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Abstract The purpose of this article is to study compactness of the complex Green
operator on CR manifolds of hypersurface type. We introduce (CR-F,), a potential
theoretic condition on (0, g)-forms that generalizes Catlin’s property (P,) to CR man-
ifolds of arbitrary codimension. We prove that if an embedded CR-manifold of hyper-
surface type of real dimension at least five satisfies (CR-P,) and (CR-P,_1_,), then
the complex Green operator is a compact operator on the Sobolev spaces Hg’ p (M) and
Hos,n—l—q (M),if1 <g <n—2ands > 0. We use CR-plurisubharmonic functions to
build a microlocal norm that controls the totally real direction of the tangent bundle.

Mathematics Subject Classification (2000) 32W10 - (35N10, 32V20, 35A27)

1 Introduction and results

In this article, we introduce property (CR-P,), a potential theoretic condition on
(0, g)-forms. We show that if an embedded CR-manifold of hypersurface type satisfies
(CR-P,) and (CR-P,_1_,), then the complex Green operator is a compact operator
on the Sobolev spaces H(‘)“q (M) and Hé,nflfq (M) if1 < g <n—2. Weuse CR-plu-
risubharmonic functions to build a microlocal norm that controls the “bad” direction
of the tangent bundle. We first prove the closed range and compactness results on
L% (M) and use an elliptic regularization argument to pass to higher Sobolev spaces.

A CR-manifold of hypersurface type M is the generalization to higher codimension
of the boundary of a pseudoconvex domain. Let & C CV be a pseudoconvex domain
and H be a holomorphic function on the closure of 2. If 4 is the boundary value of
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H, then h satisfies the tangential Cauchy—Riemann equations 9,41 = 0. As with the
Cauchy-Riemann operator, 9, gives rise to a complex that is a useful tool for analyzing
the behavior of forms on and near the boundary. A CR-manifold of hypersurface type
is a (2n — 1)-dimensional manifold that is locally equivalent to a hypersurface in C".
The tangential Cauchy—Riemann operator 9, can again be thought of as the restriction
of 8 to M.

The L2-theory of d), has been studied when M is a CR-manifold of hypersurface
type. When M is the boundary of a pseudoconvex domain, it is by now classical that
95 has closed range [2,18,25]. More recent work by Nicoara [22] shows the same
result holds when M a CR-manifold of hypersurface type. The approach to analyze
dp-problems proceeds down one of two paths. One is to follow Shaw’s approach and
use d-techniques and jump formulas, and the other path is to use Kohn’s ideas and
develop a microlocal analysis to control the totally real or “bad” direction of the tan-
gent bundle. When M is not a hypersurface, microlocal analysis seems to be a more
natural approach, and we will use this approach.

The method that we use to solve the dj,-equation is to introduce the Kohn Laplacian
O, = 99y + 0,0; and invert it. The inverse (modulo its null space) is called the
complex Green operator and denoted G, when it acts on L%’ q (M), and the canonical
solution to dpu = f is given by u = 5§Gq f (assuming f satisfies the appropriate
compatibility condition, e.g., 3, f = 0 when 1 < ¢ < n — 2). Closed range of 9
implies that G, exists and is bounded on L?, though geometric and potential theoretic
properties of M can give G, much stronger regularity properties. These additional
regularity properties, however, have only been explored when M = b2 is the bound-
ary of a pseudoconvex domain. In this case, subellipticity of G4 holds if and only
if M satisfies a curvature condition called finite type (at the symmetric level g and
n—1—¢q)[4,6,8,14,19,21,23]. Optimal subelliptic estimates (so called maximal esti-
mates) were obtained in [13] under the additional condition that all eigenvalues of the
Levi form are comparable. This work unifies earlier results for strictly pseudoconvex
domains and for domains of finite type in CZ. For general domains, it is known that if
2 admits a defining function that is plurisubharmonic at points of the boundary, then
G, preserves the Sobolev spaces H*(bS2), s > 0 [3]. A defining function is called
plurisubharmonic at the boundary when its complex Hessian at points of the boundary
is positive semidefinite in all directions. For example, all convex domains admit such
defining functions.

On a pseudoconvex domain Q2 C CV, the §-Neumann operator is the inverse to
the -Neumann Laplacian [ = 89* 4+ 3*9 on L%)q(Q). When g = 1, a necessary and
sufficient condition for subellipticity of the 3-Neumann operator on 2 is the existence
of a plurisubharmonic function whose complex Hessian blows up proportional to a
reciprocal power of the distance to the boundary [4,6,27]. In [5], Catlin introduces
a weakened version of complex Hessian blowup condition and instead requires only
that there exist plurisubharmonic functions with arbitrarily large complex Hessians. He
calls this condition property (P) and its natural generalization to (0, g)-forms, called
(Py), is now a well known sufficient condition for compactness of the 9-Neumann
operator (see [11,28] for a discussion of compactness in the 9-Neumann problem). In
[23], Emil Straube and I show that if M = b2 is the boundary of a smooth, bounded,
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pseudoconvex domain and satisfies (P;) and (P,_1—4), then G is a compact oper-
ator on L(z)! q(M ). We also show that compactness of G, implies compactness of the

d-Neumann operator on (0, g)-forms on € and if b2 is locally convexifiable then
(Py) and (P,_1—4) is equivalent to compactness of G, (see [10] as well). Our meth-
ods involve 9-techniques, a jump formula in the spirit of Shaw (and Boas) [2,25], and
a detailed study of compactness of the d-Neumann operator on the annulus between
two pseudoconvex domains. Applying d-techniques to investigate the complex Green
operator in the higher codimension case investigated in this article seems to be difficult
if ¢ > 1 because it is unknown if (FP,) is invariant under CR-equivalences (or even
biholomorphisms that are not conformal mappings) if ¢ > 1.

The goal of this article is to generalize the compactness result of [23] to the case
when M is a CR-manifold of hypersurface type. We introduce property (CR-F,), a
generalization of (P;) for CR-manifolds of hypersurface type, and show that it is a
sufficient condition for compactness of the complex Green operator.

Let

Hip = ¢ € L ,(M) N Dom(3,) N Dom(d}) : dp = 0, 059 = 0}
be the space of harmonic forms and
THL, = {p € L§ (M) : (9. ¢)o =0, forall ¢ € Hip).

Our main result is the following theorem.

Theorem 1.1 Let M C CV be a smooth, compact, orientable weakly pseudoconvex
CR-manifold of hypersurface type of real dimension (2n — 1) that satisfies (CR-Py)
and (CR-P,_1-¢). If 1 < g <n—2ands > 0, then

(i) 9y and dj acting on Hj g (M) have closed range,
(ii) the complex Green operator G, exists and is a compact operator on
H (M),
(iii) ’H‘,]p is finite dimensional.

The assumption that | < g < n — 2 excludes the endpoints ¢ = 0and g =n — 1.
For the endpoint case, it is not clear what (CR- Py) should be. However, one can check
(in analogy to the 3-Neumann operator) that Gy = 5;§‘G%5h = 3G 1(8f G1)*, and thus
it follows that (CR-Py) is a sufficient condition for compactness of Go (and G,,_1 as
well). The requirement that the dimension of M is at least five is a seemingly technical
assumption concerning the eigenvalues of a Hermitian matrix. In particular, if H =
(hjk)?;clzl is a Hermitian, positive definite matrix, then (8 ZZ;} hee — hjk)’;.j{l:l is
a Hermitian, positive definite matrix if n > 3. This fact is false when n = 2, and this
causes the three dimensional case to remain open.

The symmetric requirements at levels ¢ and n — 1 — ¢ are necessary [14,17,23].
To a (0, g)-form u on b2, there is an associated (0,n — 1 — g)-form @ (obtiiEEd
through a modified Hodge- construction) such that ||u|| & ||@|l, 9% = (—1)7 (d,u),

—~—

and 52& = (—=1)2t1(@,u), modulo terms that are O(|lu]). Consequently, a compact-
ness estimate holds for (0, ¢)-forms if and only if the corresponding estimate holds
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for (0,n — 1 — g)-forms. In view of the characterization of compactness on convex
domains [10], such a symmetry between form levels is absent in the 3-Neumann prob-
lem. (The analogous construction performed for forms on €2 yields a form « that in
general is not in the domain of 9*.)

A consequence of Theorem 1.1 and Corollary 3.3 is the following generalization of
Theorem 1.4 in [23].

Corollary 1.2 Let M**~' < CN be a smooth, compact, orientable weakly pseudo-
convex CR-manifold of hypersurface type that satisfies (Py). Then M satisfies (CR- P,).
In particular, if M satisfies (Py) and (P,—1—4) and is of real dimension at least five,
then the conclusions of Theorem 1.1 hold.

2 Definitions and notation
2.1 CR-manifolds and the tangential Cauchy—Riemann operator 9

Definition 2.1 Let M C C" be a smooth manifold of real dimension 2n — 1. The
CR-structure on M is given by a complex subbundle 71:0(M) of the complexified
tangent bundle 7 (M) ® C that satisfies the following conditions:

(i) The complex dimension of each fiber of T7"-0(M) isn — 1 forall p € M;
(i) If we define 7O (M) = T1.O(M), then T"-O(M) N TV (M) = {0};
(ii) IfL, L’ e T1O(M) are two vector fields defined near M, then their commutator
[L,L'1=LL — L'L is also an element of 71-9(M).

