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Abstract It is well-known that there is a deep interplay between analysis and prob-
ability theory. For example, for a Markovian infinitesimal generator £, the transition
density function p(t, x, y) of the Markov process associated with £ (if it exists) is the
fundamental solution (or heat kernel) of £. A fundamental problem in analysis and in
probability theory is to obtain sharp estimates of p(¢, x, y). In this paper, we consider
a class of non-local (integro-differential) operators £ on R? of the form

Lu(x) = 1;?3 / (u(y) —u(x))J (x, y)dy,
(veR4: |y—x|>¢}
c(x,y)

x —y |d+oz
symmetric function c(x, y) thatis bounded between two positive constants. Associated

where J(x,y) = 1{jx—y|<«) for some constant k > 0 and a measurable
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834 Z.-Q. Chen et al.

with such a non-local operator £ is an R¢-valued symmetric jump process of finite
range with jumping kernel J(x, y). We establish sharp two-sided heat kernel esti-
mate and derive parabolic Harnack principle for them. Along the way, some new heat
kernel estimates are obtained for more general finite range jump processes that were
studied in (Barlow et al. in Trans Am Math Soc, 2008). One of our key tools is a
new form of weighted Poincaré inequality of fractional order, which corresponds to
the one established by Jerison in (Duke Math J 53(2):503-523, 1986) for differential
operators. Using Meyer’s construction of adding new jumps, we also obtain various a
priori estimates such as Holder continuity estimates for parabolic functions of jump
processes (not necessarily of finite range) where only a very mild integrability condi-
tion is assumed for large jumps. To establish these results, we employ methods from
both probability theory and analysis extensively.

Mathematics Subject Classification (2000) Primary 60J75 - 60J35; Secondary
31C25 - 31C05

1 Introduction and main results

The second order elliptic differential operators and diffusion processes take up, respec-
tively, an central place in the theory of partial differential equations (PDE) and in prob-
ability theory, see [16,20] for example. There are close relationships between these
two subjects. For a large class of second order elliptic differential operators £ on R?,
there is a diffusion process X on R¢ associated with it so that £ is the infinitesimal
generator of X, and vice versa. The connection between £ and X can also be seen
as follows. The fundamental solution (also called heat kernel) for £ is the transition
density function of X.

Recently there are intense interests in studying discontinuous Markov processes,
due to their importance both in theory and in application. See, for example, [5,21,26]
and the references therein. The infinitesimal generator of an discontinuous Markov
process in R? is no longer a differential operator but rather a non-local (or, inte-
gro-differential) operator. For example, the infinitesimal generator of a isotropically
symmetric a-stable process in R with « € (0, 2) is a fractional Laplacian operator
¢ (—A)*/2. Recently there are also many interests from the theory of PDE (such as
singular obstacle problems) to study non-local operators; see, for example, [7,31] and
the references therein.

In this paper, we consider the following type of non-local (integro-differential)
operators £ on R with measurable symmetric kernel J:

Lu(x) = {Zlg} / (u(y) —u(x))J(x, y)dy,
{(yeR4: |y—x|>¢}
where

c(x,y)
.](x, y) = ml”x_y‘il(} (11)
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Heat kernel estimate for finite range jump process 835

for some constant k > 0 and a measurable symmetric function c(x, y) that is bounded
between two positive constants. Associated with such a non-local operator £ is an
R9-valued finite range symmetric jump process X with jumping kernel J (x, y). We
will be concerned with obtaining sharp two-sided heat kernel estimates for £ (or,
equivalently, for X), as well as establishing parabolic Harnack inequality and a priori
joint Holder continuity estimate for parabolic functions of £. Our approach employs
a combination of probabilistic and analytic techniques.

