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Abstract We consider the Schrodinger operator ¢//2 acting on initial data f in H*.
We show that an affirmative answer to a question of Carleson, concerning the sharp
range of s for which lim,_¢ ¢/® f(x) = f(x) a.e. x € R", would imply an affirmative
answer to a question of Planchon, concerning the sharp range of ¢ and r for which ¢/’#
is bounded in L (R", L7 (R)). When n = 2, we unconditionally improve the range

for which the mixed norm estimates hold.

1 Introduction

The Schrédinge.r equation, id;u + Al; = 0, in R"! with initial datum f in the
Sobolev space H*(R"), has solution ¢/’ f which can be formally written as

e f(x) = / Fe)ermiE=2milE? gg (1)
Rn

We define the dimensional or scaling relation s (g, r) by

wn=n(i-1)-2
sq,r)—n(z—q -

Stein [26], Tomas [31], Strichartz [27], Ginibre and Velo [9], and Keel and Tao [11]
have all played a role in proving the following theorem.
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604 K. M. Rogers

Theorem 1 [11] Let g € [2, 00), r € [2, o0] and g + % < 5. Then

e £ll 1 .o @y < CIF N grsan geny -
The theorem is sharp in the sense that it is not true wheng < 2, r < 2,0r 2 + % > 7.
When g = oo, the estimate holds only occasionally (see [17,23]).
Changing the order of the integrals, the problem is more difficult. We will ignore
the subtle endpoint questions in this article. In connection with his work on the cubic
semilinear Schrodinger equation, Planchon [20] asked whether the following is true:

Conjecture 1 Letq € (@, oo], r € [2, 00) and "qil + % < 5. Then

it A
||e” f”Lf@(R”,L{(}R)) =< C”f”HS(q-r)(]Rn)-

In one spatial dimension, this had already been proven in the affirmative, including
the endpoints, by Kenig, Ponce and Vega [12,32].

In higher dimensions, arguments originally due to Tao and Vargas [30] which were
then refined by Planchon [20] (see also [21]), can be combined with Tao’s bilinear
restriction estimate [28] to yield the conjecture in the range g > Z(n”—j_f) Wheng > r,
the endpoints can be included, and the key bound follows from the original Stein—
Tomas theorem (see [10,20,32]). Note that s(g, ) can be negative in this range.

We will prove that the conjecture would follow from a positive resolution of a

question of Carleson concerning the sharp range of s for which

lin(l)eimf(x) = f(x), ae.xeR" feH®R".
t—

By standard arguments, the convergence follows from the estimate

I sup 1" Flllz2@ny < Coll £llas s (A)

O<t<l

where B” is the unit ball in R”. If we restrict time to a sequence, then the convergence
and a nonendpoint version of the maximal estimate are equivalent (see [25]).

Conjecture 2 (A) holds for all s > 1/4.

In one spatial dimension, the convergence was originally proven by Carleson [5]
via an L!-estimate, and Kenig and Ruiz [13] showed that (A) holds for all s > 1/4.
Dahlberg and Kenig [7] showed that this is sharp in the sense that (A) cannot hold
when s < 1/4.

In two spatial dimensions, significant contributions were made by Bourgain [1,2],
Moyua et al. [18,19], and Tao and Vargas [28-30]. The best known result is due to
Lee [15] who showed that (A) holds when s > 3/8.

In higher dimensions, significant contributions were made by Carbery [4] and
Cowling [6]. The best known result is independently due to Sj6lin [22] and Vega
[33] who showed that (A) holds when s > 1/2.
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Strichartz estimates via the Schrodinger maximal operator 605

For notational convenience, we rewrite estimate (A) as

I sup 1€ f1l 2 < CILF s gy, (Ac)