A manifold M endowed with a CR-structure is called a CR-manifold.

Since M is a submanifold of CV, we can take TZI’O(M) = Tzl’o((CN) NT,(M)®C
(under the natural inclusions). If the complex dimension of TZI’O(M )is n — 1 for all
z € M, we can then let TI'O(M) = UzeM TZI’O(M), and this defines the induced
CR-structure on M. Observe that conditions (ii) and (iii) are automatically satisfied in
this case.

For the remainder of this article, M is a smooth, orientable CR-manifold of real
dimension 2n — 1 embedded CV for some N > n. Let B4(M) = /\q(TO'l(M)*) (the
bundle of (0, g) forms that consists of skew-symmetric multilinear maps of 791 (M)e
into C). We can choose our Riemannian metric to be the restriction on 7(M) ® C of
the usual Hermitian inner product on CV. We can define a Hermitian inner product
on BY(M) by

(9, ¥) = /(90, V)xdV,

M

where dV is the volume element on M and (g, ¥), is the induced inner product
on BY(M). This metric is compatible with the induced CR-structure, i.e., the vector
spaces TZI’O(M ) and T;)’I(M ) are orthogonal under the inner product.

The involution condition (iii) of Definition2.1 means that there is a restriction of
the de Rham exterior derivative d to B¢ (M), which we denote by ;. The inner product
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gives rise to an L?-norm || - ||o, and we also denote the closure of 3 in this norm by dj,

(by an abuse of notation). In this way, p L%’ q M) — L(Z)’ g+1 (M) is a well-defined,

closed, densely defined operator, and we define af L(Z)’ q +1(M ) — L%’q(M ) to be
the Lz—adjoint of dp. The Kohn Laplacian [, : L%’q(M) — L(z)’q(M) is defined as

Op = 050 + 05,

and its inverse on (0, g)-forms (up to (LJp)) is called the complex Green operator and
denoted by G.

The induced CR-structure 71-0(M) has a local basis Ly, ..., L,_; ina neighbor-
hood U of each point x € M. Let wy, ..., w,—1 be the dual basis of (1, 0)-forms
that satisfy (w;, L) = . Then Li,..., L, is alocal basis for the (0, 1)-vector
fields with dual basis @1, ..., @,—1 in U. Also, T (U) is spanned by L1, ..., L,_1,
L1, ..., L, and one more vector T taken to be purely imaginary (so 7 = —T). Let
y be the purely imaginary global 1-form on M that annihilates 7'-°(M) @ T%' (M)
and is normalized so that (y, T') = —1.

Definition 2.2 The Levi form at a point x € M is the Hermitian form given by
(dyy, L ALY where L, L' € TXI’O(U), U a neighborhood of x € M. We call M
weakly pseudoconvex if the Levi form is positive semi-definite for all x € M and
strictly pseudoconvex if there is a form y such that the Levi form is positive definite
atallx e M.

2.2 Property (CR-P;) and CR-plurisubharmonic functions

Definition 2.3 A smooth function ¢ : Q — C is called plurisubharmonic on (0, q)-
forms if the sum of any ¢ eigenvalues of the complex Hessian of ¢ at z € 2 is at least
C > 0. The constant C is the constant of plurisubharmonicity (of ¢ at z).

Definition 2.4 A surface S C R satisfies property (Py) if for every C > 0, there
exists a function ¢ and a neighborhood U O S so that 0 < ¢ < 1 and ¢ is plurisub-
harmonic on (0, g)-forms on U with plurisubharmonicity constant C.

As discussed above, property (P;) has played a crucial role in the development
of the compactness theory for the 3-Neumann operator and now we define its ana-
log for the compactness theory of the complex Green operator on CR-manifolds of
hypersurface type.

Definition 2.5 Let M be a CR-manifold. A real-valued C2° function A defined in a
neighborhood of M is called strictly CR-plurisubharmonic on (0, q)-forms if there
exist constants Ag, A; > 0 so that for any orthonormal Z; € T"0(M), 1 < j <gq,
4.1 ) )

<5 (935h — Bpdp2) + Aody. Zj A zj> > Ay
=1

J
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where dy is the invariant expression of the Levi form. X is called weakly CR-plu-
risubharmonic on (0, g)-forms if A, > 0. A, is called the CR-plurisubharmonicity
constant.

CR-plurisubharmonic functions were used by Nicoara [22] to prove closed range
of 9, on CR manifolds of hypersurface type.

Definition 2.6 A surface S C R¥ satisfies property (CR-P,) if for every A > 0,
there exists a function A and a neighborhood U O S sothat 0 < A < 1 and A is
CR-plurisubharmonic on (0, ¢)-forms on U with CR-plurisubharmonicity constant A.

Appendix A contains results from multilinear algebra that help to explain the rela-
tionship of (P;) and (CR-P,).

In this article, constants with no subscripts may depend on n, N, M but not the
CR-plurisubharmonic functions A+, 1™, or any quantities associated with A™ or A™.
Those constants will be denoted with an A1, ™, or =+ in the subscript. The constant
A will be reserved the constant in the construction of pseudodifferential operators in
Section 3 (though A with subscripts will not).

3 Computations in local coordinates
3.1 Local coordinates and CR-plurisubharmonicity

The microlocal analysis that we will use relies the existence of suitable local coordi-
nates. The first such result is Lemma 3.2 from [22], recorded here as the following
result.

Lemma 3.1 Let M be a compact smooth, (2n — 1)-dimensional weakly pseudocon-
vex CR-manifold of hypersurface type embedded in a complex space CN such that
N > n and endowed with an induced CR-structure. For each point P € M, there
exists a neighborhood U so that M N U is CR-equivalent to a hypersurface in C".
Additionally, on U there is a local orthonormal basis L1, ..., Ly, Li,..., I:n of the
n-dimensional complex bundle containing T M so that:

@) LJ|P = ﬁjfor 1 < j < n where (wy, ..., wy) are the coordinates of(CN,
and B .

@) [Lj, Lk]|P =cjT whe_re T = l_,,, — Ly, and c i are the coefficients of the Levi
forminLy,...,Ly,_1,L1,...,Ly—1, T, alocal orthonormal basis for T M.

The local coordinates from Lemma3.1 allow us to make a careful comparison of
the Levi form with its d;-analog.

Proposition 3.2 Let M be as in Lemma3.1. If A is a smooth function near M, L €
TL9(M), and v = L, + Ly, is the “real normal” to M, then on M,

1, - _ 1, - 0\ B}
<§ (89 — 892) , L A L> - <§ (8p3p2 — BpdpA) , L A L> = Sv(AHdy. LA L),
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Compactness of the complex Green operator 87

Proof Using Lemma3.1, there exists an orthonormal basis of CT (CV) given by
Ly,..., Ly, Li,... LN so that Ly,...,L,_1 and L1,...,L _1 are orthonormal
bases of T19(M) and 7O (M), respectively, 7' = L, — L, € TM is a purely imagi-
nary tangent vector, and v = L, + L, is the “real normal” tangent vector to M. Let
w1, ..., 0N, ®1, ...,oN be the dual cotangent vectors to Ly, ..., Ly, l_,l, el I:N,
respectively. Assume that the coordinates are centered around P € M in sense of
Lemma 3.1.
Recall that 39 = —99, s0 99 = %(85 —99). We now compute

N N N
aéx:a(Zikmk): > LiLihwj Ak + D Lok day. (1
k=1

Jok=1 (=1

Also,
N N
dOr =9 ZL dwj | =— > LiLjhwj ANdx+ . Lehdoy. 2)
jk=1 (=1

Let L =377, 1€/ L ; be a complex tangent vector on M. Then

(0w, Lj A Li)|p = Li{(we, Li)}| p — Lj{{we. L)Y p — (@e. [Lj. Lid)| p

—((@e, cjkT)| p = =8uncji(P).

Similarly, since T = L, — L,

(0@, Lj A Li)|p = Lille, L)Y p — Lillae, L)} p — (@0, [Lj, L))

— (@0, ¢jkT)|p = Sencji(P).

Consequently, for 1 < j, k <n — 1,

=

=(Lp{M+La{A)cjp(P)=cjx(P)v()| .

