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Abstract We describe arbitrary multiplicative differential forms on Lie groupoids
infinitesimally, i.e., in terms of Lie algebroid data. This description is based on the
study of linear differential forms on Lie algebroids and encompasses many known
integration results related to Poisson geometry. We also revisit multiplicative multi-
vector fields and their infinitesimal counterparts, drawing a parallel between the two
theories.
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1 Introduction

This paper is devoted to the study of multiplicative differential forms on Lie groupoids,
with focus on their infinitesimal counterparts. Given a Lie groupoid G over a manifold
M, recall that a k-form @ € QF (@) is called multiplicative if m*w = pr’fa) + prﬁa),
where m : G» = G xy G — G is the groupoid multiplication, and pr; : G® —
G, i = 1,2, are the natural projections. Our goal is to characterize multiplicative
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664 H. Bursztyn, A. Cabrera

forms on G solely in terms of information from its Lie algebroid. We will also discuss
the analogous problem for multiplicative multivector fields.

Multiplicative differential forms and multivector fields on Lie groupoids have been
studied for over 20 years in a variety of contexts. On Lie groups, multiplicative bivector
fields came to notice in the late 1980s when the concept of Poisson Lie group (see e.g.
[20] and references therein) was systematized. Multiplicative 2-forms on Lie grou-
poids appeared around the same time as the symplectic forms on symplectic groupoids
[9,29], originally introduced as part of a quantization scheme for Poisson manifolds.
Poisson Lie groups and symplectic groupoids naturally led to Poisson groupoids [30],
which gave further impetus to the study of multiplicative structures. In particular,
multiplicative vector fields on Lie groupoids turn out to encompass classical lifting
processes of general interest in differential geometry, see [23]. There are further con-
nections between multiplicative 2-forms and bivector fields and the theory of moment
maps, found e.g. in [4,5,18,25,31].

A central issue when considering multiplicative geometrical structures on Lie grou-
poids concerns their infinitesimal description, i.e., their description in terms of Lie-
algebroid data. As usual in Lie theory, relating global and infinitesimal objects involves
suitable differentiation and integration procedures. Important classes of examples
of multiplicative structures and their infinitesimal counterparts include Poisson Lie
groups and Lie bialgebras (see e.g. [20]), symplectic groupoids and Poisson manifolds
(see [7,9]), and, more generally, the correspondence between Poisson groupoids and
Lie bialgebroids [22,24]. Dirac structures [10,28] fit into a similar picture, being the
infinitesimal versions of certain multiplicative 2-forms, see [5]. As observed in [11],
generalized complex structures [ 16, 17] provide another class of geometrical structures
encoding infinitesimal information that can be integrated to multiplicative structures
on Lie groupoids. In establishing these infinitesimal-global correspondences, differ-
ent methods have been employed, some based on the integrability of Lie-algebroid
morphisms, e.g. [3,22,24], others on infinite-dimensional arguments, e.g. [5,7,8,18].
Although identifying the infinitesimal versions of multiplicative forms is key in some
of the aforementioned works, only special cases of this problem have been considered.
In this paper, we treated it in full generality.

From yet another perspective, multiplicative differential forms arise as constitu-
ents of the Bott—Schulman double complex of Lie groupoids [2] (see also [1] and
references therein), which computes the cohomology of their classifying spaces. So
the problem of understanding multiplicative forms infinitesimally may be seen as
part of the problem of finding infinitesimal models for the cohomology of classi-
fying spaces. This broader viewpoint is explored in the recent work [1], leading to
results closely related to ours; a comparison between them is also discussed in this
paper.

Our approach to describe multiplicative forms infinitesimally starts with the study
of linear differential forms on vector bundles A — M. We observe (Theorem 1)
that any linear k-form on A is equivalent to a pair (u, v) of vector-bundle maps
w:A— ATIT*M v A — AKT*M, covering the identity on M. If A car-
ries a Lie algebroid structure, with bracket [-, -] and anchor p, we say that the pair
(m, v) is an IM k-form (I M standing for infinitesimally multiplicative) if the following
compatibility conditions are satisfied: for all u, v € I'(A),
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Multiplicative forms at the infinitesimal level 665

L ipuyn(v) = —ipwmu(u),
2. p(u,v]) = Lp(u)ﬂ(v) - ip(v)dﬂ(u) - ip(v)v(’/l)a
3. v([u, v]) = Lowyv(v) —ipw)dv(n).
We prove in Theorem 2 that multiplicative k-forms on a source-simply-connected
Lie groupoid G over M are in one-to-one correspondence with IM k-forms on its Lie

algebroid A — M. Concretely, the IM k-form (u, v) associated with a multiplicative
k-form w € QF(G) is defined by

(), Xy A AN X)) =0, X1, ..., Xi—1),
(), X1 A A X)) =do(u, X, ..., Xp),

where X; e TM, i =1,...,k,andweview M C Gand A C TG|y.

A special class of IM-forms is obtained as follows. Any closed form ¢ € Q**+1(M)
determinesamapv : A — AKT*M, v(u) = —i o(u) @, satisfying condition (3) above.
The IM k-forms (u, v) with v of this type are referred to as IM k-forms relative to ¢;
they are the infinitesimal versions of multiplicative k-forms satisfying

do = s*¢ — t¥¢,

where S and t denote the groupoid source and target maps. For k = 2, IM forms
relative to ¢ include ¢-twisted Poisson and Dirac structures [28], and our Theorem 2
recovers their known integrations [5,8]. For arbitrary k, IM forms relative to ¢ were
studied in [1] in connection with the Weil algebra of a Lie algebroid. These and other
examples are discussed in this paper.

The method we use to integrate IM forms on Lie algebroids to multiplicative forms
on Lie groupoids relies entirely on the known correspondence between Lie-algebroid
and Lie-groupoid morphisms (Lie’s second theorem for Lie algebroids); in particular,
we do not resort to the path spaces of [7,12,27], hence avoiding infinite dimensional
constructions. Although our method is inspired by [3,22,24], it brings a technical
difference in that we represent differential k-forms on a manifold N by functions
®*TN — R (as opposed to maps @~ !TN — T*N); this small variation greatly
simplifies computations, so even when restricted to known situations, our general proof
seems more direct than existing ones. The integration of IM forms is carried out in two
steps: first, we show that an IM k-form on a Lie algebroid A — M defines an element
in F(A) whose associated function T A — R is a Lie-algebroid morphism; sec-
ond, upon integration, one obtains a groupoid morphism &*7G — R which defines
a multiplicative k-form.!

In the last part of the paper, we revisit multiplicative multivector fields on Lie grou-
poids, as in [18]. We show how the very same techniques used to study multiplicative
forms apply to the dual situation of multivector fields, leading to an alternative proof

I Forms on G are commonly viewed as sections G — /\kT*g. The multiplicative ones, for k = 1, are
such that G — T*@ is a groupoid morphism. However, this viewpoint does not extend to k > 2, as in this
case AKT*@ inherits no canonical groupoid structure in general; in contrast, ®* TG is always a groupoid
and multiplicative forms are conveniently described by groupoids morphisms @*TG —> R. An analogous
discussion holds for multivector fields.
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666 H. Bursztyn, A. Cabrera

of the universal lifting theorem of [18] (not involving path spaces) and drawing a clear
parallel between the two theories.

As a final remark, we note that the results in this paper admit a natural formulation
in terms of graded geometry. Multiplicative forms and multivector fields on a given
Lie groupoid G may be seen as multiplicative functions on the associated graded Lie
groupoids 7T[1]G and T*[1]G, respectively. On ordinary Lie groupoids, the infinites-
imal counterpart of a multiplicative function is a Lie-algebroid cocycle. The same
holds at the graded level and, from this perspective, our results consist in using the
geometry of T[1]G and T*[1]G to obtain concrete descriptions of their Lie-algebroid
cocycles. For example, using the the natural multiplicative vector field on T[1]G (the
de Rham differential on G), one identifies its Lie-algebroid cocycles with IM forms
(see Theorem 1); for an analogous description of the Lie-algebroid cocycles of the
graded groupoid T*[1]G (see Theorem 3), ones uses its canonical multiplicative sym-
plectic structure (defined by the Schouten bracket on G). We will not elaborate on the
supergeometric viewpoint in this paper, though it makes our results more intuitive.

The paper is organized as follows. In Sect. 2, we consider linear differential forms
on vector bundles A — M and establish their correspondence with pairs of vector-
bundle maps (i, v), where o : A — A IT*M andv : A — AKT*M . In Sect. 3,
we define IM k-forms on Lie algebroids and prove a compatibility result with tangent
Lie algebroid structures (Theorem 1). Section 4 is devoted to Theorem 2, which is the
correspondence between IM forms on Lie algebroids and multiplicative forms on Lie
groupoids; we also discuss several special cases of this result. Section 5 explains the
relationship between Theorem 2 and the Van Est isomorphism of [1]. In Sect. 6, we
revisit the theory of multivector fields from [18].

Notation, conventions and identities

For vector bundles A — M and B — M over the same base M, a vector-bundle
map ¥ : A — B is always assumed to cover the identity map on M, unless stated
otherwise. We denote its transpose, or dual, by W' : B* — A*. We denote the k-fold
direct sum of a vector bundle g4 : A — M by 69]/‘” A, or simply @F A if there is no

risk of confusion. We may also use the notation Hg , A if we want to be explicit about
the projection map g4 (this is relevant when dealing with double vector bundles).

ForaLie groupoid G over M, we usually denote its source and target maps by S and t.
The set G@ ¢ G x G of composable pairs is defined by the condition S(g) = t(h),
and the multiplication is denoted by m : G @ - g, m(g, h) = gh. The unit map
€ : M — G is often used to identify M with its image in G. The Lie algebroid of G is
AG = ker(T's)|, with anchor Tt|4 : A — M and bracket induced by right-invariant
vector fields. For a Lie algebroid A — M, we denote its anchor by p, and bracket by
[, -14 (or simply p and [-, -], if there is no risk of confusion).

We introduce some notation and collect some identities that will be useful for later
computations. If Uy, ..., U, are vector fields on a manifold M, we set

L, . =iy, ...iv,, 1 =<m, (1.1)
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Multiplicative forms at the infinitesimal level 667

where iy is the usual contraction. An inductive application of Cartan’s formula gives
Iyyd = Z( D Loty + (D", (12)

I=1
where d denotes the de Rham differential and Ly is the Lie derivative. Given another

vector field X and recalling the commutator formula ijx,y,) = Lxiy, — iy, Lx, we
obtain

Lxly, —Z i+ L L (1.3)
Given a differential form «, we also have
1 @df Ae) = Z( D afwnty, 1Y e+ (—D"df ALY (1.4)

=1

We often use Einstein’s summation convention when there is no risk of confusion.

2 Linear forms on vector bundles

In order to define linear forms, we recall a few facts about tangent and cotangent
bundles of vector bundles.

2.1 Tangent and cotangent bundles of vector bundles

Let g4 : A —> M be a vector bundle, and let T A be the tangent bundle of the
total space A. Besides its natural vector bundle structure over A, with projection map
denoted by psy : TA — A, it is also a vector bundle over T M, with respect to the
map Tga : TA — TM.

