DO 16.1007A00208.011.063% 3 Mathematische Annalen

On microlocal analyticity and smoothness of solutions
of first-order nonlinear PDEs

Z. Adwan - S. Berhanu

Received: 2 June 2010 / Revised: 10 October 2010 / Published online: 4 February 2011
© Springer-Verlag 2011

Abstract We study the microlocal analyticity and smoothness of solutions u of
of the nonlinear PDE u; = f(x,t, u, u,) under some assumptions on the repeated
brackets of the linearized operator and its conjugate.

Résumé Nous étudions 1’analyticité microlocale et la régularité des solutions u de
I’EDP non linéaire u; = f(x, t, u, u,) sous certaines conditions portant sur les cro-
chets itérés de 1’opérateur linéarisé et de son conjugué.
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1 Introduction

This article is inspired by arecent paper [ 13] in which the authors studied the microlocal

analyticity and strong instability (with respect to a C* perturbation) of the Cauchy

problem for quasi-linear equations of the type

ou N u __

[WJFZj_laj(x,z,u)E_b(x,r,u), 0<i<T, xeQ, 0
ux,0)=wkx), xef
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240 Z. Adwan, S. Berhanu

where @ € RY is an open subset, T > 0. The functions a;, b, j =1,..., N are the
restrictions to 2 x [0, T] x V3 of some holomorphic functions defined on a domain
V =V x Vo x V3 € CN*2 Let

N

8 9 3
L=— i(x, 1, 0)— + b(x,t,v)—.
o1 +;a/(x Doy, The v

We recall from [13] the vectors v for k € N defined by

vo=(ai,...,an), vi=(L(a1),...,Lan)=L(y),...,vi=L(vr_1) :[,k(vo).

The main result in [13] is as follows:

Theorem 1 Let k € N. If the Cauchy Problem (1) has a C**' solution fort > 0 on
a neighborhood of (xo,0), and Vx € Q, Vjwith0 < j <k, Sv;(x,0, w(x)) = 0,
I (x0, 0, w(x0)) # 0, then VEY € RY such that Jvi (xg, 0, w(x0)) - £ > 0, the point
(x0, %) & W Fy(@).

Here W F,(w) denotes the analytic wave-front set of w (x) (see [14,15] for the def-
inition of microlocal analyticity). In this work we extend the preceding theorem to
solutions of the Cauchy Problem for fully nonlinear equations of the form
ur = f(x,t,u,uy), 0<t<T, xe, @)

u(x,0) =wlk), x e

where f = f(x,¢t, o, ¢) is the restriction of a holomorphic function.

To extend the preceding theorem to the fully nonlinear case, we first generalize the
vectors Jv;(x, 0, w(x)). We achieve this in Sect. 2 by expressing Jv;(x, 0, w(x)) in
terms of the repeated brackets of £V and its complex conjugate £V where LV is the
linearization of the equation u; = f(x, t, u(x,t), u,(x,t)) at u given by

oS ey
o & G 9x

and fg; (x,1) = f;j(x, t,u(x,t),uy(x,t)) for 1 < j < N. Section 3 contains two
applications to microlocal analyticity and smoothness of the trace u (x, 0) of a solution
to the nonlinear equation. For the result on smoothness, f(x, t, {o, {) is assumed to
be C in all variables, and holomorphic in (¢, ¢) in an appropriate domain.

When the initial datum w (x) is real-analytic, as in [13], our results imply the strong
instability of the Cauchy—Kovalevskaya solution of the Cauchy problem for (2) with
respect to a C* perturbation. Results on microlocal analyticity for brackets up to order
3 were proved in [6,7] under assumptions on brackets made just at a point. In the linear
case, analyticity results were proved under repeated brackets assumptions in [10,11].
Microlocal smoothness results for nonlinear PDEs were obtained in [3,9]. For results
on Gevrey/Denjoy—Carleman regularity we refer the reader to [1,2,5]. The approach
to the fully nonlinear case by using the Holomorphic Hamiltonian is motivated by [4].
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On microlocal analyticity and smoothness of solutions 241

2 A bracket condition

In this section we show how to express Jv; (x, 0, w(x)) in terms of the repeated brack-

ets of £V and its complex conjugate £V. Let u be a sufficiently smooth solution of the
non-linear equation

ur = f(x,t,u,uy) (3)
where f (x, t, £, £) is a C* function on Q x [0, T) x C x CN (Qisan open subset
of RY), and f is holomorphic in the variables (o, ¢). Let

- 9
‘c= 5_;]‘{] (X7t’§‘07§)gj.

