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Abstract We prove longtime existence and estimates for smooth solutions to a fully
nonlinear Lagrangian parabolic equation with locally C!-! initial data u( satisfying
either (1) —(1 + 1)1, < D*ug < (1+ n)I, for some positive dimensional constant 7,
(2) up is weakly convex everywhere, or (3) u( verifies a large supercritical Lagrangian
phase condition.
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1 Introduction

In this paper, we settle the longtime existence problem of smooth solutions with
“almost convex” initial data for the fully nonlinear Lagrangian parabolic equation

au n
— = arctan A;
at ; ' )

u(x,0) = uo(x)

The first two authors are partially supported by NSERC grants, and the third author is partially supported
by an NSF grant.

A. Chau - J. Chen (<)
Department of Mathematics, University of British Columbia, Vancouver, BC V6T 1Z2, Canada
e-mail: jychen@math.ubc.ca

A. Chau
e-mail: chau@math.ubc.ca

Y. Yuan
Department of Mathematics, University of Washington, Seattle, WA 98195, USA
e-mail: yuan @math.washington.edu

@ Springer



166 A. Chau et al.

where ;s are the eigenvalues of D?u, and also obtain global estimates for the longtime
solutions. With “uniformly convex” initial data for (1), the longtime existence and
estimate problem of smooth solutions has been solved in [1]. With general continuous
initial data for (1), the longtime existence and uniqueness problem of continuous
viscosity solutions was obtained in [2].

When a family of smooth entire Lagrangian graphs in C" evolve by the mean
curvature flow their potentials u : R" x [0, T) — R will evolve by (1), up to a time
dependent constant. Conversely, if u(x, t) solves (1), then the graphs (x, Du(x, t)) in
R?" will evolve by the mean curvature flow up to tangential diffeomorphisms.

In the hypersurface case, the global and local behavior of mean curvature flow of
Lipschitz continuous initial graphs has been studied in [3,4]; the regularity for mean
curvature flow of continuous graphs has been obtained in [5]. In the high codimensional
case, the mean curvature of Lipschitz continuous initial graphs with small Lipschitz
norm has been studied in [7].

The main result of the paper is the following

Theorem 1.1 There exists a small positive dimensional constant n = n(n) such that
ifug : R" — Risa CY! function satisfying

— (L 4+l < D*ug < (1 + ), 2)

then (1) has a unique longtime smooth solution u(x,t) for all t > 0 with initial
condition uq such that the following estimates hold:

(i) —/31, < D*u < /31, forallt > 0.
(i) sup,cgrn D u(x, 0)|> < Ci/t'2 foralll > 3, t > 0 and some C; depending
only onl.
(iii) Du(x, t) is uniformly Holder continuous in time at t = O with Holder exponent
1/2.

After a coordinate rotation described in Sect. 2 [see (15)], the “convex” condition
—1I, < D*u < I,, corresponds to a convex potential in which case the right hand side
of (1) is a concave operator. This however is not the case under the weaker “almost
convex” assumption (2) in Theorem 1.1. This is interesting from a PDE standpoint
as Krylov’s theory for parabolic equations is for the concave operators [8]. Another
subtle point is that the “almost convex” initial condition (2) is not preserved under the
flow (but only preserved to an extent enough for further estimates of solutions), as the
weak maximum principle fails now.

In [1] Theorem 1.1 was proved for any negative constant 1, in which case it was
shown that now the “uniformly convex” condition (2) is preserved for all # > 0. In
particular, a priori estimates were established for any solution to (1) with D?u so
bounded. The estimates combined maximum principle arguments for tensors and a
Bernstein theorem for entire special Lagrangians [15] via a blow up argument. The
estimates depended on the negativity of  and could not be applied to the more general
case of Theorem 1.1 even for n = 0. We overcome this through recent estimates in
[9] for solutions to (1) satisfying certain Hessian conditions (cf. Theorem 2.1 which
is Theorem 1.1 in [9]).
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Lagrangian mean curvature flow for entire Lipschitz graphs II 167

A particular case of Theorem 1.1 (similarly for Theorems 1.2 and 1.3) is where
Dug : R" — R"isaliftofamap f : T" — T" and T" is the standard n-dimensional
flat torus. In this “periodic case”, our estimates together with the results in [10] imply
that the graphs (x, Du(x, t)) immediately become smooth after initial time and con-
verge smoothly to a flat plane in R?" (cf. [1,10-12]).

In light of the above coordinate rotation, we apply Theorem 1.1 directly to the
“borderline convex” case in the following.

Theorem 1.2 Let ug : R” — R be a locally C"' weakly convex function, namely
D?uq > 0. Then (1) has a unique longtime smooth and weakly convex solution u(x, t)
with initial condition ug such that

(i) either Dzu(x, t) > 0 for all x and t > O or there exists coordinates Xy, ..., X,
on R" in whichu(x,t) = w(xg, ..., X, t) on R" x [0, 00) where k > 1 and w is
convex with respect to X, ..., X, forallt > 0,

(ii) sup,cpn |VIA(x, 1)|? < C/t!* forall 1 > 0,t > 0 and some constant C;
depending only on | where Vf A(x, t) is the lth covariant derivative of the second
fundamental form of the embedding F; : R" — R?" given by x — (x, Du(x, 1)),

(iii) the Euclidean distance from each point of F,(R") to Fo(R") in R** is Holder
continuous in time at t = 0 with Holder exponent 1/2.