It is useful to consider a coordinate description of these bundles. Let (x7) be coor-

dinates on M, j = 1,...,dim(M), and let {e;} be a basis of local sections of
A, d=1,... rank(A). The corresponding coordinates on A are denoted by (x7, u?),
d

and tangent coordmates on TAby (x/, u?, %7, 4%). In this notation, given x = (x/),
the coordinates (u?) specify a point in Ay, x/)a point in Ty M, whereas (@) deter-
mines a point on a second copy of Ay, tangent to the fibres of A — M. Note that
pA(xj, ud, %7, L'td) = (xj, ud), and TqA(xj, ud, %7, b'td) = (xj, )'cj).

Similarly, consider the cotangent bundle T*A, with local coordinates (xj Jul,
Pj, &), where (p;) determines a point in 7'M, and (&;) a point in A}, dual to
the direction tangent to the fibres of A — M. In this case, besides the natural vector
bundle structure ¢4 : T*A —> A, ca(x/, u, pPj-&a) = (x/,u?), T*A is also a
vector bundle over A* [23], with respect to the projection map given in coordinates by
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668 H. Bursztyn, A. Cabrera

riT*A — A, r(x/u?, piga) = (0 E4). (2.1)

The total spaces T A and T* A are examples of double vector bundles, see [21,26].
They fit into the following commutative diagrams:

Tqa r
TA——TM T*A — A*
A - M A e M

where

pm i TM — M, py(x/,59) = (x)), qar : A — M, gas(x/, &) = (x)),
(2.2)

are the natural projections. Recall, see e.g. [21], that the intersection of the kernels of
the top and left arrows on each diagram defines a vector bundle over M, known as
the core. In the case of T A, the core is identified with A — M, with coordinates
(x7, 4?); for T*A, the core is T*M, with coordinates (x/, Pj)-

2.2 The structure of linear forms on vector bundles

Let A —> M be a vector bundle, with local coordinates (xj , ud), and let us consider
the k-fold direct sum of T A over A,

SNTA:=TAxs---xsTA,

locally described by coordinates (x/, u, xlj o, )'c,i, 127’, e, zlf). Itis a vector bundle
over A, with projection map
(xj,ud,)'cf, ...,)'c,f,b'tﬁl,...,dZ) — (x/, u?),

and also a vector bundle over T M = TM x; - -- xp T M, with projection map

J d

d -] . . .d i ] i
SXL L X U i) = (X X)),

(x/,u

Given a k-form A € Q¥(A) on the total space of A —> M, let us consider the
induced maps

A BNITA — TH A, AU Ue) =iy, i A, (23)
AN:@KTA— R, AU,....,Up) =iy, ...ip, A, (2.4)
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Multiplicative forms at the infinitesimal level 669

which are alternating and linear in each of their entries.”

Definition 1 A k-form A is called linear if the induced map A¥ (2.3) is a morphism
of vector bundles with respect to the vector bundle structures EBI/‘_‘_I TA — & 'TM
and T*A —> A*. The space of linear k-forms on A is denoted by Q£ (A).

lin

In particular, A% covers a base map A : @~ 1TM — A*,

f
@'TA —25 T4 2.5)

I
@k‘lTMT>A*.

The map X is skew symmetric on its entries, so it can be viewed as a vector-bundle
map A¥~ITM —s A*. Tts transpose is the vector-bundle map

A A — AT (2.6)

A simple computation in coordinates shows the following.

Lemma 1 Given a k-form A € QF(A), the following are equivalent:

1. A is linear. _
2. Inlocal coordinates (x/, ud) on A, A has the form

1

A= DA (utdatt A n
o | ‘
T 1)v)‘i1...ik,1d(x)dx” Ao Adaet Adud, 2.7)
where iy ix_jd = (MOyiy, .., 0iy_y), eq), and 0,j = %

3. Themap A : GB’ATA — R defines a vector-bundle map

e 7A —L-R 2.8)

]

DFTM — {*}.

Given a vector-bundle map u : A — AKT* M., let us consider the linear k-form
A, on A given at a point u € A by

(Apu = Tqal,m). (2.9)

2 Notice that, since A” (resp. A) is multilinear in its entries, it is not a vector-bundle morphism from the
direct sum & ~17A — A (resp. SFTA — A)to T*A — A*, unless k =2 (resp. k = 1).
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670 H. Bursztyn, A. Cabrera

In local coordinates (x?, ud) on A, A, is written as
1 dy. i ]
(A = o Hinipd et A A, (2.10)

where ;. i,.q 1s defined by

a
Miy...ig,d = <M(€d), Bx_’l ANRERIAN 3_xik >

Example 1 When k = 1, a direct computation in coordinates shows that the linear
1-form A, defined by the vector-bundle map v : A — T*M, satisfies

AM = M*Qcam (2.11)

where 0.4, = pidxi is the canonical 1-form on T*M. (When A = M — M is the
vector bundle with zero fibres, (2.11) recovers the well-known “tautological” property

WOcan = 1)

Lemma 2 A linear k-form A covers the fibrewise zero map in (2.5) if and only if it is
of the form A, (as in (2.9)) for a vector bundle map jn : A — AT*M.

Proof We canuse Lemma 1, or argue more globally as follows. Consider the projection
r:T*A — A* asin (2.1). One can directly check that

ker(r), = (ker(T'qalu))° = im(Tqaly,),

where ° stands for the annihilator. It follows from (2.9) that r o Aﬂ = 0, which means
that A, covers the fibrewise zero map in (2.5). Conversely, if A covers the fibrewise
zero map, then r o A? = 0; so, given Uy, ..., Uy € T,A, Aj(Ul,.. Ur—1) =
Tqgalio for some o € T oM. Since A is skew symmetric, we conclude that
AUy, ..., Uy) only depends on Tgalu(Uj), j=1, , k. Hence, for each u € A,
there exists u(u) € Al Tq* w )M such that (A), = TqAI u(u) The linear dependence
of w(u) on u follows from the linear dependence of (A), on u, see (2.7); the resulting
vector bundle map p : A —> AXT*M is smooth by the local expression (2.10). O

Proposition 1 There is a one-to-one correspondence between linear k-forms A on A,
covering amap A : e 1TM — A%, and pairs (jt, v), where u : A —> A= g
andv : A —> AKT*M are vector bundle morphisms. The correspondence is given by

A=dA, +A,, (2.12)

where 1 = (—1)F=1A%.

Proof Let A be a linear k-form on A, and set u = (—1)*"1A’. A direct computa-
tion using the local expression (2.10) and Lemma 1 shows that the k-form d A, is
linear and covers the same map A, hence the linear k-form A — dA, covers the fi-
brewise zero map. By Lemma 2, there is a unique v : A —> AXT*M such that
A —dA, = A, O
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Multiplicative forms at the infinitesimal level 671

A direct consequence of (2.12) is that if A is a linear form, then so is dA.

Example 2 Let A € Q?(A) be a linear 2-form with dA = 0. According to the previ-
ous proposition, we can write it as A = dA, + A, and A being closed amounts to
dA, = 0; this condition immediately implies that v = 0, s0 A = dA . Using (2.11),
it follows that

A= (Al)*wcana

where weqn = —dBeqn = dx’ A dp; the canonical symplectic form on T*M (see [19,
Sect. 7.3], and also [3, Prop. 4.3]).

2.3 Tangent lifts

We now briefly discuss linear forms obtained via the tangent lift operation [13,32]
(see also [3] and [23]), that assigns to any k-form on a manifold M a linear k-form on
the total space of its tangent bundle py : TM — M.

Let us consider the operation

QM) — QN TM), t(B)lx = Tpulx) (ixh), (2.13)
where X e TM and! > 1;ie.,for Uy, ..., U1 € Tx(TM),
iy, g, t(B)lx = BX, Tpu(Ur), ..., Tpmu(Ui-1)).

In the notation of Sect. 2.2, t() is a linear (/ — 1)-form on the vectorbundle A = T M
of type A,, where

viTM — ATIT*M, v(X) = ixp.
It directly follows from Example 1 that, if v € 92(M ), then 7(w) = (W) *Opan,
where 6.4, = p;dx" is the canonical 1-form on 7*M.
The tangent lift operation,
QM) — QXTM), o ar, (2.14)
assigns to a € QF(M) the form a7 € Q¥(T M) defined by the Cartan-like formula
ar =dt(a) + t(da). (2.15)
It follows directly from (2.15) that a7 is linear and that the operation (2.14) is com-
patible with exterior derivatives, in the sense that (do)7 = dar.
We will also need an equivalent characterization of the tangent lift, see e.g. [13].

Given o € Q¥(M), consider the associated map

T eTM — R, (X1,....,Xp) > (X1, ..., Xp).
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672 H. Bursztyn, A. Cabrera

Let HkTpM T (T M) denote the fibred product with respect to the vector bundle
Tpy :T(TM) — TM, Tpyu(x/,x/,8x7,8%7) = (x/, 8x7),

where (x/, %7, §xj ) 8x7) are the local coordinates on 7'(T M) induced by the tangent
coordinates (x/, /) on T M. We have a natural identification T (®*T M) = HTpM

T (T M), so we can view the differential of the function @ in C®(®*T M) as a map

k
da : H T(TM) — R.
Tpm

Note that the canonical involution

Iy :T(TM) — T(TM), Jy&/, 57, 8x7,8%7) = (x/, 8x7, %7, 8%7),
(2.16)

induces an identification

k k
k
Iy [l ram — ] ram.
PTM Tpm

One can prove (see e.g. [13]) that, given « € Q¥(M), its tangent lift a7 € QX(T M)
is uniquely determined by the condition

k
ar =daoly : [[ T(rM) — R (2.17)

pPrm

3 Linear forms on Lie algebroids
3.1 Core and linear sections

Any vector bundle that fits into a double vector bundle admits two distinguished types
of sections, known as linear and core sections; a detailed discussion can be found e.g.
in [15, Sect. 2.3] and [21]. For our purposes, we are mostly interested in the particular
(double) vector bundles ea’leA (and, later in Sect. 4, also in ea’j‘T*A), SO we restrict
ourselves to these cases.

Each section u of a vector bundle A — M defines a core section % and a lin-
ear section Tu of TA — T M as follows. The tangent bundle of A along its zero
section M — A naturally splits as TA|yy = TM @ A, and we can define, for each
X € TyM, u(X) := X(x) + u(x), where the sum is with respect to the previous
decomposition of 7' A|ys. The linear section Tu : TM — T A is obtained by applying
the tangent functortou : M — A.

@ Springer



Multiplicative forms at the infinitesimal level 673

Let us consider local coordinates (x/) on M, a basis of local sections {ez} of A,
and dual basis {e?} of A*. As in Sect. 2, we denote the corresponding coordinates
on A by (x7, ud), and on A* by (x, &4), while coordinates on T A are denoted by
(x/,u?, %7, 4?), and on T*A by (x/, u?, Djs&a).