Setv = (u, uy). If ¥ = ¢ (x, t, &, ¢) is a smooth function, holomorphic in (&g, ¢),
we will use the notation

Ul (x, 1) = (x, tu, uy).
With this notation, the linearized operator of u; = f(x, ¢, u, u,) can be written as

N

0 0
v _ v -
£ =% _ng, 05
j=1 /
It follows that
LY = g" (x,1), 4)

where ¢ = (g0, ..., gn),

N
20 (¥, 1,80,8) = [ (x,1,80,8) — D¢ fe; (x,1,80,¢), and

j=1

8i (x,1,80,8) = fr; (X, 1,80, 8) + & feo (X, £, 80,8) (1 <i <N).
Consider now the principal part of the holomorphic Hamiltonian of (4):

N

H = L+gods, + 8. ©)
j=1

Lemma 2 Lety = (x,t, Lo, {) be a smooth function, holomorphic in (g, ¢). Then

(i) Foralln € N, we have

([,U)n 1/[1; — (Hnw)v ) (6)
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(ii) Foralln € N, we have

erve=n)-X 33 ()

Jj=11=0 s=

((ﬁ“) ) () o). @

~

Proof (1) We use induction on n. The case n = 1 can be easily checked. Now, suppose
that the result holds for all 1 < j < n. Then

(e e = v ()" ) = £ ((e)) = ()

where the second equality above follows from the induction hypothesis when j = n,
and the third equality follows from the case n = 1 but taking H" ¢ instead of .
Hence, by induction, we obtain the equation in (6).

(i1)) We use induction on n. The case n = 1 follows by definition of £V. Now, suppose
that the result holds for some n > 1. Then

()™ () = £ ((£*)" v*)

We have, by definition of £V,

I = 8n+1 Z fC 8)“1 an U
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On microlocal analyticity and smoothness of solutions 243

The second term, after rearrangement, can be written as

B=3 33 (1) (e ) (e o))
) ZZZ () (@ ) (@ (o))
+§:n—1(£v 141 fg)(ax/an -1y, )

() (e ) (2" (i 140))
+Z f{lj ((Ev)l+l (axjatn—l—ll/fu)).

Using the fact that forall 1 <s </,

()+(2)=(7)

we get
L+ = ;jioi (Z-L- 1) ((Lu)S f;,) ((ﬁv)(1+l) s (ax,an (Hl)llf ))
(2) (e ) (e (o 019)).

Thus,

NQ.’)
]
+
—~
<
<
S—
|
M=
M=
/4N
==} ~
N—"
—
—
N2
~h
~—
—~
—
SN—"
—
(=5
=
<
(o8}
S
<
~—
N~
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244 Z. Adwan, S. Berhanu

Hence, by induction, we obtain the equation in (7). O

Notation 3 Let ¢ = ¥ (x, 1, o, ¢) be a smooth function on 2 x (-7, T) x C x CV,
holomorphic in (¢, ¢). For 1 < j < N, we set

B; () = 35, ().

Also, for1 < j < N,n e N,and 0 < k < n — 1, we define the functions A’;’" =

Al;’" (x, t) recursively as follows:

AT =Bi() (1<j=N),

n—-2 N
A" = LAY B (T )+ DD B (o) AT 22, 1= =),
s=0 I=1
ﬁﬂ:A{*“P+c%?” m>3, 1<k<n-2,1<j<N), and
AT = AL (=2, 1< j < N). ®)

Lemmad Let v = (x,t, {o, {) be a smooth function, holomorphic in (Lo, ) and
let Al;’" be as in (8). Then for alln € N,

N n—1
()" 3y = 3 ((£Y)" v) + (3 (e 1) x abm)
=1 k=0
N ]n—l v
=3 () + 2 DS (HEfy) X AR ©)
j=1k=0

where the second equation follows from Lemma 2 above.

