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Abstract We refine results of Carleson, Sjogren and Sjolin regarding the pointwise
convergence to the initial data of solutions to the Schrodinger equation. We bound the
Hausdorff dimension of the sets on which convergence fails. For example, with initial
data in H!'(R3), the sets of divergence have dimension at most one.

1 Introduction

We consider the Schrédinger equation
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600 J. A. Barcel6 et al.

with initial data in H*(R"). A classical problem is to identify the exponents s for
which

lil%u(x,t) =u(x,0), ae. xeR"
t—

It is natural to consider a refinement of this question regarding the Hausdorff dimen-
sion of the sets on which convergence fails. For previous results in this direction, see
Sjogren and Sjolin [23].

For example, in one spatial dimension, with 1/4 < s < 1/2, we will prove that

dimg{x e R : u(x,1) A u(x,0) as r - 0} <1 —2s,

where dim g denotes the Hausdorff dimension. This refines the result of Carleson [8],
who proved that, for datain H'/#(R), convergence takes place almost everywhere with
respect to Lesbesgue measure. Dahlberg and Kenig [11] proved that divergence can
occur on a set of nonzero Lebesgue measure when s < 1/4, so one may have expected
the existence of sets of divergence with full Hausdorff dimension when s = 1/4.
We see that this is not the case and that the sets of divergence can have Hausdorff
dimension at most 1/2 at the critical exponent.

2 Set-up and statement of results

For initial data ug belonging to the Schwartz class S(IR"), the solution of (1) can be
written as

u(x,t) =

Tn(£) el CE—TIEM
2y /uo(%‘) e dg, 2

where m = 2. A number of our conclusions will hold for general m > 1, and we shall
also consider the case m = 1, corresponding to the wave equation.
For ug € H*(R") defined by

feL*R") : /|f<s)|2<1 +1&17)dE < o0 ¢,

Rn

the integral in (2) does not in general exist in the sense of Lebesgue. In this broader
setting we may define u as the pointwise limit

u, 1) = lim Stuo 3)

whenever the limit exists, where the operator S is defined by

1
2m)"

SNfx) = /1//(N—1|g|)f(g)ei(x»é—nsr")dg

@ Springer



On the dimension of divergence sets 601

. . 2
Here, for convenience, we take 1 to be the Gaussian ¥ (r) = e~ . By standard argu-

ments, u(-, t) coincides with the traditional L2limit, almost everywhere with respect
to Lebesgue measure. However, u(-, t) is also well-defined with respect to fractal
measures when s > 0.
We say that a positive Borel measure u is a-dimensional if
B(x,r
co(p) :== sup M<oo, 0<a<n,

o
xeR", r>0 r

and denote by M%(B") the «-dimensional probability measures which are supported
in the unit ball B"”. Now, u(-, t) is well-defined with respect to u € M*(B") for
o > n — 2s, due to the inequality'

S Vea ) 1 s ey, “

L'(dw

sup |SNf
N>1

which holds for these exponents. We give a simple proof of (4) in Appendix A.

It is necessary to choose a preferred representation of the equivalence class uq, as
different representations can differ on sets of full Hausdorff dimension. A reasonable
choice is u( -, 0), as defined in (3), as it coincides with u(, almost everywhere with
respect to Lebesgue measure. It also coincides, up to a set of Hausdorff dimension at
most n — 2s, with the usual choice given in terms of the Bessel potential. The number
n — 2s is a natural threshold for the problem, as the Bessel potential representation can
be singular on sets with dimension smaller than this (see [36]). We elaborate further
on such matters in Appendix A.

As usual in such contexts, our results will follow from appropriate maximal esti-
mates. We denote by «,;, ,(s) the infimum of the numbers « for which

sup sup |1 £ S Vea ) |1 f s ey ®)

k=1 N>1

L'(dw)

whenever 1 € M*(B"), f € H*(R") and (1) € RN. If there is no such a, we say
that o, (s) does not exist.
By standard arguments combining (4), (5) and Frostman’s lemma,

dimy {x € R" : u(x, 1) # u(x,0) as k — 00} < ap.n(s), (6)

for all ug € H*(R") and every sequence #; — 0 (see Appendix B).

We will also show in Appendix C how to “strengthen” the L'-estimate (5) to an
L?-estimate.

Our positive results (i.e. upper bounds for the exponents o, , (s)) are the forthcom-
ing Propositions 3.1, 3.2 and Corollary 3.1, and form the content of Sect. 2. These

! The expression A < B denotes A < C B, where the value of the positive constant C may depend on m,
n and s, but never on f or p, and will vary from line to line.
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602 J. A. Barcel6 et al.

are followed in Sect. 3 by some negative results (lower bounds). For the convenience
of the reader we now summarise these results alongside those which follow from the
literature.

