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Abstract We study BMO spaces associated with semigroup of operators on
noncommutative function spaces (i.e. von Neumann algebras) and apply the results
to boundedness of Fourier multipliers on non-abelian discrete groups. We prove an
interpolation theorem for BMO spaces and prove the boundedness of a class of Fourier
multipliers on noncommutative L, spaces forall 1 < p < oo, with optimal constants

in p.
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0 Introduction

The theory of semigroups provides a good framework of studying classical questions
from harmonic analysis in a more abstract setting. Our research is particularly moti-
vated by E. Steins’ results on Fourier multipliers on L, spaces and Littlewood-Paley
theory for the Laplace-Beltrami operators on compact groups. Our aim is to study
BMO spaces which are intrinsically defined by a (some kind of heat-) semigroup
and prove fundamental interpolation results. In particular, we want to give a positive
answer to the following
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692 M. Junge, T. Mei

Problem 0.1 Let (T;) be a standard semigroup of selfadjoint positive operators on
an (abstract) functions space Loo(S2). Let A be its infinitesimal generator. Is there a
BM O space such that

(a) BM O serves as an endpoint of interpolation, i.e. [BM O, L1(Q2)]1 = L,(R);
P

(b) The imaginary powers A™ s € R extend to bounded operators from Lso(S2) to
BMO.

(c) The estimates in (b) are universal. In particular, the constants involved are dimen-
sion free for all the classical heat semigroups on Q = R".

We should expect much more singular integral operators for abstract semigroups
instead of the imaginary powers mentioned in (b). However, it seems that even in the
commutative theory such a BM O space has not yet been identified. An advantage
of such a theory is that it provides a natural framework for good, or even optimal
dimension free estimates, for Fourier multipliers. Our results apply not only in the
commutative, but also in the noncommutative setting (i.e. replacing L~ (2) by a
von Neumann algebra).

Indeed, BMO spaces, once they can be appropriately defined, provide a very effi-
cient tool in proving results on Fourier-multipliers. BMO spaces associated with semi-
groups on commutative functions spaces have been studied in [44,48] and very recently
in [6,7]. Here ‘commutative function space’ means that the semigroups of operators
under investigation are defined on some L, (£2). Note that L., (€2) is the prototype
of a commutative von Neumann algebra. Even in this commutative setting a general
theory of BMO spaces defined intrinsically by the semigroup is far from established.

On the other hand, BMO spaces have been extended to noncommutative function
spaces (i.e. von Neumann algebras) in various cases. Let us refer to the seminal work
on martingales in [13,21,30,37] and [36], and to [26,32] and [3] for work on operator-
or matrix-valued functions. In [27] a first approach towards a Hy — BM O duality
associated with semigroups of operators on von Neumann algebras has been obtained,
whereas a duality theory for Averson’s subdiagonal algebras is studied in [31].

As in the commutative case, BMO boundedness and interpolation usually gives
optimal or at least very good estimates for singular integral operators on L. The
use of BMO spaces also turns out to be crucial when reducing results on group
von Neumann algebras to the semicommutative setting, see [15]. Let us describe one
of our main results. Let A be a von Neumann algebra with a normal trace t satisfying
(1) = 1,1i.e. (N, 7) is a noncommuative probability space. Let (7;) be semigroup of
completely positive maps on A such that 7(7;(x)) = t(x) and T;(1) = 1. Then we
define the BM O¢ column norm by

2n1/2
Ixllpasroccry = sup I Tilx — Tx |||V
t

and |Ixllgpory = max{|lx|lgarocTy, 1x* Bpmoc(r)}- The norm ||x | gapo, (1) =
lx* s oe (7 is called the row BM O norm and the need of both such norms is well-
known from martingale theory.
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BMO spaces associated with semigroups of operators 693

Theorem 0.2 Assume that T; is a standard semigroup of completely positive maps on
N and (T,) admits a Markov dilation. Then

[BMO(T), Li(N)]1 = Lpy(N)

1
P
forl < p < oo.

We investigate other possible intrinsic choices for BM O-norms and compare them.
These results are applied to BMO-boundedness of Fourier multipliers on non-abelian
discrete groups. We obtain their corresponding L ,-boundedness with optimal con-
stants. Basic examples of Fourier multipliers in this article are noncommutative ana-
logues of E. Stein’s imaginary power (—A)'? (see Theorem 3.7 in Example 3.5) and
noncommutative analogues of P. A. Meyer’s generalized Riesz transforms (see The-
orem 4.8). A further application of our results gives optimal constants in Junge/Xu’s
noncommutative maximal ergodic inequality (see [22]). Many of our results are new
even in the commutative setting. In particular, our constants of the L , bounds of Stein’s
universal Fourier multipliers are better than those obtained by Stein [40] and Cowling
[5] (see Remark 5.6).

1 Preliminaries and notation
1.1 Noncommutative L, spaces

Let \V be a von Neumann algebra equipped with a normal semifinite faithful trace 7.
Let S be the set of all positive f € N such that (supp(f)) < oo, where supp(x)
denotes the support of f, i.e. the least projection e € N such that ef = f. Let Snr
be the linear span of S... Note that Sy/ is an involutive strongly dense ideal of A. For
0 < p < oo define

I, = (z (1F1P)"7, x € 8w,

where |f| = (f*f)!'/?, the modulus of x. One can check that || - |, is a norm or
p-norm on Syr according to p > 1 or p < 1. The corresponding completion is the
noncommutative L ,-space associated with (\, 7) and is denoted by L ,(\). By con-
vention, we set L°°(N) = N equipped with the operator norm | - ||. The elements of
L ,(N) can be also described as measurable operators with respect to (A, 7). We refer
to [38] for more information and for more historical references on noncommutative
L ,-spaces. In the sequel, unless explicitly stated otherwise, N will denote a semifinite
von Neumann algebra and t a normal semifinite faithful trace on A/. We will simplify
L,(N) as L, and the corresponding norms as || - | ,.

We say an operator T on N is completely contractive if T ® I, is contractive on
N ® M,, for each n. Here, M, is the algebra of n by n matrices and I,, is the identity
operator on M,,. We say an operator 7 on M is completely positive if 7 ® I,, is positive
on N'® M, for each n. We will need the following Kadison-Schwarz inequality for
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694 M. Junge, T. Mei

unital completely positive contraction T on L ,(N),
THR =T (111). Y/ e L), (1.1

1.2 Standard noncommutative semigroups

Throughout this article we will assume that (7;) is a semigroup of completely posi-
tive maps on a semifinite von Neumann algebra A satisfying the following standard
assumptions

(i) Every T; is a normal completely positive maps on N such that 7;(1) = 1;
(i) Every T; is selfadjoint with respect to the trace 7, i.e. T(T;(f)g) = t(fT;(g));
(iii)) The family (73) is strongly continuous, i.e. lim;_,o 7T; f = f with respect to the
strong topology in N for any f € N.

Let us note that (i) and (ii) imply that t(7;x) = t(x) for all x, so T;’s are faith-
ful and are contractive on L{(N). By interpolation, 7;’s extend to contractions on
L,(N), 1 < p < oo and satisfy lim; o T;x = x in L,,(N) for all x € L,(N). (see
[22] for details). Some of these conditions can be weakened, but this is beyond the
scope of this article.

Let us recall that such a semigroup admits an infinitesimal (negative) generator A
given as Af = lim,_,¢ t~Y(f — T;(f)) defined on dom(A) = Ul<p<oo dom(A),
where

dom,(A) = | feL,\N); lim t~N(T,(f) — f) converges in L,(N) |.

Itis easy to see that % fg T;(f)dt € dom,(A)foranys > 0, f € Lp(/\/'),sodomp(A)
isdense in L, (). Denote by A , the restriction of A on dom, (A). Under our assump-
tions (i)—(iii), Az is a positive (unbounded) operator. A,T; = T, A, = —% extend
to a (same) bounded operator on L p(./\f ) forallt > 0,1 < p < oo. Therefore,
Ty (f) € dom,(A) forany f € L,(N), 1 < p < oo.

For a standard semigroup 7§ (generated by A), we may consider the subordinated
Poisson semigroupP = (P;);>o defined by P; = exp(—tA%). (P;) is again a semi-
group of operators satisfying (i)-(iii) above. Note that P; satisfies (3t2 — AP =0.
By functional calculus and an elementary identity, each P; can be written as (see e.g.
[42)),

7 _2 3
P[ = m te 4wy 2Tudu. (12)
0

The integral on the right hand side of the identity converges with respect to the oper-
ator norm on L ,(N) for 1 < p < oo. Let us define the gradient form I" associated
with Ty,

2U(fog) = (A(f")g) + (A —A(f"g),
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BMO spaces associated with semigroups of operators 695

for f, g with f*, g, f*g € dom(A). For convenience, we assume that there exists a*-
algebra A which is weak* dense in NV such that Ty (A) C A C dom(A). This assump-
tion is to guarantee that I' (7} f, T;g) make senses for f, g € A, which is not easy to
verify in general, although the other form 7;I"(7 f, T g) is what we need essentially
in this article and can be read as T; (AT f*)Ts2) + T (T f *(ATs2)) — AT (T f* T g)
forany f, g € LP(N), 1 < p <oo,s,t > 0. The semigroup (7;) generated by A is
said to satisfy the I'> > 0 if

DL Tof) < LTS, f)

forallv > 0, f € A.Itiseasytosee rz > OalsoimpliesI'(P, f, P, f) < P,T(f, f)
for any v > 0. Denote by the gradient form associated with (P;); by FA 1

We will need the following Lemma proved in [14,19]. We add a short proof for the
convenience of the reader.

Lemmal.l (i) Forany f € L,(N),1 < p <o0,s >0, we have

s

LI — T fP = Z/Ts_trmf, T, f)dr.

0

(i) Forany f € A, we have

oo o0

N A O Y R AR

0 0
Forany f € L,(N),s,t > 0, we have

oo oo

PIFA%(I)Sfa P f) = /Pt—i-vr(Ps-i-vf» Rv+vf)dv+/Pt+v|Ps/+vf|2dv-
0 0

Here and in the rest of the article, f] means %.

Proof (1): For s fixed, let
Fo =T (T f ).

Then

at at at

Ty
w1 (5r)]

= — X—IF(th’ th)

Moot (TS5 _ ot (17,2 17, (50) ]
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696 M. Junge, T. Mei

Therefore

N

TIf2 = T fI? = —F, + Fo =/THF(Tzf, T, f)dr.

0
(ii): Let
8Pt 2 BPtf* *8Ptf
F,=—(P — P, P, —P\P .
i at(l 1 f17) t( ” t f i\ P f a7
Then
OF,  9*P

= (1P 1)

92p, f* 9P aP
—P, (Tgfp,f) ) (P,f* 8t;f) - 2PI(‘ 2l

ot
= —AP(IP f1*) — P [(=AP.f*) P f]
)

oP f
_P,[Ptf*(—APtf)]—ZP,(‘ Btt
Note that Fp = FA% (f, f)and F; — 0in N ast — oo because of Proposition
1.1. We get

)

— _PT(P.f, P f) — 2P, (|P;f|2).

%) IF, 00 0o o
o f):/—ﬁdt - /Ptr(Ptf, P,f)dt+2/P,(|P,f| ) dr.
0 0 0

O
We will use the following inequality from [27].
Proposition 1.2 Let f € N be positive and 0 < t < s. Then
s
Psf = ; Ptf-
S2 t2
Proof We use (1.2) and e™ 4 < ¢™ 4« for all u. This yields the assertion
o oo
Ao [etinia = 2 [ Ruinga = 2L
=—= [ e %u u —— [ e Hu u = —.
s 2T ! N ! t
0 0
O
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BMO spaces associated with semigroups of operators 697

2 BMO norms associated with semigroups of operators

In this part we study several natural BMO-norms associated with a semigroup 7; of
completely positive maps. The situation is particularly nice for subordinated semi-
groups so that the original semigroup satisfies the ['> > 0.