O<t<l
where k > 0, and define the dual exponents g, and q,/( by

n—+14 8k , n+1+8«
=—— ad ¢ =——"7—.
n+ 4k 1 + 4«

qx

Theorem 2 Let g € (2qc, o], 1 € (2q, 00) and 5 + 4 + L < 2 If (Ay) holds,
then

itA
||elt f”LZ(R", LT (R)) = C”f”[-}w,r)(Rny

t

Note that 2¢, and 2% both tend to

n
Conjecture 1, we see that (g, r) can approach the endpoint (

2(n+1)
n

as « tends to zero. Comparing with
2(n+1)
n

, 00);
Corollary 1 Conjecture 2 = Conjecture 1.
Combining the identity Df e!® f = ¢/'2 D2¢ f with Sobolev embedding, Theorem 2

also yields estimates for the maximal operator. Indeed, applying Holder to obtain local
L2-bounds, we see that

1 1 1
(A) = (Ay), k' >n|z-— -
2 2. ) 4

There is an improvement in regularity when x > (n—1)/8. Taking n = 2 and iterating,
we can suppress k to be arbitrarily close to 1/8, which recovers Lee’s result.
Moreover, we see that a global version holds;

Corollary 2 Let g > 16/5. Then forall s > 1 —2/q,

I sup €2 F ey < Csll £l s 2y
te

Taking more care with the range of r, we will also improve Planchon’s estimate.
Theorem 3 Let n = 2. Then Conjecture 1 is true for g > 16/5.
To illustrate, this is a nonendpoint version of
12 f1l pors go. 1o gy < CIFagee)-
We follow the approach of Lee in that we adapt the proof of Tao’s bilinear theo-
rem [28], rather than applying the estimate directly.

Throughout, ¢ and C will denote positive constants that may depend on the dimen-
sions and exponents of the Lebesgue spaces. The constants C will sometimes depend
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606 K. M. Rogers

on the small parameters ¢, § and §, but never on the functions f or g, and never on the
large parameters R or N. It will occasionally be made explicit when they depend on
other factors like the Sobolev index. Their values may change from line to line. The
following are notations that will be used frequently:

LI(R", LT (I)): the Lebesgue space with norms (f]R" |f1 | f(x, t)|’a’t]4/r dx)

D?: the derivative defined by Es\g(é) = 2r|&])*g®)

HS (R™): the homogeneous Sobolev space with s derivatives in L?(R")

H*(R™) : the inhomogeneous Sobolev space with s derivatives in L2(R™)
"i={xeR": x| <1}

Bi(Ney) :={§ eR" : [§ — Ney| <1}

£;: a member of the lattice R~!/27"

Xi: a member of the lattice R'/27Z"

T i={(x,1) € R" x [0, R] : |x — (xg + 4m2Ej)| < R'?).

Or :=[—R/4, R/4] x ... x [—R/4, R/4]

Pr(l) :={(x,t) e R"" x [R/2,R] : x — (IR/2+47wtN)e; € Qr}

s(g,r):==n(1/2—-1/q) —2/r
_ n+148k
e *= T3de

@ : a positive and smooth function, supported in B ;.
7: a positive and smooth function, supported in B” and equal to 1 at the origin.

1/q

2 Globalization lemmas

The following lemma provides convenient estimates with which we will interpolate.
Lemmal Forall N > 1, r > 2, and f frequency supported in Bi(Ney),

e fllLeo@n,Lr @y < CNTV7N Fll 2y

Proof We suppose that n > 2; the 1-dimensional case was proven in [12]. By inter-
polation with the trivial L°°-estimate, we may also take r = 2. By writing the square
as a double integral,

"2 f GO ) :/ / / F&) Fy)edmi En—4nt(EP =M gg gyar,

R R Rn

so that, by an application of Fubini, and integrating in ¢,

; 1F &) FOI
lle Af(x)"Lz(R)_//||§|2 lyI?] a5y
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Strichartz estimates via the Schrodinger maximal operator 607

Writing |£|> — |y|*> = (€ 4+ y) - (€ — y), and recalling that y, £ € Bj(Ne), we see that

FOImI If(é)f(y)l
d
//||s|2 Ik —N/ dsdy

Thus, by the Hardy—Littlewood—Sobolev inequality,

I F T2 @) < CNTHIF I

L2n T (Rﬂ)

and, as suppf C Bj(Ney), by Holder and Plancherel we complete the proof.