The core and linear sections of TA — T M defined by a local section e, of A are
explicitly given by

x50y = (00, 0,570,868, Teu(x), 1)) =/, 84,%7,0),  (3.1)

a’

where Sff is the d-th component of e,, i.e., | if d = a or zero otherwise.
More generally, ¢, locally defines two types of local sections of EB’f4 TA — &TM
as follows: the first type is given, for eachn € {1, ..., k}, by

CunG1 @ @) =0 D B 0u_1) D eu(in) ®0(iny1) ® -+ ® 0,

(3.2)
where ¥, = (x/ xlj ) belongs to the /-th component of ®fTM and 6(;&,) =
(xj, 0, xl/ 0); the second type is

(Te) (i1 @ -+ @ 1) 1= Teu(51) & -+  Tea(ig). (33)

The sectionse, , and (T e,)¥ are the core and linear sections on EBI;; T A,respectively.
A key property is that they generate the module of local sections of GBIATA —
@ T M. Note also that, under the natural projection GBIBT A —> A, core sections e, p,
are sent to the zero section of A —> M, while linear sections (T'e,)X map to the
section ¢,.

3.2 Tangent Lie algebroids

Suppose that A — M carries a Lie algebroid structure (see e.g. [6,21]), with Lie
bracket [-, -], on I'(A) and anchor map p, : A —> T M. Then the vector bundle
TA —> T M inherits a natural Lie algebroid structure, known as the tangent Lie
algebroid, see e.g. [22]. We will need local expressions for the tangent Lie algebroid
in terms of the coordinates introduced in Sect. 3.1. ‘

The Lie algebroid A —> M is locally determined by structure functions p; and
C¢,, defined by

i 0 .
paleq) = pém, lea, epls = CEpee. (3.4)
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674 H. Bursztyn, A. Cabrera

The tangent Lie algebroid structure on TA — T M is defined in terms of core and
linear sections (3.1) by

o~ o~ - —_~ e~ e - aCcibA
[ea,eplra =0, [Teq,eplra = Cyrec, [Tey, Teplrs =CyppTe +x —ec,
ox!

(3.5)

9 90l 8 9
_ ] .1 a o~ _ ]
pra(Tea) = pio= + ' e pra(@a) = pl 5 (3.6)

In (3.6)3 we have identified points in 7 (T M), written in coordinates as (x/, %7,
dx7, §x7), with tangent vectors
.0 .. 0
Sx/ by + Sx] rars .
dx/ ax/ ()Cj,)éj)

We notice that the tangent Lie algebroid induces a Lie algebroid structure on the
direct sum @IATA —> @FT M. This is a general property of VB-algebroids [15,
Sect. 2.1], which we directly verify in this example. A simple consequence of (3.5)
and (3.6) is that if U and V are local sections of TA —> T M, each of type e, or Te,,
then

Tpm(pra(U)) = pa(pa(U)),  pa(U, Vlra) =[paU), pa(V)la, (3.7

where py : TM —> M and py : TA —> A are the natural projections. It follows
from the first equation in (3.7) thatif U1 @ - - - @ Uy € GBIATA is of type (3.2) or (3.3),
then

Tpm(praUp) = Tpu(pra(Um)), VI,m e{l,... k}.

As aresult, (pr4(Uy), ..., pra(Uy)) defines an element in HI‘TPM T (T M). Using the
natural identification Hl}pM T(TM) = T(EBkTM ), we obtain a vector bundle map
ot ®KNTA — T(@FTM),

Pk(Ur @ -+ ® Ur) := pra(U1) @ - ® pra(Uy). (3.8)
Writing @®*T M in local coordinates (xj , x{ e, x,,: ), we have the following explicit
formulas:

. ;0
,Ok(ea,n) = Pa Y E (3.9)

9X;,

R 9
kY _ J 9 j 9

pi((Tea)t) = ol = +’§Wa,nax 7 (3.10)

where W,{',n = x! dpa e C®(@TM).

ngxt
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The second equation in (3.7) implies that if U1 & --- @ Uy and V1 & - - - @ Vi are
local sections of GBIATA — ®FTM of type (3.2) or (3.3), then

(Ui @U, Vi@ ® Vilk := U1, Vilra ® - - @ [Ug, Vklra  (3.11)

is a well-defined local section of @IATA — @KT M. Explicitly, we have:

[ean, eb.mlk =0, (3.12)
[(Tea) . hmlk = Coyeum (3.13)
k d
L 0C8,
[(Tea)*, (Ten)' Ve = Cly(Tea)* + 35— 2. (3.14)
n=1

The induced Lie algebroid structure on EB];‘ TA — @®FT M is defined by p; and
the extension of [-, -] to all sections via the Leibniz rule.?

3.3 IM-forms

Let A € QF (A) be a linear k-form on a Lie algebroid A — M, k > 1. Following
Proposition 1, let © : A —> A=IT* M and v : A —> AXT*M be the vector-bundle
maps such that A = dA, + A,. Let us consider the bundle map

A

ekTA R (3.15)

]

ST M — {*}.
The following is the main result of this section.

Theorem 1 The map (3.15) is a Lie algebroid morphism if and only if the following
holds for all u, v € T'(A):

Loy (V) = —lip)(u) (3.16)
p(lu, v]) = Lo@ypm () — ipwydp(u) —ipwv(u) (3.17)
v([u, v]) = L,yuyv) —ipmdv(u). (3.18)

For a Lie algebroid A — M and vector-bundle maps

wiA— A=LTEM L v A — ARTEML, k> 1,

3 We adopt the simplified notation py, [-, -l instead of p@’;TA and [,
and [+, -]; = [, Ira-

']@IZTA; in particular, p; = pra
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we say that the pair (i, v) is an IM k-form on A if conditions (3.16), (3.17) and (3.18)
are satisfied. The terminology IM stands for infinitesimally multiplicative, and it will
be clarified in Sect. 4. The space of IM k-forms on A is denoted by Qnv(A).

We note that Theorem 1 can be alternatively phrased in terms of the map A" (2.5),
as this map is a Lie algebroid morphism if and only if so is A.

Remark 1 Given an IM-form (i, v), it follows from (3.17), using the skew-symmetry
and Jacobi identity for the Lie algebroid bracket [-, -] on I'(A), that v automatically
satisfies

ip(u)v(v) = _ip(v)v(u)s (3.19)
ipw) (Lo @) = Lpayv(@)) +c.p. =0 (3.20)

for all u, v, w € I'(A), where c.p. stands for cyclic permutations in u, v, w.

Example 3 Consider a Lie algebroid A — M and a k-form n € Q¥(M). Then the
pair (u, v) of vector-bundle maps

wiA— ATV ww) = —ipwn, and v:A — AT M, v(u) = —ipudn,
defines an IM k-form on A.

Example 4 Let A — M be a Lie algebroid, and let ¢ € QK1 (M) be such that
ipwde =0, Yu € I'(A). One directly checks that the vector-bundle map v : A —
ART*M given by

V() = —ipund (3.21)

verifies (3.18). The particular IM k-forms (i, v) on A for which v is given as in (3.21)
for a closed form ¢ € QFt1(M) are called IM k-forms relative to ¢. These special
types of IM forms have first appeared in [5] (for & = 2), and more recently in [1] (for
arbitrary k), in the study of multiplicative forms (see Sect. 4).

Remark 2 Let (¢ : C — M be an orbit of the Lie algebroid A — M, i.e., an integral
leaf of the distribution p(A) C TM. If (i, v) is an IM k-form on A, then we have
induced forms pe € QF(C) and v € QFT1(C) defined by

ip(u)MC = LE,LL(M), ip(u)vc = LEV(M)~

It follows from (3.16) and (3.19) that the formulas above do define differential forms
on C; moreover, (3.17) implies that diuc = v¢. In particular, we see that any IM k-form
on a transitive Lie algebroid is like the one in Example 3.

In order to prove Theorem 1, we need some lemmas. We work in local coordinates
(x7, u? ) on A, induced by coordinates (x/) on M and the choice of a basis of local
sections {es} of A (see Sect. 3.1).
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Lemma3 Let x = (X,...,Xx) € ®FT M, where x; = (x7, )'clj) belongs to the l-th
copy of TM. Then:

A@an(Er, .. ) = (D" uea), (3.22)
A((Tea) (i1, ... 30) = If (dpa(eq) + v(ea)). (3.23)

seen as functions in C®@FT M) (see (1. 1) for notation).

Proof Writing A = dA,, + A, and recalling the local expressions of A, and A, (see
(2.10)), we have

1 . )
A|(x/',ud) = = 1)'udd,ui,mik71,d(x) Adx't A Adxt!
1 . )
+mﬂi1u.ik4,d(x)d“d Adx't A A dxR!
1 . )
Vi ipd Ouddx A A dak, (3.24)

k

We write points in 7' A with coordinates (x/, u?, 1/, 1) in terms of horizontal tangent
9 9

vectors 7= and vertical tangent vectors Sud 38
i 0 g 0
dax/ dud (v ud)

In particular, recalling the local sections ?a,ﬁand Te, of TA — T M from Sect. 3.1,
we have

() = &/ — 9 . a(x) = X —

- —
x/ x/,0) ox/  du? o Teal) =x

(x1.0) Ox |(4i sy

where x = (x/, x/) € TM. Using (3.2) and (3.3), formulas (3.22) and (3.23) follow
from a direct calculation. O

Let (xj, x{ ol )'c,{) be local coordinates on &¥T M, and fix n € {1,...,k}.
Lemma 4 Let o € Q' (®&%T M) be such that ELa = 0V, and consider on ®T M
(3)(,1
the local vector fields x, = xé%, vV =yl (x)—, and Vh = v/(x) . Then

£v1)i)gn()l = thOt.

Proof The proof follows from the identity i[x,y] = Lxiy — iy Lx and the fact that

Oy i 0 i o
[V (x)a 7o Bx]] BT T N 57 P o

We now proceed to the proof of the main result.
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Proof of Theorem 1 To show that the map A in (3.15) is a Lie algebroid morphism
(see e.g. [21]), the only condition to be verified is

AU, VIk) = Loyan A(V) = Ly, vy AU) (3.25)
for all U, V sections of EB];TA — @KT M. Since sections of type ¢,., (core) and
(Tep)* (linear) locally generate the space of sections of 69’;1 TA — @®*T M, itsuffices
to verify (3.25) taking U and V to be of these types.