We also prove the following

Theorem 1.3 Let ug : R” — R be a locally CY! function satisfying

n
> arctan; = (n - 1)%. 3)

i=1

Then (1) has a unique longtime smooth solution u(x, t) with initial condition ug such
that (3) is satisfied with either strict inequality for all t > 0 or equality for allt > 0
in which case ug must be quadratic. Moreover, u(x, t) also satisfies (ii) and (iii) in
Theorem 1.2.

Remark 1.1 Note that if u satisfies (3) then 1y must be convex.

As discussed above, after a coordinate rotation we may assume D2u0 in Theorem
1.2 satisfies the strict inequality —I, < D?ug < I, in which case Theorem 1.1
immediately provides a longtime solution u(x, ) to (1). In order for this to correspond
to the desired longtime solution in the original coordinates we must first show —7,, <
D?u < I, is preserved for all # > 0 and this is the first main difficulty in proving (i)
in Theorem 1.2. This in particular will rule out the possibility of A; (D%u(x, 1)) = 1
for some (x, #) which would correspond to a non-graphical (vertical) Lagrangian in
the original coordinates. The second main difficulty comes from showing that either
—1I, < D?u forall t > 0, or the solution splits off a quadratic term as in Lemma 4.2
and this will give (i) in Theorem 1.2 after rotating back to the original coordinates.

As for Theorem 1.3, by Remark 1.1, if u( satisfies (3) then it is automatically
convex hence Theorem 1.2 guarantees a longtime convex solution u(x, ¢) to (1). The
difficulty in showing (3) is preserved for all # > 0 comes from the fact that a maximum
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principle may not directly apply as u is only locally C!'! with possibly unbounded
Hessian. Performing a similar but small oy coordinate rotation, we can assume that
—K(og)I, < D2u0 < 1/K (09)1,, for some constant K (og) which approaches zero
as og — 0, and satisfies

n
> arctan A, z(n—l)%—nooz (n—2)%. )

i=1

We then observe that the set of real symmetric n x n matrices satisfying (4) is a convex
set S, and we approximate 1o by convolution with the standard heat kernels, which
has the effect of averaging elements in S, thus producing smooth approximations with
bounded derivatives (of order 2 and higher) and Hessians belonging to S. We perform
a further 7 /4 coordinate rotation after which the smooth approximated initial data
satisfies (ii) in Theorem 1.1 and

Z b4 b4
Zarctanki > (n— 1)5 — nZ — noy. 5)

i=1

By Theorem 1.1 we then apply a maximum principle argument to show (5) is preserved
starting from each approximate initial data.

The outline of the rest of the paper is as follows. In Sect. 2 we provide preliminary
results which will be used in the proofs of the theorems. In particular, we state the a
priori estimates in [9]. Theorem 1.1 is proved in Sect. 3 and Theorems 1.2 and 1.3
are proved in Sect. 4.

2 Preliminaries

In this section we establish some preliminary results.

Proposition 2.1 ([1], Proposition 5.1) Suppose ug : R" — R is a smooth function
such that sup |D'ug| < oo for each 1 > 2. Then (1) has a smooth solution u(x, t) on
R" x [0, T') for some T > 0O such that sup, cg» |D'u(x, 1)| < oo for every | > 2 and
te[0, 7).

Remark 2.1 In Proposition 5.1 in [1] it was shown that the non-parametric mean
curvature flow equation

o > NN

ot _ij=]
f(x,0) = Dug(x)

6)

where g/ (f) is the matrix inverse of g;;(f) := 8 + >4y f{ f{', has a short time
solution f(x, t) provided u( satisfies the conditions in Proposition 2.1. As explained
in [1] (see Lemma 2.1), this in fact provides a short time solution u(x, ¢) to (1) as in
Proposition 2.1 such that f(x,t) = Du(x, t) and the proof of Proposition 5.1 in [1]
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can also be adapted directly to (1) to establish Proposition 2.1. For convenience of the
reader and completeness, we provide the details of this argument below.

Proof Let Cktek/2+/2 denote the standard parabolic Holder spaces on R” x [0, 1).
Define

B= {v e CHHelHS | y(x, 0) = 0}
and defineamap F : B — c*3 by
av
Fvy=—-06
W) =+ (v)

where ©(v) := >"7_, arctan A; (D*(ug + v)). Then the differential D F,, at anyv € B
is given by

- > &0 + )¢y

i,j=1

¢
DF, = —
vw(P) 5
where g%/ (1 + v) is the matrix inverse of I, + [D*(ug + v)]%.
Claim 1 DF, is a bijection from T, B onto TF(U)C""%.

This follows from the general theory of linear parabolic equations on R"” x [0, 1)
with Holder continuous coefficients.
Now define functions fj and f, on R" recursively by

f1:=0(uo)

- 7
fr =g wo)dj; fi. @

Then we see that suppn» |D! fi| < oo forevery i and /, and if we let wg = F (vg) where
vo = tf] + 12 f»/2, then a straightforward computation gives

3! F(v9)(x,0) =0 ®)
for/ < 1and
sup |DLDMwg| < 0o 9)
R?x[0,1)

for every [, m > 0. In particular wy € c*3. By the inverse function theorem there
exists € > 0 such that ||w — w0||a’% < € implies F(v) = w for some v € B.
For any 0 < t < 1, define w; by

0, t<rt

wolx,t—1), T<t<l. (10)

wy(x,t) = [
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Claim 2 ||w; — wolly ¢ < € for sufficiently small T > 0.

