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Abstract In this paper, we first prove the CR analogue of Obata’s theorem on
a closed pseudohermitian 3-manifold with zero pseudohermitian torsion. Secondly,
instead of zero torsion, we have the CR analogue of Li-Yau’s eigenvalue estimate on
the lower bound estimate of positive first eigenvalue of the sub-Laplacian in a closed
pseudohermitian 3-manifold with nonnegative CR Paneitz operator Py. Finally, we
have a criterion for the positivity of first eigenvalue of the sub-Laplacian on a com-
plete noncompact pseudohermitian 3-manifold with nonnegative CR Paneitz operator.
The key step is a discovery of integral CR analogue of Bochner formula which involv-
ing the CR Paneitz operator.

Mathematics Subject Classification (2000) Primary 32V05 - 32V20;
Secondary 53C56

1 Introduction

Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold (see definition below).
Greenleaf [10] proved the pseudohermitian analogue of Lichnerowicz’s Theorem [13]
for the lower bound of the first positive eigenvalue 11 of the sublaplacian for a closed
pseudohermitian manifold M?"+! with n > 3. More precisely, under a condition on
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34 S.-C. Chang, H.-L. Chiu

the pseudohermitian Ricci curvature and the pseudohermitian torsion'

. n+1
Ric, (Z, Z)—(T)Torm(Z, Z) > ko({Z,2Z), (1.1)

forallm € M, Z € T o, and for some positive constant kg, one can have

nko
n+1°

Hn1 =

In [17], Li and Luk proved the same result for the cases n = 1, n = 2. However,
in the case n = 1, they needed a condition depending not only on the Webster Ricci
curvature and the pseudohermitian torsion, but also on a covariant derivative of the
pseudohermitian torsion.

Recently, it was proved by the authors that the same result [3,4] holds on a pseud-
ohermitian 3-manifold (M 3., 0) under more geometric condition which involving
the positivity of the CR Paneitz operator Py (see definition below) with respect to
(J,0).

We observe that for a standard pseduhermitian (2n + 1)-sphere (S 2n+1 J 9) with
the induced natural CR structure from C"*! and the standard contact form 9 one can
show that [1,4]

nko
n+1°

M =

Here Ricyy(Z,Z) = ko (Z, Z), forallm € M, Z € T o, and for some positive con-
stant ko. Thus one have the sharp estimate of 1 on the standard sphere (S2"+1, f 5).

Then it is natural to conjecture the CR analogue of Obata’s Theorem [18] on a
closed (2n + 1)-dimensional pseudohermitian manifold (M, J, 6).

Conjecture 1.1 Let (M, J, 0)be aclosed (2n+ 1)-dimensional pseudohermitian man-
ifold with

1
Ricw(Z,Z) — (%) Torn(Z,Z) > ko (Z,Z)y,

forallm € M, Z € T 0, and for a positive constant ko. Suppose that

nk()

MG

Then (M, J, 0) is the standard pseudohermitian (2n + 1)-sphere (st f, 5) with
Ricm(zv Z) = kO (Zv Z)L@'

I The commutation relation (3.11) of Greenleaf has something wrong (see [15]). Then the coefficient of
torsion term in the Bochner formula (4.2) of Greenleaf should be — % Hence the Bochner formula in our

paper is 2 times the one of Greenleaf. Therefore the correct coefficient of torsion term in condition (1.1) is
(n+1)
e
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On the CR analogue of Obata’s theorem 35

In this paper, among the others, we confirm the Conjecture 1.1 on a closed 3-dimen-
sional pseudohermitian manifold (M, J, 6) with zero torsion.

We first give a brief introduction to pseudohermitian geometry on a closed 3-man-
ifold (see [15,16] for more details). Let M be a closed 3-manifold with an oriented
contact structure £. There always exists a global contact form 6, obtained by patching
together local ones with a partition of unity. The characteristic vector field of 0 is
the unique vector field 7 such that 6(7) = 1 and L760 = 0 ord6(T,) = 0. ACR
structure compatible with & is a smooth endomorphism J : £ —& such that J 2=—1d.
A pseudohermitian structure compatible with & is a C R-structure J compatible with
& together with a global contact form 8. The CR structure J can extend to C ® & and
decomposes C ® £ into the direct sum of 77 o and Tp,; which are eigenspaces of J
with respect to i and —i, respectively.