Proof We use induction on n. The case n = 1 follows since

£ ()

N
9 — Zlejaxj' (S‘/’U)
j=1

N N
SO+ v+ D Wy | = D L0 (39Y).
j=1

j=1
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On microlocal analyticity and smoothness of solutions 245

Using Eq. (3) we see that the first term above equals

N
S+ va s+ D v (1Y)

j=1

=3 W; + /7 I//§0+Z(ij+f§0ux/+Zf§k”xka)w§/

k=1

We next note that the last quantity above is equal to
N
SHY)Y +3 12 (0 (7))
j=1

Hence,

=z

N
LY (3YY) = SHYY +3 D 17 (05, (W) = D0 50, (Sv)
— i
Using the fact that

S (zw) — z Qw) = (Jz) (W),
we see that

LY (39Y) = 3 (Hy)” + i (1) x 8, )

j=1

= 3 (Hy)" + Z ( ) A%,

=

and this is exactly Eq. (9) with n = 1. Suppose now that the result is true for all
1 < j <n.Then

3
|
—_

N
(L) =20 (S ()" U+ D)

]:

]
—

e (1)) < 47)
- &”‘( (@) () < 4

=1k

1)) < (£7457).

._.
~
Il
- o

—_
.

z (e

j=1k=0
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We now compute each term separately. We have by the induction hypothesis (but
replacing ¥V with (H")")

o3 () vy =3 ()" ) + D08 (1) x By ().

J=1

Similarly, we also have

\
Il
-

Hence, we have

()" () =3 () () + 203 (1) x B ()

—_

+
M=
)
—
~
RARS
SN~—"
X

)
(ﬁ“A(}” + B; (H"y) + S i Bj (kaa) x Af’")

k=

BT (e (1) < (1)

=3 (e @) + 3 (5 () (55)) A

j=1k=0

where the last equality follows from the way we defined the AI;’” ’s. Hence, by induction
and Lemma 2, we obtain Eq. (9). O

Corollary 5 (1) 3 (kag)u (x0,0) =0, forall0 <k <n — 1, if and only if
k o~
(cY) (gs fg;) (x0, 0) =0,
forall0 <k <n-—1,andall1 < j < N.
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On microlocal analyticity and smoothness of solutions 247

() IS (H*fr)" (x0,0) =0forall 0 <k <n—1,and S (H" f)" (x0,0) # 0,
then

()" (312) o, 0) =3 (H" )" (x0,0) V.
Proof The two claims follow immediately from Eq. (9) in Lemma (4 ). O

Notation 6 Letk € N, k > 1 be fixed and let X, X1, X2, ..., X be complex vector
fields. We shall use the notation

[ Xk, [Xe-1, ... [X1, Xol]]
to denote the k-bracket Y, where

Y1 = [X1, Xol,
Y, = [Xm Yn71], (2=<n<k).

Lemma7 Define MV = > 7|3 2 (. 0) By Let Xo = MY, and for k = 1, let

X1, Xa, ..., Xy be vector fields where each X, 1 < j < k, is either MV or LY. Then
the k-bracket

N
(X X X X0l = D0 3 (XXX )
J=101,..,0%

<[ oL g ]]] ao

where each o is either 0 or 1 and if a power of zero appears in a bracket, we sim-
ply ignore the term raised to zero and delete its brackets. (e.g., [X (1), Oy j] = 0x; and

[x3, [X5 [X7 0111 = [Xa. [X1: 0 ]D-

Proof We use induction on k > 1. The case k = 1 follows because if X is either MV
or LY, then

j=1 j=1

3 ! (372) [ o | + 3o (372) [xn'a ]

j=1 j=1

- iz c (378 [xen' = oy, ).
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248 Z. Adwan, S. Berhanu

where o7 is either O or 1. Now suppose that the result is true for k > 1. Then with
Xj+1 either MV or LV,

[Xk+1, [Xk, ... [X1. Xoll]

N 1 1—o1_ _
_Z Z (XkHXZk 71~‘f;)[ Uk’[Xk—(fk I[Xll Ul’ax/']]]

j=101,.
Ok y Ok— ~ 1—o0; 1—
+Z Z (kaka_ll.. (lrlmsfg)l:xlﬂ“]’l:xk k,...,[X] Ul,ax.i]]]
j=lot,...,
S35 (g [ [ [ ]
- k+1%k 1K { k+1> k PRI 1 » Ox;
j=loi,.
0 0 X 1 1—o 1—o
+Z Z (XkHka 11“f£)[xk+1’[xk A""’[Xl 1’3%']]]
j=lo1,...,