Given a standard semigroup of operators 7; on N and f € AU Ly (), we define

1
I flbmoccy = sup 1Tl f12 = T2 fI212, @2.1)
t

1
IfIsmoccry = supITilf — T fI7]2. (2.2)
t

Here and in what follows || f|| always denote the operator norm of f. The notations
Il lmoc Py, | - | Basr o< () are used when 7 is replaced by the subordinated semigroup
(P;) above. The definitions steam from Garsia’s norm for the Poisson semigroup on
the circle (see [23]). The BM O€(7 )-norm has been studied in [27], motivated by the
expression

IflBmo, = sup P(lf — f(2)D).

This definition appeared in the commutative case in particular in [7,44,48]. Using the
I Il Bmo,-norm, it is easy to show that the conjugation operator is bounded from L,
to BMOj. Here f(z) gives the value of the harmonic extension in the interior of the
circle (see [8]). In some sense f — P, f is similar to f — f(z), despite the fact that the
Poisson integral P, f still is a function, while f(z) is considered as a constant function

in f — f(2).

Proposition 2.1 Let (T;) be a standard semigroup of operators. Then bmo(T) and
BM O¢(T) are semi-norms on N.

Proof Fixt > 0.Let LN ®1, N) be the Hilbert C*-module over N with A/-valued
inner product

(a®b,c®d) = b*T,(a*c)d.

This Hilbert C*-module is well-known from the GNS-construction for 7}, see [25].
Since T; is unital, we have a *-homomorphism 7 : A" — L(N ®7, N) such that

T;(f) = enn(fen.
We then get

T (f*f) =T (f) T (f) = enn(f)'n(fen —enn(f)erenn(fen
= enm(H)* —er)m(fen.
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698 M. Junge, T. Mei

Therefore,
1
TP =17 P = [ — e z(pen] ,
LN®7,N)
1
2
|77 =12 = I (f = enm(Prern entll oy
This shows that || - || pmec(7) @and || - | paroe (7 are semi-norms. O

Remark 2.2 An alternative proof for bmo®(7") being a semi-norm can be derived from
the identity of Lemma 1.1 (i). Using the GNS construction for the positive form 7;_;I"
we can find linear maps u;; : N' — C(/N\) such that

t
LI — T fP = /|u,s<f>|2ds.
0

This provides an embedding in L5 ([0, 1]) ®min C(N).

Proposition 2.3 Let (T;) be a standard semigroup and f € N U Ly(N). Then the
following conditions are equivalent:

(1) ”f”bmo‘(T) =0.

) 1 fllsmoecr) = 0.
(1) f € ker(Ax) Uker(Az) = {f € domgo(A) Udomo(A), Af = 0}.
Proof Note that (i1) and (iii) both equals to 7; f = f forany ¢ since T; is faithful. Hence
(i1) isequivalent to (iii). Assume (iii), then 7 (7} |f|2—|T,f|2) = Osince T; f = f forall
t and 7; is trace preserving. Note T fI1>—IT, fI* = Oby (1.1),s0 T fI>=IT, fI* =0
for any 7 > 0. We get (i). Assume (i), we have = (7| f|> — |T, f|*) = 0, s0 (| f|> —
T, f1?) = 0forany r > 0.Sot(|f = T /1) = ¢(|f|* = 2IT; fI” + | T2 f1*) = O for
any t > 0. So f =T, f for any ¢ > 0. This implies (iii). O

Proposition 2.4 Let (T;) be a standard semigroup and f € N U Ly(N). Then

) ”va”bmoc(’f) < ”f”bmoC(T)for alls > 0;
) I fllBsmoccry < 2 W flomoecry + sup, 1Tr f — Tor f1-
(iii) If in addition T'* > 0, then

I flBmoccTy = W fllbmoe(Ty + sup I Ty f — Tt f .
t
Proof Let us start with (i) and the pointwise estimate

0 < TTof1> = Tis f1* < Toasl P — | Tas 12

By definition of the bmo(7") seminorm this implies

1 1
ITs fllpmoczy = Sup 1T T £1* = 1 Toas f1212 < sup I Trasl £12 — | Togs f12112
t t

A

= ||f||bm0”(7)~
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BMO spaces associated with semigroups of operators 699

For the proof of (ii), we fix > 0 and use the triangle inequality (see Lemma 4.3):

1 1
2 2

AT TR R AV FIER T AT 00T M [ AV ATk
1
< 1 = T flpmerery + |11 (F = NP
< 1 lomor ) + ITs fllomorzy + 1T (F = T

We apply (i) and obtain

1
ITilf = T f 1202 < 20 f lomos ) + WTe(f = T )l

Taking supremum over ¢ yields the assertion. To prove (iii), we apply Lemma 1.1 (i)
and the triangle inequality,

1
t 2
/ T, (T, f. T, f) ds

0

(1172 - msP)°

1
t 2
/THF(Ts(f TP T(f — T f))ds

0

IA

‘ 3
+ /Y}—SF(TY-Q-tfv Ts-i-tf)ds
0

1
(Lemma 1.1 (i) = (T, \f =T, 1 =T, f — thf|2)2

t 2

+ / Tt—sF(Ts—Hfa Tv-i—tf)ds

0

D=

t

(2 20 = (107 = 1%) o+ [ [ Tua (T f 1o s

0
A 2
(v=2s) < (Tt|f — th|2)2 + E / Ty o U(Ty f, Ty fdv
0
1 1 1
(Lemma 1.1 (i)) = (T,|f - th|2)2 5 (thlfl2 - |T2,f|2)2.

Taking the norm and the supremum over ¢ on both sides, we get

I £ lpmoc Ty < (V2 4+ 2)I Il Broc(T)-
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By Choi’s inequality (see [4]) we find

IT.f =T fI> < TIf =T f 1
Together with (ii), we obtain (iii). O
We now consider BMO-norms associated with the subordinated semigroup (7;);.

Proposition 2.5 Let (T;) be a standard semigroup and (P;) be the associated Poisson
semigroup. Let f € N'U Ly(N). Then

@ Pol f* = 1P f 1P =2 J57 Jaxio._p) Po—via D (Puf Py fdtdv;
(i) supy || Jo° Pos| Py f 12 minGs, b)ds | < 4 1 £ 1170 0p)
(iii) If in addition T'? > 0, then

o0

1 A .
; / Pyos (P, f, P fymins. b)ds < Pyl fIP — |Pyf P
0
T b
< 180/P%+Sf(1)sf, P, f) min (5, s) ds.
0

Here T'(fy, f) = T(fs, o) + Lf) 1%
Proof For the proof of (i) we apply Lemma 1.1 (i) to P; and get

b

PSP = 1P fP = 2 [ B (S P

0

Using the formula for FA 1 (Ps f, Py f) from Lemma 1.1 (ii), we obtain with the change
of variable (v = s + t) that

PolfI1> — Py fI?

2 o\g O\w

Py s+tr (Ps+tf Ps-l—tf) dtds

=2 Pyl (Pyf, Py f) dvdt

A
.

Py_yin D (Pof. Py f)dtdv.  (23)

|
]
o\
—

max{0,v—b}
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BMO spaces associated with semigroups of operators 701

This is (i). Note I'?> > 0 implies 2 > 0. We apply monotonicity, Proposition 1.2
and split the integral, and get

o0 v
2 / Py—yi2ul(Py f, Py f)dudv
0 max{0,v—b}
o0 v
> 2 / / Py i2ul*(Pou f. Poy f)dudy
0 max{0,v—b}

v

o0
b+ 2u o
2 I)—I——Zvdu Py 2y (Pay f, Poy f)dv
ax{0,v—>b}

v

Pb+2vf(P2vfa Py f)dv

0
o0
_ / 2bv + 4v% — 2b max{0, v — b} — 4 max{0, v — b}?
2(b + 2v)
0
b

o0

A%

A 4bv A
/Pb+2uF(P2vf, P2vf)vdv+/mpb+2vr(})2vf, Py f)dv

0 b
1 ’ 1 7
; / Pasal (Pa f, Py f)20dv + 31 / Pyiaul(Pay f. Pay f)dv

0 b
00

1 A .
3 / Py (Pay f, Poy f) min(2u, b)dv.
0

A%

v

Without 2 > 0 we only obtain

e¢]

1 .
PSP = |PofI? = 5/Pb+2v|1°2’vf|2mm(zv,b)azv

0
00

1 ;a2
= 1 Ppiy }Pvf| min(v, b)dv.

0
This is (ii) and the first inequality of (iii). To complete the proof of (iii) we start with

(2.3)and I'2 > 0:

o0 v
PolfI> — 1P fI* = 2 / / Pp—yi2ul (Py f, Py f)dudv

0 max{0,v—>b}
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702 M. Junge, T. Mei

o0 v
<2 / / Py s 12 8Py f. Py )dudy
0 max{0,v—b}
b v
- / / Py vioul*(Py f. Py fdudy
0
o0 v
2 / / Pyviaul'(Pof. Py f)dudy
v—>b
=I+1L
Forv > b we have
b+v v 5
<b—=-+4+2u < =@ .
7 = 3+ u < 3( + v)

Thus monotonicity implies

o0 v o0
I < 2/ / P,,_%Huﬁ(P%f, P%f)dudv < 10b/Ph§Jf(P%f, P%f) dv
0 v—>b b

=90/ F(PfPf)mln(s é) ds.

In the range v < b and 0 < u < v we also have

b+v v 5
< b+4+2u—- < —=(b+v).
3 - " 3 = 3( v)

Again by monotonicity and with s = § we obtain
b 5
I< IO/P% (Pvf Pvf) vdy = 90/P%+sf‘(Psf, P, f) sds.
0 0

This yields

oo
. b
PolfI> =Py fI> < 180/ Pgﬂr' (Ps f, Psf) min (gs) ds.
0
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In view of the classical Carleson-measure-characterization of BMO, we define, for

feNULyWN),

2

1l a0 = |sup P / \PLfPsds]|
t
0

1
t 2

I lawroraey = sup | P [TPuf. P frsds|
t
0
t 2
1 asgorcty =590 | Pi [ FP S P prsds
t
0

Theorem 2.6 Let (T;) be a standard semigroup. Then

| fllsmoc@) < cllfllemocry < cll fllmoccT)

(2.4)

2.5)

(2.6)

2.7)

Proof To prove the first inequality, recall that Theorem 3.2 of [27] states that

[|aP ’
sup P’/‘a_ss(f_l)xf)‘ sds| =\ fllBmoccp)-
1

0

Then

=

8P
sds

|r i
i/

2
P,
< W fllsmoccpy + || P Kpsf
0

+p/

2

P, 2
u sds

2
sds

P, 2
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704 M. Junge, T. Mei

9 2

Pvf ;
ov vav

3
1
(v =2s) < | fllsBmoccp) + ZP’/’
0

t
+P1/PL
2

L
2

2
sds

d Py
as PS_% f

%
t 1
(M =25 — 5) <\ fllsmoccpy + ZPz/ |P) f*vdv
0
1

3t 2
2

1 /2
+ EP% |P, f| udu
3

2

t
V3
< flsworcpy + 5 sup |2 [ 1P fPsds
t
0
Taking supremum on both sides, we have,

1
5
2 ds| < — A1
sas = l_\/Tg BMO<(P)-

0 P
as f

t
Il a0 = sup | P, / ‘
t
0

To prove the second inequality, we apply (1.2) and (1.1),

2

Py|f — P f? =/¢s(u)Tu f—/qﬁs(v)vadU du
0 0

2

=/¢s(u)Tu /qu(v)(f—va)dv du
0 0

< //qx(um(vm \f — Tof P dudu
00

2
with ¢5(v) = se?v%. For v < u, we have
1Tl f = Tof Pl = 1 T Tl f = Tof PN < 1 f 1 pr0e 1y
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BMO spaces associated with semigroups of operators 705

For v > u, let k be the biggest integer smaller than logé7 , we have

1 1 1
ITulf = To f1212 < I Tulf — TufI202 + 1Tl Tuf — Tou f12112
1 1
A+ Tl Tou f = Tau F1PN2 4 -+ 1Tl Tk f — To fI2112
v
<c(in=+1) 1 flgmoccr.

