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Abstract We consider the wave equation inside a strictly convex domain of
dimension 2 and provide counterexamples to optimal Strichartz estimates. Such esti-
mates inside convex domains lose regularity when compared to the flat case (at least
for a subset of the usual range of indices), mainly due to microlocal phenomena such
as caustics which are generated in arbitrarily small time near the boundary.

1 Introduction

Let 2 be the upper half plane {(x, y) € R?, x > 0, y € R}. Define the Laplacian on £
tobe Ap = 83 + 1+ x)8y2., together with Dirichlet boundary conditions on d€2: one
may easily see that €2, with the metric inherited from A p, is a strictly convex domain.
We shall prove that, in such a domain €2, Strichartz estimates for the wave equation
suffer losses when compared to the usual case Q = R?, at least for a subset of the usual
range of indices. Our construction is microlocal in nature; in a forthcoming work we
prove that the same result holds true for any regular domain 2 C RY,d =2,3,4, pro-
vided there exists a point in 7*9$2 where the boundary is microlocally strictly convex.

Definition 1.1 Letg,r > 2,(q, r, a) # (2, 00, 1). Apair (g, r) is called ¢-admissible
if

+

S| R

<2 (1.1)
=%, .

Q| =

and sharp «-admissible whenever equality holds in (1.1). For a given dimension d, a
pair (¢, r) will be wave-admissible if d > 2 and (g, r) is 45" -admissible; it will be
Schrodinger-admissible if d > 1 and (g, r) is sharp %-admissible. Finally, notice that

the endpoint (2, %) is sharp a-admissible when o > 1.
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628 O. Ivanovici

When o = 1 the endpoint pairs are inadmissible and the endpoint estimates for wave
equation (d = 3) and Schrodinger equation (d = 2) are known to fail: one obtains a
logarithmic loss of derivatives which gives Strichartz estimates with € losses.

Our main result reads as follows:

Theorem 1.2 Let (q, r) be a sharp wave-admissible pair in dimension d = 2 with
4 < r < oo. There exist ; € Ci°(R) and for every small € > O there exist cc > 0
and sequences Vi j e € C®(Q), j = 0, 1 with Yi(hDy)Vy je = Vi je (meaning
that Vi, j e are localized at frequency 1/h), such that the solution Vj ¢ to the wave
equation with Dirichlet boundary conditions

(3,2 —Ap)Vie=0, Vieloxse =0, Vieli=0 = Vhoe, 0:Vieli=0= Vi1,
(1.2)

satisfies

su V + Vi <1
h,eEO (II h,O,e||H2(%,%),$+%(%,%),26(9) | h,1,eI|H2(é;)%é(}‘;)kl(g))_
(1.3)
and
}}1_1)1}) ||Vh,e||L;1([0,1],Lr(§2)) = o0. (1.4)

Moreover Vy  has compact support for x in (0, hl%g] and is well localized at spatial
frequency 1/ h; hence, the left hand side in (1.3) is equivalent to

(

ol
=

1 1.1 1
—3d-hH-ld -1y
R3OS GOV o ell 2@y + Al Vatell 2o)-
Remark 1.3 In this paper we are rather interested in negative results: Theorem 1.2
shows that for r > 4 losses of derivatives are unavoidable for Strichartz estimates,
and more specifically a regularity loss of at least %(}1 - %) occurs when compared to
the free case.

Remark 1.4 The key feature of the domain leading to the counterexample is the strict-
convexity of the boundary, i.e. the presence of gliding rays, or highly-multiply reflected
geodesics. The particular manifold studied in this paper is one for which the eigen-
modes are explicitly in terms of Airy’s functions and the phases for the oscillatory inte-
grals to be evaluated have precise form. In a forthcoming work we construct examples
for general manifolds with a gliding ray, but the heart of the matter is well illustrated
by this particular example which generalizes using Melrose’s equivalence of glancing
hypersurfaces theorem.

We now recall known results in RY. Let Ay denote the Laplace operator in the flat
space R, Strichartz estimates read as follows (see [8]):
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Counterexamples to Strichartz estimates 629

Proposition 1.5 Letd > 2, let (g, r) be wave-admissible and consider u, solution to
the wave equation

(02 — Apu(t,x) =0, (t,x) e R xR, ul—o =uo, dul—o = u; (1.5)

forug,u; € C°°(R?). Then there is a constant C such that

lull o v, 1r Ry < C (Iluollﬂd(ly);(Rd) + ||u1||H,,(11_)11(Rd)) . (1.6

Proposition 1.6 Letd > 1, let (q, r) be Schrodinger-admissible pair and let u, solu-
tion to the Schrodinger equation

(0 + Agu(t,x) =0, (t,x) e R xR, ul—o = uo, (1.7)
forug e C o(RY). Then there is a constant C such that

lull 2 g gty < Clloll 2. (1.8)

Strichartz estimates in the context of the wave and Schrodinger equations have a long
history, beginning with Strichartz pioneering work [16], where he proved the partic-
ular case ¢ = r for the wave and (classical) Schrédinger equations. This was later
generalized to mixed L{ L’ norms by Ginibre and Velo [4] for Schrodinger equations,
where (g, r) is sharp admissible and ¢ > 2; the wave estimates were obtained inde-
pendently by Ginibre-Velo [5] and Lindblad-Sogge [11], following earlier work by
Kapitanski [7]. The remaining endpoints for both equations were finally settled by
Keel and Tao [8].

For a manifold with smooth, strictly geodesically concave boundary, the Melrose
and Taylor parametrix yields the Strichartz estimates for the wave equation with Di-
richlet boundary condition (not including the endpoints) as shown in the paper of
Smith and Sogge [14]. If the concavity assumption is removed, however, the presence
of multiply reflecting geodesic and their limits, gliding rays, prevent the construction
of a similar parametrix!

In [9], Koch etal. obtained “log-loss” estimates for the spectral clusters on com-
pact manifolds without boundary. Recently, Burq etal. [2] established Strichartz type
inequalities on a manifold with boundary using the L” (£2) estimates for the spectral
projectors obtained by Smith and Sogge [15]. The range of indices (g, ) that can be
obtained in this manner, however, is restricted by the allowed range of r in the square-
function estimate for the wave equation, which control the norm of u in the space
L7 (R, L2(—T, T)), T > 0 (see [15]). In dimension 3, for example, this restricts the
indices to ¢, r > 5. The work of Blair etal. [1] expands the range of indices ¢ and r
obtained in [2]: specifically, they show that if 2 is a compact manifold with boundary
and (g, r, B) is a triple satisfying

_:87
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together with the restriction

|:=.
IA

d—1
&, d=4

Q= QW

_l’_
_l’_

~ =
IA
o —

ki d247

then the Strichartz estimates (2.4) hold true for solutions u to the wave equation (1.2)
satisfying Dirichlet or Neumann homogeneous boundary conditions, with a constant
C depending on 2 and T'.

Remark 1.7 Notice that Theorem 1 2 states for instance that the scale-invariant Stri-
chartz estlmates fall for 3 + > ﬂ, whereas the result in [1] states that such estimates

hold 1f —I— < 5. Of course, the counterexample places a lower bound on the loss for
such 1ndlces (q, r) and the work [1] would place some upper bounds, but this concise
statement shows one explicit gap in our knowledge that remains to be filled.

A very interesting and natural question would be to determine the sharp range of
exponents for the Strichartz estimates in any dimension d > 2!

A classical way to prove Strichartz inequalities is to use dispersive estimates (see
(2.5)). The fact that weakened dispersive estimates can szill imply optimal (and scale
invariant) Strichartz estimates for the solution of the wave equation was first noticed
by Lebeau: in [10] he proved dispersive estimates with losses (which turned out to
be optimal) for the wave equation inside a strictly convex domain from which he
deduced Strichartz type estimates without losses but for indices (g, r) satisfying (1.1)
witha = % in dimension 2.

A natural strategy for proving Theorem 1.2 would be to use the Rayleigh whispering
gallery modes which accumulate their energy near the boundary, contributing to large
L’ norms. Applying the semi-classical Schrodinger evolution shows that a loss of
5 (— - —) derivatives is necessary for the Strichartz estimates. However, when dealing
with the wave operator this strategy fails as the gallery modes satisfy the Strichartz
estimates of the free space:

Theorem 1.8 Letd > 2, let 2 = {x > 0,y € Rd’l} and consider the following
Laplace operator on 2

d—1
Ap =07+ (1+x)Ag-1, where Ag—1 =D 3. (1.9)
j=1

Letyy € C§° (RE=I\{0}), k > 1 and ug € Ex(S2), where Ex() is to be later defined
by (2.10).

1. Let (q,r) be a Schrodinger-admissible pair in dimension d with g > 2 and con-
sider the semi-classical Schrodinger equation with Dirichlet boundary condition

h
(Tat - thD) u=20, ulpa=0, uli=0 =y "hDy)uo. (1.10)
l
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Counterexamples to Strichartz estimates 631

x=0 S

y

Fig. 1 Bicharacteristics of the half space
Then u satisfies the following Strichartz estimates with a loss,

(41 (11
lullLaqo.mo1.Lr ) S h (5+4) (2 ')Ilult:OIILz(Q)- (1.11)

Moreover, the bounds (1.11) are optimal.
2. Let(q,r) be a wave-admissible pair in dimension d with g > 2 and consider the
wave equation with Dirichlet boundary conditions

0 —Apu =0, ulagg =0, ul=o =y (hDy)uo, duli=o=0. (1.12)

Then the solution u of (1.12) satisfies
—d(i-1)41
lullLaqo,monerey Sh =2 7 luli=oll 12(g)- (1.13)

Remark 1.9 We prove Theorem 1.8 for the model case of the d-dimensional half-space
together with the metric inherited from the Laplacian A p defined by (1.9). It is very
likely that, using the parametrix introduced by Eskin [3], we could obtain the same
result for general operators (Fig. 1).

Notice that if the initial data u#( belongs to Ex(£2) for some k > 1 then the solution
u(t, x,y) to (1.10) localized in frequency at the level 1/ / is given by

u(t,x,y) = /ei%ﬁ(t,x,n/h)dn,

1
Qmh)d-1

therefore

a(t, x,n/h) = "My (yio (x, n/ ),
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632 O. Ivanovici

Fig. 2 Propagation of the cusp. A caustic is defined as the envelope of the rays which appear in a given
problem: each ray is tangent to the caustic at a given point. If one assigns a direction on the caustic, it
induces a direction on each ray. Each point outside the caustic lies on a ray which has left the caustic and
also lies on a ray approaching the caustic. Each curve of constant phase has a cusp where it meets the caustic

where 24 (1) = [n1? + @i n|*3, Ai(=wp) = 0 and dig(x, n/ h) = Ai(In|*3x/h*3 —
wy) is the eigenfunction of —Ap , = —8)% + (1 + x)n? corresponding to the eigen-
value Ag.

Theorem 1.8 shows that the method we used for the Schrodinger equation cannot
yield Theorem 1.2. We will proceed in a different manner, using co-normal waves
with multiply reflected cusps at the boundary (see Fig. 2).

The paper is organized as follows: in Sect. 2 we will use gallery modes in order to
prove Theorem 1.8; in Sect. 3 we prove Theorem 1.2. Finally, the Appendix collects
several useful results.