2
By (8) and (9), it follows that w, € C%5 and [Jwe ||a,% is bounded uniformly and
independently of t. From this and the fact that w; — wg converges uniformly to O in
CYas r — 0, it is not hard to show the claim follows.
Hence by the inverse function theorem we have F(v) = w; forsome 0 < 7 < 1
and v € C*t®1%2/2 1 particular ug + v solves (1) on R” x [0, 7]. Now the higher
regularity of u can be shown as follows. For any xo € R”, consider the function

u(x,t) :=ulx + xq,t) —u(xg, 0) — Du(xg, 0) - x.

Then u(x, t) € B and still solves (1) on R” x [0, t]. Now we can write (1) as

oi S arctan A; (D)
R i u
ot P
1 P n
Z/B—(Zarctanki(Dz(Sﬁ)))ds
o NS
1
- /g"/(szz)ds 0. (b
0

Notice that Dii(0,0) = @(0,0) = 0 and that D2%i(x,t) = D?*u(x + xo, 1) is
uniformly bounded on R" x [0, t]. Now if we let B(1) be the unit ball in R” it
follows from (1) that z(x, #) and thus Dii(x, t) is uniformly bounded on B(1) x [0, 7],
giving ii(x,t) € Cc2Hel+r+s (B(1) x [0, t]). In particular, by freezing the symbol
ai = fol g" (sit)ds in (11), we can view (11) as a linear parabolic equation for i
with coefficients uniformly bounded in C* 3+$ (B(1)x[0, t]). Now applying the local
parabolic Schauder estimates (Theorem 5, Chapter 3, [6]) and a standard bootstrapping
argument to (11) we may then bound the C I+ norm of u(x, t) on B(1) by a constant
depending only on ¢ and /.

Now the fact that v is smooth with bounded derivatives as in the theorem follows
by repeating the above argument for any xo € R”. O
Lemma 2.1 ([1], Lemma 5.1) Let ug : R* — R be a C! function satisfying
—Col, < D2u0 < Col, for some constant Co > 0. Then there exists a sequence
of smooth functions uS : R" — R such that

(i) ula — ug in C'1T*(BR(0)) forany R and 0 < a < 1,
(ii) —Col, < Dzug < Col, for every k,
(iii) supycpn |D'uf| < oo for everyl > 2 and k.
Proof Let

1
ub(x) = / uop(» K (x, ¥, ;) dy (12)

IR
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where K (x, y,t) is the standard heat kernel on R” x (0, co). Conditions (i) and
smoothness of u](‘) are easily verified. By assumption, Dguo(y) is a well defined and
uniformly bounded function almost everywhere on R” and we may write

_ 1
Drug(x) = / Djuo(y) D\ K (x, v, §) dy
]Rn
for every [ > 2 from which it is easy to see that conditions (ii) and (iii) is also true.

O

Theorem 2.1 ([9], Theorem 1.1) Let u(x,t) be a smooth solution to (1) in Q1 C

R" x (=00, 0]. Whenn > 4 we also assume that at least one of the following conditions
holds in Q1

(i) >0 arctani; > (n —2)%,
(ii) 34 A} +2x1; > O0foralll <i, j <n.

Then we have
el 1.0, + D%l g, , < CUDulL>0))- (13)

Here Q,(x,1) = B,(x) x [t —r?, 1] C R" x (=00, 0], and Q, := 0,(0,0). We
refer to [9] for further notations and definitions used in Theorem 2.1.

Lemma 2.2 Suppose ug : R" — R isa C"! function satisfying
— I < D’ug < Iy (14)

and that u(x,t) € C®[R" x (0, 7)) COR" x [0, T)) is a solution to (1) and
satisfies u(x, 0) = ug. Then (14) is preserved for all t.
Proof We begin by establishing the following special case
Claim If u(x, t) is a smooth solution of (1) on R" x [0, T') satisfying.
(i) supgn |D'u(x, )| < oo foreveryr € [0, T) and [ > 2,
(i) u(x, 0) satisfies (=1 +8) I, < D%u (x,0) < (1 — 8) I,, for some § > 0,
then u(x, ) satisfies (=1 +8) I, < D?u (x,1) < (1 — 8) I, foreacht € (0, T).
This was established in Lemma 4.1 in [1] and we provide a different proof of this
here. We begin by describing a change of coordinate which we will use at various places
throughout the paper. Let z/ = x/ + /=1y’ and w/ =r/ +/—=1s/ (j =1, ...,n)
be two holomorphic coordinates on C" related by

= eVloyi (15)
for some constant o. Then as described in [16] (see p.1356),if L = {(x, Duo_(x)) |x €
R"} in C”" is represented as L = {(r, Dvo(r))|r € R"} in the coordinates w/, then vg

satisfies

arctan Ai(Dzvo) = arctan ki(Dzuo) —o. (16)
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Now by (ii) in the claim, as described in [15] we may choose 0 = —m /4 and obtain
such a new graphical representation of L and the new potential function will satisfy

s 2-35
S5 = Dy < I (17)