Therefore, we find that

1P, — PRI < / / In g, (006, (v)dvd
0

u

+

\8

/ 65 (s (Wdvdu | || f | zmoecr)
0

~ o

<l

I Bm o< (T)y-
Taking supremum over ¢ yields the second inequality. O

Lemma 2.7 Let (T;) be a standard semigroup. Then

o0 3
| fllBmoc @) = sup /Pv+t|3§f|2min(s, Nds| . (2.8)
"o
If in addition 2 >0,
o0
| fllBmocr) = Sltlp/ Py TU(Ps f, Ps f)min(s, )ds|| . (2.9)

0
0

1 paroeqy = |sup / P PPy f. Py fyminGs. n)ds| . (2.10)
t
0

B—=

. 2
Proof Let 9; = % and Fa,z( L= ‘aa_/;, the gradient forms associated with 7; =
¢'% which satisfies ng > 0. Then (2.8) follows from (2.9). Moreover, (2.10) follows

from I'(f;, f1) = T(fi, f1) + | £/1%. To prove (2.9), we apply the condition I'> > 0 and
find
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t t
/PtF(Pvf’Pvf)Udv =< /P%HF(P%]‘,P%f)vdv
0 0
1
4 / PoiT (P f, Py f) sds
0
o0
<4 / PysiT (Pyf, Py f) min(s, 1)ds
0

For the reversed relation, we use a dyadic decomposition. Indeed, according to
Proposition 1.2, we have

2ntPs+[

——F7T (Psfv Pvf) = PZ”tF(Psfv Pvf)
s+t

for s > 2"¢. This implies

o
1
5/ Py T(Ps f, Py f) min(s, t)ds
0
o
st
< | PopD(Pf, Pof)——ds
s+t
0
2t © 2”+1t2n »
st [ Fsyt
=/P,F(Psf,Psf)S+tds+22—n/ TP S P fysds
0 n=l ong
2 x| 2+l
< / PT(Pf. Pofysds + 3 o / Po/T(Ps f, P f)sds
0 n=l gn
2t © 2ty
< /P,F(Psf, Psf)sds—i—zz—n / Py T (P, f, Py f)sds.
0 n=l 0

However, we can replace 2¢ by 7 using I'> > 0 and Lemma 1.2:

2t 2t

/ PT(P, f, P, f)sds / PisT(Ps f. Py f)sds

0 0
t

= 4/PH_UI‘(PUf, P, fHvdv

0

IA
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t

< S/PIF(PUf, P, f)vdv.

0

Applying this argument for every 2" !¢, we deduce the assertion. O

Lemma 2.8 Leta > 1. Then

sup [P f = Parf = 2 (1+logy a) I f Ismorca.
t

Proof For t fixed, we have the

37, 2
) 2
|Psif — P fI* < Py (‘ng—Péf‘) = Py /Ps/fds
5
3t 3t
2 2
< Py z/|P;f|2ds < 2Py /|P;f|2sds
t t
2 2

2
3t

2
< 2Py / |P.f|%sds
0
This implies in particular that
sup [P f — Py fl < V2l fllsmor -
t
Forl <a < %, choose b > 0 such that % = % Then we obtain

2
Pt [P (f) = Pyy_ (F)| H

[ 1Pif = Pt <

<2 ||f||%3M0c(a)'
(2.11)

=<

2
‘P(l—h)t(f) - P%(l_b),(f)‘ ‘

We deduce

1P(f) = Pu (DIl < V21 £l Bmocq) (2.12)
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forany 1 <a < % Consider now a > % Let n be the integer part of log 3a. We may
use a telescopic sum

Pif—Puf = (P,f—P32,f)+(sztf—me)+...(P(3)mf—Pa,f).
272 2

We apply (2.12) for every summand. Then the triangle inequality implies the asser-
tion. O

Theorem 2.9 Let (T}) be a standard semigroup satisfying I'> > 0. Then || || 5 MO<(P)s
I lomoe Py and || 1| g s oe iy are all equivalent on N ULyN).

Proof According to Proposition 2.5 we know that

e¢] 2

sup /Ps+lf‘(Psf, P fymin(s, 0)ds||  ~180 |I.f lbmoc Py
t
0

Then Lemma 2.7 implies that || [|pmecp) and || || Moc) are equivalent. Prop-
osition 2.4 (iii) provides the upper estimate of || ||pmoc() against || ||y oc(p)-
Conversely, we deduce from Proposition 2.4 (ii), Lemma 2.8, Lemma 2.7 and Prop-
osition 2.5 (i) that

IfllBmocpy = 20 f lbmocpy +sup | Prf — Pa fl
t

2||f||bma‘(73) + ‘/z(l + log% 2)||f||BM01r(f‘)
20 £ lomoe @y + 282 2V6 | fllomoc Py = (2 + 83 f lmoc Py

IA

IA

Thus all the norms are equivalent on N U Ly (N). O

3 Bounded Fourier multipliers on BMO

In this section we prove the B M O boundedness for certain singular integrals obtained
as a function of the generator for arbitrary semigroups. The ideas for the proof can be
traced back to E. Stein’s universal L ,-bounded for Fourier multipliers.

Lemma 3.1 Let T" be the gradient form associated with a standard semigroup S;
satisfying T > 0. Then

r /fzdu(t),/fzdu(t) S/Idu(t)l/F(fz,fz)ldﬂ(t)l, (3.1
Q Q Q Q

for N-valued function f on a measure space {2, u} such that U (f;, f;) is weakly
measurable. In particular, Let P; be a Poisson semigroup subordinated to a standard
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BMO spaces associated with semigroups of operators 709

semigroup Ty;. Then,
PP, f,vd Py f) < cPyI(f, f),

Proof Let us recall the standard module construction for I'. We consider A - N
with inner product

<Zaj ®bj, Zflk ®l;k> = Zb;‘fl“(aj,dk)ék.
J k J.k

It is easy to see that (z,z) > 0. Indeed, by inequality (1.1), we see Ss(1Si—s f1%) is
increasing with respect to s for any s < 7. On the other hand, taking the derivative in
s, we find

3Ss(ISi—s f1%)

3 = SxF(Stfsfy Stfsf)-
S

This implies I'(f, f) > 0 for any f. Taking matrices we find similarly (z,z) > O.
Therefore AQr N is a (non-complete) Hilbert C*-module over A/, and as such isomor-
phic to H¢ @in N for some Hilbert space H ([25]). Letw : AQr N — HE @min N
be the isomorphism. Then we can define u(f) = w(f ® 1) and deduce

u(fHul@) = (f@lLg®1) = I'(f, 9.

With the help of this map it is easy to conclude using the convexity of | - |

2

/u(ft)du(t)

Q

/ ldp ()| / lu(fo)*1du(0)]
Q Q

/ du ()| / s fldu(o)].
Q

Q

r /ftdu(t),/fzd,u(t)
Q Q

IA

The convergence of the integral here is in the weak sense, (i.e. considering the real-
valued function (&, I'(f;, f;)h)). By (1.2), we may write vd P, as fooo T:du(t) with
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710 M. Junge, T. Mei

JoZ ldm(n)] < cand [5° Teldu(r)| < ¢Py. We deduce from (3.1) and 2 > 0that

e ¢]

FIP, f. 03P, f) < c/ (T, £, To f)ldp(o)]

0
00

<c [ (D) < cPyT .

0

O

Recall that Fa} (f, &) = (8, f*)(3;g) is the gradient forms associated with T; = ¢’ o7
and satisfies ng > 0. According to Lemma 3.1, we know that
t

|0, (03, Py f)I> < cPy|vd, Py f I (32)
SinceT =T + Fa}’ we obtain
TP, f,vP)f) < cPyT(Pyf. Pof). (33)

We now want to define singular integrals of the form F'(A) where F is a nice function.
We follows Stein’s idea and assume that F is given by a Laplace transform. Let a be
a scalar valued function such that

%® 2
a(v)
s/ %dv < c?
v
N

a’

for all s > 0 and some constant positive c,. Define M, as

J P,
.
at

Mi(f) = /a(t)
0

Lemma 3.2 Assume T; be a standard semigroup satisfying I'> > 0. We have

IMa(H)llsmocry < ccall fllBMOC(T)-

Proof Let
t
Si(f) = PI/SF(Psf’ Py fds.
0
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We simplify the notation by using I'[ f] = ['(f, f). Let us compute || S; (M, (f))|l:

t

1S, (M) = | Py / STLP Ma(f)1ds
0

t B o0

= /SPIF S/
0 L 0
t [~ o0

_ /sPtr/() T fav | s
0 L O
t [~ o0

1 P,

= /sPll" /a( ds
0 LS
t

(first inequality of Lemma 3.1) < /
0

(change of variables) = 8¢,

(inequality (3.1)) < cc,

= CCq

(Integrate ds first) = ccq

0 0 _
Jaf? 3P,
s P —dv [ T'|v—f|dv|ds
av " |

v
) S
t 7 0P,
/Pt /F|:v vfi|dv ds
av
0 s
t 00 _
oP,
P; ' v P,f|dv|ds
av ]
0

S

//Pv [T[Py fldvds
0

s
2

/ /P%F[Pvf]dv ds
0

/ P%HF[PUf] min(z, 2v)dv

0

(Lemma 2.7) < ccall f 1 3ar0e(ry

Taking the supremum over 7, we obtain

1
Mo ()l Bmocy = sup |S:(Ma (N2 < ccall fllBMO=(T)-
t

O
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Using (3.2), exactly the same proof shows that, without assuming I'> > 0,
M, : BMOC(d) — BMO“(d)| < ccq 3.4)
Our main tool, the formula I"'(vd, Py f, vo, P, f) < c['(P, f, Py f) from Lemma 3.1

also holds for higher order derivatives that I' (v" 9]} P, f, v" 0} P, f) < c,T'(Py f, Py f).
Therefore the same technique allows us to obtain estimates for operators of the form

o
My, = /a(z)r"—lafp(z)dr.
0

Here n € N U {0} and 9;" P(¢) is the n-th derivative of P (¢) with respect to ¢. Let us
state this explicitly.

Theorem 3.3 Let T; be a standard semigroup. Then

IMyn(OllBMoc@) < cncall fllBMOC()- (3.5
If in addition, T; satisfies 2 > 0, then

Man(lBmocry < cncall fllBMocT)- (3.6)
Corollary 3.4 Let T, be a standard semigroup satisfying T> > 0. Then

IMa() N Bmocpy < ccall fllBmoc(P)-
Proof By Theorem 2.9, we know

IflBmocPy = 1 prroer)
By the definition of f, we see that
1 1 g 0e iy = max{ll fllBaoer), | f 1 Bmoc@)}-

Therefore, Corollary 3.4 follows from Theorem 3.3. O

Example 3.5 Let —¢ be a real valued, symmetric, conditionally negative function on
a discrete group G satisfying ¢ (1) = 0. Let A be the unbounded operator defined on
C[G] as

AM(g) = #(2A(g).
Let T; = exp(—tA), i.e.