As in the arguments of Fefferman [8], Bourgain [3], Wolff [34], Tao [28], and
Lee [15], we decompose into wave-packets at scale R > 1.
Fix a positive and smooth function ¥, supported in B, such that

Zw(s R'?g)) =1,

where &; € R~'/27". We also fix a positive and smooth function 7, supported in B"
and equal to one at the origin, so that by the Poisson summation formula,

Xk
D= rip) =1
k
where x; € R'/2Z". Now, for any Schwartz function f we have the decompositions

f& = Zf,(é) ZW(R‘/Z(E &) F (&), ©)

f) = ijk(x) Z ( =12 )f,(x) 3)

Note that fj; is supported in the ball of radius (/7 + 1)R~"/2 with centre &; j:
We recall the Hardy-Littlewood maximal operator M : L! (R") — L!
defined by

loc loc (Rn)

Mf(x) =

- d
r>0|B|/|f(y 0l dy.

For a proof of the following lemma see [28] or [14].

Lemma 2 Lett € [—R, R]. Then for all K € N there exist constants Cg, such that

' — (e +4meg; VK
"2 fik ()] < Cx Mfj(xx) (] n |x ()611;1/2 nt§/|)
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608 K. M. Rogers

We note that when ¢ € [0, R], the wave-packets ¢/'* f ik are essentially supported
in the tubes Tj; with direction (47&;, 1) defined by

T = {(x,1) € R" x [0, R] : |x — (x¢ + 4mt&;)| < RV}

We see that a translation of the frequency support of the data corresponds to an affine
translation of the essential supports of the wave-packets.
Similarly, for [ € Z, we define parallelepipeds Pr (/) by

Pr(l) = {(x,1) e R" x [R/2, R] : x — IR/2 + 47t N)ey € Og},

where Qg is the n-dimensional cube of side R/2, centred at the origin. Note that
when &; € Bj(Nep), the tubes and parallelepipeds point approximately in the same
direction.

Definition 1 We say that £ and E» are [-separated if they are measurable sets that
satisfy

inf{|& — & : & € E1, & € Ex} > 1/2.

The following lemma is a key ingredient. It allows us to deduce estimates on balls
from estimates restricted to parallelepipeds. We will see later that parallelepipeds are
the natural domain on which to attack the problem.

Lemma3 Letr > qanda > - — % Suppose that

1
q
” itA itA < CRSN(X

e’ fe g”LZLf(PR(O)) = I fl211gll2

whenever R, N > 1, and f, g are supported on 1-separated subsets of Bi(Ney).
Then

12 f €22l 1900 L11R/2.R) = CRENIS 12118 12-

Proof We decompose the solution into wave-packets at scale R,

eitAf — ZeitAfjk-

.k
Letting P; denote the short, fat tubes defined by
P ={(x,1) e R" x [R/2,R] : |x — (IR/2+4mtN)ei| < 50R},

where [ € 7, we write

fi= D fik

Jik T Pr#£0
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Strichartz estimates via the Schrodinger maximal operator 609

so that ¢/’ f; consists of the wave-packets that pass near to Pg(l). As the tubes and
the parallelepipeds point in essentially the same direction, a tube 7Tj; can intersect P,
for at most a constant number of /, so we note for later that

Dl <CO D ikl
1

I jk: TN P#0

< C O ikl
j.k
2
S C”f”LZ(Rn)v

and we will refer to this as almost orthogonality.
We consider the pointwise bound

|eltAf| < |eltAfl|+ z eltAfjk . (4)
J.k TN Pi=0

and use the rapid decay to show that the last term is of negligible size on Pg(l).
Writing X = x — 4mtNey, we have |x — (x; + 4mt§;)| ~ |Xx — x;| whenever
(x,1) € Pr(l) and Ty N P; = @, so by Lemma 2,