Let {T, VAR ZT} be a frame of T M ® C, where Z; is any local frame of T1 9, Z7 =

Z_1 € To,1 and T is the characteristic vector field. Then [0, ol 0! }, the coframe dual
to {T, Z1, ZI}’ satisfies

do =ih;;0' A0, (1.2)

for some positive function /7. Actually we can always choose Z; such that 7 = 1;
hence, throughout this paper, we assume i;7 = 1.
The Levi form (, ), is the Hermitian form on 7} ¢ defined by

(Z,Y)y, =—i{d0,ZnY).

We can extend ( , )Le to 7p,1 by defining (7, Y)Lg = (Z, Y)Lg forall Z,Y € Tip.
The Levi form induces naturally a Hermitian form on the dual bundle of 77 o, denoted
by(, ) Li and hence on all the induced tensor bundles. Integrating the Hermitian form
(when acting on sections) over M with respect to the volume form du = 6 A d6, we
get an inner product on the space of sections of each tensor bundle. We denote the
inner product by the notation ( , ). For example

0. ) = / oV du, (13)

M

for functions ¢ and 1.
The pseudohermitian connection of (J, ) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z; € Tj o by

VZi=60,'®2Z,, VZ;=0;'® Z;, VT =0,
where ;! is the 1-form uniquely determined by the following equations:

do' =o' A6+ 0 ATl
'=0 mod 6, (1.4)
0="6"+6;,
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36 S.-C. Chang, H.-L. Chiu

where 7! is the pseudohermitian torsion. Put 7! = A'70!. The structure equation for
the pseudohermitian connection is

6" = wo' Ao' +2iIm(AT| 16" A 0), (1.5)

where W is the Tanaka—Webster scalar curvature.

We will denote components of covariant derivatives with indices preceded by
comma; thus write Al 1’191 A 6. The indices {0, 1, i} indicate derivatives with respect
to {T, Z1, Z;}. For derivatives of a scalar function, we will often omit the comma, for
instance, 91 = Z19, ¢;1 = ZiZ1¢ — 911 (Z7)Z1¢9, @o = T ¢ for a (smooth) function.

For a real function ¢, the subgradient Vj, is defined by V¢ € & and (Z, V), =
do(Z) for all vector fields Z tangent to contact plane. Locally Vy¢ = ¢1Z; + ¢1Z3.
We can use the connection to define the subhessian as the complex linear map

VI T o®To1 — Tio® To,
by
(V*Y0(2) = V2 Ve
Also
App = Tr ((V)%0) = (@11 + ¢1)).
Forall Z = x'Z; € Ty, we define
Ric(Z,2) = Wx'x! = W|z]3,,
Tor(Z,Z) = 2ReiAjjx'x.

Next we recall some definitions.

Definition 1.1 Let (M, J, 0) be a closed three-dimensional pseudohermitian mani-
fold. A piecewise smooth curve y : [0, 1] — M is said to be horizontal if y '(r) € &
whenever y /() exists. The length of y is then defined by

1

Iy) = /h(y O,y (),

0

The Carnot-Carathéodory distance d. between two points p, g € M is defined by

de(p.q) =inf{{(y)|y € Cpq}.
where C), , is the set of all horizontal curves which join p and g. By Chow connectiv-

ity theorem [5], there always exists a horizontal curve joining p and g, so the distance
is finite. We say M is complete if it is complete as a metric space (M, d.).

@ Springer



On the CR analogue of Obata’s theorem 37

Definition 1.2 Let (M, J, 6) be a closed three-dimensional pseudohermitian mani-
fold. We define [15]

Py = (p1'1 +iAng"He' = Po = (P1p)d",

which is an operator that characterizes CR-pluriharmonic functions. Here Pi¢ =
(pil 1+ iAu(p1 and ?(p = (?1)91, the conjugate of P. The CR Paneitz operator P is
defined by

Pog =4 (85(P) + 8,(P9)) , (1.6)

where J;, is the divergence operator that takes (1, 0)-forms to functions by 8, (016 =

o1,', and similarly, §,(076") = o7 1.

We observe that

-

[Po+Po.digrsy du=— [ oo an 17
M M

withdpu = 6 AdO. One can check that Py is self-adjoint, thatis, (Pop, ) = (¢, Poyr)
for all smooth functions ¢ and . For the details about these operators, the reader can
make reference to [7-9,11,15].