The claim will be established once we show (17) is preserved for any § > 0. Differ-
entiating (1) twice with respect to any coordinate direction xj yields

n n
> v — v =, "™ (i + Am) Vo (18)
ij=1 I,m=1

where the subscripts of v denote partial differentiation. Now fix any vector V € R" and
any point (rg, #p) note that VTDzv(ro, t0)V = vyy(r, t) where vyy (r, t) is just the
second derivative of v(rg, fp) in the direction V. It follows from (18) that the function

fr,y=vT (Dzv (r, 1) — 28;51) 14

satisfies

Zg”a2 | fir,n)=0

i,j=1

at any (r, ¢) in R” x [0, #;) where ¢ is the maximal time for which

% = Dv(r,1) < 22-9, (19)
22-8) "~ IR T

holds in R" x [0, #1). Note the existence and positivity of 71 is guaranteed by assumption
(1) in the claim. Now by our assumption on the derivatives of u we have that g;; (r, 1)
is uniformly equivalent to the Euclidean metric on R” uniformly for ¢ € [0, '] with
t' < 11, while gij(r,t) and f(r, t) are also continuous on R" x [0, #1). The maximum
principle (Theorem 9, p.43, [6]) then implies f(r, t) < 0 and thus Dzv(r, 1) < 23;51,Z
for all t € [0, ). Now if #; < T, then by continuity there exists some t, > ¢ for
which (19) holds for all ¢ € [0, #) thus contradicting the maximality of #;. We must
therefore have t{ = T from which the upper bound in the claim follows. Applying the
above argument to —u, we obtain the lower bound in the claim as well.

Now let ug and u(x, t) be as in the lemma, and let u’é be a sequence asin Lemma2.1.
Fix some sequence 8 — 0 and consider the sequence vg = ({1 - 8k)ug. Then
by Proposition 2.1 there exists a positive sequence 7 such that for each k there
is a smooth solution vi(x, ¢t) of (1) on R" x [0, T}) with initial condition v’é and
SUp, <R |Dlvk(x, t)] < ooforevery! > 2andt € [0, Ty). For each k, assume that Ty
is the maximal time on which the solution vy exists. By the above claim we also have
(=148 I, < D%y (x,1) < (1 — &) I, for each t € [0, T}) and the main theorem

@ Springer



Lagrangian mean curvature flow for entire Lipschitz graphs II 173

in [1] then implies sup, cgn |D v (x, )2 < Cl,k/tl_2 forall/ > 3, and some constant
C « depending only on/ and §; and it follows that 7; = oo. In fact, the local estimates
in Theorem 2.1 can be used to remove the dependence on & in these bounds. Indeed,
fix some k, T € (0, oo0) and x’ € R" and let

1
wi(y,s) = T (vk(yﬁ—l—x’, sT+T)—v(x',T) — Do (x', T) - y). (20)

Then we have wy (0, 0) = Dwy (0, 0) = 0, and wi(y, s) solves (1) on R"” x [—1, 0] and
satisfies —(1 — &)1, < D%wy < (1 — 81, for all (y,s) € R* x [—1, 0]. Applying
Theorem 2.1 then gives

3 2 1 3 2 c
sup Ducen| = s |Dws| == @b
(4.0€B 7, (<)X [3T/4,T] e T T

where B JT /z(x/ ) is the ball of radius /7T /2 centered at x’ € R" and C is some
constant independent of k. Noting that x’ € R” and T € (0, o0) were arbitrary we

obtain

3 2 C
D vk(x,t)‘ == 22)

sup
xeR”?

for all # € (0, 0o) and it follows from a scaling argument, described in the proof of
Lemma 5.2 in [1], that for every t € (0, oo) and [ > 3 we may have

2 ¢
sup | D'vr. )| = 5 (23)

xeR?

for some constant C; depending only on /.

From (23) we conclude that the vi(x, ¢)’s have a subsequence converging to a
function v(x, ) on R" x [0, co) where the convergence is smooth on compact subsets
of R" x (0, 00). In particular, by construction we have that v(x, ¢) is smooth and
solves (1) on R" x (0, 00), satisfies (14) for every ¢ € [0, co) and v(x, 0) = ug(x).
Moreover, by (1) we have [9,v(x, )| < %5 forall (x,1) € R" x [0, 00) from which
we conclude that v € CO(R” x [0, T)).

Itnow follows by the uniqueness resultin [2] thatu (x, 1) = v(x, ¢) forallt € [0, T),
and thus u(x, 1) also satisfies (14) for every ¢ € [0, T). This completes the proof of
the lemma. O

We now apply the above results to prove the following proposition.

Proposition 2.2 There exists a dimensional constant n = n(n) > 0 such that for
every T > 0 the following holds: if u(x, t) is a smooth solution to (1) on R" x [0, T)
such that —(1 +n)I < D*>u < (1 +n) att = 0 and SUp, crn |D'u| < oo for each
t€[0,T)andl > 2, then u(x, t) satisfies —\/51,, < D%y < \/31,, forallt € [0, 7).

