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Abstract We show that the complex Radon transform realizes an isomorphism
between the quotient-space of residual d-cohomologies of a locally complete inter-
section algebraic subvariety in a linearly concave domain of CP" and the space of
holomorphic solutions of the associated homogeneous system of differential equations
with constant coefficients in the dual domain in (CP")*.

1 Introduction

In this article we consider two related problems: the first one is the description of
infinite-dimensional spaces of d-cohomologies of subvarieties in linearly concave
domains of CP" in terms of inverse Radon transform of the spaces of holomorphic
solutions of associated systems of differential equations in dual domains, and the sec-
ond one is the realization of the spaces of holomorphic solutions of systems of linear
differential equations in convex domains by Radon transforms of d-cohomologies of
associated subvarieties in dual domains.

The study of these problems was started by Martineau in [24,25] and was con-
tinued in the papers [2,7,11,16—-18]. The main result of Martineau in [24] was inter-
preted in [11] as the existence of an isomorphism defined by the complex Radon
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498 G. M. Henkin, P. L. Polyakov

transform between the space of (n, n— 1)3-cohomologies of a linearly concave domain
D C CP" and the space of holomorphic functions on the dual linearly convex domain
D* c (CP™)*.

We begin by describing the result that was produced by the study of the problems
mentioned above in [16, 18] for the case of complex submanifolds in linearly concave
domains in CP".

Let (zo, ..., z4) and (&, ..., &,) be the homogeneous coordinates of points z €

def

CP"and§ € (CPM)*.Let(§-2) = D>y sk-zk,andlet(CPgl_1 denote the hyperplane

CP/™'={zeCP": (£-2) =0}

Following [11,24] we call a domain D C CP”" alinearly concave domain, if there
exists a continuous family of hyperplanes CP"~!(z) C D defined for z € D and
satisfying z € CP"~!(z). We notice that in the original definition of linearly concave
domains in [24] the continuity of the family was not required, but the main results of
[11,16,18,24,25] are valid only under the assumption of existence of such family.
The following theorem was obtained in [16].

Theorem 1 Let D be alinearly concave domainin CP", n > 2, andlet D* C (CP™)*
be the dual domain

D*={& e (CP"*:CP!~" c D).
Let V be a (n — m)-dimensional connected algebraic manifold of the form
V={zeCP": Pi(z)=...= P.(2) =0},
where homogeneous polynomials Py, ..., P, are such that everywhere on V
rank [grad Py, ..., grad P,] = m.
Let Vp = V N D, let Z#="1=m=D (V) denote the space of d-closed smooth forms
on Vp of bidegree (n —m,n —m — 1), and let H® (D*) and H"9 (D*) denote the
spaces of holomorphic functions and respectively holomorphic 1-forms on D*.
Then the Radon transform

defined by the formula

n

RglO =3 | [ anaze|as 0

0
J ze(CPS”’lﬂV
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Residual -cohomology 499

induces a continuous linear operator on the space of cohomologies

Moreover, the following properties are satisfied:

()  the subspace KerRy C H (n=m.n=m=1) (1) is finite-dimensional and consists
of restrictions to Vp of 3-cohomologies from H®=n=m=1(y),
(ii) the image of Ry is the following subspace in H1-9 (D*)

Ry (H"=mm=m=D(yp)) = [f e H'0 (D*) : f = dg with g € H° (D*)

such that {Pk (%) g= 0] } . )
1

Remarks

e If V C CP"is a smooth complete intersection, and D C CP" is a linearly con-
cave domain, then in ([16] Theorem 5.1) an explicit inversion formula for Ry is
obtained in the spirit of explicit fundamental principle of [3].

e Form = n — 1 the statement (i) of Theorem 1 is a corollary of the inverse Abel
theorem (see Saint-Donat [33], Griffiths [12]). Form < n — 1 and V—complete
intersection, the statement (i) of Theorem 1 is a consequence of Theorem 3.3 from
[18].

e In the statement (i) of Theorem 1 if ¢ € Z*="7=m=1 (V) is such that ¢ = dy
fory € Z—m=Ln=m=1) (v, then g is the image of ¥ under the map introduced
by Andreotti and Norguet (see [1,26]).

The main result of this article is a natural generalization of Theorem 1 to the case
of an arbitrary locally complete intersection in a linearly concave domain. In order to
formulate this theorem we need to introduce some additional definitions and notations.

Throughout the whole article we will denote by D C CP”" a linearly concave
domain and by G = CP"\D its complement. We will also denote by Ds linearly
concave subdomains of D with smooth boundaries b Ds such that

Ds C D, forv <36, and UD5=D.
$

The existence of a sequence of subdomains with the above properties is proved in
Proposition 2.4. We will denote by G5 = CP"\Ds D G and by G = G\bG.

Definition 1.1 (Locally Complete Intersections) An analytic subvariety V C CP" is

called a locally complete intersection subvariety in CP” of pure dimension n — m
if there exist a finite open cover {U, }(vaz , of CP" and collections of holomorphic

@ Springer



500 G. M. Henkin, P. L. Polyakov

functions {F, k(a)} in Uy, such that
VNUy={z€lUy,: F9°0) = = F%(2) =0 3
NUg={z€lUy: F ' (2)=---=F,;7(2) =0} 3)

with the structure sheaf O/Z, where O is the structure sheaf of CP”, and Z is the
sheaf of ideals defined by { F*}}" .

In our construction of d-closed residual currents on a locally complete intersection
variety V we will use a special vector bundle, the so-called conormal vector bundle.
To describe this bundle we consider a domain U C CP", a finite cover {Uo[}f;’:1 of
U, and V C U—a locally complete intersection subvariety in U of pure dimension
n — m, locally defined in U, by the holomorphic vector function

F ()
F(Ol) (2) = ’
P (2)
i.e.
VN Ua = {Z € Ua : Fl(a)(z) — . = Fn(za)(z) — O}

Definition 1.2 (Conormal and Dualizing Bundles) The conormal vector bundle N (V)
on a locally complete intersection subvariety V is defined by the nondegenerate ho-
lomorphic transition matrices A;ﬁl (z) e H (Ua,g) such that

F(2) = Agp(2) - FP(2) 4

on Uyg = Uy N Ug.
Following [14, 15] we define the dualizing bundle on a locally complete intersection
subvariety V as

® = wepr @ det N(V) ™! (5)
where wc pn is the canonical bundle on CP".