It is straightforward to calculate (see (21)) that ¢y, ,,(s) = 0 when s > n/2, and so
we restrict our attention to s < n/2.

For m = 2, the work of Dahlberg and Kenig [11] shows that (5) cannot hold for
any o < n whens < 1/4, so that a2 ,(s) can only exist when s > 1/4. This is in fact
the case for o, , (s) for any m > 1 (see Sect. 4). In one dimension we observe that

am,1(s) =1—2s, 1/4<s<1/2, m>1,

refining the work of Carleson [8], as mentioned in the introduction.
In higher dimensions, Sjogren and Sjolin [23] proved that for m > 2,

n
<SS5, @)

N =

Apn(s) <n+1-—2s,

although their set-up was slightly different. We refer the reader to their paper for a pre-
cise statement of their results. We extend (7) so that it holds for all m > 1, and improve
it when n = 2 or 3. For n > 4, we lower their bound in the range s > (n — 1)/4. In
particular we will see that

az(s) =n—2s, <s<

A3
oS

For m = 1, work of Walther [34] shows that (5) cannot hold when s < 1/2, so that
a1,,(s) can only exist when s > 1/2. Thus there is no issue for the one-dimensional
wave equation. In two dimensions, we prove that

41 =), 1/2 <s < 3/4,
@1,2(8) = lZ(l —5), 3/4<s<l.

This refines a theorem due to Cowling [10] (see also [6]), who proved the conver-
gence with respect to Lebesgue measure when s > 1/2. We note a discontinuity when
s = 3/4. In higher dimensions, we prove that

1
ap(s) =n—2s, % <s5s <

oS

For explicit bounds on &, , (s) for small values of s, we refer the reader to Sects. 3 and
4. A complete resolution would of course be difficult as it includes the outstanding
problem of Lebesgue measure convergence for the Schrodinger equation.

The general set-up we describe here has a number of further antecedents in Fourier
analysis; in particular the work of Beurling [5], Salem and Zygmund [21], Carbery and
Soria [7], and Montini [18] on the sets of divergence of Fourier series and integrals.
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On the dimension of divergence sets 603

3 Positive results

In this section we obtain upper bounds on the exponents o, , (s) using three different
approaches.

3.1 Via the Kolmogorov—Seliverstov—Plessner method

Here we employ the Kolmogorov—Seliverstov—Plessner method, as used by
Carleson [8], and the following lemma due to Sj6lin [26].2

Lemma 3.1 ([26]) Letm > 1, x,t € R, y € [1/2,1) and N > 1. Then

&1 ~ ot

—1 i(xE—1E™)
|/n(N £e el

where the implicit constant depends on m, y and the Schwartz function 1.

The higher dimensional part of the following proposition follows by iteration of
the one dimensional part, which is only possible when m = 2. This was first noted for
Lebesgue measure by Dahlberg and Kenig [11].

Proposition 3.1 Letm > 1ifn =1, 0orm =2ifn > 2and § < s < 5. Then for
o >n—2s,

S Vea () 1L s ey

L'(dw

N
sup sup |S;" f|
k=1 N>1

whenever 1 € M*(B"), f € H*(R") and (1) € RY; i.e. ap.n(s) < n —2s.

Proof We suppose thatn/4 <s < n/2,asthe case s = n/2 follows as a consequence.
Recall the «-energy of u, denoted by 1, (1), and defined by

L )_// du(x)du(y)_
lx — y|*

By an appropriate dyadic decomposition,

dp(x)dp(y) jonj(n—2s)
// T N/Zc (w2772 dp(y)

=0
Sceo(pn), a>n—2s

2 An n-dimensional version of this lemma for m = 2 may be obtained by scaling Lemma 1.A of [9] as in

[3].
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604 J. A. Barcel6 et al.

for u € M*(B"), so it will suffice to prove the somewhat sharper

N
sup sup |, f|
k>1 N>1

L(dp)

Here, as usual, H* (R™) denotes the homogeneous L2%-Sobolev space
Fel’@®) : [ IF@ PR < oo
Rn

On linearising, (8) follows from the estimate

2

/ SAVF @ w@dn )| S neas () 111 ©)
B
uniformly in the measurable functions # : B” — R, N : B" — [1,00) and w : B" —
St.
By Fubini’s theorem and the Cauchy—Schwarz inequality, the left-hand side of (9)
is bounded by

dg

2
/ F@©PIE P dz / ’ / VGl € E R dpo)|

Writing the squared integral as a double integral, and applying Fubini’s theorem again,
in order to prove (8) it will suffice to show that

// (N )~ ED Y (N ()~ [E]) o G E=E@=1()IE™)

d
X ﬁ w@wy) du()dpu(y) S In—2s (1) (10)

uniformly in the functions ¢, N and w.