2 Whispering gallery modes
2.1 Strichartz inequalities

Letn > 2,0 < Ty < oo, ¥(§) € Cg°(R™"\{0}) and let G : R* — R be a smooth
function G € C™ near the support of ¥. Let ug € L>(R") and h € (0, 1] and consider
the following semi-classical problem

h
ihoiu — G (TD) u=0, uli=o=vhD)uog. 2.1
i
If we denote by e_%G the linear flow, the solution of (2.1) writes

e Oy (hDyug(x) =

H<xg>—1G®) v (&
(Znh)n/el ¥ (&)uo (h)dé: (2.2)

Letg € (2, 00],r € [2, 00o] and set

I I 1 . 11 3
i=eamr) om0 (G-)) -
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Counterexamples to Strichartz estimates 633

Remark 2.1 Notice that the pair (g, r) is Schrodinger-admissible in dimension 7 if

o = 5 and wave admissible if & = %

With the notations in (2.3) the Strichartz inequalities for (2.1) read as follows

hPlle” W9y (hDYuoll La (0,71, ®ny) < ClIW (D)ol 2Ry (2.4)

The classical way to prove (2.4) is to use dispersive inequalities which read as follows

_it _ t
le™ Sy (hDyugll pooqny S Qh) ™" Y (}—l) ¥ (hD)uoll 1 (rny (2.5)
fort € [0, Tp], where we set

Yan() = sup | [ € ECE Y (&)as|. (2.6)

zeR”?

In Sect. 6.1 of the Appendix we prove the following:

Lemma 2.2 Leta > 0 and (q, r) be an a-admissible pair in dimension n withq > 2.
Let B be given by (2.3). If the solution e*lhlG(lp(hD)uo) of (2.1) satisfies the disper-
sive estimates (2.5) for some function y, p : R — R, then there exists some C > 0
independent of h such that the following inequality holds

NI—=
|
~ =

_it
"Plle™ 1Sy (hDYuoll La 0.1y < C | sup  s*yun(s)) luoll L2 -
T
5€(0,72)

@.7)

2.2 Gallery modes

LetQ = {(x,y) € R%x > 0, y € R4~} denote the half-space Ri with the Laplacian
given by (1.9) with Dirichlet boundary condition on 2. Taking the Fourier transform
in the y-variable gives

— Apy =—02+ (14+x)|n% (2.8)

For n # 0, —Ap,, is a self-adjoint, positive operator on L?*(R,) with compact
resolvent. Indeed, the potential V(x,n) = (1 + x)r]2 is bounded from below, it is
continuous and limy o, V (x, n) = co. Thus one can consider the form associated to
—07 + V(x,m),

o) = / 19,v]* + V(x, n)|v|*dx,

x>0

D(Q) = Hy(Ry) N{v € L*Ry), (1+x)'?v e L2Ry))},
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634 0. Ivanovici

which is clearly symmetric, closed and bounded from below. If ¢ >> 1 is chosen such
that —Ap , + c is invertible, then (—=Ap , + ¢)~! sends L?>(R;) in D(Q) and we
deduce that (—=Ap ,+ ) lisalsoa (self-adjoint) compact operator. The last assertion
follows from the compact inclusion

D(Q) = {v]dyv, (1 +x)?v € L2(R4), v(0) = 0} — L*(Ry).

We deduce that there exists a base of eigenfunctions vy of —Ap , associated to a
sequence of eigenvalues A () — oo. From —Ap ,v = Av we obtain va =? -
X+ xn?)v, v(0, n) = 0 and after a change of variables we find the eigenfunctions

v, m) = Ai(Jn]3x — wp). (2.9)

where (—wy )k are the zeros of Airy’s function in decreasing order. The corresponding
4
eigenvalues are Ax () = || + wi|n]3.

Definition 2.3 For x > 0 let Ex(S2) be the closure in L%(2) of

{u(x,y) = / Y Ai(In)3x — w)@(ndn. ¢ € SR}, (2.10)

(27[)‘1*1
where S(R?~1) is the Schwartz space of rapidly decreasing functions,
SR = {f € CO®RIN||2°DP fllpooga-1) < 00 Vo, p e N71Y,

For k fixed, a function u € E;(2) is called whispering gallery mode. Moreover, a
function u € E(2) satisfies

2
07 +xAg-1 — x| Ag—13)u = 0. (2.11)

Remark 2.4 We have the decomposition

LYX(Q) = @Ek(sz).
1

Indeed, from the discussion above one can easily see that (Ex (€2)) are closed, orthog-
onal and that Uy £ (€2) is a total family (i.e. that the vector space spanned by Uy E (€2)
is dense in L2(2)).

In Sect. 6.3 of the Appendix we prove the following:

Lemma 2.5 Fixk > 1,9 € C®(R* ") and let u € Ey () be the function associated
to ¢ in E(2). There exist smooth functions ¥, Y1, Yo € Cgo(Rd’l\{O}) such that
Yy = Yy and Yy = ¥ and for r € [1, oo] there exist C1, Co» > 0 such that

_2
Cilly1(hDy)@ll prga-1y <h ™ ¥ [y (hDy)ull pr g, xra-1y < C2llY2(hDy)@ |l 1 (ra-1y-
(2.12)
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Counterexamples to Strichartz estimates 635

As a consequence of Lemma 2.5 we have

Corollary 2.6 Let gp € S(RY™1), k > 1 and uy € Er() be such that

i . 2 N
wo(x, y) = /e’wmqnm — w0do(mdn. 2.13)

(Zn)d_l
In order to prove Theorem 1.8 we shall reduce the problem to the study of Strichartz

type estimates for a problem with initial data ¢o. More precisely, from Lemma 2.5 we
immediately deduce the following

1. if u solves (1.10) with initial data  (hDy)uo, where ug is given by (2.13) then in
order to prove that one can’t do better than (1.11) it is enough to establish that the
solution ¢ to

h 2
~dp = B2 (Ad—1 — 0kl Aa—113)9 =0, @li=o = Y(hDy)po.  (2.14)

satisfies the following Strichartz type estimates

_@d=bH1_1
ol zaqo, 71,2 Ra-1y) = ch™ 2 ( ’)||1ﬁ(hDy)<PO||L2(Rd—1)~ (2.15)

2. if u solves (1.12) with initial data (\y (hDy)ug, 0) then in order to show that the

gallery modes give rise to the same Strichartz estimates as in the free case it is
sufficient to prove that the solution to

e — (Ag1 — okl Aa—11)p =0, plizo = Y(hDy)gpo, d¢li—o=0 (2.16)
satisfies
101l Lo qo. 701, L i-1yy < b~ GG DI (Dol 2gasry.  (2.17)
Remark 2.7 Notice that forg > g > 2 and f € C*°([0, T']) we have

”f”L‘i([O,T]) 5 ”f”Lt?([(),T])»

thus in order to prove Theorem 1.8 it suffices to prove (2.15) (respective (2.17)) with
q replaced by some g > q.

2.3 Proof of Theorem 1.8

Let g € SR, k> 1,w = wr > 0and ug € Ex(2) be such that

uo(x, y) = /eiy"Ai(Inl%x — wi)go(m)dn. (2.18)

(27T)d_1
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1. Schrodinger equation
Let g be given by

I @-1(1 1 519
iT 2 (5‘?) @19

Let Gy(n) = |n* + a)h% [n| % Using Corollary 2.6 and Remark 2.7 we are reduced
to prove (2.15), with g replaced by ¢, i.e. in order to prove Theorem 1.8 for the
Schrodinger operator it will be enough to establish

Gy (hDy ol e
1 (kD) ol 2 g1,

(2.20)

_it
e~ Cs W (hDy)@o)ll La o, 71,17 rd-1)) < ch™ 2

where
ei%G‘Y(KZ/(hD Yoo) (¢ )=—1 /e;i(<y,n>ft(|n|2+wh%InI%))I/,( )% (ﬁ)d
y (/)0 3 y (Zn_h)d_l ’7 (PO h 77

Let w = wy and set

t .
J (z, E) = /e’ﬁ<<2~">—0s<">%/f(n)dn. 2.21)

Recall that O ¢ supp(¥), thus the phase function is smooth everywhere on the
support of 1. With the notations in (2.6) we have to determine yd_l,h(%) =

sup, cra-11J(z, %)|. Note that if % is bounded we get immediately that |J(z, %)I
is bounded, thus we can consider the quotient % to be large. Let A = % > 1 and apply
the stationary phase method. There is one critical point

4
z(n) =2n+ §wh%L2,
Inl3

non-degenerate since G/ (n) = 21d + O(h%) for n away from 0 and 4 small enough,
and we can also write n = 1(z). We obtain

d—1 —ZgionG” (n(2)
2 e MBS i
) Gy (4 ), (2.22)

J(z, A) ~
@» (ﬁ et G (1(2)

where
2, W 2 4
Dz, n) =<z,1>-Gs(m), P(z,n@)=InE@|" + §h3|n(z)|3,

o(z:0) = D 2For(2), 00(z) =Y ().

k>0
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Counterexamples to Strichartz estimates 637

. @1
From the definition (2.6) we deduce that we have y;_1 , (1) ~ A~ 2 . Consequently,

for A = % > 1 there exists some constant C > 0 such that the following dispersive
estimate holds

@=n
it —a-n (1Y
le™ %%y (hD)oll e a1y < Ch~@7D (7 1V (B Dy)gollLy @a-1)-
(2.23)
Interpolation between (2.23) and the energy estimate gives
it _d=b(_2 _d=b(y_2
le™ 7%y (hD,)goll a1y < Ch 7 (1=7) e ')||w(hDy)gao||L<;(Rd,l).
(2.24)

Let ¢’ be such that %1 + % = 1 and let T' be the operator
T: L*RY) — L9([0, T, Ly (R™)

whichtoa given gg € L?(R?~") associates e~ 1 0s Y (hDy)po e L([0, To], LY (R4=1y).
Then inequality (2.24) implies that for every g € L7 ([0, Ty], L, (R~")) we have

it

T
i Ge) e
||TT*g||L<2(0,TO]L; = ||/@ h Sww*g(s)ds||Lr}(((),T0],L§?)
0

T
_d=Dq_2 _@-b(y_2
<ch =z ¢ r)||/|t—s| 2 ( ')||g(s)”L;’dS”L‘?((o,TO])-
0
(2.25)

2 - -
If ¢ > 2 the application [¢t| 7% : LY — L9 is bounded by the Hardy-Littlewood-
Sobolev theorem and we deduce that the L4 ((0, Tp], L; (R4=1)) norm of the operator
TT* is bounded from above by h=“2" 0=} thus the norm ||| L2 Li (0, Ty . L7 (RA~1))
is bounded from above by h_@(%_%).
e Optimality:

Let no € R¥=1\{0} and for y € R?~! set

e iPq(y.10) i|}’|2
=~ DRTITT D Doy, m0) =< yom0 > +—5— (2.26)

©0,n (¥, 10) S

that satisfies

@D/ — p—d=1/4

leo.nll s = llpo.nllLge

@ Springer



638 O. Ivanovici

Proposition 2.8 Let Ty > 0 be small enough and lett € [Ty, Tol. Then the (local,
holomorphic) solution (¢, y, no) of (2.14) with initial data ¢o ,(y, n0) has the form

id(t,y,
(d=1)/4, 200

on(t,y,no) = h™ o(t,y,no, h),

where the phase function ®(t, y, no) satisfies the eikonal equation (2.27) locally in time
t and for y in a neighborhood of 0, and where o (t, y, no, h) =~ Zkz() hrop (2, ¥, 10)
is a classical analytic symbol (see [13, Chps.1,9; Thm.9.1] for the definition and for

a complete proof).