Core—Core Let us consider two core sections €, , and ep_,. Since [€4., €p.mlr = 0
(3.12), condition (3.25) in this case becomes

‘Cpk(?a,n)x(/e\h,m) - ﬁpk(?b_m)x(?a,n) =0. (3.26)
Using (3.9) and (3.22), we see that

Lon@n A @m) = (_])nilﬁp,’;‘)% ]/im+llr§17],1“(eb)-

This condition is trivially satisfied when n = m, so we may assume that n > m (the
case n < m leads to the same). Using Lemma 4, we see that the right-hand side of the
last equation agrees with

D" vipten Ty D111 (e)

= (=0 =D L Dy e i (en).
Hence we obtain
£pk(?a,n)K(?b,m) = _Ilf,n+lIrf—l,m-ﬁ-lIr):t—l,lip(@a)u(eb)'
An analogous computation leads to
Ly @) NCan) = Ilf,n—&-lItf—l,m+lIr)r-cz—l,lip(eb)l’b(ea)'
It follows that (3.26) is equivalent to
ey m(ep) = —ip(e)i(eq).
Core-Linear We now consider sections ep, ,, and (Tey)¥, so that (3.25) reads
AT e, Comlt) = Loy ((epyr A @) — L@ A(Tea)).  (3.27)
Using the linearity of A, (3.13) and (3.22), we have

A((Te)* Cpmli) = A(CEyeam) = Co (=) IE I3y 1u(eq)
= (D" Iy (e eb)). (3.28)
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For each fixed n, consider the functions Waj,n = gp‘j x,, defined in (3.10), noticing

the following identity (of local vector fields on @ T M):

. 8 .
Wi n— = —[p(ea). nl. (3.29)
dax/

where x, = ai Using (3.29) and Lemma 4, we see that

l
}’l

Lo, ((Teayy N @hm) =( plea) +Z£W’ ')( DI A AN (0!

a,l
BV]

k
= (="' (£p<ea)1kl,jlﬂ(eb)_z Ikl,/l+1i[p(fa)»Ul]Illil,lu(eb))

=1

where U = (Uy, ..., Uk—1) = (X1, -+, Xm—1, Xm+1, - - -, Xx). 1t follows from (1.3)
that
Lo (Teay) N@om) = (D" D L e i(en). (3.30)

Using (3.23) and Lemma 4, we obtain

Lo @m A(Te)) = L, o I (dpleq) + v(ea))
il

= Ilfm+1ip(ea) I -1 (dp(eq) + viea))
= (=D"" 1Ik it Ly “1.1ip(eq) (dpleq) + v(ea)).

Combining this last equation with (3.28) and (3.30), we see that (3.27) is equivalent to

u(leq, ep]) = Ep(ea)ﬂ(eb) - ip(e;,)d,u(ea) - ip(eb)v(ea)- (3.31)

Linear—Linear We finally consider condition (3.25) for two linear sections:

A(Tea) . (Tep) 1) = L (7o, AT en)") = L, (repy A(Tea)®).  (3.32)
Using (3.14) and the linearity of A, we have

k
A([(Tea)*, (Ten) k) = CoyA(Tea)) + D~ dC Gn) A @un)
n=1
k
= Co I 1 [duleq) + vien) + D (=)' dCo G I, Iy 1i(eq).
n=1

(3.33)
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It follows from (1.4) (also using that I,f_ (m(eq) = 0, since w(ey) is a (k — 1)-form)
that '

I} Chduleq) = IE 1 d(CYypulea)) — I (ACE A pleq))
k
= I} 1d(Coule)) — D (=1 TCE, G IE i Iy 1)

n=1

Comparing with (3.33), we conclude that

A([(Tea), (Ten) k) = I | ([du(Cyea) + v(Chyea))
= I} |(dye(lea. ep]) + v(lea. ep])). (3.34)

Using Lemma 4, (3.29) and (1.3), we directly obtain

Py
dxp

k
ﬁp((Te,,)k)K ((Teb)k) — (,Cp(ea) + Z‘CWZ,na‘) Ilf,l (du(ep) + viep))

n=1
= I{\ Lpe,) (dulep) + v(ep)). (3.35)
Similarly
Lo repo h ((Tea)k) = I} | Lpey) (dlea) + v(e)) - (3.36)
Combining (3.34), (3.35) and (3.36), we see that (3.32) is equivalent to
d/”“([ea» eb]) + v([ea, eb]) = £p(ea) (d,bL(eb) + U(eb)) — EP(E},) (d/_,L(ea) + v(ea)) .

We may assume that (3.31) holds, in which case one can directly check that the last
equation is equivalent to

v([eq, ep]) = ‘Cp(eu)v(eb) - ip(eh)dv(ea)-

4 Infinitesimal description of multiplicative forms

In this section, we relate IM-forms on Lie algebroids with multiplicative forms on
Lie groupoids. Let G be a Lie groupoid over M, with source and target maps denoted
by s, t: G — M, respectively, multiplication m : G — @, and unit map
€ : M — G (that we often use to view M as a submanifold of G). The Lie algebroid
of G is denoted by A(G), or simply A if there is no risk of confusion; see Sect. 1.

A k-form a € Q¥(G) is called multiplicative if

m*a = pria + pria, (4.1)
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where pri, pra : G® — G are the natural projections. Alternatively, one may define
multiplicative forms in terms of a natural groupoid structure on 7'G over T M, known as
the tangent groupoid, see e.g. [21]; it has source (resp. target) map 7's : TG — TM
(resp. Tt : TG — T M), multiplication Tm : (Tg)@) = TG® — TG, and unit
map Te : TM — TG. This groupoid structure can be naturally extended to the
direct sum @ETQ , k > 1, making it a Lie groupoid over ®fT M, with source (resp.
target) map @ T's (resp. @*T't), multiplication map & T'm, etc.
Leta € QF (9), and let us consider the associated map

a:@5TG — R, aU.....U) =iy,...iy«. (4.2)

The following observation is immediate from (4.1).

Lemma 5 « is multiplicative if and only if o is a groupoid morphism. (Here R is
viewed as an additive group.)

We denote the space of multiplicative k-forms on G by anult(g).

4.1 From multiplicative to IM forms
Let G be a Lie groupoid over M, and consider the tangent lift operation Q%(G) —

Qk(Tg), a — o, recalled in Sect. 2.3. Using the natural inclusion 4 : A = AG —
TG, we define a map

Lie : Qk(g) — Qk(A), o — Lie(@) = Ciar. 4.3)

Givena € QK(G), let us consider the associated bundle maps i : A — AF1T* M
andv: A — AfT*M,

(@), Xy A-o AN Xp—1) = a(u, X1, ..., Xg—1), 4.4)
ww), X1 A~ AN X)) =da(u, X1, ..., Xi), 4.5)
for X1,..., Xy € TM and u € A (here we use the natural inclusions TM < TG|y

and A — TG|y).

Lemma 6 The k-form Lie(x) € QK (A) is linear and satisfies
Lie(a) =dA, + A,.

Proof Let B € Q(G) be any [-form on G, and let us consider the / — 1-form on A
given by LZt(ﬂ) (see (2.13)), i.e.,

GTBe = Teal) 7Bl = Teald) (TPGlis)' i
= (T (pg o t)lu)iv,w)B-
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From the commutative diagram

we see that
GBTBNu = (Tqal) (Telg,w) ivgwB-
It immediately follows (see (2.9)) that
Gt(@) =Au,  Gt(da) = A,.
Using (2.15), we see that
A = (dt(e) + t(da)) = diyt(a) + Gr(da) =dA, + A,

m}

Recall that any groupoid morphism ¢ : G; —> G, defines a Lie algebroid mor-
phism Lie(y) : AG; —> AG, that fits into the diagram

76—V 16, (4.6)

‘MT T‘Az

AG m AGy

When a € QF (@) is multiplicative, we saw in Lemma 5 that o : @éTg —> Risa
groupoid morphism; we consider its infinitesimal counterpart,

Lie@) : A@®GTG) — R,

where now R is viewed as the trivial Lie algebroid over a point. The natural projection
pg : TG — G is a groupoid morphism, and there is a canonical identification of Lie
algebroids*

k
A@gTo = [ ATg).

Lie(pg)

4 The Lie algebroid A(TG) — TM is a VB-algebroid [15, Sect. 2.1] with respect to the vector bundle
structure Lie(pg) : A(TG) — A; the algebroid structure on A(TG) can be extended to Hlliie( g) A(TG)
in terms of core and linear sections, just as described in Sect. 3.2.
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Our next goal is to compare the following two maps:
o k
Lie(x) : @ZT(AQ) —> R and Lie(@): H A(TG) — R.
Lie(pg)
The involution Jg : T(TG) — T(TG) (see (2.16)) defines an identification of
Lie algebroids jg : T(AG) — A(TG) via the diagram

T(AG) —%+ A(TG) 4.7)

TtAgi J{wrg)

T(TG) 7) T(TG)

Note that the property T pg o Jg = prg implies that
Lie(pg) o jg = pa.
As a result, we have a natural identification of Lie algebroids,
k k
iQrekra=T]rwag = [] a9, (4.8)
PA Lie(pg)
fitting into the diagram

(k)
[T, 7(49) s Mlietpe) ATG) 4.9)

(TlAg)kl i(LA(TQ))k

[Ty T(T9) e [Mrpg T(T9)-

Lemma 7 Let o € QK(G) be multiplicative. Then
Lie(@) o jg‘) — Lie(a). (4.10)

In particular, Lie(«) : GBZT(AQ) —> R is a Lie algebroid morphism.
Proof By definition, Lie(a) = de o (¢ A(Tg))k, and using (4.9) and (2.17) we obtain

Lok _ . (k _ k
Lie(@) o;é) =duo (LA(Tg))k O]é) =da o Jé) o (TLAg)k

ar o (TLAg)k =or.

O
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Proposition 2 Leta € Qk(G) be multiplicative, and let | and v be defined as in (4.4)
and (4.5). Then (u, v) is an IM k-form on AG.

Proof The result is a direct consequence of Lemmas 6, 7, and Theorem 1. O

4.2 Integration of IM forms

Let G be a Lie groupoid over M, with Lie algebroid A = AG. Assume that G is source-
simply-connected (i.e., the s-fibres are connected with trivial fundamental group), so
that GB’&TQ is also a source-simply-connected groupoid.’ Let A € Q%(A) be a k-form

on A for which A : @lj\ T A — Riis a Lie algebroid morphism.

Lemma 8 There is a unique multiplicative k-form o € Qk (G) such that Lie(a) =
A (see (4.3)).

Proof Since A is a morphism of Lie algebroids, the identification (4.8) also leads to
a Lie algebroid morphism
k
Ao (jg‘))—l - H A(TG) = A(®*TG) — R. (4.11)

Lie(pg)

As % TG is a source-simply-connected groupoid, we can use Lie’s second theorem
(see e.g. [21]) to obtain a unique groupoid morphism

In: ®5TG — R (4.12)

integrating the morphism (4.11), i.e., such that Lie(/,) = A o (jgc))_l. To check that
In = @, for @ € Q¥(G), it suffices to verify that the following conditions hold:

InUy, ..., Ui, . U, 0 U) = =1 Uy, . U U, Uy, (4.13)

In(Uy,...,Ui—1,cUi, Uitq, ..., Up) = cIp(Uy, ..., Uyp), (4.14)

Ia (U],...,Ui_l,Ui +Ul-/, U,‘.H,...,Uk) =Ia(Uy,....U;, ..., Up)
+1A(U1,...,Ul~/,...,Uk), (4.15)

for all U;, Ul.’ €T,G, g€G, ce R, wherel <i < j < k. As we now show, all
conditions can be verified with the same type arguments (cf. [23]).