Definition 1.3 On a complete pseudohermitian 3-manifold (M, J, 8), we call the
Paneitz operator Py with respect to (J, 6) essentially positive if there exists a constant
A > 0 such that

/ Pog - gdu = A / e (18)
M M

for all real C* smooth functions ¢ € (ker Po)* (i.e. perpendicular to the kernel of
Py in the L? norm with respect to the volume form dju = 6 A df). We say that Py is
nonnegative if

/Poso-wduzo
M

for all real C* smooth functions.

Remark 1.1 1. Let (M, J, 0) be a closed three-dimensional pseudohermitian man-
ifold. The essentially positivity of Py is a CR invariant in the sense that it is
independent of the choice of the contact form 6.

2. Let (M, J, 0) be a closed pseudohermitian 3-manifold with zero torsion. Then the
corresponding CR Paneitz operator is essentially positive [1,2].

We first recall the second author’s previous result.
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38 S.-C. Chang, H.-L. Chiu

Proposition 1.2 ([4,17]) Let (M, J, 0) be a closed three-dimensional pseudohermi-
tian manifold with nonnegative Paneitz operator Py. Suppose that

Ricw(Z,2) = Torn(Z,Z) z ko (Z, Z)y, (1.9)

forallm € M, Z € T, and for some positive constant ky. Let [11 be the first positive
eigenvalue with respect to Ay, . Then

k
M12?O>0-

As a consequence, the same result holds for a closed three-dimensional pseudo-her-
mitian manifold with

A1 =0 and W > k.
Remark 1.2 The result of last part of Proposition 1.2 is done also in [17].
Define the Levi metric 4 on ker 6 by
h(X,Y)=do(X,JY).
A family of Webster (adapted) metrics h; of (M, J, 0) are the Riemannian metrics
hy=h+17%6% A > 0.

Let /L)f be the first positive eigenvalue of the Laplacian A, with respect to the metric
h). We denote that max |A1| = 79. Here is the main Theorem in the present paper.

Theorem 1.3 (i) Let (M, J, 0) be a closed pseudohermitian 3-manifold with the
nonnegative Paneitz operator Py. Then

1y < Q422+ 20 ).

(ii) Let (M, J, 0) be a complete noncompact pseudohermitian 3 -manifold with the
nonnegative CR Paneitz operator Py. Then

ph < @+ A%+ 227 ).

As our first consequence, by choosing kg = 2172 as in Proposition 1.2, one obtains
the following CR analogue of Obata’s Theorem.

Corollary 1.4 Let (M, J, 0) be a closed three-dimensional pseudohermitian manifold
with

A;p=0 and W >2172.
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On the CR analogue of Obata’s theorem 39

Ifu = 272, then (M, J, 0) is the standard pseudohermitian 3-sphere (S3, f, 5) with
constant Tanaka—Webster curvature 20~ 2.

For the second consequence of Theorem 1.3, by applying the CR analogue of
Li-Yau eigenvalue estimate [14], one can derive an eigenvalue estimate on a closed
pseudohermitian 3-manifold with nonvanishing torsion and nonnegative CR Paneitz
operator Py which is served as a generalization of our previous results [3].

Corollary 1.5 Let (M, J, 0) be a closed pseudohermitian 3-manifold with nonnega-
tive CR Paneitz operator Py. Assume that there exist positive constants k1, ko with

W > —k;
and
1 2
ky = max{[A11l, |A11,012, [A11,7(3}
Then for a positive constant . < 1 with A2k < 1 and k = max{ky, k»},either (i)
A<

or (ii)

_expl—[1+ 1+ 72D 2) 1)
h= 5¢D?

where D is the diameter of (M, J, 0).

Remark 1.3 In Corollary 1.5, the pseudohermitian torsion is nonzero which is the
main different from our previous works [3,4].

Third, we have a criterion for the positivity of first eigenvalue of the sub-Laplacian
on a complete noncompact pseudohermitian 3-manifold with nonnegative CR Paneitz
operator.

Corollary 1.6 Let (M, J, ) be a complete noncompact pseudohermitian 3-manifold
with nonnegative CR Paneitz operator Py. Suppose that ,ui‘ > 0on (M, hy) for some
A > 0, then

n1 >0

on (M, J,0).