From now on we assume that m = 2, n > 2; the argument for m > 1, n = 1 being
simpler. Fixing x, y € B", we choose our orthogonal coordinate axes in frequency
space & = (&1, ..., &,) so that the associated unit vectors ey, .. ., e, satisfy

er-(x—y)=--=e - (x—y).
With respect to these axes we have

lx =yl = /nlxi = yil = -+ = Vnlx, — yul. (11)
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On the dimension of divergence sets 605

Now, as ¥ is a Gaussian and |£]%° > |$1|2»Ts ... |$n|%, the inner integral of (10) is
bounded by

i(G—ypg—C—10g7) _dé;j

[T/ vavegpwave e pnal
=1 jlr

and by Lemma 3.1, for j =1, ..., n,

(=38~ ) =1 ())EF) |

/ YNy w(N<y>‘1sj>zfi( dg;| <
1617 i =i

=5
Substituting in, we see that the left-hand side of (10) is bounded by a constant multiple

of
d d
/ / ) dn ) < / / 1(x) 5(2{)
ler =y — vl —l

= Iy25(1),

where in the inequality we use (11). O

Replacing the multiplier e /1§ & by e~ =) , we note that the previous argument
works equally well for the two dimensional nonelliptic Schrédinger equation. Given
that in [20] it was proven that divergence can occur on a set of nonzero Lebesgue
measure when s < 1/2, it is noteworthy that at the critical exponent s = 1/2, the sets
of divergence have Hausdorff dimension at most one.

3.2 Via bilinear Fourier extension estimates

Here we obtain upper bounds on «,, ,(s) as a consequence of certain bilinear Fou-
rier extension estimates of Tao [30, Theorem 1.1 and Sect. 9]. Although the resulting
relation between the parameters « and s will not be sharp, it will allow us to relax the
restriction on s that was present in Sect. 2.1. To this end, define the extension operators

—

Ty g(6) = e "19g),
where
$;(§) = 2% 12776 + Gol™ — m2/ 5" 260 - § — 2% ol
The support of g will be restricted to [—5, 5]" and so the domain of definition of ¢,
is similarly restricted. We also only consider &) € {5n < |&| < 10n}. After a finite

splitting (depending on m), one can decompose the ¢; so that they are elliptic (as
defined in [32]) on their restricted domains, with constants which depend on |&p| and
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606 J. A. Barcel6 et al.

m, and which are independent of j € N. Thus, the following estimate holds uniformly
for all & € {Sn < || < 10n} and j € N, with the implicit constant depending only
onm,n and q.

Theorem 3.1 ([30, Sect. 9]) Letm > 1, n > 2 and q > %) Then
1Tj g Tj hll a2ty S gl L2wm 1Rl L2 qRn)s

whenever supp g, suppf[ C [-5,5]" and dist(supp g, suppﬁ) > 1.

The following argument is similar to one employed by Tao and Vargas [31] (see
also [15] and [19] for refinements).

Proposition 3.2 Letm > 1, n >2and o > "+3 7 (n — 2s). Then

S V() 1 Nl s ey

L'(dp)

N
sup sup [S,’ f]|
k>1 N>1

whenever u € M*(B"), f € H'(R") and (t) € RY; je. U (s) < "+3 T (n — 2s).

Proof Tt will suffice to prove that for o > %(n —2s),

sup [S; f | S Vea ) L 1L s @y, 12)

teR

L(dw)

whenever © € M*(B") and fe L' (R™) has compact support. Here S is defined by

/f(f) i(x-E— f\é\m)dé

Stf(x,t) (2 )n

To see this, we note that by the Fundamental Theorem of Calculus,

sup ISNFI < |ShfI+ ‘—SNf dN.
N>

Now, letting ¥ denote the inverse Fourier transform,
d =\ v N
~ Ww(N Y. —|s (=
( yTAALN I)f) ( v )

so that by the triangle inequality and Minkowski’s integral inequality, it will suffice
to prove

de

)