Proof Fort € [—Ty, Tp] small enough we can construct approximatively

ot
wn(t, y,n0) = exp (—l EGS) ©0,n (¥, M0)

to be the local solution to (2.14) with initial data ¢ 4 (y, no). In order to solve explicitly
(2.14) we use geometric optic’s arguments: let first ® (7, y, no) be the (local) solution
to the eikonal equation

»D +|Vy®)? + |V, ®*3 =0,
(2.27)

@|;=0 = Po(y, n0)-
The associated complex Lagrangian manifold is given by
A‘D = {(tv Y, T, 77)|T = alq>3 n= vycb}-

Letq(t,y,t,n) = 7+ |n|> + w|n|*/> and let H, denote the Hamilton field associated
to g. Then A is generated by the integral curves of H, which satisfy

[ (is )}7 iv i]) = (la VT]qs 07 0)1
.y, T, Mo = (0, yo, —|VyPo|? — @|V, ®o[*/3, Vy Do = 19 + iyo).
(2.28)

We parametrize them by ¢ and write the solution

(y(tv )’0, 7)0), n(tﬂ )’0’ 7}0)) = exp (th (y()v '70))
The intersection
Ag = {exp1Hy (yo, no)lr € R} N T*R\(0}
is empty unless yo = 0, since itis so at# = 0 and since d exp (t H,) preserves the pos-
itivity of the C-Lagrangian A ¢ (see Definition 6.1 of the Appendix and Lemma 6.4).

Thus on the bicharacteristic starting from yy = 0 the imaginary part of the phase
d(t, y(t,0, no), no) vanishes. Moreover, the following holds:
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Counterexamples to Strichartz estimates 639

Proposition 2.9 The phase ® satisfies, for y in a neighborhood of 0,

D(z, y,m0) = ®(z, y(t,0, n0), no) + (y — y(, 0, n0))n(, 0, no)
+(y =y, 0,n0)B(t, y,n0)(y — y(, 0, 10)),

where the phase ®(t, y(t, 0, n9), no) and its derivative n(t, 0, no) with respect to the
y variable are real and the imaginary part of B(t,y,n9) € My—1(C) is positive
definite.

Proof Indeed, the initial function ®( is complex valued with Hessian ImVy2 d( positive
definite. Then it follows from [6, Prop.21.5.9] that the complexified tangent plane of
Ag, is a strictly positive Lagrangian plane (see [6, Def.21.5.5]). The tangent plane
at (y(¢,0,n0), n(t,0,n0)) is the image of the complexified tangent plane of Ago
at (yo = 0, o) under the complexification of a real symplectic map, hence strictly
positive. More details for these arguments are given in Sect. 6.2 of the Appendix. O

We look now for ¢y(¢, y, o) of the form h_(d_l)/“e;r;wt'y‘”")o(t, v, no, h) where
o = > h¥o; must be an analytic classical symbol. Substitution in (2.14) yields the
following system of transport equations

Log =0, ooli=0 =1,
Loy + fi(o9) =0, o1li=0 =0,

Loy + fi(00, ..,0k—1) =0, oxli=0 =0,

where L = % + Z‘;;} qj(y, V,®) + s(y, 170.) with s(y,.no).analytic and f¢ (oo, =
ok—1) a linear expression with analytic coefficients of derivatives of oy,.., ox—1. It is
clear that we can solve this system for y in some complex domain O, independently
of k; in [13, Chps. 9,10] it is shown that in this way o becomes an analytic symbol
there. O

Letusdefine o (t, y, no) = ox(t, y, no) for (¢, y) € (—=Tp, To) x O and o, (¢, y, no) =
0 otherwise and let o (¢, y, no, h) := Zkzo hkgk(t, v, no). Set also

— = d=D/4, ;@ (.y.00)

@, (. v, m0) al(t,y, no, h),

thus e, solves (2.14) for r € [Ty, To] and y € R~! and we can compute the
L"(R4~1) norm of ¢, (t, y,no) globally in y:

th(t’ . n0)||Lr(Rd—1)
- 1/r
e (/ e HOTCOmNImBI O COMD g 1y, o, h)l’d)’)

~ h—(d—l)/4+(d—1)/2’(1 + O(h_]))
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and consequently for 7j small enough we have
—d=-1c1_1y -1
I, e 0,71, r@a-1yy =h™ 2277 (1 4+ Oh™)
and we conclude using Corollary 2.6.
2. Wave equation Let (g, r) be a sharp wave-admissible pair in dimension d > 2,

q > 2, and let g be given by (2.19). Using Corollary 2.6 and Remark 2.7 and since
q > q, we are reduced to prove (2.17) with g replace by g, i.e.

i _(4_1)(Li_1
||€lEGw(W(hDy)‘PO)||Lc?([o,T0],Lr(]Rd71))Sh (2 6)(2 7)||W(hDy)¢0||L2(Rdfl),

where Gy, () = \/In? + wh3 5|3 and

it 1
e (Y (hDy)go)(t, y) = W/e
<y o (3]) dn.

. 2 4
;’7(<M>—t\/ ]2 4wh3 |n|§)

In order to obtain dispersive estimates we need the following
Proposition 2.10 Let A = % and set as before
J(z,3) = / MGy (ydn,  yg-1n() = sup [J@ W] (229
zeR4-1
Then the function y,—1 j satisfies

Ya—1.h(A) = h=1/3)~@d=D/2,

We postpone the proof of Proposition 2.10 for the end of this section and proceed.
End of the proof of Theorem 1.8.
From (2.5) the dispersive estimates read as follows

_@d=D
it 2

_it _de1-L (1
I FSp D ool S (1) T D0l
(2.30)

Lemma 2.2 can be applied at this point of the proof for the ‘% wave-admissible pair
in dimension d — 1, (g, r), in order to obtain

it

||€_7wa(hDy)‘P0||L2_>Lé(o,T0],Lr(Rd*1) 5 h_(

[N

65 ean

=

We conclude using again Corollary 2.6. It remains to prove Proposition 2.10.
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Counterexamples to Strichartz estimates 641

Proof of Proposition 2.10 As before, the case of most interest in the study of
sup,crd-1 |J (z, A)| will be the one for which A > 1, since when % remains bounded
good estimates are found immediately. We shall thus concentrate on the case A > 1
and we apply the stationary phase lemma. Notice that on the support of i the phase
function of J is smooth. On the other hand, since 7 stays away from a neighborhood
of 0, the critical point of J(z, 1) satisfies

/ n 2
=Gy = 1o+ 0.

In order to estimate |J(z, 1)| it will be thus enough to localize in a h2/3 neighbor-
hood of |z| = 1. We shall assume without loss of generality that v is radial and set
1]/(|17|) = 1 (n) in which case J(., A) depends also only on |z| and it is enough to
estimate

oo
J(Izlel,k)=/ / i Mzlpi—/ P2l p8) gy hd =240 4 (2.32)
0 sd-2

where e; = (1,0,..,0) € R~! and S92 is the unit sphere in RY=!. The deriva-
tive with respect to p gives |z|0] = £ ~ 1 and making integrations by

/ 02+ wh/3 p*/3

parts with respect to p one sees that the contribution in the integral in 1 in (2.29) is
0O(A~%) if |z] « 1. Consequently, one may assume |z| > ¢ > 0. As a consequence
01 can be taken close to 1, and since on the sphere S92 one has 6; = 1 — 62,
0= (0,0 ¢ R4 _1, we can introduce a cutoff function 5(0") supported near 0 such
that the right hand side in (2.32) writes, modulo O ((1|z])~°°)

00
Z//eik(j:plz\\/1—9/2—«/p2+wh2/3p4/3)b(9/)¢(p)pd—2d9/dp.
+

0 o

The term corresponding to the critical point —1 gives a contribution O (1~°°) in the
integral with respect to p by non-stationary phase theorem. Using the stationary phase
theorem for the integral in 6" we find

o0
J(lzler, ) = / HElp= AP G o Ozl p)dp + 007,
0

where o is a symbol of order —(d — 2)/2. In order to estimate this term we write its
phase function as follows

zlp — V2 + wh?B3p43 = (Iz] = Dp — (Vp? + wh?3p*3 — p)
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and set |z| — 1 = h?/3x. Hence J(|z|e1, 1) can be estimated by

0o . wpl/3 )
i px———F——=1 _
J((1+h*Bx)ey, )~ / e ( 1502 ) (o (o (1 + h*Px))dp.

0
(2.33)

We distinguish two cases, weather | < A =1/h < h 2P orl « u = rh*3 =
h=13¢.

e In the first case © < 1 and formula (2.33) give us bounds from above for
sup, |J(z, A)| of the form A~@=2/2 (recall that for |z| away from a h*/3-neigh-
borhood of 1 the problem was trivial by non-stationary lemma).

o If 1 « o =h"'"3tand x # 0 we apply the stationary phase lemma in dimension
one with phase ®(p) = px — 3 p'/3 which is smooth since p # 0 and has one
critical, non-degenerate (®”(p) = %p’S/ 3 £ 0) point satisfying

p = (6x/w) /2.

—3/2

For values of x for which (6x/w) belongs to the support of i we find

1

T+ RPxer ) = Can~ T ut+ 0 (75 )

d—=2

_d=1 1 —d=2 3
~ C(x)A zhs+0(x 2 ) (2.34)
with C(x) bounded and consequently we can determine y,;_1 j defined by (2.6)
where n =d — 1 and G = G,,. We find

Y o3 (L o (2.35)
Yd—1,h h — R 7 . .

thus the proof is complete. O

3 Conormal waves with cusp in dimension d = 2

In what follows let 0 < € < 1 be small. We shall construct a sequence W  of
approximate solutions of the wave equation

0f = Ap)V(t.x,y) =0 for(t,x,y) eRxR> V]pixae=0, (3.1)

which contradicts the Strichartz estimates of the free space (see Proposition 1.5). Using
the approximate solutions Wj, . we shall conclude Theorem 1.2 by showing that one

can find (exact) solutions Vj,  of (3.1) which provide losses of derivatives for the
L4([0, 1], L"(£2)) norms of at least %(}¥ — l) — € for r > 4 when compared to the

;
free space, (g, r) being a wave-admissible pair in dimension 2.
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Counterexamples to Strichartz estimates 643

3.1 Motivation for the choice of the approximate solution

Let the wave operator be given by [ = 3> — 92 — (1 +x)8y2 andlet p(t,x,y,7,&,n) =
£2 4+ (1 + x)n? — 2 denote its (homogeneous) symbol. The characteristic set of [J
is the closed conic set {(¢,x,y, 7, &, n)|p(, x,y,t,& n) = 0}, denoted Char(p).
We define the semi-classical wave front set W Fj, (1) of a distribution u on R3 to be
the complement of the set of points (p = (7, x,y),¢ = (1,&, 1) € R* x (R*\0)
for which there exists a symbol a(p,¢) € S (R®) such that a(p, ¢) # 0 and for all
integers m > 0 the following holds

la(o, hDp)ull 2 < cmh™.
Let p = p(0), ¢ = ¢(0) be abicharacteristic of p(p, ¢), i.e. such that (p, ¢) satisfies

dp dp d¢ ap

_—= _—= O, O :O 32

do 3. do 3 p(p(0), £(0)) (3.2)
Assume that the interior of 2 is given by the inequality y(p) > 0, in this case
y(p=(t,x,y)) =x.Then p = p(0), { = {(0) is tangential to R x 92 if

d
y(p@)=0. —~y(p0)) =0. (3.3)
o

We say that a point (p, ¢) on the boundary is a gliding point if it is a tangential point
and if in addition

d2
FV(P 0)) <0. (3.4

This is equivalent (see for example [3]) to saying that (p, ) € T*(R x 9Q)\0 is a
gliding point if

pp,5) =0, {p,vHepo =0, {r.v} e >0, (3.5)

where {., .} denotes the Poisson braket. We say that a point (p, ¢) is hyperbolic if
x = 0and t> > 7?2, so that there are two distinct nonzero real solutions & to £2 + (1 +
2 2 _
x)n“—1°-=0.
Consider an approximate solution for (3.1) of the form

i (a1 —2)er £
/eh(y’”’ +(r '72)$+3'72)g(t,§/)7, T, W)W (n) /ndédndr (3.6)

where the symbol g is a smooth function independent of x, y and where ¥ e C3°(R*)
is supported for 1 in a small neighborhood of 1, 0 < ¥(n) < 1, ¥(n) = 1 for n
near 1. This choice is motivated by the following: if v(¢, x, y) satisfies (E)t2 - 8)% -
1+ x)E)g)v = 0, then taking the Fourier transform in time ¢ and space y we get
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8%13 = ((1 + x)n*> — t2)v, thus  can be expressed using Airy’s function (given in
Sect. 6.3) and its derivative. After the change of variables £ = ns, the Lagrangian
manifold associated to the phase function ® of (3.6) will be given by

Ao={(t,x,y, T=08,D, E=0,D=ns, n=0, )|, > =0, 8, =0} C T*R>\0.
3.7

Let 7 : Ap — R3 be the natural projection and let ¥ denote the set of its singular
points. The points where the Jacobian of dx vanishes lie over the caustic set, thus
the fold set is given by £ = {s = 0} and the caustic is defined by 7(X) = {x + (1 —
£) =0}

If on the boundary we are localized away from the caustic set (%), Ag|,_, is
the graph of a pair of canonical transformations, the billiard ball maps §*. Roughly
speaking, the billiard ball maps 8T T*(R x 9Q) — T*(R x 9K), defined on the
hyperbolic region, continuous up to the boundary, smooth in the interior, are defined
at a point of 7*(R x 92) by taking the two rays that lie over this point, in the hyper-
surface Char(p), and following the null bicharacteristic through these points until you
pass over {x = 0} again, projecting such a point onto 7*(R x 9%2) (a gliding point
being “a diffractive point viewed from the other side of the boundary”, there is no
bicharacteristic in 7*(R x 9€2) through it, but in any neighborhood of a gliding point
there are hyperbolic points).