Two-sided heat kernel estimates for diffusions (or second order elliptic differen-
tial operators) have a long history and many beautiful results have been established.
But two-sided heat kernel estimates for jump processes in R? have only been studied
recently. In [27], Kolokoltsov obtained two-sided heat kernel estimates for certain
stable-like processes in R?, whose infinitesimal generators are a class of pseudo-
differential operators having smooth symbols. Bass and Levin [4] used a completely
different approach to obtain similar estimates for discrete time Markov chain on Z¢
where the conductance between x and y is comparable to |x — y| —d=%forq € (0,2).In
[11], two-sided heat kernel estimates and a scale-invariant parabolic Harnack inequal-
ity for symmetric «-stable-like processes on d-sets are obtained. (See [18] for some
extensions.) Very recently in [12], parabolic Harnack inequality and two-sided heat
kernel estimates are even established for non-local operators of variable order. But so
far the two-sided heat kernel estimates for non-local operators have been established
only for the case that the jumping kernel has full support on the state space. See [1] for
some results on parabolic Harnack inequality and heat kernel estimate for non-local
operators of variable order on R?, whose jumping kernel is supported on jump size
less than or equal to 1.

Throughout this paper, d > 1 and « € (0, 2). Let the jump kernel J be defined by
(1.1) and let

1
Qu, v) = 5//@(}6) —u(y) () —v(y)J(x, y)dxdy, (1.2)
Rd Rd

D {feLz(Rd,dx):Q(f,f)<oo}. (1.3)

It is easy to check that (Q, D) is a regular Dirichlet form on R9 and so there is a Hunt
process X associated with it. When the jumping kernel J(x, y) is the unrestricted
lxc_();—‘lgla, the associated process is the symmetric a-stable-like process ¥ on R? stud-
ied in [11]. Among other things, it is shown in [11] that ¥ has Holder continuous
transition density function and so ¥ can be modified to start from every x € R?. Since
X can be constructed from Y by removing jumps of size larger than « via Meyer’s
construction (see [1,3]), X is conservative and can be modified to start from every
point in R?. For this reason, in the sequel, we will call such X a finite range (or
truncated) a-stable-like process. It is proved in [1, Theorem 3.1] that there is a prop-
erly exceptional set V' C R? and a positive symmetric kernel p(z, x, y) defined on
(0, 00) x (RO\N) x (RH\N) such that p(t, x, y) is the transition density function
of X (starting from x € R?\N) with respect to the Lebesgue measure on R?, and
for each y € RN and r > 0, x — p(z, x, y) is quasi-continuous. It is this version
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836 Z.-Q. Chen et al.

of the transition density function of X we will take throughout this paper. Here a set
N c R? is called properly exceptional with respect to the process X if it has zero
Lebesgue measure and

Pt ({X,, X,_} C RON forevery ¢ > O) =1 forx e RO\W.

It is well-known (see [15]) that every exceptional set is Q-polar and every Q-polar
set is contained in a properly exceptional set. Later we will show in Theorem 4.3,
p(t, x, y) in fact has a Holder continuous version and so we can take N' = #. The
purpose of this paper is to obtain sharp upper and lower estimates on p(¢, x, y). The
jump size cutoff constant « in (1.1) plays no special role, so for convenience we will
simply take « = 1 for the rest of this paper.

When c(x, y) is a constant, X is a finite range (also called truncated) isotropical-
ly symmetric a-stable process in R? with jumps of size larger than 1 removed. The
potential theory of this Lévy process is studied in [24,25]. One interesting fact is that,
even though scale-invariant elliptic Harnack principle is true for such a process, the
boundary Harnack principle is only valid for the positive harmonic functions of this
process in bounded convex domains (see the last section of [24] for a counterexample).
Since the parabolic Harnack principle implies elliptic Harnack principle, our Theo-
rem 4.1 extends the result on Harnack principle in [24] to the case that c(x, y) is not
necessarily constant.

Finite range stable processes, more generally finite range jump processes, are very
important both in theory and in application. Finite range jump processes are very nat-
ural in applications where jumps only up to a certain size are allowed. Moreover, in
some aspects, finite range jump processes have nicer behaviors and are more prefera-
ble than unrestricted jump processes. For instance, in [13], to show certain property of
Schramm-Loewner evolution driven by symmetric stable processes, finite range (or
truncated) stable process has been used as a tool. However, as we shall see below, in
some other respects, finite range jump processes are much more delicate to study than
unrestricted jump processes.

