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Abstract We study the dimension spectrum for Lyapunov exponents for rational
maps on the Riemann sphere.
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1 Introduction

Let f: C — C be a rational function of degree > 2 on the Riemann sphere and let
J = J(f) be its Julia set. Our goal is to study the spectrum for Lyapunov exponents
of f];. Given x € J we denote by x(x) and x(x) the lower and upper Lyapunov
exponent at x, respectively, where

1 1
() :=liminf —log|(/")' ()], X(x) := limsup ~ log | (/") (x)!.
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966 K. Gelfert et al.

If both values coincide then we call the common value the Lyapunov exponent at x
and denote it by x (x). For given numbers 0 < o < 8 we consider also the following
level sets

L, B) = {x €J:x(n) =@, X = ﬂ}.

We denote by L(«) := L(«, ) the set of Lyapunov regular points with exponent o .
If @ < B then L(«a, B) is contained in the set of so-called irregular points

Liy = {x eJ: L(x) < X(x)}.

Recall that it follows from the Birkhoff ergodic theorem that w(Li;) = O for any
f-invariant probability measure L.

While the first results on the multifractal formalism go already back to Besicovitch
[3], its systematic study has been initiated by work of Collet et al. [4]. The case of
spectra for Lyapunov exponents for conformal uniformly expanding repellers has been
covered for the first time in Ref. [1] building also on work by Weiss [25] (see Ref. [12]
for more details and references). To our best knowledge, the first results on irregular
parts of a spectrum were obtained in Ref. [3]. Its first complete description (for digit
expansions) was given by Barreira et al. [2].

In this work we will formulate our results on the spectrum for Lyapunov exponents
in terms of the topological pressure P. For any o > 0 let us first define

1
F(a) =

= inf (Pyys(=dlog|f') +da).

and

F(0) := lim F(a).
a—0+

Let [@™, a™] be the interval on which F # —oo (a more formal and equivalent
definition is given in (4) below, see also Ref. [18]).

Before stating our main results, we recall what is already known in the case that J
is a uniformly expanding repeller with respect to f, thatis, J is a compact f-forward
invariant (i.e., f(J) = J) isolated set such that f|; is uniformly expanding. Recall
that f is said to be uniformly expanding or uniformly hyperbolic on a set A if there exist
¢ > 0and A > 1 such that for every n > 1 and every x € A we have |(f")'| > cA".
Recall that a set A is said to be isolated if there exists an open neighborhood U ¢ C
of A such that f"(x) € U foreveryn > 0 implies x € A. In our setting the Julia set J
is a uniformly expanding repeller if it does not contain any critical point nor parabolic
point. Here a point x is said to be critical if f'(x) = 0 and to be parabolic if x is
periodic and its multiplier (fP™)(x) is a root of 1. If J is a uniformly expanding
repeller then for every @ € [, o] we have

dimy L(a) = F(a)
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On the Lyapunov spectrum for rational maps 967

(see Refs. [1,25]) and L () = @ if and only if & ¢ [o~, @™] [22]. This gives the full
description of the regular part of the Lyapunov spectrum. Moreover, in this setting of
a uniformly expanding repeller J, the interval [« ™, o] coincides with the closure of

the range of the function «(d) = —%PfL](—S log | f'])|s=4 and the spectrum can be
written as
1 hyua (F)
F(a(d)) = —— (Prjs(—dl ! da(d)) = 2422
(oe(d)) a(d)( 17 (=dlog | f']) 4+ da(d)) «(d)

where a(d) is the unique number satisfying

d
—ngu(—S log [ f'Dls=a = /log |f1dpa = a(d)

and where 14 is the unique equilibrium state corresponding to the potential —d log | f].
Iflog | f'| is not cohomologous to a constant then we have o~ < a™, and o > a F ()
and d — Pyj(—dlog|f']) are real analytic strictly convex functions that form a
Legendre pair.

We now state our first main result.

Theorem 1 Let f be a rational function of degree > 2 with no critical points in its
Julia set J. Foranya™ <a < B <a™, B > 0, we have

dimy L(«, B) = min{F (), F(B)}.
In particular, for any o € [a~, aT1\{0} we have
dimyg L(a) = F ().
If there exists a parabolic point in J (and hence F(0) > —o0) then
dimyg £(0) = dimy J = F(0).

Moreover,

{er:i(x)<of}={xe]:7(x)>oz+}=@.

We denote by Crit the set of all critical points of f. Following Makarov and Smirnov

[9, Sect. 1.3], we will say that f is exceptional if there exists a finite, nonempty set
% ; C C such that

FHEp\Crit= 2.

This set need not be unique. We will further denote by X the largest of such sets (notice
that it has no more than 4 points).
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968 K. Gelfert et al.

Theorem 2 Let f be a rational function of degree > 2. Assume that f is non-excep-
tional or that f is exceptional but ¥ NJ = . Forany 0 < a < B < a™ we
have

min{F (a), F(B)} < dimy L(a, B) < maxﬂ F(g).
a=g=<

In particular, for any o € [a~, aT]\{0} we have

dimyg L(a) = F()

and
dimg £(0) > F(0).
Moreover,
{er: —oo<x(x)<a_}={er:7(x)>oc+}=@
and

dimg{x e J: 0 <x(x) <a”}=0.

If f is exceptional and £ N J # ¢ (this happens, for example, for Chebyshev
polynomials and Lattes maps) then the situation can be much different from the above-
mentioned cases. For example, the map f(x) = x> — 2 possesses countably many
points with Lyapunov exponent —oo, two points with Lyapunov exponent 2log?2, a
set of dimension 1 of points with Lyapunov exponent log 2, and no other Lyapunov
regular points. Hence, for this map the Lyapunov spectrum is not complete in the
interval [@~, a*] = [log 2, 21og2].

The present paper does not provide a complete description of the irregular part of
the Lyapunov spectrum even in the case £ N J = #. We do not know how big the
set £L(—o00) is except in the case when f has only one critical point in J (in which
case L(—o0) consists only of the backward orbit of this critical point). Moreover, we
do not know whether the set {x € J: x(x) < o™} contains any points other than the
backward orbits of critical points contained in J and we only have some estimation
for the Hausdorff dimension of the set L(«, 8) even for values «, 8 € [, a™].

The paper is organized as follows. In Sect. 2 we introduce the tools we are going to
use in this paper. In particular, we construct a family of uniformly expanding Cantor
repellers with pressures pointwise converging to the pressure on J (Proposition 1).
Section 3 discusses general properties of the spectrum of exponents. In Sect. 4 we
obtain upper bounds for the Hausdorff dimension. Here we use conformal measures
to deal with conical points (Proposition 2) and we prove that the set of non-conical
points with positive upper Lyapunov exponent is very small using the pullback con-
struction (Proposition 3). In Sect. 5 we derive lower bounds for the dimension. To
do so, we first consider the interior of the spectrum and we will use the sequence of
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On the Lyapunov spectrum for rational maps 969

Cantor repellers from Sect. 2 to obtain for any & € (¢, o) a big uniformly expand-
ing subset of points with Lyapunov exponent « from which we derive our estimates.
We finally study the boundary of the spectrum and the irregular part of the spectrum
using a construction, that generalizes the w-measure construction from Ref. [7].

2 Tools: pressure and hyperbolic approximation
2.1 Topological pressure

Given a compact f-invariant set A C J, we denote by M(A) the family of f-invari-
ant Borel probability measures supported on A. We denote by Mg (A) the subset of
ergodic measures. Given u € Mg(A), we denote by

X () = /loglf’ldu

A

the Lyapunov exponent of 1. Notice that we have x (i) > 0 for any u € M(J) [16].
Given d € R, we define the function ¢;: J\Crit — R by

a(x) == —dlog|f'(x)]. ey

Given acompact f-invariant uniformly expanding set A C J, the fopological pressure
of ¢4 (with respect to f|A) is defined by

Py = h d , 2
£1a(@a) uénm%m u(f)+/€0d " )
A

where h, (f) denotes the entropy of f with respect to (1. We simply write M = M(J),
Mg = Mg(J), and P(@q) = Pr|j(paq) if we consider the full Julia set J and if there
is no confusion about the system. A measure u € M is called equilibrium state for
the potential ¢4 (with respect to f| ) if

P(pa) =hu(f)+/90dd,u~

J

For every d € R we have the following equivalent characterizations of the pressure
function (see Ref. [20], where further equivalences are shown). We have

Poa) = sup [ hu(f)+ / vadu
neME "

= Sljl\p Pria(@a). (3)
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Here in the first equality the supremum is taken over the set Mfg of all ergodic
f-invariant Borel probability measures on J that have a positive Lyapunov expo-
nent and are supported on some f-invariant uniformly expanding subset of J. In the
second equality the supremum is taken over all uniformly expanding repellers A C J.
In fact, in the second equality it suffices to take the supremum over all uniformly
expanding Cantor repellers, that is, uniformly expanding repellers that are limit sets
of finite graph directed systems satisfying the strong separation condition with respect
to f, see Sect. 2.2.
Let us introduce some further notation. Let

1
o« = lim ——P = inf ,
Jim == (®a) ueMEX(M)
| 4)
at == lim —=P(gs) = sup x(u),
d——00 d neMg

where the given characterizations follow easily from the variational principle, see Ref.
[20].
Recall that, given o > 0, we define

F@ = = inf (P(ga) +ad) )
and
F(0) := alll& F(x). (6)
Note that

F(0) = do := inf{d: P(gg) = 0}.