We briefly describe the methods used in our proofs. In Sect. 2, we derive our cru-
cial integral CR analogue of Bochner formula which involving CR Paneitz operator
(Lemma 2.2). In Sect. 3, we obtain the relations between the Riemannian Ricci ten-
sors with respect to the Webster metric and pseudohermitian Ricci tensors. Finally, by
comparing the Laplacian w.r.t. Webster metric and sub-Laplacian, the proofs of main
theorems on CR analogue of Obata’s Theorem (Corollary 1.4) and Li-Yau’s eigenvalue
estimate (Corollary 1.5) are complete as in Sect. 4.
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40 S.-C. Chang, H.-L. Chiu

2 CR analogue of Bochner formula and Paneitz operator
In this section, we derive the following CR analogue of pointwise and integral version
of Bochner formula in a complete pseudohermitian 3 -manifold.

Lemma 2.1 Let (M, J, 0) be a complete pseudohermitian 3 -manifold. For a real
function @,

1
S80IVl = (V)20 +3(Vo, Vo oo) i,
+@2Ric —3Tor)((Vbp)c, (Vhe)c)
—4(Pp+ Py, dpg) ;.
Here (Vp@)c = @iZy is the corresponding complex (1,0)-vector field of Vi@ and
dpp = 10" + 970

Proof First from [10], we have for a real function ¢

Ap|Vppl? = 21(V) 20 + 2(Vip, Vs App)r,
+(@Ric +2Tor)((Vpp)c., (Vhg)C)
+4(J Vb0, Vo) Ly - 2.1
Then Lemma 2.1 follows from (2.1) and the following (2.2).

(IVpo, Vo)L, = (Vbe, VaAp@) L,
—2Tor((Vpp)c, (Vep)c)
—2(Po + Py, dpo) ;- (2.2)

We give a proof of (2.2) below. By using commutation relation i@y = ¢;7 — ¢{;
[15], we have ¢,7; — ¢1;; = i@o1. Thus

(JVpo, Vo)L, = i(@1001 — ©1907)
= 01111 — 91 + 19111 — @17 (2.3)

On the other hand

(Vbo, Ve App) Ly, = 07 (Ap@)1 + 01(Ap@)7
= @i(@11; +o111) + @1(9117 + @171)- (2.4)

It follows from (2.3) and (2.4) that
(JVbo, Vool Ly, — (Vbp, Vb App) L,
= 2019111 — 2019111
= —2¢; (Pi9 —iAn¢y) — 201 (P19 + i Afie1)
= =2 Tor((Vpp) . (Vb9)) = 2(Pp + Py, dpp) 3.
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On the CR analogue of Obata’s theorem 41

This completes the proof of the Lemma. O
On the other hand, one can have the integral version of CR Bochner formula.
Lemma 2.2 (i) Let (M, J,0) be a closed pseudohermitian 3 -manifold. Then
1
/wﬁ dp = / (D) dp + 2/ Tor((Vep)c, (Vpp)c)dp — E/wPow du
M M M M
forany ¢ € C°(M). In additional, if the CR Paneitz operator Py is nonnegative, then
2 2 2
[an= [@? dus2m [ 1908 du.
M M M
(ii) Let (M, J, 0) be a complete pseudohermitian 3-manifold. Then
1
/ o5 du = / (App)* dp+ 2/ Tor((Vop)e. (Vop)e)di — 5 / Pog - @ dp
M M M M

for any ¢ € C3°(R2) with Q@ CC M. In additional, if the CR Paneitz operator Py is
nonnegative, then

/ 03 du < / (App)* dp + 270 / IVool” dp.