In our model case the analysis is simplified by the presence of a large commutative
group of symmetries, the translations in (y, ), and the billiard ball maps have specific
formulas

.2 12 g 112 3/2 .2 12

sy, t,n, 1) = yi4(——1) i—(—— ) ,tﬂF4(——1) -1t
n? 3 \n? n? n

(3.8)

Away from m(X) these maps have no recurrent points, since under iteration
t((8%)") — +oo as n — o0o. The composite relation with n factors

Ao,y 0...0 Ap|,_,

has, always away from 7 (%), n 4+ 1 components, obtained namely using the graphs
of the iterates (§1)", (§1)"2, .., (§7)",

5"y, t,1,7)

2 12 2 3/2 2 1/2
8
- y:|:4n(r—2—1) i—n(r—z—l) ,t:F4n(T—2—1) Tot).
n 3 \n n n

(3.9)

All these graphs, of the powers of 8%, are disjoint away from 7 (X) and locally finite,
in the sense that only a finite number of components meet any compact subset of
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Counterexamples to Strichartz estimates 645

2 . . . . .
% —1 > 0}. Since (8%)" are all immersed canonical relations, it is necessary to find
a parametrization of each to get at least microlocal representations of the associated
Fourier integral operators. We see that

4 72 3/2
t -n|{— -1 ,
yn + r+3n(n2 )

are parametrizations of Ag|,_,, thus the iterated Lagrangians (Ag|,_,)°" are parame-
trized by

4 2 32
yn+tr+§nn(?—l) ,

and the corresponding phase functions associated to (A ¢)°" will be given by

P, =P+ 4 i 1 "
= -nn|— — .
n 3 n 7

Let us come back to the wave equation (3.1) and describe the approximate solution
we want to chose. The domain €2 being strictly convex, at each point on the boundary
there exists a bicharacteristic that intersects the boundary R x 92 tangentially having
exactly second order contact with the boundary and remaining in the complement of
R x Q. Here we deal with ¥ (p) = x and (3.5) translates intox = £ = 0, |z| = || > 0.
Let

(o0, ¢0) = (0,0,0,0,1,—1) € T*(R x 9%).
We shall place ourself in the region V, near (pg, &),
Va={p. O8>+ A+ 00 =12 =0,x =0.7° = (I + &)},
where a =h®, 0 <8 <2/3 will be chosen later and 1 belongs to a neighborhood of 1.

Notice that, in some sense, a measures the “distance” to the gliding point (pg, &p).
Let uj, be defined by

3
2

%(y""(1+“)”2n+<x—a>s+f*)

where the symbol g is a smooth function independent of x, y and where W € C§°(R*)
is supported for 7 in a small neighborhood of 1,0 < W(n) < 1, ¥(n) = 1 for n near 1.
We consider the sum

N .
Un(t,x,y) = Zuﬁ(l, xX,y), up(t,x,y) = / e P g™ (¢, 5, 1, W)W (n)dnds,
=0
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where &, = & + %‘nnaw 2 are the phase functions defined above such that Ao, =
(A )" and where the symbols g" will be chosen such that on the boundary the Di-
richlet condition to be satisfied. At x = 0 the phases have two critical, non-degenerate
points, thus each u’;l writes as a sum of two trace operators, 7r+ (uZ), localized respec-
tively for y — (1+a) 124 %na3/ 2 pear :i:%ncﬁ/ 2 and in order to obtain a contribution
O;2(h*) on the boundary we define the symbols such that T'r_(g") + Try (g"thH =
0;2(h*). This will be possible by Egorov theorem, as long as N <« a’/?/ h. This
last condition, together with the assumption of finite time (which implies 0 < N (f)—; —

D2 < 00) allows to estimate the number of reflections N.

The motivation of this construction comes from the fact that near the caustic set
m(X) one notices a singularity of cusp type for which one can compute explicitly the
L" (2) norms. Moreover, if at t = 0 one considers symbols localized in a small neigh-
borhood of the caustic set, then one can show that the respective “pieces of cusps”
propagate until they reach the boundary but short after that their contribution becomes
0;2(h®), since as t increases, s takes greater values too and thus one quickly quits a
neighborhood of the Lagrangian A ¢ which contains the semi-classical wave front set
W Fy (up,) of uy,. This argument is valid for all u}, thus the approximate solutions u;,
will have almost disjoints supports and the L7 ([0, 1], L"(£2)) norms of the sum Uy, will
be computed as the sum of the norms of each uj; on small intervals of time of size a 172,

The key observation is that if the parameter « is very small, each of these cups type
solutions u}, provides a loss in the Strichartz estimates (which increases when a gets
smaller). In particular, if a could be chosen to be ~ h2/3 the associated loss would
involve the optimality of the work [1] and the gap between the positive results and
the and the counterexample given by Theorem 1.2 would be filled. In the opposite
situation § = O the waves uj; belongs to the regime of gallery modes, in which case
sharp Strichartz estimates do hold as shown in Theorem 1.8.

3.2 Choice of the symbol

Leta = h®,0 < 8 < 2/3 to be chosen and let u;, be given by the formula (3.10).
Applying the wave operator U to u;, gives:

h*0uy, = /e;z;q) (hZafg —2ihn(1 + a)1/2a,g + nz(x —a+ sz)g) W (n)dsdn

i r3
= /eT?(y‘—f(l+a)]/2+S(x—a)+'?) (h23t2g +ihndsg — 2(1 + a)1/2atg))
x nW(n)dsdn. (3.11)

Definition 3.1 Let A > 1. For a given compact K C R we define the space Sk (1),
consisting of functions ¢(z, 1) € C*°(R) which satisfy

1. SUP, R 3>1 |8§‘ o0(z, A)| < Cq, where C,, are constants independent of A,
2. Ify(z) € C(‘)><J is a smooth function equal to 1 in a neighborhood of K,0 < ¢y <1
then (1 — ¥)o € Og®)(A™™).
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An example of function o(z,X) € Sx(X), K C R is the following: let k(z) be the
smooth function on R defined by

’cexp (—1/(1 = 121%), if |zl < 1,
k(z) = )
0, iflzl=>1,

where c¢ is a constant chosen such that f k(z)dz = 1. Define a mollifier k; (z) =

R
Ak(1z) and let o € C3°(K) be a smooth function with compact support included in
K. If we set o(z, A) = (0 *k3)(z), then one can easily check that o belongs to Sk (1).

Let A = A(h) = W32l Ky = [—co, co] for some small 0 < ¢y < 1 and let
o(., 1) € Sk, (1) be a smooth function. We define

1/2
t+2(14a)/=s ) 3.12)

g(t,s,h) =0 (m,

Notice that # 4+ 2(1 4+ a)/2s is an integral curve of the vector field d; — 2(1 + a)V/?y,,
thus inserting (3.12) in (3.11) gives

421 +a)t/%s

-8 -1 Lp a2 L e
Uup =h™°@41 +a)) /eh alg (2(1 +a)1/2a1/2 ’

)L) W(n)dsdn. (3.13)

3.3 The boundary condition

1/2

We compute u;, on the boundary. We make the change of variables s = a'/“v in the

integral defining uj, (¢, 0, y) and set z = 2(1+a)t—1/2a1/2 Then

(2,0, y) =a1/2/ﬂe%(y7t<1+a>”2>
2

n

, v3 . ,
x //elﬂl(T—v(l—i))dv/emk(z—z )CQ(Z/,A)dZ/dC W(n)dn
¢ v

7/

_ al/z/(nx)z/%%”<y—f<1+a>‘/2>xp(n)
n

x / M= A (— )21 = ©))o(Z, MdZ dedn. (3.14)
¥4
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For n e supp(¥) we introduce

(nn)7/6

I(e(, M)y(z, A) := o

/ ein“z_zl);Ai(—(nA)zﬂ(l — {))Q(Z/, rdz'de,
6.7
(3.15)

then

W0, M) re, 1) = ) YOU () Ai (—()*3 (1 — £)o(Ag, 1)
(3.16)

The next Lemma shows that the symbol of the operator defined in (3.15) is localized
for ¢ as close as we want to 0.

Lemma 3.2 For o(., ) € Sk (1) for some compact K then (I(Q)U)A(., M) defined by
(3.15), (3.16) is localized near ¢ = 0, more precisely, if x is a smooth function with
support included in a small neighborhood (—2c, 2c) of 0,0 < ¢ < 1/4, xl[—c.c = L,
0 < x < 1, then we have for n € supp(\V)

(nr)7/6

I(e(, M))y(z, A) = o

/ M= A ()23 (1 = 1))
0.7
Xx(©)e(E A dE + Os@(@) ™). (B.17)

Proof Let o(., A) € Sk (). If we set, for n € supp(¥)

J(e( M)y(z, 1)

e ,
= —(’727)1 / M AN (=P (1 = ) = x(@©)e(@, 1dZ'dg

.7

we need to prove the following

W J (e, M)y(z, 1) € W) Osr,) () ™) = Osw,)(A™),
which is the same as to show that (J (Q)):;\(E ,A) € OS(]RE) (A™%°) or equivalently that
W(mJ )y (Mg, A) € W) Os(r,) (M) ™). (3.18)
In order to prove (3.18) we first compute (J (Q))Q(nk( , A) explicitly:

() (J(0(. N) (AL, 1)
= )VOW ) Ai ()21 =)A= x@NomAL, 1. (3.19)
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It remains to show that the right hand side of (3.19) belongs to W (1) Os(r,) ((nA) ~).
Notice that this will conclude the proof of the Lemma 3.2. If x(¢) # 1 then ¢ lies
outside a neighborhood of 0, |¢| > c and for n € supp(¥) we can perform integrations
by parts in the integral defining 0 (nA¢, A):

_ W(n)
@Inrs)m ,

Z

W(o(nis, 1) =P () / e MM o(, Myd7! eI o, 2)d7
Z/

(3.20)

Writing o(z', A) = ¥ (2o, X)) + (1 — ¥ (z'))o(z’, 1) for some smooth cutoff func-
tion ¥ equal to 1 on K and using that ||8;,’ o) (., MllLemw) < C,, for some constants

C,, independent of A and that, on the other hand 8;’}((1 — Yo, L) € Osmr)y(A™™),
we deduce the desired result. O

In what follows we use the results in Sect. 6.3 of the Appendix in order to write,
for ¢ close to 0

Ai(=m)?*P (1 =) = AT =@ =) + A” (=01 =)
where AT have the following asymptotic expansions

AP =) = ()61 — g) VAT IMA—OET -

x| > ) Vaw (=DPA -7V @32
j=0

We obtain two contributions in 7 (o(., A)), (., 1) which we denote

(nn)7/6

o / M AE )1 — ) x (0o, Mdde. (3.22)

¢7
We can summarize the preceding results as follows:

Proposition 3.3 On the boundary uy|x—o writes (modulo Ogw)(A~°)) as a sum of
two trace operators,

up(t,0,y) = Try(up)(t, y; h) + Tr—(up)(t, y; h), (3.23)
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13
where, fOrZ = —2(1+a)1/2a]/2,

a e 1/2-2,3/2y _
Triwh)(r,y;h):zn\g / en OO EF 0 ) =124 () 14 (0), (2, A)d,

(3.24)
L0 M)y (2. ) = i/ / MM E=F(A=0 =)
’ ’ 27
2.2
xx(Q)ax(&, nMe (', MdzZ'de, (3.25)
and where a+ are the symbols of the Airy functions AT
az (@) =~ A=) D Har () TTPA -T2 (326)

j=0
where ax j are given in (6.9).
We also need the next Lemma:

Lemma 3.4 Let p € Z and for some 0 < ¢ < 1 set K, =[—co + p, co + pl. Then
for n belonging to the support of W we have I  : SKp A) — SKPJF, Q).