Proof Suppose otherwise. Then there exists a sequence ny — 0 and a sequence of
smooth u (x, t) each solving (1) on R"” x [0, T;) where T; > 0, and each satisfying
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@ —(+m)l, < D*up < (1 +m)l, att =0,
(b) sup,cpn |D'uy| < oo foreacht € [0, Ty) and [ > 2,

(c) |ki(D2uk(xk, tk))| > /3 for some (xk, 1) € R" x [0, T;) and some i.

Then by (a) and (b) it is not hard to show that there exists a sequence R; with R,% €
(0, Ty) satisfying

(A) —/31, < D*ux < /31, forallt € [0, R?),
B) |Ai(D2uy(xx, )| = /372 for some (xx, 1) € R" x [0, R}) and some i.

Now consider the sequence

1
ve(x, 1) == t_z(uk()”k + X, 171+ 1) — ug (e, 1) — Dug (xe, 2) - x)
k

each solving (1) on R"” x [—1, 0] and each satisfying

() =+ 00l < D*vp < 1+ n)ly att = 0and —/31, < D?v < V31,
vVt > 0,
(ii) ‘Ai(Dzvk)(O, 0)’ — /3/2 for some i,
(i) v(0,0) = Dug(0,0) = 0.

Then as assumption (ii) in Theorem 2.1 is satisfied, we may apply the estimates there
as in the proof of Lemma 2.2 to show that the vy (x, #)s have a subsequence converging
to a function v(x, 1) € C*R" x (—=1,0) ) CO(R" x [—1, 0]) such that in addition
we have sup, .gn |D3v(x, )| bounded independent of + € [—1/2, 0]. Moreover, by
construction v(x, ¢) solves (1) and satisfies —I, < D*v(x, —1) < I, in the Lo sense
and |A; (D?v(0, 0))| = +/3/2 for some i. Together, these facts contradict Lemma 2.2.

O

Remark 2.2 Noting that (13) in Theorem 2.1 holds in general whenn < 3, we observe
that when n < 3 we can replace +/3 in Proposition 2.2 with any larger constant C > 0
(for a little larger 7).

3 Proof of Theorem 1.1

Proof of Theorem 1.1 Let ug be as in Theorem 1.1 where n > 0 is as in Proposition
2.2. Let ulé be a sequence of approximations as in Lemma 2.1. By Proposition 2.1 we
have smooth short time solutions u (x, ¢) to (1) with initial condition u (x, t) = u'é (x).
Moreover, by Proposition 2.2 we have —/31, < D*u < /31, for all (x, ). We will
let R" x [0, Tk) be the maximal space time domain on which uy (x, t) is defined.

Then by a rescaling argument and applying Theorem 2.1 as in the the proof of
Lemma 2.2, we can show that for each k, T; = oo and u (x, t) satisfies the estimates
in (23) for all/ > 3 and ¢t > 0. In particular, we argue as in the last two paragraphs
of the proof of Lemma 2.2 that some subsequence of the uy(x,t)’s converge to a
function u(x, t) solving (1) on R” x [0, co) satisfying (i) and (ii) in the conclusions
of Theorem 1.1.
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We now show that Du(x, t) satisfies conclusion (iii) in Theorem 1.1. By differenti-
ating (1) once in space and using (i) and the estimates in (ii) for / = 3 we may estimate
as follows for any x € R" and ¢t > ' > 0O:

t
|Dutx, 1) = Dux. )] _ /, 0s Du(x, s)ds
(t _[/)1/2 — (t _t/)l/Z

!
C/
< t,

— (t _ [/)1/2

!
C/ s~ V2ds
- _Jr

(t — l/) 1/2
C (24)

D3u(x, s)‘ ds

for some constant C independent of x, # and ¢’. The uniqueness of u(x, t) follows
from the uniqueness result in [2]. O

4 Proofs of Theorem 1.2 and Theorem 1.3

We begin by establishing the following lemmas

Lemma 4.1 Let v(r,t) be a solution to (1) as in Theorem 1.1 and assume —1I,, <
D?v(r,t) < I, forall r and t. Then if .1 (r', ') = 1 at some point where t' > 0, then
A, t) = 1 forall (r,t) € R" x (0,1]. Similarly if A (r,t") = —1 at some point
where t' > 0, then A (r,t) = —1 forall (r,t) € R" x (0,1].

Proof Consider a solution v to the elliptic equation corresponding to (1):
n
Z arctan A; = C (25)
i=1

where C is some constant. By twice differentiating (25) and the characteristic equa-
tion det(D?v — A;1,) = 0 a formula was obtained for Zz’bzl g“bafb In,/1+ Al.z

at any point where A; is a non-repeated eigenvalue for D?v in [14, Lemma 2.1].
By essentially the same calculations we may differentiate the parabolic Eq. (1) and
the characteristic equation det(D*v — A;1,) = 0 twice in space, and also differen-
tiate the characteristic equation once in time, to obtain the exact same formula for

(ZZ b1 g ng —0d)In,/1+ Al.z at any point where A; is a non-repeated eigenvalue

for D?v. N amely, if A; is a non-repeated eigenvalue of D?vata point (ro, tp) then the
following holds at (rg, #9) (after making a linear change of coordinates on R" so that
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D?v(ro, to) is diagonal):

n
> g0, — | Iny/1+ 22 —(1+x2)h,2”

a,b=1

JrzA —o (1 hide Yh2
aFEi

24
+> [1 +27 4 o (LA ,\a)} 2,
aFEi

L+ Aike | 14+MAgY 5
+ > 2 + h2g;
Z ( ANo—hg | i—rg ) Pl

(26)

where hggy (r,t) is the second fundamental form of the embedding F(r,t) =
(r, Du(r, 1)) of R" into R?".