S Vea () 1L s ey

L'(dw)

sup IS (w(-DF)7 |
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On the dimension of divergence sets 607

which follows from (12) as || (¥ (] - |)J/‘\)V||H:(Rn) < I £l s (rny> and

° ren—1p . NV
/ S, (1# (N7 DI |f>
1

Nz dN S Vea (W) ILf s ey
Now as ¥/ (N~ - ) < 242027 Xp0.2tn)- forall & > 0,

sup
kz1 LY (dp)

_ ~\V _ A\
YNTUDI L 272k X ookl Lf
N2 ~ N1+£ Nl—s
HS(R?) k>0 HS (Rm)
S W”f”H”E(R")a

so that if (12) were true,

00 1 o~y
/ Stk(lﬁ(N |-I)|~|f)

N2 N1+e
1

S Vea (W) ILf | ste ey

from which the proposition would follow. Thus, it remains to prove (12).
Using the fact that ¢, (1) > 1 when u € M*(B"), by Holder’s inequality, (12)
would follow from

[o.0]
1
dN §/vca(u) I fl s+e myd N
1

sup
k=l L'(dp)

sup |S; f1
teR

1
S ca (W)L N s @y

La(dw)

with s > 5 — % and ¢ arbitrarily close to

geometric series it will be enough to prove

2(n+3)

w11 - By summing a Littlewood-Paley

1 n_a
sup |S¢ f1 Sca(W)iR? 4| fla,

teR

La(dp)

whenever supp fc {5nR < |&| < 10n R}, and by scaling, this problem reduces to

1 _«a
Sca(W)R 4 fll2,
La(dw)

sup |S: f (R -)]
teR

whenever supp fc {5n < |&| < 10n}.
In order to take advantage of bilinear estimates we square the inequality;

sup S f(R-) St f(R-)
teR

2 2 2
S ca(W) R fI3-
L4(dp)
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608 J. A. Barcel6 et al.

After a further finite splitting, for each ] € N we break up the support of f into
dyadic cubes ‘L’k of side 27/. We write ‘L’k ~ rk, if rk and ‘L’k, have adjacent parents,
but are not adjacent. Writing f > f,k, where fjk = f X, - we have the Whitney
decomposition (see for example [22,29]),

Si f(Rx) S; f(Rx) = / f(g)f(y)eNRx E+)—t (5" +yI™ Ndedy

(2 )2n
Z (2 )Zn/ Fik(€) firr () & REEHn=t D) ge gy

: fogd 0 J
J.kK T T

> Sifir(ROS fir (Rx).

j,k,k’:rk/~rkj/

Calculating the temporal Fourier transform of S; fjx (R -), itis easy to see that the sup-
port is contained in an interval of length S 27/. This is also true of S; fjx (R -) S; fjx'
(R -), and so by Bernstein’s inequality,

Sup|Stf/k(RX) St fiw (Rx)| 270 i ”Stf/k(Rx) St fik (R par2 -

teR
Thus, by the triangle inequality and Fubini’s theorem,

2 -2
SO 2 Fik(R ) St fikr (R D g apan-

j,k,k’:rk]'vrlf,

sup [S; f (R -)|

teR La(dp)

On the other hand, the spatial Fourier transform of S; fjx (R -) S; fjr' (R -) is contained
in a ball of radius 10nR !, so that

1S, £ (R ) St fi (Rl parziay = | (S fix (R St fi (R D) 5 1% e

¥}

1—
< ISt fik(R ) St fir (R ')||Lq/2(\;7%\*u(x)dx)||711ve||L1 g
5 ||Stfjk(R °) Stfjk’(R ')||Lq/2(|;7%|* w(x)dx)»

where ng = n(R~!-) and 7 is a Schwartz function, equal to one on the ball of radius
10n. In the first inequality we use that

G0l = [ IFOIIGE = )PHIGE - ' dy
< (Iqu/2*|G|(x)) ||G||1 2

and then move the convolution onto the measure by Fubini’s theorem. Now, letting
&o denote the midpoint between the supports of fjx and fji, by the affine change of
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On the dimension of divergence sets 609

variables x — R~!(x + tm|&|"™2&)), we have

_2n _
10 £ (R ) S it (R ar2 o ucorazan = R 9 1Se S+ tmlol™ o)

-2
X Sy fiwe -+ 1m18ol™ ~"50) | Lar2 (g v (R (x-+emlgolm =20 dxdr)

and by the changes of variables & — 2_j§ + &, x — 27x,and t — 2%¢, this is in
turn equal to

o 74272(n+2))
L S

175 & Tj hll Lar2w(x,tydxdr)»

where

w(x, 1) = [ngl* w(R™127 (x + 27tm|&|" &),
3 = fu@VE+5) and  h= fiwQIE +&).