T (A(g)) = exp(—1¢p(g)A(g).
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BMO spaces associated with semigroups of operators 713

(T}); extends to a standard semigroup of operators with generator —A on the group
von Neumann algebra N' = V N(G) following Schoenberg’s theorem. T; satisfies
I'2 > 0 too. Therefore, Theorem 3.3 and Corollary 3.4 applies in this setting. Here we
note that M, is indeed a Fourier multiplier. Indeed, assume that m is a complex valued
function of the form

m(g) = c / 6} (e ®ayar.
0

Then M,(A(g)) = m(g)i(g). For example we may consider a(t) = 1725 with s a
real number. Then we deduce that m(g) = I'(1 — is)[¢(g)]"* is a Fourier multiplier.
Note the subordinated semigroup in this case is given by

P(M(g) = e VT Ox(g)
Therefore Corollary 3.4 imply that

IMa(Ollsmocpy = ccall fllBmocp)- (3.7

forall f € Lo(VN(G)).

In the remaining part of this article, we will use probabilistic methods to prove an
interpolation theorem for semigroup BMO spaces. This in turn allows us to obtain L,
bounds for Fourier multipliers of the form above.

4 Probabilistic models for semigroup of operators

In the section, we introduce BMO spaces for noncommutative martingales and
P. A. Meyer’s probabilistic model for semigroup of operators. We will apply them
in the next section to an interpolation theorem for BMO associated with semigroups.

4.1 Noncommutative martingales

Let (M, 7) be a semifinite von Neumann algebra equipped with a semifinite normal
faithful trace 7. We will say that an increasing family (M,); > o is an increasing
filtration if if s < t implies M, C M, |J, M; is weakly dense, and the restric-
tion of the trace is semifinite and faithful for every M;. We refer to [45] for the fact
that this implies the existence of a uniquely determined trace preserving conditional
expectations E; : M — M;. By uniqueness we have E;E; = Emin(s.r). Right con-
tinuity, i.e. ﬂwt Mg = M, forallt > 0, will be part of the assumption when we
talk about increasing filtrations. Similarly, we will say that (M;); > o is a decreasing
filtration if s < t implies My D M;, M is the weak closure of | J, M,, and we have
left continuity. Again we have a family of conditional expectations Es : M — M
such that EgE; = Emax(s,r)- We have Mo = M, Ey = id for decreasing filtration
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714 M. Junge, T. Mei

and set My, = A;M; as a convention. Set My = M, Exo = id, Mo = A M,
for increasing filtration. A (reversed) martingale adapted to (M;);e[0,00) is a family
(x;) € LY (M) + L>(M) such that E; (x; — x;) = 0 for any s > ¢ > 0 for increasing
filtration ( for r > s > 0 for decreasing filtration).

Forx € L,(M),1 < p < o0, the family (x;) given by x; = E;x is a martingale
with respect to M;. For 2 < p < 0o, we define

+ 2
”x“L‘]’,mo(/\/l) = |sup E; (I)C — Ex| )” s
t

where || sup™ -|| 2 should be understood in the sense of vector-valued noncommutative
L, spaces, see [20,22,35]). Let

1l 2 pmotaty = max {1 g mocrys 1 g mocan | -
By Doob’s inequality, we know that
Xl ,mor) = cpllxllL, (M- 4.1

Let L([),(./\/l), 1 < p < 00, be the quotient space of L,(M) by {x,x = £x}. Here £
is the projection from M onto A;M;, which equals to Ey in the case of increasing
filtration and equals to E in the case of decreasing filtration. For 2 < p < oo,
let LYmo(M) (L mo(M)) be the completion of M® = LI, (M) by || - ll2,,moMm)
ar- Lmo(M) )-norm. For p = oo, we have to consider a weak™ completion and denote
the completed spaces by bmo® (M) (resp. bmo(M)). We refer the interested readers
to [11,16] for more information on noncommutative martingales with continuous
filtrations.

We now introduce martingale h,-space, which are preduals of L ,mo’s. Let 0 =
{0 =150 <s1,...,5:—1 < s = oo} be a finite partition of [0, co]. For x € Ll(./\/l) +
L% (M), define the conditioned bracket (x, x) (o) (k < n) as

n
(X,X)(U) = ZE‘YI*I |Eij - E‘Yj,1x|2~
j=1

The h;(o), 1 < p < o0o,-norm of x is defined as

X llne, = H((x, x)(o))%

L,

Let U/ be an ultrafilter refining the natural order given by inclusion on the set of all
partitions of [0, co]. The hj,(b{) and h;(L{)—norms of x are defined as

el = 0l

el = lim | (e @3]
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BMO spaces associated with semigroups of operators 715

The h‘l’l,(Z/{)-norm of x is defined as

Illg =tim | 3 | Eyyx = By 7

sj€0

It is proved in [16] that these norms do not depend on the choice of U/ whenever U is
containing the filter base of tails. Let h;(/\/l) (h;(/\/l), h‘li, (M) ) be the collection of

all x with finite h; o) (h;,(/\/l), hf, (U) )-norm. It is proved in [16] that

5 11
(h;(M)) = Lymo(M) = Bg(M), 12 p <2, —+ - =1

RS (M) + B (M) + (M) = Lp(M), 1 < p <2.

Denote by h,(M) = hS (M) + I, (M), Hy(M) = hp(M) + h4 (M), 1 <
2. hp(M) = hS(M) NI (M) for 2 < p < oo, and BMO(M) = (H (M)
bmo(M) N (h‘]l(/\/l))*, we have

*
A

[BMO(M), L1(M)]$ =Ly(M),

forall 1 < g < oo.

Recall that a martingale x = (x;); has a.u.continuous path provided that, for every
T > 0,& > 0 there exists a projection e with (1 — e) < ¢ such that the function
fe : 10, T] - M given by

Je) = xie e M

is continuous. The following observation will be crucial for us.

Lemma 4.1 Let x* be a net of martingales in M0 Ly (M) with a. u. continuous path.
Suppose x* weakly converges in Ly(M) and the limit x is in bmo. Then x € BM O
and

”x”BMO = C”x ”bma-

Moreover, let p > 2 and x € L,(M) with a.u. continuous path. Then xlln, ~c
ez, -

p

Proof We first prove that for martingales x € Ly (M) N M with a. u.continuous path,
we have

By Doob’s inequality for noncommutative martingales, one can show that a. u. con-
tinuity and x € Lp(M) N M imply that x; = f(t)a for some a € L;(M) and a
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continuous function f : [0, T] — M forany g > 2, T < oo. This implies that
}Illzl/{l ldi; GO, ese) = Erg{l Hsupj}“_ead,j (x)*d;; (x) Hq/z = 0,
for any ultrafilter ¢/ of [0, T'] containing the filter base of tails. Note that
1-6 2]
”dlj () ”Lq(ego) = ”dlj (x)”Lq(Q) = ||dfj (x)”Lq(ego) ”x”H,j(a) 4.3)
for 0 = %. Thus we also find that

anf{l Nde; ML, er,y = 0.

We recall from [16] that Up>1 B,
4

Here the h}f is defined such that the norm of x € L,(M) N (h}f)* is given by
limg ¢ lldi; (%) |l 1, (es,)- Therefore, x satisfies (4.2) if x is in M N Ly(M) and has
a. u. continuous path. Now, let x* be a net of weakly L;-converging martingales
in M N Ly(M) with a. u. continuous path. Suppose its weak L>-limit x is in bmo.
Recall from [16] that, for any y € Hf NL3(M) we may find a decomposition such that
¥ = yi-Hy2 with y1 € K§NLa(M), y2 € h{NLa(M)and |y Il + 120 < 201501 a;-
Then

i, C h{ are dense in the unit ball of h{.
V4

TGP0l = [tOTOl+ el = [t(i)]+[lim T(y3xM)]

= |[tO10l = cllxllomollyillag.

Since the unit ball of H{ (M) N Ly(M) in dense in the unit ball of H{ (M), we get

Ixllbmo. =< clixliBmo, -
From (4.3) we have already seen that for martingales x € L, (M) with continuous

path we have lim,; z4 ||x||hg(0) = 0 because ||x||hg(0) = |ldi; ()L, (e, Hence we
have

lxlng < Clixlng

for g > 2 because H; = hy N hg for g > 2. O

In the previous argument we learned for continuous martingales with a.u. contin-
uous path we have ||x||h7) = 0 (see also [11]). In fact, in this paper we might simply
take this as a definition. We will need some more results in this direction and state
them in the following lemma.
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Lemmad4.2 Let 1 < p < oo. We have

(BMO(M), Ll(/\/l))% =L,(M), 4.4)
(bmo“ (M), Lg(/\/l))]% = h%,(M) 4.5)

with equivalence constants >~ p. Suppose that x € L,(M),2 < p < 0o and (E;x);
is a.u. continuous. We have

Xl ,moM) + IEX N L, Ay = NIXIL, (M), (4.6)
with equivalence constants > p for p > 4.

We say that a standard semigroup (7;) on a semifinite von Neumann algebra A/
admits a standard Markov dilation if there exists a larger semifinite von Neumann alge-
bra M, an increasing filtration (My])s > o and trace preserving *-homomorphism 7
such that

Es](ﬂt(x)) = my(Tr—sx) s <t, x eN.

We say that (7;) admits a reversed Markov dilation if there exists a larger von Neumann
algebra M, a decreasing filtration (M) > 0, and trace preserving *-homomorphisms
75 : N'— M, such that

E[s(nt(x)) = w(Ts—x) t<s, X eN.

We say that (7;) admits a Markov dilation if it admits either a standard dilation or a
reversed dilation. We refer to [24] for related questions. A glance at (1.2) shows that
a Markov dilation for (7;) implies that the P;’s are factorable (in the sense of [1]).
According to [1], we know that a Markov dilation for 7; (standard or reversed) yields
a Markov dilation (standard and reversed) for P;.

In the noncommutative setting the existence of a Markov dilation is no longer for
free, as it is in the commutative case. We refer the reader to [39] for its existence
for group von Neumann algebra and to [17] for its existence for finite von Neumann
algebra. However, the existence of a Markov dilation allows us to use probabilistic
tools for semigroups of operators. In particular, given a a reversed Markov dilation we
know that m(x) = (ms(x))s>0 with

mg(x) = ms(Tyx), 4.7

is a martingale with respect to the reversed filtration (Mj). A standard Markov
dilation implies that, for any v > 0, m(x) = (m4(x))y>s>0 With

mg(x) = mws(Ty_sx) (4.8)

is a martingale with respect to the standard filtration (M;).
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Proposition 4.3 Let (T;) be a standard semigroup of operators on N with reversed
Markov dilation (7r;, M;). Let x € L,(N). Then Efs(mox) = s Tyx and

1

2
70 igmocry = |supi e (Tilxl? = 17ix?) | (49)
2
for2 < p < oo.In particular,
770 () | bmoc (M) = 1% lbmoe (T - (4.10)

Proof To prove (4.9), we apply the reversed dilation condition and get E|;mo(x) =
Ty T[.x . Then

2
Ep 1t = [Epmo)|* =i (Tilx? = 1Tix?)

Taking the supremum over all 7, we obtain the assertion. The Eq. (4.10) now follows
immediately from the definition. O
4.2 Meyer’s probabilistic model for semigroup of operators

Meyer’s probabilistic model provides another way to connect semigroups of operators
with martingales. Let us start with an observation due to Meyer [28].

Proposition 4.4 Let T; be a semigroup with a standard (resp. reversed) Markov dila-
tion (7w;, My). For x € dom(A), let n(x) = (ng(x))s>0 with

ng(x) = 75 (x) +/7TU(A(X))dv, (4.11)
0

for standard Markov dilation and

o]

ng(x) = 75 (x) +/7TU(A(X))dv, (4.12)

S

for reversed Markov dilation. Then n(x) is a (reversed) martingale with respect to the
filtration M.