< > (Lehd@e—Lerdiy), Lj A Zk>
=1 P

IfK = Z;V:l &L;+ Z,iv:l Ckl_zk, then
(@j N, K AK) =0 (K)ag(K) — (K)o (K) = &j& — L.
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We now perform the same calculations with d;,. We have

n n n
81,51,)» = 0p (Zl_,k)»cbk) = Z le_,k)\a)j A Ok +ZZU» opwy,

k=1 J.k=1 (=1
n n n
0popA = 0p ZL]')LC()]' = — Z LiLjlw; /\@k-i-Zszaba)g.
j=1 J.k=1 =1

By Boggess [1, p. 132], if d}, is the exterior derivative on M and ¢ is a 1-form, then
(o, Lj A L) = Li{(¢. Li)} = Lel{@d. Lj)} = (. [Lj, Li)

Since 8, on (0, ¢)-forms is the projection of dj, onto the space of (0, ¢ + 1)-forms, if ¢
is a (1, 0)-form, then the fact that d» maps (1,0)-form to the sum of a (2, 0)-form and
a (1, 1)-form means that (dpwg, Lj A Ly) = (0pwe, Lj A Lg). Thus, for 1 < £ <n,

(Opwe, Lj A Li)| p = —(we, [Lj, Li])| p = 0.
Similarly,
(Op@e, Lj A Li)|p = —(@e, [Lj, Li])| p = 0.

Putting our equations together, if L = 27;{ &;L;, then we compute

L _ L - ]
(5 @8 =80)n L AL)| —(5 (08— Bpop) LA L)

-y cf"z(P) (Lok + Lo2) &

jik=1

R
O

We can already see from Proposition 3.2 the importance of CR-plurisubharmonic
functions. On a compact (smooth) manifold, v{A} will be a bounded quantity, and
multiples of Levi-form are controlled by CR-plurisubharmonicity.

As aconsequence of Proposition 3.2 and Lemma A.1, we learn that functions that are
plurisubharmonic on (0, g)-forms near M are CR-plurisubharmonic on (0, g)-forms.

Corollary 3.3 Let M be as in Lemma3.1. If X is a smooth, real-valued function that is
plurisubharmonic on (0, q)-forms near M and has CR-plurisubharmonicity constant
Ay, then A is CR-plurisubharmonic on (0, q)-forms with CR-plurisubharmonicity con-
stant Ajy.
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3.2 Pseudodifferential operators

From Lemma3.1, there exists a finite cover {U, }, so each U, has a special bound-
ary system and can be parameterized by a hypersurface in C* (U, may be shrunk as
necessary). To set up the microlocal analysis, we need to define appropriate pseudo-
differential operators on each U,,. Let &€ = (&1,...,&m_2,&n_1) = (£, &2,_1) be
the coordinates in Fourier space so that &’ is dual to the part of T (M) in the maximal
complex subspace (i.e., TL9M) @ 7% (M)) and &7,,—1 1s dual to the totally real part
of T(M), i.e., the “bad” direction T. Define

1
ct= {S tEpo1 > EIE’I and |§] > 1];
C={t:-€eCh}
3 3
0= [é : —Zlé’l <&y < Zlé’l}u{é gl < 1].

Note that C™ and C™ are disjoint, but both intersect co nontrivially. Next, we define
functions on {|&| : |£]> = 1}. Let

3 1
YT (&) =1 when &,_; > Zlé/l and suppyt C ["3 &1 > Elé/I] ;

(€)=Y (=§);
YO(&) satisfies Y (6)* = 1 — ¢ (&) — ¥ (&)%

Extend ¥, v, and wo homogeneously outside of the unit ball, i.e., if [§| > 1, then

YTE) =y E/IED, v E) = ¢ (E/IED, and ¥O&) = O (E/IED.

Also, extend ¥, ¥, and ¥ smoothly inside the unit ball so that ()2 + (¥ )% +
()2 = 1. Finally, for A to be chosen later, define

Vi E) =Y E/A), Yy €)=y (E/A), and YRE) = yOE/A).

Next, let \IJX, W, and WO be the pseudodifferential operators of order zero with
symbols /1, v, and ¥, respectively. The equality (V) + (¥ ;)* + (¥J)? = 1
implies that

WO+ WH Wl + (v, =1d.

We will also have use for pseudodifferential operators that “dominate” a given pseudo-
differential operator. Let ¢ be cut-off function and ¥ be another cut-off function so
that 1}|Supp1/, = 1. If ¥ and W are pseudodifferential operators with symbols v and
¥, respectively, then we say that U dominates W.

For each U,,, we have a local CR-equivalence to a hypersurface in C"*, and we can
define \IJZ, Vv, and \112 to act on functions or forms supported in U,, so let ‘PI A
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\IJ‘: 4> and \IIB 4 be the pseudodifferential operators of order zero defined on U,, and

Cf,and C;, and CY be the regions of £-space dual to U, on which the symbol of each
of those pseudodifferential operators is supported. Then it follows that:

(W)W (W) )W)+ (W), = 1d.

Let \f-'/j, 4 and li/ 4 be pseudodifferential operators that dominate vt LA and ¥~ LA

respectively (where \I/Jr pand ¥ - LA Are defined on some U,,). If C and C are the
supports of \If: 4 and \IJ LA respectlvely, then we can choose {U,}, % 4> and 1//M A
so that the following result holds.

Lemma 3.4 Let M be a compact, orientable, embedded CR-manifold. There is a finite
open covering {U,}, of M so thatif Uy, U, € {U,} have nonempty intersection, then
there exists a diffeomorphism ¥ between U, and U, with Jacobian [Jy so that:

i Tp ((f:[) NC, =@ and CF N'Ty (C}:) = () where 'Jy is the inverse of the
transpose of NEE

(ii) Let ﬂllf: A "Iju A and 19\Ilg’A be the transfers of\I/;r’A, lIJl:’A,

tively via 9. Then on {§ : &1 > ‘51|$/| and |E] = (1 +€)A}, then principal
MW s identically 1, on {§ : -1 < —31&' and |E] = (1 +

and W° 1, A» Tespec-

symbol of
€)A}, then principal symbol Ofﬁ\DM’A is identically 1, and on {§ : —%Szn,] >
%|§’| and |&] = (1 4 €)A}, then principal symbol of ﬁ\PS,A is identically 1,
whereNG >0 gnd can be very small; ~ ~

(iii) Let 0\11;: A 19\11;’ 4 be the transfers via ¥ of \IJ+ 4 and Yoa respectively. Then

the principal symbol of ﬁllf+ A s identically ] on Cf and the principal symbol
ofﬂ\i';’A is identically I on CV ;

: i+ N O— —
iv) C¢ynC, =90
We will suppress the left superscript ¥ as it should be clear from the context which
pseudodifferential operator must be transferred. The proof of this lemma is contained
in Lemma 4.3 and its subsequent discussion in [22].

3.3 Norms
LetZy ={J=(j1,....JjpeN 1 <ji<- - <j,<n—1}
We have a volume form dV on M, and we define the following inner products and

norms on functions (with their natural generalizations to forms). Let A and A~ be
functions defined on M. Set

<¢,¢>o=/¢¢dv, and (¢l = (¢, 9)o;

(. @)+ = / pge " av, and |gl?; = (@, @)+
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Compactness of the complex Green operator 91

6. 9 = / 65 dv. and gl = (9. @)
M

Ifo = Zjel'q @jay, then we use the common shorthand ||¢|| = Zjqu llos | where
| - || represents a generic norm applied to ¢.

We also need a norm that is well-suited for the microlocal arguments. Let {¢,} be
a partition of unity subordinate to the covering {U,} satisfying > CVZ = 1. Also, for
each v, let Z,, be a cutoff function that dominates ¢, so that supp Ev C U,. Then we
define the global inner product and norm as follows:

(@, @I+ a- = (&, 0} = Z ((EUWIA§U¢V’ Ev\p:Afv(Pv))d'

WY AG" CoW) 4600 o
+(EV‘IJV_’A§'V¢V’ 5U‘IJ,:A§U(PU)A‘)

and

el ;- =llelli=>" (||Euwj,Acu<p“n§++||EU\IJ9,Acv<p”||3+||EU\IJ;A;~V¢”||§_) :

Vv

where ¢V is the form ¢ expressed in the local coordinates on U,. The superscript v
will often be omitted.
For a form ¢ supported on M, the Sobolev norm of order s is given by the following:

loll? = D 15 A ¢ I
%

where A is defined to be the pseudodifferential operator with symbol (1 + |£]%)!/2.

It will be essential for us to pass from the unweighted L?-norm on M and the mi-
crolocal norm defined above. The following lemma says that we can do this without
any loss of information.

Lemma 3.5 Let A+, A~ be smooth functions on M with 0 < AT, A\~ < 1. Then there
exist constants C1, C» > 0 so that

Cillgld < llelld < Callgli?.

Proof Tt is enough to check this when ¢ is a function. Since 0 < AT, A~ < 1,

2 < e D" (16w, 00”13 + 16 W0 4800 I + 15,95 460" 1)
%

We can express EV\IJIAg“v(p" = \IJIA;“vgo" -1 - Ev)‘IJIAG(p”. (1 - é:u)\IJ;fACV is
infinitely smoothing, but using this bound would lead to a constant depending on A.
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We wish to avoid constants depending on A. Observe that

(A= ()W, 20 ()" (x)

1
GG [ évunins e

e
R2n—1
1 ~ .
= ot / 9" (W) / (1= &N ()e' ™y r (6) d& dy.
R2n—1 R2n-1

Define K (x. ) = gzt Jwoo-1 (1 =80 ()60 ()€l VY1 (§) d§. By integration
by parts, for any multiindex «,

(=)

K, y)=00—=8x)0 0 Qr(x — y)a)2n-1

/ JCTVEDUY T (&) dé.