Remark Adjunction formula (see Proposition 8.20 in Ch. II of [15]) shows that for
a nonsingular V' the bundle defined in (5) coincides with the canonical bundle wy,
implicitly used in Theorem 1, making wj, a natural generalization of the canonical
bundle for locally complete intersection subvarieties of CP".

We define further the spaces of residual currents and of residual 3-cohomologies on
Vp, where V. C CP" is alocally complete intersection subvariety, and D a domain in
CP". In what follows we denote by £ the space of infinitely differentiable functions.
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Definition 1.3 (Residual currents) For a subvariety V. C CP”" of the pure dimension
n — m locally satisfying (3) we say that an (n, m + g) current ¢ with support in V is
aresidual current ¢ € C %9 (Vp, wY,) if there exists a finite collection of open neigh-
borhoods {U, C (CP"}(IXVZ1 and differential forms ®, € £"9 (U, N D), such that

Uai Ua DV,

{1 (1 AD
@)= | vrdand|—g)rrd| - déflim/ Lﬁ’)
Ua F Fy' =0 e oo [Tie) B

(F@)
Dy = (det Agg) - @5 + 30 KO- on Uy NUs N D,

(6)
where ¢ € %"~ (U, N D) is a smooth form with compact support in Uy N D,

Toon O = IFY @1 = €10, ..., |FP Q)] = en (D)

is a family of tubular varieties depending on the real parameter ¢, the limit in the right-
hand side is taken along an admissible path {e;(¢)}{" in the sense of Coleff-Herrera—
Lieberman [4,20], i.e. an analytic map € : [0, 1] — R™ satisfying the conditions

li t) =0,
tl_rg(l)em()

(¢t 7
lim 161() =0, forany/ e N, @
t—0 €j+1(t)

Agp are holomorphic matrices from (4), and Q,((aﬂ leg (UyNUgN D).
A residual current ¢ € CO-D (v, wy,) is called d-closed—¢p € 20D (Vp, y),
if the following condition is satisfied

m
00, = K" -9 on Uy N D, ®)
k=1

where Q) € £ (U, N D).

Remarks

e Condition (7), though looking technical, can not be replaced by a simpler con-
dition €;(t) — 0,t — 0, j = 1, ..., m, as was shown by Passare and Tsikh in
[29].

e Notation in the definition above is substantiated by the fact that the collection

N
[CD /\5( ! )/\ /\5( ! )]
« T )T @
F* Fn’ ) ) g

naturally defines a current of type (0, ¢) on Vp with coefficients in holomorphic
bundle wy, defined in (5).
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502 G. M. Henkin, P. L. Polyakov

Definition 1.4 (Residual d-cohomologies) A d-closed residual current ¢ € Z©9)
(Vp, wy,) is called 9-exact (¢ € B(O*q)(VD, wy,)) if there exists a residual current
Y € C9=D(Vp, f) such that 3y = ¢.

Therefore

BOD(Vp, wf) < 200 (Vp, o),
and the spaces of residual 9-cohomologies of Vp, of the type (0, ¢):
HOD(Vp, o) = 209 (Vp, ) /BOV (Vp, o)

are well defined.

Before defining the complex Radon transform we introduce an additional notation.
We denote by Sy the following set of hyperplanes

Sy = {& € D* : dimg(V mCP;—‘) #n—m—1}.
Using the arguments similar to those in the proof of Bertini’s theorem (see [15]) we
obtain that Sy is a subset of an analytic set in D*.
In the definitions below we define the complex Radon transform of residual currents

and the Fantappié transform of linear functionals in H%(V, O/T)’.

Definition 1.5 (Complex Radon Transform) Let V. C CP”" be a locally complete
intersection subvariety of pure dimension n — m. Then we define the Radon transform

Ry : 20Dy, wf) — HEO(D*\Sy)

on the space of d-closed residual currents by the formula (see Proposition 2.5)

1 S S n,n—m-—
RAGIE) = oy 2 (D [ a2y @ Ve

j=0 Ol=1D

_ 1 "o 1
] il ——— ) )as,. 9
" ((€~z>)k/_\l (F,f“)(z))) 5 ®

where {ﬂa}{v is a partition of unity subordinate to a finite cover {Ua}{v of D by open
subdomains in CP", and the forms

are the local representatives of the current ¢.
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Definition 1.6 (Fantappié Transform) Let V C CP" be a locally complete intersec-
tion subvariety, let G be a linearly convex compact in CP", and let Z be the sheaf
of ideals, associated with V. We define the Fantappié transform of a linear functional
w e H°(G, ©/I) by the formula

Fylpl) = Zu(

)d.s;j, (10)

where & € D* = (CP"\G)*.

The theorem below is the main result of the present article. In this theorem we
describe the action of the Fantappié and complex Radon transforms on the spaces of
residual cohomologies of linearly concave locally complete intersection subvarieties
of CP".

Theorem 2 Let
V={zeCP": Pi(z)=---=P.(z) =0} (11)

be a locally complete intersection subvariety of pure dimension (n —m) with the struc-
ture sheaf O /I, where T is the sheaf of ideals defined by homogeneous polynomials
{Px}|,r = m. Let D C CP" be a linearly concave domain, and let D* be its dual
domain.

Then transform Ry defined in (9) induces a continuous linear operator on the
space of residual 3-cohomologies

Ry : HO=""D(vp, o)) — HIO (DY),
and transform Fy defined in (10) induces a continuous linear operator
Fv: HG,0/7) - HIO(D*).