Note that supp g, supp/ C [—5, 51" and dist(supp g, supph) > 1.
Now, " is a Schwartz function, and so satisfies "] < > ;-9 Z’Q”kXB(O’zk). This
enables us to calculate an upper bound for w in terms of ¢, (1);

weety = & [ 1) (R (&2 6 4 2Tl 260) ~ ) die)

SR 27 (B (RT121 (x + 2T imlgo|"~260), R™'2Y))
k=0

5 Rn szznkca(u) R*Olzkol g Rniaca(ﬂ).
k>0

Putting things together, we see that

2 o 2ntD)

2 _
S ca(w)® > RT92 o )||T,-gT,-h||Lq/z(dxdl),
j,k,k’:rkj'vrlf/

sup |S; f(R )
teR

L9(dw)

and we are in a position to apply Theorem 3.1. Applying the theorem and rescaling
yields

2
2 2a _j n_2(n+l)
SR T > 2 (=2 )||]3'k||2||fjk’||2~

j,k,k’:‘[,’(]""[l'{/,

sup |S¢ f(R )]
teR

Li(dw)
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610 J. A. Barcel6 et al.

Now as the sum in k’ is finite and the supports of both f}k and ]/‘;k/ are contained in
71:k] , by almost orthogonality,

I fixl2ll fiwllz S IFIIS-
>

/. f,\, J
k,k T

2(n+1)
n

Finally, the sum in j converges as g > , so that

2

2 2 o,
Scea(w)a R4 fl3,
Li(dp)

sup [S; f(R )]
teR

as required. O

3.3 Via weighted Fourier extension estimates

The exponents «;, »(s) are closely related to certain other exponents arising in geo-
metric measure theory. Let 8, («) denote the supremum of the numbers 8 for which

IR 21y S RV ca @)l 13)

holds, for all R > 1 and u € M%(B"), where we include measures which have not
been normalised for the moment. The problem of identifying the precise value of
B () has been considered by several authors, beginning with Mattila [17]. Further
references will follow.

Writing h = hy — hy + i(h3 — ha), where the components are positive, we have

Veathilhinl < vVea@ Il il @, i=1.....4
so that by the triangle inequality, (13) yields
(R 2@ty S R liell 11 2ap-
Thus, by duality, B, («) is the supremum of the numbers 8 for which
ligdo (R )l S R Vea @l gl 2@ (14)
holds, for all R > 1, g € L*S" ') and p € M*(B"). Here do denotes the
Lebesgue measure on the unit sphere S"~!. By similar arguments to those contained

in Appendix C, one can show that §, («) is also the supremum of the numbers 8 for
which

Igdo (R 12 S RPVea () gl 2y

holds, however (14) will suffice for our purposes.
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On the dimension of divergence sets 611

Weighted Fourier extension estimates of this type played a central role in [4,7], and
their use in the context of almost everywhere convergence problems for dispersive
equations goes back to Vega [33].

In two dimensions, combining results of Mattila [17] and Wolff [35], the sharp
decay rates are known;

a/2, O0<a<1/2,
Balw)=11/4, 1/2<a <1,
a/4, l<oa <2

In higher dimensions, combining the partial results due to Mattila [17], Sjolin [25,27],
and Erdogan [12], it is known that

g, a e (0,51,
T aelf 5l
Bn(a) >
- | nt2a-2 e[l n+2]
8 b 2! b
et a € [2,n]

On the other hand, using the so-called ‘Knapp examples’ one can calculate that

%a ae(o’n_z]v
nta—2
4

Bn(a) = [

, a€ln—2,n].

Worse counterexamples have been constructed when the averages are taken over a
piece of paraboloid rather than the sphere [2], or for signed measures with finite Fou-
rier energy [13].

Note that the upper and lower bounds coincide when « € (0, "—51], so that 8, (o) =
«/2 in that range.

The following is a simple generalisation of a result of Sjolin [24] and Vega [33],
and, unlike the previous propositions, also holds for the wave equation.

Proposition 3.3 Letm > 1,n > 2and s > % — Bu(a). Then

S Vea () L s ey

L'(dp)

N
sup sup [S,’ f1|
k>1 N>1

whenever n € M*(B"), f € H*(R") and (1) € RN.
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612 J. A. Barcel6 et al.