In the sequel, for two non-negative functions f and g, the notation f < g means that
there are positive constants cy, ¢z, ¢3 and ¢4 so that c1g(c2x) < f(x) < c3g(cax) in
the common domain of definition for f and g. The Euclidean distance between x and
y will be denoted as |x — y|. Fora, b € R,a Ab := min{a, b} and a vV b := max{a, b}.
We will use itg or dx to denote the Lebesgue measure in R?. A statement that is said to
be hold quasi-everywhere (q.e. in abbreviation) on a set A C R? if there is an Q-polar
set NV such that the statement holds for every point in A\N.

Our theorems on the heat kernel estimate on p(¢, x, y) can be stated as follows (in
the figure, R, is a constant in (0, 1)):

(i) (Proposition 2.1 and Theorem 3.6) In the regions D and D», we have

t
p(t,x,y) =< (t_d/“ A |—> .

X — y|d+ot

(More precisely, p(z, x, y) < t~4/% in D and p(t,x,y) < |

_r
x_y‘d-#a

in D»).
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(i) (Theorem 2.3 and Theorem 3.6) In the region D3, we have

r x — 51
pt, x,y) < ( ) =exp(—c|x—y|log )
lx — vl t

(iii)) (Theorems 2.3 and 3.6) In the regions D4 and D5, we have

_v2
pt,x,y) < 1402 exp (—M) .

12
(More precisely, p(z, x, y) =<t~4/?in Dyand p(t, x, y) < t~%/? exp(—@)

in Ds).
R=| xy | t=C,R
VN 2
t=R
D5
D3
1 D,
R *
D, /~
D, =R t
RY1

As we see, the heat kernel estimate is of a-stable type in (i), of Poisson type in (ii)
and of Gaussian type in (iii). Such behavior of the heat kernel, in particular (i) and
(ii1), may be useful in applications. For example, in mathematical finance, it has been
observed that even though discontinuous stable processes provide better representa-
tions of financial data than Gaussian processes (cf. [19]), financial data tend to become
more Gaussian over a longer time-scale (see [28] and the references therein). Our heat
kernel estimates show that finite range stable-like processes have this type of prop-
erty: they behave like discontinuous stable processes in small scale and behave like
Brownian motion in large scale. Furthermore, they avoid large sizes of jumps which
can be considered as impossibly huge changes of financial data in short time.

In fact, some of our heat kernel estimates for ¢+ > 1 will be stated and proved for
a more general class of finite range jump processes that is studied in [1] (see (2.16),
Theorems 2.4 and 3.5 below). These heat kernel estimates improve the estimates given
in [1, Theorems 1.2 and 1.3] significantly. They are also used in Sect. 4 to show the
two-sided estimates for Green functions of these processes for [x — y| > 1.

To get the near diagonal lower bound of the heat kernel p(¢, x, y), we introduce and
prove a general scaling version of weighted Poincaré inequality of fractional order (see
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Theorem 5.1 below). This inequality may be of independent interest. (For the details
on (weighted) Poincaré inequality and lower bound estimate of heat kernels for diffu-
sions, we refer our readers to [14,22,29,30] and the references therein.) The proof of
our weighted Poincaré inequality is quite long and involved. To keep the flow of the
main ideas of our proof for the heat kernel estimates, we put the proof of the weighted
Poincaré inequality in the last section. We hope that the establishing of such a scaling
version of weighted Poincaré inequality and its usage in getting the heat kernel lower
bound estimate will shed new light on our understanding of the heat kernel behavior
of more general Markov processes.

Using the heat kernel estimates, we derive the parabolic Harnack inequality for the
finite range jump processes. Our proof uses a combination of the techniques devel-
opedin [1,2,11,12]. As a direct consequence of the heat kernel estimates, we derive
a two-sided sharp estimate for Green functions in R for d > 3. From the heat kernel
estimates and the parabolic Harnack inequality, we also obtain the Holder continuity of
the parabolic functions of finite range stable-like processes. In particular, we note that
the Holder continuity for bounded parabolic functions is a consequence of the local
heat kernel estimate, while the parabolic Harnack inequality at small size scale can be
obtained from the local heat kernel estimate and some mild condition on the jumping
kernel for large jumps. This allows us to establish the parabolic Harnack inequality
and the joint Holder continuity for parabolic functions for a larger class of symmetric
processes that can be obtained from finite range stable-like process by adding larger
jumps with uniformly bounded (total) jumping intensity for those jumps of size larger
than 1 through Meyer’s construction. See Theorem 4.5 for details.