cR"?
; : Mf(xx)
A K')2 J
2. | sCeRCP S > e
Jok Ty Pi=0) J=1 k:[T—xi|=R k

for all K’ € N. Choosing K sufficiently large, we see that for all K € N,

CR”/Z

; _ Mf;(xk)
> | =k R |_f’—|2 )
Jjok TN Pr=0 j=1 k:|x—xx|=R r = Xk
Writing Yz = R™"/>y(R™1/%.), by (2) we have
|fil = 1¥r* fl, (6)

so that M f;(x") =~ M f;(xx) whenever |x" — xi| < V1R Now observe that

Mo . —2n
D MR o g (1 + %) * Mfj()
k:|x—xi|>R

< CMMf;(x), @)
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610 K. M. Rogers

so the error term is not only going to be small, but also square integrable. Substituting
(6) and (7) into (5),

> e )| < CkR K MMIyR * F1).

Jok:Tp Pi=0
and substituting this into (4), we see that for all K € N there exist Cg such that
"2 f ()] < le""® fi(x)| + Ck R™K MM[yg * f1(x — 4wt Ney)
whenever (x, 1) € Pgr(l).

We use these pointwise bounds on parallelepipeds, toobtainan LY (Qg, LY [R/2, R])
bound. Fix_a large K and define Lf (x,t) := R’KMM[l/fR * fl(x —4mtNey). We
also write Pgr(l) := Qg X [R/2, R1N Pgr(l), so that by concavity

itA p itA . 4q
||ell fel g”Lq(QR LV R/2’R])

itA itA
<Z||e F e elar 5oy

2q itA itA q
< Cy Z 1™ fil + LN il + Loy, )

2q itA g itA itA
< C} Z(ne el oy + ILE €2l 0

+lle A fi Lglld + IILf Lgllf ®)

LILI(Pr(1) LiL; (PR (1)))

Now, by two applications of Holder,
< ng(3—1)
Z VLI o ootk riorey = C Z VLA 12y

q
1_1 1 ‘
S Can(q r)Nq(q (Z ”Lf”LZrLZr(PR(Z)))

By summing up, applying Fubini and making an affine change of variables,

2 1
Z VLA 12 ppyy < CRT S IMMUyR 5 £ oy
< CRTM I @y

where the second inequality is by the Hardy—Littlewood maximal theorem and Young’s
inequality. As f is supported in Bj(Ney), together with Bernstein’s inequality, these
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Strichartz estimates via the Schrodinger maximal operator 611

estimates yield
qK 14 (‘ )
Z VLSS oy = RN 117
We have the same inequality for g, so that, by two applications of Cauchy—Schwarz,

Z ILf Ly, oy < CRENTTT IS g,

On the other hand, by Holder and Lemma 1,

1A SR TPRLEN
e' fl”Lithzr(FR(l)) < CR¥ | fl”LfoL,Z’(R"‘H)

n 1
= CRU N> fill2.

Thus, by two applications of Cauchy—Schwarz,

1/2
_9K 4 l,l
ZHe”Afl L8l pay < CR 2 N2 (Z le™™ fi1%4 L2 (F (1)))||g||3
1/2

< CR™% NG~ (Z Illelz) lgll3
_gK ol 1
< CRTTNYG Y119 1814,

where in the third inequality we have used convexity and the almost orthogonality
derived earlier. Similarly, we have

ZuLfe”AganqL,(,, o = CRTENTGTD ) 1 gld.

Finally, by spatial translation invariance and the hypothesis,

eiA f eftd gl”LqL’(PR(l)) < CR*N“| fill2llgtll2,

so that, by Cauchy—Schwarz,

1/2 12
itA o itA_ 9 qe Arqa 2q 2q
Zne Fie" il poyy = CRIN (;uﬁnz) (;ngznz)

< CREN| f115 l1g2.

again using convexity and the almost orthogonality.
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612 K. M. Rogers

Comparing the terms in (8), we see that

e f e”Ag”L‘I(QR,L{[R/Z,R]) < CR*N*|fl2lgl2.
and we are done.

The following mixed norm ‘epsilon removal’ lemma is due to Lee and Vargas [16]
(see also [2,29]). In their work, the spatial integral is evaluated before the temporal
integral and as such the estimates are invariant under translation on the frequency side.
A careful reading of the proof reveals that only small changes are required to reverse
the order.

