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Abstract Eigenfunctions of the p-Laplace operator for p > 1 are defined to be
critical points of an associated variational problem or, equivalently, to be solutions
of the corresponding Euler—Lagrange equation. In the highly degenerated limit case
of the 1-Laplace operator eigenfunctions can also be defined to be critical points of
the corresponding variational problem if critical points are understood on the basis of
the weak slope. However, the associated Euler—Lagrange equation has many solutions
that are not critical points and, thus, it cannot be used for an equivalent definition. The
present paper provides a new necessary condition for eigenfunctions of the 1-Laplace
operator by means of inner variations of the associated variational problem and it is
shown that this condition rules out certain solutions of the Euler—Lagrange equation
that are not eigenfunctions.
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1 Introduction

For an open bounded 2 C R”" with Lipschitz boundary a solution of the variational
problem

/|Du|”dx—>Min! in W, ?(Q) with /|u|pdx =1, (1.1)
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148 Z. Milbers, F. Schuricht

1 < p < 00, has to satisfy the Euler—Lagrange equation
—div |Dul”"2Du = Au|P"*u on Q. (1.2)

By definition, any solution u € Wé’p (£2) of this Euler-Lagrange equation is a critical
point of the corresponding variational problem (1.1) and it is called an eigenfunction
of the p-Laplace operator. In the limit case p = 1 equation (1.2) becomes

Du u

—div =A
| Du|

on Q (1.3)

|ua]

and, due to a number of difficulties, we cannot define eigenfunctions of the 1-Laplace
operator as solutions of (1.3). First we observe that (1.1) for p = 1 does not have a
minimizer in W&’l (€2) but merely in BV (£2) so that we have to consider

/d|Du|+/|u|dH”—1 — Min! in BV(Q) with /|u|dx=1 (1.4)
Q 0Q Q

instead of (1.1) where the surface integral replaces homogeneous boundary condi-
tions (cf. Kawohl and Schuricht [21]). Since the characteristic function u = yc of a
Cheeger set C of €2, that is a strict subset of €2 in general, is always a minimizer of
(1.4) (cf. [21]), Eq. (1.3) is highly degenerate and needs a suitable interpretation. In
[21] it is shown that, as necessary condition for a minimizer of (1.4), in a first step
(1.3) can be replaced with one equation, that we want to call single equation, contain-
ing well-defined substitutes for Du/|Du| and u/|u|. But in the end, it turns out that
(1.3) can be even replaced with infinitely many equations for u, a condition that we
want to call multiple equation, cf. Sect. 2. Nevertheless, both interpretations of (1.3)
seem to be inappropriate for a definition of eigenfunctions, since there are either too
many solutions or, eventually, only minimizers solve it. While the definition of first
eigenfunctions of the 1-Laplace operator as minimizers of the variational problem
is clear, the definition of higher eigenfunctions as critical points of the variational
problem is neither obvious nor unique. In Milbers and Schuricht [23] and Chang [6]
eigenfunctions of the 1-Laplace operator are critical points of the variational problem
in the sense that the weak or the strong slope of an assigned function vanishes. Here
the different slopes and an interesting norm dependence may lead to different sets of
eigenfunctions. Moreover, a completely different approach for defining higher eigen-
values of the 1-Laplace operator by means of multiple Cheeger sets is given by Parini
[25]. Tt is still quite open how both approaches are related to each other.

The eigenfunctions that are critical points of (1.4) with vanishing weak or strong
slope have to satisfy (1.3) in the sense of a single equation. However, this equation
provides many solutions that are not expected to be critical points of the associated vari-
ational problem. Therefore further necessary conditions for critical points are needed
to single out such solutions of (1.3) that are not critical. In calculus of variations
perturbations of a solution u of the form

v(x, 1) = u(x) +t&(x) for& € CF(Q),
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Eigensolutions of the 1-Laplace operator 149

also called outer variations, are usually considered to derive the Euler—Lagrange equa-
tion as necessary condition. But, occasionally, also so called inner variations

v(x, 1) = u(x +t£(x)) for& € C(Q,R")

are used. However, the corresponding necessary condition is always satisfied for C2-
solutions of the Fuler—Lagrange equation and, thus, it plays a minor role for many
problems. But several examples show that inner variations might provide an additional
information for nonsmooth minimizers, cf. Giaquinta and Hildebrandt [19, Chap-
ter 3.1].

If one combines the method of inner variations with a Lagrange multiplier rule, a
minimizer of problem (1.1) for | < p < oo has to satisfy

/<|DM|P*21)M, D.g:Du> — |Dul” div € dx
Q

= —A/|u|”div§dx for all £ € C°(Q, R"). (1.5)
Q

Since minimizers are merely in Cllo’g (2) (cf. DiBenedetto [14, Theorem 2]) but not
in C%(), it is not clear whether (1.5) follows from (1.2) in general. But this fact is
not disturbing, since eigenfunctions of the p-Laplace operator for 1 < p < oo are
defined to be solutions of (1.2) and, by definition, they uniquely correspond to the
critical points of the corresponding variational problem. However, in the limit case
p = 1 there is a completely different situation. Though also here the eigenfunctions
are defined as critical points of the corresponding variational problem, this is done by
means of a notion that is in some sense independent of the Euler—Lagrange equation.
Thus it seems that eigenfunctions cannot be characterized as solutions of a reasonable
version of (1.3).

Having in mind that eigenfunctions of the 1-Laplace operator might be piecewise
constant and, thus, highly nonsmooth, one can expect that the evaluation of inner
variations might provide an extra condition by giving meaning to the formal limit of

(1.5)
Du_ e DU\ give ) 1Duldx = dived 1.6
/(<W ‘§|Du|>_ ”5)' dx == [udveas. a0
Q Q

The derivation of a precise condition replacing (1.6) and the investigation of further
consequences is the main purpose of the present paper. Here we have to extend the
classical approach with inner variations, that had been used merely for minimizers
before, to critical points of a highly degenerate variational problem. This way we
provide anew condition thatrules out many “artificial” solutions of the Euler-Lagrange
equation (1.3) interpreted as single equation.

In Sect. 2 we briefly discuss difficulties in formulating the eigenvalue problem
for the 1-Laplace operator and we present an example showing that the solutions of
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150 Z. Milbers, F. Schuricht

Eq. (1.3), interpreted as single equation, would provide a continuum of eigenvalues
where “almost” each of them has a continuum of normalized eigenfunctions. Section 3
collects several tools from nonsmooth analysis. In particular we introduce the notions
of weak and strong slope and we prove a new characterization of the weak slope for
lower semicontinuous functions. Moreover we provide the convex subdifferentials for
the nonsmooth functions occurring in problem (1.4). In Sect. 4 first higher eigenfunc-
tions of the 1-Laplace operator are defined as critical points by means of the weak
slope. Then we formulate a precise replacement for the formal limit equation (1.6)
as necessary condition for eigenfunctions that is based on inner variations. The proof
essentially rests on a proposition stated at the end of this section. Consequences of
the new necessary condition are studied in Sect. 5. First it is shown that the “many”
solutions of the single version of Eq. (1.3) that are not expected to be critical points do
not satisfy the new condition. Then the one-dimensional case n = 1 is investigated and
all eigenfunctions are determined. At the end of Sect. 5 some general consequences
of the new necessary condition for eigenfunctions are derived. The major proofs are
collected in Sect. 6.

Notation Foraset A let A denote its closure and d A its boundary. Its indicator function
14 and its characteristic function x4 are defined by

0 for xe A,
oo otherwise,

1 for x € A,
0 otherwise.

MQVZ[ m@%zi

The usual sign function on R is sgn(-) and the set-valued sign function is

(1) ifa >0,
Sen(a) := § [~1,1] ifa =0,
(-1}  ifa<O.