Moreover, transforms Ry and Fvy satisfy the following properties:

(i) KerFy = {0},KerRy c HOm=m=D(yp, wy,) is finite-dimensional and
consists of restrictions to Vp of classes of residual d-cohomologies from
HO=m=D(V, wy),

(i) the images of Fy and Ry are the following subspaces in HY0 (D*):

Image Fy = If e HYO(D*) : f = dg with g € H*(D*) such that

[ Ge)s=ol.} @

Image Ry = {f € Image Fy : f = Fylul, where u(h) = 0for
vh € HO(CP", 0/T)},
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504 G. M. Henkin, P. L. Polyakov

(iii) if'V is connected in the sense that dim HOV, O/I) =1, then
Image Ry = Image Fvy,

(v) for a functional u € HY(G, O/T) defined for h € H(G, O/I) through the
residual current ¢ = {®Py} by the formula

N m
M(h):Z/l?a(Z)h(Z)q)a(Z /\ (F(Ol)(z))

azlng k=1

the following equality holds

1 m—+1
Ryvlelé) = (2—m) Fvlnl®). (13)

Remark e The statements in (ii) of Theorem 2 can be interpreted as versions of the
Ehrenpreis “fundamental principle” for systems of partial differential equations
(see [8,10,27]) in terms of Fantappié and complex Radon transforms instead of
Fourrier-Laplace transform.

e If V is an arbitrary, not necessarily reduced, complete intersection in CP" and
D is a linearly concave domain in CP”", then in [19] an explicit inversion for-
mula for Radon transform Ry is obtained together with a formula for solutions of
appropriate boundary value problem for the corresponding system of homogeneous
differential equations with constant coefficients in D*.

e Forthe case m = n— 1 the statement (i) of Theorem 2 for Radon transform follows
from the result of Fabre [9].

e If V is a complete intersection in CP”, then the property of V to be connected in
the sense of (iii) is always satisfied (see Ex. 5.5 §1IL.5 in [15]).

e Theorem 2 admits a generalization for analytic subvarieties of a linearly concave
domain D. If m < n — 1, then an analytic subvariety V' C D of D is a trace
of an algebraic subvariety V C CP" (see [32,35]), and an appropriate version of
Theorem 2 applies. If m = n — 1, then V’ C D is a trace of an algebraic curve
V C CP" if there exists a form ¢ € ZOD(V/, w}), such that ¢ # 0 almost
everywhere on V and Ry [¢] = O (see [9,12]).

In Sect. 2 we prove the correctness of Definition 1.5 and some properties of Ry
and Fy, and in Sects. 3 and 4 we prove propositions representing different parts of
Theorem 2.

2 Properties of residual currents

In this section we describe some properties of residual currents used in the proof of
Theorem 2 and prove some properties of the Radon transform defined by formula (9).
In the proposition below we describe the dependence of a local formula for a residual
current on the choice of a basis of the ideal for the case of a complete intersection.
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Proposition 2.1 Let U C CP" be a domain in CP" and let V. C U be a com-
plete intersection subvariety of pure dimension n — m in U, defined by two different
collections of holomorphic functions F = {Fi}' and P = {P;}{' such that

F=A P (14)

where A(z) is a nondegenerate holomorphic matrix-function.
Let {e(t)} be an admissible path, and let

T = eU: [R@|=e@.....[Fa@| = en(0)),
T ) =z €Ut [PI@)| = €1(D)..... | Pu(@)| = en(®)},

be the corresponding tubular varieties.
Then for an arbitrary y € Ec(n’n_m)(U) we have the following equality

lim
t%O

v det A(z) - y(2)
= _ 15
/ T, e (>

1m
VP 10 ) [Tz Fr(z)

T{F) (1)

Proof In the proof of Proposition 2.1 we will use the following proposition describing
the transformation of the Grothendieck’s residue under the change of basis in the ideal
for the case of isolated point in C".

Proposition 2.2 [13,36] Let U € C" be a neighborhood of the origin {0} € C" and
letP = {P,..., P} and ¥ = {Fy,..., F,} be two different collections of holo-
morphic functions on U having {0} as an isolated zero, and satisfying (14) with a
nondegenerate holomorphic matrix-function A(z) on U.

Then for an arbitrary function h € E.(U) we have the following equality

/ h(z) — lim det A(2) - h(2)
[Ti_) Pez) 10 . [Tic) Fr()

Ty @)

lim
t%O

(16)

m}

To prove equality (15) we use the fibered residual currents from [4]. Namely, we
consider a polydisk P" = {|z;| < 1, i = 1,...,n} C U such that the restriction of
the projection

T Pt — P

defined by the formula (z1, ..., zn) = Zm+1, - - - » Zn), to VNP is afinite proper cov-
ering. Then we use Theorem 1.8.3 from [4] and obtain the existence of a holomorphic
function g on P" such that dim{V N {|g(z)| =0}} <n —m — 1, and

. v
lim = lim
ta() Hk 1 Pc(z) -0

Vn{lg(2)|>48}

resp, 7} (¥, 2), (17
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where
resie }(V z) = lim / —?(Zm+1’ o Zn)
VS >0 [Tie; P2
T(f)}(t)

Y Zmtlsvr2n) = ,P=P ,

)/( s n) v 7Tﬁl(Zerl ;;;;; Zn) k 7771(2»1+1’~-»Zn)
andze VN n_l(zmH, ey Zn)-

Applying Proposition 2.2 to the right-hand side of equality (17) we obtain equality

15). O

The next proposition is a reformulation of Theorem 1.7.6(2) from [4], which will
be used in the article.

Proposition 2.3 Let U be a domain in C", and let
V={zelU: Fi(e == Fu(2) =0}

be a complete intersection in U. If a differential form ® € Sc("’n_m) (U) with compact
support in U admits a representation

m
o = ZFk - Oy,
k=1

where forms ® € £ (U) have compact support in U, then

U/QZ\IS(FLI{)=0.

In the proposition below we prove the existence of a family of smoothly bounded
linearly concave domains approximating D. Existence of such family provides a con-
venient tool in many constructions of the present article.