R2n—1

Recall that ’»”IA (&) = YT (£/A), so requiring that A > 1 means that |DQWIA &) <

C, where C, does not depend on A. However, supp(1 — Z,,) Nsupp ¢, = #, so for any
N, there exists Cy so that

Cny

IK(x, )l <1 - CV(X)IICu(y)Im,

where Cy does not depend on A. Consequently,

11— 2, 4 5ve” WII < Cllgve Il
The range of \Il:“A ¢y is not L2(U,) but LZ(R?"~1), but this problem is mitigated by
the fact that \Ifj, 4%y is a smoothing operator outside of Dom(¢,). Also, \IJ:{;,, is a

contraction on LZ(R¥"~1), so

120W ;4000”15 < 2095 420" I15 + 2110 = 2, 200" 15 < Cllave” I15

for some C independent of A. By (possibly) increasing C, a similar bound will also
hold for for \IIO 4 and W ", The upper bound of the lemma therefore follows (since
the sum over v is finite and 0=<¢ <1

We now show the lower bound. Note that > ¢2 =1 =" £,¢2. Consequently,

lelf = (Z e, w) = > 12"l
v 0 v
= D (0w, + )0+ (W7, ) G Gt
v

@ Springer



Compactness of the complex Green operator 93

= > (I + (1 = EDW 4600 I3+ 1+ (1= EDW0 1600”13
HIG + (1= 8y, 00" 1})

However, [|(Z,+ (1 = 2,))W,F 1 600" I < 2015 W)F 600" 15+ 10— 2D, 000" 1),
and \IJ;r A%ve” is pseudolocal (indeed, (1 — Ev))\llj' A%ve” is infinitely smoothing), so

||EV\DIA§V¢" ||(2) controls || (1 — EV)\-IJIAg(p" ||(2) and similarly for W, and \-IJS’A. Asa
result,

ol = € D7 (18w 4000 IF + 1890 4800 IF + 1897 4800 ” IF)
v

= O3 (I 400" Iy + 1590 150" I + ||va;Acvgo”||§f)
v

since A" and A~ are positive, bounded, and bounded away from zero. O

The meaning of Lemma 3.5 is that |||¢|||+ ~ |l¢ ||% with constants independent of A,
so the Riesz Representation Theorem implies the following corollary (see Corollary
4.6 in [22]).

Corollary 3.6 There exists a self-adjoint operator E,+ ;- = E4 so that

(@. #)o = (¢, Exd)+

for any two forms ¢ and ¢ in L*>(M). E+ is the inverse of

Fe=Y" (cu(wIA)*Eve—“ZUwvagu + L) DT 42y
+§v(‘l11:A)*Evek—Ev‘I";AEv) .

E 4 and F4 are bounded in LZ(M) independently of A > 1 since 0 < AT AT < 1.

3.4 9 and its adjoints

If f is a function on M, in local coordinates,
n—1
Opf = Z Ljfaj,

j=1
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94 A. Raich

while if ¢ is a (0, g)-form, there exist functions m {( so that

by = Z ZEK Ljpjwk + Z prmy K.

Jely = JeZy

! !
KquJrl KquJrl

Let l_,* be the adjoint of L; in (-, )o, l_f"’Jr be the adjoint of Lj in (-, );+, and I:j’_
be the adjoint of L ; jin (-, -);~. Then we define d%, 9", and 8 "~ to be the adjoints

of dp in LZ(M), L? (M, e " ), and L2(M, M), respectlvely. On a (0, ¢)-form ¢, we
have (for some functions f; € C*°(U))

n—1 o
Wy = Z Zeyl—jw&)[—i— Z mhy

161{’171 j=1 leI"{ |
Jely JeZy
n—1
il ~ Loy oo
= Z 261 (Ljps + fios) or + Z m;Qyor;
IeI"Fl j=1 151{’1 1
JeZy JeZy
n—1
a%,+ Jy*+ - 1 -~
o= > D e LiTesar+ D mipsar 3
IEI(’I_1 j=1 IEI; |
Jely Jely

- Z 2651 (Ljos — LixTos + fips) @1 + Z m_ggojc?)l;

Iel'él_l j=1 IEI; 1
JeZy Jey
Sa—
9, ¢ = E EGJL gy or+ E mﬂ)JwI
IeI’ 1] 1 IeI’
Jqu Jqu

n—1
2 Zey (Ljos +Lix" s+ fips) o1 + Z mho, o;.

4 T !
IEIq—l j=1 lqu 1
JeZy Jey

Consequently, we see that
0y " =0F — 195,271 and 8y =85 + [0, A 7],
and all three adjoints have the same domain. Finally, let Z_)Z" . be the adjoint of dp, with
respect to (-, ).
The computations proving Lemma 4.8 and Lemma 4.9 and equation (4.4) in [22]

can be applied here with only a change of notation, so we have the following two
results, recorded here as Lemma 3.7 and Lemma3.8. The meaning of the results is
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Compactness of the complex Green operator 95

that 5;" . acts like 5Z’+ for forms whose support is basically C* and 5;*’7 on forms
whose support is basically C~.

Lemma 3.7 On smooth (0, q)-forms,

Oy =05 = D AU 10 A1+ D g2 (85,47
W W

DN (T INTR IR P IETACHINNAC A DINALS
n
L8V s D1 8 W g G Cu (W ) CulBy ™ G 41+ B )

where the error term E 5 is a sum of order zero terms and lower order terms. Also, the
symbol of E 4 is supported in (32 for each .

We are now ready to define the energy forms that we use. Let

Qb+ (. 9) = (b, 0p@)+ + (05 1. 0 L0)+:
Qb +(D.9) = (. @)1+ + (O "¢, 3y T0)ss
b0, 9) = (b, Wb@)o + (b, I @)o;
Op.—(¢.9) = (. 09)s~ + (9, ¢ 0 @)a-

Lemma 3.8 If ¢ is a smooth (0, q)-form on M, then there exist constants K, K+, K’
with K > 1 so that

KQp+(9,9) + K+ D 115WY 1000”5 + K'llelg + 0= (lel% )
= Z [Qb,—&-(gv\pIA;vﬁovv EVWJ:A{V‘PU) + Qb,O(Ev\I’S,ACv(PVs EU‘VS,ACMV)
+0,- GV 800" BV 60" @)

where K and K’ do not depend on A.

Many of the subsequent proofs make use of the“lc/sc” argument: —e||x||? —
e Myl? < 2Re((x,y)) < €llx||*> + € Yy|*> where (-, ) is any Hermitian inner
product with associated norm || - ||. Also, since that 5; = §p+“lower order”, com-
muting 5; o+ by \If;f , creates error terms of order 0 that do not depend on A™ and lower
order terms that may depend on A ™.

4 The basic estimate

The goal of this section is to prove a basic estimate for smooth forms on M.
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96 A. Raich

Proposition 4.1 Let M C CV be a compact, orientable, weakly pseudoconvex CR-
manifold of dimensionn > Sand 1 < q < n — 2. Assume that M admits functions A™
and )~ where A is strictly CR-plurisubharmonic on (0, q)-forms and )™ is strictly
CR-plurisubharmonic on (0,n — 1 — q)-forms. Let ¢ € Dom(dp) N Dom(d}). There
exist constants K, K+, and KL_L where K does not depend on AT, A~, or A so that

Axllll: < K Qp+(p, 0) + Kllplld + K= D D 100W) 4000} 115 + Killol?.
v Jel,

The constant Ay > 0 is the minimum of the CR-plurisubharmonicity constants A;+
and A,-.

The proof of Proposition4.1 comes as the culmination of a series of calculations.

4.1 Local estimates

We work on a fixed U = U,. On this neighborhoog, as above, there exists an ortho-

normal basis of vector fields Ly, ..., L,, L1, ..., L, so that
n—1
[Lj, Lil =cjT + Z(dkaz - d/ijz) ©)
=1

ifl<jk<n—-1,andT =L, — Zn, and for some fixed point P,
[Lj, Lil|p = cjxT-

Note that c i are the coefficients of the Levi form. Recall that L*%, L* and L*~ are
the adjoints of L in (-, -);+, (-, -)o, and (-, -);—, respectively. From (3), we see that

Lyt =—Lj+ L0~ f; and LY =—L; —L;(A7)— fj,
and plugging this into (5), we have
n—1
(L34 L= —cpT =D (dkag - dlijg) — Ll T+ Lif
=1
n—1
(L3 L= —cpT =D (dkag - d,ijk) 4 LLia™ + Lif
k=1

For the inner product Oy, 4+ (¢, ¢), we have the following estimate.