2.2 Building bridges between unstable islands

We describe a construction of connecting two given hyperbolic subsets of the Julia set
by “building bridges” between the sets.!

We call a point x C J non-immediately post-critical if there exists some preimage
branch xg = x = f(x1), x; = f(x2), ... that is dense in J and disjoint from Crit.
If f is non-exceptional or if it is exceptional but ¥ N J = @ then for every hyper-
bolic set all except possibly finitely many points (in particular, all periodic points) are
non-immediately post-critical.

We will now consider a set A that is an f-uniformly expanding Cantor repeller
(ECR for short), that is, a uniformly expanding repeller and a limit set of a finite graph
directed system (GDS) satisfying the strong separation condition (SSC) with respect

I Thisisa precise realization of an idea of Prado [14].
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On the Lyapunov spectrum for rational maps 971

to f. Recall that by a GDS satisfying the SSC with respect to f we mean a family of
domains and maps satisfying the following conditions (compare [11, pp. 3, 58]):

(i) There exists a finite family U = {Uy: k = 1, ..., K} of open connected (not
necessarily simply connected) domains in the Riemann sphere with pairwise
disjoint closures.

(ii) There exists a family G = {gx¢: k, £ € {1, ..., K}} of branches of f~! map-
ping Uy into Uy with bounded distortion (not all pairs k, £ must appear here).
Note that a general definition of GDS allows many maps g from each Uy to
each Uy. Here however there can be at most one, since we assume that f-critical
points are far away from A and that the maps g are branches of f~!.

(ii1) We have

o0
A= n U 8kiky © 8kaks © -+ - © 8ky_1ky-
n=1k,..., kn

We assume that we have f(A) = A and hence that for each k there exists £ and
for each ¢ there exists k such that g, € G.

Wecanview k = 1, ..., K as vertices and g, as edges from £ to k of a directed graph
r =T, G).

This definition easily implies that f is uniformly expanding on the limit set A of
such a GDS, and that A is a repeller for f. Clearly A is a Cantor set. In fact a sort
of converse is true (though we shall not use this fact in this paper, but it clears up the
definitions). Namely we observe the following fact.

Lemmal If A C J is an f-invariant compact uniformly expanding set that is a
Cantor set, then A is contained in the limit set of a GDS satisfying the SSC (this limit
set can be chosen to be contained in an arbitrarily small neighborhood of A). Hence,
A is contained in an f-ECR set.

Proof We can multiply the standard sphere Riemann metric by a positive smooth
function such that with respect to this new metric po we have | f'| > A > 1 on A.
It is easy to show that one can find an arbitrarily small number » > 0 such that the
neighborhood B(A,r) = {z € C: oA (z, A) < r} consists of a finite number of con-
nected open domains Uy with pairwise disjoint closures. We account for our GDS the
branches of g = f~! on the sets Uy such that each g(Uy) intersects A. Then g maps
each Uy, into some Uy because it is a contraction (by the factor A~!). Hence the family
of maps gy, satisfies the assumptions of a GDS with the SSC. O

In the proof of the following lemma we will “build bridges” between two ECR’s.
Lemma 2 For any two disjoint f-ECR sets A1, Ay C J that both contain non-imme-
diately postcritical points there exists an f-ECR set A C J containing the set A1UA».

If f is topologically transitive on each A;, i = 1, 2, then f is topologically transitive
on A.
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972 K. Gelfert et al.

Proof Let A1, Ay C J be two sets satisfying the assumptions of the lemma and let
p1 € A1 and pr € A be two non-immediately postcritical points. Consider a family
U; = {U,-,k},f;l of open connected domains and a family G; = {g; ¢} of branches of
£~ mapping U; ¢ to U that define the DGS’s satisfying the SSC that have A; as
their limit sets, for i = 1, 2, respectively. Let

K;
D; = U Ui k.
k=1

We can assume that each D; is an arbitrarily small neighborhood of A;, by replacing
U; by G™(U;), where by G™ we denote the family of all compositions

G" = {gi,klkz O 8ikoks © " O &iskyyrkn - Giknknry € Gin=1,...,m— l}.

Foreachi = 1,2 let us choose a backward trajectory y; ; of the point p; (the “bridge”)
such that

yl,Ozpl’ f(yl,t)zyl,t—l fOr t=17'-'5ti’

Vit ¢ DiUD,forallt=1,...,4 — 1 and Yi.y € D2, y2.1, € Dy. Let us denote by
h; , the branch of f~ that maps p; to y;,, that is, let

L e— —t
hl’t T it

_Let&be an open disc centered at p; that is contained in D; and satisfies &; ; vHn
(D1UDy) =@forallt =1,...,t — 1 (note that this is possible provided we choose
Vi small enough) and

hiy, (Vi) C Dy and ha,(V2) C Dy.

Let us consider an integer N > 0 such that the component of f " (D;) containing
pi is contained in V;, that is, that

N D) Vi

fori =1, 2. Now let us replace U; by ﬂ = GV (U;), let us replace each map g; k¢
by the family of its restrictions to U e u contained in Uy and and let us denote by
G, the union of those families. This defines a GDS with graph Iy =15 (u,, G ), for
i = 1, 2. Now we restrict each bridge #; ; to the element V of U that contains p;. As
the next step we consider

Vie:=hi;(Vi) for t=1,....6; +N—1,

where for ¢ > #; we choose an arbitrary prolongation of the bridge y;, by maps
8&j.kik,y, - Finally, we consecutively thicken slightly V, ¢ along the bridges such that
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On the Lyapunov spectrum for rational maps 973

f({/\i,z) D) f/\,-,,_l, For each ¢ let us denote by g; ; the branch of f’] from f/\,-,, to V\i,z+l
fort =0,...,1; + N — 1. Let us denote by H; the family of all these branches. By
construction the family of domains

w=tuthbuly U Vu
i=1,2t=1,....ti +N—1

and the family of maps G := 61 U 62 U Hy U H, form our desired GDS with a
graph I' = I'(U, G) satisfying the SSC and hence define an f-ECR set A C J that
containes A1 U Aj.

Finally notice that this system has topologically transitive limit set A since its tran-
sition graph I is transitive. This follows from the assumption that due to topological
transitivity of f| 4, the graphs I'; are transitive and from the construction of the bridges.

O

2.3 Hyperbolic subsystems and approximation of pressure

Our approach is to “exhaust” the Julia set J by some family of subsets A,, C J and
to show that the corresponding pressure functions converge towards the pressure of
f1s. In particular, in order to be able to conclude convergence of associated spectral
quantities, it is crucial that each such A,, is an invariant uniformly expanding and
topologically transitive set.

We start by stating a classical result from Pesin-Katok theory. It follows for example
from Ref. [21, Theorems 11.6.1 and 12.2.3]. Recall that an iterated function system
(IFS) is a GDS that is given by a complete graph.

Lemma 3 For every ergodic f-invariant measure j that is supported on J and has a
positive Lyapunov exponent, for every continuous function ¢: J — R and for every
& > 0, there exist an integer n > 0 and an f"-ECR set A C J that is topologically
transitive and a limit set of an IFS, such that dimg A > dimyg u — ¢

Ppnia(Spd) = hyu(f") +n/¢du —ne, (N

where we use the notation Sp¢(x) := ¢(x) + ¢(f(x)) + -+ ¢ (f*"1(x)), and in
particular

Pud @ = () + [ odi—e. ©

Our aim is to apply Lemma 3 to potentials ¢ = ¢, and to use the resulting ECR
sets to construct a sequence of f“m-ECR sets A, on which the pressure function
%P am |A,, (Sa,, 9a) converges pointwise to P(¢g). If the ECR sets generated by
Lemma 3 are pairwise disjoint, we can simply build bridges between such sets applying
Lemma 2. In the general situation we start with the following lemma.
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974 K. Gelfert et al.

Lemma 4 Let A be a topologically transitive f"-ECR set. Let ¢; : A — R be a finite
number of Holder continuous functions. Then for any open disc D intersecting A and
for any ¢ > 0 one can find a set ' C D N A and a natural number £ > 0 such that
A’ is an f*-ECR set and for every ¢; satisfies

1 1
ZPfelA/(Sg(ﬁj) = ;anlA(Sn¢i) —¢&.