Proof (i) Let (M, J, 0) be a closed pseudohermitian 3-manifold. Then by integrating
(2.2) and using (1.7), we have

1
/ ggdV = / (Ap@)?dV +2 / Tor((Vop) . (Vop))dV - 3 / Pog - @dV. (2.5)

(i1) The same method holds for a complete pseudohermitian 3-manifold with a compact
support smooth ¢ € CJ°(2), 2 CC M.
This completes the proof of the Lemma. O

3 Curvature tensors for the Webster metric
In this section, we derive the relations between the Ricci tensors R?‘j with respect to

the Webster metric &, and the pseudohermitian Ricci tensors.
We first write 6’11 = iw for some real 1-form w by

dot =o' Aot o AT,
0=06"+6;',
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42 S.-C. Chang, H.-L. Chiu

and Z| = %(el — iey) for real vectors ej, es. It follows es = Je;. Let e! = Re(6)),
e? =Im(0"). Then {e!, €2, 0 = €3} is dual to {ey, 2, e3 = T}.
We recall the family of Webster metrics 4, of (M, J, 0) as following:

By =h+1720% A>0
with
h(X,Y)=do(X,JY).

Now put

3.1

k

. 1
dwij = w; /\w,£~|—§R{\jkla)k/\wl, 1<i,j,k 1 <3.

and 0! = w! + iw? which satisfies the structure equations as in (1.4) and (1.5). Here
Rl?‘j 1 18 the Riemannian curvature tensor.

Theorem 3.1 Let (M, J, 0) be a closed pseudohermitian 3-manifold and Rl?‘j be the
Ricci curvature tensors with respect to the Webster metric h),.

(i) If the pseudohermitian torsion A1 is vanishing, then

2W — 2272 0 0
(R}j) — 0 2w-22"2 0o |.
0 0 2).72

where W is the Tanaka—Webster scalar curvature and A is any positive constant.
(ii) If the torsion is nonvanishing, then

R}y = 2W — 2072 — 232 Im Aq160, (T) + 2Im Ajj — A°T (Re Ajj)
Ry, = 2W — 2072 +2iA% Im A776, ' (T) — 2Im Agj + A>T (Re Agp),
Ry = —222 A" +2072,

R}, = 2iA*Re A71611(T) — 2Re Aqj — A°T (Im Agy) ,

R =2ARe A j,

Rjy=—21ImAj, .
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On the CR analogue of Obata’s theorem 43

Proof We first obtain the relation of 6, 121 with a){ . In fact

do' = do' + ido?
= (a)1 + ia)z) A ia)% + o’ A (w% + ia)%).

On the other hand

do' =0' A6l +6 ATt
= (w1+iw2)A911+Aw3Arl.

Hence by Cartan lemma

0! = ia)f + a(a)1 + ia)z) + b,
1 1 2 1 2 3 (3.2)
AT =w3+iws +b(w +iw’) +co’,
for some complex functions a, b, c.
Similarly
do® = o' A0} + 0* A 3.
But
do® =271d0 = 207wl A 0.
Then
w% = Ao’ + (B + k_l)wz,
3 —1y,.1 2 (3-3)
w;, =(B—-1")o + Do,
for some real functions A, B, D.
Substitute (3.3) into (3.2), we obtain
Al =[h—A—i(B-2"YHw' +[ib—(B+1"") —iDlw?* + co’
= Omod QT,
and then
c=0 and 2b=A+ D —2ie" . (3.4)

On the other hand from

0=0,"+6;
= (a+a)o + (ia—id)w* + b+ b,
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we have
a=0 and Reb =0. 3.5)
From (3.4) together with (3.5), we get
A+D=0, a=c=0 and b=—ir"".
These together with (3.2) show that

01 = i(wf —21720),

_ 3.6)
=2 (—A—-iB)o. (

However, ! = Al-9I = AHGI. Thus A = —ARe Ajj and B = —AIm Ajj. Substi-
tuting into (3.3) we get

o = (~AReAj) ' + (<2 Im Ag; +27") 2,

(3.7)
W = (—x Im A — rl) o' + (ARe Aj) 0.
Note that
Qf = —ido,'
= —i[Wo' A" +2iIm(A;; 10" A 6)]
= —2We' ne® +2Im(A;, ;0" AO)
= —2We' Ae? +2Im A je! Ae’ +2Re Ay 1 Al (3.8)

Next we compute the relations between the Tanaka—Webster curvature W, the
pseudohermitian torsion 7! and the curvatures with respect to ;..