The open 8-neighborhood of u is denoted by Bs (1) and H* stands for the k-dimensional
Hausdorff measure. We write L7 (2) for the p-integrable functions on 2 and £? / (2)
with % + # = 1 for its dual. The Sobolev space W' 7 () contains all p-integrable
functions having p-integrable weak derivatives. C3°(<2) are the infinitely often differ-
entiable functions with compact support. BV (£2) denotes the space of functions of
bounded variation where | Du/| is the total variation measure for these functions. spt f
stands for the support of function f and f(x=) for its limit at x from the right or left.
For the Banach space X its dual is X* and (-, -) is the duality form on X* x X. The
convex subdifferential of F is d F" and we write id for the identity mapping.

2 Eigenvalue problem

Let 2 C R” be an open bounded set with Lipschitz boundary. For u € BV (2) we
consider the variational problem

E(u) :=/d|Du|+/|u|dH”’l — Min!, ue BV(Q), 2.1)
Q Q2
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Eigensolutions of the 1-Laplace operator 151

with respect to the constraint

G(u) := / luldx = 1. 2.2)
Q

Here the surface integral in (2.1) is a replacement for homogeneous boundary condi-
tionsin BV (2) (cf. [21]). Problem (2.1), (2.2) has always a solutionu € BV (£2) which
is not necessarily unique and which is called (first) eigenfunction of the 1-Laplace oper-
ator. In Kawohl and Schuricht [21] it is shown that any minimizeru € BV (2) of (2.1),
(2.2) satisfies the eigenvalue equation

—divz=Asae.on, A=Eu) 2.3)

where z € L2(2, R") and s € £%°(Q) are related to u by the coupling conditions

lzllge =1, divz € L'(RQ), Eu) = —/u divzdx 2.4)
Q

and
s(x) € Sgn(u(x)) a.e.on . 2.5)

More precisely, adapting the usual direct methods of calculus of variations to the
nonsmooth situation met in (2.1), (2.2), one obtains the existence of a vector field
z € L%(Q,R") and a function s € L>*() satisfying (2.4) and (2.5) such that
(2.3) holds. In addition, it is shown in [21] by means of a new argument that for
any s € L%°(Q) with (2.5) there is some z € L>(2, R") with (2.4) such that the
eigenvalue equation (2.3) is satisfied. Thus, since a typical minimizer vanishes on a
set with positive measure, a minimizer u has to satisfy infinitely many Euler—Lagrange
equations in general. Let us call u a solution of the single eigenvalue equation if it
satisfies (2.3) for one selection s satisfying (2.5) and a corresponding z with (2.4) and
let us call u a solution of the multiple eigenvalue equation if it satisfies (2.3) for any
selection s satisfying (2.5) with corresponding vector fields z satisfying (2.4).

Now a natural question is that of higher eigensolutions of the 1-Laplace operator.
The eigenfunctions of the p-Laplace operator for p > 1 are, by definition, the solutions
of the Euler-Lagrange equation of the associated variational problem. But, by our
previous arguments, it is not immediately clear how to define eigenfunctions in the
limit case p = 1. The multiple eigenvalue equation seems to be too restrictive for the
definition of higher eigensolutions, since it is expected that merely minimizers of the
variational problem might satisfy it. Alternatively one could consider eigenfunctions
to be solutions of the single eigenvalue equation. But the example below demonstrates
that also the single eigenvalue equation is inappropriate for the definition, since it
possesses “too many’ solutions providing a continuum of eigenvalues.
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152 Z. Milbers, F. Schuricht

Example Let B = B,(xg) C Q2 be a ball with radius » > 0 and center xo € €2 that is
compactly contained in 2 (i.e. d B does not touch 9£2). We claim that the BV -function

v(x) _%XB(X) on £2

satisfies the single eigenvalue equation (2.3). Clearly,

|8B| n

r=EO =Ty

We choose the continuous vector field

=X forx € B,
z(x) := r

0= forx € Q\ B,

[xo—x]

where all z(x) point to the center xo of B. Obviously,
. n

—divz=—=A onB.
r

Since z is the unit normal field to the foliation of €2\ B by concentric spheres centered
at xo and pointing to the center, we have that

—divz(x) = on 2\ B

n—1
lxo — x|
where the expression on the right hand side is just the mean curvature of the sphere

containing point x (notice that div z jumps across d B). We readily see that ||z|| f~ = 1,
z € L"(Q), and

10B]
vdlvzdx_—— divzdx = — / = E(v),
! |B | |B| IBI

i.e. z satisfies the coupling condition (2.4). Certainly

) 1 for x € B,
S PO forx € Q\ B

n |xo—x|

satisfies the coupling condition (2.5) and we conclude that the eigenvalue equation

. ) n

—divz =As ae.on QwithA = —
r

is satisfied. Consequently, v satisfies the single eigenvalue equation.

Notice that we obtain “very many” solutions of the single eigenvalue equation by
changing the center xo € 2 and the radius r > 0 of the ball B. In particular there
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Eigensolutions of the 1-Laplace operator 153

is a solution v for any A € (%, 00) where ry denotes the radius of the largest ball
contained in 2. Moreover, for any A € (%, o0) we have a continuum of normalized
solutions v by slightly moving the center x.

From the previous example we conclude that, in general, we would get a contin-
uum of eigenvalues A with a continuum of normalized eigenfunctions v for “most”
eigenvalues if we would define eigenfunctions as solutions of the single eigenvalue
equation. But this seems to be inappropriate. Thus it turns out that neither the single
nor the multiple eigenvalue equation are suitable to define higher eigenfunctions of
the 1-Laplace operator.

Alternatively we can consider to define higher eigenfunctions as critical points of
E subject to the constraint G(v) = 1. But, in contrast to the classical case p > 1,
here we are confronted with the difficulty that both £ and G are not differentiable
and, therefore, the usual definition of critical points being solutions of the Euler—
Lagrange equation is not available. However we can use a theory of critical points for
nondifferentiable functionals that uses a notion of critical points independent of an
Euler-Lagrange equation. Let us provide the necessary tools in the next section.

3 Tools of nonsmooth analysis

3.1 Weak slope

Let us introduce the notion of weak slope as formulated in Degiovanni and Marzocchi
[12]. We assume X to be a metric space endowed with metric d and let f : X — R
be a continuous function. For every u € X we denote by |df|(u) the supremum of all

w € [0, oo) for which there exist § > 0 and a continuous map H : Bs(u) x [0, §] — X
such that for all v € Bs(u) and all ¢ € [0, §]

d(H(v,1),v) <t, (3.1)
fH@, 1) < f(v) — wt. (3.2)

The extended real number |df|(u) is called the weak slope of f at u. Note that for
differentiable functions the weak slope corresponds to the norm of the gradient.

Now we consider a lower semicontinuous function f : X — R U {co}. We define
the domain of f by

D(f) :=={u € X | f(u) < oo} (3.3)
and the epigraph of f by
epi (f) == {(u,§) € X xR | f(uw) <&}

The set X x R will be endowed with the metric

d((u, &), (v, ) = (du, v)* + & — wH'? (3.4)
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and epi (f) with the induced metric. Using the continuous function

Grioepi(f) >R, Gru,§) =5, (3.5

we define the weak slope of f atu € D(f) as

i | T Tor Gl f @) < 1

00 for |[dGs|(u, f(u) = 1.

The idea of this definition is to reduce the study of the lower semicontinuous function
f to that of the Lipschitz continuous function G s. When f is finite and continuous on
X this definition is consistent with the first definition of the weak slope for continuous
functions. Occasionally we denote the weak slope of f at u by |df|¥ («) in order to
indicate that it is taken in the metric space X.