Proof Let us verify that E;ng(x) = n;(x) for t > s in the reversed dilation case.
The verification for ¢t < s in the standard dilation case is similar. Due to the dilation
property we have
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o0 t
E 700 + / T (A | = (T () + / 1 (Tr—y A(x)) d
+/7rv(A(x))dv

1
1

= (T () + / 1 (BT (X)) dv

+ / 1wy (A(x))dv

t
o0

= ﬂt(x)+/ﬂv(A(x))dU~

t
This means n(x) satisfies the martingale property E;ns(x) = n;(x) fort > s. O
The main ingredient in Meyer’s model is to use Lévy’s stopping time argument for
the Brownian motion (see however [9,10] for more compact notation). Given a stan-

dard semigroup 7; with generator A, assume (7;) admits a standard Markov dilation
(g, My). We consider a new generator

defined densely on
L*(R) ® L*(N).
This leads to a new semigroup of operators T, = exp(—tA) such that

df*(t) dg(t)

L(f(0),8@) = T (f),g(0)+ s

Let (B;) be a classical one dimensional Brownian motion associated with d¢ (instead
of the usual %dl in the stochastic differential equation) such that By = a holds with
probability 1. Let My = MZ ® M, with MP the von Neumann algebra of the
Brownian motion observed until time s. The Markov dilation for the new semigroup
T, is given by M, and 72, (f (-)) = 7 f(B:(")).

For x € L,(N),1 < p < oo, denote by Px for the L ,(\)-valued function on
[0, 00)

Px(t) = Pi(x).

@ Springer



720 M. Junge, T. Mei

Recall that we write P’x for the functions %P,x. Fix a real number a > 0. Let t, be
the stopping time of B first hit 0, i.e.

t, = inf{¢ : B;(w) = 0}.

The following observation due to P. A. Meyer.

Proposition 4.5 Forany x € L,(N), 1 < p < o0,
Ng(x) = (ﬁta/\th)t

is a martingale with respect to the filtration

Mia =\ #t, WV ® LX(R)).

v<t

Proof Apply Proposition 4.4 to A, 7, we get 77, (Px) is amartingale because A(Px)=0.
Therefore, 7, »,(Px) is a martingale too since t, is a stopping time. O

Let

wot

~ ~ ————wot
Ma - \/tz()Ma,t - vtaEfZ()Ml‘ .

Let £, be the conditional expectation from M, onto /\;la, +. Proposition 4.5 implies
that

E(m4,x) = fryuni PX = T, Py, 0 X, (4.13)

for any x € \V.
Meyer’s model allows us to consider martingale spaces with respect to the time and
space filtrations simultaneously.Leth;Omo(./\/la), Lgmo(/\/la), 2 < p < oo be the

martingale spaces with respect to the filtration /\;la, +. Recall that we have an orthogo-
nal projection Py, on the subspace consisting of martingales x = (x;) with the form

tAt,
Xx=/)’sst (4.14)
0

with y, adapted to M. By approximation, we see that (x;); has continuous path, i.e.
x; 1s continuous on ¢ with respect to the L ,-norm, provided sup, ||y |, ) < 00
P a

Denote Pr = I — Pp,. Recall that it is our convention to write bmo instead of
Loomo and BM O = bmo N (h{)*.

Lemma 4.6 Let (T;) be a standard semigroup admitting a Markov dilation, (Py); the
semigroup subordinated to (T;); and f € N'U Ly(N). Then

@ 1 F lsmocy = 12aC 00 a4,
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BMO spaces associated with semigroups of operators 721

sf|2min

(11) ”Pbrn”(f)”BMO‘(M y — ”Pbrna(f)”bmo‘(./\/l ) = sup, ” f() Pb+é| s
(s, b)ds|| 2.
(iii) Ifin addition T > 0, then

o0 3
PR ARG e,y = SUP / Py T (P f. Py f) min(s, b)ds
“ b
0

Proof We recall that (74 (f)); = i, a(Pf) = e, 0 (PBy, ,, (f)). So the end element
na(f) = me, (f), (ha(f))o = m0(Ppy(f)) = 1(w) ® mo Py f. Hence we get

£ (1a(HP) = [iGa(H)|” = 7ns (Pr 12 = 1Py 7).

for t,(w) > t. Thus in any case we have

IA

ess Sgp ‘E, (|ﬁa(f)‘2) _ ‘Et (fla(f))‘z"

sup |7, (PSP = 1P SP2) |
s

IA

2
1 1 e -

However, recall that Bg(w) = a almost everywhere. This means B; = a + B, where
B, is a centered Brownian motion. Since lim sup, |B;|/+/2t loglogz = 1, we know
that with probability 1 the process | B;| exceeds a. Thus with probability 1 the process
By hits 0 or 2a. Hence with probability % the process hits 2a before it hits 0. Let us
assume that By(,)(w) = 2a and Bs;(w) > 0 for 0 < s < f(w). By starting a new
Brownian motion at ¢ (w), we see with conditional probability % we have By () = 4a
for some f(w) < t'(w) and B;(w) > O for all 1(w) < s < t'(w). By induction we
deduce that with probability 27" the process B; hits 2" a before it hits 0. Thus given any
b > 0, we may choose n such that 2"a > b. We see that with positive probability there
exists t, () such that By, () = 2"a and Bs;(w) > 0on [0, #,(w)] and By is continuous.
By continuity there exists ¢ (w) € [t,(®), t,(w)] such that B;, = b. In particular,

Taking the supremum over all b yields (i). For the proof of (iii) we first apply Lemma
2.5.5 and Lemma 2.5.10 (ii) of [14] (note there, p, denotes for 71,). This immediately
yields the first inequality (after a concise review of the involved constant for § = %).
For the upper estimate of this term, we recall that with positive probability every value
b is hit. Then we start in equality (3.20) for a fixed b = B;(w). We use the monotonicity

Et(w)(|ﬁa(f)|2) -

~ 2
Et(w)na(f)‘ H = ‘

2 2
Tt (w) (PB,(Q,)|f| - |PBt(m)f| )H

[ Potr 2 =10 r .
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722 M. Junge, T. Mei

Pris@@ . P and find
= 71

b+s
tp | 00 b+s
E/Ts(F(PéYx,Pévx))ds = 5/ / P, I"'(Psx, Psx)dtds
0 0 |b—s|
b+s
> 1/ PpysI'(Psx, Psx) / dt | ds
2 b+s
b—s|
/ Py (Pyx, Pyx)
= bs ds
b+s
0
| 00
> / Py o T (Pyx, Pyx) min(b, s)ds,
0

The proof of the second equivalence of (ii) uses Lemma 2.5.10 (i) of [14] and is similar
to (iii) but we only need | P,z|*> < P;|z|? instead of I'> > 0. The first equivalence of
(ii) follows from Lemma 4.1 and the fact that Pprn,(f) has continuous path. O

Lemma 4.7 Foranyy € L,(N),2 < p < 00, we have
| Portea ¥ oty + 1Pty = IV, (4.15)

with equivalent constants = p for p > 4. Assume that (Eﬂrfa ¥); IS a.u. continuous,
then

IPre, VIl ooty T 1Pa¥ L, 01,y = V1,00 (4.16)

with equivalence constants >~ p for p > 4.

Proof This follows from the fact that Py, E, mt, y has continuous path, Eoﬂra y =mo Py,
Lemma 4.2 of this article, and Lemma 2.5.11 of [14] (note -, is denoted by p, there).
m}

4.3 Noncommutative Riesz transforms

We will prove a L>°-BMO boundedness for the noncommutative Riesz transforms
studied in [14] in the first subsection.

Recall that the classical Riesz transforms on R” can be viewed as 9 - (—A)™ 2
Given a standard semigroup of operators 7, = e~'4, it is P. A. Meyer’s idea to
view the generator A as an analogue of —A and the associated bilinear form I'(f, f)

as |df|>. The generalized Riesz transform of a function f is [F(A% £, Az f)]%

@ Springer



BMO spaces associated with semigroups of operators 723

As a noncommutative extension of Meyer’s result, Junge/Mei proved in [14] that

<, |INCs 1

1
Ab ’ <
H pr<N) P

L,\N)’

for 2 < p < oo and self adjoint elements f € L,(\N) with additional assumptions
on T;. We will extend this L ,-boundedness to L — BM O boundedness.

Theorem 4.8 Assume T; admits a Markov dilation and satisfies I'2 > 0, we have

Proof By the assumption of a Markov dilation (7;, E;) of a standard semigroup
T, = e~'4, we have

’

1 1
A2 H < cma H I'(g, 2
H ] X[ [C(g, &)]

'[F(g*, g*)]%

forg e A

u u
oT,_
Etﬂuf—ffthTFt(Tu—tf—f)=7Tt/ 8rr tfd” = —E,/n,Afdr,

t t

for f € dom(A). Apply to the Markov dilation (71, E;) of the new semigroup
T, =e 4 we get

u

E\,ﬁ”f—ﬁle—E,/ﬁrder.

t
Passing to the stopping time t,, we get

tq
Edf—Funf =—E / = Afdr.

tu At
For a given self adjoint g € A, let
f(s) =T (Psg, Psg),
It is an easy calculation by definition of I'* that
—Af =2T*(Pig. Pig) + 2T (P(g. P(g).
By I'> > 0, we have

—Af = 2I'(P/g. Plg) = 0.
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724 M. Junge, T. Mei

By Lemma 2.5.10 (ii) of [14] (note p, denotes the same martingale of 7),

tq
||Prﬁa(g)||bm()czsup E\T/ﬁrr(Psg, Psg)dr .
' ty Al
Therefore, by Proposition 4.6,
ty
HA% H2 ~ HP (A2 )H2 = sup | E /AF(P/ Plg)d
Elapoey ~ NIRRT SUPY B [T RS S Be8)Ar
ta At
ty
< sup —E;/?r\rder = sup |EiRg, f — Teone f |
' to At !
= Hﬁtaf” + Sltlp Hﬁtumf”
= |7 (Pg. PO)| + sup [FinT (P, Po)
= |7 Pree o) +sup |Ft, e PT (5. 9|
= 7P, o) +swp | Efi, UG5, 9]
< 2(l'(g, &Il -

o . . . . . cile _ g*+g lg*flg

Fornon-self adjoint g, we obtain the desired inequality by splitting g = 5= +i=5-=.
O
Corollary 4.9 Let T, be a standard semigroup satisfying T2 > 0 and admitting an

a.u. continuous Markov dilation (see definition at the beginning of the next section).
We have

|4%4]

< (g, (g™, g* )
Ly < cpmax{[Il'(g. &)L, ), 1T 8L, )}

for2 < p < oo.

Proof By the same argument used in the proof of Theorem 4.8, we have

| Pria (a%¢) < emax {10, &)z, 00 [T (8" €)1, 0 }-

meo(Ma)

We then obtain

< cpmax {I0(&. &)1, [T (8% 871, o0 -

1
A% ) <
4% Ly

for p > 4 by Lemma 4.7 and Proposition 5.1. The same inequality is proved in [14],
Theorem 2.5.13 with constant cp for 2 < p < 4. O
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BMO spaces associated with semigroups of operators 725

Remark 4.10 Let N be a commutative von Neumann algebra, for example N/ =
Lo (R™). Let A = A on R" and R be the classical Riesz transform, i.e. R(f) =
(.., 8;(—&)_%]‘, ...).Itiswell known that R is L ,-bounded uniformly on the dimen-
sion n for 1 < p < oo (see [29,34,43]). For p = 1, a dimension free weak (1, 1)
estimate is due to Varopoulos (see [47]). It is desirable to have some results for p = oo
which implies the estimate in the range 1 < p < oo by interpolation. Note, in this
case,

I fllBpmom = IR( ) Bmo@)-

By Proposition 2.5, we have the dimension free estimate

IR(HIBmon) < cllflloo-

5 Interpolation

We will prove an interpolation theorem for BMO spaces associated with semigroups of
operators. Our BMO spaces are then good endpoints for noncommutative L, spaces.