Proof The phase functions in /4 (¢(., A)),(z, A) are given by

P N PR V-
ng+(z,2,0) =n((z—2)¢ F 3((1 ) 1)),
with critical points satisfying
Ipr(z.2 ) =2-Z A -0 =0, 8.¢:(.7.0)=-¢=0.

Outside small neighborhoods of ¢ = 0 and 7/ = z + (1 — ¢)!/? we make integrations
by parts in order to obtain a small contribution W (1) Osr)((n1)~*°). Indeed, if we
write

W I (0(., W)y (2, ) = 27740 ()

nA

. / 2 3 ,
b / ATHEDEFHA=0" D)y )y (©)e(L dZds,  (3.27)

¢,7

where a4 are given in (3.26), we have to check that the conditions of Definition 3.1
are satisfied for I+ (o(., 1)), (z, 1) and SKPJF] (A):

e First we prove that for n € supp(¥)

sup  19%14(0)y(z, V)| < Cg. (3.28)
zeR,A>1
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For n € supp(¥) we have

e T il
' ’ 2
¢.7
x(inr$)*a+ (&, M x (9o, MdZ'de, (3.29)

and we shall split the integral in ¢ in two parts, according to Al < 2 or A{ > 2
for n on the support of W: in the first case there is nothing to do, the change of
variables & = nA¢ allowing to obtain bounds of type (3.28). In case A{ > 2 we
make integrations by parts in the integral defining 0(nA¢, A) like in (3.20) in order
to conclude.

e Secondly, let ¥+ be smooth cutoff functions equal to 1 in small neighborhoods of
K p=+1 and such that 0 < v+ < 1. We prove that

(I =Y @)W IL(0)y(z, 1) = Y1) Os®) ((1A) ™).

Since ¥+ equal to 1 on some neighborhoods of K, there exist ¢’ > 0 small
enough such that V4 |[_co+pri1—5¢,co+pri+se] = 1. Since (1(@),)" is localized
as close as we want to ¢ = 0 then from the proof of Lemma 3.2 we can find
some (other) smooth function x¥ with support included in (—2¢’, 2¢), equal to 1 on
[—c/, ¢'] so that

Y (I (@)y)" (rg, &) = W (@)y)" (A, WX (&) + ¥ (1) Osm) ((n2) ™).

Let v e Cg° with support included in (—co + p — ¢’,co + p + ¢’). We split
o0 = Yo+ (1—1)gandsince (1 —v)o(., 1) belongs to Og(r)(A~°) itis enough to
prove the preceding assertion with o replaced by ¥ o. On the support of 1o we have
|2/ — p| < co+c’ and on the support of 1 —y/+ we have |z—p=£1| > cp+5¢’. On the
other hand, if ¢’ is chosen small enough then on the support of 1 we have 1 — 3¢’ <
(1—2)Y/? < 143¢’, thus we can make integrations by parts in the integral in ¢ since
inthe region we consider we have |9; ¢+| > pFl+co+c’'—p—co—c'£1-3c" > /.
From the discussion above and

(1 = Y (@) £ (0)y(z, 1) = eFT2TTAA — i (2))

A . o 2 001_~\3/2_ -
X\I’(n);—n / MMEmDEFF A= =D g (2, n) F(O Y (2o, MdZ'd¢

.7
(3.30)

we conclude by performing integrations by parts in ¢ . In fact, we could have noticed
from the beginning that, inserting under the integral (3.30) a cut-off localized close
to ¢ = 0, 77 = z and performing integrations by parts, one makes appear a factor
bounded by (1 + Aln||¢])~" forall N > 0. o
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3.3.1 Construction of the approximate solution

Let p e 7 anNd K, = [—co + p,co + p]. For n € supp(¥), some x > 1 and
0(., 1) € Sk, (A) write

L0, M)y(z, 1)

, . A . , ~
= ei'”/z"”“g—n / M EEVEE) y (ay (¢, na)o(, RydZde,  (3.31)

where we set
’ ’ 2 3/2
wi(z,g“):zéig((l—() - 1. (3.32)

We want to apply the Egorov theorem in order to invert the operators /. ;. The symbols
x(&)ax (¢, n)) are elliptic at ¢ = 0, consequently (eventually shrinking the support
of x) there exists symbols b+ (¢, nA) which are asymptotic expansions in (nA)~! for
1 belonging to the support of W, such that, if one denotes by J1(.);, the operators
defined for § € Sk+1(A) by

v I [ [ )\‘ [ ! - p4 N
T @)y 0 = e*'”/”'”/“;—n / M VEEO=20p | (¢, n0)b(z, A)dzde,

(3.33)

then one has

O, A) = L (J4(B(, X)) (e, W)y (s 1) + Os®)Y(A™°) + Os®) (A ™),
0, A) = J(Le(0(, ) (e, W)y 1) + Os®)y(A™°) + Os®) (A ™),

and also

O, A) = I-(J—(B(, ))n(e M)y (s 1) + Os®)Y(A™°) + OsR) (A ™),
00, A) = J_(I-(0(-, 1))y (s M) (s A) 4+ 05y (A ™) + Oy (A™™).

Remark 3.5 A direct computation shows that, for instance

Je(LL(0(y 2))n(s M)z, 1)

A . / X
_ 727_ﬂ / M= (D)as (¢, nM)b (¢, nM) (2, MdZ de

and consequently (since the coefficients do not depend on z” and because of the expres-

sion of the phase functions ¥4 (z/, ¢)) one can take by (¢, 7A) = X&)
ax(¢,nh)
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Proposition 3.6 Let N >~ Lh€ for some small € > 0 and 1 < n < N. Let T} be the
translation operator which to a given o(z) associates 9(z + k). Then for n € supp(¥)

(Tro J4()yoI_()yoT)" : Sky(A) = Sk,(A/n) uniformly inn. (3.34)
Notice that since A/n > h™€ > 1, then one has

Os@®)(A™%) = Os®)((A/n)™%) = Osmw)(h™). (3.35)

Remark 3.7 Notice that at this point we have a restriction on the number of reflections
N which should be much smaller when compared to A = a>/2/ h. In fact, in the proof
of Proposition 3.6 we apply the stationary phase with parameter A /n which should be
large enough, more precisely it should be larger than some (positive) power of 2.
Using (3.35), this would imply that away from the critical points the contributions of
the oscillatory integrals are O (7).

Proof We start by determining the explicit form of the operator in (3.34).
For ¢ on the support of x, |¢| < 2c¢ < 1 for ¢ small enough, set

4 3. ¢ 3
f@ =28 =30 =(1=0% =3 +0@), (3.36)

Let o(., 1) € Sk,(A). Then for 1 on the support of W we have

by . ,
Ti(J (- (Ti(e(, W)y () = g—n / M@ (2 o, MdZ de
7/\¢
= (Fp.*x0(., M) (), (3.37)

where we set, for  on the support of W

Fy.(2) = %/eink(z{-i—f(t))c(é‘, nAde, (3.38)
e
(1) = X(©as (&, b (g, n2) = x* (@) D c;(1 =)o, =1,
j=0
(3.39)

thus for each n we can write

(T 0 J4(Dy o I-()y o TD)" (0, M)(2) = (Fy)™ * 0(, M)(2). (3.40)
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We can explicitly compute (F;)*"

A . ~ A .
(Fp)™(2) = ;7—n / M E, (n35)ds = ;’—n / MO (2 payde.

¢ ¢
(3.41)

Set{ =n¢and = f‘—l The choice we made for N allows to write the right hand side
of (3.41) as

(Fnk)*n(Z) _ ﬁ / eini(zfﬁ,zf(%))cn (55 }’l?]}\‘,) dEv (342)

2 n

therefore we obtain

(Ty o J()y o I-()y o T1)"(0(., M)(2)
_m / 81 (5)) e (% nni)g(z’, Mdidz.  (343)

2

¢

The phase function in (3.43) is given by

I v

Neu(z,7, ) = n((z -+ n2f<

))

) =0, ds¢y=-(=0. (3.44)

and its critical points satisfy

Izn =z —Z’Jrnf’(E
n

e In order to show that for all « > 0O there exists constants Cg independent of n, A,
such that

sup 107 (T1 0 J4-()y o I-()y o T))" (0(., M) ()] < c2
zeR,A=A/n>1

we write
0 (T o J1()yol-_()yoT)"(0(., M)(z) = (Fp)™ % 0%0(., M) (2).

For ¢ outside a small neighborhood of 0, 12| > ¢, we perform integrations by parts
in 7" in the integral (3.42) defining (F, 72.)*" (z) and obtain a contribution arbitrarily

small. For || < 2¢ small, let ¢ be a smooth function with support included in a
c-neighborhood of K and such that (1 — ¥)o(., 1) = Ogr)(A~°). For z away
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from a Sc-neighborhood of K¢ we saw in the proof of Lemma 3.4 that we have
|85 ¢u(z, 7', £)| > c and we conclude again by integrations by parts in ¢. Near the

critical points £ = Oandz = ' —nf’ (%) we can apply the stationary method lemma
in both variables 7/, Z, uniformly in n: it is crucial here that f(0) = f "(0) =0,
£(0) = 1 which gives, setting g,(Z) = nzf(%),

lgn(D < dolZ 1 1gh(@] <dilZl, 18R] < dy, Yk = 2,

with constants dj independent of n (we deal with Fourier multipliers), |g,, | > d} >
0 and that, on the other hand, from (3.39) we have |8§”X2” (%)| <ey,forallm >0
with constants e,, independent of n and

- - i
‘agcn(;, ’”7)»)‘ Sellcn(;, m?)»)l + eo‘ g:ocj-?(nn)») ’(l - ;) ‘

e To check that for a smooth function ¥ equal to 1 in a neighborhood of K we have

(1= D)(T10 T4 ()y o I-()y o T)"(0(, 1)) = Osr) (™)
we use the same arguments as in the second part of the proof of Lemma 3.4. O

Definition 3.8 Let o(., A) € Sk, (1) and n € supp(¥). For1 <n < N, N >~ Ah€ set

0" (z, 1, A) = (=1)"Wn)(Ti 0 J4()y 0 I-()yT1)" (0(., ))(2),
0% (z, n, 1) = o(z, MW ().