Lemma 4 Suppose that for all ¢ > 0 and o > qlo - %

itA itA
||€” felt g”LZO(QR,L:O[R/Z,R]) = Cs,o{RsNa”f"Z”g”Z

whenever R, N > 1, and f ¢ are supported on 1-separated subsets of Bi(Ney).

Then provided that & > £, q(1 — 1y > go(1 - %), and o > é -5

e £ e gll g oty < Cara NI f 20212
Proof The proof is the same as that of Lemma 4.4 and Remark 4.5 in [16], with the
following changes:
The measures do; are replaced by the canonical pull-back measure on
(G —2nl5) e R™ 2 § € Bi(Nep) )

which we denote by doy . By a well-known calculation,

ldon (x, 1) = 1€ (xB,(vep))” ()| < C(1 + |x — 4wt Ney| + |1])™"/?

We replace the estimate
e f &2l a0 700y < CeRCNI fI2lIg 12
for all n + 1 dimensional cubes Q of side length R/2, by
e £ e gll 0,100y < CoaRNI fl2118112 ©)

for all @ > q]_o — 10, which follows from the hypothesis and translation invariance.

0
The estimate
itA o itA
le™™ f e A gll oo pygnsy < 11218l
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Strichartz estimates via the Schrodinger maximal operator 613

is replaced with

i ' -1
2 f e”AglngcL[l(Rm) < CN N fll2@myllgl 2w

11
=CN>"Tlfl2lgll2, (10)

which follows by Cauchy—Schwarz from Lemma 1. The third interpolation point is
unchanged;

itA itA
1" f "8l oo oo sty = ClIfII2lIg 2

1_1
=CN=">|fllgl-. (11)
Interpolating between (9), (10), and (11), we note that
g = 6O0ap + (1 —0)ay

1 1 1 1

>0|l——— )+ -0)—-—

q0 ro q1 rl
( 0 1-— 9) ( 0 11— 9)

q0 q1 7o r

1 1

q6 o

’

so that the powers of N behave as desired.

We will require a version of the previous lemma for dealing with nonsharp powers
of N. Note that the interpolation points with ¢ = oo of the previous proof are
a-improving so that the following lemma follows in the same way.

Lemma 5 Suppose that for some oy > 0 and for all ¢ > 0,
e f e gll 900 170 (R/2.RY) < CeRENN Fl121g12

whenever R, N > 1, and f, g are supported on 1-separated subsets of B(Ney).
Then provided that 1 > q—g, q(1 — %) > qo(l — %), and o > o,

T

itA it A
1™ £ e gll ity < CaraN¥If 2082

3 Bilinear estimates

By the globalizing lemmas, it will suffice to prove local estimates. We use the following
notation:

Definition 2 Let R*(2 x 2 — ¢, r, «, B) denote the estimate

e f e”AgHLZL,’(PR) = CRONCIf I8z
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614 K. M. Rogers

whenever R, N > 1, f, g are supported on 1-separated subsets of Bj(Ney), and Pg
is a parallelepiped of side R/2 and direction (47 Ney, 1).

Recall the notional estimate

I sup 1" fIl2@ny < Clfllgisase. (Ao)
O<t<l :

and the dual exponents g, and ¢, defined by

n—+14 8k , n+1+8

= d =
i n+ 4k and e 144«

Theorem 4 Suppose that (A, ) holds. Then for all ¢ > q, r > q, and o > q’—’, —

”eilAf eilAg”Lz(R"‘L;(R)) < CaNa”f”Z”g”Z

whenever N > 1, and f, g are supported on 1-separated subsets of Bi(Ney).

Proof As f is frequency supported in By (Ne1), it is easy to calculate that the temporal
Fourier transform of e''A f is supported in an interval of length C N. Similarly this is
true for ¢/’2 f ¢'“ g, so that by Bernstein’s inequality,

. . 11 . .
”eltAfeltAg”L;(]R) <CN?» 7 ||‘3”Af€”Ag||Lg’(R).
Thus, by Lemmas 3 and 3, it will be enough to show that

no_ 1
< CgRPNw || flallgll 12)

itA ¢ itA
le"" fe gIILZKL?K(PR)
whenever R > 1, 8 > 0, and Py, is of side R/2 and direction (47 Neq, 1).