Proof Without weakening of the assumptions, we might assume that n = 1. Consider
in A a clopen set C contained in D. Let x € C. Let us choose N large enough such
that in the case that £ > N and fx_l (C) N C # @ the pullback satisfies fx_e (C) ccC.
Note that it is enough to take

log diam A
> 9
pa(C, A\C)log A

where A is the expanding constant on A in the metric p5 defined as in the proof of
Lemma 1. Note that the topological transitivity of f|, implies that every pullback of
C can be continued by a bounded number of consecutive pullbacks until it hits C, say
this number is bounded by a constant N’. This way we obtain an IFS for f¢|,, where
N < ¢ < N+ N/, with its limit set A" contained in C. By Ref. [21, Proposition 4.4.3],

for any ¢;
N/
<o(%)-
N

As N can be chosen arbitrarily big, this proves the lemma. O

1
ZPfl‘A/(SZ(pi) - Pf\A(‘Pt)

The following approximation results are fundamental for our approach.

Proposition 1 Assume that f is non-exceptional or that f is exceptional but XN J =
@. Then there exists a sequence {ay}n, of positive integers and a sequence N,, C J
of f%m -invariant uniformly expanding topologically transitive sets such that for every
d € R, we have

. 1 1
P(pa) = mlgnoo a—P fam | Ay (Say @) = SUp — Pram|p,, (S, @d)- 9
m

m>1 Am

For every o € (o™, a™) we have

F(a) = lim Fy(a) = sup Fy(a) (10)
m— 00 m>1
and
; - _ - g : +_ +_ gt
mlgnooam _rbnzflam =a, mlgnooam _’il;plam =a, (11)
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On the Lyapunov spectrum for rational maps 975

where F,, and 0131E are defined as in (5) and (4) but with % P fam|p,, (Sa,, @) instead of
Py ().

Proof To prove (9) it is enough to construct an f“-ECR set A, C J such that

1 1
— Pyam |, (Sa,, 9a) > P(pa) — — (12)
ap m

for all d € [—m, m]. Recall that we have (3). As d — P(gq) is uniformly Lip-
schitz continuous, we only need to check (12) for a finite number of potentials
¢; = @q;. Given m, we apply Lemma 3 to potentials ¢;, obtaining a family of f"/-ECR
sets A, ; on which the pressure nlin-n,-‘Am_i(Sniqbi) > P(¢i) — ﬁ We then apply
Lemma 4 to construct a family of pairwise disjoint f%-ECR sets A’/n‘i that satisfy
z_lin“i|A;ni(SZi¢i) > P(¢i) — % Those sets A;n)l. are also disjoint f“-ECR sets
for a,, = Hi ¢; and by our assumption contain non-immediately post-critical points.
Hence we can consecutively apply Lemma 2 to them. We obtain an f%"-ECR set
satisfying (12) for all ¢;. This proves (9).

Asd +— P(pg) and @ — o F () form a Legendre pair, (10) and (11) follow from
(9) by a result of Wijsman [26]. O

Remark I 1t is enough for us to work with hyperbolic sets for some iterations of f
instead of hyperbolic sets for f [in other words, to use (7) instead of (8)]. However,
notice that we could instead extend the set Uflzg : fi(Ap) to an f-ECR set using
Lemma 1.

2.4 Conformal measures

The dynamical properties of any measure v with respect to f|; are captured through
its Jacobian. The Jacobian of v with respect to f| is the (essentially) unique function
Jac, f determined through

V(f(A)) = / Jac, f dv (13)

A

for every Borel subset A of J such that f|4 is injective. In particular, its existence
yields the absolute continuity vo 7 < v.
A probability measure v that satisfies

Jac, f = eP @) —va
is called e W) =%d_conformal measure. If d > 0 then one can always find a e (¥a)=¢d_
conformal measure v, that is positive on each open set intersecting J, see Ref. [20].

When d < 0 such a measure can always be found if f is not an exceptional map or if
f is exceptional but £ N J = @ (see Ref. [20, Appendix A.2]).
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2.5 Hyperbolic times and conical limit points

When f|; is not uniformly expanding, we can still observe a slightly weaker form of
non-uniform hyperbolicity. We recall two concepts that have been introduced.
A number n € N is called a hyperbolic time for a point x with exponent o if

(PO (5 ()| = e for every 1 <k <n.

It is an immediate consequence of the Pliss lemma (see, for example [13]) that for a
given point x € J, for any o < ¥ (x) there exist infinitely many hyperbolic times for
x with exponent o.

We denote by

/
Distg|z := sup Ig/(x)l
x,yeZ F463]

the maximal distortion of a map g on a set Z. After [5], we will call a point x € J
conical if there exist a number r > 0, a sequence of numbers n; /' co and a sequence

{U;}; of neighborhoods of x such that /" (U;) D B(f" (x), r) and that Dist "]y, is
bounded uniformly in i.

3 On the completeness of the spectrum

In the following two lemmas we will investigate which numbers can occur at all as
upper/lower Lyapunov exponents.

Lemma 5 We have
{rel:xx)>at}=0.

If J does not contain any critical point of f then we have
{xe]:i(x) <o }=0.

Proof Consider an arbitrary x € J and a sequence n; /' 0o such that

ni—1
. - / ] _ =
fim -~ ZS log ] f'(f7 ()l = X ()
and

1 ni—1
Mi = n_, ZO Sfj(x) - U
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On the Lyapunov spectrum for rational maps 977

in the weaks topology. The limit measure p is f-invariant, [24, Theorem 6.9]. Define
gn = max{log|f'|, =N}.

Notice that {gy}n 1s a monotonically decreasing sequence of continuous functions
that converge pointwise to log | f/|. Hence we obtain

70 = Jim [ o di= [ loglfldi = (o) <o,

where the equality follows from the Lebesgue monotone convergence theorem. This
proves the first statement.

The second statement follows simply from the fact that log | f’| is continuous on J
if f has no critical points in J. O

Remark 2 We remark that the same method of proof gives a slightly stronger result
than the fact that ¥ (x) < a™ for every x. Namely we have

1
lim sup — log|(f")'(2)] < &,
n—0o0 ZE(C n
see Ref. [18, Proposition 2.3. item 2].
Recall that on a set of total probability we have x (x) > 0 [16]. In fact, a better

estimate can be given for any Lyapunov regular point x (compare the proof of Ref.
[19, Proposition 4.1]).

Lemma 6 If x € J has a finite Lyapunov exponent x (x) then x (x) > «a~, that is, we
have

{xe]: —w<x(x)<a_}:@.

If there are no critical points in J then L(—00) is empty. If there is only one critical
point in J then L(—00) consists only of this critical point and its preimages.

Proof Let x € J be a Lyapunov regular point with exponent x (x) and assume that
X (x) < ™. Itis enough for us to prove that there exists a periodic point with Lyapu-
nov exponent arbitrarily close to x (x), the contradiction will then follow from the
definition of o ™.

Note first that if y (x) exists and is finite then %1og [(f™) (x)| must be a Cauchy
sequence and hence satisfies

1
lim inf — log p(f"(x), Crit) = 0. (14)
n—oo n

By Ref. [16, Corollary to Lemma 6], we then can conclude that x (x) > 0. Choose
now a small number § > 0. Let n be a hyperbolic time for x with exponent —§/2
(recall that x has infinitely many hyperbolic times with that exponent, and hence that
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n can be chosen arbitrarily big). Because of (14), there exists an integer ng > 0 such
that for all k > ng we have

,o(fk(x), Crit) > exp(—k$) (15)

and we can assume that n > ng.
We start with a construction that is standard in Pesin theory. For each k =0, ...,
n —ng — 1 we define

B, :=B (fn—k(x), e(—(dc+1)n+k)6)’

where d, is the greatest degree of a critical point of f. This way we define a sequence
of balls that are centered at points of the backward trajectory of f”(x) and that have
diameters shrinking slower than the derivative of f~* along this branch and at the
same time have diameters much smaller than their distance from any critical point. As
we have f"*(x) € By (15), implies that for n big enough for any k < n — ng the set
f ;ll, k=1(r) (By) does not contain any critical point and that

e diam By
longstffnl,k,l(x)IBk <K (16)

= (R (), Crin
where K is some constant that depends only on f.

Claim [f n is sufficiently big then for any k = 0, ..., n the map f* is univalent and
has bounded distortion < exp(5/2) on the set f;?]ik(x) (Bo) and satisfies f*(By) D B.