Claim If A1 (+',t') = 1 at some point where t' > 0, then Ai(r,t) = 1 for all
(r,t) e R" x (0, t'].

We will always assume that 1 > A; > Ap > - .- > A, > —1 where the upper
and lower bounds are given by Lemma 2.2. Now suppose that 1 is an eigenvalue of

multiplicity & and consider the function f = Zle In,/1+ )\iz. Then f is a smooth
function in a space-time neighborhood U x (' — €,1’ + €) of (+, 1) (see [13]) and
attains a maximum value in U x (' — €,t' + €) at (+/, 1'). Now we want to compute
the evolution of f in U x (¢’ — €, 1’ + €). We illustrate how to do this first at some
point where A1, ..., Ax are all distinct. In this case we may apply (26) separately to
each term in f, and after some computation we obtain

Zn: g9, — 8, Zln,/l + A2

a,b=1
2\ .2
Z(1+A )hm+1+11
Y=k
>1+1 (27)
where
— Ay A5 (Aa + A
1= (3+x§+2xa,\y) 2ey Z _/\( o V)hgay
a<y<k a<k<y 4
(14 Aahy)
2 2
+ Z (3+)‘V+2)‘1’)‘) yra T Z —hwa
a<y<k a<k<y
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II'=2 > (3+kahg+2rphy +ryda)
a<B<y<k

1 + )"/3)")/ 1 + )\.a)\,y 2
+2 > [1 + harp + Ap (W) + Ao (m hig,

a<B=<k<y

1+ dadp  T4+2ahy ) o

2 A h 28

+2 > a(ka_kﬁﬁuka_ky 25y (28)
a<k<B<y

aBy

where [ corresponds to summing the second and third terms on the right hand side
of (26) fori = 1, ..., k and II corresponds to summing the fourth term on the right
hand side of (26) fori = 1, ..., k. Our derivation above only applies at a point where
A1, ..., Mg are all distinct, and thus cannot be used directly to calculate the evolution of

f= Z i Iny /14 Al.z at (r’, t'). We now remove this assumption on the distinctness
of eigenvalues by the approximation argument below.
Consider the function

k
1 .9
v (r, t) ;= v(r t) — - E jrj-

j=1

Then for sufficiently large m, in some space-time neighborhood of (+, #') which we
still denote as U x (t' —e, ¢’ +¢€) the eigenvalues A; ,; of D?v,, will be between —1 and
1 while the k largest eigenvalues will be non-repeated. Thus the functionIn /1 + /\im

issmooth in U x (t' — ¢, ' + ¢) for each i. On the other hand, by (1) and the definition
v, we have

0
Um Z arctan A; ,; + Wy, 29)

i=1
where
n n
Wy = Z arctan A; (v) — Zarctan Ai(vp).
i=1 i=1

Note that w,, approaches zero smoothly and uniformly on compact subsets of U x
(t' —€,t' 4+ €) asm — oo. By (29), the above referenced derivation of (26) and by
(28) we have

k
ng 2 — Zln,/1+xﬁm
i=1

a,b=1
2
Z(1+)‘ ) VJ/)'+I + 1
y=k
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k
+ T (Wm)
2 ii
Z}l 1 + )Li,m
k Iy
i,m
= ; W (W) (30)

inU x (1" —€,1t' + €) where I,, is obtained by replacing A and Ag in I by Ay, and
Ag,m respectively, and 11, is obtained similarly. We have also used the fact that 1,,, 11,
is nonnegative. Letting m — 0o, we conclude that (ZZ b1 g“” be —9d)f > 0on
Ux (@t —e t'+e)andthus f =kln~/2in U x (t' — €, t'] by the strong maximum
principle (Theorem 1, p. 34, [6]).

Now for any (r”, ") € R" x (0, ¢']1et y (s) : [0, 1] be a line segment in space-time
such that y(0) = (+/,¢) and y (1) = (", t”). Let A be the set of 5§ € [0, 1] for which
A1(y(s)) = 1 forall s € [0, 5]. Then the above argument shows that A is in fact open
and non-empty. Moreover, A is clearly closed by continuity and we then conclude that
A = [0, 1] and in particular, A (r”, t”) = 1. This established the claim and thus the
first statement in the conclusion of the lemma.

By considering the solution —v(r, 1) to (1), we likewise conclude the second state-
ment in the conclusion of the lemma is true. O

Lemma 4.2 Let v(r, t) be a solution to (1) as in Theorem 1.1 and assume that —1I,, <

D*v(r, 1) < I, forallr € R" and t € [0, 00). Then either D*v(r,t) < I, for all

randt > 0 or there exist coordinates ry, ..., r, on R" in which we have v(r,t) =
2 2

%‘ +---4 %" 4+ w(rg41s ..., ', ) on R" x [0, 00) where —1I,, < D2w(r, t) < I for

allr, t > 0and k > 1.

Proof We begin by establishing the following claims.

Claim 1 If vy (+',t') = 1 at some point (r',t') with t' > 0, then vi; = 1 on
R” x (0, ].