We say that u € D(f) is a critical point of f if |df|(u) = 0. The value ¢ € R is
called a critical value of f if there exists a critical pointu € D(f) of f with f(u) = c.
Note that if (u, f(u)) € epi (f) is a critical point of G then u is also a critical point
of f. The bijective correspondence between the critical points of f and those of G ¢
is given if

inf{ldGy|(u, &) | f(u) <&} >0, (3.6)

cf. Canino and Degiovanni [4, Theorem 1.5.5]. If f is finite and continuous, we have
|dGrl(u, &) = 1 whenever f(u) < &. The same property holds for some important
classes of lower semicontinuous functions (cf. Canino and Perri [5], Corvellec et al.
[9], Degiovanni and Marzocchi [12]).

We are interested in critical points of f under a constraint g(u) = 0 where g :
X — Ris alocally Lipschitz continuous function. We set

K:={ueX|gu) =0} 3.7

and call u € D(f) N K a critical point of f with respect to K (or with respect to
g = 0) if u is a critical point of f on the metric space K with induced metric d
of X, i.e. if |[df|X(u) = 0. Using the indicator function /¢ we readily obtain the
analytically useful fact that |df|X (u) = 0 if and only if |d(f + Ix)|X(u) = O (cf.
Milbers and Schuricht [24]). Notice that this definition of critical points is independent
of an associated Euler-Lagrange equation. But, in order to obtain such an equation as
necessary condition for critical points let us formulate a special version of a Lagrange
multiplier rule given in Degiovanni and Schuricht [13]. Here X is assumed to be a
Banach space, df (v), dg(v) C X* denote the convex subdifferentials of f, g at v,
and g’'(v; w) be the directional derivative of g at v in direction w.

Proposition 3.1 Let f : X — R U {oo} be convex and lower semicontinuous and let
g : X — R be convex and locally Lipschitz continuous. If u € D(f) N K is a critical
point of f with respect to K such that there existuy € D(f) with+g' (u; u—uy) <0,
then df (u) # Wandthereare h € R, f* € 9f (u), g* € dg(u) suchthat f*+xrg* = 0.
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Eigensolutions of the 1-Laplace operator 155

Notice that the property of u € X being critical depends on the metric on X in
general. We say u is a critical point on X if this uniquely refers to the corresponding
metric d on X.

For an upper estimate of the weak slope one can use the strong slope (cf. De Giorgi
etal. [10]) defined for a lower semicontinuous function f : X — RU{oo} atu € D(f)
by

JSw—f) f(v)
d(u

lim sup ~————<— if u is not a local minimum,

|Vf|(u) = v—=>u
0 if u is a local minimum.

Itis easily seen that |df| () < |V f|(u). Occasionally, we call u € X a strong critical
point of f on X if |V f|(u) = 0 and, clearly, strong critical points are critical points.
|V 1% (1) indicates the underlying metric space X.

For analytical arguments the previous indirect definition of |df|(u) for a lower
semicontinuous function f is not very convenient. Therefore, let us provide a more
direct characterization where we use the notation

fPi={veX|fw <B)

(cf. Chang [6] for a similar characterization).

Lemma 3.2 Let f : X — RU{o0o} be lower semicontinuous and let u € D(f). Then
|df|(u) is the supremum of all w € [0, 0o) for which there exist 6 > 0, B > f(u),
and a continuous map 'H : (Bs(u) N fﬂ) x [0, 8] = X such that

d(H(,1),v) <t, f(H{@, 1) =< f(v) -t (3.8)

forallv € Bs(u) N fﬁ and all t € [0, §].

Proof 1f for some w € [0, 0o) there exist §, 8, H as in the lemma, then |df|(u) >
according to [12, Proposition 2.5]. Hence |df|(u) > @ if @ denotes the supremum in
the lemma.

If |df | (1) = Othe assertion is readily verified with H (v, ) = v. Let us now assume
that |[df[(u) > 0. According to [11], the weak slope |df|(u) is the supremum of all
w € [0, 0o) for which there exist § > 0 and a continuous map H - (Bs(u, f(u)) N

epi f) x [0, 5] — X such that

d(H((v, ), 0,v) <1, fH(, ), 1) < p— ot 3.9)
for all (v, u) € B;(u, f(u)) Nepi(f) and all ¢ € [0, S]. Let us now fix some w €
O, |df [(u)) and let us choose corresponding § and H as above. Clearly, there is
81 € (0, ) such that

Bs, (u) x (f(u) — 81, f(u) +31) C Bs(u, f(u)).
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Since f is lower semicontinuous, there is § € (0, §1) such that
f) > f(u)—34& forallv e Bs(u).
With g8 := §1/2 we readily get
(v, f(v) € Bs(u, f(w)) Nepi(f) forallv e Bs(u) N fﬁ.

For the continuous map H : Bs(u)N £ x[0, 8] — X with H(v, 1) := H((v, f(v)), 1)
we obtain (3.8) from (3.9). By the arbitrariness of w we conclude that |df|(#) < @
which yields the assertion. O

3.2 Some special subdifferentials

Let 2 C R” be an open bounded set with Lipschitz boundary and let us consider the
convex functions E, G : BV (2) — R given by

E(u):/d|Du|+/|u|dH"71, G(u)=/|u|dx=l
aQ Q

Q

as defined in (2.1), (2.2). Since the structure of the dual space BV (2)* is not known
very well, we cannot compute the subdifferentials d E (u) and dG (u) directly. There-
fore, for 1 < g < n"Tl, let us first consider the extended function E, : £9(2) —
R U {00} given by

E. () = [o dIDul + [y luldH"™" foru € BV(RQ),
T e foru € £9(2) \ BV(R),

and the natural extension G, : £9(2) — R according to

Gy(u) = / luldx = 1.
Q
Proposition 3.3 Let | < g < ;2. Then:

(1) The functional E is convex and lower semicontinuous on L4 (2). Moreover, E* €
0E,(u) for u € L4(2) N BV () if and only if there exists a vector field z €
L%°(2, R™) with

lzlleso <1, E*=—divze £9(Q), E,u) = (E*,u) = —/u div z dx.

Q
(3.10)

If E(u) > 0, then ||z]| g = 1.
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Eigensolutions of the 1-Laplace operator 157

(2) The functional G is convex and Lipschitz continuous on L9(2). Moreover, G* €
0G4 (u) for u € L9(R2) if and only if

G*(x) € Sgn(u(x)) a.e on Q. 3.11)

Proof This is shown in Kawohl and Schuricht [21], but without the case ¢ = 1 for (1)
which remains to be shown.

Firstlet E* € 0E|(u) foru € BV (). Then E|(v) — E;(u) > (E*, v — u) for all
v e L1(Q). Since E; = E, on L4(Q) for g > 1, the element E* € L£°°(£2) belongs
also to d E; (1) and, thus, must have the structure as in (3.10). Now let E* = —divz €
L°(2) as in (3.10) for u € BV (). Obviously E* € 9E,(u) for any g € (1, .25
and E,(v) — E4(u) = (E*, v —u) forall v € £9(Q2) D BV(Q). Since E; = E, on
BV () and E; = oo on L1(Q) \ BV (£2), the previous inequality remains true with
g = 1forall v e £L1(Q) and, hence, E* € dE|(u). But this verifies the assertion. O

Let us now consider an element G* € d0G(u) C BV (Q)* foru € BV (). By
definition,

G(w) — G@u) > (G*,v—u) forallve BV(Q). (3.12)

With v = 2u,v = 0 we get G(u) = (G*, u) and, thus, (G*,v) < G(v) for all
v € BV (). The Hahn—Banach theorem provides a continuous linear extension G| €
L2(€2) of G* on £ () that respects the inequality. Since (3.12) remains valid with
G and G} forallv € L1(€2), we obtain G| € 3G (u) (cf. also Chang [6]).
Corollary 3.4 We have 0G(u) = 0G(u) foru € BV(R2), i.e. G* € dG(u) if and
only if (3.11) is satisfied.

