((ty — ra)(p — 0))]
d—1

(cos(1,0) W 5(0) — sin(t0 )iy 1(0)) ]M dpdo

which converges to zero by the same reason.

It remains to handle the terms in (40) involving the Hankel kernel

. Using the
o
same type of trigonometric identities as above the terms involving the Hankel kernel
as well as uq are transformed into the following ones:

/ / p@(p)l [Sin((tn + 1) (p + 0)) + sin((tn — 1) (p + 0))]
00

(sin(t,0)0Wn,0(0) + cOS(ty0 )Wy, 1(0))
+ [cos((ty + rn)(p + o)) + cos((ty, — ry)(p +0))]

d—1
(po) 2

dpdo.
p+o P

(c08(1,0) 0wy 0(0) — Sin(tna)m(ff))]

We proceed as in the case of the Hilbert transform, considering
. -1 ~ d—1
o = F, (11R— pio(p)p 2 )

instead of i1¢, and noticing

(o 0]

/ EiBip+0) PUOD) UL 4 sign(- F Ba)iio) (o).
p+o

0
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We argue analogously for the terms involving the Hankel kernel as well as uj,
which are of the form

/ / ui(p)[ [sin((tn + 1) (p + 0)) + sin((ty — ) (p + 0))]
0 0

(co8(140)0 Wy 0(0) — sin(t,0) Wy, 1(0))

—[cos((t; + rn)(p + 0)) + cos((ty — rp)(p +0))]

(p0) T d
o

(Sin(140)0Wy,0(0) + COS(140 )Wy, 1(0)) pdo.

By inspection, these also vanish in the limit n — oo.

It remains to deal with the errors resulting from the lower orders in (10). In contrast
to the leading order, no use is going to be made of the weak convergence assumption
on w,. Indeed, just by means of L*-estimation and the gain of (at least) one power
stemming from the w; and ®; factors in (10), one obtains a O (r, 1) bound on all of
the contributions of these terms to the left-hand side of (37) (recall our assumption
p > psx > 0, and the same for o). To be more specific, the error terms are of the form

ee]

/ (Un oYWl () + Un 1 (W o(F) + Un w1 (0) F4 = dr - @3)

n
where

sin(#, )

Uni(r) = / (COS(tnp)bTo(p)+ bﬂ(p)) (@1(rp) cos(rp — 1)
0

—an(rp)sin(rp — 1)) (rp)_"—%pd dp,

wy 1 (r) = / Wy (0) (@1(ro) cos(ro — 1) — @y (ro)sin(ro — 1)) (ra)_”_%ad do.

0

Let us consider the first term in (43):

]

/ Un,o(r)w;h1 ryrilar

n

o0 o0

R sin(t, e . el

= lim / / (cos(tnp)uo<p)+ (p”” )m(p))sln(rp—r)(rp) "3 4 dp
tha+A O

/@(o) (01(ro)cos(ro—1)—wy(ro)sin(ro —1)) (ro)_‘)_%od do e ¥ r? 1 gy

0
(44)
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Energy partition for the linear radial wave equation 601

In view of (20) the r-integral here is of the form

x _ e leFitl T —leFitlr

/e—[g:!:zr]rw(ro_) dr= —w(to) + / — o' (ro)odr (45)
EFIT EFitT

t

t

for all t > 0,0 > 0. Inserting the boundary term on the right-hand side of (45)
into (43) yields expressions of the form, for j = 1, 2,

T T oEitnp g (e£i(p£0)) (1 +A4) i L ol
// ; @ (rpo)ig(p)w, (o) (op) 2 dpdo
00

eti(pto)

where the signs are chosen independently of each other. By the L2-boundedness of the
Hilbert, respectively, Hankel transforms and the fact that o > p, > 0, we conclude
that uniformly in ¢ > O this expression is O(t, 1). Similarly, the integral on the
right-hand side of (45) yields

[o¢]

T T oEitnp g~ (e£i(pxo))r v
= & (ro)e @0 (p)n(@)0p) T dpdo | dr.
0 0

eti(pto)

'n

Again by L?-boundedness the expression in brackets is O (r~2) uniformly in & > 0
and n. Integrating this in » > r, then yields O(r, ") as before. This shows that the
entire first term on the right-hand side of (43)is O(r, 1Y, The second and third terms
satisfy the same bound and we are done. O

4.2 Energy partition for profile decompositions

We first recall the notion of a profile decomposition which originates in this form in [2].
It plays a fundamental role in the analysis of nonlinear equations at large energies.
See for example [3-6].