The remainder of this paper is organized as follows. In Sect. 2, we prove the upper
bound estimates of the heat kernel. Section 3 contains the results on the lower bound
estimates of the heat kernel. In Sect. 4, we establish parabolic Harnack principle and
the two-sided estimates for Green functions of the finite range jump processes as well
as Holder continuity of heat kernels. In the last section, we give the proof of weighted
Poincaré inequality of fractional order.

2 Heat kernel upper bound estimate

In this section, we will state the results on the upper bound estimates of the heat ker-
nel for the finite range symmetric «-stable-like process X more precisely and present
proofs. Most of the heat kernel estimates in this section and next one are established
for quasi-everywhere (q.e.) point in R¢. However in Theorem 4.3 of Sect. 4, we will
show that the heat kernels of finite range stable processes are Holder continuous and
therefore these estimates hold for every point in R¢.

Proposition 2.1 (i) For each T* > O, there exists c; = c1(T*) > 0 such that

t
p(t,x,y) < ¢ (td/“ A —)

|x — yld+e
forallt € (0, T*] and g.e. x,y € R%.
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(i) There exist 0 < Ry < 1 and ¢y > 0 such that

_ t
c (f d/a/\m) < p(t,x,y)

forallt € (0, Ty] and g.e. x,y € RY with |x — y| € (0, Ry] where T, :== R%.

Proof The estimates on these regions can be deduced from the existing results. Let
po(t, x, y) be the transition density function of stable-like process ¥ on RY whose
jumping kernel is Ixi();—lzjf‘” Since X can be constructed from Y by removing jumps of
size larger than 1 via Meyer’s construction, by [1, Lemma 3.6] and [3, Lemma 3.1(c)]
we have

pt.x,y) < eWlepot,x,y) and po(r,x,y) < p(t.x,y) +tlJ1lloo
where
c(x,y)
Ji(x,y) = ml{pﬁybl} and J(x) :=/J1(x,y)dy.

Rd

Applying the estimates on po(z, x, y) in [11] to the above two inequalities, we have

T Noo p=dfe o L
pt, x,y) = cre (t Ao y|d+a) 2.1
and
L L — —tlleo < p(t,x,y) (22
c |x — y|d+e o e '

Now (i) follows immediately from (2.1). Since

1 1 o
—t7 < — 7 T i < Qerll i ]le)” T
2C1 Cl

and

1 t 1 t 1
_ < —— —{|J if [x —y] < Qey||J T dta
s T = e~ il il =1 < Qe

we get (ii) from (2.2). O
The discrete Markov chain analogue of the following result is established in

[4, Proposition 2.1]. See also [8, Sect. 2] where the following result is discussed
when c¢(x, y) is a constant and o = 1.
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Proposition 2.2 There exist c¢1, ca > 0 such that

oyt~ fort € (0, 1],

p(t, %, y) = [czt_d/2 fort € [1, 00). (23)

Proof By Proposition 2.1(i), we only need to show (2.3) for 7 € [1, 00).
Let (£°, F0) be the Dirichlet form for the finite range isotropically symmetric
«-stable process with jumps of size larger than 1 removed. That is,

d,
Eu,u) = / (u(x) —u(y ))2| il |Z[J)ra {lx—yl<1ydxdy,

R4 x R4
FO= [u € LZ(Rd,dx) : Eo(u, u) < oo},

where co(d, @) > 0 is a constant. Note that D C F° and there is a constant x :=
k(d, @) > 0 such that

Eu,u) < k Qu,u) foru e F. (2.4)
By the Fourier transform, we have
Ef.0) = [ 8©F 0 @
Rd
where f(é) = (2m)~4/2 fRd '€ f(y)dy is the Fourier transform of u and