gkl 0 Um lakl 1—0 1—0
=Z > (kﬁX" lf;)[ kH*,[Xk k,...,[xl l,axjm,

Jj=101,....0k+1
with oy 1 either O or 1. Our result now follows by induction. O
Corollary 8 Ifall of the X ;’s (1 < j < k) in Lemma 7 are equal to L, then

e fe el = 33 (4) (e )

j=11=0
x LY.LV, [£Y, 05]]]- (11)

k—I brackets

Proof Follows immediately from Lemma 7. O

Corollary 9 Let k > 1. If all the brackets [LV, [LY, -+, [LY, MV]]] of length < k
vanish at (x, 0) for some x € Q (where we define the bracket of length 0 to be M),
then, at the point (x, 0), the k— bracket

=

v ey, fev Ml = D0 ((2) 572 (12)

j=1
Proof For k > 1, let P (k) denote the statement “if all the brackets of length < k

vanish at (x, 0), then the k-bracket is given by Eq. (12) at (x, 0)”. We will prove that
P (k) holds for all k using induction. If k = 1, then we are assuming that M" vanishes
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On microlocal analyticity and smoothness of solutions 249

at (x, 0), and so ?sf;; (x,0) =0forall 1 < j < N. Since

N
20w = 3 () %+ (23 )

j=1

at the point (x, 0), we have

=z

[0 M) =3 (£°5£2) sy

j=1

Hence, P (1) is true. Suppose now that P () is true forall 1 <[ < k. We would like to
show that P (k 4 1) is true. So suppose that all the brackets [LY, [LY, ..., [LY, MV]]]
of length < k + 1 vanish at (x, 0). Then the induction hypothesis implies that for all
O0<l<kall<j<N,

(€)' 552) .0 =0

Hence, Eq. (11) implies that, at the point (x, 0), the k 4 1-bracket

=

[cv.[cv,....[cv m¥]]] Z(,cv )er! ~f§)

j=l1
as desired. Corollary 9 now follows. O

Lemma 10 Suppose that for some xo € 2, and
. v k v
Vosjsk—1 3(Hf) 0.0 =03 (Hf) (0.0 £0. (13)

With the same notation as in Lemma 7, if at least one of the X }s is MV, then for all
possible choices of o}, we have:

(XPxP! - XTI (x0.0) =0, (14)
and if all of the X j’s are LV, then at the point (xo, 0), we have
N
v v v v ~ k v 9
v [ev, o [ Mo ] o, 0 = >3 (K 1) (0.0 =—. (15

j=1 !

Proof We prove (14) first. Assume that at least one of the X;’s (1 < j <k) is M".
For 1 <[ < k, let Y;Y;_1---Y; denote the elements that have their 6; = 1 in
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XX X7, keeping the order the same (e.g., we denote X} X9X1X! by Y»Y,
with Yo = X4 and Y7 = X»). We would like to show that

(i1 1131 (0. 0) = 0.
To do so, note first that if Y; = MY, then

(YZY,_1 ...ylsfg;) oy (Y1_1 ~-Y13fgj)
N

Jj=1

and this vanishes at (xg, 0) by assumption. Hence, we are left with the case in which
[ >2,Y; = LY and some Yy = MV forsome 1 < s <[— 1. Lets be the biggest such.
Then

(y,y,_l ...ylr:;fg) = (EU)Z—S MY, ...ylggfgj

= ()™ i (378) s, (Yoot 113£2)
p=1
[—s

23 () (@)

p=1m=0
x ()" 0y, Yot 113 £2).
and this vanishes at (xg, 0) by assumption and Corollary 5. Hence, we have proved (14).

It remains to prove (15). Notice that (15) follows immediately from Corollary 5 and
Corollary 8. O

Proposition 11 Condition (13) in Lemma 10 holds if and only if the following two
conditions hold:

(@)  All the brackets of LV and LV of order < k vanish at (xg, 0),
(b) the k—bracket

1 -
5 [ [ev o [0 T (o, 0) £ 0. (16)

Proof (=) Suppose that condition (13) in Lemma 10 holds. Then

(a) Notice that

N N
o= o -> oo, | +> (fgj . fg;) 0y, =LV +2iMY.  (I7)
j=1 =1
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Hence,

1 —
% [V, cv] = (LY, m"]. (18)

If we take any bracket of £V and LV of order < k, then we can use Eq. (17) to replace
each LV by LV 4+ 2i M". This way we can write our original bracket in terms of £V
and MV only. Then the result follows from Lemma 10.