Lemma 4.2 Let ¢ be a (0, q)-form supported in U, ¢ € Dom(dp) N Dom(3j). There
exists 0 < € « 1 so that
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n—1

Qb4 (0. 0) = (1—€) DS ILjgsl3e + DD, |:Re{(ijT901,</)J))\+}

Jel, j=1 Jel, jel
1, - _
+§ ((L;L; ) + LiLiA )y, 00):+)
1 n—1 o
+5 ((dffju(ﬁ)+d,‘fju<x+>)w,w)ﬁ}
(=1

- D> > et Re{cixTos 9}

J,J' €Ly 1=jk=n-1
Jj#k

1 - _
+5 ((LkL;0T) + Li LW ) @g, 910)+)

1 < 4 + gt 7 + 2
+§Z(<djku<x ) +dGL0 s or) ||+ OUlelD).

Proof First, observe

_ y _
O o o= D D e L s Ly e

16I/_| lfj,_kfn 1
1) €Ty 7
1/2
2 r 2
+O [ llpl3 + [ DoNLjelis | ol
e Jl k1 kjl jkI Jki _jkI
However, if j # k, then € €7) = €7 €y = €y €y = —E/J, Consequently,
ax,+ 112 7+ 2 7kt
1 e = D D L el — D D L er Ly e
JeT, jel JJET, 1sik=n-1
J#k
1/2
2 2 2
+O| el + | DoILjelle | lels
_ T 2 r.orHt
= X D Liesle+ X (L L leses)
Jel, jel Jel, jel

- D> D i Ly e

J,J'€T, 1=)kzn—1
j#k

el 1/2

+O | el + [ DoNLjeli | llolls
j=1
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Second, from the calculation of 5;, above, we compute

1/2
n—1

— '.I/ - - -

IBpelZy = > > el (Liws Ligy+0 ||<p||§++<§ |Lj<p|§+) ol +

J.J'eZy 1=j.k=n—1 i
!
KquJrl
= Liosl? kI (f -
=> ZI\LJWIIA++ > Z e (kg Ligp+
Jelyq jgd J.J' €T, 15/._1;51{”71
J

n—1 1/2
+o| eIy + (Z |Lj<o|§+) ol +
j=1

=D DLjeslie+ D D e LT

JeTy jgJ J,J' €Ty 1=jk=n—1
J#k

kI (7Et 7
+ 2 > éjj/([Lj aLk](DJaWJ’))L+

J,J' €Ty 1=jk=n-1
J#k
n—1 1/2
+ollelze + { D ILjelie | lell+
Jj=1

By a lc/sc argument,

1/2

n—1 _ n—1 ~ 1

DLl | gl = = DLl — —llol3s

j=1 j=1

so adding together our computations yields
n—1
09 0) = =) 2 D ILjeulle+ D D (L L5 M les0s)
JeT, j=1 JeT, jel

3> (I Ldeser) |+ 0UlIE). ©)

J,J'€T, 1=jksn-1
J#k
Recall that the commutator

n—1
w4 7 o1 ) 1 T S oA+ LT f
[L3F L= —cpT — > (djkL@ — dkng) — Ll + Lify,

=1

and note that
T = 2 2
(@ Legsn0r),, | = €lLegs s + Cellgls
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Consequently,
n—1

Qb4 (p.0) = (1 =€) D D> IILjgsl3s

Jel, j=1

Z Z|:C”T(pj @0y H—i—Z( szs</)J)A++(I:ij)‘+‘pJf‘/’f)A+:|

Jel, jeJ

n—1

—Re Z Z e%/ (CjkTGOJ» <PJ/))L+ + Z (dkaupJ, (pjl))ﬁr

j’j/g_'z'q l§j,_k§nfl (=1
J#k
+ (LeLjxt s 00) 0 | |+ Odl9lD)-

Also,

I;f/ Re [(dkawJ» ‘PJ’))L }—611/ Re[(Le(d]kW) </>J) 61;5 Re{(Le(dfk)W» (PJ’)H]
=kl re | (<Ly Wi or) |, + (5L Des0r) )+ 0Ull})

> Ly I+ + e Re (5 LeGes o) |+ OUll2):

Recalling that Re z = Re 7 for any complex number z, we have

n—1
> D éRe {(dka/é(k—’_)(/’Jv w)”}

JJ'€Ty k=1

n—1
> X Re{(dhLe0Nes0r) |+ (d L0 00) )

JJ'€T, jk, =1

n—1

ekd Re [ (d4,L:G:gy, 901/)A+ + (oo df; ie(ﬁ)w)ﬁ]

1 S 7 ¢ 07
=5 Z €;7 Re { (djkLz()»J“)wJ, </?J’))\+ + (dkjLe()»+)<PJ, wJ’)”}
JJ'€T, jk.t=1
1 n—1
& ((at 767
=3 - € ((djkLz(?»Jr)@J, </)J/)AJr + (dkjLz()»Jr)fPJ, </)J’)H) .
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Similarly,
Re Z Z ]J/ LkLA QJ, (pJ)
JJ1€Ty 1sikent

Z > (kL2 or 00),0 + (LiLd T 0r, 00),4) -
J.J' e

1</k<n 1
j#k

l\)l>—‘

Next, we concentrate on the Qp (¢, ¢) term.

Lemma 4.3 Let ¢ be a (0, q)-form supported in U, ¢ € Dom(d) N Dom(d;). There
exists 0 < € <K 1 so that

n—1
Qb (@) ==Y D> S IL osli+ D D, [Re{—(cj,-w;,w)x—}

Jel, j=1 Jel, j&J
1
5(<L LiO)+LiLi(A))es, ¢)i-)
1n—l
l — 707 —
+§Z_1 ((dj,-u(x ) +d; Lo ))w,w)k]

+ > > € [Re{ kTos, 9105}

J,J' €Ly 1=jksn—1
J#k

1
5 (L 00 + LiLk O )es 010
1n—l o
+ 5 2 (@hLe) +dGLe gy, w)k} +0dlgl})-
=1

Proof This lemma is proved with the same techniques as the previous lemma. By the

argument leading up to (6), we have

Qb0 0)= D D ILjpsli-+ D, D @5 0 Ly 0

JeT, jel J,J' €T, 1<iksn-1
al® Tk

+ Z Z j,/( (L5 ,Zk]QDJJPJ’)r

J,J'eT, 1=jksn—1
J#k
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DL el = DL DL L T e LT e

JeT, jel J,J' €T, 1<ik<n=1
€ly JE €Ly /j#k
o 1/2
2 )
ooz + { DD ez | lell-
JeZ, j=1
By integration by parts,

IZjos - =1Ly 0s - + (I3 Liles. o) _

Thus,

n—1
Or—p.0) = > DL sl + X D (I Liles.es)

JeZ, j=1 Jel, jEJ

+ > Z j],( ,I:k]W,(PJ/)r

/JEI I<;k<n 1

1/2

n—1
+Ollloli-+ [ D] DL esli- ) leli-
JeZ, j=1
Following the argument of Lemma4.2, we proceed as above. O

The significance of the estimates in Lemma4.2 and Lemma4.3 is demonstrated by
the multilinear algebra in Appendix, and it highlights the need for (CR-P;) as well as
(CR'Pn—l—q)~

We need the following versions of the sharp Gérding inequality. This is Theorem
7.1 in [22] written for forms. It can be proved by following proofs of Theorem 3.1 and
Theorem 3.2 in [20] line by line (making the obvious modifications).

Theorem 4.4 Suppose that P = (pjr(z, D)) is a matrix of first order pseudodiffer-

ential operators. If p(z, &) is Hermitian and the sum of any collection of q eigenvalues
is nonnegative, then there exists a constant C > 0 so that for any (0, q)-form u,

Z Z(ij(', Dyuy, uy)— Z Z 6% (pjkC, Dyug, up) = —Cllul®.

JeZ, jeJ J,J' €L, 1=jk=m
e/ T

If p(z, &) is Hermitian and the sum of any collection of (n — 1 — q) eigenvalues is
nonnegative, then
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DD (piiCDyus )+ D D L (P Dyug up) t= —Cllul.

JeTL, j¢ J,J' €T, 1=jkm
a/# T T

Corollary 4.5 Let R be a first order pseudodifferential operator such that 6 (R) > k
where K is some positive constant and (h j) a hermitian matrix (that does not depend
on &). Then there exists a constant C such that if the sum of any q eigenvalue of (h ji)
is nonnegative, then

ZZ hj]RUj,Uj Z Z ]J/ ]kRUJ’UJ/)

JeT, jel JJ' €Ly 1=jk=m
J#k
2
>kRe{ > D> (Gjjusug) = D D et (hjpus,up) t — Clul,
JeT, jeJ JJ' €Ly 1=jk=m
J#k

and if the the sum of any collection of (n — 1 — q) eigenvalues of (h ji) is nonnegative,
then

((hjjRuy, uy)+ st (hjxRuy, uy)
j

JeZ, j&J J,J' €L, 1=jk=m
Ly ¢ e i
kJ 2
>k Re E E ((hjjUj,Uj)+ E E €5y (hijJ,UJ/) — Cllull”.
JeZ, j&J J,J €L, 1=jk=m
¢ /¥ Tk

Note that (/2 ;) may be a matrix-valued function in z but may not depend on &.
Proof Apply the previous theorem with P where pjx = hjp(R — k). O
We need Garding’s inequality to prove the following analog to Lemma 4.12 in [22].