Proposition 2.4 Let a linearly concave domain D C CP"™ admit continuos map
n : D — D* satisfying condition (n(z) - z) = 0. Then there exist a sequence of real
numbers {8,}3° such that §, > 8, forn < m and lim,_,« 8, = 0, and of smoothly
bounded linearly concave domains

Ds, CD={z€eD:ps(z) <0} (18)
satisfying
o0
Ds, C Dy, form>n, and | ] Ds, = D. (19)
n=1
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Proof We construct a sequence of smoothly bounded linearly concave domains satis-
fying (19) in two steps. On the first step we construct a family of domains exhausting
D*. We consider the function p* (&) = dist(€§, bD*) on D*, and averaging this function
with the kernel K5(¢) = 82" - K(¢/8), where

Cel/(sP=D if|z] <1,

K(O:[O if 12> 1,

and C = (ﬁ§|<1 e”““z_l)d;)_], obtain a smooth function

pi® = [ P ©OKs(e - 00
on the set (£ € D* : p*(€) > 8). We define then for v < /2
Di, = {6 € D" pf (&) > 35— v).
To see that
(6 € D" p*(&) > 48) C D}, C & € D™ : p (&) > 5} (20)

for v < §/2 we use the inequality

15 (§) — p*(E)] = ‘/(p*(é) — P (ENKs(E — C)d§‘

57 1) = @Ik (5;4) d¢

IA

8

/ lp* (& + 8- u) — p*(E)|K (w)du <.

lul<1

Relation (20) shows that the family of domains D;,v exhausts the domain D*.
On the second step we consider the domain

Wy = (& € D*: p*(€) > 3,

and apply a smoothing procedure, similar to the described above, to the continuous
family of hyperplanes n : D — D* restricted to the domain n_l(WS* ). For z in the
domain

T (WHNUj={zen (W) :z; #0}
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we define

| /ni(s“)Ka/(z _ode it # .
77[]"5/(1) =

j - _ i i
mj5(2) = > vy nj,y(z)zj,
for 8 > 0 small enough, and set

'78/(2) = (770,5/(1)7 MR} nn,a/(z))s

where

s (2) = D 9@ -1 52,

j=0

and {¥; };?:0 is a partition of unity subordinate to the cover {U;} of CP".
We notice that for every j € (0, ..., n) we have

n
D unt () =0,
k=0

and therefore

n n n
Dlucms@ =D u | D@ kg @)
k=0 k=0

j=0
=> 9@ ( > nja,(z)) =0.
j=0 k=0

Then we obtain a continuous and smooth in a neighborhood of n’l(D;k) family of
hyperplanes ny (z) € D* such that z € ny(z) for

zen Ye e D*: p*(§) > 8).
We define
Dy, ={zeD:CP" ' (2) C D}, } ={z € D:ps(z) & 36 —v — p} (ns(2)) <0},

and applying the Sard’s theorem find v < §/2 such that Ds = Dé,u/ has smooth
boundary.

Sequences {3, }7° and {Ds, }{° satisfying (19) can be chosen as subsequences cor-
responding to an arbitrary sequence of decreasing &, tending to zero as n — oo based

on the exhaustion property. To construct an “explicit” sequence {Ds,}{° satisfying
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(19) we can choose for example the sequence {5, = §1/ gn—1 }Cfo. The numbers §;, can
be chosen so that

Sn
03, (s, (2)) — p5, (M(2))] < T3 2

and therefore |p} (115(2)) = p*(N(@)| < §bu. forz € n~'{€ € D* : 48, > p*(€) >
Sn}-
The boundary of the domain

Dj . ={z€ D:38, — v, — pj (15,(2)) <0}

will satisfy the condition pg‘n (ns; (z)) = 38n — vy, and for z € bD:S,,,v,, we will have
using (21)

57 21
—8 = p*(n(2)) = —6n.

16 16

Since 2L < 2L we obtain that bD. =~ NbD/, = (J, and therefore the sequence
X 6‘8. 16 S\ Vn Sn+1-Vn+1

D;, is strictly monotonous. O

In the next proposition we prove a useful boundary formula for the Radon transform.
As a corollary of this formula we obtain that Definition (9) of the Radon transform Ry
coincides with the standard definition of Radon transform for the case of a differential
form on a nonsingular variety V.

Proposition 2.5 Let D C CP" be a linearly concave domain, let {UO[}(;V=1 be a finite
cover of D, let {¥y }(vazl be a partition of unity subordinate to the cover {Uy }(Ix\’:l, and
let V.C D be a locally complete intersection subvariety of pure dimension n — m,
locally defined in Uy by the holomorphic functions {Fk(a)}}:’:l.

Then for a 3-closed residual current ¢ defined locally by the differential forms
q)a c g(n,n—m—l)(Ua)

and a subdomain Ds C D with smooth boundary bDj the following equality holds

J YRRy
Ve (2) - 2j - Po d ol ————
aZ_;D/ (@) - zj - Pal2) A ((E'Z>) A o

k=1

N
= lim lim / Vq(2) &8 C,In)a(Z)m)
oy raOt»OTG . o (E . Z) . Hk:l Fk (Z)
{F\%) 7}
N
= Z lim / Vo (2) < -:a (Z)m) ’ @2)
=0 -2 [im B @

a=1 €
bDaﬁT(F(a))(Z)
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where

T () = Hzeua: 1R @] = ey,

N
XED)E D D) 1(E -2 = r]

a=l1

with admissible path {e; (1) }}"_,.

Under the hypotheses of Theorem 2 the transform Ry from (9) maps the d-closed
residual currents on D with support on Vp into holomorphic forms on D*, and induces
a linear map on the spaces of cohomologies.

In the proof of Proposition 2.5 we will use the following two lemmas.
Lemma 2.6 Let U C CP" be a domain in CP", let {Uo[}étv=1 be a finite cover of U,
and let V. C U be a locally complete intersection subvariety in U of pure dimen-
sion n — m, locally defined in Uy by holomorphic functions {Fk(a)}’]”. Let @ be a
d-closed residual current with support on V locally defined by the differential forms
Qo € Emn=m=D(y,).

Then for an arbitrary function n € E.(U) we have

N

3 i - Q24(2)
lim / T}(Z)al?a(Z) N W =0. (23)
a1 70 [T B @)

(@), ®

Proof To prove equality (23) we apply the Stokes’ formula, and using equality

m
590{ = Z Fk(a) . Q]((a)
k=1

fori = 1...N and Proposition 2.3 obtain

A _ Q0 (2)
z llm / n(Z)aﬁa(Z) AN W
am1' 70 [z F,7 (@

F(O‘) )

) _ Q4 (2)
= — E lim / Ve (2)0n(2) A ———— TN
ozt 0 [Ti=1 £ @)

F(D‘) )

N -
02y
S [ o n D
= e [Tizi B (@

F(Ot

= —a)(z Dy - 577) = —a)(én) = :I:éw(n) =0.
a=1
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Lemma 2.7 Let D C CP" be a linearly concave domain, let V. C D be a locally
complete intersection subvariety of pure dimension n — m, locally defined in U, by
holomorphic functions { F, k(a)}ﬁ”.