Q) =dwl) +172do
_ 20412 -2 A 1 2 A 1 3 A 2 3

3.9
Using (3.7), (3.9) and comparing this with (3.8), we obtain

_R?ZIZ - )\2 |AII|2 + 3)\-72 == ZW,
Riy;=21(ImAy 7). (3.10)
lezza =21 (ReAll,I) .
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On the CR analogue of Obata’s theorem 45

Next from (3.1) and (3.7), we have

do} = d ((~3Re Ao’ + (—2Im Ag; +271)0?)
= (-ARe Aqj) do' + (=2 Im Aj + 27 Hdw?
+d (—)\ Re Aﬁ) A a)1 +d (—k Im Aﬁ) A wz.

But
do' = 0> Aw) + o’ Aol
— 2 1 - 1 3 _ -1y, 2 3
=w Aw2+(—AReAll)w A’ + (=AImA; + A7 D)o Ao
and
do® = o' At + @’ A w3
=o' /\a)f + ()»Re AII) o* A w® 4 (=1 Im Aii 2 hHo' A’
Then

dwj = (—=ARe Ajj) ©* A @) + (=1 Im Ajj + 27 Do' A wf
+()u2 |Aﬁ|2 — )»72) o' Ao’ +d (—)» Re Aﬁ) Ao +d (—)» Im Aﬁ) N

On the other hand,

dw% = w% A a)% + Z R]A3ija)i N

1<i<j<3
= (AIm Aii +)\._1)a)1 /\0)% _ ()\ RCAII) a)2 /\C()% +ZR{L3U(L)Z /\a)j.
i<j
Hence
D Rizjo' Aol = -2ARe Ao’ Ay — 20Im Ajjo! Ao}

i<j
+ ()»2 |Aﬁ o )»72) o' Ao
+d (~ARe Aj7) A ' +d (=1 Im Afj) A @

Therefore we get

Rlyps = 2i22Tm A776,1(T) — 2ImAs; + AT (Re Aqp) + 2% |A[” — 272

" (3.11)
Ry = —2iA*Re Ajif1 ' (T) + 2Re Aq + 4°T Im Ay
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Similarly we have

dw; = (ARe Aqj) do* + (=2 Im Ajj — A~ Hdo!
+d (ARe Ajj) A @® +d (=2 Im Agj) A o'
= (AReAjj) ©' Aot + (—2Im A — 27 Do? A o)
+ (2 ]anf - 27%) 0’ no?
+d (ARe Ajj) A @ +d (—2Im Aj7) A o'

On the other hand,

3_ 1 3 A i j
da)Z = Wy /\(1)1 + z R23ij(,() A\ W

1<i<j<3
= (A Im Aj; =27 Do’ Awy + (ARe Ajp) o' Ay + D Ry 00 Aol
i<j

Therefore

D Riyjof Ao’ =20ReAjjo! Aot — 21 Im Ao’ Aw,
i<j
+ (Az |Agl* - )»_2) N
+d (-2 Im Aqj) A o' +d (ARe Aqj) A .

Thus

Rhypy = —2022Im A6, 1(T) + 2Im Ajj — 22T Re Ajp) + A2 |Ag;|* — 272
(3.12)

and
2 _
Riziz + Rbzps = 207 |App|” — 2072
All together imply

A A A =
AW = —2Rip1p — Riziz — Rozpz +4477
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On the CR analogue of Obata’s theorem 47

Together with (3.10), (3.11) and (3.12), we get that the Ricci curvature Ri*j of M
with respect to the Webster metric £, is

Ry =2W — 2072 = 2i22 Im A776: 1 (T) + 2Im Aqj — A°T (Re Agy)
Ry =2W — 2072 4+ 2i2% Tm A7761 1 (T) — 2Im Agq + A*T (Re Atp),
Ry =222 A +2072,

. ) | 5 (3.13)
Ry =2iA"Re Ay760, (T) —2Re Ay — AT (Im AII) ,
Riy =2ARe A, 1.
Ry =-20Im Ay, j.
In particular, for Aj; =0
2W — 2272 0 0
(Rfj) - 0o 2w-22"2 0 |. (3.14)
0 0 2372
This completes the proof. O

Remark 3.1 If the torsion is nonvanishing, one can choose a suitable coordinate with
O (T)=0ata point. It follows that

R}y =2W — 2072 4+ 2Im Ajj — A*T (Re Ajj)
Ry, =2W — 2472 —21Im Ajj + A*T (Re Ajy),
Ry = —20% Ay [P + 2072,

R}y = —2Re Aj; — A*T (Im Ayqg)

Ri3 =2ARe Ay 1.