1— )
s = | %d% @53)

{Iyl<1}

By the change of variable y = x/|£|, we have from (2.5)

1— cos(é| x)
R B 26)

{IxI<I&1}

Note that 1 — cos (é‘ ) behaves like |x|? for small |x|. Moreover, as |£| goes to

infinity, the integral in the above equation goes to a positive constant. Thus it is easy
to see that there exist M > 1 and ¢; > 0 such that

c11&€1%, forall |&] > M,
¢ = [c1|$|2, forall |£] < M.
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Heat kernel estimate for finite range jump process 841

Thus for every r < 1, we have

2 o
|f(&)1%dg < / ('f—') |f(&)1%de + / ('f—') |f(&)*dg

{1€1>r} {M>|§]>r} {1§1=M}

<efr? / @ f &) deg+r / GRS

{M>|§]>r} {1§1=M}

< cr™? / PENFE)Pde=c3r2E S, £) < cxer 2 Q(f, f),
Rd

where the last inequality is due to (2.4). Using the above inequality, we get

1115 = / | f(&)1%dg + / |f&)|*de
{IE]>r} {I&]=<r}

< a0 (20 H+2rfIR), P @7

Note that, if @ < b, the function r — h(r) := ar—2 + 2br? has a local minimum at

()"

Thus by minimizing the right-hand side of (2.7) for Q(f, f) < || f||?, we get

d_ P d_ P
I£I13 < esEOCF, HTRNFITE < 6 OF HTR N FIT.
Therefore by Theorem 2.9 in [8], we conclude that
d/2

pt,x,y) <c7t” forallt € [1, 00).

Theorem 2.3 There exist Cy < 1 and cy, ¢2, ¢3, c4 > 0 such that

t colx—yl| Ix — y]
pt,x,y) <c =crexp | —c2|x — y|log (2.8)
lx =yl t

forg.e x,y € RY with (¢, |lx — y|]) € {(t, R) : R > max{t/C,, R}} and

)
p(t,x,y) < cst™?exp (—M) (2.9)
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forge x,y € RY with (1, lx —y]) € {(t, R) : Ry < R <t/C,}, where R, is given in
Proposition 2.1.

Proof Using Proposition 2.3 above, [8, Corollary 3.28] and [1, Theorem 3.1], we have
pt,x,y) < c(t_d/“ \Y, t_d/2) exp(—EQ2t,x,y)) for qe.x,ye RY. (2.10)

Here E(2¢, x, y) is given by the following:

T(Y)(x) = / (VOO 12 (x, y)dy,

AW = ITW) oo V IT (=¥l oo
E(t,x,y) = sup{|¥(x) — ¥ ()| — tAW)? : ¥ € Lipg with A() < oo},

where Lipy is a space of compactly supported Lipschitz continuous functions on R¥.
Fix x0, yo € R? and let R = |xg — yo| > R.. Define

¥ (x) = AR — |xo —xDT.

So [¥(x) — ¥ (y)| < Alx — y|. Note that |¢' — 1> < r2¢2I"l. Hence

T (x) = / VOV 12 (x, y)dy < e*3? / lx — y[2J (x, y)dy <y A%e?.
So we have
2 21
— E(2t, x0, y0) < —AR + c1tr*e*. (2.11)

For each ¢ and R, take Lo > O such that

R
roe?0 = —. (2.12)
cit

Since xe>* is strictly increasing, it is easy to check that such A exists uniquely. Then the
right hand side of (2.11)isequalto —AgR/2.Let C, = (2¢ e)~! whichisless than 1 by
taking ¢y large. When R/(2ct) > e (i.e.,t < C4R),(2.12) holds with 1o =< log(R/?),
and when R/(2cit) < e (i.e., t = C4R), (2.12) holds with Ao < R/t. Putting these
into (2.10), we obtain the following; In the region {(¢, R) : t < C+R, R > R.},

R
plt.x,y) <@V v i) exp (—CzR log 7)

¢ R
—c (fd/“ v fd/z) (E) , (2.13)

and in the region {(¢, R) : t > C+R, R > R.},

pt,x,y) < 17 exp(—c"R?* /1),
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which gives (2.9).