2d+1)
We denote S the Strichartz space L ,")’[2 (R%), and its associated norm

1/ 0s = 171 20 2

L7 RLA? (R

Definition 7 We say that a sequence (uq,,, u1,,) C H! x L? admits a profile decom-
position (UL, 0r L) jeN C H' x L? (solutlons to the linear wave equation (1)), with

parameters (A; ,, tj ), and remainder wn (also solutions to the linear wave equation
(1)) if there holds
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uOn_z d/ZIUL( | )+w1(0x)
]a" J»"
(46)
t.
uln—z d/231Uj( )\”n I )+8tw;‘1](01x)7
=l jon Ajon

where lim;_, ;oo limsup,,_, | o, ||w,{ ls =0,
and the parameters are pseudo-orthogonal, that is for all i # j,

Aj [tjn — tinl
In =L 4+ 2 MY 4o as n— 400,
)Li,n )\j,n

The following result is the Pythagorean expansion of the truncated energy.

Corollary 8 Let {(uo.n, u1,n)} be a bounded sequence in H' x L% and assume it

admits a profile decomposition (46) with profiles (Uﬁ)jeN, parameters (Aj n, tj ), and
remainder w’ . Let t,, r, be two sequences. Then we have the Pythagorean expansion:

[ (a0 + a1 0F) d

‘X|>rn
t’l’l X
a7 P (5 5)
Vit )\/n o

Proof 1t suffices to prove that the cross terms go to 0, i.e.

I=xzr,
1 : tin X 1 i fin X
Vi # j, / ——= V. Uf (—;,—)—V,U'I <— —, dx — 0,
)\d/z %YL Ain Ain )”?/nz L Ajn Ajn

[x]|=rn

2
dx + / |V.swn (0, x)|? dx + 0,(1).

[x|=rp

1 Yt
Vj < J, / —73 Ve Uf (— L2, ; )vx,tw,{(o, x)dx — 0.
J:n J.n

[x]>rn J-n

After scaling, this takes the expression

i A i tin A
Vi # j, / ,UL( - x) —5Ve U] (— e, ””x) dx — 0,
)\t,n )»./ Ajn Ajn
N Jn
Vi< J, / V.Ul (_,\’ )xd/zvx w? (0,4 d/zx)dx - 0.
X2/ -

In both cases we will use Lemma 6: we have to check the weak convergence.
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In the first case, we have

d/2—1

lin in j tin Ain in j tin Ain
ths(;) LU g2 e Ll LU LR g2 LU LI
hin ) \NAIPTTEN N Ay ) 2T R A
J.n J.n
/2
in J in j.n in
_ i g v (— x).
Nl Mmoo A

From pseudo-orthogonality, it is clear that this last expression tends weakly to O in
L2. Let us focus on the second, then

5 d/2—1 d/2 dj2
VS ()L].n ) (’\j,/n w00, & %), ’\j,/n wy) (0, Aj.nx)) = )”j,/n Ve Wy (105 % jnX) -
Jsn

But by construction of a profile decomposition, for j < J, recall that

dn

A Ve w (tj 0, 2 jnx) — 0 weakly in L? as n— 4oo.

4.3 Asymptotic vanishing of Strichartz norms

The goal here is to prove a technical statement on the stability of the asymptotic
vanishing of global Strichartz norms under spatial cutoffs, see Lemma 11 below. In
odd dimensions, this was established in [5, Claim 2.11]. This statement will play an
important role in the applications of this paper to wave maps, see [3,4].