Then for a fixed € € D*\Sy and a d-closed residual current w defined locally by
the differential forms

Qo € EMTD(W\(E - 2) =0
the expression
N
> lim / o (z)% (24)
a=1

(o)
1 F (2
€ k=1 "k
T(FW,r:(t)

is well defined, does not depend on t, and the following equality holds

N N
Q Q
Zthn}) / ﬂ“(Z)% = ,hn}) / 90‘@%'
— —
a=1 TfF«x)f)(’) o B @ oo meT&(m)([) [z F 7 (@

(25)

Proof We fix a sufficiently small &« > 0 and consider for an arbitrary 7 > 0 such that
T < p a family of nonnegative functions 1, € £(D) such that

0 1fX($,Z)<T_V,
m@ =11 ift+v<x, 2 <u,
0 if x(¢,2) > 2pu,

and such that n,,(z) = n(z) for z with x(§,z) > wu, where 1 > n(z) > 0is a fixed
smooth function.

Applying then the Stokes’ formula we obtain

A - Q4(2)
E hm / UV(Z)aﬁa(Z)/\W
a1’ [ 7% @)

T{;‘(a))(l)
N
. - Qq(2)
+ Z hH(l) / Ve (2)0n,(2) A ma#
a1 T [T F (@)
(@, @
(F@))
N —_
. 0824(2)
+th / Vo ()M N ————-——=0
U [T B
T, ®
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which we transform using Proposition 2.3 and Lemma 2.6 into

N

> lim / D (2)310(2) A % =0
lt » Hk:l Fk (Z)

[F(a)]
and then further into
N
i 5 Q0 (2)
a zhr% / U (2)0n,(2) A m
J— g 2 Z
o= {F<a> (ON{r—e<x(§,2)<T+¢} k=1 1k
N
= Q
Jimy @) A @
" 1 -
o=t Hk:l Fk (2)

F(Q) ONfu<x(,2)<2u}

for arbitrary small T > 0.
Considering then the limit of the equality above as v — 0 we obtain the equality

N
Q
lim / o0
ot:lt_)OTe [Tz B (@
(F(@) )(t)
N
. = Qq(2)
= lim / 9(DINE) A A (26)
a0, [Tio: £ @)
T, ONMu<x .20 <2}

The limit in the right-hand side of (26) exists according to the following proposition,
which is a reformulation of item (2) of Theorem 1.7.2 from [4]. O

Proposition 2.8 Let U be a relatively compact domain in C", let
={zeU:Fi@@)=-=Fu(x) =0}
be a complete intersection subvariety in U, let B € &; (n.n—m) (U) be a differential form

with compact support in U, and let T }(t) be an admissible path. Then the following
limit

lim / P
t%O Hk le(Z)

exists.

From the form of the integral in the right-hand side of (26) we conclude that it
doesn’t depend on the choice of 7, and therefore the same is true for the left-hand side
of this equality.
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To prove equality (25) we change the choice of the family of functions 7, to the
following:

@) = 0 if x(§,2) <t —vorps(z) >v,
W= i x5, 2) > T+ vand ps(z) < —v,

where ps is the function from Proposition 2.4.
Applying then the Stokes’ formula we obtain the equality

N
. = Qq(z
> lim / m(z)aﬁa(zm%
a:]l ) szl Fk (2)
{F(Et)

. = Qe (2)
+5 lim / Pa (D) (2) A —— D)
; [T K@
Ty ©

v _
Qq(z
+ Z lim / Vo () (2) A % =
Eviine » [li=i £ @
)

F("‘

and then using Lemma 2.6 and Proposition 2.3

N
i 5 Qq(2)

B tlgr(l) / U (2)01,(2) A ”'(XT

o= F(a) ONfr—v<x(&,2)<t+v} 1_[k=l k (2)

N
i 3 Qq(2)

=2 lim / e ey —

aZIt_) Hk:] Fk (2)

Ty, ON(=v<ps()<v)

Passing to the limit as v — 0 we obtain equality (25).

Proof of Proposition 2.5 Equality (22) is an immediate corollary of equality (25). In
view of (22) formula (9) defines a bounded holomorphic function on the intersection
of an arbitrary compact set in D* with D*\Sy. Therefore, since Sy is a subset of an
analytic set in D*, there exists a unique extension of this function to D*.

To prove that Ry[¢] = O for a d-exact residual current ¢! we assume the
existence of a current ¥ € K"~2) (D) such that equality

(@D, @Dy = Gy @D, y )

is satisfied for an arbitrary y(o’l) € 550’1)(D).
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Then, using formula (22) and Proposition 2.3 we obtain

LS Zj - Pa(2)
Ry[$1(E) = ———r >~ th / D (2) ! J
2 m+1 M ()
=) e BDSOT gy (O €2 Il £ @
|G U / - 2j - Dy(2)
= —— lim lim Do (2)01,(2) A : i
(27‘[1)m+1 jzzé = v—=01—0 (£-7)- HZL=1 Fk(ot)(z) J
T ) ©
. i“m lim / By (1) 202
a\Z)M(Z i
(27‘[l)m_"1 o |am v—=071—0 (£ 7)- Hkm=1 Fk(ot) () J
N0
B 1 n i 1'm< Zj ¢> dt:
— @ S\ &l )

<071y, w>)ds,- =0,

1 e Zj
= — lim { —<
Qmiym+l : 0(; IH0<(E - 2)
where

if ps(z) > v,

1
(@) = [0 if ps(z) < —v.

The equality above allows to define the Radon transform Ry [¢] = 0 for an arbitrary
d-exact current ¢ with supporton V N D. O

In the proposition below we prove the inclusion of the images of Fy and Ry in
the space of solutions in the right-hand side of (12).

Proposition 2.9 Radon and Fantappié transforms defined in (9) and (10) satisfy the
following properties:

Image Fy

8 r
FeHYO(D*) : f=dg with ge H*(D*) such that [Pk (%) g= 0] ] ,
1

Image Ry

C{f eImage Fy : f = Fvlul, where u(h) =0 forVh € HcCP", O/1)}.