The next result describes the relation between the subdifferentials 9 E, (1) and
JIE(u).
Lemma 3.5 Let f : BV(Q) — R U {oo} be convex and, for 1 < q < "5, let f, :
L1(Q) = RU{oo} be the extension of f with f(v) = oo forallv € LI1(R)\ BV (RQ).
Then

3f (u) N L (Q) = df,(u) forallu € D(f) C BV(Q).

This fact is already used in [6] but without proof. Thus let us briefly sketch it for
completeness.
Proof Let f* € df,(u) C £9(Q). By BV (2) C L9(2), we get f(v) — f(u) >
(f*,v—u) forall v € BV (). Then llq/(Q) C BV(Q)* implies f* € df (u). For
f*edfmn Lq,(Q) we have f(v) — f(u) > (f*, v—u) forall v € BV (). This
remains true for f;; instead of f and all v € £9(2) and, hence, f* € df, (u). O

4 Higher eigensolutions

Based on our preliminary discussion we define eigenfunctions of the I-Laplace oper-
ator to be certain constrained critical points of the total variation where we distinguish
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different cases depending on the underlying norm. More precisely, u € BV () is
called BV-eigenfunction if it is a critical point of E with respect to G(v) = 1 on
BV (Q) (i.e., subject to the BV-norm) and u € BV () is called L9-eigenfunction
if it is a critical point of E, subject to G,(v) = 1 on L4() (i.e., subject to the
L9-norm). Occasionally we use the notion of strong BV -eigenfunction or strong L£9-
eigenfunction which refers to corresponding strong critical points. With

K:={ve BV(Q)|Gw) =1}, K,;:={vell(Q]|G,w) =1},

we readily see that u € BV (Q2) is BV -eigenfunction if and only if u is critical point
of E + Ix in BV (£2) and it is £7-eigenfunction if and only if it is critical point of
Eq + Ik, in L9(S).

Now letu € BV (£2) be BV -eigenfunction or £7-eigenfunction, i.e. we have either
|d(E + Ix)|BY (u) = 0or |d(E4 + IKq)|Lq (u) = 0. Then the assumptions of Propo-
sition 3.1 are obviously satisfied for the functions E, G on BV (£2) or for E;, G, on
L9(82), respectively, with u+ = 2u, u_ = 0. Thus, correspondingly, there are either
E* € 0E(u), G* € 9G(u) or E* € 0E4(u), G* € 3G4(u) and A € R such that

E*+AG* =0 in BV(Q)* or L7 (Q).

We call A eigenvalue corresponding to eigenfunction u. By Proposition 3.3 and Corol-
lary 3.4 we know that G* € L£°°() in any case and, hence, also E* € L%(Q).
Consequently, Proposition 3.3 combined with Lemma 3.5 provides the structure of
E* and we obtain the next result (cf. also Milbers and Schuricht [24], Chang [6]).

Proposition 4.1 Let u € BV(2) be BV -eigenfunction or L9-eigenfunction, q €
[1, #], of the 1-Laplace operator. Then there exists a measurable selection s(x) €
Sgn(u(x)) for a.e. x € Q2 and a vector field z € L>(2, R") with

lzllge =1, divz € L2(R), E(u) = —/udivzdx 4.1
Q
such that
—divz =Asa.e.on 2, A= E(u). “4.2)

This means that BV -eigenfunctions and £9-eigenfunctions u satisfy the single
eigenvalue equation (2.3) and that the corresponding eigenvalue A equals E (u).

In Milbers and Schuricht [24] the existence of a sequence of pairs +u; € BV (S2)
of critical points of E; + Ik, on L9(2) with Ay = E(ur) — oo is shown for
1<gqg< nnTl (critical points £u; € BV () of E1 + Ik, on L1() are verified in
Chang [6] without analyzing the convergence of A; ). Clearly, all these critical points are
L9-eigenfunctions and satisfy the single eigenvalue equation (2.3). Unfortunately that
equation cannot identify the eigenfunctions, since it has too many solutions accord-
ing to our previous example. Therefore it is reasonable to look for further necessary
conditions eigensolutions have to satisfy. We deduce a new additional condition for
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L'-eigenfunctions by means of inner variations that can be considered as precise
interpretation of the formal equation (1.6).
Foru € BV(Q) leto : 2 — R" be a | Du|-measurable vector field such that

lo(x)] =1 |Dul-a.e.on Q and Du = o|Du], 4.3)
i.e. Du = o|Du] is the polar decomposition of the measure Du, cf. Ambrosio et al.

[1, Corollary 1.29].

Theorem 4.2 Let Q C R" be an open bounded set with Lipschitz boundary, let
u € BV(RQ) be L'-eigenfunction of the 1-Laplace operator, and let o be the vector
field from the polar decomposition Du = o|Du|. Then for each & € C3°(2, R") we
have

/(o, Déo) —divE d|Dul :—A/|u|div§dx 4.4)
Q Q
with A = E(u) (notice that Do = (D&)o ).

As a direct consequence of the Gauss—Green formula for the BV-function |u| and
using the continuity of & (cf. Milbers and Schuricht [23, Sect. 3]), we obtain an
alternative expression for the right hand side in (4.4) by

—A/|u|div§dx =A/§ -dDlu| forall& € C{O(Q, R). (4.5)
Q Q

The proof of the theorem will be carried out in several steps in Sect. 6 where the next
observation is an essential ingredient.

Proposition 4.3 Let X C L'(Q) be a Banach space continuously embedded into
LY(Q) and let KX := {v € X| G(v) = 1}. Then u € X is a critical point of E with
respect to KX on X ifand only ifu € X is a critical point of F := E — AG on X with
A= E(u).

The proof can be found in Sect. 6 below.
5 Consequences
5.1 Previous example
We demonstrate how the new necessary condition from Theorem 4.2 works for our
example from Sect. 2 where we had constructed a continuum of solutions for the single
Euler-Lagrange equation. In fact all these solutions are candidates for eigenfunctions

of the 1-Laplace operator. Recall that for any ball B = B, (xo) € R” with B C Q the
function

1
v(x) = EXB(X)
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satisfies the single eigenvalue equation (2.3). If v would be an £'-eigenfunction, then
it has to satisfy condition (4.4)

/(a, Déo) —divé d|Dv| = —A/|v|div$dx
Q Q

forany & € C3°(2, R") with A = E(v) = n/r (cf. Sect. 2). We pick a & € Cj°(Q2, R")
such that £(x) = x on a set containing B. Then we have

DE&(x) =id and divE(x) =n on B.

Moreover, we know that |[Dv| = l}T‘H"_l L0 B, cf. Evans and Gariepy [16, p. 169].
Thus we get for the left hand side

/(a Déo) —divé d|Dv| = |B|/aa ) —ndH"!
Q
[0B|
1_ Hl’l 1 - 1_
|B|/( " R

n(1l —n)
—

and for the right hand side

1 2
/|v|d1v§dx_—r—l— ndx = .

|B| r
Q

which implies the contradiction
n—1=n.

Consequently, the new condition (4.4) confirms our expectation and shows its ability
by ruling out all these functions v from being £'-eigenfunctions of the 1-Laplace
operator.