Lemma9 [5, Lemma 4.1] Let v be a solution to the linear wave equation (1), and
(tn) CR, (Ay) C RE be two sequences. Define the sequence

. x) 1 r X
v, x) = ——v|—,—|.
n )\;1/2—1 An An

1, —
Assume that Ai — £ e R. Then
n

If € € {£o0), limsup, . ||vx,,u,,(;,,)||22(Hx|_‘tn”2mn) -0 as R— +oo,

Ift € R, limsup, . ||vx,,un(rn)||§2(|1n(x/kn)|2m g — 0 as R — too.
Proof First consider the case £ € R, then notice that

IV, e Vn @) L2 n(x /)12 R) = I Vx, e VO 2210 jx|=1n ) T 0n (D),

from where the result follows. In the case |£| = 400, then
IV, 0n D L2 )= 1112 Ry = IVt 0 /A L2111 /20112 R)
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and the result follows from Theorem 5.

Lemma 10 [5, Claim A.l] Let (u, 0;u) and (w,,, 9;wy,) be solutions to the linear wave
equation (1) bounded in H! x L2, and let (1), (1n)s (t)ns (Sn)n be sequences of
real numbers (with A, u, > 0). Assume that

A2V by, Apx) — (0,0) weakly in L2 (47)

If ¢ is either a radial, compactly supported smooth function such that ¢ = 1 (or
¢ = 1) in a neighbourhood of 0, we have

X 1 Sp —th X
/w(;)vx,twn(sn,x) an Vi ilt (T xn) dx — 0, (48)

and /(1 —9) (i) Vit Wn (Sp, X) - d/z (

asn — oQ.

) dx — 0. (49)

Proof By conservation of the linear energy for solutions to (1), and we have

1 Sp—ty X
V)C,twl’l(sllv X) - va,tu T, E dx

n

Sn — 1,
=/Ai/zvx,twn(rn,x)-vx,,u( - ",x) dx
n

/Ad/zvx,,wn(z,,, nx) Ve qu (0, x) dx — 0. (50)

where we used weak convergence (47). This settles the case ¢ = 1. Also this
shows that is suffices to prove (49). For this we will use Lemma 6. Writing ¢(z) =

_/]l[yzzw/(y)dy, we have

o
X 1 Sp —thy X ,
@\ =) Vaeawnlsn, X) - Ve | ——— = ) dx = — [ ¢ (0 Fa(y)dy,
Mn An An An )

1 Sp— 1l X
where F,(y) = [ Lpx<uuy) Ve wn(Sy, x) - a7 Vil ,— ) dx.
An An An

Unscaling, we see that

a2 Sp — 1,
Fn()’) = / ]l[xgu,,)'/kn])\n/ Vx,twn(snv Anx) - Vx,tu ( z z s x) dx.
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Energy partition for the linear radial wave equation 605

Now we compute

ty — S d/2—1 d/2
vx,lS (%) ()Ln/ Wy (S, AnX), }Ln/ 0wy (S, )Lnx))
n

=242V, jwp(ty, Ax) — 0 in L2, (51)

by hypothesis. Hence (37) ensures that for all y, F,(y) — 0 as n — +oo. Further-
more, it is clear that

[F (D) < I(u, atu)”['{leZH(wna atwn)||H1><L2 <M.

Hence for all n, |¢'(y)F,(y)| < M|¢'(y)|. As ¢’ € L', the Theorem of dominated
convergence applies and

o]

/w’(y)Fn(y)dy — 0.
0

We are now in a position to derive the aforementioned stability result for the asymp-
totic vanishing of the Strichartz norms.

Lemma 11 [5, Claim 2.11] Let w,, be a sequence of radial solutions to the linear
wave equation (1) with bounded energy and such that

lwylls = 0 as n — +o0.

Let (wo n, wi,n) be the initial data of w,, x € Q(Rd) radial and such that x = 1
around the origin, and A, be a sequence of positive numbers. Consider the solution
v, to (1) with truncated data

(Vo,n, v1,n) = (@ - |/An)wo,n, @(| - |/An)Wi,n),
where ¢ = x or¢o =1 — x. Then
lvglls = 0 as n — +o0.