We proceed by induction on scales. As Pg is contained in a cuboid, with long side
4 RN, and short side R, by Holder,

L S .
<C R'N) ar ettA ettA
e T )
1

1
< C(R'N)* e |l fll21lgll2,

”eiTAfei[Ag”

where the second inequality is by Cauchy—Schwarz, Fubini, and the linear Strichartz
estimates of Theorem 1. Thus we have R*(2 x 2 — gy, g, (n — 1)/q,., B) for some
large B. In fact we have a better power of « here than the (n — 1)/q,. that we get in
the induction step. From now on we denote (n — 1)/q,. by «,. It will suffice to prove
R*2 X2 = qi,qp, 0, B) = R*(2%x2— qy,q,, o, max{(l —8)B, cs} +¢)

forall § and ¢ > 0, where c is independent of § and ¢, as (12) would follow by iteration.
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Strichartz estimates via the Schrodinger maximal operator 615

First we consider the problem when the frequency supports are close to the origin.
We define f and g by

F=7E—Nep) and 3 =3 — Ney),

and we break up the solutions into wave-packets at scale R, so that

eitAJ?'Z Zeim]?}k and eitAg — Z zzAg .

Jik J.k

Recall that the wave-packets e” A f k are essentially supported on tubes Tjk, and we
denote the tubes associated to ¢/'2g ik by T . We also cover the cube Qg X [R/2, R]

by cubes P € Pofside R'=%. The followmg orthogonahty lemma is the key ingredient
of Tao’s bilinear restriction theorem.

Lemma 6 [28] There exists a relationship ~ between tubes T] r and cubes P such
that, for all tubes T]k,

#{PeP: Ty~ P)<CR, (13)

and for a constant c independent of § and ¢,

A7 itA~ §—
i a7 < CRD T flaliglla,
Ty~ P Ti~P 2P
and
itA 7. itA s—nrl
S| | D) e < CRT5 | fllallglla.
ijkf)@ﬁ Tj,kooﬁ Lz(ﬁ)

We refer the interested reader to [28] for the precise definition of the relation ~. It can
be thought of as saying that the wave-packets are concentrated on the cubes.

As a translation of the frequency supports corresponds to an affine translation of
the spatial support, returning to the original problem, we can suppose that Py is the
affine translation of Qr x [R/2, R] under the mapping x; — x1 + 4wt Nej. We cover
this by parallelepipeds P € P that correspond to the cubes P under the same affine
translation. Similarly we break up the solutions into wave-packets with associated
tubes Tj; and T’ , that correspond to T and T/ x under the affine translation. Thus,

we have the induced relation Tj; ~ P if Tjk ~P.
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616 K. M. Rogers

As we have covered Pg by smaller parallelepipeds P, by the triangle inequality, it
will suffice to show

A . _ y
Z Zell f]k Z ”Agjk S CﬁRmax{(l 5),3,05}+8N0l ||f||L2 ||g||L2
PeP |\ Tk T LI LY (P)

By the triangle inequality again, it will suffice to bound the ‘local’ part,

Z ZeztAf k Zeimg,‘k

PeP Ty~P T, ~P ’
! * LI LI (P)

and the ‘global’ parts,

Z ZeztAf " Z eizAgjk i

PeP Ty~P T, P /
* LE LY (P)

Z Z eltAf " zeimgjk i

PeP Ty~ P T, ~P ’
* L LY (P)
itA itA
> > " fik > gk
PeP Tj <P T) <P /
! 5 L LI (P)

To bound the local part, we simply invoke the induction hypothesis;

Z Zeimfjk Zeimgjk

PeP || \Ty~P 7 /
€ Jk Y}k P LzKL?K(P)
= SRt | 3 gl | 3 s
PeP Ty~P 5 TJ.,’C~P )
o\ 1/2 2\ 1/2
sert e [0S gl | {22
PeP ||Tx~P 2 PeP 7},’(~P 5

< CRUTIPFEN| 5]l
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where the second inequality is by Cauchy—Schwarz, and the third by (13) and almost

orthogonality. This bound is acceptable.