27)

Proof For the Fantappié transform of a linear functional i € H°(G, ©/Z)" we have

Flul= ZM(<S

)dé, deg(8),
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where

g(&) = p (log(§ - z)). (28)

We notice that analytic function log (£ - z), and therefore g(§), is well defined on
D*(z). It is a corollary of the contractibility of

D*(z)={§ e D*: (§ -z) =0}

for any z € D under the condition of existence of a continuous family of hyperplanes
covering the whole D. Namely, as it was proved in [11], the existence of such family
implies the isomorphism

H(CP"\D) = H(D"),
and then the result in [37,38] and the isomorphism above imply the contractibility of

D*(z).
For g defined in (28) we have

i) P

which concludes the proof of inclusion for F.
To prove the inclusion for the image of Ry we consider for an arbitrary residual
current ¢ € ZOn=—m=1 (VD, a)“’,) the analytic functional on H(G)

N

uthy =3 tim / () 12 D).

t—0 Hm F(a) ( ) ’
a=1 k=1Tr {2
bD,gﬂT(EF(u))(Z)

From Proposition 2.3 we obtain that ,u¢ (h) =0forany h € H 9(G, 7), and therefore
u? defines a functional on H%(G, ©/T). From equality (22) we obtain equality

Fylu?] = @riy" Ry[g],
which implies the inclusion
Image Ry C Image Fy

and equality (13).
To conclude the proof of inclusion for the image of Ry we have to prove equality

u?(h) =0 (29)

for an arbitrary » € H° (CP", ©/T). To prove this equality we assume that in every
U, function £ is defined in some neighborhood of V N U, and consider a sequence
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of nonnegative functions n, € £.(D) approximating the characteristic function of Ds
as v — 0. Then, applying the Stokes’ formula in each U, we obtain the equality

N
> lim / Y (2)01u(2) A hff)'—qz)@
= [Tizi B @

DﬂT‘F (@, ®

N
. = h(z) - @y(2)
+ 1 / v(2)004 (2 _
2tgn M (2)30a(2) A — lF(O‘)(z)

DmT}(a) | (1)

which is transformed into equality
N

. - h(z) - Dy (z)
lim / Do (D) (2) A =)
2. fim S L FO )

DTy, (1)

after application of Lemma 2.6.
Passing to the limit as v — 0 in the equality above we obtain equality (29). O

3 Kernels of Ry and Fy

In this section we describe the kernels of 7y and Ry . In the next proposition we prove
the triviality of the kernel of Fy.

Proposition 3.1 For the Fantappié transform defined in (10) we have
Ker Fy = {0}. (30)

Proof To prove property (30) we use the linear concavity of D and contractibility of
D*(z) forevery z € D, and obtain as in Proposition 2.9 the connectedness of D*. Then
using the connectedness of D* and the Cauchy—Fantappié-Leray integral formula on
G (see [21]) we obtain the density of the set of functions

1
[ifo + 258U LGD*

in H(G), where we used the assumption D D {z9p = 0} and changed variables in G
tou; = z;/z0.
Then from equality Fy [u] (zo/(€ - z)) = O we obtain the equality u = 0. m]

In the proposition below we prove the necessity of the condition on Ker Ry in the
statement (i) of Theorem 2.
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Proposition 3.2 Let V. C CP" be a locally complete intersection subvariety, let D C
CP" be a linearly concave domain. If a residual current ¢ € zOn=m=)y wy)

admits an extension to CP" as a d-closed residual current supported on V, then
Rvlg]=0.

Proof Let ¢ € ZOn=m=D(yp, wy,) be the restriction of a d-closed residual current
on V. Then from equality (25) in Lemma 2.7 we obtain

1 " 7i - Dy(2)
Ry[¢l§) = ——— > § lim / 90 (2) 4 dg;.
2 m+1 . T ()
R p= bDa”TF(co ® -2 s 776

We choose an open domain U; C G from the cover U _1Uq of G such that
U ={zeG: t(z) <0}

for a function T € £(G). Then we consider for a fixed © > 0 a family of smooth
nonnegative functions 1, with compact support such that

@ = 0 ift(z) <—p—v, orps(z) < —v
W)= ift(z) > —pu+ v, and ps(z) > v.

As in Lemma 2.6 we have the equality

N

Z lim / Da(2)70(2) A = qr;a (Z)(w -
mrking " €-2)- Tz Fe (@)
)y

F(“

which, after passing to the limit as v — 0 implies the equality

N
i [ e
o=l DT g (1) €2 Ilem £ @)
N
- Zlim / B (2) ——2 i“(z)w .
= -2 [im B @

{zeUr1: 1(@=—uINT¢ ()

(Fa))
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= 1 we obtain
{zeUr: t(x)<—u}

Choosing the partition of unity such that 9

n N
1 .
Rylol©) = Gniynit ,E:o Jim. / P (2)

a=1 €
bDaﬂT(F(Q))(t)

zj - Pa(2)
-2 R0

J

zj - P1(2)

o €2 T 7@

1 n
= — lim i
Qriynt! JZ(:) =0 /

. _ €
{zeUy: 1(x)=—p}NT )

(€29)
Then applying the Stokes’ formula to the form
zj - ®1(2)
€2 Tl B @)
on the manifold
{fzelUi: 1) < =} N Tga), @)
with the boundary
{zelr: 1(x) = =} N Ty, 0,
and using Proposition 2.3 we obtain Ry [¢] = 0. O

Remark The referee has drawn our attention to the fact that Proposition 3.2 must be
valid for any current ¢ € Z O.n=m=1)y wy,) admitting an extension to CP" as a
d-closed current. This is indeed true and can be reduced to the following statement:
Ifa current ¢ € ZOr=m=D(yp, wy) C T'(D, K0n=0Y is §-cohomologically equiv-
alent to a d-closed form ® € C""~V(D), then Ry[¢] = R[®], where R[®] is the
standard Radon transform of ® defined using the manifold of incidence

{(6.2)e D" x D: (§-2) =0}.

(See similar statement for a reduced V on p. 242 in [16].)