From Proposition 3.6 it follows that 0" (z, 1, 1) € Sk,(A/n). Let

t+201 1/2
+20+a) S—zn,n,,\), (3.45)

n . n -
g (I,S, nvh) _Q (2(1+a)1/2a1/2

3
K 4
@, (t,x,y,5,1) =1 (y — 1A+’ +(x —a)s + T+ §na3/2) . (3.46)

and set

N .
Un =S ue ey = [ b s mdsan. Gan
n=0

Proposition 3.9 With this choice of the symbols g" we have forall0 <n < N — 1

Troul)(t, y; h) + Tre it yih) = 02 (A7), (3.48)
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Proof The proof follows from Propositions 3.3, 3.6 and the definition of the symbols
g", since we have

eFI(T1(" (., Ay + e F LT @ (o, M)y = Os@)(A™™),

where T4 are the translation operators which to a given p(z) associate o(z = 1) and
since the operators I , are of convolution type so they commute with translations.
O

4 Strichartz estimates for the approximate solution

Let Uy, be given by (3.47) and let (g, r) a sharp wave-admissible pair in dimension 2,
i.e. such that % = %(% — %). The “cusp” is reflected with period a'/?, @ = h® and in
order to compute the norm of U, on a finite interval of time we will take 6 = 1%6 in
order to obtain

1~ Na'/? ~ xhn®/?. 4.1)

We prove the following

Proposition4.1 Letr > 4, B(r) = 3(3 — 1) + t (3 — D and let p < B(r) — € for
€ > 0 small enough like before. Then the approximate solution of the wave equation

(1.2) satisfies

RP Uk La o). ) > 1Unli=0ll L2(2)- 4.2)

In particular, the restriction on B shows that the Strichartz inequalities of the free case
are not valid, there is a loss of at least é(}1 — %) derivatives.

Proof In the construction of Uj, we considered an initial “cusp” u2 of the form (3.10),
with symbol g given by (3.12), with 0¥ € S[_CO,CO](ay 2/ h) depending only on the
integral curves of the vector field Z and », supported for 7 in a small neighborhood
of 1. We introduce the Lagrangian manifold associated to u}, with phase function
D, =+ %nna3/2

172

Ao, ={(t,x,y,t=—0+a)' n & =sn,n),

4 2
a—x=sy—t(l+a)'?+ 511(13/2 = §s3} CT*R3. (4.3)

Lemma 4.2 Let uj, be given by (3.47), then W F,(u}) C Ag,.

Proof If |0;®P,| > ¢ > 0 we use the operator L = ds in order to gain a

__h
ils?2+a—x|
power of h'=3 at each integration by parts with respect to s, thus the contribution
we get in this case is O;2(h*°). Let now |9, ®,| > ¢ > 0 for some positive con-
stant ¢: before making (repeated) integrations by parts using this time the operator
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1y @y . o .
Ly = W > B d, we need to estimate the derivatives with respect to n for each g"
n¥n

defined in (3.45). We have

i t+2(14a)/%s
Mz(t,x, y) — (_l)m /eh ®’1L§m (Qn (m —}—2]’17 T],)\. dnds

a n Em — *n
= (_1)m+nhm/ CI)n I(a <D |)2m ( a;’}n k\y(n)as(Fnk) )*
k=0

02 4214 a)'%s
2(1 4+ a)!/2al/?

+ Zn) dnds, “4.4)

where * denotes the convolution product. The derivatives of (F);)™" with respect to
n are easily computed using the explicit form of (F;)*" that we recall (see the proof
of Proposition 3.6):

(Fp)™(z) = ni/eini(zﬂnzf(ﬁ))cn (E’nni)dsz,
13

A

with ¢(¢, ) = x2(¢) ij() cj(l— £)731/2¢=J and where we have made the change
of variable { = n¢ and set A = A/n > h~¢ > 1. Hence one 7-derivative yields

1 [ imician? f(E)) -

Ay (Fp)™ (2) = = (Fp)™ (2) + n—/e”wzH” f(,,))m
n 2 J
¢

X (ZE +n2f(£)) (C ’ nnk)d; + ﬂ/ ini(z@rnzf(%))nanc
n 2
¢
X (E nni) ! (E nni)dg:. 4.5)
n n

The symbol of the third term in the right hand side of (4.5) is n9;,c(¢, n)»)c”’l ¢, n))
and we have

dyc(L, mA) = —7772)»71 chj(l — ;)*31/2(,})\)*(]*1)’

Jj=1
and since n < A, the contribution from this term is easily handled with.
The symbol in the second term in the right hand side of (4.5) equals the sym-
bol of (F,;)*" multiplied by the factor i AzL + anf (%)). Recall that on the support
of c(¢,n)\) we have ¢ = E/n € supp(x) is as close to zero as we want and there

f(&) =1¢2/24 0(c?), hence nzf(%) =2/2 + 0(Z3/n). On the other hand, when
we take the convolution product of the second term in (4.5) with QO(., ) we obtain in
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the same way as in the proof of Proposition 3.6 that the critical points of the phase in
the oscillatory integral obtained in this way,

L e Gt ((z N +n’f (5)) " (5, nni) o< ndtdz,
2 i n n
¢,z

are given by ¢ = 0and z = 7. The phase function which will be denoted again by
on(z, 7, ¢) as before satisfies ¢, (z, z, 0) = 0, d¢,(z, z, 0) = 0 and Az pn (2, 2, 0) =

0. Applying the stationary phase theorem in  and z/, the first term in the asymp-
totic expansion obtained in this way vanishes, and the next ones are multiplied by
strictly negative, integer powers of A, hence the contribution from this term will is also
bounded.

Notice that when we take higher order derivatives in n of @", we obtain symbols
which are products of Vel (¢>n)j 8,]; (e (E /n, nn):)) and can be dealt with in the same
way, taking into account this time that the first j terms in the asymptotic expansion
obtained after applying the stationary phase vanish. As a consequence, after each
integration by parts in 7 using the operator L, we gain a factor s, meaning that the
contribution of u}, is O;2(h*). O

We also need the next results:

Lemma 4.3 Ifo(., }) € S[—¢),c)(A) with0 < co < 1 sufficiently small, then uj, have
almost disjoint supports in the time variable t.

Proof Letu € (0, 1) and |t —4n(14+a)'/?a'/?| > 2(14a)'/?a'/?(1+ ). Then on the
t+2(14a)' s
2(14a)'24'/2

while on the Lagrangian A, defined in (4.3) we have |a — x| = s < a. Conse-
quently, if © > co + €p for some €y > 0 as small as we want, we are not anymore
on the Lagrangian A¢,. Since outside any neighborhood of A, the contribution in
the integral defining uj, is O;2(h*°), we conclude that uj, “lives” essentially on a time
interval

—2n, 1, A) we must have |s| > a'/2(1 4 u — co)
2

essential support of 9" (

[4n(1 +a)2a'? — 201 + @) a1 + ¢y),
dn(1+a) 20" +2(1 + @) 2a'2(1 + c)].

]

Since a = h® < 1 and therefore (1 + a)!/? ~ 1 we claim that u} is in fact
essentially supported for ¢ in the time interval

[4na'/? — 2a1/2(1 + cop), 4na'? + 2a1/2(1 + ¢o)]

Lemma 4.4 Let 0 < co < 1/3 and let Iy, be small neighborhoods of 4a'*k of size
1/2
a’s,

I = [4kal/2 — al/zco, dka'l? +a1/2co].
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If t € Iy then in the sum Uy(t,.) there is only one cusp that appears, uﬁ (t,.), the
contribution from all the others uj,(t, .) with n # k being O 2(h®™).

Proof On the essential support of 0" (., 1, 1) one has
It +2(1+a)'?s —4n(1 + @) ?a'?| < 2(1 + a)'%a'?¢.
Suppose n # k: we have to show that the contribution from u}, is O;2(h°). Write

20+a)?a' ey > dn—k|(1+a) ?a' > =t —4k(14+a) ?a' | — 2(1+a)/?s)
> 4(1 +a)1/2a1/2 —a +a)1/2a1/2co —23 —|—a)1/2|s|,

which yields |s| > 3a'/?/2 since ¢y < 1/3 and as in the proof of Lemma 4.3 we see
that we are localized away from a neighborhood of A, (on which |s| < al/ 2), thus
the contribution is O;2 (h*°). Consequently, the only nontrivial part comes fromn = k
in which case we find |s| < 3coa1/2/2 < a1/2/2, thus the k-th “piece of cusp” does
not reach the boundary {x = 0} (since on the Lagrangian A¢, we have a — x = 52
and outside any neighborhood of A ¢, the contribution is O;2(h*°)). O

We turn to the proof of Proposition 4.1. We use Lemma 4.4 and Proposition 6.7
from the Appendix to estimate from below the L4 ([0, 1], L" (£2)) norm of Up:

1 1
N
U qo.11.Lrcay) = / ORI qydt = / 1> upl, q)dt (4.6)
0 o n=0

N
> > /IIZuZII‘ir(Q)dHO(h"O) 4.7

ksN/5 &p,  n=0

~ D gl o + O™) (4.8)
k<N/5

~ upllf, ) + O ™). (4.9)

Indeed, we have shown in Lemma 4.4 that for ¢ belonging to sufficiently small inter-
vals of time i there is only uﬁ to be considered in the sum since the supports of uj,
will be disjoints. On the other hand, for ¢ € I, uﬁ (t,.) admits a cusp singularity at
x = a which guarantees that the piece of cusp does not “live” enough to reach the
boundary. Moreover, we see from Proposition 6.7 that for ¢ € I the L (2) norms of
uﬁ (z, .) are equivalent to the L" (£2) norms of ug. Using Corollary 6.8 we deduce that
there are constants C independent of % such that for r = 2

8
1Unli=oll 122y = Nunli=oll 2y = 1" T3, (4.10)
while forr > 4

1.5
1UnllLa 0,117 ) = Ch3 13 4.11)
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and since § = 1%5 we deduce that (4.2) holds for 8 < B(r) — € since we have

RPN\ Un oo, Lr ) = ChPO=€ 545 = chTe/8p1+(1-0)/8

8
> W' = U li=oll 20 (4.12)
Remark 4.5 Notice that for2 <r < 4

Tolisl1
IUkllLaqo.17,Lr () = Chrt2TG=3), (4.13)

therefore in this case the previous construction doesn’t provide a contradiction to the
Strichartz inequalities when compared to the free case. O

Proposition 4.6 The approximate solution Uy, defined in (3.47) satisfies the Dirichlet
boundary condition

Unlio,11x00 = O(h™). (4.14)
Proof Using Propositions 3.3 and 3.9, the contribution of Uj, on the boundary writes
N
Un(t,0,y) = D> Tre()(t, y; h)
n=0 =+
= Tri )@ yi h) + Tr_(u ) (2. y: ). (4.15)

The first term in the right hand side of (4.15) is easy to handle since 7r (ug)(t, v; h)
is essentially supported for

t e [=2(1 4 co)a'?, —2(1 = cp)a'/?1.

Since we consider only the restriction to [0, 1] x 9€2, the contribution from this term
will be O;2(h*°). To deal with the second term in the right hand side of (4.15) we
first study the essential support of 7r_ (u;,v )(t, y; h) fort € [0, 1]. We distinguish two
situations:

o If (4h=0/2)=1 — [(4h—%/%)=1] < 1/2, where we denoted by [z] the integer part of
z we take

N := [(4h%%H)71
and we deduce that Tr_ (u}]lV )(t, y; h) is essentially supported for ¢ in an interval
strictly contained in [0, 1] while Tr4 (u ;Ilv )(t, y; h) has anontrivial contribution only

on

[A4Na'? = 2(1 + cp)a'/?, 4Na'* — 2(1 = cp)a'/?].
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A direct computation shows that for this choice of N
1
4Na'? —2(1 4 co)a'/? = 4n°[(4n=%) "1 + 5(4h_5)_1 > 1.