To prove the above claim, note that the balls B, shrink as n increases. Hence, it
is enough to prove the statement for k < n — ng. The statement for the initial finitely
many steps k = n — no, . .., n is then automatically provided n is big enough. Let us
assume that n is sufficiently big such that also

1)
Ki(n — ng)e %" < 7

By construction of the family { B}, and by (15), for each £ > 1 we have

< i =1 (et Dnth)s
z dlaln—Bk < Zw — ge—dcn(S'
=0 p(f"k(x), Crit) pors o(—n+k)s

Hence, if for £ < n — ny we have fk(Bk) D By foreveryk =1,...,¢— 1 then (16)
implies

NSRS

IOgDiStf;f_é(xﬂBO < K]Zg_dcnS -
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On the other hand, recall that n is a hyperbolic time for x with exponent —4§/2. Hence,
if

C 3
log Dlstff,fz,g(x)mo < 3

then f ¢ (B¢) D Byp. The above claim now follows by induction over £.
Let us consider the set

14

E = ﬂ U E;,, where E;:= U B (fj(Crit), efzdcea)_

k>1¢>k j=1

Notice that By\ E, is nonempty whenever the hyperbolic time n is big enough. For
such n, let y € Bo\ E,. From our distortion estimations for f"|p, in the Claim we
obtain

i [(F (f ()|
O —_—

)
—. 17
Yo 2 a7

In the remaining proof we will follow closely techniques in Ref. [19, Section 3]. Let
us fix some arbitrary f-invariant uniformly expanding set A C J that has positive
Hausdorff dimension (the existence of such a set follows for example from Lemma 3).
As Crit is a finite set, we have dimpy £ = 0 and we can find a point z € A\E. In
particular z € A\ E, for n large. Note that in particular for every n large enough we
have

p(z, f*(Crit)) > 724", (18)
and hence on the disk B(z, e2%"%) any pull-back f~" is univalent.
By Ref. [17, Lemma 3.1], there exists a number K, > 0 depending only on f and
a sequence of disks {D;};=1,.. x such that Ule 1 D; is connected, y is the center of
disk Dy, z is the center of disk Dy,
n
p | Di. | £7(Crit) | > diam Dy,

j=1

and the number of disks is bounded by K < K»(n8)'/2. By the Koebe distortion
lemma, for each branch of f~" and for every D; we have

Distf™"|p, < K3,
where K3 > 0 is some constant. Hence, in particular

llog [(£,") (2)] = log |(£7")Y I] < K log K3
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for some w € f~"(z). Together with (17), this implies that

L (6
(z +K10gK3)

8
(5 + K>(n8)'/? log K3) <

IA
S|

1
—Jlog 1(7Y ()| = log 1/ ()|

IA
S| =

. (19)

| >

whenever n has been chosen large enough.

By hyperbolicity of f|4, there exist positive constants A and K4 such that for all
£ > 0 the map f ~¢ is univalent and has bounded distortion < K4 on B(f*(z), A).
Recall that the Julia set J has the property that there exists m = m(A) > 0 such that
the image £ (B(f%(z), A) N J) is equal to J.

Let ¢ be the smallest positive integer such that

|(f£)/(z)| Z K4 Ae2a’c(n+m)6_

Hence fz’e(B(fe(z), A)) C B(z,e 240#m3) and it is easy to show that £ <
K5 + Kg(n 4+ m)§ for some constants Ks, Kg. So in particular, one of the preimages
F~0tm (2) s in B(f%(z), A) and the corresponding pull-back W := ="+ (B(z,
e 2de(nm)dyy satisfies W € B(f4(z), A). It follows from (18) that f~*+m+0 . W —
B(z, e 2("t™3) is univalent and thus that there is a repelling fixed point p =
fn+m+€ (p) in B(z, e—(n—t—m—i—l)).

Using the above, the Lyapunov exponent of p can be estimated by

_ 1 n+m—+4£N/
x(p) = —n+m+£10g|(f ) (p)]
1

l] |( n)/( )| + m+
R

A

suplog | f|

A

0+ L "8 pogly
X — u .
=X 2) T4 m+0/n " ntm+e POE

Now recall that the hyperbolic time n can be chosen arbitrarily large and that § was

chosen arbitrarily small. This proves the first claim of the lemma.
If there are no critical points in J then log|f’| (and hence x) is bounded from
below. The remaining claim of the lemma follows from Ref. [6, Lemmas 2.1 and 2.3].
O

4 Upper bounds for the dimension

In this section we will derive upper bounds for the Hausdorff dimension of the level
sets. We begin with a particular case.
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4.1 No critical points in J

We study the particular case that there is no critical point in the Julia set J (though,
parabolic points in J are allowed).

We start by taking a more general point of view and investigate those points that
have some least degree of hyperbolicity. In terms of Lyapunov exponents, this con-
cerns points x with ¥ (x) > 0. We begin our analysis by presenting a simple lemma,
that will be useful shortly after.

Lemma 7 Let {a,}, be a sequence of real numbers such that {a,+1 — a,}, converges
to zero but {a,}, does not have a limit. Then for any natural number r and for any

number q € [liminf, ., a,, limsup,_, . a,] there exists a subsequence ny /' 00
such that

lim a,, =¢q

k— 00
and for every k we have

ap, < App+r-
Proof We will restrict our hypothesis to the case that r = 1. The general case then
follows from considering the subsequence {a;, },-

First note that every number ¢ € [liminf a,, lim sup a,,] is the limit of some sub-

sequence of {a,},. Hence, if ¢ # liminf a, then for every ¢ > 0 there must exist
infinitely many numbers m = m(e) such that

an <4 — & < am+1.

Similarly, if ¢ # limsupa, then for every ¢ > 0 there must exist infinitely many
numbers m = m(e) such that

am < q +¢& < 1.

Since we assume that the sequence {a,}, does not have a limit, g must satisfy one of
the abovementioned properties. Hence, if we choose a decreasing family {ey }x and for
each gy one of the corresponding numbers n; = m(ex), we obtain

|ank —ql|l <er+ |ank - ank—1| — 0.

The second part of the assertion is immediately satisfied. O

Lemma 7 will help us to establish some bounded distortion properties. The follow-
ing result implies in particular that every point x with ¥ (x) > 0 is conical (recall the
definition of a conical point in Sect. 2.5).
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Lemma 8 Assume that J does not contain any critical points of f. Let x € J be
a point with X (x) > 0. Then there exists a number K > 0 such that for every
q € [&(x), X (X)I\{O} there exists a number § > 0 and a sequence ny — 00 such that

) limg oo 5 log [(f™)' ()] = g,
.. e ) )
11) DlStf |fx k(B(f"k(x),B)) <K
Here K is a universal constant, while § depends on the number q but not on the
point x.

Proof As J does not contain any critical point, the only accumulation points in J of
the orbit of some critical point can be parabolic points. Let r be the least common
multiplier of the periods of all parabolic points in J.

Given a number g € [x (x), x (x)]\{0}, there exists a number §y > 0 such that if
y € J is 8o-close to some parabolic point then

1
— log [OADNCOII

IR

Further, there exists a number §; > O such thatif z € J is §p-away from any parabolic
point then no orbit of a critical point passes through B(z, 281).

To prove the claimed property, it will suffice to find a sequence {n }; for which (1)
is satisfied and for which f"*(x) is in distance at least §y from any parabolic point.
Indeed, in such a situation the backward branch of f¢ "* (B(f™(x), 281)) will not
catch any critical point and the distortion estimations, (2) will follow from the Koebe
distortion lemma.

If x is a Lyapunov regular point and ¢ = lim,,_, % log |(f™) (x)] is its Lyapunov
exponent (which, by our assumptions, must be positive) then the claim (1) is automati-
cally satisfied. In this case we just need to choose ny such that f"*(x) is far away from
any parabolic point. Note that there must be infinitely many such times n; because
otherwise the Lyapunov exponent at x would be no greater than ¢ /2.

If x is not a Lyapunov regular point, then we apply Lemma 7 to the sequence

1
an = —log [(f™)(x)].
n

Notice that lim,,_, » (a,+1 — @) = 0 is satisfied, because there are no critical points
in J and hence | f'| is uniformly bounded. Hence, from the first assertion of Lemma 7
we obtain a sequence {ny} that satisfies (1). Notice that we have

ng
a
ng+r

ni +

Anp+r = Any

L og (Y (o) <
ng+r g T ng+r

g
ng+r?2
whenever " (x) is §p-close to some parabolic point. This inequality cannot be true
for big ny (when ay, is already close to g) because of the second part of assertion of
Lemma 7. This proves that for any time ny, large enough the point f* (x) is §p-away
from any parabolic point. O
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We are now prepared to prove an upper bound for the Hausdorff dimension of the
level sets under consideration. To start with the most general approach that will be
needed in the subsequent analysis, we first study a set of points x for which ' (x) > 0
and for which additionally the Lyapunov exponent (possibly with respect to some
subsequence of times) is guaranteed to be within a given interval [«, B]. Let us first
introduce some notation. Given 0 <« < 8, 8 > 0, let

Lo, B) :=f{x e J: x(x) =B, X(x) =, x(x) >0} (20)

Proposition 2 Assume that J does not contain any critical points of f. For every
B>0and0 <o < B we have

dimy L(a, B) < max, F(q).
a<q=<

Ifa > ot or B <a~ then L(a, B) = @.