5.2 One-dimensional case n = 1

Here we want to investigate eigensolutions of the 1-Laplace operator for the special
case Q C R! where we can restrict our attention to the case 2 = (0, 1). This case
has been already investigated to some extend in Chang [6] where, however, the focus
was on strong £!-eigenfunctions u, i.e., the strong slope |V (E| + Ig)|(u) = 0 with
respect to the £!-norm, cf. Sect. 3. Notice that strong £!-eigenfunctions are also £'-
eigenfunctions, since the strong slope is an upper bound for the weak slope, but the
opposite is not clear in general.
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Let us start with a necessary condition for solutions of the single eigenvalue equation
(2.3) that reduces to

—Z(x)=As(x) ae.on(0,1), A= Eu) (5.1)

where s and z are coupled with u by

s € L£°°(0,1) withs(x) € Sgn(u(x)) a.e.on (0, 1), 5.2)

z € Wl’OO(O, 1) (i.e. zis Lipschitz continuous), ||z]|z~ =1, (5.3)
1

E@) = —/uz’dx. (5.4)
0

For any (a, b) C (0, 1) we have the Gauss—Green formula

b
/uz/ dx + / zd(Du) = z(b)u(b—) — z(a)u(a+) (5.5)

a (a,b)

(notice that u(a+), u(b—) agree with u on the boundary of (a, b) in the sense of trace)
and we obtain a condition that is equivalent to (5.4)

zDu=|Du| (in the sense of measures), z(0)e€Sgn(u(0+)), —z(1) €Sgn(u(1-))
(5.6)

(cf. Milbers and Schuricht [23, Sect. 3]).

Proposition 5.1 Let u € BV (0, 1) be a solution of the single eigenvalue equation
(5.1). Then there are points 0 = ap < a; < --- <ar =1 a; €R, j=1,...,k
such that with I := (aj—1, a;)

k

u= Za,x,j a.e. on (0, 1). (5.7)
j=1

Though this is already shown in [6] let us provide a brief alternative proof.

Proof Using the polar decomposition Du = o|Du| (here o(x) = =1 for all x) in
(5.6), we get z(x) = o (x) for |Dul-a.e. x € (0, 1). Thus,

z(x) € {1} |Dul-a.e.on (0, 1). (5.8)
Since u € BV (0, 1), we have
u(y—) —u(x+) = Du((x,y)) = / d(Du) forall0<x<y<1 (59

(x,y)

(cf. Ambrosio et al. [1, Theorem 3.28]).
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Let I C (0, 1) be a nonempty open interval with length |7]| < 1/1. If [z(x)] < 1
on an open interval IcC I,then Du =0 on I by (5.8) and u is constant on i by (5.9).
If {x € I| |z(x)| = 1} # @, then z cannot change sign on I, since |z'| < A by (5.1).
Assume that z(a) = z(b) = 1 for some a, b € I witha < b. Then zDu = Du on |
in the sense of measures. Hence, by (5.5), (5.1), and (5.9),

b
—A/ lu|ldx +u(b—) —u(a+) = u(b—) — u(a+).

Consequently, u = Oa.e.on (a, b) and we get the same resultin the case z(a) = z(b) =
—1. Summarizing we conclude that / can be covered by at most three subintervals
such that u is constant on each subinterval. Since (0, 1) can be covered by finitely
many intervals of length less than 1/X, we readily obtain the assertion. O

Let us now consider the consequences of Theorem 4.2 for £'-eigenfunctions.
Proposition 5.2 Let u € BV (0, 1) be L'-eigenfunction of the 1-Laplace operator
with eigenvalue A. Then there is some k € N such that, up to sign of u,

u(x) = ur(x) :=sgn(sin(kwrx)) a.e.on(0,1) and I = A :=2k. (5.10)
Proof Theorem 4.2 with the polar decomposition Du = o|Du| gives

1

/(025/—5’)d|1)u| — —A/|u|§‘/dx forall € € C§°(0, 1).

O, 0

Since o2 = 1, the left hand side vanishes. Therefore, by the Lemma of Du Bois-
Reymond and by [u]l 1 =1,

lul =1 a.e.on(0,1).

As L!-eigenfunction u has to satisfy the single eigenvalue equation (5.1) by Propo-
sition 4.1 with corresponding functions z and s. Moreover, u must have the form
(5.7) where, clearly, all |a;j| = 1. We get that [s| = 1 a.e. on (0, 1) and, thus,
7Z/(x) = —Asgn(u(x)) a.e. on (0, 1). Since u can only jump at points where |z| = 1
by (5.8), since |z| = 1 only at isolated points, and since |z(0)| = |z(1)| = 1 by (5.6),
the intervals (a;, a;j11) must all have the length 2/A = 1/k for some k € N and the
aj have to alternate. But this gives the assertion. O

Chang [6, Theorem 3.10] has shown that any strong £'-eigenfunction must equal
Fuy from (5.10) for some k € N. Proposition 5.2 generalizes this result so far that
already L£'-eigenfunctions (i.e., with respect to the weak slope) have to meet that
necessary condition. Since

1 1
d(Ey + Ix)| (£up) = [V(E1 + Ix)I” (£up) =0
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by Chang [6, Lemma 3.9], all £uy are really £!-eigenfunctions. Thus, combined with
Proposition 5.2, we obtain a precise characterization of all £'-eigenfunctions.

Theorem 5.3 For Q@ = (0, 1) the L'-eigenfunctions of the 1-Laplace operator are
the functions tuy, k € N, given in (5.10) with corresponding eigenvalues Ay = 2k.

The eigenvalues A; can be characterized by a usual min-max principle and the
eigenfunctions uy are the pointwise limit of the normalized eigenfunctions u,’: of the
p-Laplace operator according to [6].

Interestingly, the L!-eigenfunctions are exactly the same as the strong L'-
eigenfunctions in the case n = 1 which might be wrong in higher dimensions. Notice
that the existence of a sequence of eigenfunctions is shown in general merely for
L!-eigenfunctions and not for strong £'-eigenfunctions. Moreover, it turns out that
the case R! is somehow special, since, in contrast to higher dimensions, the selection
s(x) € Sgn(u(x)) is uniquely determined (in the sense of £°°) and, thus, single and
multiple eigenvalue equation agree.

The rich structure of the eigenvalue problem for the 1-Laplace operator also
becomes visible in the case of BV -eigenfunctions. In Chang [6, Theorem 3.12], it
is shown that all functions

k k
w=t > (~Diaju, witha; >0, 1= (F ), =1k Da; =k
j=1 j=1

are local minimizers of E + Ix in BV (). Hence |d(E + Ix)|®Y (w) = |V(E +
IK)|BV(u) = 0, i.e., all these u are BV-eigenfunctions and even strong BV-
eigenfunctions on Q@ = (0, 1) with eigenvalue . = 2k. Consequently, the set of
BV -eigenfunctions is strictly larger than that of £'-eigenfunctions and the same is
true for strong eigenfunctions. More general, let us consider

k k
= (Do withe; 20, 1= (5 F), j=1k Doy =k
j=1 j=1
(5.11)

where we assume that ; = 0 for at least one index j. For ¢ > 0 we define uZ as in
(5.11) with coefficients

+ +e ifa; =0,
o = R
&,] aj —ce ifa; >0

where ¢ > 0 is a constant such that lezl |a§cj| = k. Thus ugt € K forall ¢ > 0 and

;= uin BV(Q) ase — 0. Clearly o ; > Oforall j if & > 0 is sufficiently small.

Hence, all u;" are local minimizers of E + Ix in BV (Q2) and

u

ld(E + Ix)|®Y (u}) = 0 forall small & > 0.
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Since the weak slope is lower semicontinuous, we have |d(E + [ K)|B V) = 0.
Moreover, a simple computation shows that

E — E(u.
V(E + 158V ) = lim sup 22— £ W) - 2
e—0 llu—ugllpy

for some ¢ > 0. Consequently, # according to (5.11) with a; = O for at least one index
Jj is BV -eigenfunction but not strong BV -eigenfunction. This in particular means that,
in contrast to the £'-case, the set of BV -eigenfunctions is strictly larger than that of
strong BV -eigenfunctions.