Let (T;) be a standard semigroup on N admitting a (reversed) standard Markov dila-
tion (M;, r;, E;). We say the dilation has a.u. continuous path if there exist weakly
dense subsets B, of L, (/N) such that both m(f) and n(f) have a.u. continuous path
for all 2 < p < oo. Here m(f) and n(f) are martingales given as in (4.7) and
Proposition 4.4.

Proposition 5.1 Suppose a standard semigroup Ty satisfies T'> > 0 and admits an
a.u. continuous standard (reversed) Markov dilation (7t;, My). Then the martingale
fia(f) = Rgns (Pf) in Meyer’s model is a.u. continuous for all f € L,(N), p > 2.

Proof This is the second part of Lemma 2.5.3 (ii) of [14]. O

‘We use the notation L(I), (M), 1 < p < oo for the complemented subspace of L p(N)
which is orthogonal to

ker(Ay) = {f €dom,(A), Af = f} = {f € Ly(\), lim 7, f = f}.

Equivalently, L([),(N Y={f € L,(N),lim/_, T; f =0} and hence we may also view

L?,(N ) as a quotient space. The limit is taken with respect to the || - ||, \)-norm
for 1 < p < oo and is with respect to the weak* topology for p =1, co. Recall
from Proposition 2.3 we know that || - ||pmec(7) and || - || gy oc(7) are norms on the

quotient space N U LY(N). Note Af =0 implies 7, f = f and P, f = f forall ¢, we

1
get ker (Ago = ker(Aco) ={f, lim; P; f = f}.So |l - | pmo.cp) and || - |pmoe (p) are

norms on N0 U Lg(./\/) too. The same is true for || - || sprocrys | - Il gpr0e
I - IBM O (5)-

() and for
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726 M. Junge, T. Mei

5.1 Interpolation in the finite case

We assume that the underling von Neumann algebra N is with a finite trace 7 in this
subsection. In this case, all the BMO-norms associated with semigroups are bigger than
the Ly(MN)-norm up to a constant. Let BM O(7), BMO(P), BMO(f‘), BMOT),
BM O(d) and bmo(7T), bmo(P) be the spaces of f € LO(J\/' ) with finite correspond-
ing BMO-norms. We consider the complex interpolation couples [ X, LO M 1 with X

any of these BMO spaces. See [2] for basic properties of complex 1nterpolat10n method

Theorem 5.2 Let (T;) be a standard semigroup of operators. We have
(1) Assume (1}) admits a standard Markov dilation. Then

L5, = [X. Ly .

with equivalence constant =~ pq for all p = 1,q > 1 and X being semigroup-
BMO spaces BMO(T), BMO(P), BMO("), BMO(9), and bmo(P).
(i) Assume (T;) admits a reversed Markov dilation with a.u. continuous path. Then

s

L3, ) = [bmo(T), Ly )]

Q=

equivalence constant >~ pq for all p > 1,q > 1. If, in addition, T; satisfies
I'2 > 0, we have

0 _ 0
LS, W) =[BMOM), LYW .
q
equivalence constant >~ pq forall p > 1,q > 1.

Proof For any choice of X, note that the trivial inclusion N C X implies
0 0
L9, [X. L] .
q

Assume a Markov dilation eZ(ists, for X = BM O(9), we consider Meyer’s model in
Sect. 4. Note (q(x))o = Eomy, (x) = moPyx for all x € Lr(N) 2 X. Accord-
ing to Lemma 4.6 (ii), we get that Py, embeds BM O(9) into BMO(MG).
Thus Py, 7., embeds [BM O (), L‘},(N)]é into [BM O(M,), L,,(/\;la)]é because

it embeds L ,(N) into L P(Ma) too. Note
[BMO (M) . Ly (Ma) ], = Lpg (1)
q
with equivalence constant >~ pg by Lemma 4.2. We deduce that,

1Py, Xl pg = cPqlIxliBrmo@).Low1,

<
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BMO spaces associated with semigroups of operators 727

holds for all x € [BM O(9), L(,),(/\/)]l- By Lemma 2.5.11 of [14], we have (note p,
q
there denotes 7, and Pr is the projection to L(;,(N )

Xl pg < Zali)ngo | Poree, x|l pg < CPQ||X||[BM0(3),L?,(N)]% :

We obtain the desired result for X = BMO(0). For X = BMO(P), bmo(P),
BM O(f‘), BM O(T), the interpolation result follows from the relation that N0 c
X C BMO(0) because of Theorem 2.6 and Proposition 2.5 (ii).

We now prove (ii). Assume the admitted Markov dilation has a.u.continuous path.
By Proposition 4.3, we see that mg embeds bmo(7) into bmo(M). Now, for any
x € bmo(T) C Ly(N), we can find a net x;, € La(N) N A converging to x in
Ly(N). So mo(x;) € Lo(M) N M converging to mo(x) in Ly (M). By Lemma 4.1,
mo(x) € BMO(M) and |lmo(x)lsmomy = cllxllpmocm)- Therefore, mo embeds
bmo(T) into BM O (M). By the same argument used for the proof of (i), we obtain
the desired result.

We now turn to BM O(I"), Lemma 4.6 (iii) implies that Prm,, embeds BM O(T")
1nto bmo(/\/la) Note that Proposition 5.1 implies the a.u. continuity of i,(x) =
(E,ﬂrﬂx), forall x € Ly(N) NN assuming I'> > 0. Then Prm,, embeds BM O(T")
into BM O(Ma) by Lemma 4.1 and the argument used for (ii). Repeat the argument
used for the proof of (i), we obtain (iii). O

Remark 5.3 According to [17] we have a Markov dilation for finite von Neumann
algebras. Hence BM O (9) solves problem (0.1) in this case.

As a consequence, we obtain the boundedness of Fourier multiplier M, discussed in
Sect. 3.

Corollary 5.4 Let (T;) be a standard semigroup admitting a Markov dilation. Let M,
be as in Sect. 2. Then

IMa fllL, vy = cpllfllL, (5.1

with ¢, in order of >~ max{p, ﬁ}. In particular, for M, = L', we have

1L Flle, o) < cpll FllL,on, (5.2)

1 1_1
- —13-1
~ max , —— S Plex .
Cs,p [p l] | | p( )

Proof Apply Theorem 3.3 and Theorem 5.2 to M, and their adjoint operators, we
have for f € L9(\),

with

TS TS

2 p

1
Mo fllz,w) < cmax [p, F] ILF 1z,
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728 M. Junge, T. Mei

forall 1 < p < o0. Since M,’s vanish on f with lim; 7; f = f, they are bounded on
the whole L, (N). For M, = L'*, we have

1LY fllaon < 1Nz, o0
IL™ fllsmom < T —is) ' fllsmow)-

By interpolation, we have, forall 1 < p < oo,

. 1 o —1=2
I fllL, ) < cmax [P, E] 'l —is) ‘ ”‘llfHLp(/\/)-

It is well known that, e.g. see page 151 of [46],

7ls|
2

(1 —is)| ~ |s|Ze” 2. (5.3)

Therefore, we conclude,

s s

2 P

is 1 i1
IIL”fIILpW)SCInaX[P,ﬁ]|S| g ”‘e 1AL,

O

Remark 5.5 It is known that standard semigroups (7;) on von Neumann algebras
VN(G) of a discrete group always admit a Markov dilation (see [39]). Moreover,
a recent result of Junge/Ricard /Shlyakhtenko (see [17]) shows that standard semi-
groups (73) on any finite von Neumann algebras admits a Markov dilation and for the
bounded generators A, = ¢t~ (I — T}) the Markov dilations also has almost uniformly
continuous path.

Remark 5.6 The L ,-boundedness of Fourier multipliers M, could be proved directly
following E. Stein’s Littlewood-paley g-function technique (see [41]) by the non-
commutative H), theory developed in with worse constants. It could be also obtained
following a classical argument of M. Cowling (see [5]) through ‘transference tech-
nique’ in the noncommutative setting, which could become available after [17]. How-
ever, ‘transference technique’ does not seem to work for BM O. Cowling did obtain
optimal L ,-boundedness constants for the imaginary powers L' on abelian groups,
although our method provides a slightly better estimate on s as s — oo (see 5.2). But
Cowling did not have optimal L ,-boundedness constants for general multipliers M,’s

(he had ~ max{p?, (p — 1)~3}, see Theorem 3 of [5]).

As another application, we obtain optimal constants for the noncommutative max-
imal ergodic inequality proved by Junge and Xu (see Theorem 5.1 and Corollary 5.11
of [22]).
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Corollary 5.7 Suppose (T;) is a standard semigroup admitting a Markov dilation,
then

1
T < l, —— . 5.4
I sup tfllL,wy = cmax ’ = 1)2] (RAIVTY) (5.4

Proof The proof is to write T, — % f(; T,dv as an weighted average of L'* for each ¢

as Cowling did (see [5]) and use the uniform estimate of L ,(\')-boundedness of Lis.
From the elementary identity

1

a
— / )J'sr(l—is)(1+is)*‘ds=e*k—/e*“du,
T

0

(=}

we deduce by functional calculus that
+00
1 is . s =1 —tL
— LT —is)(1+is)  'ds=e
T
0
Tydv. (5.5)

Theorem 4.1 and Theorem 4.5 of [22] imply that

t

1 1
- | T, fd < , — . 5.6
sup [ 7o _cmax[p (p_l)Z]ufuL,,w) (5.6)
0 Ly(N)

On the other hand, for any a € L, (N, L1(0, 00)), % + ql = 1, we have

00 +00
/a(t /tL)iS(f)F(l—is)(1+is)_ldsdt
0

+

o0

0
T /a(t)tisdtL”(f)l"(l —is)(1+is)"'ds
0

o

00 +00
< sup /a(t)t”dt / L™ ()L, D( = is)(1 +is)~"|ds.
N
0 LgN) 0

(5.7)
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A combination of (5.2), (5.3), (5.5), and (5.7) implies that

t

T 1
t/a(t) Tt—;/TUdv dt
0

0
e

1
ScmaX[p,F] /a(t)dtlqu(N) Fllz, - (5.8)
0

Without loss of generality, assume f > 0. We deduce by duality (see Proposition 2.1
(iii) of [22]) that,

l sup i fll, )

o0
< sup : / a(OT, fdt.
a€Ly (N, L1 (0,00)), [lall<1
o0 1 t 1 t
= sup r/a(t) th——/vadv+—/vadv dt,
a€ly(N.L10.00) lal <1 fo ’0
o0 1 t
< sup t/a(t) th——/vadv dt
a€ly .11 0,00 lall <1 fo
1 t
+ sup;/vadvdt
t
0 L,(N)

By (5.6) and (5.8) we obtain,

1
2
l Sltlp th”Lp(N) < cmax [P ) (p——l)z] ||f||Lp(./\/’)-
Note
sup Tt fll oo Ny < 1 Lo -
t

Apply the interpolation result of Theorem 3.1 of [22], we obtain

1
sup T; <cmaxi{l, —— ,
I tP tfllL,w) ¢ [ = 1)2] 1AL,

forall 1 < p < oo. O
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5.2 Interpolation in the semifinite case

We will extend Theorem 5.2 to the case that the underling von Neumann algebras A is
semifinite. In this case, BM O is no longer a subspace of L. To study the interpolation
result, we first have to obtain a larger space that the interpolation couple BM O, L,
belongs to.

5.2.1 Ly-Hilbert module

We will need the following definition and lemma of L ,-Hilbert module due to
Junge/Sherman (see [18]). For p = oo these spaces are well-known through the
GNS construction for a completely positive map (see [25,33], Corollary 6.3).