In the next Proposition we prove the sufficiency of the condition in the statement
(i) of Theorem 2.

Proposition 3.3 Ifa 5-close_d residual current ¢ on Vp satisfies Ry [¢] = 0, then ¢
is the restriction to Vp of a d-closed residual current on V.
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Proof Without loss of generality we may assume that the 3-closed forms ®,, associ-
ated with ¢ are defined in some linearly concave domain D_5 D D. We fix v such that
8 > v > 0 and extend current ¢ into CP" by extending the forms &, by the formula
¥ d,, where

|1 ifze D_,,
ﬁw‘{o ifz ¢ D_s,

is a smooth function. Then we consider current  defined on G by the formula

39 (2) A D (2)

- @ (32)
[Tz F 7 (@

N
Wﬁ=§3m [ 0o
a=1

F(U‘

for f € £.(G).
Using the Stokes’ formula, Lemma 2.6, and Proposition 2.3 we obtain the following
equality

N —
av o,
Stim [ oo B2l
=0 ® [z £ @

F(oc)

, ) 9(2)Pal(2)
— S lim / ()3 (2) A —-DPatD)
Zr [T K@

F(O‘) )
N

- lim / FOP@F () A —

e K @

N

— z hm / f@P(2)0(2) A

F(U‘) ®)

3D, (2)
e R @

N

, _ 9 (2)0u(2)
=~ lim / D@ f () A DD
2 liny A

Ty,

i.e. ¥ is a current with compact support in G satisfying the condition

V=0 (¢).
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Considering the extension of ¥ to the space of holomorphic functions on G and using
the Stokes’ formula we obtain

N -
Siim [ o O
a=1

m F(a)
() [limi F, 7 (@

(F(@)
N
. P, (Z)
— 5 lim / P (Dh(x)—D (33)
2.1 . [T B @

for a holomorphic h € H (é).
Using condition Ry [¢] = 0 and introducing variables

Zj .
ujz—j for j=1,...,n,
20

in the neighborhood {z¢ # 0} we obtain the equality

Do (1)
u) n m (o) =0
o+ & -w) - TIZ F ()

(I
Rylplo(§) = W;P—% / Ve

€
DT gy ()

for arbitrary £ € D*.

From the linear concavity of D and contractibility of D*(z) for every z € D,
which we pointed out above in Proposition 3.1, we obtain the connectedness of D*.
Then again using the connectedness of D* and the Cauchy—Fantappié—Leray integral
formula on G (see [21]) we obtain the density of the set of functions

1
[ S0+ 2j=1 8t LeDg

in H(G). Then the equality

lim / D) ) Pal)

t—0 m F(O‘) u -
BT 0y 0 [lim £

N

a=1

holds for an arbitrary h € H (G), which implies, according to (33), the equality

IV (2) A Dy(z)

= (34)
[T, F¥ @)

N
vy =3tm [ v.@ne
a=1

€
T, ®
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From the Serre—Malgrange duality (see [23,34]) one can obtain (see [5], §2, Lemma
2.2) that

HO(G, 0/T) = T(G, K$") /3T (G, KLY}, (35)

where Z is the sheaf of ideals defined by the polynomials { Py, ..., P} and IC(IP -4) is

the sheaf of germs of currents y (79 on G with compact support in V such that for
any open subset U C G the current y satisfies

v(Eg-f)=0

forany g € HO(U,Z) and f € Ein_p’n_q)(U).
From equality (35) applied to the current i defined in (32) using (34), we obtain
the existence of 8 € (G, IC%”'*D) satisfying

and therefore, the current f — ¥¢ is an extension of the current ¢ into G as a 0-
closed current. The existence of such current is precisely the appropriate modification
of the statement of Theorem 2 mentioned in the remark to this theorem. Namely, if
m < n—1,V C D is alocally complete intersection in D, and a d-closed residual
current ¢ on Vp satisfies Ry [¢] = 0, then ¢ admits a d-closed extension to a current
y on CP" satisfying

v(Eg-f)=0

forany g € HO(U,T) and f € E" P ().
If V is alocally complete intersection in CP", then a residual current extension can
be found. In this case using the partition of unity {, } fx\’:l we rewrite the last equality as

N -
D 0WaB) =y
a=1

with currents 9, 8 having compact supports in U, and satisfying
Puflg- fO) =0

forany g € HO(U,T) and fOD e £%V ).

Using then the result of Dickenstein—Sessa [6] motivated by Palamodov [28] (see
also Theorem 3.4 from [5]) we obtain the existence in {Uo,}(')lv=1 of a collection of
residual currents 6, with compact support in U, of the form

NG
) =tim [ LU0 Oel)
t—
<" 0 [Tizi )
{F(@))
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where ©,, are 9-closed forms of type (n, n —m — 1) in some neighborhood of U, NV
with compact support in U, such that

A(0aP — 0y) = 0.

Therefore, the current 9 ¢ — @ is an extension of current ¢ into G as a d-closed residual
current. O

4 Images of Fy and Ry

In this section we complete the proof of Theorem 2 by proving the second part of
statement (ii), namely the inclusions

8 r
Image Fy 21 f € HVD(D*) : f=dg with g € H*(D*) such that {Pk (@) g= 0} }
1

Image Ry 2 {f € Image Fy : f = Fylul, where u(h) = 0 for Vh € HO((CP”, 0/1)},
(36)

and statement (iii) of this theorem.
In the proposition below we prove the inclusion above for the image of the Fantappié
transform.

Proposition 4.1 Under the hypotheses of Theorem 2 for any f = dg € H9 (D*)
with g satisfying equations

Pl(i>g:...:p,(i)g:o, &)
0 e

there exists a linear functional u € H(G, O/I), such that Fy[u] = f.

Proof To prove the proposition we use the following version of the Martineau’s (see
[25]) inversion formula from [11].

Proposition 4.2 (Generalized Martineau inversion formula [11,25].) Let D ¢ CP"
be a linearly concave domain such that D* C {& # 0}, and let g € H(D*) be a
holomorphic function of homogeneity 0 on D*.