Rjy=—20ImA j.

(3.15)

4 The proofs
Let d, the distance with respect to the Webster metric 4,. Fukaya [6] observed that
the metric space (M, d;) converges to a Carnot-Carathéodory metric space (M, d.)

and A, converges to a sub-Laplacian Ap as A — 0.
For a real function ¢ and ei‘ =ey, e% = e, e%‘ = AT, we have

1
Ab = E((pelel +¢e2e2)7 wg(T) =0.
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Lemma 4.1 Let (M, J, 0) be a closed pseudohermitian 3-manifold. For a real func-
tion ¢, we have

Arg =2App + 12T,
Proof We compute that

3
A =D i) — f(e)eto
j=1
= 2049 + 4 (e5p) — 05 (3)ehp — wh(ep)ese
= 2App + A2T%p — A3 (e)) T — A3 (e2) T
=2App + A2T?0 — AAT @ + AAT@
= 2App + A’T?p, A = —Re Ajj.

[m}
Proof of Theorem 1.3 First note that ol =el, w? =e%, @ =2r"1e3. Then
dp,}‘ =o' AP AP =2Tle AP A E]
and
dp* = l)fldu
7 .
Therefore from Lemma 4.1
ZA/goAkgod/L)‘ = Z/gz)Amp d/L+)»2/g0T2(p du
and then
2k/|V’\(p|2du}‘ =2/|v,,<p|2du+)\2/¢§ du. 4.1)

Now from (4.1) and Lemma 2.2, it follows that
2 [ 190Pdut <2 [ (VapP e +32 [ S0 die+ 3200 [ 1900 i
Suppose that

App = —p19.
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Then
Ml__f|vmm2du
Jo*du
and
VAol 2du*
ffgoz—dm <2+ Azul + 2A2ro)u1.

Now by definition for the eigenvalue, we have

A o [ IV e2du*

< 24 22u1 + 222011
U1 = f(pzd/ﬂ = ( M1 O)Ml

This completes the proof. O

Definition 4.1 We call a CR structure J spherical if Cartan curvature tensor Qg
vanishes identically. Here

On = éWn + %WAII — A0 — %Au,h'

Note that (M, J, 0) is called a spherical pseudohermitian 3-manifold if J is a spher-
ical structure. We observe that the spherical structure is CR invariant and a closed
spherical pseudohermitian 3-manifold (M, J, 6) is locally CR equivalent to the stan-
dard pseudohermitian 3 -sphere (S3, f é\), In additional, if M is simply connected,
then (M, J, 0) is the standard pseudohermitian 3-sphere. We refer to [12] for some
details.

Proof of Corollary 1.4 Tt follows from (3.14) that

2W — 2172 0 0
A -2
(R,.j) - 0 2w-2"2 0
0 0 2272

and then
Ric(hy) > 3 — DA~ 2 =2172.
On the other hand, Lichnerowicz Theorem implies
,u)l‘ > 372,
It follows from Theorem 1.3 that

302 <t = Q4+ APu)m
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Again from Proposition 1.2

> 172
Hence if u; = 272, it follows that

M)f =312,

Thus, due to Obata Theorem, M is simply connected and W = 2A~2. On the other
hand, Aj; = 0. Then M is spherical as well. All these imply (M, J, 0) is the standard
pseudohermitian 3-sphere (S 3.7, 0). O

Proof of Corollary 1.5 By our assumptions and (3.15), we have

7
Ric* > —70"%2=-2. Erz.

Therefore by Li-Yau eigenvalue estimate [14], we have

exp(—[1 + (1 +7c2D23.-2)3])
cD}%

ni =
for some ¢ depending on the dimension of M and D% = diam(M, h,). But we first
note that d, (x, xo) is an increasing function of 21 and then
dy(x, x0) = dc(x, xo)
for the distance d (x, xo) with respect to the metric /1, . Hence
D, < D.
It follows that

exp(—[1 + (1 +7¢2D?2~2) 2]}

2 2
2+ A7py + 2070 )y = D2

Now if u; < 272, then

exp{—[1 + (1 +7¢>D2A=2)2]}
c¢D? '

Sui > (24 A%y 4222 ) gy >
That is

exp(—[1 + (1 +7¢2D?2=2)2]}
H1 = 3 .
5¢D
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