(b) Using Eq. (18), we have %[L“, (LY, ..., [CY LY = [LY [LY,...,
(LY, MV]]], and Eq. (16) follows from Lemma 7 and Lemma 10.
(«) This follows from Corollary 9. O

We end this section with the following lemma that will be used in the proof of the
main theorem.

Lemma 12 Fixk € N. If
(Bf;‘sf;)(x,O)zo VieQ, 1<i<N, 0<l<k—1, (19)
then
((L‘“)k sfgj) (x,0) = o (szgj) (x,0) VxeQ, 1<i<N. (20)
Proof Condition (19) implies that for all x € €,
(L“) 3”~f§ (x,00=0, forO<I+p<k-—1,

and hence the lemma follows from Eq. (7) in Lemma 2, namely,

()" (Sfclf)=at ( ) 222 (s) ( ) (ax, ()™ 35_1_13&?)‘

j=11=0 s=

k—1

3 Applications to solutions of first order nonlinear PDE
3.1 The smooth case

In the following Theorem, 2 is an open subset of RY and f=f(x,t2¢8,¢)isa
C* function on © x [0, T] x C x CV, holomorphic in the variables (¢, ¢). Also,
recall the notation fV (x,t) = f (x,t,u (x,t), uy (x, t)). For the definition and basic
properties of the concept of the C*° wave-front set of a distribution, we refer the reader
to chapter 8 in the book [12].
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252 Z. Adwan, S. Berhanu

Theorem 13 Let f(x,1t, L, £) be a C* function that is holomorphic in (¢, ¢). Let
k € N. If the nonlinear first order equation

ou = f(x,t,ulx,t),uy(x,t)), O0<t<T, x €, 21

has a Ck+1 solution for t > 0 on a neighborhood of (x¢, 0), and
. v k v
VxeQ, YO<j <k S(H’f;) (x,0) = 0, S(H f;) (x0,0) £0,  (22)
then for all €0 € SN~V such that
v
S(Hf) 0. 0) 6% <0, (23)

the point (xo, & 0) does not belong to the C* wave-front set of the trace u (x, 0).

Proof We consider the (holomorphic) Hamiltonian given by (see the beginning of
Sect. 2 for the definition of £ and g;):

N
H = L+godg, + 80, (24)
j=1

on a neighborhood V = V| x V, x V3 x V4 C (Cfcv x C; x Cgy x (Cév of the point
(x0, 0, u (xg, 0), uy (xg, 0)), and we assume, with rg, Ty, pg, p > 0, that

Vi = {x eCV:|x —xo| < ro],

Vo ={t e C:|t] < Ty},

Vi ={¢ € C: |5 — u(xo,0)| < po}, and

vi={ceC it —u 0.0l < p}.

Forl < j<N,0<1l<N,letZj(x,t,%,¢), and E; (x,1, &, {) be smooth
functions in V, holomorphic in (g, ¢), such that (see [A])

HZj=0 ("), n=1,2,..., and Z;(x,0,%,¢) =x; (1< j <N),
HE =0("), n=1,2,..., and 8/ (x,0,80.{) =& (0<I<N).

Let

N
LV =9 — Zf;; (x, 1) By,

j=1

Recall from Lemma 2 that £V fV = (H f)". This implies that the Z;’s and E;’s (when
we restrict them to (x, , u (x, t), uy (x, t))) are approximate solutions of L£V.
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Observe that for any i, 8{3]‘5 (x,0) =0for0 < j <k—1.Indeed, thecase j =0
follows from (22). Assume it holds for all 0 < i < j, for some j < k — 1. Then
using (22), Corollary 5, and Lemma 12, we have:

N . v i1 TN
0=3 (R ) (0 = (67 720,00 = 0 S A2, 0,
Thus
0/3fLx,00=0 for0<j<k—L (25)

Equation (25), Lemma 12, and Corollary 5 lead to:

3 (Ho ) (0. 0) = (£9)F S £2 (o0, 0) = 3ES £ (x0, 0 26

S(H ) (0.0 = (£°)" 3£ o, 0) = 93 £ (x0, 0). 6)
We can write the approximate solution

ZV ) =x+1y (x,0) =x + 1D e, 0) + ity @ (x, 1),

where (1 and ¢ @ are real-valued. Since E”Z}’ (x,t) = O(t"), n € N, we have:

N
o o
i=1 !