5.3 General case

Let us start with some generalization of the arguments from Sect. 5.1. Letu € BV (2)
and let 29 C €2 be an open compactly contained subset with Lipschitz boundary such
that u = 0 on a neighborhood of 9 (inside and outside). If u were £'-eigenfunction
of the 1-Laplace operator, then we multiply the single eigenvalue equation (2.3) by u
and integrate to get

)L/|u|dx=—/udivzdx=/d|Du|

Qo Qo Q0

where the most right equality follows from the Gauss—Green formula with (z, Du) =
|Du| and u = 0 on 92 in the sense of trace (cf. Milbers and Schuricht [23, Sect. 3]).
Now we consider (4.4) with £(x) = x on Qq and spt £ contained in a small neighbor-

hood of ¢ and obtain
/(1 —n)d|Du| = —An/ |u| dx

Qo Qo

which leads to the contradiction 1 —n = —n. Therefore a function u € BV (Q2) of the
kind described above cannot be £!-eigenfunction.

If u would be a smooth Ll-eigenfunction with Du(x) # 0 and u(x) # 0, then z in
the single eigenvalue equation (2.3) would coincide with Du/| Du| in a neighborhood
of x, i.e., z were a unit normal field on the level sets of u that must have the constant
mean curvature — div z = A sgn(u). Therefore we expect £ -eigenfunctions to be step
functions in general though exceptions might be possible.

Let us consider an £'-eigenfunction u € BV () such that on an open ball B C

u=cixg +cx,, 082 =092
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with Q1, Q7 C Q being disjoint open subsets having smooth boundary and outer unit
normals vy, v;. For the left hand side in (4.4) with spt§ C B we get

/(o, D& o) —divéEd|Du| = —/diVagl Ed|Dul|

B B
= |c1 — 2| / Hyg, (€, v1) — diveépg, dH" ™!
BMoQ
=|c1 — 2| / Hagq, (&, vi) dH"!
BMIQ

where divyq, denotes the tangential part of the divergence, div, the divergence in
the manifold 0921, &5q, the tangential part of &, and Hjyq, the mean curvature of
021 (with respect to the normal field v1) while we have used the divergence theorem
in the manifold d€2; for the last equality, cf. [22, Proposition 8.7]. Using (4.5) and
Dlu| = (lcal — le1|)viH" 1[92, we derive from (4.4)

e1 — el / Hag, (6. v1) dH'™ = A (jeal — [e1]) / (&, v1) dH"!

BNIS BNIQ
for all £ € Cg°(B, R"). Consequently,
Hyq,lc1 — 2] = A(|C2| - |c1|) on BN a.
Let us consider some special cases of that condition. First,
Hyq, = —A ifcy =0,

i.e. on a “free” part of d€2; we have a curvature condition as for the boundary of a
Cheeger set. Notice that one obtains the same condition for the “free” parts of 92,.
Next,

Hyg, = —A ifcy >c2>0 orcy <2 <0.
Finally,
cil — e
Hyq, = — M ifci; >0>c¢ orcy >0>cy.
ler — 2|
Notice that, in the last case, Hyg, = 0 if and only if |c;| = |c2|. Summarizing

we can say that the new necessary condition (4.4) provides additional information
supplementing the single eigenvalue equation (2.3).
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6 Proofs

In this section we first carry out the proof of Proposition 4.3 and then, in several steps,
the proof of Theorem 4.2.

Proof of Proposition 4.3 In this proof Bs(u) denotes the 6-neighborhood with respect
to || - ||x and || - || denotes the norm in £! (). By assumption there is some ¢ > 0 such
that

vl < ecllvllx forallve X. 6.1)

(a) Letu € X be acritical point of E with respect to K X on X and, by contradiction,
let |d F|X(u) > 0. Hence, thereis w > 0,8 > 0, 8 > F(u),and H : (Bs(u) N FP) x
[0, 8] — X continuous such that

Hw, 1) —vllx <t, F(H(v,0) < F(v) — ot (6.2)

forall v € Bs(u) N FP t e [0, §]. With F = E — LG and the 1-homogeneity of E,
G, the inequality on the right implies
H(v, t)

170, DIE (7o) = E@IT@, 0l < I E(

=) = E@lvl| - or
vl '
Using Hv, 1) := H(v, H/IH @, 1), v := v/|lv| we get

IH@, DI(EH©, 0) — E®) + (IH@, 0] — [v]) E®©)
< E@)(IH@, 0l = llvll) — ot

and, thus,
IH@, HI(EH (v, 1) — E®)) < (E@) — E®)(IH@, Ol — [v]) — ot (6.3)
forall v e Bs(u) N FP, 1 €0, 8].

Since E is lower semicontinuous (also on X), we can choose an eventually smaller
8 > 0, denoted the same way, such that

E) — E (—) — Ew) — E() < % for all v € Bj(u). (6.4)

Tl
Using (6.1), we get
lull = lloll| < llu = vll < cllu—vlx <8 forv e Bs(u). (6.5)

With |Ju]| = 1 and since H is continuous (with respect to the norm on X), we can
assume that § > 0 is so small that

forall v € Bs(u), t €0, §].
(6.6)

N =

1
IH@. Ol =2, IH@.Ol vl = 5. llvl =
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Furthermore, with some eventually smaller 8 > F(u) = 0, denoted the same way,
and satisfying 28 < ﬂc, we obtain for all v € Bs(u) N FB

E®@) — Eu) = L(E(v) —AG(v)) = LF(u) <<
I lvll - T2

By (6.1), (6.2)
[IH@. Ol = llvll | < 1”@, 1) — vl < cllH@, 1) —vllx < ct.

Consequently, by (6.3), (6.4),
IHQ.OI(EH©.0) = E@) < 51— ot = =3t

and, moreover,

t

E(H(v, 1) — E() < — <Y
v,1)—E@)f ————— < ——

2 [H(v, Dl 4
forall v € Bs(u) N FP, 1 €0, 8]. Using (6.6) we can also estimate

1w, 1) — bllx = H”ﬁ%” - i lx

1
= e 1m0 = 1. ot

< 2(Ill IH@, 1) = vlix + [ vl = 1H@, DIl | Ivlx)
<2(clvlix r +etllvlix) < 4er(8+ llullx)

forall v e Bs(u) N FP, 1 €10, ).
For v € Bs(u) N (E + Ixx)E®+F with KX := {v € X| G(v) = 1} we get

F(v) = E(v) — AG(v) = E(v) — E(u) < B.
Thus, with 8 := E(u) + B,
Bs(u) N (E + Ixx)? € Bs(u) N FP.

With ¢g = 4c¢(§ + llullx) and 7:{(v, t) = 7:{(1), t/co) we finally get for all v €
Bs(u) N (E + Ixx)P, 1 €0, 5]

IH, 1) —vlix = IH(, t/co) —vllx <1
and

(E + Igx)(H(, 1)) = (E + Igx) () = E(H(v, t /o)) — E(v) < —%t
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(notice that v = 7 € KX and ﬂ(v, 1) € KX in that case). But this implies that u is
not a critical point of E with respect to KX, which is a contradiction and verifies the
assertion.

(b) Assume that |d (E —AG|% (1) = 0and, by contradiction, let |d(E+1gx WX ) >
0. Then there exist w > 0,8 > 0, 8 > (E + Igx)(u) = E(u), and H : Bs(u) N (E +
Ix)? x [0, 8] — X continuous such that

H, 1) —vllx <1, (E+Igx)(H(, 1)) < (E+ Igx)(v) —
forall v € Bs(u) N (E + Igx)P, t € [0, 8]. Clearly, (E + Ixx)? = EF N KX and
H, 1) € KX forallv e Bs(u) NEP N KX, 1 €]0,3].
Hence,
E(H(v,1) < E(v) — ot forallv e Bsu)NEPNKX, 1€[0,8]. (6.7)

Using (6.5) we can choose § € (0, 8) so small that

1
— € Bs(u) and |v| > 3 forall v € Bs(u).

Then there is ¢; > 1 with [v]| < cllvllx < c¢(lullx +3) < ¢; on B;(u). With

B = w we have for all v € By(u) N (E — AG)’§

E(14) = i (EQ) = AGW) + Ew) < 2B + E) = p.