Proof 1t suffice to consider the case ¢ = x. By scaling invariance, we can assume that
An = 1 for all n. Notice that convergence to 0 in the Strichartz space S is equivalent
to having trivial profile decomposition, more precisely, one has the following:

Let (uy, 0;u,) be a sequence of solution to (1). Then [Ju, || sy — O if and only if
for any sequence (#,) C R, (u,) C (0, +00),

Mﬁ”vx,,un(—unt,,, Unx) — 0 weakly in L.

This a consequence of the construction of a profile decomposition, see [2] for further
details.
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Hence, let (t,) C R, (1,) C (0, +00) be two sequences, and (g, u1) € H' x L.
By density, we can assume that (ug, #1) are radial, smooth and compactly support
outside 0, say in {x | |x| € [p«, p*]} for some p,, p* > 0. Define (u, d,;u) be the
solution to (1) with initial data (ug, u1). It suffices to prove that

1 ‘
/T/zvx,,un (—i, i) Vs (0, x) dx — 0.
Iin

n Mn

Now we compute,
1 t X
/ —a73 VU (—i, —) Vo u(x) dx
n Mn  Hn
dJ2
= Vx,tvn (0, x) Vx,tlft(_l‘ns MnX) dx

= / @ () Viwy (0, x) 11> Vot (t, pnx) dox
d/2
+/<p(x) Orwy (0, x) py" " 0ru(ty, fLnx) dx
d/2
+/Vx(/7 ) wy (0, x) Wy " Vyu(ty, upx)dx.

The claim together with (48), (49) shows that the first two terms of the right-hand side
converge to 0. Hence we are left to prove that

I :=/Vx<p(x) wy (0, %) 1t >Vt (tn, pnx) dx — 0.

It suffices to prove this for subsequences, hence we can assume thatt,,, w, and 1, /1y
have a limit in R. The claim ensures that w, (0, x) — 0 in H'!. Recall that V¢ has
compact support away from O: due to Hardy’s inequality, we deduce

1
—w,(0,x) =0 in Lz—weak, and then V,¢ (x) w, (0,x) =~ 0 in L?-weak.

|x|

In particular ||w, (0, x)/|x|ll 72, [Vx@ (x) wy, (0, x) || ;2 are bounded.

X
First assume that 1, — t € R. By Lemma 9, we see that uz/zvx,tu (tn, —)
Mn

concentrates L2 mass on annuli of the form
{x | un/R =< |x| < uaR}.

Hence if u,, — 400 orif u, — 0, as V¢ has compact support away from 0, we see
that 1, — 0.
If up - p € (0, +00), then

pcz/zvxu(t,,, UnX) —> ud/zvxu(r, wx) strongly in L.
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Energy partition for the linear radial wave equation 607

As Vi (x) w, (0, x) = Oin L?-weak, we deduce that I, — 0.
We now turn to the case when [t,,| — 400. Then Lemma 9 shows that

. dj2
lim sup ||/,Ln/ Vet (tny nX) 1 L2 1x |~ 0l /s | =R /o) —> O @S R — +00. (52)

n—+00

1,
If m — 400, then for all R, Supp(Vy¢) C {||x| — |tal/tn] = un R} when n is

Hn
large enough: hence we see that [, — 0.

1,
Otherwise, — — £ € R. Using (52) and u, — +o00, we see that

Mn
d/2 X
’Mn/ Vx,tu (tna _) ‘
Hn

Hence, separating the integral in I, between the regions {|x| — £| > u, 1/ 2} and its
complement, and writing V¢ (x) = |x|Vx<p(x)ﬁ, we have

—1/2
L2(x]—€l= )

1 d
I = / 195 ) o (0, 4V, ) +0(1)
Ix|—€]<py
1 d
= ||V, () / mwn(o,xm/zvxu(rn,unx)dx+o(1>.
lx|—el<uy /2

(we used the continuity of |x|V,¢ (x) at € on the last line, and 1/./1t;, — 0).
1
Now as —w, (0, x) — 0O in L2, we deduce that the last integral converges to 0,
X

and I, — 0. This completes the proof.
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