Proof Using polar coordinates we may write

EANZEOTES /w(zv*1|g|) F(6) e E1EM gg

= /l/f(N_lr)r”_le_mm / Fro) ™ do (w) dr
0

§n—1

/ / f(ra)) e (w)| dr.
0

Sn—1

Thus, by Fubini’s theorem,

.‘

< / (e vdo)” | (15)

L'dw

sup sup |S,]Zf|

k=1 N=>1 Ll(du)

Now, by (14) we have

(7 9da)” - >” SV rPIFe 2

ld)

for all 8 < B, (), so that (15) is bounded by
o
< Vel / A PGS PRrem
0

Finally, by an application of the Cauchy—Schwarz inequality, this in turn is bounded
by

12 /oo 1/2

/ 1O G 2oy (L4 r" " dr
0

n—1-28

S Vea () :

(14r2)s
0
S Ve (W) 1L 115 ®nys
where the first integral converges by choosing 8 sufficiently close to S, (c). O

Combining the previous proposition with the best known lower bounds for g, (@),
we obtain the following corollary.
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On the dimension of divergence sets 613

Corollary 3.1 Letm > 1, n > 2 and
n+1-2s, se(3 2],
a > 37"+1—4s, se(%,"T'H],
n—2s, se(%,%].

Then

S Vea () 1 s ey

N
sup sup [S,’ f|
k>1 N>1

L'(dw)
whenever © € M*(B"), f € H*(R") and (1) € RN; je.

n+1-2s, se(3 4l
Olm,n(s)f 37n+1_4s’ NS (%1%]1
l’l—ZS, SG(T’E]'
In the next section we will see that this is sharp for the wave equation when n = 2.

It is also an improvement on the previous results for the Schrodinger equation when
n>4ands e (5, 2.

4 Negative results
In this section we obtain some lower bounds on the exponents «;, , via some examples.
Example 1 Consider f: xa and du(x) = N" xg(x)dx, where

A=B(O,N), E=B0O,NY,

so that

1
Qm)"

SVF () = / YN gD FOETEM g,

B(O,N)

Taking + = N™"™, we see that the phase is close to zero for all x € E, so that

sup [SVf]

O<t<l

Z N"|A[|E| = N".

Lidp

On the other hand,

Vea@) 1 fllas S N2NST3,
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which, letting N — o0, yields the necessary condition
Uy (s) > n —2s.
Example 2 Consider f: xa and du(x) = N% xEe (x)dx, where

A=[N,N+n N2 x[0,n NV~ 1,
E =10, 2(m+ 1)~ x [0, 2N)~1/21"~ 1.

By a change of variables, we see that

ISVf ()| =

/ U (N71Ne) +g1) e/ ErINater g

A—Ne;

Q2m)"

- & /w (lel + N”SI) i (=mN™lrer) £ —1(Ner+£1"-mN"161) g
2m)* )
A—Ne

where e; = (1,0, ...,0). Now

V(INey +&|™ —mN™ &)
=m|Nej +&|"2(Ney +&) —mN™ e
=mN(INey +£"2 = N" ey + m|Ney + &|" 2,

so that, by the mean value theorem, for |£| < N 1z
IV(INe + & —mN""'&)| < m(m + HN™ /2.
Taking t = m~' N7 x| we see that
t(|Net + €™ —mN"'§1) —m™'Nxi| < 1/2
when |&| < NY2 and Ix1] < (2(m + 1))~!. Moreover, when x € E,
(& =mN""V1er) - € = Ixab2 + - + bl < 1/2,

so, for each x € E, the phase is effectively constant, so that

> N'T'|A|E| = N&.
LY (dp)

sup SN

O<r<l1

On the other hand, by calculating,

max{o—1,0} S0
Vea) 1 fllms SN -5 N°T4.
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On the dimension of divergence sets 615

We see that s > 1/4 is necessary for all values of «. Furthermore, we see that when
s < n/4, it is necessary that

Umn(s) >n+1—4s.

Example 3 Finally, with m = 1, we consider f: xa and du(x) = N%XE (x)dx,
where

A= {s ER" ¢ |0ce| < N“V2and €] < N},

E= {x ER" : |Bye,l < N7V and x| < 1/10}.

Here 6¢ ., denotes the angle between & and e;. Taking t = |x] coS 6y ¢,

[x - & —1|&]] = §]|x]| cos Oy & — cOS Oy ¢ |
N
=< E |0x,el - ex,é‘ ‘ex,el +0x,§‘
< EN—I/ZN—l/Z _ l
2 2
so that
N n—1 ntl
sup |8, f] ZN7TIA|E|=N 7.
O<t<l1 L (dw)
On the other hand,
max{a—1,0} con+l
Vea) 1 fllas SN+ N,
which, when s < ”TH, yields the necessary condition

aru(s) >n+2—4s.