Proof By Lemma 8, for every point x € E(a, B) there exist a number ¢ = g(x) €
[, BI\{0}, a number § > 0, and a sequence {ny}; of numbers such that

1
lim —log [(f™)'(x)| = g. (21
k—o00 Ny
and

28 |(f™) (0|7 KT < diam £ (B(f™(x), 8)) < 28 |(f™) (x)|T'K. (22)

Recall that for every d € R there exists a exp(P (¢qg) — ¢4)-conformal measure vy
that gives positive measure to any open set (see Section 2.4). Hence there exists
¢ = c(§) > 0 such that for every ny we have ¢ < vg(B(f"(x), §)) < 1. Using again
the distortion estimates, we can conclude that
cK e P @ |(fm ()~
< v (f7™ (BU™ (), ) < Kl PO (™) ()74, (23)

which implies that

1
lim — logvg (f™ (B(f™(x),8))) = —P(gq) —dq

k—o00 N

and in particular that this limit exists. Hence, there exists N > 0 such that for every
nir > N we have

Vg (f—nk (B(fnk (x), 5))) > ¢~ (P(ga)+dq+ds)

X
> e TP |(friy ()74

N d
K24~ P ) (diam £ (B (2), 5)))d( 1 ) )

v

28
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Here we used Lemma 8 to obtain the last inequality. Applying (21) and (22) we yield

P(pq)

d,, () < +d. (24)

For any gg € [, 1, go > 0, and ¢ > 0 there exist a small interval (g1, g2), g1 > O,
containing go and a number d € R such that for all ¢ € (g1, ¢2)

F(q) +¢ if F(q) # —oo,

—100  if F(q) = —oo. (25)

1
—P(pg) +d < [
q

We can choose a countable family of intervals {(qfi), qéi))}i covering [«, B]\{0} and
a sequence of corresponding numbers {d;};. Defining the measure

V= 22_[1%
i
we obtain
d,(x) = lirzlgiud,. (x) = Jhax F(q) +e,

where the second inequality follows from (25). Applying the Frostman lemma we
obtain that

dimp L(, B) < max F(q) +¢
a<q=<p

Since ¢ can be chosen arbitrarily small, this finishes the proof of the first claim. The
second claim was already proved in Lemma 5. O

Note that for every ¢ € [«, B8], ¢ > 0, we have L(«, 8) C E(q, q), which readily
proves the following result.

Corollary 1 Under the hypotheses of Proposition 2, we have

dimyg L(a, B) < minﬁ F(q) = min{F (o), F(B)}.
a<q<

In particular, for every a > 0, we have

dimy L(a) < F(a).

4.2 The general case

We now consider the general case that there are critical points inside the Julia set.

We need two technical results from the literature. The first one is the following
telescope lemma from Ref. [15]. Recall the definition of hyperbolic times given in
Sect. 2.5.
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Lemma 9 Given ¢ > 0 and o > 0, there exist constants K1 > 0 and Ry > 0 such
that the following is true. Given x € J with upper Lyapunov exponent X (x) > o, for
every numberr < Ry, for every n > 1 being a hyperbolic time for x with exponent o,
and for every 0 < k <n — 1 we have

diam ffk'er)k (B(f"(x), 1)) <r Kje~"=R0@=e),
To formulate our second preliminary technical result we need the following con-
struction, see [8,19,20].
Pullback construction Fix somen > Oandlety € J\ U/_, f !(Crit). Fix some R >
0 and let {y;}"_, be some backward trajectory of y, i.e. yo = y and yl+1 e f- 1(yl
for every i = 1, ...,n — 1. Let k1 be the smallest integer for which fyk1 "(B(y, R))
contains a critical point. For every £ > 1 let then k;41 be the smallest integer greater
than k¢ such that fy, U:‘“ k’)(B(ykl, R)) contains a critical point and so on. In this
way, for each backward branch {y;}; we construct a sequence {k¢}, that must have
a maximal element not greater than n. Let this element be k and consider the set Z
of all pairs (y, k) built from all the backward branches of f that start from y. Let
N(y,n, R) := #Z. We have the following estimate, see Refs. [20, Lemma 3.7] and
[19, Appendix A].

Lemma 10 Given ¢ > 0, there exist K» > 0 and Ry > 0 such that for all R < Ry
we have

N(y,n, R) < Kye™®

uniformly in y and n.

Recall the definition of conical points in Sect. 2.5. Using the above two lemmas we
can now show the following result.

Proposition 3 The set of points x € J that are not conical and satisfy ¥ (x) > 0 has
Hausdorff dimension zero.

Proof Let us choose some numbers o > 0 and ¢ > 0. Let

1
= = i R 5 R ,
r 2K 14 min{R{, R»}

where K| and R; are constants given by Lemma 9 and where R; is given by Lemma 10.

We can choose a finite family of balls {B,-}[‘L:1 of radius 3r such that any ball of
radius 2r intersecting J must be contained in one of the balls B;. In the case that we
can prove existence of a sequence {n;}; such that f k(("’) k)(B( S (x),2r)) does not
contain critical points for any 0 < k < n; — 1, the Koebe distortion lemma will imply
that x is a conical point for r, {n;};, and U; = fy " (B(f" (x), r)).

Let G(m, o) be the set of points x € J with upper Lyapunov exponent greater than
o for which with r chosen above for all n > m the backward branch of f~" from ball
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Fig. 1 Pullback construction
starting from the point y

n
C
S| |=m
©
—
2
©
£=
o
(0]
© L HE i
" " deg f)”"
LX) <(degf)" branches
e
f(B)

B(f"(x), 2r) onto a neighborhood of x will necessarily meet a critical point, that is,
for some 0 < k <n — 1 we have

L7050 (B (), 2) N Crit # @,

First we claim that dimg G(m, o) = 0. Let us denote by G (m, o, n) the subset of
G (m, o) for which n > m is a hyperbolic time with exponent o. Recall that ¥ (x) >
o > 0 implies that there exist infinitely many hyperbolic times for x with exponent
o. Hence, we have

G(m,o) = ﬂ U G(m,o,n). (26)

mo=m n>m

Let x € G(m, o, n). Let B; = B(y, 3r) be the ball that contains B(f"(x), 2r). We
will apply the “pullback construction” from Lemma 10 to the point y, the numbers 7,
R = %min{Rl, R>}, and to the backward branch f.". And let k = maxy k¢ and yj
be given by the pullback construction (compare Fig. 1).

We first note that Lemma 9 and p(f"(x), y) < r imply that

p(F" @), ) <7 Ky,
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This implies B(f”‘k(x), 2r) C B(yk, R) andhence k > n—m because x € G(m, o).
Thus, with fixed n and Bj, by Lemma 10 the point x must belong to one of at most
K>e"®(deg f)™ preimages of B;. As B(y,3r) C B(x,4r) and 4r < Ry,by Lemma 9
this pre-image of B; has diameter not greater than 8r K 1e o8,

Hence, we showed that every point in G (m, o, n) belongs to the nth pre-image of
some ball B; along a backward branch for that k > m — n (where k = maxg k; is as
in the pullback construction). Thus, by Lemma 9 the set G (m, o, n) is contained in
a union of at most L K»e"* (deg f)™ sets of diameter not greater than 87 K1e ™" ~%),
Using those sets to cover G (m, o, n) and applying (26), we obtain

dimyg G(m, o) < .
o—¢

As ¢ can be chosen arbitrarily small, the claim follows.
Finally note that the set of points that we want to estimate in the proposition is
contained in the union

yue()

Since for any set in this union its Hausdorff dimension is zero, the assertion follows.
O

Note that in the above proof we were able to show something more. Namely notice
that the choice of » depended on ¢ alone (and not directly on the point x).
We are now prepared to prove the following estimate.