To complete the proof, we need to discuss the former case more. When ¢ > 1,
the right hand side of (2.13) is bounded from above by ¢/(/R)*R, and when t < 1
and R > R* for some large R* > 1, it is bounded from above by c/(t/R)CzR_d/“ <
() R)“3R both of which give (2.8). So all we need is to consider the case t < 1
and R, < R < R*. But in this case, the desired estimate is already established in
Proposition 2.1(i). O

Now let’s consider a more general non-local Dirichlet form (£, F). Set

ECf ) = / / () = F@)2T (x, y) dx dy, 2.14)
Rd Rd
&
F=ClRY), @15

where the jump kernel J(x, y) is a symmetric non-negative function of x and y such
that J(x, y) = O for |x — y| > 1 and there exist «, 8 € (0, 2), B > « and positive
K1, k2 such that

kily —x|77% < J(x,y) <waly —x|7F forly —x| < 1.  (2.16)

Here &1(f, f) = E(f, ) + ||f||§, CCl (R?) denotes the space of C! functions on
R¢ with compact support, and F is the closure of C Cl (R?) with respect to the metric
E1(f, £)Y/2. The Dirichlet form (£, F) is regular on R? and so it associates a Hunt
process Z, starting from quasi-everywhere in R?. It is proved in [1] that Z is conser-
vative and has quasi-continuous transition density function ¢ (¢, x, y) with respect to
the Lebesgue measure on RY.

When ¢ € [1, 00), only the upper bound of the jumping kernel played a role in the
proofs of Proposition 2.2 and Theorem 2.3. Thus, combining with Theorem 1.2 in [1],
the following is true for Z.

Theorem 2.4 There is a constant ¢ > O such that
gt,x,y) < c@ v i=?) forge x,y e RY.

Moreover, there exist C1 < 1, R; < ;11 and cy, ¢, c3, c4 > 0 such that

t calx—yl |x_y|
qt, x,y) <ci ( ) = c]exp (—cz|x—y|10g )
lx =yl t

forg.e x,y € R4 (2.17)

with (t, |x — y|) € {(t, R) : t > 1, R > max{t/Cy, Ry}} and

calx —y)?

; ) forge x,y e RY (2.18)

q(t,x,y) <3t~ exp (—
with (t,|x —y]) e {(t,R) :t > 1,R1 <R <t/C1}.
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844 Z.-Q. Chen et al.

The above theorem will be used in the next section to prove the near-diagonal lower
bound for g (¢, x, y).

3 Heat kernel lower bound estimate

In this section, we give the proof of the lower bound estimate of the heat kernel. We
first record a simple observation, which sheds lights on the different heat kernel behav-
iors at small (stable) and large (Gaussian) scale. Recall that a finite range isotropically
symmetric a-stable process in R? with jumps of size larger than 1 removed is the Lévy
process with Lévy measure co(d, o) |h|_d_°‘1{‘h|§1}dh.

Lemma 3.1 Let X be finite range isotropically symmetric a-stable process in R with
Jjumps of size larger than 1 removed. For A > 0, define

Y =y #2700 = Xo) and 27 = 267 427 (X = Xo)-

Then the process Y*) converges in finite-dimensional distributions to a Brownian
motion on RY as . — oo and Z*) converges in finite-dimensional distributions to
the isotropically symmetric a-stable process as ). — 0.

Proof Recall that the Lévy exponent ¢ of X is given by (2.5). Clearly Y and Z»)
are Lévy processes as well, with

E [eis«Y,(“fYé“)] ) [eisrlﬂ(xmxg)] B O N &

and
Let ¢, (§) and v, (&) denote the Lévy exponents of Y™ and ZW, respectively. Then
we have by above and (2.6) that
1 —
$1.(6) = 2p (11 2E) = 21 g — i @
|x|d+a

{reRd:|x|<A~1/2g])

which converges to c|& |2 as L — 00. Moreover, there is ¢; > 0 so that

195.(E)| < c11€]>  forevery& e RY and A > 0. (3.2)
Similarly,
1/ o 1 —cosx;
V() = 1 07117 = ¢ [ e 69

{xeR%:|x|<a~ 1/ |g])
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Heat kernel estimate for finite range jump process 845

which increases to ¢2|§|* as A | 0, where 2 = [pa %dx. This proves the

lemma. m|

Inequality (3.2) will be used later in the proof of Theorem 3.4.