To prove that (4.13) holds, one directly checks that the map Il(fj ) : @ETQ — R,

Wy, U, UG U = =1z (U, U Uy U,

5 Given any X = (Xq,..., Xy) € & T M, the projection (pg)k : EB’& TG — G makes the source fibre
((Ts)*)~1(X) € TG into an affine bundle over the source fibre s~!(x) € G.
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is a groupoid morphism, and Lie(I/(\ij)) : Hfie(pg) A(TG) — R satisfies

Lie(IS)Y Vi, oo Viy oo Vis oo Vi) = —LieUa) Vi, ., Vi o, Vis o, Vi)

—1
.(k
:—Ao@éo Vi Vi Vi V)
=Lie(IA))(V1, ..., Vi,..., Vi, .., Vo),

since A is skew-symmetric. So Lie(ll(\” )y = Lie(/p), and the uniqueness of integration
in Lie’s second theorem implies that Ij(\” g A, Which is (4.13).

Similarly, for a fixed ¢ € R, one can directly show that both the left and right-
hand sides of (4.14) define groupoid morphisms EBETQ —> R, whose infinitesimal
counterparts agree at the level of Lie algebroids due to the multilinearity of A. Then
(4.14) follows again by the uniqueness part of Lie’s second theorem.

The last condition (4.15) can be treated in a completely analogous way, by first
noticing that both sides of (4.15) define groupoid morphisms EB]&H TG — R, where
now we need an extra copy of 7'G for U/. Again, these morphisms agree at the infini-
tesimal level due to the multilinearity of A, and hence agree globally.

The fact that « is multiplicative follows from Lemma 5, and the equality A = Lie(«)
is a consequence of Lemma 7. O

A direct consequence of Lemmas 7 and 8 is that the map

Qk (G) — QX(A), « > Lie(w),

mult

is a bijection onto the subspace of k-forms A € Q¥(A) such that A : GBIZTA - R
is a morphism of Lie algebroids. By the correspondence in Theorem 1, this bijection
can be alternatively phrased in terms of IM-forms on A:

Theorem 2 Let G be a source-simply-connected Lie groupoid over M with Lie
algebroid A —> M. For each positive integer k, there is a 1-1 correspondence

Qf (@) — Qhy(A). @ (), (4.16)

where ., v are given by

(n@), Xy Ao AN Xp—1) = a(u, X1, ..., Xi—1), (4.17)
(vu), Xg A A X)) =da(u, X1, ..., Xk). (4.18)
Proof The result follows from Lemma 6 and Theorem 1. O

The following is a simple example of correspondence in Theorem 2.

Example 5 Let us equip A = T*M — M with the trivial Lie algebroid structure
(both anchor and bracket are identically zero), so we may identify G = T*M (with
groupoid multiplication given by fibrewise addition). Fixingu =1Id : T*M — T*M,
then any vector-bundle map v : T*M — A2T*M defines an IM 2-form (i, v).
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When v = 0, then (u, v) corresponds under (4.16) to the canonical symplectic form
Wean O G = T*M, for an arbitrary v, the corresponding multiplicative 2-form is
given, at each g = (¢/, p;) € T*M, by

w|g = wcan|g + CI/[‘)(g)

where ¢y : T*M — M is the natural projection.

Let us list some immediate consequences of Theorem 2, illustrating how the
correspondence (4.16) restricts to subclasses of multiplicative and IM forms:

(a) Letn e QK(M). Following Example 3, we know that (i, v), where pu(u) =
—ipwn and v(u) = —i,)dn, defines an IM k-form. One directly verifies that
the corresponding multiplicative k-form is @ = s*n — t*n.

(b) Let ¢ € QKT1(M) be a closed k + 1-form. Then Theorem 2 gives a bijective
correspondence between IM k-forms on A relative to ¢ (i.e., v(u) = —i, )@, see
Example 4) and multiplicative k-forms « satisfying do = s*¢ — t*¢. To verify
this fact, just notice that dee is a multiplicative (k 4 1)-form corresponding to an
IM (k + 1)-form of the type discussed in item (a). This recovers [5, Thm. 2.5]
when k = 2 (cf. [3]), as well as [1, Thm. 2] when k is an arbitrary positive integer.

(c) Leta e anuh(g) be a given closed multiplicative k-form, with associated IM
k-form (uy, Vo) (note that v, = 0, necessarily). It follows from Theorem 2 that
thereis a 1-1 correspondence between multiplicative (k—1)-forms 6 withdf = «
and vector-bundle maps © : A — A2 N satisfying, for all u, v € I'(A),

ip(u)llv(v) = _ip(v)M(u)» n([u, v]) = ﬁp(,,),u(v) - ip(v)d,u(u) - ip(v)l’va(”)o

The reason is that (i, ity) is the IM (k — 1)-form associated with 6 (note that
Iy satisfies (3.18) as a result of (uy, Vi) being an IM k-form for « and v, being
zero). This correspondence is the content of [1, Thm. 3].

For k = 2, one has further refinements of Theorem 2 based on the general study
of multiplicative 2-forms carried out in [5, Sect. 4], leading to natural generalizations
of twisted Poisson and Dirac structures (in the sense of [28]). On the vector bundle
TM & T*M, consider the pairing ((X, @), (Y, B)) = B(X) + «(Y), and the natural
projections pry : TM & T*M — TM and prp= : TM & T*M — T*M. As
in Theorem 2, we denote by G the source-simply-connected Lie groupoid with Lie
algebroid A — M.

(d) Given an IM 2-form (i, v) on A, we consider the vector-bundle map (p, u) :
A — TM & T*M and its image

L={(pw),pw) |luec AACTM & T*M, (4.19)

which is a subbundle whenever it has constant rank. By (3.16), over each point
of M, L isisotropic with respect to the pairing (-, -). It follows from [5, Cor. 4.8]
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(e)

that, under the assumption that dim(G) = 2 dim(M), the correspondence (4.16)
restricts to a bijection between multiplicative 2-forms o such that

ker(T's), Nker(w)y Nker(Tt), = {0}, Vx e M, (4.20)

and IM 2-forms (u, v) for which L = L (i.e., L is lagrangian with respect to
(-, -); in particular, it is a subbundle with rank(L) = dim(M)) and

(p,u):A—>LCTM®T*M 4.21)

is an isomorphism of vector bundles. Moreover, t : G — M relates w and L as a
forward Dirac map (see, e.g., [5, Sect. 2.1]). If we define vy : L — A2T*M by
vr ((p(u), n(u))) = v(u), then the identification (4.21) induces a Lie algebroid
structure on L with anchor prr|z and bracket on I'(L) given by

(X, ), (Y, B)IL := ([X, Y], LxB — iyda —iyv (X, ).  (422)

Conversely, if a lagrangian subbundle L C TM @ T*M is equipped with vy :
L — A*T*M for which (4.22) is a Lie bracket on I'(L), then A = L is a
Lie algebroid with anchor prr|p; if vz also satisfies (3.18), then (prr=|r, vr)
is an IM 2-form. Then, under the bijection (4.16), (prr=|r,vy) corresponds
to a multiplicative 2-form w on G satisfying (4.20). Taking v;, to be of type
v (X, a) = —ix¢ for a closed 3-form ¢ € Q3 (M), we recover the integration
of twisted Dirac structures by twisted presymplectic groupoids of [5, Sect. 2].
When a multiplicative 2-form is nondegenerate, then dim(G) = 2 dim(M) auto-
matically (see, e.g., [5, Lem. 3.3]), and (4.20) trivially holds. Under (4.16),
this situation corresponds to the case where the IM 2-form (i, v) is such that
A — T*M is an isomorphism; in other words, L is the graph of a bivec-
tor field 7 on M: L = {(igm, ) | @« € T*M}. Following (d) above, the fact
that I"(L) is closed under the bracket (4.22) is expressed by the compatibility
condition

1
E[n’ 7'[](0[, ﬂ, )’) = UL((iOlT[5 a))(lﬁﬂ', l}/n)

forall o, B,y € Ql(M). When vy is of type vp (X, a) = —ix¢ for a closed
3-form ¢ € €3(M), one recovers twisted Poisson structures, and (4.16) gives
their integration to twisted symplectic groupoids (cf. [8]).

Remark 3 (Higher Dirac structures) Just as Dirac structures are special cases of IM
2-forms, the higher Dirac structures of [33] are particular cases of higher-degree IM
k-forms; so Theorem 2 can be used to integrate higher Dirac structures as well (c.f.
[33, Prop. 3.7]).

Remark 4 (Path-space construction) We now relate Theorem 2 to the path-space
approach to integration found in [5,7,8]. For an integrable Lie algebroid A, there
is an explicit model for its integrating source-simply-connected Lie groupoid G(A)
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[12,27]; namely, G(A) is the quotient PA/ ~, where PA is the subspace of
A-paths in the Banach manifold of all C' paths from the interval I = [0, 1]
into A with C? projection to M, and ~ is the equivalence relation defined by
A-homotopies, see [12]. If A € Qk(A) is a k-form on A, we use the evaluation
map ev : PA x I — A, (a(:),t) — a(t) to define a k-form A € Qk(PA) by the
formula

A= /dt ev*A. (4.23)
1

One verifies that, if A € QF (A)isalinear k-form, then the k-form A (4.23)is basic with
respect to the quotient projection ¢ : PA — G(A), i.e., A= g*a fora € QK(G(A)),
if and only if the induced map A (2.4) is a Lie algebroid morphism (i.e., if A is
an IM k-form). In this case, the multiplicative k-form obtained by integration of the
morphism A to G(A) (see Lemma 8) agrees with o, showing how the correspondence
in Theorem 2 is viewed in the light of the path-space method (generalizing the approach
in [5, Sect. 5]).

5 Relation with the Weil algebra and Van Est isomorphism
This section clarifies how linear and IM-forms on Lie algebroids fit into the Weil
algebra of [1, Sect. 3], and how the infinitesimal description of multiplicative forms
relates to the general Van Est isomorphism of [1, Sect. 4].

Let A be a Lie algebroid over M. We consider the associated Weil algebra W (A)
as in [1, Sect. 3], which is a bi-graded differential algebra. The space of elements

of degree (p, k) is denoted by WP-k(A), and the differential on W (A) is a sum of
differentials d" + dV, where

d" s wPkA) — wrthka),av s wirka) — wrkta),
We will be mostly concerned with Wp’k(A) forp =0,1,2.

For p = 0, we have W% (A) = QF(M). Anelement Ay € W' (A) is given by a
pair ((Aw)o, (Aw)1), where

(Aw)o : T(A) — M),  (Aw) € (M, 4", (5.1)
subject to the compatibility condition
(Aw)o(fu) = f(Aw)o(u) —df A (Aw)i(u), (5.2)
for f € C*°(M), u € T'(A), and (Aw); viewed as a C°°(M)-linear map

(Aw); : T(A) — Q5 1(m). (5.3)
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An element cy € W2K(A) is a triple ((cw)o, (cw)1, (cw)2), where

(cw)o : T(A) x T(A) —> QX(M), (cw)1: T(A) — QF1(M, A%),
(cw)y € QK (M, S2(A*)) , (5.4)

and such that (cw)g is skewsymmetric and R-bilinear, subject to suitable compatibility
conditions (extending (5.2)) that we will not need explicitly.