Proposition4 Let0 < a < B < a™. We have
dimyg L(o, B) < max IO, max F(q)} .
a<qg=<p

Proof Leta and B be like in the assumptions and let x € L(«, 8). By Proposition 3 we
can restrict our considerations to the case that x is a conical point with corresponding
number r > 0, sequence {ny }x, and family of neighborhoods {Uy };. Hence, there exist
numbers 6 > 0 and K > 1 such that

28 |(f™) 0|7 K71 < diam £ (B(f™ (x), 8)) < 28 [(f™) (0T K. (27)

Choosing, if necessary, a subsequence of {ny}x, we can find ¢ = g(x) € [«, B] for
which we have

1
Jim — log (™) (0] =q. (28)
—00 N

Recall that for any d € R there exists a exp(P (¢4) — ¢4)-conformal measure v, that
gives positive measure to any open set that intersects J (see Sect. 2.4). Hence, there

@ Springer



988 K. Gelfert et al.

exists a number ¢s > 0 for which for every ny we have ¢s < vg(B(f™(x),6)) < 1.
Using again distortion estimates, we can conclude that

c e P @D g =1y ()74
< vy (f" (B(f™(x),8))) < e ™P@OR|(fm) (x) 74, (29)

The rest of the proof is similar to the proof of Proposition 2. First we obtain that for
every d € R we have

P(¢a)

d, (x) =< +d.

Choosing the right number d, we then conclude that d,, (x) < F(q). We finish the
proof by constructing a measure such that for an arbitrarily small chosen number ¢
and some number ¢ € [«, ] the lower pointwise dimension of that measure at every
x € L(w, B) is not greater than F(q) + €. O

Remark 3 Notice that in the general case, in which we do have critical points in J, for
apoint x € J with y (x) < ¥ (x) we cannot apply the same techniques as in Sect. 4.1.
In particular, in the above proof for each point x € L(a, 8) we only know that there
exists some number g = g(x) € [x(x), x (x)] to which the Lyapunov exponents over
some subsequence of times {n}; will converge, while in Proposition 2 we were able
to choose an arbitrary number g in that interval. Hence, to show the following result
we can only consider the set L(«) = L(«, o) and not L(qg, g) for an arbitrary number
q € la, B], and the following corollary is weaker than Corollary 1. However, the
implications for the regular part of the spectrum remain the same.

Proposition 4 and L(«) = L(«, o) readily imply the following result.

Corollary 2 Fora € [, aT]\{0} we have

dimyg L(a) < F(a).

5 Lower bounds for the dimension

In this section we will derive lower bounds for the Hausdorff dimension. We will
either assume that f is a non-exceptional map or that f is exceptional but N J = @.
Recall that under those assumptions Proposition 1 is valid, so we can approximate the
pressure with respect to f|; with pressures that are defined with respect to a sequence
of Cantor repellers f%|,, that were constructed in Sect. 2.3.

One more case we would like to exclude is = = o = «. It is not very interest-
ing because in this case any measure supported on any hyperbolic set A,;, C J has
Lyapunov exponent «. Hence, we automatically have

dimyg L(«) > sup F, ()

m>1
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and the supremum on the right hand side is in this case equal to F'(«). Therefore, in
the following considerations we will assume that @™ < o,

5.1 The interior of the spectrum

We use the sequence of Cantor repellers to obtain for any exponent from the interior
of the spectrum a big uniformly expanding subset of points with Lyapunov exponent
o that provides us with an estimate from below.

Proposition 5 Fora € («~, a™) we have dimy L(«) > F ().

Proof Let us consider the sequence of Cantor repellers |4, from Proposition 1.
By (11), for each number «™ > o > &~ there exists mo > 1 such thata)}) > o > «,
for every m > mg. Obviously we have

dimy L () > sup dimyg L(a) N Ay,

m>1

Since A,, is a uniformly expanding repeller with respect to f%, for any expo-
nent o € (a,,, oz,'”“ ) there exists a unique number ¢ = ¢(a) € R such that ¢ =
—#%Pfum‘ Am(@5)]5=¢() and an equilibrium state w, for the potential ¢, (with
respect to f%|,, ) such that the Lyapunov exponent of u, with respect to f is

equal to a,,« (compare the classical results in Sect. 1). For the measure

ay—1

Um = Z fim o f'
(=0

we have y (v,,) = «. Hence, the variational principle implies

max[hu(f): R= ME(U fi(Am)),X(V) =0‘}

1
J— Pfam |Am (Sam (Pq) + qa
am

v

v

. 1
> inf (—Pfum|Am (Sa,, @d) —l—da) = F().

deR \ ay,

We obtain that dimy v = h”((l-)f)) whenever v is an f-invariant ergodic Borel probability

measure with positive Lyapunov exponent [10]. This implies that for every m > my

; hy )
dimyg L(x) N U fr(Ap) > max{ (if): v E ME(U f’(Am)), x(v) = a] .

1

From here the we can conclude that dimyg L () > sup,,> Fm(a). Together with
Proposition 1 the statement is proved. O
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5.2 The boundary of the spectrum

Unfortunately, the above approach does not suffice to analyze the level sets for expo-
nents from the boundary of the spectrum. Our main goal in this section is to prove the
following result. It will not only enable us to describe the boundary of the spectrum
but also provide us with dimension lower bounds for level sets of irregular points.

Theorem 3 Let {A;}; be a sequence of subsets of J. We assume that each A; is a
uniformly expanding repeller for some iteration f% and contains non-immediately
postcritical points. Let {¢;}; be a sequence of Holder continuous potentials and let
{i}i be a sequence of equilibrium states for ¢; with respect to f%|a,. Then

dimyg [x € J: x(x) =liminf x(u;), ¥ (x) = lim sup)((u,-)] > liminf dimy w;
- i—00 i—00 =00

and

dimp [x € J: x(x) =liminf x (u;), X (x) =lim supx(,u,i)] > lim sup dimy [;.
- 11— 00

i—00 i—00

We derive the following estimates for level sets that include exponents at the bound-
ary of the spectrum.

Proposition 6 Fora™ <o < B < a™ we have

dimyg E(oz, B) > max F(q).
a=q=p

Proof The claimed estimate follows from Theorem 3.

We can also observe that for every ¢ € («, B) we have L(a, 8) D L(q, q) = L(q).
Hence we can apply Proposition 5 to derive dimyg £(g) > F(g) and prove the claimed
estimate. O

Proposition 7 Fora™ <o < 8 < a™ we have
dimyg L(«, B) > min{F («), F(B)}.

Proof Since we assume o~ < o, there exists a sequence {A;}; of uniformly expand-
ing repellers and a sequence {j;}; of equilibrium states for the potential —log | f’|
with respect to f|a, such that dimy p; = F(x(u;)) and o = lim;_, o x (u2;) and
B =1lim;_  x(2i41). Theorem 3 then implies that

L f) = {x € J: () = 0. X(x) = B} = liminf F(x ().

Since liminf;_, o F () (1;)) = min{F (), F(B)}, this proves the claimed estimate.
O
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Recall that a point x is said to be recurrent if f" (x) — x for some sequence

I’li/'OO.

Corollary 3 Assume that J does not contain any recurrent critical points of f, that
f is non-exceptional, and that F (0) # —oo. Then we have

dimy £(0) = dimy J = F(0).

Proof Proposition 7 implies that dimyg £(0) > F(0). As F(0) # —oo, the pressure
function d +— P(¢y) is nonnegative and F(0) = inf{d: P(¢4) = 0}. Since J does
not contain any recurrent critical points of f, we can apply [23, Theorem 4.5] and
conclude that inf{d: P(¢4) = 0} = dimyg J. O

To prove Theorem 3, we will construct a sufficiently large set of points that have
precisely the given lower/upper Lyapunov exponent. Note that such a set will not “be
seen” by any invariant measure in the non-trivial case that lower and upper exponents
do not coincide. Also points with Lyapunov exponent zero, though Lyapunov regular,
will not “be seen” by any interesting invariant measure. Our approach is to show that
such a set is large with respect to some necessarily non-invariant probability measure.
It is generalizing the construction of so-called w-measures introduced in Ref. [7] for
which we strongly made use of the Markov structure that is not available to us here.

A technical lemma In preparation for the proof of Theorem 3 we start with some
technical result that will be usefull shortly after.

Lemma 11 Ler g: C — C be a conformal map and A C C be a compact g-invari-
ant hyperbolic topologically transitive set, |1 a g-invariant ergodic measure on A
with Lyapunov exponent x = x (i), entropy h = h,(g), and Hausdorff dimension
d = d(u). Let V be an open set of positive measure . If y is small enough then for
any ¢ > 0 for p-almost every point v € A there exist a number K > 0 and a sequence
{ni}i such that for each n; there is a set F,,, C V N A such that for all y; € Fy,

) gy =v
i) K~'exp(m(x —e)) < (g™ (v))| < K exp(m(x + &) for all m < n;,
iii) the branch g;j"i mapping v onto y; extends to all B(v, y) and the distortion of

the resulting map is bounded by K,
iv) we have

vl U & By | zk
yjan['

v) for j # k we have

p (85 (B, )., 85 (B, y)) > K~ 'diam g (B(v, y)),
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992 K. Gelfert et al.

vi) foranyx € V andr > 0 we have

pl BN {J & By | <K',
yjanl-

vii) we have
K le 0+ < 4y (gy_j"" (B(v, )/))) < o),

Proof As g|a is uniformly expanding, there exist numbers y > 0 and ¢; > 0 such
that foreveryn > 1,y € A, v = f"(y) € A, and a backward branch g;” mapping v
onto y for every x1, x» € B(v, y) we have

1(g5™) (x1)]

S AN (30)
[(gy™) (x2)]

and in particular the mapping g, " extends to all of B(v, y). Moreover, there is some
constant ¢; > 0 not depending on n or y such that

diam g " (B(v, y)) < c2y.