Definition 5.8 Let M be a semifinite von Neumann algebra. Let E be an M right
module with an Lg (M)-valued inner product (-, -). A (right) Hilbert L ,(M) (1 <

p < 00) module, denoted by L;(E ), is the completion of E with respect to the norm
1

-1l =107, . A (right) Hilbert L~ (/M) module, denoted by LS (E) is the
L2 (M)

completion of E with respect to the strong operator topology, briefly STOP topology.

The STOP topology is induced by the family of seminorms ||x|l¢ = T(§ (x, x))]%.

Here is an easy proposition which we will use frequently.

Proposition 5.9 Suppose (LS (E), (-, -)) is a Hilbert Lo (M)-module. Suppose a
net x, € M converges to x € Lo (E) in the STOP topology. Then (x;, x,) weak*
converges in M. We denote the limit by (x, x).

Given a Hilbert space H, denote by B(H ) the space of all bounded operators on H.
Choose a norm one element e € H, let P, be the rank one projection onto Span{e}.
For 0 < p < o0, let

LP(M, He) = Lp(B(H) @ M))(1 ® P).

Namely, L” (M, H¢) is the column subspace of L?(B(H) ® M)) consisting of all
elements with the form x(1 ® P,) for x € LP?(B(H) ® M)). The definition of
LP(M, H€) does not depend on the choice of e. L? (M, H) can be identified as the
predual of L9(M, H,) with g = % for 1 < p < oo. The reader can find more
information on L? (M, H,) in Chapter 2 of [12].

Lemma 5.10 L;(E ) is isomorphic to a complemented subspace of L? (M, H;) for
some Hilbert space H. Moreover, the isomorphism does not depends on p and

(L;(E))* = LY(E), (5.9)

foralll < p < oo,
tr({w, z2)) is used.

= 1. Here the anti-linear duality bracket (w,z) =

= =
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5.2.2 Interpolation for BM O(d), BMO(T), BMO(P), BMO(f‘) and bmo(P)

We use Meyer’s model to prove an interpolation result for the BMO space correspond-
ing to the || - ||pmo(ay-norm. For x € N/ 0 we recall the definition

t 2 e e] 2

Ixllbmoc @ = sup /PzIPAT(X)Izst =~ sup /Ps+z|P§(X)|2min(t,S)ds
t t

Define the L (R ) ® N -valued inner product on N’ ® N by

o0
(x®a,y by =a* / Pyyi(P{ (x*) P{(y)) min(z, s)ds | b.
0

Let V be the Hilbert L°°-module corresponding to this inner product. Let BM O€(9)
be the strong operator closure of A in V via the embedding

O:x > x®1.

Let BM O"(d) be the strong operator closure of A’? in V via the embedding x —
x*® 1.

We define the column and row space of BMO(7), BMO(P), BMO() and
bmo(’P) similarly by using Hilbert L..-modules corresponding to respective BMO-
norms given in Sect. 2.

To understand the intersection of BM O¢ and BM O", we need the following obser-
vation.

Lemma 5.11 Let x € X with X € [BM O°(3), BMO*(T), BMO(P), BMO“(l"),
bmo°(P)}. Then P/x exists in N and

IP/xllefy < Ct Mixlx. (5.10)

Proof Fix t > 0. Let x;, € N° ¢ BMO€(d) be a net such that ®(x;) = x; ® 1
converges in V with respect to the STOP topology. We will show that P/x; weakly
converges in A and the limit (denoted by P, x) has norm smaller than ctVx|lg MO (d)-
This is what we mean by P/x exists in .
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We first deduce from Proposition 1.2 that, for ¢ > 0,

2 t
0

t t

t2 3P2,
X

Py |
2 | 2 2

t
sds = /IPQ,,SPS’x;stds
0

< / Poyo(I Pl Psds < / DS s 1P Pysds
; , +s
oo
< 2/P,+s(|P;xA|2)min(s,t)ds (5.11)
0
= 2{D(x;), P(x1))a. (5.12)

By Proposition 5.9, we know that P/x; converges with respect to the strong operator
topology of N and the limit exists in A/ with a norm bounded by ¢||x || s 0¢(3) since

®(x;) converges in the STOP topology. Note the || - || s oc(9)-norm is smaller than
any of the other X-norms by Lemma 2.5 (ii) and Theorem 2.6. We obtain (5.10) for
all X. O

We say that x € BM O€(9) belongs to BM O"(9) if P/x = P/y for some y €
BMO”(0) for all t > 0. This y is unique in BM O" (9). In fact, assume there are two
weak* convergent nets y;, 3, in BM O” (9) such that P/x = P/y = P/ holds for the
limit elements y, y € BM O”(9) and any ¢ > 0. Then P/ (y, — ¥,) converges to O for
any t with respect to the weak* topology of A/. Hence fooo Ppis|PL(yy — F0*2sds
weak * converges to 0 for any b by the dominated convergence theorem. This means
y—y = 0in BMO"(d). Set BMO(9) to be the space consisting of all such x’s
equipped with the maximum norm

lxllBmo)y = max{|lx|lgpoc@y. 1yl Bmor @)}

Here y is the unique y € BMO"(d) such that P/x = P/y for allt > 0 as
we explained above. Define BM O(7), BMO(P), BMO(f‘) and bmo(P) to be the
intersection of the corresponding row, column spaces similarly.

Once we have these definitions, the same proof of Theorem 5.2 implies

Theorem 5.12 Let 1 < p < oo. Assume a standard semigroup T; admits a standard
Markov dilation. Then

[x. 8], = 15 .

Sl

with equivalence constant in order p for X = BMO(), BMO(T), BMO(P),
BM O (') or bmo(P).
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5.2.3 Interpolation for bmo(T)

For the interpolation for bmo(7), besides an appropriate definition of the interpolation
couple bmo(7), L1, we also need to show that L(I),(N) is dense in [bmo(T), L?(N)] 1
P

because we only assume that the special martingales m (x)’s have a.u. continuous path
and general martingales may not, while in the case of BM O (9) we have automatically
that all Brownian martingales have continuous path. This difficulty already appeared
in the finite case (see the end of the proof of Theorem 5.2). We will go around it by
defining an abstract predual of bmo(7).

For a standard semigroup 7 = (7;) on N. We consider the L 2 loo(Ry) @ N)-
valued inner products on E = £oo(R1) @ (N @ N),

(a®b,c®d)s = b/T, (a,*c,) di,(a®b,c®d); = bT; (a,c;“) df,
fora® b € Loo(Ry) ® (N ® N). Denote by V; (resp. V) the L, (Loo(R4) ® N)-
Hilbert module corresponding to E, (-, -)- (resp. E, (-, -)’7).

Let us denote by w : N’ — E the embedding map w(x); = x ® 1 — 1 ® T;x. Then

(wx), wx)g = Trlx|* — |Tx]?

(wx), wx)F = Trlx*> — |Tx*|.

Denote by w; (resp. w;) the adjoint of w with respectto N, 7 (x*, y); E, (-, -)5- (resp.
N, t(xy*); E, (-, )7). We have

wia®b) = D aiTy(b) — T(Ty(ah), wf (a* & b*)

t
ST () e ~ T (01T (a))), 6.13)
t

fora®@becli(Ry) ® (N ®@N). Indeed, forx e Nandz =a ® b = (a, @ b,);,

TWwi@) = 1) (@ 1-1®Tx a ®b)T)
t

=1 Z (T, (x*a,) b,) —tr (T, (x*) Tt(at)b,)

T > (@ Ti(by) — Ti(Ti(a)b)))
t

Definition 5.13 (i) The space bmo“(7) (resp. bmo" (7)) is defined as the weak™*-
closure of NV in V< (resp. VZ) via the embedding w.
(i)  h§(7T) (resp. ' (7)) is defined as the quotient of V[ (resp. V|') by the kernel of
wy (resp. w}). The Hardy space 1 (7) is defined as h{(7) +h{(T) C Li(N).
More precisely, for f € Li(N),

1 f a7y = inf{llvllve, wi @) = ).

In the following Lemma we report some elementary properties.
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Lemmas5.14 () x € hé' (T) iff x* € W' (T).

(i) h{(T) NV (T) O LGN is dense in L),(N) for 1 < p < oo,

(iii) h1(T) N L, is dense in h\(T) forall 1 < p < oo.

iv) (h{(T)* = bmo(T), (W\(T))* = bmo (T). Assume h${(T) N h|(T) is
dense in both h§(T) and h'|. Then (h\(T))* = bmo(T) = bmo“(T)Nbmo" (T).

(v) Assume that (Ty) admits a reversed Markov dilation M, ;. Then the homomor-
phism g : NO — bmo® (M) extends to a weakly continuous map on bmo°(T)
and h{(T) N h{(T) is dense in both h§(T) and h'{(T).

Proof (i) is obvious because a ® b € V[ iff a* ® b* € V| and w is bounded and
injective from N 0 to V& N V. .For the proof of (ii), we first show that

{aTi(b) — Ti(Ty(a)b) : t > 0,a,b € Ly N Log) C LY(N)
is dense in L(;7 (N). Indeed, let y € L » (N) such that
traTy(b)y) = tr(Ty(Ty(a)b)y) (5.14)

holds for all a, b as above. By approximation with support projections and the weak
continuity of 7;, we deduce from (5.14) and the self adjointness property of 7; that

tr(ay) = lkirlllltr(de,LT,(ex)y) = lkirﬁltr(Tt(&eM)exsz) = tr(aTyy).

This shows T5;(y) = y and hence y € L, (Np) = (ker A)L” Hp. Hence L(I),(./\/) N h§
is dense in L(I), WN). Similarly,L?, (N) N Ay is dense in L([l(./\/).

For (iii), Let A be the set of a ® b = a(t) ® b(¢) with a(t), b(t) € Li(N) NN for
all 7 and a(r) = b(r) = 0 except finite many 7’s. Then w*(A), w}(A) € L,(N) and
A is dense in V| and is dense in V]'. We conclude that 2{(7) N L, (\) is dense in
h{(T) and h{(T) N L,(N) is dense in h{(T).So h{(T) () L ,(N) is dense in h (7).

For the proof of (iv) we see that the inclusion map ¢ : h{ — L (N) is injective.
By the Hahn Banach theorem, we deduce that (*(N) C (h{)* is weakly dense. How-
ever, by definition A is a quotient of V. Hence (h{)* is a subspace of V¢ . We then
deduce from (5.13) that, when restricted to A/, the map ¢* is given by *(x)(1) =
x®1—1® T;x. Thus we have

(h)* = tWN) = bmo".

Taking adjoints we get (h})* = bmo”. Since X = h{ N k) is dense in both spaces,
we may then embed bmo¢ and bmo" in X*. We see that the inclusion map ¢ty : X —
L1 (N) is injective and factors through the inclusion map ¢, : Ay — L (N). Since
X C hy is dense, we deduce that /7 is the weak™-closure of

————0 (h7,h1)
o(ny,ny -

hi = x(N) X*.
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Note that the last inclusion is injective and certainly h} C bmo N bmo”" because
elements in N give rise to functionals which coincide on the intersection. For the
converse inclusion bmo® N bmo” C h*, it suffices to recall that a bounded functional
extends uniquely from a dense subspace.

We now prove (v). Recall that a net x;, € N° weakly converges in bmo®(T),
if the inner product (w(x;), w(xx))% = T,Ix|2 — |T,x|2 weakly converges in £oo @ N.
This is equivalent to the weak convergence of (m0xy), mox2))e = 7/ (T;|x 12— T, x%)
in {5 ® M, which is the meaning of weak* convergence of (7gx;) in bmo®(M)
(see [16]). Therefore, mo(bmo“ (7)) C bmo°(M) is a weak™* closed subspace and
i (h{(M)) = h{(T). We obtain the density of A'(T) N h\(T) C h{(T) by the
corresponding result on martingale Hardy spaces. O

Lemma 5.15 Assume that a standard semigroup (T;) has a reversed Markov dilation
with a.u. continuous path. Then

nE(HE (M) C hS(T) C Li(N).