Lemma 4.6 Let M be a weakly pseudoconvex CR-manifold and ¢ a (0, q)-form sup-
ported on U’ so that up to a smooth term § is supported in CT. Then

ed D D (ciiTorvi),e— D, D, €9 (ciuTor o),

JET, jeJ S

> ARe ZZ (cjjor, (pj Z z j]r Cjkfﬂl 901’)

Jel, jel JJ' €Ty 1) k=m

J#k
2 = 30,112
+O0(llelli+) + O0allleuYaellp)-

where the constant in O (||¢ ||§+) does not depend on A.
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Proof Let \iJ:{ be a pseudodifferential operator of order zero whose symbol dominates
¢3 (up to a smooth error) and is supported in ct. By the support conditions of ¢ and ¢,

Z z C]]T(pf §0J Z z /J’ CJkTQDJ (/)J’)

JGIq jeJ jj/eI 1<}#l¢’(<m
= >0 > (cuTor (WD Ff +d = W) ¥Des) |
Jel, jeJ

Z Z 6% (cjka/’L (DT +Ud - (‘I’X)*‘i’:{))w) .
J,J/E:[q 15]_’;]{5»: A

ZZ(CUT‘PJ (\Ij )\IJA‘PJ) N

Jel, jel

Z Z ]J’( cixTos, (W) ‘I‘A<p1> + smoother terms

J,J'EL, 1</ k<m

CX S (e et

Jel, jel

Z Z € (~ +Cjkli’:{T‘PJ, g‘ifj{w/)o + smoother terms

J.//EI 1<j,k<m
ik

= > > (E e ey Wi Tes 1),

Jel, jel

z Z € ({(‘IJ+) {’2 —AT C]klilXT(pJ, cpJ/)O + smoother terms

J,J'EL, 1</ k<m

where smoother terms are O (|| ¢ || 2_1 ) or better (and the constant may depend on A). One
fact quickly computed and used implicitly above is that o ((\TIX)* T)=0(T (‘ilj{)*) =
&1 1/}/‘: (&) (up to smooth terms) when applied to ¢. Next, we will compute o ((\iIX)*
fvze’ﬂcjk). o(UH) =1onCt so0((W)*) =1o0nC* aswell, and it follows that
o ((UH)*) = ¥ (&) up to terms supported in C°\C*. Thus, up to errors on C°\C*,

(T Ee ey = > 5 oL @ODEC ™ e = Ui ©F e e,

=0

andon Ct,

o (U E2e ™ cpTw)) =Z—a§o<(w+> {2e ™ cjp) DYo (TV))

o

= Z—ag 4 ©)F2e™ i) DLo (Ean 1T (E)) = L2e™ cjukan1.
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By construction, &,_; > A on C* and (Zve_)‘Jrc jk) is positive semi-definite (and
hence the sum of any g eigenvalues is nonnegative), so we can apply Corollary 4.5
with T as R and (e_“c jk) as (h i) to conclude that there exists a constant C inde-
pendent of A so that

DD (eiiTer o) — 2o D €t (enTor er),s

Jel, jel JJ' €Ly 1=jk=m
J#k

ZZ(E%—A*C]']'QDJ,(PJ) Z Z jj/( cjk(p/,(pj/)o

Jel, jel J,J' €, 1<1k<m

—CliglZ + odlel2) + 0aE, ¥50l13)

=A Z Z Cjj®Js (,DJ A Z Z ]J/ C]kwj QDJ)

JeL, jel J,J' €L, l<1#k<m

+0(lel2) + 0412 F%02).

By the same argument, we have the following:

Lemma 4.7 Let ¢ be a (0, g)-form supported on U so that up to a smooth term, ¢ is
supported in C~, then

Z Z Cj]( Toy, €0J - T z Z ]J’ Cjk( g, QOJ’)

JeZ, J J,J' €Ly 1=jk=m
e /% J#k

> A z Z C//‘pJ (PJ ); Z Z JJ/ CikPJ, QOJ’)

J€eT, J J,J' €Ly 1=jk=m
1 /¢ ik

+O(lpl-) + 04T, ¥ ld).

We now review the two local results from [22] that are crucial in proving the basic
estimate Proposition4.1. Let (s ; k) i k | be the matrix defined by

1 _ _ n—1 o

sho= 3 (Lij WD)+ LiLeW) + D (@5 Lenh) + d,ijg(ﬁ))) + Aocjk.
(=1

Proposition 4.8 Let ¢ € Dom(d,) N Dom(d;) be a (0, q)-form supported in U.

Assume that . is a strictly CR-plurisubharmonic function on (0, q)-forms with CR-

plurisubharmonicity constant A, +. Then there exists a constant C that is independent
of A+ so that

Qb+ G0, LV E0) + CITV lFy + 03+ (12F3015) = A IV S oll7s
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Proof Since ¢ € Dom(d,) NDom(df), it follows that E\IJ:‘Wp € Dom(d,) NDom(9}).
Moreover, supp(Z Uip) C U'.By Lemma4.2,

n—1
Qb+ VS0, 0Wip) = (1 =€) D D ILit¥ g5

Jel, j=1

Z Z(ijTé:‘I’XW, AR

Jel, jeJ

DD TV e, TV e

J,J' €Ly 1=jk=n—1
J#k

1 _ _ - ~
3 2> [((Lij()‘Jr) +LiLi(NEV ey, é“‘I’X(PJ)ﬁ)

Jel, jel

n—1
+>. ((dijz<x+> +dj LN gy, ww) }
(=1

DY ,J/[((ikb/(x*)+L,,~Lk<x+>>2\v:w,wawm)

J J' e, 1= k<kn 1

n—1

+ 2 (@hLe) + LG NEEes EWier). ]+0(||Ew:go||%>.
=1

To control the 7' terms, we use Lemma4.6 since supp ¢ C U’, and the Fourier trans-
form of ¢ \IJXgo is supported in C* up to a smooth term. Indeed, with A = Ag (and Ay
from the definition of (CR-F,)), we have

Red D > (c;jTeV 0. LV o))

JeL, jel

DD TV e, LV e

J,J' €Ly 1=jksn—1
J#k

DD iV TV o)

Jel, jeJ
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Z Z 6%/ iRV Qs CV L@yt

J,J' €L, |§j,.l;§kn—|
+O(IEVol3:) + Ox (12T 01D).

Putting these estimates together, we have
Qb+ (EV 19, LV )

ED DI G I IR FL 2D DD SRR A GRS S TN SEA0

Jel, jeJ J,J' €Ly 1=jksn—1
J#k

+O(ITVS0l3:) + 03 (12T 011)).

Recall that AT is strictly CR-plurisubharmonic on (0, g)-forms with CR-plurisubhar-
monicity constant A, +. In local coordinates, if L = Zj;} &;L;, then

1 _ _ _ n—1 ~
<§ (935 — Bpdp2t) + Aody. L A L> = > shek
k=1

and (s;.“k) is a Hermitian matrix. Therefore, by the multilinear algebra lemmas,
LemmaA.l and Lemma A.2,

Qb+ (W 0. LWF0) + CIVIolF: + 05 (10 VR0l = At 1TV S0l
where the constant C is independent of A;+. O
Let

1 n—1
S = Z(LkL A7)+ LiLe( ) + D (@d Lo ) +df L™ )))+Aoc,k
=1

Proposition 4.9 Let ¢ € Dom(d,) N Dom(3f) be a (0, q)-form supported in U.
Assume that A~ is a strictly CR-plurisubharmonic function on (0,n — 1 — q)-forms
with CR-plurisubharmonicity constant A,— Then there exists a constant C that is
independent of A, - so that

Op—(CV 0, EV, )+ ClICY, 0ll24 + 0~ (1EFS0ld) = As- 1TV 0l

Proof Similarly to the proof of Lemma4.8, we can apply Lemma4.3 to c W, ¢ which
gives (for some 1 > € > 0)
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n—1
Qb QW 0, LW 0) = (1—€) D" > LT TW 0l

Jel, j=1

+Red DD (i (=T 9, LV, 015
JeT, j¢l

+ > > e (DI 0, TV 0

J, j’el'q lfj,_kfnfl
J#k

1 - — ~ ~
3 2> [((Lij()‘) +LiLi(A))EV 07, C‘I’Xw)r)
JeT, j¢l
n—1
+>] ((df,»Lar) +d LNV gy, Ewm)k}
(=1

1 - - ~ ~
2 2 ejfj,[((LkL,-u—)+L,-Lk(r))wm,c\vAw)x—)

J,J'eT, 1=jksn—1
J#k

n—1
+>] ((dfku(r) +di Lo NIV g, Ewm/)k} + 01TV llp).
(=1

To control the 7' terms, we use Lemma4.7 since suppZ C U’, and the Fourier
transform of W ¢ is supported in C™ up to a smooth term. Indeed, with A = Ag
where Ay is from the definition of CR-plurisubharmonicity on (0, g)-forms,

Re § D > (cji (=)W 07, W 9
JET, jE)

+ Z Z ef;f,(cjk(—T)E‘I’X<PJaE‘I’XQOJ’)r

J,J' €Ly 1=jksn—1
J#k

> Ag Z Z(ijE‘IJZQDJ» WL 0

Jel, j¢J

+ Z Z ej‘-f,(c]‘kfll’gw,g‘y}%’)r

J,J' €T, 1=jk=n=1
J#k

+OIC¥,0ll22) + 0;- (12 ¥ eld)
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Putting these estimates together, we have
05 -(CV3 0. LV )

=D DN TN IS S SR A Cr S TS Oy DI

JeT, j&J J,J'eT, lgj}/;skn—l
+OIC¥, @ll22) + 0;- (12 ¥ eld)).