We assume that y is so small that for any two points x, y with distance from A
and mutual distance < ¢y, for any point x’ € g~!(x) there is at most one point
y' € g7 '(y) such that p(x’, y') < cpy. This is true for any small enough number y
because A is in positive distance from any critical point of g. Let V. C V be such that
B(V,cyy) C V and that V is nonempty and of positive measure, which is possible
whenever y is small enough.

Notice that B (v, ﬁy) has positive p-measure for p-almost every v. Choose such
point v and let

~ 1
U:ZB N 3 U:=B ) )
(v 02+1V) (v, y)

compare Fig. 2. Let

1 . ~ ~
8= 5 min {n), n(V)}.

Let ¢ > 0. There is a set of points A’ C A with u(A’) > 1 — § (actually, it can
be chosen to have arbitrarily large measure) and a number N > 1 such that: for every
n > N and for every x € A" we have

€D [2#{keo,....n—1}): gF(x) e UNA} — p(0)] < e,
(€C2) [logl(g") (0| —nx| < ne,
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Fig. 2 Construction in the proof
of Lemma 11

(C3) [loglac,g"(x) — nh| < ne,
(C4) for r < diam A we have

d—e

w(B(x,r)) < c3r

Here (C1), (C2) simply follow from ergodicity, (C3) is a consequence of the Rokhlin
formula and ergodicity, and (C4) follows from the definition of the dimension d(u).

We choose now a family {E, },,> n of subsets of A" such that for every n > N the set
E, is a maximal (7, C;il y)-separated subset of A’. Givenn > N,letV, ;= E, NV.
Foreachn > N let

Fp:={xeV,: g;"(U)CV}.

For every z; € F, let V, ; = g;jn(ﬁ). Obviously, all the sets V,, ; are pairwise
disjoint. B B

By (C1) the trajectory of every point from V N A’ visits U at some time n > N
(in fact, at infinitely many times). Let x be such a point and n be such a time, that
is, g"(x) € U. Because E, is maximal, x must be (n, Czcﬁy)-close to some point
z;j € E,. Hence we have

(&)
"z)e Blg"(x), U
g"(z)) (g (x) CZJFIV) C

and

x €V, C gz_j"(U) C B(x,coy) C V.
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994 K. Gelfert et al.

Fig. 3 Connecting the hyperbolic sets by bridges

This shows that z; € F,. This together with (C1) implies that

n—1
ZM UVM > (u(U) — &) npu(A)
=0 j

and hence, as it is satisfied for all » > N, we obtain
1 rr /
D on(Vej) 2 (@) = e)u(A)
J

for infinitely many ¢ > N. This gives us a sequence of times n; := £ and points
yj = g;j”" (v) for which the assertion of the lemma is true. Indeed, g;j"i (U) and
gz (U) for j # k are disjoint because we are in a sufficiently large distance from
Crit. We also know that those maps gz_/."" |y have uniformly bounded distortion. Recall
that U = B(v, ), whichimplies thatgz_jni (B(v, y/2))and g, (B(v, y/2))for j # k
are not only disjoint but in distance that is comparable to the sum of their diameters and
v) follows. Further properties (i) and (iii) are checked directly from the construction.
Moreover, (vi) follows from (C4), (iv) follows from our choices of ¢, (ii) from (C2)
and (vii) from (iv) and (C3). O

Construction of a Cantor set  We now continue with some preliminary constructions
that will be needed in the proof of Theorem 3.

As a first step, we are going to construct “bridges” between the repellers A; (com-
pare Fig. 3). This is very similar to the proof of Lemma 2 though here we will not
necessarily require that the repellers are disjoint. To fix some notation, let {(B;, b;)};
be a collection of bridges, that is, let

B; := B(z;,ri) C B(A;,¥i),

where the numbers r;, b;, y; and the points z; are appropriately chosen such that £ | B;
is a homeomorphism and that

i1 (fo(B)) >0, fli(z) € Aitr,
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and
o(f¥(By), Crit) > 8; for every 1<k <b;.

The particular choice of the numbers and points will be specified in the following so
that we are able to apply Lemma 11 to the each of the sets A; and the maps g = f%.

Let us outline the following Cantor set construction. Lemma 11 enables us to select
sufficiently many preimages for each of the disks B; [as we choose B; C B(v;, ¥;)
and then select preimages g~ (v;) using the lemma]. The construction of this Cantor
set is easily described in terms of backward branches: at level i we start with the
disk B;, apply Lemma 11 and find a large number of components of f~%"i(B;) in
fPi-1(B;_1), then we go backwards through the bridge obtaining the components in
B;_1. We repeat the procedure in B;_q, ..., B].

Given the sequence of uniformly expanding repellers f“ |, with equilibrium states
wi with Lyapunov exponent x (u;) and entropy 4, (f“) (both with respect to the map
f9), let us denote

1 1 ) h
Xi = —x(),  hi=—hy (f%), di=d(w)=—,
a; a;

and
si = (") @), t :=Distf"|g,.
Let
= nf Il W= sup Lf' (0]

The constants y; can be chosen to be arbitrarily small (at the cost of decreasing r; and
increasing b;, thus changing #; and s; accordingly). In particular we can choose each y;
sufficiently small such that Lemma 11 applies to the map g = f% and the set A;. Let

Vii=B(A1,y1) and Vi = fP(B)).

We choose a fast decreasing sequence {¢;};. We will denote by K; the numbers
K; = K(A;, i, Vi, &, v;) as given by Lemma 11 (for g = f%) where we choose
each point v; € A; such that B; C B(v;, yi). Let Ay := f,“'" (B1) for one point y;
and n as provided by Lemma 11. We have Dist f91"1 |4, < K1 and for every x € A
and m < n| we have

Kflea1M(x1—81) < |(F™Y (x)| < Klealm()(1+61)
(note that n1 can be chosen to be arbitrarily big, as guaranteed by Lemma 11).
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996 K. Gelfert et al.

We apply Lemma 11 now to ’5\2, w2, Vo, €2, v2, g = 2, which provides us with
afamily F> € f~%"2(vy). Let Ayj = fy7“2’12(B(v2, y2)) for y; € F>. Those sets are
contained in the set V> = fP1(B}). We also have Dist 922 |;2f < K3 and for every
X e sz and m < n, we have

K£16a2M(X2—82) < |(fazm)/(x)| < Kzeazrrl(xzﬂ-é‘z)'
Such sets will be used later to distribute the w-measure accordingly. It provides us
also with a family of sets Ay; C Ap; such that f“>"2(A2;) = B,. Such sets will be
used later to define our Cantor set on which the w-measure is supported.

We repeat this procedure for every 7, using Lemma 11 repeatedly: for every i > 1

we find a family F; C f~%"(v;) and the corresponding components A;; of f~%"
(B(v;, yi)) contained in V; that satisfy

p(Aij, Aix) = K[ diam A;j,  j #k,
and for every x € Zij and m < n;
=1 aim(xi—¢;) aimy/ . paim(xi+ei)
K. e < (") (x)] < Kie
and
1 aini| .

Dist f |Ai_/ < K;.

In addition, by Lemma 11 (iv) we have

i UAij ZK,-_l,
J

and by Lemma 11 (vi) for any x € V; and r > 0 we have

wi | BN J A | < Kir®e,
i

Note here that for every i > 1 we have
i Si ¢! <diam V;41 <r;s;t;.

1

Let

i
m; = Z (agny + by) .

k=1
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Fig. 4 Local structure of the Cantor set A

Let Ay ; be the component of Ay N f="! (sz) for which f4"1(A;;) C B;. Sim-
ilarly, let A; j, . j,_, be the component of A;_1yj,.. ji_, N f_mffl(gi ji—) for which
faiflnifl""mi*z(Aijl_“j[-_l) C Bi—1.