Now let’s consider the more general non-local Dirichlet form (€, F) in (2.14)-
(2.15). Recall that the jump kernel J(x, y) for (£, F) is zero for [x — y| > 1 and
satisfies the condition (2.16), and ¢(z, x, y) is the transition density function for the
associated Hunt process Z with respect to the Lebesgue measure on RY.

Define

) 12/(2—8)

p(x)=c (1 — |x? 1p0,1)(x),

where ¢ > 0 is the normalizing constant so that fRd ¢ (x)dx = 1.

The following proposition is an immediate consequence of the Assumption (2.16)
and Theorem 5.1 in Sect. 5 below. As mentioned earlier, to keep the flow of our proof
for heat kernel estimates, we will postpone its proof to Sect. 5.

Proposition 3.2 There is a positive constant c; = c1(d, a, B) independent of r > 1,
such that for every u € LY(B(0, 1), ¢dx),

/ (u(x) — up)’p(x)dx
B(0,1)

<o / W) — w3 K2 T (rx, rIB DB () dxdy.

B(0,1)xB(0,1)

Here uy = fB(O,l) u(x)p(x)dx.

Remark 3.3 The above weighted Poincaré inequality in fact holds for more general
weight function ¢. See Sect. 5 for the details. O

For § € (0, 1), set

J(x,y) for [x — y| = 4;

3.4
koly — x|747F for |x — y| <8, G4

Js(x,y) = H

and define (£%, %) in the same way as we defined (£, F) in (2.14)~(2.15).

For 8 € (0, 1), let Z® be the symmetric Markov process associated with (€ 8 Fby.
By [1], the process Z° can be modified to start from every point in R and is con-
servative; moreover Z° has a quasi-continuous transition density function ¢° (¢, x, y)
defined on [0, 00) x RY x RY, with respect to the Lebesgue measure on R4,

The idea of the proof of the following theorem is motivated by that of Proposition
4.9 in [1]. For ball B(xg,r) C RY, let qa'B(m”)(z, x, y) denote the transition density
function of the subprocess Z8*0:") of Z killed upon leaving the ball B(x, r).

Theorem 3.4 Suppose the Dirichlet form (€, F) is given by (2.14)—(2.15) with the
Jjumping kernel J satisfying the condition (2.16) and Js is given by (3.4). For each
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80 > 0, there exists ¢ = c(89) > 0, independent of § € (0, 1) such that for every
xoeRYandt > 8,

qS,B(xo,t]/z)(t,L y) = ct™? foreveryt>8y and gq.e.x,y € B(xp,1/2) (3.5)

and

—d/2

q‘s(t, X,y)>ct foreveryt > 8y and gq.e.x,y with |x — y|2 <t. (3.6)

Proof In view of [1, Theorem 4.10], it suffices to prove that there are 7y < 1/2 and
¢ > 0, independent of § € (0, 1), such that (3.5)—(3.6) hold for ¢ > to_l. In fact, if

So < to_l and g <t < to_l, we let ng = 1 4+ [2/4/f0d0], where [a] is the largest
integer which is no larger than a. By [1, Theorem 4.10], we have

3, B(x0.8,

2 So -1 1/2
q (s,x,y)>co, forevery— <s=<f, and x,y € B(xp, 38, /4
no

(3.7)

where the constant ¢ is independent of § and xg € R4. Given x, y € B(xo, NG /2),
let zy - - - zpy—1 be equally spaced points on the line segment joining x and y such

that x € B(z1,38,%/4) C B(z1,8y>) C B(xo,1"/%) and y € B(zuy—1,38,°/4) C
B(zpy—1, 85/2) C B(xo, t'/?). Using (3.7) and the semigroup property, we have

qS,B(xo,tl/z)(t’ X, y)

8,B(xp, 1'%
= q (xo )(t/no,x,w])...
B(xo,t1/?) B(xo,t1/%)

12
g> B0 (¢ /g, Wnp—1, Y)Awi ... dwy,—1

12
> q‘S’B(Z"‘SO N(t/ng, x, wi) ...