Therefor, on [0, 1] the contribution of 7 (u,’y )(t, y; h) is canceled by Tr_ (u;lv _1)
(t, y; h), while the contribution of 7r_ (14}1v ) equals O;2(h®) since it is essentially

supported outside [0, 1].
o If (4h=9/2)=1 — [(4h=%/2)=1]1 > 1/2, we set
N =[N +1

and we conclude using the same arguments as in the preceding case. O

5 End of the proof of the main theorem

In this section we achieve the proof of Theorem 1.2. Let Uj, be the approximate solution
to the wave equation (3.1) defined by (3.47). In (4.10) we obtained [|Up|i=oll2(q) =

h'+8/4 We consider the L?-normalized approximate solution W, = WUh
=0l 2(q)

Let V, = W), + wy, where V), solves
UVi =0, Vilio.jxoe =0, (5.1)
with initial data
Vili=0 = Whlr=0, 0t Vili=0 = 9 Wh|i=0. (5.2)

Proposition 5.1 Under the preceding assumptions wy, satisfies

10wl 2¢e0,17,22(2)) = O(h™), whlag = 012(h™), (5.3)
wplr=0 =0, drwplr=0 = 0. 5.4
Proof 1f we set a(h) := [|Unli=0ll12(q) = h1t9/4  then one has
N
2 _ -2 2
”th ||L2(te[0,1],L2(Q)) = a(h) ” Z DMZ ”LZ(IE[O,I])LZ(Q) (5.5
n=0

N
Sam D [ 1D Ouplagd + 0G™)  (5.6)
ksN/43  n=0

<say? S / 106122 ) + O, 5.7)
K=N/4y,
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where
Je = 40"k — 24" 40Pk + 24"/,

and where we used the fact that for each n there are at most three cusps to consider
for t € J; as shown in Lemma 4.4. Let us estimate ||Duﬁ(t, Iiz2(q) fort € Ji. The

proof of Proposition 6.7 of the Appendix applied to Duﬁ (computed in (3.13)) yields
100 2, 2y S RO,

since the assumption @ € S[_¢,¢,1(A) implies that sup, |8129| < C for some constant
C independent of A and one can bound from above the L2(§2) norm of Dul,‘l (notice
that the only difference between the estimates concerning ul,‘l is that instead of 0" we
now have 820" which we handle in the same way). Consequently we obtain

k<N /4

2
”th ”LZ(IE[O,I],LZ(Q)) S

since|]k|areofsizeal/z,k§N/4andNa1/22 1. 0

Corollary 5.2 If (q,r) is a sharp wave-admissible pair in dimension two then wy
satisfies

sl 1
lwp llLaqo.17.- () < Ch' 707270, (5.8)

where C is some constant independent of h.

Proof Write the Duhamel formula for wy,

Owp(z, ))dr. (5.9)

l sin(t — 7)/—Ap
wit.x.) = [ >

—Ap
0

Using the Minkowsky inequality and Proposition 5.1 we find

t

sin(t — 7)/—Ap

lwnll oo o, 17,11 (@) = ||/ V=Ap (Bwp(r, Ddtll L 0,11, 1! ()
0

1
Cwp (T, ) -8
< | I——=—=llg1@dt = 0wl 10152 < Ch™°.
0/ =, lH@ (10,11,2(2)

(5.10)
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Remark 5.3 Notice that since we are dealing with the Dirichlet Laplace operator A p
inside a bounded domain there is no problem in estimating ||(v/—Ap) ™! £l g1 ) by

||f||Lz(Q). Indeed, let (ev_,.)jzo be the eigenbasis of L*() consisting in eigenfunc-

2

tions of —Ap associated to the eigenvalues v ; considered in non-decreasing order

and decompose [ = ijo fiev;s fj =< f,ey; >. Then
_ 1
W=Ap)T' f =D —fiey,
v

and since v; > ¢ > 0 for some fixed constant ¢ > 0 we can estimate

(1479
I/=A0) " f ey = 2~ Iil2)

Jj=0 J

Take now C = sup; (1 + 1/1)12.) <1+ 1/c?, then

I/=2D) " Fllgi@ < VCIfll2q- (5.11)

If, instead, we were considering the Neumann Laplacian Ay inside the domain €2, in
order to obtain bounds like in (5.11) we had to introduce a cut-off function ¥ € C3°(R)
equal to 1 close to 0 and decompose a function f

f=VY(ANf+ A -W(=AN)Sf
and treat separately the contribution W (—Ay) f obtained for small frequencies of f.

In order to obtain estimates for the L°°([0, 1], L" (2)) norms of wj, we also need
to establish bounds from above for its L>([0, 1], L*(2)) norms. We need the next
result:

Proposition 5.4 Let f(x, y) : Q@ — R be localized at frequency 1/ h in the y € R4~

variable, i.e. such that there exists y € C3° (R4=1\0) with yr (h Dy) f = f. Then there
exists a constant C > 0 independent of h such that one has

Ifllg-1 < ChllfllL2g)-

Proof Since x(hDy)f = f we have

I -1 = /ng = fllp2 < sup Y (hDy)gl 20
Igllﬁl(m_ gl 41 gy =1
= h||f||L2(Q)||1/f(hDy)vyg||L2(Q) = Ch”f”LZ(gz),
where we setiﬂ(n) = |77|_11/f(n). O
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Using again Duhamel’s formula written above, we have
lwall Leoqo.11.22¢2) S 1BWallLro.11. 51 (@) (5.12)
and from Proposition 5.4 applied to f = Ow;, we deduce
||wh||Loc([0,1],L2(Q)) 5 h||th||Ll([o,1],L2) § Ch1_5~ (5.13)
Interpolation between (5.10) and (5.13) with weights o and 1 — o yields
llwp | Lo 0.1, o @) < Ch' 277 (5.14)

We take o = 2 (4 — 1) and use the Sobolev inequality in order to obtain

sl 1
lwallLa .13, < ChI 27270, (5.15)

End of the proof of Theorem 1.2.

From Corollary 5.2 we see that the norm ||wy |l 4(([0,1], L7 (2)) 1S much smaller then
the norm of || W[l 40,11, L7 (2)): in fact we have to check that the following inequality
holds for r > 4

10231 -1-4 (5.16)

on

1
h3t

A

which is obviously true. Let < (r) = 3 (1 — 1) + £ (3 —1). We have
hﬂ”Vh”L‘I([O,]],L’(Q)) > hﬂ(”Wh”L‘i([O,l],L"(Q)) —llwpllLaqo,n,r@y)  (5.17)
1
> Ehﬁ”Wh”L‘l([O,l],L’(Q)) > 1. (5.18)

On the other hand ||Vill 2(q) = 1, All0:Vali=ollp2(q) = 1, thus for B < B(r) the
(exact) solution V}, satisfies

R \VillLaqo.1n.r @) > | Vili=ollz2()- (5.19)

The proof of Theorem 1.2 is complete.

6 Appendix
6.1 Proof of Lemma 2.2 ( TT* argument)

Proof Let0 < Ty < oo and denote by 7' the operator which to a given ug € L2(R™)
associates U (1) (hD)ug € L([0, Tp], L" (R")), where by U (t) = ¢~ 70 we denoted
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665
the linear flow. Its adjoint 7* : Lq/([O, Tol, L’/(R”)) — L%(R") is given by
Ty
(T*e)(x) = / YrU(—t)g(t, x)dt (6.1)
0
thus we can write
To Ty
(TT*9)(t, x) = / Y YU (—s)g(s, x)ds = / UG — $)9y*g(s, x)ds
0 0
(6.2)

since 1 has constant coefficients. Suppose that the dispersive estimate

it

_it _ t
le™ Sy (hDYuoll Lo qny S @h) "y (}—l) [ (hD)uollLrgny — (6.3)

holds for a function y, , : R — R.. Interpolation between (6.3) and the energy
estimates gives

1—
_it —n(1-2 t r
e kO Dol ramy < () (Z) luoll v gnys  (6.4)

and from (6.2) and (6.4) we deduce

To
—n(1-2 r—
ITT*gll L0, To1, L7 Ry < Ch n( ’)ll/Vn,h(

1—
h ) ”g(s)”Lr’(Rn)dS”Lq[O,To]-
0

(6.5)

2 ,
The application |t| 7% : LY — L4 isbounded for ¢ > 2 by Hardy-Littlewood-Sobo-
lev theorem, thus we obtain (2.7),

1-2
2 2 t r
T3, romnyy < TP sup gy (—)
L?—L4((0,Tp],L" (R™)) 1e(0.To]

2
-7

<Ch 2| sup s%y(s)) ) (6.6)

T(
5.1

O
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6.2 Propagation of positivity
On C¥" = C x CZ” one considers the symplectic 2-form o = dz Ad¢{ =: og +ioT.

Definition 6.1 Let A be a smooth manifold of C2" . It is called

I. R (resp. I, C)-Lagrangian if its dimension on R is 2m and og|pn = 0 (resp.
orla = 0,0c|a =0);

2. R (resp. I)-symplectic if or|7 A (resp. og|7a) is nondegenerate;

3. positive at some point p € A ifthe (real-valued) quadratic form Q : u — lla(u, i)
is positive definite on the tangent space T, A of A at p.

Lemma 6.2 Assume that the projection A 3 (z,¢) — z € C" is a local diffeomor-
phism. Then A is a C-Lagrangian if and only if it is locally described by an equation
of the type { = %, where ® is a holomorphic function of z and we write (locally)
A = Ag.

Lemma 6.3 A C-Lagrangian A is positive at some point p if and only if near p it is of

the form Ao, where ® is a holomorphic function such that the real symmetric matrix
2o . .. . .

(Im m),/,kzl,m is positive definite.

Letg = ¢(z, ¢) be a holomorphic function on an open subset U  C>". Then as in
the real domain one defines the Hamilton field of g by the identity o (u, H;(z, ¢)) =
dq(z, ¢)u. One also defines the Hamilton flow exp s H, (z, ¢) for s real, by

0
35 expsH,(z,¢) = Hy(expsHy(z,¢)) 6.7)

and one can easily prove that for any open subset U’ CC U and for any s € R such
that Uy ¢jo s exps’Hy(U’) C U, the application U" 5 (z,¢) — expsH,(z,¢) is a
complex canonical transformation.

Lemma 6.4 Let A be a C-Lagrangian submanifold of C*" and assume that there
exists p € A NR> such that A is positive at p. Moreover assume that there exists
a complex canonical transformation k defined on a complex domain containing R>"
such that k R*™) € R*" and k(p) € A. Then A is positive at k (p).