5 Concluding remarks

The results as stated in the introduction are obtained by comparing the upper and
lower bounds for @, ,. In particular, the upper bounds for ¢ » are contained in Cor-
ollary 3.1. In higher dimensions, the precise decay rates for the Fourier transform
averaged over spheres are not known. The possibility remains that a positive reso-
lution of this question would yield sharp estimates for the wave equation in higher
dimensions.

Theorem 5.1 Let n > 3. If it is true that B, () = min {, ”+‘j{_2} , then

n+2—-4s, 1/2<s<1,
n—2s, 1 <s<nj/2.

Ofl,n(s) = [
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616 J. A. Barcel6 et al.

As mentioned in Sect. 3, evidence was provided in [2] to suggest that

0 n+oa—2

Bn(a) < min [5, T] ,  when

<a<n, (16)

so perhaps the previous theorem is somewhat optimistic. For the pessimists, (16) would

follow if one could improve the lower bounds on & ,,(s) for s € (%, "4i1).

Finally, we note that if a2 , (s) existed in the range 1/4 < s < 1/2, then by Exam-
ple 2 of the previous section, it would satisfy

a(s)>n+1—4s, n>2.

Thus, o ,(1/4) would have to equal n. This contrasts with the case n = 1 since
a2,1(1/4) = 1/2 (see Proposition 3.1 and Example 1).

Appendix A: Proof of (4)
Here we consider the maximal operator M defined by

1
M = | | o)

This is dominated by the Hardy-Littlewood maximal operator. The following lemma
is well-known (see for example [1, p. 159]). We include a proof, avoiding interpolation
of weak estimates, from which we will also deduce (4).

Lemma A.1 Let0 <s <n/2and o > n —2s. Then
IMFN Lt S Vea () 1L f | as ey

whenever i € M*(B") and f € H*(R").

We remark that by the proof of Lemma C.1 below, the L' (d)-norm in the previous
lemma can be replaced by the L?(d)-norm.
We note in passing that Lemma A.1 implies that for all f € H*(R"),

1
dimy {x e R" : Bal / f(y)dy divergesas r — 0¢ <n — 2s.
X, r
B(x,r)

This refines (but does not recover) the Lz-Lebesgue differentiation theorem.
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On the dimension of divergence sets 617

Proof of Lemma A.1 We suppose that 0 < s < n/2, as the case s = n/2 follows as a
consequence. As in the proof of Proposition 3.1, it will suffice to prove the somewhat
sharper

||Mf||L1(d#) f, VIi—2s(1) ||f||Hs(Rn)-

Defining 7 to be the Fourier transform of m XB(0,1), by linearising the operator,
it will suffice to prove

2

’/ / N(r@)E) FE) e de wx) dpu(x)| < Lias () I1f 1,

whenever r : B" — (0,00) and w : B" — S! are measurable functions. Now, by
Fubini’s theorem and the Cauchy—Schwarz inequality, the left-hand side is bounded
by

2 g

/ IF©)1E1>dg / ' / N (r(x)&) e Sw(x) dp(x) P

Writing the squared integral as a double integral, and applying Fubini’s theorem again,
it will suffice to show that

. d
/ / / 0 (O 1 (r(E) e’("_”'gg%w(x)w(y)du(x)du(y) < s ().

Thus, it remains to prove that for 0 < s < n/2,

dg | _ I

EP ]~ =y

‘ / n(r(x)E) n (r(y)E) 7%

uniformly for all choices of r(x), r(y) > 0. Now the Fourier transform of | - |_2S is
equal to a constant multiple of | - |*~", so, by the change of variables z = x — y, this
would follow from the inequality

1 1 y
sup —- dx| < —.
rra=0| 1B(z, r2)] |B(x,r1)| [yl z]

B(z.r2) B(x,r1)

This in turn would follow from the inequality

1 / dy _ 1 a7
|B(x, )] [y[r=2s ™~ |x|n=2s

(x.r)
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618 J. A. Barcel6 et al.

uniformly for x € R"” and r > 0. By scaling this reduces to proving

B(x,1
which can be shown by direct calculation.

Now (4) follows from the previous proof. Using the fact that |f(§) e i

/ | rf’y—% o |"1—2Y’ o
yImE T xR
)

]

|f(§ )|, the only other change comes in the last line where instead of proving (18) we

are required to show that

dy 1
/w(x_y)|y|n—2s ’S |x|n—2s'

However this follows using (17), as

dy onk dy 1
/vf(x —Y) e < > 2T /xB(o,zk)(x N S e

n
[yl =0

and so we are done.