Differentiating this latter equation repeatedly with respect to t and using (25) and (26),
we get

3/ Y@@, 0 =0 for0<j<k—1, 3fy®xo,0) =3If(x0.0)
v
=3 (K1) (0, 0) @7)
LetM; = Z;v:l bij(x, t)aaTj be vector fields fori = 1, ..., N thatsatisfy M; Z} =
8i; for 1 <i,l < N.For any C! function h = h(x,t),

N N
dh = ZMi(h)dZi“ + | £vh — ZMj(h)Lv(zy) dt
i=1 j=1

as can be seen by applying both sides of the equation to the basis of vector fields
{LY, My, ..., My}. The latter implies that

N
dhdZy n---NdZY) = | LY =D MLV ZY | dt NdZY A -+ AdZY.
j=1
(28)
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For (y, £) € RV, let
Q(x,t,y,86) =i& - (y—Z" (x,0) — ] (y — Z°(x,1))*

where for z € CV, we write 22 = 27 +--- + z3. Let n(x) € CP(RN), n = 1 for
|[x — xo|] < rg and n = 0 when |x — xqo| > 2rg, ro to be chosen later. Let

g(x,1,y,§) = n()Ef (x, Ned o)
where y and & are parameters. Denoting dZ} A --- A dZ}, by dZ and using (28),

we get:

N
d(gdZ) = [ L' (MEy) + MEHLY(Q) — Z(Mj(nES) +nEy(M;ONLYZT
j=1
xeQdt NdZ. (29)

By Stokes theorem we have, after decreasing 7o > 0:

To
/g(-x?ovyvg)dx:/g(x’T()’y’E)dZ(xsTO)'i_//d(gdz) (30)

RN RN 0 RN
We will estimate the two integrals on the right in (30). Note that
RO (x,1,y,8) = 16 -y @ — g (Iy =22 =2 [v =) -y ]
o oof =}y,

Observe that using (27),
kY@ (x, 0
w(Z)(x’ t) — t‘t/,k—'(X)tk + 0(tk+l)
@ (xo,0
= BP0 0~ xol) + 06+

~ k v 0
_ fgk)‘ C0-9 k4 o1x - xolt) + 0+,

Hence if €0 € SV~! satisfies condition (23), then there exists a conic neighborhood
By (x0) x T of (xo, £%) in RN x (RM\{0}) and a constant ¢ > 0 such that for T}
small enough, and for (x, §) € By, (xo) x T,

@ (x, 1) £ < —algl*t, 0<1<T.
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On microlocal analyticity and smoothness of solutions 255

Since w(z) (x,1) = O(5), after decreasing ro and Ty, for a > 0 small enough,
W@, & + EPYP 0P < —algl* !, 0<r < T (31)
Using the inequality
20y =2 -y Vo0l < |y =2+ 2P P
and (31), we get:
RO(x,1,y,6) < —algl™*!, 0<1<Ty (32)

whenever (x, §) € By, (xo) x I'. Next observe that for Ty sufficiently small, we can
find § > 0 such that

NO(x.1,y. &) < —5|&| whenever rg < |x — xo| <2r and |y — xo| < %0 (33)

For y near xg and & € I, inequality (32) leads to

/g(.x, T(), y, f)dZ(x, To) < Cle—CZIEI
RN

for some cq, cp > 0. To estimate the second integral on the right in (30), we will use
the expression (29) which has two kinds of terms. The first type consists of terms
which can be bounded by constant multiples of

tnemQ(x,t‘y,é) forn = 1, 2, .

and hence using (32), the integrals of these terms decay rapidly in &. The second type
of terms involve derivatives of n(x) and hence ( 33) can be used to get an exponential
decay in & for their integrals. Since Egp(x, 0) = u(x,0) = w(x), it follows that the
FBI transform of the trace

Fo(y, €) = / EOTOTEI O ) (1 (x) dx
RN
decays rapidly in a conic neighborhood of (xo, £%). By a result in [8] (see the last
part of the proof of Theorem 2.1 in [8]), we conclude that (x, éo) is not in the C*

wave-front set of w(x) = u(x, 0). ]

Example 14 Let u(x, t) be a C¥*! solution of the semilinear equation
ou x ou

E—l—\/—lt P =g(x,t,u), 0<t<T, x€(a,b)
X
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where g(x, t, o) is a C* function that is holomorphic in &y. Then for any x¢ € (a, b)
and & > 0, the point (xq, &) is not in the C*> wave-front set of the trace u(x, 0).
Note also that if u is a solution in a full neighborhood of a point (xg, 0) and & is
an even integer, then the trace u(x, 0) is a C*° function near xo. When the function
g(x, 1, &) is real analytic, the microlocal analyticity of u(x, 0) was discussed in [13].