Proof We have seen that 7rj (h{(M)) = h{(7) and 7§ (H{ (M)) C mj(L1(M)) =
Li(N).Let us recall that H{ (M) = h{(M) + hf (M). We are going to show that
gy (h‘f (M)) vanishesin L1 (). By density it suffices to consider & € h‘ll (/\/l)ﬂhjf7 (M)
forsome I < p < 2.Recall that there are weakly dense subsets B of L, () such that
the martingale m(f) = (E[; (7o f)); has a.u. continuous path if 7; admits a reversed
Markov dilation with a.u. continuous path. (see the definition at the beginning of this
section). Let y € B;. By Lemma 4.1,

1703 g =0.
This implies
|17 (g N = ltr (" mo() = Hm 1€ 14 o) 70D ld () = O-
Hence tr (7 (§)-) vanishes on a weakly dense set of L, (N)andis 0in L,(N). So it

is 0 in L{(N). Thus 7y is 0 on h‘ll N h’; and hence identically 0. Therefore we have
indeed 7 (H{(M)) C h{(T). O

Theorem 5.16 Let 1| < p < oo and (T;) be a standard semigroup admitting a
reversed Markov dilation with a. u. continuous path. Then

[omo®(T), LYAN)11 = [bmo’(T), (D11 = N, (D1 = L\,

Proof By Lemma 5.15, we have, for 1 < p <2 and % = #,

LYWN) = 75 (mo LY (V) € 73 (LY (M)
C AFILY (M), Hi(M)]g C [LIN)., hi(T)lp.
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Combining this with the trivial inclusion
(L8, m(@D] < [ 9] = Ly

we equality in this range. Theorem 5.16 follows by duality and Wolffs’ theorem (see
[30] for a similar argument). O

5.2.4 Interpolation for BM O(T")

Our last concern in this section are interpolation result for BM O (I") spaces. We first
need some definitions. We define a £°°(R4.) ® N -valued inner product on N'® N by

o0
(xQ®a,y®b)r = a*/Ps+zF(Psx,Psy)min(s,b)dsb-
0

Let £ be the Hilbert £*°(R ) ® N'-module corresponding to this inner product. Recall
that we denote by Pr the projection on the spatial part in Meyer’s model.

Definition 5.17 Let BM O°(I") be the weak*-closure of NV in £ via the embedding
D:x—>x®1.

Let BM O (I') be the weak*-closure of NV in £ via the embedding x — x* ® 1.

Let x;, € N? be a bounded net in BM O¢(I') which weak* converges to x €
BM O€(T"). Recall that Ppx exists in BM O¢(I") for any b > 0 and

o]

S(t) Z/PH_SF [Ps(x)] min{z, s}ds.
0
exists in £oo (Ry) ® N as the weak* limit of

e8]

Si() = / P sT [Py ()] miniz, s)ds.
0

Here and in the following, I"[x] denotes I"(x, x) for simplification. We need the fol-
lowing lemma to understand the intersection of BM O¢(I") and BM O™ (T").

Lemma 5.18 Ler (T)) be a standard semigroup satisfying T> > 0. Then, for any
x € BMO“(I')
(1) PyT'(Ppx, Ppx) exists in N for any b > 0, and

6
1P2T (Pox, o)l < 251X 06
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1) 1| Ppx|” — |1 Ppx|” exists in oranyt,p > U an
(i) Ty|Ppx|* — |T; Pyx|? exists in N' yt,b > 0and
6t
1T Pox? = 1T Pox Pl = S5 11 3 proer)-

(iii) Ppx weak ™ converges to x in BMO“(I") as b — 0.
@iv) x = 0in BMO“() iff Ppx = 0 in bmo“(T) for any b > 0. The similar
properties hold for y € BM O™ ().

Proof Let us fix b > 0 and a net x; € N such that ®(x;) converges with respect
to the STOP topology in L. By (i), we mean that P>, " (Ppx;, Ppx;) weak* converges

. e 2
in A/ and the limit is with a norm smaller than % [|x ”%wm(r)' We first deduce from
I'? > 0 and Proposition 1.2 that

b
b2
?PZbF(PbXLPbe) = /P2bF(Pbe»Pbxk)5d5
0
b

/ Py (Pyp_s Psx;,, Pp_s Psx;) sds

0
b
= / P3p—sT (Psxy, Pyxy) sds
0

b

3/ PpisT (Pgxy, Psx;) sds. (5.15)
0

IA

By Proposition 5.9, ®(x;) converges in the STOP topology implies that the last term
in inequality (5.15) weak * converges in AV. Thus I'(Ppx;, Ppx;) weak * converges
in AV and the limit exists in A/ with a norm bounded by 2—‘2‘ ||x||%MOC(F). For (ii), we

apply lemma 1.1 (i) and I'> > 0 and get

t
T Poxs | — [T, Poxy |* = / T, T (T Pyxy, Ty Pyx;)ds

5/ T,PyT (ngx, P%xk) ds =1tT,PyT (P%x;\, P%xk) .

Applying (5.15), we have

b
T Ppxs|” = T Poxa|” = <5 Ty | Pogs D' (Poxa, Pox)sds.
0

@ Springer



BMO spaces associated with semigroups of operators 739

Thus T;| Ppx;.|> — |T; Pyxy|* weak * converges in A and the limit exists in A/ with a
norm bounded by % ||x||%M0C(l_) for any ¢ > 0.

To prove (iii), we use the same idea in the proof of Lemma 3.2. Forany r > 0,0 <
b < min{t?, 1}. Let Qpx = (I — Py)x = [7 2P g Then

00 00 b+s8P
/PIHF[PSQ;,(X)]min{t,s}ds :/P,_H min{¢t, s} / 3 Y xdv | ds
v
0 0 N
00 b+s
. . 1 0P,
(first ineq. of Lemma 3.1) < [ min{¢, s}— P4 I'lv 3 x|dv|ds
K v
0 s
[e'9) b+s
oP,
(Prop. 1.2) <2 | P; v 5 x|dv |ds
v
0 K
bts
0 2
. 0P,
(change of variables) = 8 [ P v 5 Pyx |dv | ds
v
o \3
bts
00 2
=8/Pt /PUF[PUx]dv ds
o \3
o
(Integrate on ds first) = 8/ P; P,T'[ Pyx] min{2v, b}dv
0
00 Vb
< S/P,PUF[PUx]bdv+8 /PIPUF[va]vdv
Jb 0

o
< 8\/5/ P+ [ Pyx] min{z, vidv
NG

NG
+8 /Pt+UF[PUx]min{t, vidv.
0

Thus, forany t > 0, g € L#(N),

o]

T g/Pt+sF[Psz(x)]min{t,S}dS
0
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o0
< 8vbt g/P,HF[va]min{t, v}dv
N
Vb
+ 81 g/P,+vF[va]min{t, vidv
0

S

This means

oo
1i{nf 8/Pz+x1"[Psz(x/\)]min{t,s}ds
0

§8x/ZIiinr ¢ | Py [Pyx; ] min{t, v}dv

§\8

—}—811)1:111 g | P4y [Pyxp]min{z, vidv

o\é‘

The first term in the right hand side converges to 0 as b — 0. We claim the sec-

ond term converges to 0 too. If not, there exists € > 0 such that 7 (g lim, fo‘/l; Py
I'[Pyx;]min{t, v}dv) > € for all b. We reach a contradiction with the abso-
lute continuity of integrals by choosing x;, such that 7 (g lim; fol Py T[Py(x) —
X)) min{z, vidv) < % The assertion (iii) is proved.

We now prove (iv). Let x; € A 0 be a net weak* converges to x in BM O°(I").
Suppose x = 0 in BM O¢(I"). The proof of (ii) implies that w(Ppx;) weakly con-
verges to 0 in V. Here w and Vg, are the embedding and Hilbert L ,-module defined
for the study of bmo“(7) in Sect. 5.2.3. Therefore, Pyx; weakly converges to 0 in
bmo®(T) for every b > 0. To prove the reverse, recall that P,x weakly converges to
0 in bmo®(7) means that T,|Pb(x;\)|2 — |T,P;,()c;h)|2 = fot T; U (T Ppx;, Ts Ppx;)ds
weak * converges to 0 in A/ for any b > 0. Use the same idea as the proof of (ii), we
have t P, T; (x;) weakly converges to 0 in BM O¢(I") for any b, t > 0. Then P>, (x;)
weakly converges to 0 in BM O°(T") for any b > 0 since b> P, is an average of ¢T}.
This means Ppx = 0 in BM O¢(I") for any b. By (iii), we conclude that x = 0 in
BM O€(T"). The same argument works for BM O" (I"). O

Forx €e BMO°(T"),y € BMO"(I'),wesay x = yif P,(x —y) = 0inbmo“(7)N
bmo" (T) for any b > 0. For x € BM O¢(I") given, such a y is unique in BM O" (I")
because of Lemma 5.18 (iv).

Definition 5.19 Let BM O(I") be the space of all x € BM O¢(I") which belongs to
BM O" (T") too. Define

lxllBmoy = max {|lxlsmocry. IylBmora)}-
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Here y is the unique element in BM O" (I") such that P,(x — y) = 0 in bmo“(7) N
bmo" (T) forall b > 0.

Theorem 5.20 Let (T;) be a standard semigroup satisfying T'> > 0 and admitting a
reversed Markov dilation with a. u. continuous path. Then

[BMOM), LYV, = L5V,

q
P

Proof Let x € BMO() N L(q) (N). By Proposition 5.1, we know that e, (x) has
continuous path with respect to the filtration /\;la, ;- Note that

7, (x) = P (m, (%)) 4+ Py (7, (1)).

However, Py, (7, (x)) = fot” 7-(dPp, (x))dr is a stochastic integral against the
Brownian motion and hence has continuous path. Taking the difference, we know
that Pr (¢, (x)) has a.u. continuous path. We can now copy the proof for bmo(T).
More precisely, let 221 (I") be an abstract predual of BM O (T"). Similar to the proof of
Lemma 5.15 we have i (PrHf (M)) C h{(I") since ng(hf(/\/l)) = {0}. Then, by
the same argument used in the proof of Theorem 5.16, we have

LW) € [, D],

>
for 1 < p < 2. By duality and Wolff’s theorem, we obtain the result. O

Open problems. At the end of this article we want to mention some open problems.

() H'-BMO duality for semigroup of operators. Fefferman’s H'-BMO duality
theory has been studied in the context of semigroups by many researchers. In
particular, Varopoulos established an H'-BMO duality theory for a “good”
semigroups by a probabilistic approach. Duong/Yan studied this topic for oper-
ators with heat kernel bounds (see [6]). In their proofs, the geometric structure
of Euclidean spaces is essential. Mei (see [27]) provides a first approach of this
problem in the context of von Neumann algebras with two additional assump-
tions on the semigroups. The authors expect a more general H'-BMO duality
in the context of semigroups.

(i) Comparison of different semigroup BMO-norms. There are several natural
semigroup BMO norms as introduced in this article. A complete comparison of
them is in order. In particular, it will be interesting to investigate the conditions
on the semigroups so that we have the estimates,

@ II-llpmocry = Il - lBmoc@) = Il - lBMo<)-
®) - lomoc Py = Il - IBMOc Py = Il - I gproe ()
©) I lNlomoecy = I - IBM O (T)H-

(C/) sup, 1Tt x — Torx|| < C||x||bm0"(T)~

() sup, |7y fy | ZEx

2 2
| sdsll < cllxll”.
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(iii) The classical BMO functions ¢ on R is integrable with respect to Ldt. What

: . ) A
is a noncommutative analogue of this property ? A more precise question is,

does there exist a normal faithful state T on N\ such that 7|x| < c|x| 5 MO(T)
for x e NV.
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