Recall that A~ is strictly CR-plurisubharmonic on (0, n — 1 — g)-forms with CR-plu-
risubharmonicity constant A, -. In local coordinates, if L = Z'J:% &L, then

1 ~ _ _ n—1
<5 (86852~ = Bpp27) + Aody, LA L) = > 578k,

J.k=1

and (sj_k) is a Hermitian matrix. Therefore, by the multilinear algebra lemmas,
LemmaA.l and Lemma A.3,

0b -V 0,8V, 0) + ClIEW, 0ll5- + 04 (1 W30115) = Ai-IEW, ol
where the constant C is independent of A;-. O

We are finally ready to prove the basic estimate.

Proof (Basic Estimate—Proposition4.1) From (4), there exist constants K, K+ so
that

KQpx(p, @)+ Kx D 18P0 4000”15 + K01l + 0<(lloll> )
%

> Z |:Qh,+(EV\IlIA§V¢U7 EVWIAQ‘PV) + Qb,—(Eu\p‘:Afu(pua EV\IIV_’ACV(PU)] .

From Proposition4.8 and Proposition 4.9 it follows that by increasing the size of K,
K4, and K’ (where K’ does NOT depend on A) that

KQp+(0,9) + K D159 1000”5 + K'llolg + 0=(lel> ) = Axllel
vV
where A+ = min{A;-, A;+}. O

4.2 A Sobolev estimate in the “elliptic directions”
For forms whose Fourier transforms are supported up to a smooth term in C°, we

have better estimates. The following result is the (0, g)-form version of Lemma 4.18
in [22].
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Lemma 4.10 Let ¢ be a (0, 1)-form supported in U, for some v such that up to a

smooth term, ¢ is supported in (,;8 There exist positive constants C > 1 and C1 > 0
independent of A so that

CQp+(9, Exp) + Cillol3 = llgl3.

The proof in [22] also holds at level (0, q). ~
We can use Lemma4.10 to control terms of the form ||¢, \I/S’ o7 ||%.

Proposition 4.11 For any € > O, there exists C¢ + > 0 so that
120%) 4200" [I§ < €Qp.2(9", 0") + Cll@” |12,

Proof Observe  that 12090 4000”15 = IAT'LW0 8o lI7. The (0, g)-form
;V\IJB’ 4%ve” is supported in €%, so Lemma4.10 applies. Although the range of A~ is
outside U,, we can write A™'¢, = ¢/ A7, + (1 — é‘é)Aﬂ_lfv where ¢, is a smooth
bump function that is identically one on the support of ¢,. Then (1 — ¢/)A~'¢, is
infinitely smoothing and hence can be absorbed in the leoll> | term. Let P = ;;A’l

and ¥ = EU \IJS 4%vep”. By Lemma4.10 and the fact that P is a pseudodifferential
operator of order —1,

IATT L 400" IT < IPYIT + Cll® 12, < C1Qp.+(PYr, PYr) + Cllg" |12,

The adjoint of P is P** = {,ﬁA‘l. Consequently P — P** is a pseudodifferential
operator of order —2, and we can apply Lemma 2.4.2 in [9] to prove

Qb +(PY, PY) = Re Qp =(¥, P*EPY) + Cxllp”|?,
< €0+ (@, 9") +Cerlle"lI%,.

The term € O, + (¢, ¢) could be replaced by € ||Db,i<p||2_1 if we had a need for it.

5 Existence and compactness theorems for the complex Green operator

In this section, we use the basic estimate to prove existence and compactness theo-
rems for the complex Green operator. As always, M is a compact, orientable, weakly
pseudoconvex CR-manifold of dimension at least 5, endowed with strongly CR-plu-
risubharmonic functions A and A ™.
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5.1 Closed range for [lp +

Forl <g <n—2,1let

HY = {¢ € Dom(dy) N Dom(d}) : dp = 0, 0} Lo = 0}
= {¢ € Dom(d) N Dom(3}) : Qp.+(¢, @) = 0}

be the space of +-harmonic (0, g)-forms.

Lemma 5.1 For AL suitably large and 1 < q < n — 2, HY. is finite dimensional
and there exists C > 0 that does not depend on AT or A7 so that for all (0, g)-forms
¢ € Dom(dp) N Dom(dj) so that ¢ L Hi (with respect to (-, -)+).

llgllZ < CQp +(g, ¢). 7

Proof For ¢ € M, we can use Proposition4.1 with A suitably large (to absorb
terms) so that

Aslllly < Cx (Z 12,W0 a2u0" I + ||<p||21).
vV

Also, by Proposition4.11,

D G0 429" l5 < Clloll? )
v

since QOp 4+ (¢, ¢) = 0. The unit ball in Hqi N L%2(M) is compact, and hence finite
dimensional.
Assume that (7) fails. Then there exists ¢ L Hi with |||@k|ll+ = 1 so that

lglld = kQp + gk, 9r)- 8)

For k suitably large, we can use Proposition4.1 and the above argument to absorb
Op,+(pk: 1) by A+lllgrlll+ to get:

et < Cxlloll?,. )

Since LZ(M) is compact in H~ (M), there exists a subsequence ¢y ; that converges in
H~Y(M). However, (9) forces %k, to converge in LZ(M) as well. Although the norm
(Qp.+C, )+ |||2i)1/2 dominates the L2(M)-norm, (8) applied to ¢, shows that ¢,
converges inthe (Qp 4+ (-, -) + ||| - |||2jt)l/2 norm as well. The limit ¢ satisfies |||p||+ = 1
and ¢ | HZ. However, a consequence of (8) is that ¢ € HZ. This is a contradiction
and (8) holds. O

Let

THE ={p e L§ (M) : (9. ¢)+ =0, forall ¢ € HL).
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On +H., define
Oy, = 0p05 1 + 0 1.0p-
Since 5§7i = EL0f + [0f, E+], Dom(élf’i) = Dom(d}). This causes

Dom(p +) = {g € Lg,q(M) : ¢ € Dom(3,) N Dom(3}),
dpe € Dom(3f), and 9j¢ € Dom(dp)}.

5.2 Proof of Theorem 1.1 when s = 0

This subsection is devoted the proof of Theorem 1.1 when s = 0, i.e., the L2-case.
As a consequence of Lemma5.1, we may apply Theorem 1.1.2 in [12] to con-

3 .72 2 3 ) 2
clude that 9 : L(o,q)(M) — L(o,q+1)(M) and 8;;i : L(o,q)(M) — L(qu_l)(_M)
have closed range. However, bX Theorem 1.1.1 in [12], this also means that 9, :
L%O’qil)(M) — L%O,q)(M) and 9; L%Oy gin(M) = L%qu)(M) have closed range
(and satisfy the appropriate L? inequality with a constant that does not depend on
AT or A7). Again by Lemma5.1, Theorem 1.1.1 in [12], and Lemma 3.5, 9j has

closed range when acting on L%O,q) (M) or L%O,q—‘,—l)(M)' Therefore, for a (0, g)-form

u € Dom(3,) N Dom(3}), we have the estimates
lull < CUdpull§ + 105 ulls + | Hyullp) (10)
and

lull3 < C(Qp.+(u, u) + | He gull3) (11)

where H, is the projection of u onto H?p and Hy 4 is the projection of u onto HL.
This implies the existence of G, and G, + as bounded operators on L%O q)(M ) that
invert [, on J‘H?p and Jp 4 on LH, respectively (see for example [24], Lemma 3.2
and its proof). Moreover, the solvability of dj in L(Z0 q)(M ) and weighted L%o q)(M )
forces

ker(d,) = Range(dy) ® H% = Range(d),) ® Hzp .

@ with respect to (-,-)+ @ with respect to (-,)o

Consequently, ng is finite dimensional.
We now prove that G, is compact. First observe, we have the following identity:

Gyr10pu = G135 (3p05 + 95 0p)Ggu = Gyi195043pGyu
= Gq+1(éh5f; + 5;}“5h)5thu = 5quu.

@ Springer



112 A. Raich

Thus,
WGy = B Gyr1)".