We need to recall the expression for d" restricted to Wk (A). By definition (see
[1, Sect. 3.1]), for Aw = ((Aw)o, (Aw)1) € WHE(A), d"Aw € W*K(A) is given
by (cf. (5.4))

@" Aw)ou, v) = —(Aw)o[u, V1) + Lpw (Aw)o@) — Loy (Aw)o)), (5.5)
@"Aw) 1) (v) = Loy (Aw)1(0)) — (Aw)1 ([, v]) + ip) (Aw)o@)), (5.6)
@"Aw)o () = =i o ((Aw)1 (), (5.7

foru,v e I'(A).

We also need the expression for 4 in the following particular situation. Any bundle
map u : A — ART*M (equivalently seen as a C*°(M)-linear map u : I'(A) —>
Qk(M)) defines an element uy € WK(A) by

(tw)o=pn, (uw)1 =0. (5.8)

In this case, d” () € W t1(A) is defined by (see [1, Sec. 3.1])

@’ uw)o(w) = —du(m), @’uw)r = p. (5.9)

Proposition 3 Consider the map ¥ : Qk (A) — W'K(A), k=1,2, ...,

lin
A=dA,+ Ay > Ay = —d’uw +vw.

The following holds:

1. induces a C*°(M)-linear isomorphism Q. (A) AN whe(a).
2. Yod=—d"o.
3. 4 restricts to a linear isomorphism Q’fM(A) = ker(d" |W1,k(A)).

Proof 1Ttis clear from (5.8) and (5.9) that the map v is injective. Let us check that any
Aw € WLk (A) can be written in the form —d" uw + vy for C*°(M)-linear maps u :
['(A) — QKL (M), v:T(A) — QK(M). Let us write Aw = ((Aw)o, (Aw)1),
and set £ = —(Aw)1. Then (d’uw)1 = —(Aw)1, so the element ¢ = duw +
Aw € WVK(A) is such that ¢; = 0, which implies that ¢ = vy for a bundle map
v: A — AFT*M. The C*°(M)-linearity of v results from the following properties:
fdA, = dAsy — Adpap and d¥(fu)w = fd’uw — (df A w)w. Hence (1) is
proven.
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To prove (2), writing A = dA, + A,, we have dA = dA,. By definition of v, it
follows that ¥ (dA) = —d"vw. On the other hand, —d" (¥ (A)) = —d’(—d uw +
vw) = —d"vw, hence (2) holds.

For (3), we must consider the condition d” Aw = 0. Written in terms of its compo-
nents (5.5), (5.6), and (5.7), we obtain three equations involving (Aw)o and (Aw)1,
which must be shown to agree with conditions (3.16), (3.17) and (3.18) in Theorem 1.
Using (5.8), (5.9), we see that

(Aw)om) =duw) +v@), (Aw)iw) =—u) (5.10)
for all u € I'(A), and it is clear that (5.7) and (5.6) coincide with conditions (3.16)

and (3.17), respectively.
For the degree-0 condition (5.5), using (5.10) and (3.17), we find

v([u, v]) = dip(v)d,u(”) + di,o(v)v(u) + »Cp(u)v(v) - »Cp(v)d,u(”) - »Cp(v)v(u)-

Using Cartan’s formula Lx = ixd + dix, one directly verifies that the last equation
agrees with (3.18). O

Let G be a source-simply-connected Lie groupoid over M, with Lie algebroid
A —> M. There is a double complex QF (g<P>) associated to G, known as the
Bott-Shulman complex, see [2]. It is equipped with a differential 3 : Q* (G?)) —
QF (g(”+1)), as well as the de Rham differential d : % (g(l’)) — Qk+1 (Q(”)). The
Van Est isomorphism constructed in [1] relates the cohomologies of Q (G*)) and
wp-k (A). We will only need a few results of the theory, for p = 0, 1.

For p =0, Q" (G©) = QM) = WO*(A), and

9: QM) — QNG A =t —s*n.
For p = 1, the differential 3 : Q*(G) — QF (G@) is
() = pria — m*a + pria,
and the Van Est map of [1, Sect. 4] restricts to a map
V' QF Q) = ker(@lgrg) —> ker(d|yika)) € WH(A), (51D
given by
V(a)o(u) = €*(diya +iyde), V()1 () = —€*(iya) (5.12)

where o € anuh(g), u € I'(A) (weview A asasubbundle of TG|y)ande : M — G
is the unit map of G. The map V satisfies

Vod=—d" oV, V@) =d", (5.13)

@ Springer



Multiplicative forms at the infinitesimal level 691

for n € QK(M). The general Van Est isomorphism of [1] implies that the induced map

k h
Qi (9) _)ker (d |Wl'k(A))

- (5.14)

is a bijection. In this specific situation, a stronger fact holds.
Proposition 4 The map V : szﬁmh(g) —> ker(d" |W1,k( A)) is a bijection.
The proof of the proposition uses the following observation (cf. [1, Sect. 6]).

Lemma9 Let o € WhK(A), w € QT1(G) be such that d"o = 0 and V(w) =

mult

—dVc. Then there exists a unique 8 € sz{‘nuh(g) such that
VB) =0, dB =w.

Proof The key fact to prove the lemma is shown in [1, Lem. 6.3]: for a closed k-form
VS Qﬁmh(g), V(o) = 0 if and only if @« = 0. As an application, we see that o is
necessarily closed, since V(dw) = d¥(do) = 0.

Since d"c = 0, the 1som0rphlsm (5.14) implies that there exists ,8 € Qmuh(g)
such that V(ﬁ) =o+4+d'nIfp= ,B — an, then by (5.13) we have

V(B) = V(B) — V(dn) = 0.

To conclude thatd = w, note that d 8 — w is multiplicative, closed, and V(d —w) =
—d%c +d’c =0. O

We can now prove the proposition.

Proof of Proposition 4 Let us fix £ € WHA(A), d"& = 0. Let 0 = —d"&. Then
d'c =0, d"o =0, and Lemma 9 implies that there exists a unique g € Q]r‘ntllt(g)
such that

V(B) = o, dg =0. (5.15)
Since V(B8) = —d'&, and, by assumption, d"&€ = 0, we can apply Lemma 9 to
conclude that there exists a unique 6 € sz{;uh(g) such that V(#) = £ and d6 = B.

But notice that the condition d6 = B is automatically satisfied if V(0) = &, since
V(df) = o and the conditions in (5.15) determine 8 uniquely. O

Composing the bijection (5.11) with the identification Q M(A) = ker(d" [wik(A))
of (3) in Proposition 3, we obtain a bijection

() — Qy(A).

Using (5.10) and (5.12), we see that this bijection is explicitly given by o +— (i, v),
where w, v are defined as in (4.4), (4.5), hence agreeing with Theorem 2.
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6 The dual picture: multiplicative multivector fields

In this section, we illustrate how the techniques used in the paper to study infinitesimal
versions of multiplicative forms can be equally applied to multiplicative multivector
fields.

We keep the notation introduced in Sect. 2.1. We focus on the cotangent bundle c4 :
T*A — A ofavectorbundle A — M, described in local coordinates (xj cul, Dj&a),
where (x/, ud ) are relative to a basis of local sections {e;} of A. The local coordinates
on A* relative to the dual basis {¢“} are denoted by (x/, £;); recall from (2.1) that we
have a vector-bundle structure r : T*A — A*, (x/,u?, p;, &) — (x/,&;). As in
Sect. 2.2, we also consider the k-fold direct sum EB’AT*A, described by local coordi-
nates (xj, ud, p}., R p'j‘., St}, e, EZ;), as a vector bundle over @kA*, with projection
map (x/, u?, p}., o p];-,éc}, L EN e el BN,

As in Sect. 3.1, we will need special sections of the bundle 6911‘4 T*A — @*A*. For
the bundle T*A — A*, we consider local sections

dx (27, 80) = (x7,0,80, 80), ek (x), &) = (x7, 82,0, &), (6.1)

which are core and linear sections, respectively; these sections generate the module of
local sections of T*A — A*, and the projection T*A — A maps core sections to
the zero section of A —> M and linear sections e’ to the section e,. More generally,
local sections of 6913 T*A — ®FA* are generated by sections of types

E e o) =0¢h e 0E"TH @ AT E S 0E™) - @ 0ED),
(6.2)
)¢ @ o) =efEH @ ®egEh), 6.3)
where ' @ - @ &F e @ A" and 0: A* — T*A, 0 (x/, &) = (x/,0,0,&), is the
zero section. For each k, we will use these sections to express the natural Lie algebroid
structure on GB’Z T*A — FA*, similarly to Sect. 3.2.

Using the notation in (3.4), the defining relations for the cotangent Lie algebroid
structure on T*A — A* are

[dx?, dX/ 14 = 0, (6.4)
= 8p] . aC¢ .
[el, dx/ 1y = 8;,‘. dx', [ek, eplra = — ax“ibgcd? +CSel,  (6.5)
. - 9 9
pT*A(d?) = Pé@, IOT*A(eé) = Péﬁ + Ca",,sc@. (6.6)

This Lie algebroid structure is extended to direct sums GBZT*A — @®FA* in total
analogy to what was done for the tangent Lie algebroid in Sect. 3.2; we adopt the
simplified notation p; = P 7+ A and [, -Jx = [+, *] ok T+ A for the resulting anchor and

bracket.® Explicitly, the anchor is given by

6 Since tangent Lie algebroids are not used in this section, this notation should not cause any confusion
with the one in Sect. 3.2.
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. ) 0
iy i Lky
pr(dx"") = pd_aég” pr((eg)") = paa 7+ Cope — ag (6.7)
whereas for the bracket we have
. . . 90 .
[dF", dFIM ] = 0, [(eL)¥, dRIm ], = %dﬁm (6.8)
X
Lk LNk acgb ny=i,n
[5)¥, (ef) Tk = ¢y ek — o ———& dx"". (6.9)

6.1 Linear multivector fields and derivations

Letw e Xk (A) = F(/\k T A) be a k-vector field on the total space of a vector bundle
g4 : A — M. Let us consider the function (cf. (2.4))

T:ON\T"A >R, T(T1,....Y%) =ir,...in7

We say thatw € X k(A) is linear if 7 defines a vector-bundle map

ek T*A —Z>R (6.10)

|

similarly to (2.8). One can directly verify that the notion of linear multivector field
agrees with the one considered in [18, Sect. 3.2]. The space of linear k-vector fields
is denoted by lm(A) As in Lemma 1 (cf. (2.7)), 7 is expressed in local coordinates
(x7, u?) of A as

el
a7 e

b1 bje— 1]( )38171 A

L pp
T = k'ﬂd k(x)u?
0

AN N —.
Qube—1 " 9xJ

M 6.11)

We have the following analog of Proposition 1 for linear multivector fields, proven
in [18, Prop. 3.7]: there is a 1-1 correspondence between elements in Xlll‘n (M) and
pairs (89, 81), where 8o : C°(M) — I'(AF=1A) and §; : T'(A) — T'(AKA) are linear
maps satisfying