By standard arguments, similar to those in the next section, (4) implies that for all

g € L2(RY),

dimpy {x eR" : SNG, #g)(x) /> Gy g(x) as N — oo} <n—2s,

where G; denotes the Bessel potential of order s defined via the Fourier transform by

’G\S & =0+ |2)_S/ 2 The proof of this requires the additional ingredient

1Gs * gl L1y S Vea () IgllL2@nys

which holds under the hypotheses of Lemma A.1.

Appendix B: Proof of (6)
Consider g € S(R") such that |lugp — g||gs®n) < &, and note that

1S7uo — Sjuol < |5 uo — 578l +ISe — Sg'gl +1S3's — Sjuol.
We have,

pufx : lim suplimsup [S,Y uo — S§'uo| > A} <pufx : sup sup |S} (uo — g)| > 1/3}

k—o00 N—o00 k>1 N>1

4+ pf{x: lim lim |S,]Z]g—S(1)Vg| > A/3}+ ui{x : sup |Sév(g —up)|>A/3}.
k—00 N—o00 N>1
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Now, if tx — 0, the second term on the right-hand side of the inequality is zero, so by
the maximal inequalities (4) and (5),

pfx: lim lim [SPuo—S3 uol > A} SA™'Veo () luo — gllps ey SA™'Vea () e.
k—00 N— o0
Letting ¢ tend to zero, then A tend to zero, we see that
uf{x © ulx,tx) A ux,0) as k > o0} =0

whenever © € M%(B") with ¢ > & ,(s). Thus by Frostman’s lemma (see for
example [16]),

Hx € B" @ ux,tx) A u(x,0) as k > 00} =0, o > ap,(s),

where H® denotes the «-Hausdorff measure. By translation invariance and the count-
able additivity of Hausdorff measure, we obtain (6). O

Appendix C: L2-estimates

Consider the estimate

SVea () L f 1 as we (L1)

Li(dw)

N
sup sup |S,” f|
k>1 N>1

whenever u € M*(B") and f € H*(R"), and the estimate

SVea ) 1 f sy (L)

L3 (dp)

N
sup sup |S;” f|
k>1 N>1

whenever u € M*(B") and f € H*(R").

In the following lemma we see that these estimates are essentially equivalent. This
is reminiscent of the Nikisin—Stein maximal principle which allows one to deduce
a weak L’-estimate for the maximal operator from an L'-estimate via the almost
everywhere convergence that the L!-estimate implies (see [28]).

Lemma C.1 (L)) holds for all s > so < (L») holds for all s > s.

Proof By Holder’s inequality, (L) follows from (L;), so one direction of the equiv-
alence is clear. For the reverse direction, we suppose that (L) holds for all s > sq, so
that by the Fourier inversion formula,

sup sup | S f | <Vea) RN f 2 s > s0, (19)

k=1 N>1

L(dw)

whenever f € L2(Bg) and u € M (B").
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620 J. A. Barcel6 et al.

Considering u € M*(B") defined by

d
dju(x) = %

where v is any ¢-dimensional measure supported in the unit ball B”, this yields

/SUP sup | £ (x)] XE(X) SVeaWR | fll2.

k=1 N>1 JV(E) ™

Setting £ = {x : SUPg>1 SUPy>| |St1]:/f(x)| > )}, we deduce the weak type (2,2)
estimate

v([x : sup sup [SY F(x)] > A]) S caMRZA£112,. (20)

k>1 N>1

On the other hand, it is trivial to observe that

<N flpign S R21£I 2 1)
L®(dv)

sup sup |S,k f |
k>1 N>1

whenever f € L%(Bg). Using real interpolation between (20) and (21), we obtain

N~
sup sup |S; f |
k>1 N>1

2 2\ n
S caWVPR| fll 2, s> =50+ (1 - —) 7 @
LP(dv) p p

whenever f € L?>(Bg) and u € M*(B"), forall p > 2.
Using complex interpolation between (19) and (22), we obtain

SVea(w) RPN fllg2, s > so,

L2(dp)

N
sup sup [S;" f |
k=1 N>1

whenever f € L?(Bg) and u € M*(B"). Here we have used the fact that ¢ () > 1.
Finally, we apply the Fourier inversion formula and sum a geometric series to obtain
(Ly) for all s > sp. |

We thus see that the positive results of Sect. 3 can be strengthened to LZ-esti-
mates. In Proposition 3.1 however, we are obliged to restrict attention to the range
n/4 < s < n/2. Thus, we do not refine, or even recover, the result of Kenig and Ruiz
[14] which gave a strong L2([—1, 1])-version of Carleson’s estimate directly.
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