To prove that G, is a compact operator, it suffices to show compactness on Lng
(since G4 is zero on H1,). When u € LH?,, Eq. (10) implies (since G, u € TH?,)

IGully S N9pGaulld + 195 Gaulld = 105 Gygs) ulld + 1185 Gyulld.  (12)

Therefore, we only need to show that both 9j G, and ot G4+1 are compact. Our main
tool will be a strengthening of (11). We claim that

C /- _
Il = 2 (WBull + 117 2ulld) + Colul,. (13)

To prove (13), we already know the estimate if © € H%, so we can assume that
u € LMY we use Proposition4.1 to see that

Axlllulle < K Qp+(u, u) + K (Z 12,99 avu’ I + ||u||2_1).
v

Thus, to prove (13), we have to show that K4 > ||g:v\118’ Aovu’ ||(% is well-controlled.
Using Proposition4.11, we have (withe = 1/K4),

K> 1809 a00u” 1§ < Qp(u, u) + Kl fJull? ).
v

and (13) is proved. B B
When o € Range(d,) C L%’q_H(M), 05 G441 gives the L?-norm minimizing

solution to dpv = «, and E_)Z 1+ G+ 4410 gives a the solution that minimizes the ||| - [||+-
norm. For such «, (13) therefore implies

3 2 3 2 3 2
105 Gg1ally = 195 .G+ gv1elly < CllIOy LGt gretllls

IA

C Q% 2
A—Illallli + Cx9, L Gt g+1ll2
+

IA

C a% 2
E|||0l|||i+Cill3b,iGi,q+1all_1 (14)

Applying Lemma5.1 to éf;iGi,qH shows that 5Z,iGi,q+1 : L%,q+l(M) —
L%, g+1 (M) is abounded operator with C is independent of A .. Therefore, L%, g+1 (M)
embeds compactly in W(; ; 41 (M).Moreover, A canbe made arbitrarily large since M
satisfies (P;) and (P,_1—4). Equation (14) proves that 5;;,iGi,q+1 : L(z)’qH(M) —
L%,q (M) continuously, so the map Z_)lf’iGi,q_H : L%,q—H M) — W(;ql (M) is compact,
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and it follows that 9j Gyq1is compact on Range(ab) by (71, Proposmon V.2.3. On
the orthogonal complement of Range(ab) o Gy+1=0,50 o Gyv1: L 0 g+1 (M) —

L% g+ 1 (M) is compact. To estimate o G4, we cannot invoke (13) directly because
a,,G ais a (g — 1)-form. Instead, for o € Range(éb) C L(z)yq(M),

|||5;iﬂ[Gi,qoz|||2i = (9p0; 1. Gx. g0, G g0)x = <a G q0t)s
2C 2C
=l |||i+ |||qua|||i§—||| E+= |||a,,iqua|||i+cinquoe|| -
(15)

Here we have used that dpa = 0 and that o € J-Hqi (since a € Range dp) in the
second inequality. Also, the first inequality shows that the |||3};'" iGi,qO‘”@c < 0
and thus the term in the final inequality can be absorbed. Thus we can can prove
%#Gy L%, q(M ) — L%’ g—1 (M) is a compact operator by repeating the argument that
follows (14) with G 4 replacing 5§’iGi’q+1.

5.3 End proof of Theorem 1.1—the s > 0 case
Fix s > 0. Recall that compactness G, in L%’ q(M) is equivalent to the following

compactness estimate: for every € > 0, there exists Ce > 0 so that for every u €
Dom(3d,) N Dom(9f),

lully < e(ldpulld + 135 ulld) + Cellull®;.

We claim that this estir_nate also hol_cls a priori in H*, s > 0. Indeed, using the fact
that the commutators [dp, AS] and [9j, A*] are pseudodifferential operators of order
s (independent of €), we have

I A ullf < e(lldp A ullf + 1135 A ull§) + Cell A¥ull?,
e(IA*Bpulld + 1A 35 ul3) 4+ e(I[0p, A Tulld + 11185, A*Tul3) + Cellul?_,
e(lpul)? + 1135 u)?) + Cellul)? + Cellul?_ ;.

2
lleells

IA

IA

When € < 1/2C, the Ce ||u||? can be absorbed into the left-hand side of the equation.
Thus, we have the e_stimate that for every € > 0, there exists Cc > 0 so that for every
u € Hg’q(M) with dpu € Hé,q+l(M) and dju € Hé,q_l(M),

lull? < e(ldpull? + 1185ull?) + Cellull?_;. (16)

Unlike in L?-case, this estimate does not imply that G, is compact in H®. The
difficulty rests in the fact that while © may be in H& q(M ), we can only say that

G,u € L(Z), q (M). We need to work with the family of regularized operators Gs,4,
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0 < § < 1, arising from the following regularization. Let Qi’o(', -) be the quadratic
form on H& q (M) defined by

05 0(u, v) = Opo(u, v) + QL (u, v)

where Q is the hermitian inner product associated to the de Rham exterior derivative
d,ie., Qr(u,v) = (du, dv)g + (d*u, d*v)¢. The inner product Q has form domain
HO1 p (M). Consequently, Q‘g o &ives rise a unique, self-adjoint, elliptic operator [ 5

with inverse G4 5. Equivalently, for u € L(z)yq(M) and v € Hol’q(M), (u,v)g =
Qi’O(Gq,gu, v). By elliptic regularity, we know that if u € Hqu (M), then G4 su €

HS’ZZ(M ). We claim that for any € > 0, there exists C, so that for any u € Hgy 4 (M),

IGg.sull? < €ellull? + Cellull?_;, (17)

where the inequalities are uniform in 0 < § < 1. Estimates of the form (17) are well
known to be equivalent to the compactness of G,4,5 on Hg’ q(M ), (see, for example,
[7, Proposition V.2.3]).

By the a priori estimate (16),

1Gy sull; < €(95Ggsull; + 105Gy sull}) + Cellul}_;.
The d), and 9j terms can be estimated as follows:

105G g sull2 + 105Gy sull? < Opo(A* Gy su, ASGysu) + CllGy sull?
< 00 o(A°Gysu, A Gy su) + C|| Gy sull?
< [(ASu, A*Gy su)o| + Cllul?,

where we have used the estimate Qi,O(ASGq’gu, A Gy su) < [(A'u, A°Gy su)ol +
C||Gq,3u||?, which follows from [15, Lemma 3.1]. Thus, we have

1Gq.5ully < €(I1Gq.sully + luld) + Cellully_y,
By absorbing terms (and choosing € < 1/2), we have proven (17) with the constant
C¢ independent of §,0 < § < 1.

We wantto let § — 0. If u € Hg’q(M), then {G, su : 0 < & < 1} is bounded in
H&q(M). Thus, there exists a sequence §y — Oand u € Hg,q (M) sothat G, s, u — U

weakly in Hg’ q(M ). Consequently, if v € H02, q(M ), then

. s -
lim Q% (G, s.u, v) = @, v).
Jim 0p.0(Gg.8u,v) = Op0(u, v)
However,

0% oGy, v) = (u,v) = Qp.0(Ggu. v),
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so Gyu = wu and (17) is satisfied with 6 = 0. Thus, G, is a compact operator on
H& q (2). and Theorem 1.1 is proved.

Appendix A: Multilinear algebra

Some crucial multilinear algebra is contained in the following lemma from Straube
[26].

Lemma A.1 Let (Ajk);-'szl(z) be an m x m matrix-valued function and 1 < q < m.
The following are equivalent:

R 0,
D) Yker, , Xihor Mk@uixTE > Alul? Yu e ALY,
(2) The sum of any q eigenvalues of (A jk(z));k is at least A.
(3) For any orthonormal Le eC" 1<t=<gq,

q
D h@ )t = A
=1

These are Lemma 6.3 and Lemma 6.4 in [22].

Lemma A.2 Let (bji) be a Hermitian matrix and let 1 < g < n—2. Then then (";1)
by (”;1) matrix (B} ;) given by

JJ = Zbu

jeJ
q _ kJ g . . 1
Bl =— > by ifI#ET,
1<j.k<n—1
j#k
where J and J' are multiindices, |J| = |J'| = q is also Hermitian. Moreover, the

eigenvalues of (331’) are sums of the eigenvalues of (b i) taken q at a time.

Lemma A.3 Let (dji) be a Hermitian matrix and let 1 < g < n —2. Then then (";1)
by (”;1) matrix (D‘jj,) given by

JJ = Zd//

JEJ
q kJ . /
DY, = D eddp ifI#ET,
1<j,k<n-—1
J#k
where J and J' are multiindices, |J| = |J'| = q is also Hermitian. Moreover, the

eigenvalues of (D? ) are sums of the eigenvalues of (d ) taken n — 1 — q at a time,
SO (D(;J,) is positive definite if (d i) is positive definite andn — 1 —q > 0; (D(;J,)
is positive semi-definite if (d ;i) is positive semi-definite for any n.
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If g = 1, then Lemma A.3 says thatif n > 3 and H = (h ) is a Hermitian, positive
definite matrix, 1 < i,k <n — 1, then (§ & Ze;ll hee — hji) is a Hermitian, positive
definite matrix. The requirement that n > 3 is the seemingly technical reason that
Theorem 1.1 is stated for 2n — 1 > 5, as well as the results in [22] and the fact that
the work by Kohn and Nicoara in [16] assumes closed range of .
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