So(fg) =gdof + fdog,  S1(fu) = (Sof) Au+ foiu, (6.12)

forall f, g € C°°(M) and u € I'(A). Equivalently, one may view such pairs (8o, 81)
as restrictions of linear maps 8 : T'(A®A) — ['(A*T*=1 A) satisfying the property

S Av) = (Su) Av+ (—DP Dy A (Sv) (6.13)
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foru e T(APA)andv € T'(A7A);i.e.,  is a degree-(k — 1) derivation of the exterior
algebra I'(A®A). For this reason, we denote both maps §p and §; by §. The explicit
correspondence between 7 and § is given by’ (see [18, Sect. 3.2])

7 (dlgr, ..., dlgeer, dg’y ) = q;§<5f, NN g’“‘), (6.14)
k . — .
7 (gt dig) @) = (=D (dlgr T dlg dg (87, )

i=1

_<5u751 A...A5k>, (6.15)

where f € C(M), u € T'(A), §',...,EF e T(A*), and I;i € C™(A) is the linear
function léi (u) = <E 0 u). In coordinates, we have

Se. — L by
(epy A+ Nep_, deq =——T4 (Xep, A+ Nepy,

k!
(6.16)

8xi — 1 ﬂbl.‘.bkfli
(k—1)!

where {e;} is a basis of local sections of A.
Let A — M be a Lie algebroid. The Lie bracket [-, -] on I'(A) has a natural
extension (still denoted by [, -]) to the exterior algebra I'(A®A),

[, -]: I‘(/\PA) X F(/\qA) — F(/\p+q—1A)’

making it into a Gerstenhaber algebra (see e.g. [6]): foru € T'(APA), v e T'(A1A),
and w € I'(A"A), we have

[u,v] = —=(=D)P~ DDy ), (6.17)
[, v Aw]=[u, V] Aw + (=P DY A [u, w]. (6.18)

The next result is the analog of Theorem 1 for linear multivector fields.

Theorem 3 Let v € Xﬁn(A) be a linear k-vector field on a Lie algebroid A, and let
8 : T(A®A) — T(A* K1 A) be the associated derivation (as in (6.14) and (6.15)).
Then the map 7 (6.10) is a Lie algebroid morphism if and only if

8lu, v] = [8u, v] + (=P VE DL, sv], (6.19)
forallu € T(APA), ve '(AN1A) (i.e., § is a (k — 1)-derivation of the Gerstenhaber
bracketr).

To draw a clear parallel with Theorem 1, we denote by XI’M(A) the space of
degree (k — 1) derivations 6 : ['(A®*A) — C(A*TE =1 A) of the Gerstenhaber structure
(i.e., (6.13) and (6.19) hold), in analogy with IM k-forms.

7 To see that (6.14) and (6.15) determine the linear k-vector 7, note that fibres of T*A — A are generated
by elements of types d/z and dg’} f, and by linearity idq;; f idq:‘«, nT=0.
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Proof We work locally, so the condition that 7 is a Lie algebroid morphism is
T([ Y1, Vol) = LorpT(Y2) = Lo ry)T (Y1), (6.20)
where T, Y, are local sections of GBIET*A — @®FA* of types (6.2) or (6.3)

(cf. (3.25)); hence, just as in the proof of Theorem 1, there are 3 cases to be ana-
lyzed. The assertion of Theorem 3 is a direct consequence of the following claims:

(c1) Let Yy = dx*! and Y, = dx/".If | = m, then (6.20) is automatically satisfied;
if [ # m, then (6.20) is equivalent to

Slxt, x/ ] = [8x", X1+ (=D, sx/] = 0. (6.21)

(c2) Let Yy = dx* and T, = (eé‘)k. Then (6.20) is equivalent to
SIxt, ep] = [8x7, ep] + (—DF XY, Sep]. (6.22)

(c3) Let Yy = (e£)* and T, = (ef)*. Then (6.20) is equivalent to
Sleq, ep]l = [Seq, ep] + ey, Sep]. (6.23)
In order to prove claims (cl), (c2) and (c3), we need some general observations.

For any function F : @ A* — R which is k-linear over C°° (M) and skew symmetric,
let &r € I'(AYA) be the unique element such that

F(Sl,...,ék):<¢F,$1A-~-A§k>.

E.g. for F(', ..., gy = Fbl'"bkébl] .. .Eé‘k with Fo1--bk totally antisymmetric in its
indices, we have ®p = %Fbl"'bk ep, N --- A ep,. We will consider the cases where
F =7 (dx/"™) and F = 7 ((ek)*). Using the local expressions (6.2), (6.3) as well as
(6.11) and (6.16), one may directly verify the following identities:

FERME 89 = (D oxl g A A BT A AN (624)

(b, ... &5 = —<Sea, ENA A g">, (6.25)

where the notation &' A -+ - A E/’% A -+ A EF means that €™ is omitted.
Let us now consider F(¢!, ... gk = Fbl'"bkél}] ...Elfk and the vector fields

ok (dx™) and px((eL)*) on @FA*, see (6.7). Then a direct computation shows the
following identities:

Lpamny (FE 89 = (D, @pL 6" A A8 A nER). (6.26)

Lty FE o 89) = (lea, @FLE A A A8, (6.27)
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From (6.24) and (6.26), we directly see, assuming that [ < m, that

L, @siny @AM E L EY)

= (—l)lJrk_m<[xi,(ij],é1 /\m/\g’ Ao ANEMA-. ,ék>,
L, @simy @A ET L EY)

= (—l)m_l+k_l<[xj,8xi],§1 /\.../\é\l/\.../\gﬁ/\.../\gl‘>.

Combining these two equations with (6.17), we conclude that claim (c1) holds.
To prove the other two claims, note first that the derivation property for functions
in (6.12) implies that

3f = inf f e C®(M). (6.28)
ox/

As a result, since [ep, x'] = Ep(eb)xi = pli, we have that

. )
SLx', ep] = —dlep, x'] = —8ﬁ3x1 (6.29)
.x

Using the second formula in (6.8) together with (6.24) and (6.29), we obtain

T (o) (" ) = —(—1)k—’<%axtsl Ao nELA- Ask>
X

= (—1)"—l<a[xl', e, EVA - AELA A g">.
(6.30)

Combining (6.24) and (6.27), as well as (6.25) and (6.26), we immediately get

Loy TERE" ) = (<1 [e, 85T A A BT Ao )

(6.31)
Y — 1y 1 1 2l k

Ly @) € 89) = (=D (1 el 6" A AE Ao A 85,

(6.32)
Now claim (c2) is a direct consequence of (6.30), (6.31) and (6.32).
Finally, to prove (c3), we observe a few facts. From (6.28), we see that
aC¢ b

Slea, ep]l = 8(Cpec) = —= ——absxi Ae. + CE pdec. (6.33)
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The usual formula for the wedge product gives us the identity

8C“”<6x1/\e¢,51 > z( 1)k= n abgc<6xj AN .A@A..,A$k>;

daxJ

using it, we immediately obtain from (6.9), (6.24) and (6.25) that

T, (e e, 89 = ~(Sleas epl. £ A A8 (6.34)

On the other hand, from (6.25) and (6.27) we have that

Lty TP 690 = (e, 8] 81 A+ A5 (6.39)

Using (6.34) and (6.35), we can immediately verify that claim (c3) holds. O

6.2 Infinitesimal description of multiplicative multivector fields

We now discuss the analogs of the results in Sect. 4 for multiplicative multivector
fields.

Let G be aLie groupoid over M. Its cotangent bundle 7*G has a natural Lie groupoid
structure over A*, known as the cotangent groupoid of G, see [9] and [21] for a full
description. For us, it will suffice to recall that the unit map € : A* — T*G| ), identifies
A* with the annihilator of TM C TG, and that the source map S : T*G — A* is
defined by

<§(ag), u) = <ocg, Tle(u — Tt(u))), oy € T;g, u € As(g), (6.36)

where [, denotes left translation in G. Note that S is a vector-bundle map covering
S : G — M; using coordinates (zl ) on G, it has the form

SZ, a) = (s(2)7, Ch(D)ay) € A*ls(z). (6.37)

We will not need the explicit expression for C fl (), just to note that S(dt* f) = 0 for
all f € C*(M) (by (6.36)), which implies that

8(t*f) _

Chx)——= =0, VfeC®M). (6.38)

Similarly to what happens for the tangent groupoid, the cotangent groupoid structure
extends to direct sums @éT*Q over @ A*. A multivector field IT € X* (G) is called
multiplicative if the associated map

T:@gT*G >R, T, ....0) =g ...ig Tl (6.39)
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698 H. Bursztyn, A. Cabrera

is a groupoid morphism (cf. Lemma 5). We denote the space of multiplicative k-vector
fields on G by XX | ().

Remark 5 We may equivalently consider the map
0 :@f 'T°6 — TG, T, ... &) =iy, ...ig 11, (6.40)
and verify that IT is multiplicative if and only if TT* is a groupoid morphism.
Let us recall, see e.g. [23], the identification of Lie algebroids
0g : A(T*G) — T*(AG), (6.41)
which extends to an identification 05 : A(@gT*g) = [TLie(eg) AT*G) — ok T*A

(cg : T*G — G is a groupoid morphism). Given IT € Xr’fwh(g), we consider the
infinitesimal map Lie(TT) : A(EBET*Q) — R (see (4.6)), as well as the composition

Lie(M o (05) " : @4 T*A > R. (6.42)

The exact same arguments as in Lemma 8 directly show that there is a unique k-vector
field Lie(IT) € X*(A) satisfying

Lie(TT) = Lie(TT) o (65) " (6.43)
moreover, the map
XE (@) — XX(4), T+ Lie(ID),
is a bijection onto the subspace of k-vector fields w € Xl]i‘n(A) for which @ :

@]ZT*A — R is a morphism of Lie algebroids. An immediate consequence of
Theorem 3 is

Corollary 1 There is a bijective correspondence
X (@) — Apg(A), T 8, (6.44)

where § is the derivation associated with m = Lie(I1) € Xllfn (A) (via (6.14) and
(6.15)).

This resultis parallel to Theorem 2, except that it provides no explicit way of computing
6 directly out of TT (analogous to (4.17) and (4.18)). This missing aspect will be clarified
in the next section.
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6.3 The universal lifting theorem revisited

For u € I'(AP A), let us denote by u” the corresponding right-invariant p-vector field
on G. As observed in [18, Sect. 2], given IT € Xj;mlt(g), then [IT, u"] is again right
invariant, which means that there exists dpju € F(Ap”"lA) such that (Sru)” =
[I1, u”]. One can check that the map 87 : T'(A?A) — I'(APT5~1 A) is a derivation of
the Gerstenhaber structure, i.e., 8 € XX;(M).

Proposition 5 The map Xj;luh(g) — XI’RA(A), [T +— &, where 81y is defined by
@Gn ) =MLt f1,  Gnw" =1, 4], (6.45)

for f € C®°(M) and u € T'(A), coincides with the map (6.44); in particular, it is a
bijection.

The fact that the correspondence in Proposition 5 is a bijection is the universal lifting
theorem of [18] (see Theorem 2.34 therein), which we recover here as a consequence
of Corollary 1. We need to collect some observations before getting into the proof of
Proposition 5.