Considering the first global part, by Fubini and the affine change of variables x; —

X1 + 4mt Ney, followed by Lemma 6, we have

- §_n-l
S| [ D e g < CRMT | flalgll. (14)
~P ,
k Y}kOOP L%L%(P)
On the other hand, by scaling and the hypothesis,
Z e[tAfjk < C(RN2)1/4+K Z f]k
TP 1213°(Byg) LA
< CRNHVHE £ 2.
Similarly
> e < C(RNH* g2,
TP L2L3° (Byg)
so that by Cauchy—Schwarz,
Sl ru | | Dl e < CRNHYP2| flaligla. (15)
Tyx~P ]}]’(oaP LILe(P)
Interpolating between (14) and (15), using Holder, gives
S fi || Dl g < CRTN fllallgl2
Ty~P T; P szquL P)
so that, by summing,
Do Do A i Ze”Ag ik < CRETMHDERE N £ g2,

P Ty~P ! o P ’
! g L L (P

which is acceptable. The other two global parts are bounded in the same way, which

completes the proof.

@ Springer



618 K. M. Rogers

We now pass to the unconditional result in which the powers of N are improved.
In the final section we will see that this improvement allows us to obtain the almost
optimal range of r in Theorem 3. A refinement of Lemma 4, which preserved the
precise powers of N, would allow « to equal 1/g — 1/r in the following.

1

P

Theorem 5 Suppose that q € (%, %) and 3 + % < 3. Then for all « > é —

it A it A
I £ gl o me 1wy < CaN@If 2l

whenever N > 1, and f ¢ are supported on 1-separated subsets of By (Ney).

Proof Combining the bilinear theorem of Tao [28] with Bernstein’s inequality as
before, we see that

. . 11
"2 f e gll g @, 17y < CNO 7l fll2llgl2 (16)

for all r > g > 5/3. Now, by interpolation combined with Lemmas 3 and 4, it will
suffice to show that

162 F €281l 35,2y < CREN'BI f 12118112

whenever R > 1, 8 > 0, and Pp has side R/2 and direction (47 Ney, 1).
Again, we proceed by induction on scales. As Pg is contained in a cuboid, with
long side 47 RN, and short side R, by Holder,

"2 f €8l 75,2 py < CAREN)VE[E f B8l 12 oy,

so that by (16), we have
"2 f €8l 85,2y < CRENEIf 121181 2

We see that R*(2 x 2 — 8/5, 2, 1/8, B) holds for a large . Therefore, by iterating,
it will suffice to prove that

R*2x2—8/5,2,1/8,8) = R*(2x2— 8/5,2,1/8, max{(1 —8)B, cd} + ¢)
for all § and ¢ > 0, where the constant ¢ is independent of § and €.

As before, we cover Pg by smaller parallelepipeds P, so that it will suffice to bound
the local part,

Z Zeimfjk Zei’Ag./k i

PeP Y}kNP T, ~P 8/5
K LyY’12(p)
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which is dealt with via the induction hypothesis, and the global parts of type

Z ZeitAfjk Z eitAgjk

PeP || \Tg~P T; P
! * LY L2 (P)

By Holder, followed by Fubini and the affine change of variables x; — x1+ 47t Ney,

itA itA
E " fik E e''"gik
Ty~P T) P
! * L3P

< (R2N)1/8 ZeitAf’;k ZeilA"g'jk ,

Tje~P Ty P

L} (P)
so that by Lemma 6,
itA it A Sarl/8
S| [ Do en < CRTFEONYE| £ll2l1glla.
Ty~P TP L§/5L%(P)

where the constant ¢ is independent of § and . Summing, this yields

S e ) | e e < CREPHNY) flallg)l
T, <P

PeP || \Tx~P 8/5
LY L3P

which is acceptable. The other two global parts are bounded in the same way, which
completes the proof.