Let us now define the continuous map
H, 1) := v H(5y. &) on (Bsw) N (E - 2G)P) x [0, 3].
We conclude,

IH (v, t)—vllx—H lvll’H (”v” )_ H = llvll H (||v|| ) Il Hx

t
=c— =t
c1

and, by (6.7) and G(H(ﬁ, ﬁ)) =1

E(, 1) = 2G(H,0) = WIE (K (1. £)) = #1016 (1 (. £))
< IIE () = @lvl 4 = 26w

w
< EWw)—AG((v) — Et
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forall v € Bs(u) N (E — kG)’g,t € [0, S]. Consequently, |d(E — AG)|X (u) > 0. But
this contradicts our assumption and yields the assertion. O

Let us now start with preliminary considerations for the proof of Theorem 4.2. We
set

Diffg := {n € C§°(2, R")|(id + n) : @ — Q is a diffeomorphism}
and, clearly, 0 € Diffg. For v € BV (2) and n € Diffg we consider perturbations
v Q — R withv"(x) := v(x + n(x)).

For v in a £'-neighborhood of a critical point u we claim to study the functions

& : Diffg — R with & () := E(w") :/d|Dv"|+/|v"|dH"*1,
Q I
Gy : Diffqg — R with G,(n) :== G(W") = / [v" dx

Q

near 7 = 0. In particular, for & € C3°(2, R") we want to derive a first order expansion
of the real functions t — &,(t§) andt — G, (¢£) att = 0by computing the directional
derivatives 8&,(0, &) and G, (0, £). But first we have to clarify that £,, G, are well
defined.

Lemma 6.1 [fv € BV (2) and n € Diffq, then v" € BV (Q). With y(x) := x +n(x)
and X (+) being the inverse of y on 2, we have

/ (0l dx = / lu(y)| det DE(y) dy, ©638)
Q Q

/ d|Dv"| = / IDFE()) 0 (y)] det DE(y) d|Dv| 69)
Q Q

where o : Q — R”" denotes the vector field according to the polar decomposition of
Dv = o|Dv| (cf. (4.3)).

Proof By the change of variables formula we have v" € L£1(Q) with (6.8). Relation
(6.9) is shown in Giusti [20, Lemma 10.1], and, since the integrand on the right hand
side is bounded, v" € BV (). O

For an arbitrary but fixed & € C3°(2, R") we define

0
y(x,t) :=x+tE(x), Dy(x,t):= a—y(x, t) onQ x R.
X
Using the implicit function theorem we readily obtain the next lemma.
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Lemma 6.2 There is tg > 0 such that t& € Diffg and y(-, t) is a C*°-diffeomorphism
from Q to Q for all t € (—ty, ty). Moreover Dy(x,t) is regular for all (x,t) €
Q x (—1, ty) and

1
det Dy(x,t) > — forallx € Q, t € (—to, tp)
c

for some constant ¢ > 0.

For any ¢t € (—tg, ty) we denote the inverse of y(-, 7) on 2 by
- - 0 _
x(-,t) andset Dx(y,t) := a—x(y, t).
y

The next corollary summarizes standard results about inner variations (cf. Giaquinta
and Hildebrandt [19, Chapter 3.1]).

Corollary 6.3 We havex € C*°(Qx (—ty, fo), Q) and X (-, t) is a C*®-diffeomorphism
on Q with

X(y,t) =y forally € Q\spt&, t € (—ty,ty).
Moreover, there are C*°-functions r; : Q x (—to, to) — R, j = 1,2, such that
X, 1) =X(y,0) —=t§(y) +r1(y, 1), detDx(y,1) =1—1tdivE(y) +ra(y, 1)
forally € Q,t € (—ty, to) and
ri(y,t) =o0() ast— Ouniformlyiny € Q, j=1,2.
We readily conclude that the real functions t — &,(t§), t — G,(t&) are well
defined on (—19, fy) for any v € BV (L2). Notice that 7y and the r; from Corollary 6.3

depend on & but not on v. Moreover, the surface integral in the definition of &, (¢£) is
independent of 7.

Lemma 6.4 Let v € BV () with polar decomposition Dv = o |Dv| (cf. (4.3)) and
let& € C°(2, R"). Then we have the directional derivatives

86,(0, &) :=/(0, DEc) — divEd|Dv|, 8Gy(0, £) :=—/|v|div$dx.
Q

Q

Moreover, there are functions rg, rg : (—to, ty) — R depending on & but not on v and
satisfying

re(t) =o(), rg(t)=o0() ast— 0
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such that

Ev(t§) = Ey(0) +8Ey(0, §)t + re ()& (0)
Gu(t§) = Gu(0) + 86y (0, §)1 + rg(1)Gy (0)

forallt € (—ty, ty).

Proof Forv € BV (), o from the corresponding polar decomposition, and |¢| small,
we get by Lemma 6.1 and Corollary 6.3

evos):/dwv’m/|v’5|dH"—1
Q2

Q

=/|D9(»z<y,t>,r)Ta(y>|detD»2(y,r>d|Dv|+/|v|dH"—1
Q 0

=/|D&<x<y,t),r>%<y>|<1 i divs<y>+rz<y,r>>d|Dv|+/|v|dH"“
Q o

=/|Dy<f<y,r),r>Ta<y>|d|Dv| 6.10)
Q
—/rmyoz(y,r),z)%(yn divE(y) d|Dyl ©.11)
Q
+/|D§(i(y,t),t)To(y)lrz(y,t)dlel+/|v|dH"—1. (6.12)
Q 02

We calculate the directional derivative

3
8E,(0, &) = 5(/ d|vaf|+/|v’5|dH"—1)|
Q2

Q

t=0

by treating the terms in (6.10), (6.11), (6.12) separately and using a majorizing result
for the differentiability of parameter-dependent integrals, cf. Schilling [26, Theorem
11.5].

Let us calculate the derivatives of the integrands. For the first one, cf. (6.10), we
obtain

0
Fly,0 = o IDIEQ, 1), "oyl

_ < Dy(E(y, 1), 0o (y) 9
IDY(X(y, 1), )T o (y)| 0t

Dy (E(y, 1), t)Ta<y)>
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Dy(x(y.0).0)70(y) 9 . N
<|D§(£(y, 0.0 o)’ E(ld DRI, t)))TG(y)>
< Dy(E(y,1), 0 o (y)

IDF(E(y. ), DT (I’

- 2= d r
(DEGE (. )+ DGy 1) 5%y 1) o<y>>.
(6.13)

Since Dy (%(y,0),0) =1id, |o(y)| =1,
F(y,0)=(o(y), DE(y) o (y)) forally € Q.
For the second integrand, cf. (6.11),

9 . ’ , . r .
— (110500070 (0)]) dive ) = (IDFE. 0. 0T e (MI+1F(7.1) divE ().
(6.14)

Since r; is smooth, we get for the third part, cf. (6.12),

9 <o T
—(1D3G0.0.0" 00 20.0) = FO.0r0.0)

0
+IDFE, 1), ) o ()] 5200,
(6.15)

Notice that (v, 0) = %rz(y, 0) = 0 for all y € @ by Corollary 6.3. Since r,(-, t)
has compact support on €2, the right hand sides in (6.13), (6.14), (6.15) are uniformly

bounded by a constant for y € € and |¢| small. Thus

6&y(0, 8) =/(0(y), DE(y) o(y)) + div D&(y) d|Dv].
Q

Clearly all integrands in (6.10), (6.11), (6.12) are even twice continuously differ-
entiable with respect to 7 (|¢| small) and all second derivatives are uniformly bounded
with respect to y € Q by a constant ¢ > 0. Therefore we find some function
re : (—tg, t9) — R with rg(t) = o(t) as t — 0 such that

Ev(tE) = £,(0) +8&,(0, &)t + rg(t)/ d|Dv|.
Q

Notice that r¢ depends on & but not on v.
By Lemma 6.1,

gv(t$)=/lv’E(X)|dx =/|v(y)|detDi(y,t)dy- (6.16)
Q Q
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Using Lemma 6.3 we calculate the derivative of the integrand

9
E(Iv(y)ldet Dx(y,1)) = g(lv(y)l(l —t divEQY) + 12y, 1))

a
—lv(y)ldivE(y) + llZ2ra(y, 1) (6.17)

and, hence,

a
5(|v(y)| det DX(y, 1)) |,_y = =l divE).