Let us consider the isomorphism

O:T(T*G) — TXTG), (., d)— @, dqj,a)), (646)
which is related to the identification 6g in (6.41) via

Qg = (TLA)I o®o LA(T*G)» (647)
where (T't4)" is the fibrewise dual to the vector-bundle map Tiq : TA — 4 T(TG)
(the composition in (6.47) is well defined since ® o 4 (7+g)(A(T*G)) C L T*(TG);
this can be derived directly from (6.37)). For a k-vector field [T € X’ k (9), its tangent

lift is the k-vector field [Ty € X*(T'G) defined by the condition (cf. (2.17))
TI7 =dIl o (@7 Hk, (6.48)

where dIT : T(GBET*Q) = T1%., ; T(T*G) — Ris the differential of the function iyl
in C*(@§T*G) defined by (6.39).

Remark 6 As observed in [13], one may alternatively define the tangent lift [Tz in
terms of I1% (6.40):

I @4 TH(TG) - T(TG), T =g ' oTIFo(@ H* D (6.49)

where Jg : T(TG) — T(T'G) is the involution (2.16).

When IT is multiplicative, it follows from (6.43) that

7 = Lie(T) = TI7 0 (® o tg7+g o eg—l)k. (6.50)
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We will need this characterization of 7 in the proof of Proposition 5.
For local computations, it will be convenient to consider adapted local coordinates

(x/, y?) on G around M C G, (6.51)

where y¢ are coordinates along the s-fibres. We will also use the induced coordinates
((x7, y%), (x7, %)) on TG, and similarly for 7*G, T(T*G) and T*(TG). In these
coordinates, t4 : A = TGy, ta(x’,u?) = ((x/,0), (0, u?)), and Tty : TA —
4 T(TG) is given by

;0 0 ;0 0
ox/ u )|, ox/ IV, w

whereas for (T14)" : (i T*(TG) — T*A we have
(Tea) (pjdx! + yady® + P ;di) +7,dy)|w) = (pjdx! +V,du)|y. u € A.

Since the unitmap € : A* — T*G|y identiﬁes A* with the annihilatorof TM C TG,
given & € I'(A*), locally written as (x/, &;), the local 1-form on G given by

E(x7, y1) = g4(x)dy? (6.52)

extends €(£(x)) to a neighborhood of M in G. We denote by FecC (TG) the

linear function determined by £.The following lemma is key to compare the map in
Proposition 5 with the map (6.44).

Lemma 10 Let 7 = @ o tp7+g oeg—l : T*A — \T*(TG), and let ug € A. Then,
forany f € C®°(M) and & € T'(A*), we have

T A Flug) = dA* )7 i tuo)» (6.53)
T (dlglug) = Iz +dh") iy w)s (6.54)

where ¥ means the pull-back of functions on G by pg : TG — G, and h € C*(G) is
a function that vanishes on M C G.

Proof The proof follows from some observations, all of which can be checked through
computations in adapted local coordinates (x”/, yd) asin (6.51).
The first observation one can directly verify is that

(Tea) A 1) liyw) = dgi flu, u € A. (6.55)

Using the local expression (6.37) for the source map S, the property (6.38), and the
definition of ®, a direct computation shows that

T§(®_l(d(t*f)v|LA(u))) =0eTA 4 w), qalw)eM C A" (6.56)
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It follows that © ! (d(* f)Y].,w)) is in the image of ¢ 4(r+g), hence there is a unique
Y € T*A|g, @) such that

O WX ) liaw) = ta=gy O (1), ie, T =dE f)] -

Using (6.55) and (6.47). we conclude that T = dqf‘f|u, which proves (6.53).
With respect to the coordinates ((x/, yd ), (x/, )')d)) on TG, one can write

13 ; )
Azl = a—xju“dX’ +£,dy € T(TH|iyw) (6.57)
from where we conclude that

= qdlel, € T*Al,.  (6.58)

u

& .
(Tea) ([l l) = (aTj.u”dxf —l—Eadu“)

Let us now consider J(g3dle) € (3T*(TG). Since o! (J(gjdlg)) lies in
T(T*G)|+, one can directly verify that 7 (¢ dl¢) can be written as

pjdx’ + y,dy® + v,y

i.e., its components relative to dx/ vanish. By (6.47), (Tea) (T (gidle)|) = qidle |y,

__ 08 a = _ :
= ax‘;u andy, = §,, 1.e.,

so from the second equality in (6.58) we conclude that p;

0§ P )
J(qhdlgly) = (axi' udx’ +7,dy" + %‘ady“)

ta(u)

For each given ug € A, one can find & € C°(G) vanishing on M C G and
such that dhY|,, ) = V,(ta(uo))dy?, and (6.54) follows by a direct comparison
with (6.57). O

We will need the following immediate observations about linear functions on vector
bundles.

Lemma 11 Letqgp : B — N be avector bundle, with coordinates (x7, b?) relative to
a basis of local sections {e;}, and consider b = bley € I'(B), b’ = bd% € X(B),
and B = Bge? € T'(B*). Let lg € C*°(B) be the linear function defined by B, and fix
by = b(xo) € B, for a given xo € N. Then Lyvlg = g% (B, b) and

lg(bo) = (Lpvig) (o). (6.59)

We now prove Proposition 5.

Proof of Proposition 5 Let m = Lie(IT), and consider €', ..., €51 € I'(A*) and
f e C®(M). Let us fix ug € A, xg = ga(ug) € M. By (6.50) and Lemma 10,
we have
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ﬂ(dlsl, ey dlgkfl, dq;k‘f)|u0 = HT(jdlgl, ey jdlgkflv jdqu)h;,(uo)
= HT(dl’gl + dhv, ey dlgk—l + dh]\(/_l, d(t*f)v)lm(uo)s (6-60)

withh; € C*(G), hi|y = 0,and gi asin (6. 52) We directly check from the definition

of I1r that it is a linear multivector, 17 € lln(Tg) so (see footnote 7)

iapyiagyTr =0, Vfi, o € C*(G). (6.61)
Hence the expression in (6.60) agrees with

HT(dlgl ) dlgk—l 5 d(t*f)v)|LA(u()) = [HTv (t*f)v](dlgl LI ] dlgkfl)hA(u())’
(6.62)

where [-, -] is the Schouten bracket on X'*(T'G).

Let us consider the vertical lift operation X*(G) — X*(TG), II +— IIV: i
coordinates (z) on G, it sends the vector field Y = Y/ di toYY =Y! 38,, and thlS is
extended to a graded algebra homomorphism of multivector fields. From ‘the Schouten
bracket relations for vertical and tangent lifts, see e.g. [14], we obtain

(M7, ") = [Tt f1" = (n )"

Letting xo = ga(uo) € M, a direct computation in coordinates (6.51) shows that

G Wz, Az ) = <(8nf)’, Elacn E’H)

exo)
= (snsigt Aengt )|
X0
from where it follows that
* _ 1 k—1

(@t Ao, dgs Dl = (S fo8' Ao n g8
0

= qifonsi&t nong )

Comparing with (6.14), we conclude that § (see (6.44)) and Sy agree on C°(M).
It remains to check that they agree on I'(A).

We now consider ¢!, ..., €K € I'(A*) and describe m(dlgr, ..., dlgi) |y, in terms
of 8r7. By (6.50) and (6.54), we have (keeping the notation of Lemma 10)

ﬂ(dlsl, ey dlsk”uo = HT(jdlgl, ey Jdlgl\)luo
= l_[T(dlgl +dhny, ..., dlgk + dA)) g o) - (6.63)
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From (6.61), we see that the expression HT(dlgl + dhy, ...,dlgk + dhy) can be
re-written as

k
Mr(dlg, ... dlg) + D Or(Jdlr, ..., Tdlgi1, dh, Tdlga, ... Jdlgo).
=1
(6.64)

We claim that, forall j =1, ..., k, we have
Or(Jdlg, ..., jdlé—j—l,dl’l;, Jdlgjsr, ..oy jdlsk) =0. (6.65)

To see that, recall from Remark 6 that [Ty satisfies l'InT 0 ®*=D = (Jg)~! o TTI?,
and, since 1% : @éﬁl T*G — TG is a groupoid morphism (see Remark 5),

Tl_II:1 (¢] (LA(T*g))(kil) g A(Tg)

It follows from (4.7) and the definition of 7 that nﬁT o J*=D c Tiu(TA) C
i T(TG). Relative to the adapted coordinates (x/, y?) in (6.51), elements in
Tis(TA) C ¢4T(TG) are combinations of % and ﬁ, whereas dh7|[A(,,) is in

the span of dyd . So (6.65) follows, and we conclude that
ﬂ(dlsl ey dl§k)|u0 = HT(dlgl e dlgk)h,q(uo)- (6.66)

To proceed, we observe that I'IT(dlgl, e, dlgk) defines a linear function on TG,
and, using (6.59) in Lemma 11 (with B = T G), we write

l—IT(dlgl e dlgk)hA(M()) = [:(ur)v(l_[r(dl‘gl e, dlgk))hA(uo)’ (6.67)

where u € I"'(A) is such that u(xg) = ug. But

l:(ur)V(HT(dlgl s ooy dl‘gk)) = (ﬁ(ur)v HT)(dlgl PR dl‘gk)
k
+ > T, dlgjo, Loy (dlz), dig, . dlg),
j=1

and note that
Loy (dlz) =dE @)Y, Loy Tr = [, 1] = —(Gnuw))",

where we used the Schouten-bracket relations for tangent and vertical lifts in the
second equation. One can directly check that

(On") @iz, - ) gy = (G’ &' A+ A EF)

€(x0)

= <3nu,gl/\.../\gk>

X0
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Thus /.Z(ur)v(l'[T(dlgl, e dlgk))ItA(uo) equals

—<5nu,§1/\"'/\$k>

X0

k
+ 2 Mg dlg @ @) dig Az o).
j=1

Using local coordinates (x/, yd ) as in (6.51), one can check the identity
A W) o =& ({67, ) luatuor + 4 ey,

where 1; € C*°(G) vanishes on M C G. It follows that

My (dlgr, .oy dlgio, dE @)Y dlgien, oo A0 o)
= (g, .ol d ({6 ) digions L Al
(i, dlgo, dhY i Al (668)

Using the linearity of [T (see footnote 7) and (6.65), we see that

HT(dl’gl,...,dlgj—],dh\;,dlgj+],...,dlgk)
=TIlr (]dlgl, ...,jdlg,‘q,dh},jdlgfrl,...,jdlgk) =0.

A direct comparison with (6.60), (6.62) gives that

Mr (dlgr, . digio, d(6, ), diggin, . dige)

ta(uo)

— (=) ig (dlgl,...,@...,dlgk,dqj<gf,u>)

uo
Going back to (6.66), we finally conclude that
a@dlgr, ., )y = —<5nu,sl A-.-Agk>
X0
k
k= T #[g]
+Z( Din (dlél, el ..,dlék,qu<g u>) .
j=l1
Comparing with (6.15), we conclude that § = 4y7. O
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