Example 15 Let u(x, t) be a C? solution of the Cauchy problem

%—'; +«/—1tug—)’ﬁ =gx,t,u), 0<t<T, x€(a,b)
u(x,0) =wkx)

where g(x, t, o) is a C* function that is holomorphic in ¢y. For any x¢ € (a, b) and &,
if £ Rw(xg) > 0, then the point (xg, &) is not in the C*° wave-front set of the trace
u(x, 0). Again when the function g(x, t, ¢p) is real analytic, the microlocal analyticity
of u(x, 0) was treated in [13].

3.2 The analytic case

In the paper [13], the authors studied microlocal analyticity of solutions of a class
of quasi-linear first order PDE. Their main result (see Theorem 2.3 in [13]) can be
generalized to the fully nonlinear case as we show in this subsection. For the definition
and basic introduction to the concept of microlocal analyticity, we refer the reader to
chapter 9 in [15] and to [14]. We consider the Cauchy problem:

[Mt=f(3€,t,u(x,t),ux (x,0)), 0<t<T, x€Q, 34)

U= = (x), x € Q,

where @ € RY is an open set, T > 0, and the function f is the restriction on
Q x [0, T) x V3 x V4 of some holomorphic function defined on a complex open
domain V =V} x Vo x Va x V4 ¢ CN x C! x C' x CN. We have the following
theorem:

Theorem 16 Let f(x,t, o, {) be be real analytic in all the variables, and holomor-
phic in (o, ¢). Let k € N. If the nonlinear first order equation

ou = f(x,t,u(x,t),uy(x,t)), O0<t<T, x €, 35)

has a C*+1 solution for t > 0 on a neighborhood of (xo, 0), and
. v k v
VxeQ, Yo<j<k, S(H’f;) (x,0) =0, 3(H fg) (x0,0) £0, (36)
then for all €° € SN=1 such that

S(Hf) 0,00+ <0, G7)
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the point (xo, & O) does not belong to the analytic wave-front set of the trace u (x, 0).

Proof For1 < j < N0 <1 < N,let Z; (x,t,%0.¢), and E; (x, 1, {o, ) be the
holomorphic first integrals satisfying

HZ; =0, and Zj(x,0,%,¢)=x; (1<j<N),
HE; =0, and E;(x,0,%0.8)=¢ (0 =<I=<N).

We have
E“(Z}-’) =(HZ)" =0 and LY(E])=(HE)" =0 Vj,I.
Therefore, with
g(x,1,y, &) = n(x)EY(x, 1)eQ7:%)
as before, this time (29) becomes
d(gdZ) = (L' () EY) e2dt ndZ.
Hence each of the two integrals on the right in (30) decay exponentially leading to
| P (v, 6)] < cre” !

for y near xo and £ in an open cone I' containing £°. It follows that the point (xo, & 0)
does not belong to the analytic wave-front set of w(x) = u(x, 0). O

As in [13], the preceding theorem together with Lemma 4.3 in [13] lead to the
following instability result with respect to a non-analytic perturbation of an analytic
initial datum.

Corollary 17 Suppose that for some (xo, vo), there exists k € N such that

3 (ka;)v (x0,0) # 0.

Then for any analytic function wqo such that wo(xo) = vg, the Cauchy—Kovalevskaya
solution of the Cauchy problem (2) with Cauchy datum wy is strongly instable with
respect to a C perturbation, in the sense that, for any neighborhood W of xo and any
neighborhood W of wy in C*°(W), there exists w € W such that the Cauchy problem
(2) with initial datum o does not have a C¥*' solution. Moreover, for any analytic
Sfunction wg such that wy(xg) = vo, there exists a C* function w with the same Taylor
expansion at xo as wq such that the Cauchy problem (2) with initial datum w does not
have a C**1 solution.
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