4 Linear estimates

The following lemma is a simple consequence of the Littlewood—Paley inequality
(see [24]). Let ¥ € C°(R) and ¢ = 9 (27| - 1) satisfy

2. 2@ D=1 and > QD=1

k=—00 k=—00

Defining f; by fAk =¢27%|. |)f, it can be calculated that
—k ita £\ v itA
2@ (2 f) @) 0 =" fi
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Lemma 7 Letq € [2,00] andr € [2, o0). Then

o0

N itA 412

lle fIILg(Rn,L;(R»SCkZ e fel o, 1wy
=—00

We are now in a position to prove the linear estimates as stated in the introduction.
There are two types of restriction on r; those which come from the restriction on  in
the bilinear theorem are generally less restrictive than those related to the power of N.

Theorem 2 Let g € (2qi, 0], r € (24;., 00) and 5o + % + 1 < ZUIf (A) holds,
then

itA .
lle f”Lz(R", L7 (R)) = C”f”Hs'@,r)(Rn)'

Proof By scaling and Lemma 7, it will suffice to prove that
1" Fll g 1y o1y < CFl 2y

whenever fis supported in { 1/2 < |£| < 1}. In order to apply our bilinear theorem,
we square the integral, so that

it A 2 itA itA
12 170y uery = N2 €2 £l a2 gun -

Now, for each j € N we can break up the support of finto dyadic cubes r,'C’ of side
27J. We write t ~ 1/, if 7 and 7, have adjacent parents, but are not adjacent.
Writing f = >, f/, where f/ = fxr,-, we have

k

eilAf(x) eiTAf(x) — //fA(s)f(y)ezﬂi(X'($+y)727'[t(|§|2+‘y|2))dsdy

= 2 //fkj(é)fk’;(y)ehi(x-(éﬂ)—%t(ls|2+|y|2>)d§dy

j,k,k’:IkIN ‘L'k//

= > W .

j,k,k/:tk]~r]g,

By the triangle inequality, we see that

itA £2 itA pJ JitA ¢]
I e ey = 20 M€K B f o -

j,k,k’:r,‘{’~rkj/

Now, scaling out, applying Theorem 4 taking into account the rotational symmetry,
then scaling in again, we see that
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itA 2 —jn=2-1)jay £ j
IS f ety < Ca 2 27X 2 L 2y

j,k,k/:r,(Jerf,

for all a > ql, - %,Whereq > 2g, and r > 2q,.

K

Finally, as suppfz, suppfz c suppfz;,_ 2 for some k”, we have

D I @l 2@y < CIAIG 2@y

k,k’:rkj~rkj,
and the sum in j converges by hypothesis, which completes the proof.

Observe that if the power of N in the bilinear estimate was improved to o >
1/q — 1/r, then we would obtain the almost sharp restriction, "qil +1 < 5, in the

-
linear estimates. We state this formally.

Definition 3 Let R*(2 x 2 — ¢, r) denote the estimate

€72 £ el oz 1y < CaNIf I lgl2
1

1 =~ ~
vl;/hzzlr\llev)er N>1 o> 7 and f, g are supported on 1-separated subsets of
1(/Vey).

Definition 4 Let R*(2 — ¢, r) denote the estimate

le™ £l o 1r @y < CIFNr2@my

t
whenever fis supportedin { 1/2 < |§| < 1}.
Lemma 8 Let % + } < 5. Then R*2x2—%.5) = R*2—q.r).
It remains to prove Theorem 3. By scaling and Lemma 7, it suffices to consider
functions with frequency support in the unit annulus. Combining Theorem 5 with

Lemma 8, we note that the condition 8/g + 2/r < 3 that comes from the former is
less restrictive than 3/g + 1/r < 1 which comes from the latter, and we are done.

Acknowledgments Thanks to the anonymous referee for pointing out the Ref. [20], and for many helpful
suggestions which improved the article. Thanks also to Sanghyuk Lee and Ana Vargas for making their
preprint available.
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