The sets

Aj = U Aj i
JieJi=1

form a decreasing sequence of unions of topological balls. Moreover, the pair
(AG-1)j1...ji2» {Ai ji...ji_o k}k) is an image of (V;, {A; t}r) under a branch of the map
f~™i-1_the distortion of that branch is bounded by

i—1
Kiov:=]] K,
k=1

and the absolute value of its derivative is between

i—1 i—1
, 1,1 - , = 1, - -
L= Hsk i'e arne (Xe+er)  and Li_y:= Hsk tee agni(xXk—¢ek) (31)
k=1 k=1

(E i Li, Zi depend on i only). We can now define the Cantor set

A= ﬂ A; (32)

i>1

(compare Fig. 4). We will summarize its geometric and dynamic properties in the
following lemma.

Lemma 12 The above defined set A possesses the following properties:
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1) (Lyapunov exponents on the islands) for x € A; and k < n; we have
Ki—leaik(xz'%i) < |(faik)/(fmi—l(x))| < Kl.eaik(Xi+5i)7
ii) (Lyapunov exponents on the bridges) for x € A; and k < b; we have
wf < [ (frmran o)) < W
iii) we have
K 'KV L p e~ @miite) < diam A
i i—1 =10 = iJieJi-i
< KK Lioyrj e ®m%i=e (33)
iv) there are at least exp(a;n;(h; — &;)) sets A;j, . j_, contained in every set
AG=1)jiwji2
v) foranyki_1 # ji—1and anyi, ji, ..., ji—» we have
51 pr—1 g
P(Aiji.jiots Aijiojiakio) = K K diam Agjy i

vi) we have
Hi U Aij | = Kfl,
J
vii) forany x € V; andr > 0 we have

wi | Bae.ryn | JA; | < Kirdi=#,
J

viii) we have

Ki—le—aini(hi-i-Si) < 1 (A\lj) < p—dinithi—ei)

Additional assumptions on {n;}; and properties that are guaranteed by Lemma 11
will enable us to estimate the Hausdorff and packing dimensions of the constructed
set and describe the upper and lower Lyapunov exponents at each point. This will be
done in the following.

Construction of a w-measure on the Cantor set We continue to consider the Cantor
set A constructed in (32). Let u be the probability measure which on each level i is
distributed on the cylinder sets A; j, . j,_, of level i in the following way

Mi (A\l Ji—1 )

rildijia) 4
%,/Li (Air) G4

I‘L(Al jl‘..jifl) = I‘L(Ai—ljl‘..jifz)
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We extend the measure u arbitrarily to the Borel o -algebra of A. We call the probability
measure a w-measure with respect to the sequence { f|A;, @i, 1i}i.

After these preparations, we are now able to prove Theorem 3. We will continue to
use the notations in the above construction of the set A.

Proof of Theorem 3 Inthe course of the following proof we will choose some sequence
{ex }x and then construct a sequence of positive integers {n; };. Here each of those num-
bers n; has to satisfy several conditions that depend on {g;}x, the parameters of the
hyperbolic sets { Ay }x and the measures {1t }x, and the previously chosen numbers n ;,
j=1,2,...,i — 1. Naturally, it is always possible to satisfy all those conditions at
the same time.
We will first check that the Cantor set defined in (32) satisfies
A C L (liminf x (1), limsup x (u;))

(under some appropriate assumptions about {n;};). Then we will estimate the Haus-

dorff and packing dimensions of A using the w-measure p defined in (34).
Let us first consider the Lyapunov exponent at a point in the set A. Let

1
lu(x) = " log [(f™) ().

Forn < ajn; we have
1 aj 1 ai
Ln(x) € Xl—81——10gK1—0(—),X1+81+—10gK1+0(—) .
n n n n

We know that f™1+K(x) stays in distance at least §; from the critical points for every
k < by. Hence, forajn; < n < ajny + by we have

0n(x) = n” aml(x)+T"“0<|logw1|> (35)

and for n1 big enough (in comparison with log K| and b{|log w|) the right hand side
of (35) is between x; — 2¢1 and x1 + 2¢&1. Form;_; < n < m;_1 + a;n; we have

0 = ", 00 4 Tlog |7 () + 0 ()

while for m;_1 + a;n; < n < m; we have

mi—1 1 ainiN/ ¢ pm;
Lp(x) = Tﬂmi,l(x) + —10g|(f AT EO)]

n—mi—1 —dan;

O(|log w; ). (36)

Estimating the second summand using Lemma 12 i) and the third one using Lemma 12
ii) and assuming that n; is big enough (in comparison with n;_1, b; | log w; |, a; +1, and
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log K;), we can first prove that
[ €m; (x) — xi| < 2

(by induction) and then prove that for all m; < n < m;4 we have

< 2(si + €i41).

n; n—m;
Ln(x) — 7Xi+ it

As the upper (the lower) Lyapunov exponent of x equals the upper (the lower) limit
of £,,(x) as n — oo, we have shown that every point x € A satisfies

x(x) = liirgigf X (i), X (x) =limsup x (u;).

i—00

Let us now estimate the Hausdorff and packing dimensions of the set A. To do so,
we will apply the Frostman lemma. Let us calculate the pointwise dimension of the
measure y defined in (34) at an arbitrary point x € A. Notice that we can write

oo
{x} = ﬂ Ai jyjiz
i=1

for some appropriate symbolic sequence (j1 j2 . ..). By Lemma 12 v), the ball B(x, r)
does not intersect any of the sets A;k, «,_, if k1...kj—1 # ji ... ji—1 whenever we
have

r<Ri(x):= KK 'diam A; ;, .
Consider R;+1(x) < r < R;(x). We have

n(B(x,r))

IA

Z WCAit1 jijiak)

Ait1 jy . jj_ kOB ,r)#0

Z M(Ai+1j1..4ji—1k)'

Ait jl...j,-,llcCB(x»'"+maXZ diam A; 1) jlu.j,-_l[)

IA

Let D; := maxg diam A; 41 j,.._j_,¢. We continue with

W(A; .. ji — ) A,
(B r) < # > tit1(Ait1)
¢ Mi+1(Ai+1e k: A1k Cf™ (B(x,r+D;))

= %m] (8 (rm@.L7e+D0)).
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Using Lemma 12 vi) and vii) we can estimate

(B, ) < WA o) Kist i (B (£ 00, L7 0+ D)) (37)
2

< A ) (o Dy 38
= LJ1---Ji—1 L;d,-H—SHl !
Let
K2
- T W - B
ool= M(Aljl--']i—l)L(?Hl*ng ’ &
1

Using Lemma 12 vi) and viii), we can now estimate the first factor in (39) and we
obtain

/’L(Ak J1 ...jkfl)

i
log (1 (Aj jy...jioy) < Zlog M(AR=1 . jx )
=1l Jj1...Jk=2

k=2

i
D (log i (Ak j_,) +log Kx)
k=2

IA

i
< =D (ami(hi — &x) + log Kx) < —ajni (h; — 26;)
k=2

provided that we assume that n; has been chosen big enough (in comparison with ag,
ng, log K, k < i). For the second factor in (39) we yield

]
—logL; = > logs + logtk + arni (xi + ex) < aini (xi + 2¢;).
k=1

provided that n; has been chosen big enough (in comparison with ag, ng, log K, and
Sk, k < 7). This implies that

log & = ain; xi (diy1 — di) +n; O(g;, &i11).
Further, using (31) and Lemma 12 iii) we obtain

: i+1
diam A; 11,5 ~ !
i+1 1. ji—1t < Kis K3 n o2kEk
k=1

i+1
Rit1
and hence

D; < IMi+18i+1 Rit1.
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In addition, by Lemma 12 iii) we have

log Ri+1 = ait1ni+1(Xi+1 + O(&i+1))
and

log Di < —ait1nit1(Xi+1 + O(&i41)).

assuming that n; has been chosen big enough. To estimate (38), we consider now the
two cases: a) that » < D; and b) that » > D;. In case a) we have that

1(B(x,r)) < B @Dy)%+ et

Note that the the right hand side of this estimate no longer depends on r and hence,

lo B(x,r log (B - (2D<)di+1*é‘[+l n:
logr log Ri41 it
(40)
In case b) we have
u(B(x,r)) < B (2r)dn—Fis

and hence

log u(B(x, 1) _ log (& - (2r)hi+1¢it1)
logr - log r '

We again need to distinguish two cases: If d;| > d;, then

log (B(x, r)) _ logu(B(x, Ri))
logr - log R;

> di + O(ei, i41), (41)

while in the case d; > d;+1 we have

logu(B(x,r)) _ log u(B(x, Rit1))
logr - log R 41

nj

>diy1+ 0 ( ) + O(ei, 6i+1).  (42)

nj+1

The estimations (40), (41), and (42) prove that if the sequence {n;}; increases fast
enough then for every x € A we have

d,(x) = liminfd; and d,(x) > limsupd.
=00 i—o00

Hence, applying the Frostman lemma, we obtain
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dimy A > liminfd; and dimp A > limsupd,,
i—00 i—00

and hence the assertion of Theorem 3 follows. O
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