By a rotation of coordinates on R”, we may assume that D?v(r’, t') is diagonal.
Since D?v > —I, there exists some space time neighborhood U; x (' — €,1 +
€) of (+/,t') in which —(1 — 8)I, < D>v(r,t) < I, for some €,8 > 0. By (16)
it follows that for some choice of o € (0, 7/4), we may change coordinates on
C" (from w/ to z/) using (15) so that the local family of Lagrangian graphs L =
{(r, Dv(r, 1))|(r, 1) € Uy x (' — €, + €)} is represented in the new coordinates as
L = {(x, Du(x,1))|(x,t) € Uy x (t' — €, ' + €)} for some space time neighborhood
Us x (t' — €,t' + €) in which 0 < D?u(x,t) < M1, with uj;(x’, ') = M at some
interior point (x’, t") with respect to coordinates xi, ..., x,, given by (15). It follows
from (18) and the strong maximum principle (Theorem 1, p.34, [6]) that u1; = M in
Uy x [t/ —e,tTand thus vy = 1in Uy x [t — €, t'].

Now for any (", ") € R" x (0, '] and let y (s), s € [0, 1], be a line segment in
space-time such that y (0) = (+/, t') and y (1) = (r”, t”). Let A be the set of § € [0, 1]
for which v11(y(s)) = 1 for all s € [0, 5]. Then the above argument shows that A is
in fact open and non-empty. Moreover, A is clearly closed by continuity and we then
conclude that A = [0, 1] and in particular, vy; (r”, t””) = 1. This established the claim.
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2
Claim 2 In Claim 1, we in fact have v(r, t) = %1 +w(ry, ..., ry, 1) on R" x [0, 00).

Integrating vy twice with respect to r] gives

2
,
v(r, 1) = 31 + rwi(r2, o, iy, 1) +wa(r2, o, 1y, 1)

on R" x (0, ¢'] for some functions w; and w,. It follows that w; must in fact be
linear with respect to ra, ..., 1, as otherwise D?v would be unbounded on R” x (0, ']
thus contradicting our assumption on that —I,, < D*v(r,t) < I, for all  and ¢. Our
assumption that D?v(r’, t’) is diagonal then implies that w; must in fact be constant
in space. Finally, as the right hand side of (1) is uniformly bounded in absolute value
from which we further conclude that is in fact constant in time as well and thus after
a possible translation of the coordinate r; we have

r2
v(r, 1) = 31 + w3(r2,s eovy s 1)

on R" x (0, '] for some function w3. Now observe that up to the addition of a time
dependent constant, w3(r7, ..., ,, t) solves (1) on R"~! x [0, #'] and by Theorem 1.1
this extends to a smooth longtime solution which we still denote as w3 (ra, ..., rp, t). In

particular ; +ws3(ry, ..., ry, t) is also alongtime solution to (1) and it follows from the
uniqueness result in [2] that the above representation of v(r, ¢) holds on R" x [0, 00).

The lemma follows by iterating the arguments above starting with the function w
in Claim 2. O

Proof of Theorem 1.2 Now let ug be a C!! locally weakly convex function as in
Theorem 1.2. Using ¢ = /4 in (15) to change coordinates on C" and noting (16)
(see also [15]), we represent the Lagrangian graph L = {(x, Dug(x))|x € R"} in the
coordinates z/ as L = {(r, Dvo(r))|r € R"} in the coordinates w/ where vy satisfies
—1I, < D?*vy < I,,. Let v(r, 1) be the long time solution to (1) with initial condition vy
given by Theorem 1.1. Then from Lemmas 2.2 and 4.1 we have — I, < D>v(r,1) < I,
for all , t+ > 0. Moreover, applying Lemma 4.2 to —v(r, t) we further conclude that
either —I, < D*v(r, 1) < I, forall r € R" and ¢ > 0 or

2 2
r r
(r, t)=—31+...—?k+w(rk+1,...,r,,,t) (31)

on R” x [0, T) where k > 0 and —I, < D?*w(r,t) < I, forall r € R", t > 0. Let
L; = {(r, Du(r, 1))|(r,t) € R" x [0, 00)} be the corresponding family of Lagrangian
graphs in C". Then by (16), L, will correspond to a family of Lagrangian graphs
{(x, Du(x,1))|(x,t) € R" x [0, 00)} such that u(x, ) is a longtime solution to (1)
satisfying (i) in Theorem 1.2. Now note that as v(x, t) satisfies (ii) and (iii) in Theorem
1.1 it also satisfies (ii) and (iii) in Theorem 1.2. It follows that u(x, ) must then
also satisfy (ii) and (iii) in Theorem 1.2. The uniqueness of u(x, #) follows from the
uniqueness result in [2]. O
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Proof of Theorem 1.3 Let ug be a locally C!'! function satisfying (3). Then uq is
automatically convex and by Theorem 1.2 there exists a longtime convex solution
u(x, t) to (1) with initial condition uq. In particular, note that u(x, ) satisfies (ii) and
(iii) in Theorem 1.2. It will be convenient here to define the operator

O(A) = Z arctan A; (A)
i=1

on symmetric real n X n matrices A where the 1;’s are the eigenvalues of A. A direct
computation shows that as u(x, t) solves (1), O (D%u(x, 1)) evolves according to

n
30 = > g e. (32)
ij=1

We would like to use (32) and the maximum principle (Theorem 9, p.43, [6]) to con-
clude that (3) is thus preserved for all # > 0. One difficulty here is that O(D%u(x, 1))
is not necessarily continuous at r = 0. Another difficulty is that D?u(x, t) is not
neccesarily bounded above, and thus the symbol g’/ is not necessarily bounded below
(by a positive constant) on R” for ¢+ > 0. To overcome this we will need to transform
and approximate our solution u(x, t) through the following sequence of steps.