Since the terms in (6.17) are uniformly bounded in y and ¢, we get the directional
derivative

5Go(0, &) = —/ ()| divE(y) dy.

Q

Again the function + — det DX (y,t) is twice continuously differentiable and the
second derivative is uniformly bounded with respect to y € €2 and |¢| small. Therefore
we find some function rg : (=1, tp) — R with rg(¢) = o(t) as t — 0 such that

Go(tE) = Go (0) + 8G0 (0, £)1 + rg (1) / vl dy.
Q

Also rg depends on & but not on v. O

Proof of Theorem 4.2 Notice that Eq. (4.4) is equivalent to
8£4(0,8) — 218G, (0,&) =0 forall § € C3°(Q2, R").

By contradiction let us assume that the assertion is wrong, i.e., there is some & €
C5°(£2) such that

8,0, ) — 718G, (0,€) < —w < 0 (6.18)

for some w > 0. We claim to show that |d(E — )\G)|l:1 (u) > 0.
For the fixed & from (6.18) we choose 7y > 0 as in Lemma 6.2 and we fix §, § with

§:=ty, B>Fu):=Eu)—rGu)=0.

By Lemma 6.2,

1
0< —————————<c forall|t|] < d,x € Q.
det(id + t D&(x))
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Now we define amap H : (Bs(u) N FP) x [0, 8] — L£L'(R), where Bs(u) denotes the
§8-ball in £1(Q), with

H(v, 1) =" = v(- +1£())

(recall F# = {v € L'| F(v) < B}). Notice that v € F# implies v € BV (L) and,
hence,

H(v,t) € BV(Q) forallv e Bs(u) N FP, 1 €10, 8]

by Lemma 6.1.
Assume there is a sequence vy — u in LY(Q) with F(v;) = F(u) and

8E, (0, &) — 18G,, (0, &) > —w forallk € N.

Obviously E(vy) — E(u) and, with the extensions vy, u of vg,u on R" by zero,
| Dvg|(S2) — | Du|(€2). With the polar decompositions Dvy = oy |Dvi| Reshetnyak’s
theorem (cf. Ambrosio et al. [1, Theorem 2.39]) implies

/<ak, Déoy) —dive d|Dig| — /(a, Déc) — divE d|Diil.
Rr Rn

Since & has compact support on € we obtain §&,, (0, §) — 6&,(0, §). Moreover, for
some c¢; > 0,

15Gu, (0, &) — 6G, (0, &) §/||Uk|—|u|| |divs|dx5c1/|vk—u|dx
Q Q
=cillvk —ullz1 — 0.

We derive 8&,(0, &) — A8G, (0, £) > —w which contradicts (6.18). Therefore, with
eventually smaller constants § > 0 and 8 > F'(u),

8E,(0, &) — 218G, (0,£) < —w forallv € Bs(u) N FP. (6.19)

Let us now verify the continuity of  on (Bs(x) N FP) x [0, 6] as mapping from
L) x [0, 8] to LII(Q) where the next lemma is a first step.

Lemma 6.5 We have forv e BV (), t1, 1, € [0, §]
[o(- +125C) —v( + 15z < cll§llce|Dv[(€2) |2 — 1.

Proof Notice that t& € Diffq for all ¢ € [0, 6] and, thus, all expressions in the lemma
are well defined. Let (vk)reny C BV (2) N C*°(R2) be such that ||vgy — v|[z1 — 0 and
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|Dvr|(2) — |Dv|(£2). Note that we have v,tf € BV(Q) forallk € N, t € (-1, tp)
by Lemma 6.1. We get

/ loe(x + 0&(x)) — ve(x +18(x))|dx
Q

]

Q

19}

/ Du(x + tE(X))E(x) de

51

dx

19}

= IIEII.coo//Ika(erTE(X))Idxdr
Q

5l

5]
1
= ||$||£°°/Q/ |ka(y)|det(id TtDEG(Y))) dydz

< cl§llge[Dve|(€2) |12 — 1]
= cl§llce | D|(€) 12 — 11

For the left-hand side we have

/ [0k (x + 08 (0)) = vie(x + 1E))] = [o(x + 28 X)) — v(x +115(x))]| dx

Q

= / ok (x + 028 (x)) —v(x + 2§ + vk (x +11§(x)) —vx +15(x))|dx
Q

=!Ivk(y)—v(y)ldet(id+t2ll)§(x(y))) dy+Q/lvk(y)_v(y)ldet(id—l—tlDé‘(x(y))) dy
< 2cllvg — vl g1 — 0.
Thus we get
[v(- +25C) —v(+ 18z = cll§llge D)0 — 11].
O

Lemma 6.6 The mapping H : (Bs(u) N FP) x [0, 8] — BV (Q) with
H, 1) =v(-+15()

is continuous as mapping from L£L'(2) x [0, 8] to L1 ().
Proof Let vy, vy € Bs(u) N FP, 11,1, € [0, 8]. Then

[Dv2|(€2)] < E(v2) = F(v2) + 2G(v2) = B+ A(1 +6)
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and

/ lor(x +115(x)) — v2(x + 226(x))| dx
Q

= / i (x +18(x)) —v2(x +1E00))| + [v2(x +115(x)) — v2(x + 128 (x))[ dx
Q

dx +cll§lcoe | Dual($2)[12 — 1]

1
s/m(y) O TR
Q

< c(llvr = vallgr + 1€l coo [ Dv2| ()72 — 11])
< c(llvr = valligr + 1€l g (B + 21+ 8) | —n]) = 0

as (v1,11) — (2, 12) in £(2) x (1o, 10). O
We continue the proof of Theorem 4.2 with estimates used in the definition of the
weak slope |dF|£1 (#). By Lemma 6.5 with ¢ := c||&|| zoo (B + (1 + 8))

IH@, 1) = vl < cll§ll el D)1 < cll€l g (F(v) + AG ()t < ér

forall v € (Bs(u) N FB), ¢ € [0, §]. Hence, with ’):((v, t) := H(v,t/c¢) and § =
min{§, ¢§}

IH(, 1) —vllpr <t forallv e Byw) N FP, 1 e0,35]. (6.20)
Moreover, by Lemma 6.4 and (6.19),

F(H(v,t)) — F(v) = E(H(v,t)) — E(v) — X(G(H(v, 1)) — G(v))
= &, (t§) — Ey(0) — A(Gu (1§) — Gu(0))
(80(0,8) — 148Gy (0, 8))t + re(1)Ey(0) — Arg(t)Gy(0)
< —owt+re(t)EW) — Arg(t)G(v)
< —wt+ reO(B + 11 +8)) + Alrg@®)|(1 + 5)

t+wt 2
—t + —t = ——
2 2

IA

forall v € Bs(u) N FP 1 € [0, 8]. Consequently,

F(H(v, 1) — F(v) < —;z forall v € Bs(u) N FF, t €10,3].
C

With (6.20) we conclude that |dF|£l(u) > 0 by Lemma 3.2. Since u is Ll
eigenfunction, it is also critical point of F = E — AG in £' by Proposition 4.3.

Thus |dF |L1 (u) = 0, a contradiction to the previous estimate. Hence (6.18) cannot
be true and the assertion of Theorem 4.2 follows. O
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