Let u8 be the linear functional on H(G) defined by the formula (see [11,25])

né(h) = / h-Qg, (38)

bG,
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where

(—1)
Q@) = G agn 8 @) 1) ]/\1 d (ZO)

n J
. Vv
o' (n) = E (=D nidmA -+ Adny,
j=1

and a map n : bG,, — D* satisfies (n(z) - z) = 0 for z € bG,,.
Then the following equality holds:

FLUF1E) = dg @), (39)
or
(=D 2k
-7 = — k=0,.
iy | (€-2) aso A (Zo) e € 4
for & € D*. O

Using Proposition 4.2 we construct for an arbitrary g € H°(D*) the current u8
satisfying equality (39). To prove that uf(h) = O for any h € H°(G,T), and that
therefore ¢ defines a functional on H%(G, ©/Z) we use the assumption on g, to
obtain the equality

20

9 0g
1y 1+deg P, . _— =
(=) Fee P (deg P! /<s.z>1+dengPk(Z)Qg(Z)‘P"(as)[850}

bG,

Then from the connectedness of D* (see discussion in Proposition 3.1), and therefore
the density of the set of functions

20
& oRn |,

in the space H 0(G), we obtain the equality

WG P = D / M) - Peo) - 85,1 $ (N () /\d( ) —0 (0
bGV
for an arbitrary i € HY(G). O
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We prove the second inclusion from (36) and statement (iii) of Theorem 2 using
the following proposition.

Proposition 4.3 Under the hypotheses of Theorem 2 for any f = dg € H-9 (D*)
with g satisfying equations (37) and u8 constructed in Proposition 4.1 satisfying

Flusl = dg, and pé(h) = 0 for Vh € H'(CP", 0/T), 41)

there exists a residual current ¢ € Z(O’"_m_l)(VD, wy,), such that Ry [¢] = f.
Such current in particular exists if V is connected in the sense that
dim H(V, 0/7) = 1.

Proof To construct a d-closed residual current with support on Vp, such that its Radon
transform coincides with dg, we need an identification described below.

First we consider the following equality of Hartshorne (see [15], Ch.III, Corollary
7.7, Theorem 7.11), specifying the results of Serre [34], Grothendieck [14], Ramis,
Ruget, Verdier [30,31] for locally complete intersections

HY(V,0/T) = H"™™(V, ), (42)

where 7 is the sheaf of germs of ideals corresponding to V, and v}, = wcpr ®
det N(V)~ ! is the dualizing sheaf of V defined earlier in (5).
Using the exactness of the 9-complex of sheaves

0> O/ITQwcpn — O)TREMD KN 0/T® MM 0,

which follows from the Malgrange’s theorem on O-flatness of £ (see [22], n°25, Th. 2),
we obtain the equality

H"™™V,oy) = Hé’*m(V, wy)
L loe ghn=m) (y det N(V)™1) : 9¢p € T @ E@n—mtD (U det N(V)~ 1}
T {p € dEMmn—m=D(U det N(V)~1) +Z @ Enn—m (U, det N(V)~1)}
(43)

for a small enough neighborhood U D V.
On the other hand, for any representative ® € Hy ™" (V, ®) using the Coleff-

Herrera theory we can construct a linear functional on H° (V, ©/Z) by the formula

N
) h(2)Pu(z
(@ h) = lim / o () D) Pald)_ (44)
t—0 " FY ()
a=1 T€ ) k=1 "k
(F(@)}
explicitly defining the isomorphism in (42).
Continuing then with the construction of the sought current we observe that for an
arbitrary fixed § > 0 and the analytic functional u8 on H(Gs) defined in (38) we can

use equality (35) and obtain the existence of a current ¥® e T C(G°5, ICg’ ’")) with
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support in V N Gs, coinciding with the analytic functional ©8 on H (Gs) defined in
(38). Considering current ¥® as a current on V and using equality (40) we obtain the
existence of a d-closed differential form

WO ¢ gOnm) (7 40

corresponding to u# by equality (42) and such that

N ()
v =Y tim [ s 2R 3)
R | SR
(F@)}

by equality (44).

Using condition (41) for functional 8 and equality (43) we obtain that the func-
tional in (45) is equal to zero, i.e. ¥® = 0in Hg_m(V, w},). Therefore, there exists
an element

@(8) c 5(0,71717171)([]’ wc{)/)
in some neighborhood U of V such that
10Dy = w®|y.

Since W® has a support in Gs, it follows that the restriction of the form ®® to Dy is
a d-closed form on V N Ds, and the current

N (8)

| 0@

‘9(8)()/(0’1)) — lim / l?a(é‘)y/\—
2. Jim [T £ @)

a=I
F("‘) (1)

is a d-closed closed residual current in Ds with support in V N Ds.
Applying the Radon transform to the current %) and using equality (25) we obtain
the equality

n N Zi - ®(5)(Z)
Ryl@riy"™ - 0@ =" lim D (2) ] 2 j
_ =0 €2 -1 F9(2)
j=0 \ a=1 bDIT ) k=1 1%
il ; zj - W)
= m " @ Jj
e =0 €-2)-Ihimy e @)

a=1
GNT ) ()

Z‘f”‘”( 5)% -2 ()

[1E1(€) = dg(&). (46)
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Using the same arguments as above we construct currents @) and 9@ foran arbitrary
8’ < 8. Then, from (46) we obtain the equality

Ry[6® —6@1E) =0

for & € D}, and therefore, applying Proposition 3.3 to the current ) — 6@ on Dy
we obtain the existence of a d-closed current »® on V, such that

9@ 4 0)(6)|V0D5 — 9(5/)’
and therefore
50©) — 9(5) 1/,(5) (47)

The equality above shows that the support of 36®) belongs to G, with arbitrary v > 0,
i.e. the restriction of the constructed residual current 8 to D is a d-closed current
satisfying (46).

This completes the proof of the second inclusion in (36).
To prove statement (iii) of Theorem 2 we notice that if dim H O(CP", ©)T) =1, then
using equality

20
8(1) = ué = [Fus 1,0,...,0
e =n (1-z0+0-zz+~--+0-zn) sl :
= 2,0,...,00=0,
E

we obtain that functional 2 is equal to zero on H° (CP", ©/T), and therefore using
equality (43) we obtain that ® = 0 in Hgfm(V, w}). The rest of the proof in this
case goes exactly as in the proof of (36). O
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