Step 1 (small rotation) We begin by using (15), with 0 = og € (0, 7/2) to be
chosen in a moment, to change coordinates on C” and represent the Lagrangian graphs
L, = {(x, Du(x, 1))|x € R"} in the coordinates z/ as L, = {(r, Dv(r, 1))|r € R"} in
the coordinates w/ for some family v(r, t) with (r, ) € R” x [0, 00). By (16) we have

O(D>v(r, 0)) > (n — 1)% — oo (33)
and by (16) and the convexity of u(x, t) we have
— K(00) < D*v(r,1) < 1/K (00) (34)
for all r, t where K (og) — 0 as oy — 0.
Step 2 (approximation) Let vlg be the sequence of approximations of vy = v(r, 0)

constructed in Lemma 2.1. Then for each & we have —K (o() < Dzvg < 1/K(o0p) by
(34). Moreover, sup, cgn |Dl vlg (r)| < oo for all [ > 3. Now we show that

2k 7
O(Dvy) = (n — 1)5 — noy 35)

is satisfied for all k.
Fix r € R" and k. By (12) we have

1
D*uk(r) = / D*vo()K (r, 3 Z) dy.
Rn

@ Springer



Lagrangian mean curvature flow for entire Lipschitz graphs II 181

Approximating by the Riemann sums, we can find a double sequence {p;;} C R" and
a sequence {j;} C Z™ for which

Ji
1\ 1
2.k 1 2 L. ..
D) = im 37 D% K (rro i) (36)
j:

On the other hand,

1
K(ry —)dy=1
/(”k)y
Rn

and we may then further assume

Ji
1\ 1
B; := ZK (r, Dij E) l_” — 1
j=1
as i — oo. By (36) we then have

Ji

D*vé(r) = lim § D?vo(pij)Aij (37)
i—00 1
]7

where A;; = K (r, pij, %) /(i" B;) and in particular Zj.izl A;j = 1 while A;; > 0 for
alli, j. Now since (n — 1)5 —noo > (n—2)7% by our choice of oy, the results in [16]
assert that the set of symmetric n x n matrices A for which ® > (n — 1)% — noyp is
a convex set S in the space of real n x n symmetric matrices. This, (37) and the fact
that D?vg(p;;) € S for all i, j imply D?v&(r) € S. Thus (35) holds for each k.

Step 3 (/4 rotation) Now we use (15) as in Step 1, but with o = /4, to obtain
from v(r, t) and the vg (r)’s a corresponding family w(p, ) and sequence wg (p). In
particular, w(p, t) is alongtime solution to (1) and the wy,’s will satisfy (2) in Theorem
1.1, provided o > 0 is chosen sufficiently small and we will assume such a choice of
o9 has been made. They will also satisfy

(D wk(p) = (n — 1)% —nao—n% (38)

by (16). Thus for each k, Theorem 1.1 gives alongtime solution wk (p, t) to(1) withini-
tial condition wg satisfying sup, cgn |D'w(p,1)| < oo forall [>2 and 7> 0.
It follows from (38), (32), (16) and the weak maximum principle (Theorem 9, p.43,
[6]) that

O(D*wk(p, 1)) > (n — 1)% — nop — n% (39)
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for all (p, t). Now using Theorem 1.1 and arguing as in the beginning of the proof
of Theorem 1.1, we see that some subsequence of the w*(p, r)’s converge smoothly
and uniformly on compact subsets of R” x (0, co) to a smooth limit solution to (1)
on R" x (0, 00). By the uniqueness result in [2] and the definition of wg, we see this
limit solution is in fact the solution w(p, t). In particular, w(p, #) must satisfy (39)
for all (p, t).

Rotating back to the original coordinates, we conclude from the last statement above
that u(x, t) must satisfy (3) for all # > 0. Thus either (3) holds with strict inequality
for all # > 0 or there exists some (x’, ') € R" x (0, 0o) at which equality holds in (3)
in which case (32) and the strong maximum principle (Theorem 1, p. 34, [6]) give

O(Du(x. 1) = (n — 1)% (40)

inR" x (0, ¢']. In this case, integrating (1) in ¢ and noting the continuity of u(x, ) in
t (for all ¢+ > 0) we obtain

wCe, ) = uCx, 1’y + (n — 1)%(: —

for all t € [0, ¢'], and thus for all € [0, c0) by the uniqueness result in [2]. In
particular, D?%u(x, 1) satisfies (40) for all # > 0. On the other hand, u(x, ') is smooth
in x and it follows that ug(x) = u(x, 0) is a smooth convex solution to the special
Lagrangian equation ®(D%ug(x)) = (n — 1)% on R” and is thus quadratic by the
Bernstein theorem in [15]. This concludes the proof of Theorem 1.3. O
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