Proof Observethatifu € Ty, A, thenu = dk(p)v withv € T,A and it = dk (p)v
dk(p)v = dkpv. Take now « = exp s H,. For the proofs see [12,13].

ol

6.3 Airy functions

We give below some of the basic properties of the function Ai(z) which are used in
this work. For z € R, Ai(z) is defined by

o0 o0

1 (2 1 3

Ai(z) = — / e’( 3 +Zu)du = — [ cos (L 4 zu) au. (6.8)
2 21 3

—0o0 —0o0
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This integral is not absolutely convergent, but is well defined as the Fourier transform
of a temperate distribution. For positive z > 0, z — 0o we have Ai(z) = 0(z~%°),
while for negative values

Ai(=z) = AT (=) + A7 (-2),

where
Af(=7) ~ 271/4e¢%z3/2i%7% Zoai’j(_l)fjﬂz%jﬂ L ax0= 75
" (6.9)
Proposition 6.5 All the zeroes of Ai(z) are real and negative, say
Ai(—wj) =0, 0> —-wp > —w; > --- = —00. (6.10)

6.3.1 Proof of Lemma 2.5
Proof Let k > 0 be fixed. For x > 0 write
YD (e, ) = = / e A (eh ™R 0P — )y ) () d
Y (2mh)d-1 h) o
(6.11)

The change of variables x = h%/3¢ reduces the proof to the verification of the following
inequality

191 (D@ 1r a1y S I DU, )l e, xra-1) S 1¥2(hD)@| 1 ga-1y.
(6.12)

for suitable cut-off functions satisfying the conditions of Lemma 2.5. We use the
following:

Theorem 6.6 (The Multiplier Theorem) Let m(n) be a bounded function on R"\{0}
which satisfies the Mihlin’s condition

|92m ()| < Cly| ™!
for all multi-indices 0 < o < 1+ [5]. Then for all 1 < r < oo, the operator

m defined by f — F~'mn)F(f)) is bounded from L"(R") to L"(R") and the
following estimate holds

lmll L ®ey—pr gey < C(n) max(r, (r — H™hHC + Il Loo (rny)-

Here F(f) denotes the Fourier transform of the function f.
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From Theorem 6.6 with n = d — 1 it follows that for { > 0 fixed, the operator
Y (hDy)Ai(|hDy[*P¢ — o)

is bounded on L" (R?~1) for all r € (1, 00). Indeed, for ¢ € [0, M] for some M >> 1
large, we have

02 (Y (M Ai (1P — ax))| < Cd, k, M), Y0 < |a| < [(d—1)/2]+1,

while for |¢| > M we bound the above derivatives by C(d, k, 1)|¢ |~ for every [ > 0.
Since ¥ = Yy, we find

1 (hDy)Ai (1hDy 1> ¢ — 0@l 1rga-1y < C(rd. k. O [Y2(ADy)@|l 1 ma-1),
(6.13)

where we set

Cld.k, M), £ =M,

Clrd k,¢) = =17
(r ¢) = max(r, (r — 1) )X[C(d,k,l)lg“ll, Vi=0, [¢]>M.

Let now 79, 11 be such that |170|_2/3 (wp — wg) < |m|_2/3(a)k + %) and consider
¥ € C°(R\{0}) such that supp(y/) C {0 < [no|l < Inl < |ml}. Lete > 0O be
fixed, small and define ¢y = (wx — wo + €)|nol =23, &1 = (wx + 1 — €)|m|~%/3.
For ¢ € [&o, ¢1] we have —wy + € < z := {|17|2/3 — wr < 1 — €. For these values
of z, Ai(z) is bounded from below and the operator w(hDy)Ai(|hDy|2/3§ — wy) 1S
invertible. Setting b(¢, n) = m and using the assumption ¥ = Y1, we

have

1 . —
ntDye = 5 [ bt uie ) (T)an. 614

with ¥ (hDy)u(h?3¢, )(F) = ¥ () Ai (In|*3¢ — w)¥1 ()¢ (f). Using again Theo-
rem 6.6, this time in (6.14), we obtain, uniformly for ¢ € [{o, ¢11,

I¥1(hDy)@llprwa-1y < C(r,d, k, ()IIW(hDy)M(h%C, I @a-1y
< COnd, W DYUBTE, M, xpi-1ys (6.15)

for some constant C(r, d, k) > 0 independent of /. O
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6.4 L" norms of the phase integrals associated to a cusp type Lagrangian

Proposition 6.7 Fort € [4na'/? —2a'/>(1+cq), 4na'/? +2a'>(1+¢g)], the L” ()
norm of a cusp uy(t, .) of the form (3.10) are estimated (uniformly in t) by
" h%+%a%_%, 2<r <4,
luy, (2, Mlrey =1

X (6.16)
w3ty r >4

From Proposition 6.7 we deduce the following

Corollary 6.8 Fort € [4na'/? —2a'>(1 + ¢¢), 4na'’? +2a'>(1 + ¢o)], the L ()
norms of a cusp uj (t, .) satisfy

o for2<r<4

It (¢, Mlorgy =~ hr H2HG=3), 6.17)
k)
0, )l p2eqy = h'T4. (6.18)
e forr >4
1,5
luh(t, Mior = h3T5. (6.19)

Proof Let0 <n < N =~ \h€ be fixed and let
t € [4na'’? = 24" (1 + ¢p), 4na'’? + 242 (1 + ¢p)].
We compute the L” (€2) norms of

D (y—(1+a) Pt(x—a)s+s3 /34 na’/?
uZ(t,x,y):/eh(y (+0) P+ (r—a)s+5° /3-$na®/?)
R2

t+2(14+a)/%s

n
xWme ( 20 +a) 2412

—2n,n, k) dsdn, (6.20)

where the symbol 0" (., 7, 1) € S[—¢y,¢o)(A/(n 4 1)) defined in (3.8) is essentially
supported for the first variable in [—cp, cp] and where 7 close to 1 on the support of
W. Notice that due to the translation y — (y — (1 +a)'/2 + %na3/2) and the change
of variable x — (a — x) we are reduced to estimate the norm of

i s3 S
vp(z,x,y) = /eWn(HT—”)Q" (Z + —.m, A) W (n)dsdn,

h2

forz = —2n € [—(1 4 co), 1 + co]. We distinguish several regions:

t
2(1+a) a1l
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e For|x| < Mh*/3 where M is a constant, we make the changes of variables x = ¢h%/3
and s = h'/3u which gives

in(s3_
I(z,x,n,h) = /e" (5 ”)Q”(z +h %25, n, A)ds

. 1437
_ h1/3/e’"(3 “g)Q"(Zthl/H/Zu, n, Mdu.  (6.21)

3

Let Q(¢,u) = % — ¢u and for 6 : R — [0, 1], set
Fy(w, ¢,z h) = / SN () fo €., 2, Wy, 6.22)

fo@.on,z,h) = /ei”Q(g’”)O(u)Q”(Z + WPy Ndu. (6.23)

We make integrations by parts in order to compute
whFy(w, ¢, 2, h) = i* / MK (W () fo (¢, .z, b)),
. k : . .
oy fo6.m 2, hy = [ MCC0w) Y LG 80" 2 + 1P U, m, Mydu.
" k U]
Jj=0

Let 6(u) = 1), /izp- Since we integrate for n in a neighborhood of 1, for all
k > 0 we estimate

lw* Fo(w, ¢, 2, W)l

k
<>.¢l sup 0@ Wl [ 18]0" @+ R u,n, Mldn < Ciom,
Ui
j=0 lul<1+M

(6.24)

where Cy s are constants and where we used the fact that o” writes as a convolution
product 9" (z, n, A) = (Fy)*" 0°(., 1) () and the derivatives in 1 of (Fp)™" were
computed in Lemma 4.2.

For/1+ M < |u| < h373 we integrate by parts using the operator L = inng
which satisfies L(e!"9) = ¢/7C_If we denote, for fixed k, j € {0, .., k}
0y = (1 —6) Q" 78] 0" (z + h'3=u, ., 1),
and for/ > 0 Qk’j =0, (ﬁ) then we can write
=Y = %l 0)
1, inQ kij g _ (_1)1 inQ Hk.J
L' ") - 0w)Qy’du = ol "0, du, (6.25)
m
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where

!
k.j k.j — - 1.3
e A (- RIS | 7 A L 2

m=0

where cf,fl depends on the derivatives 3}~ 8,5 0" (z + ., n, A). The principal term is
obtained for j = 0 and m = 0 and it equals |«|3* 3. It’s enough to take [ = 2k to
obtain similar bounds for ||w* Fi_g(w, ¢, z, h) | oo as in (6.24). We find

M 1/r
1@ I e <pners.gy = B //le(z,h2/3c,y)|’d§dy
y 0

= B3PV Fy (w, ¢, 2, ) | c<mw)

~ B3, (6.26)

e Forx e (Mh?*?3, a] with M > 1big enough we apply the stationary phase theorem:

Proposition 6.9 ([6, Thm.7.7.5]) Let K C R be a compact set, f € C{°(K),
¢ € C®(K) such that $(0) = ¢’ (0) = 0, ¢"(0) £ 0, ¢’ # 0in K\{0}. Let w > 1,
then for every k > 1 we have

1.
' 27i)2 ' w?0) .
| ezwqb(u)f(u)du_(nl)—elza)iijf| Scwik Z sup |8 f1.
4 bl
@O S ok

6.27)

Here C is bounded when ¢ stays in a bounded set in COO(I%), lu|/|¢' (u)| has a
uniform bound and

Lif= 2, 2.

v—p=j 2v=3u

i~2”
ulv!

(@"(0)7"0%" (" £)(0). (6.28)

where k(1) = ¢ (u) — ¢(0) — @uz vanishes of third order at 0.

We make the change of variable s = /x(£1 + u) to compute the integral

in s in the expression of v;. Using Proposition 6.9 with ¢ (u) = é + u?,
w = n)‘zl > 1, ki(u) = u3/3 we write I(z, x,n,h) as asum I(z, x,n,h) ~

Zi,jzo Ii(z, x,n, h), where

Ii(z,x, k) = (in)1/2h1/2+j’771/27je:F%inx3/2/hx71/473j/2

xLj(Q"(z 4+ h™2/x(EL +u). 1. D)lumo.  (6.29)
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We compute each L” norm of f e \I/(r;)Ii(z, x,n, h)dn:

i}l .
||/6’ h ‘l’(ﬁ)I:{:(Z»xa 77ah)dﬁ||Lr(xe(Mh2/3,a],y)
) . i 2 ;
~ N/ 1430 / e 0TIy (71120

xLj(@" (£ h™2x2 0, 0)dnll 1 (eemn2ss at.y)- (6.30)

Using ag_ain the fact that o" (z,m,2) = (Fpp)™" % 0°(., 2)(z) we introduce the
map F™J(z,n) := W(n)n~"/27J (F,;)*"(z) which is compactly supported in 7; if

F"-J(z,.) denotes its Fourier transform with respect to 1, (6.30) reads

. 2,32
V2 | VA3 2 ( M)
o

*L; (Q”(,, n,A)(z £ h_a/le/z)) ||Lf(xe(Mhz/3,a],)’)'

Setting y = hw, x = h*/3¢ and translating w — w F %;3/2 we can estimate from

above and from below each one of the above norms. For j > 0, L ; is a differential
operator of order 2j and each derivative on o gives a factor Jx/h? < 1. We
estimate the L™ norm of f e W(n)I(z,x,n, h)dn from above and from below by
the sum over j of

ah—2/3

Chr(l/2+j+5/3r71/6fj) / {7r(1/4+3j/2)d§

M

where C > 0 are constants, and since the operators L ; are of order 2, for each j
there will be 2 j terms in the sum: summing up over j > 0 (taking M > 2 for exam-
ple) and using the assumption 0" € Sj_¢,¢)(A/(n + 1)) which assures uniform
bounds for the derivatives 8jQ"(., n, A) for each n, j > 0, we obtain for r > 4

N A p1=r(1/443j/2)
iyn ]M

W) (z, x, 0, hdnll,, ~ pr/3TS/ :
||/e (M x 0 WAL (e un23.a1, ) Zo (r(1/4+3j/2)—1)

and taking M > 2 sufficiently big we can sum over j and we deduce (6.26) for
r>4. Forr €[2,4)and j =0 wehaver/4 —1 < 0 and

273
/ r/4d (ah 2/3)1 r/4
ol E T
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Forr € [2,4)and j > 1 wehave r(1/4+3j/2) — 1 > O and

ah=2/3

/ é.fr(l/4+3j/2)dé_ - ler(1/4+3j/2)
M

r(1/4+3j/2)—1°

If M > 2 is sufficiently large the sum of the L” norms over j > 0 is small compared
to the norm for j = 0, hence (6.26) follows for r € [2, 4) too.

In the last case x > a the L"(£2) norms are as small as we want since the contri-
bution of u}, in this case is O} (h®°), because this region is localized away from a
neighborhood of the Lagrangian A¢, and we use Lemma 4.2. O
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