B(z1.38)7/4)  Blzny-1.38,/4)

172
8,B ,0 ~ ~od/2.—d/2
q (@ng -8 )(t/no, Wno—1, VAW ...dwyy—1 > Co > Co5o/t /2,

Similar argument gives (3.6) when &y < 7, Vandr e [0, 7y 1].

Fix § € (0, 1) and, for simplicity, in this proof we sometimes drop the superscript
“8” from Z% and ¢°(¢, x, y). For ball B, := B(0,r) C R?, let g% (¢, x, y) denote the
transition density function of the subprocess Z % of Z killed upon leaving the ball B, .
Then by the proof of Proposition 4.3 in [1], there is a constant c; = ¢ (8, ) > 0 such
that

qB’(t,x, y)>c1(r — |x|)’3(r — |y|)ﬁ forevery t € [r2/8, r2/4] and x,y € B,.
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Define

12/2-p)
) 15 (x).

or(x) = (7 =

It follows from Lemmas 4.5 and 4.6 of [1] that for every t+ > 0 and yg € B,
g% (t,x,y0) € FP and ¢, ()/q% (t, x, yo) € FB, where (£, FP) is the Dirich-
let form for the killed process Z 2.

Note that the Dirichlet form of {r='Z,2,, ¢ > 0} is (£, F), where

£V (u, u) = / () = u()’r 2 J5(rx, ry)dxdy (3-8)
R4 xR4
FO = {u e L2 u,u): EV(u, u) < OO} = WHZ2RY).

By (2.16) and (3.2), there are constants c¢3, ¢3 > 0 independentof » > 1 and § € (0, 1)
such that for every u € WH2(R") ¢ WA/22(RY),

£ (uu) < e / 6, (©)T(E)PdE < c3 / V() 2dx. (3.9)
Re R4

Here u denotes the Fourier transform of u.
Define

q,B (t,x,y) = rqu’ (rzt, FX,ry). (3.10)

Itis easy to see qu (¢, x, y) is the transition density function for process ! ZrB{t. The

latter is the subprocess of {r_IZrzt, t > 0} killed upon leaving the unit ball B(0, 1),
whose Dirichlet form will be denoted as (£, F)-8) Tt follows from above there is
a constant ¢4 = c4(8, r) > 0 such that

qBt,x,y) = ca(U—|xDP(1 — |y])?  foreverys € [1/8, 1/4] and x, y € B(0, 1).

Recall that

12/(2—

B
o0 =cs(1=1x) " Lp ).

where c¢5 is a normalizing constant so that f]Rd ¢(x)dx = 1. Let xo € B(0, 1) and
Define
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848 Z.-Q. Chen et al.

u(t, x) = qP(t,x,x0), vt,x) = qPt, x,x0)/p(x)"?,

H() = / ¢ (y)logu(t, y)dy,

B(0.1)
Gty = / () log v, y)dy
B(0.1)
1
- / B logutt, Ndy — 5 / 6 () log ¢ (x)dx
B(0,1) B(0,1)
= H({) - cs.

By Lemma 4.7 of [1],

G'(t)=—-&V (u(t, ), %) . (3.11)

(The reason we work with Js rather than J is so that we can use [1, Lemma 4.7] to
obtain above (3.11). The remainder of the argument does not use the condition on Js,
and in particular the constants can be taken to be independent of § € (0, 1)).

Write J ) (x, y) := r?t2Js(rx, ry) and Kg)(x) = 2fRd\B(0,1) J (x, y)dy for
x € B := B(0, 1). Then we have from (3.8) and (3.11),

G'(1) = — / [”Ef(’ty l)_u Z(t;; Mt 0060 = $ut, IO x, y) dy di
B B

- / $ ()Y (x)dx.
B

The main step is to show that for all 7 in (0,1] one has

G'() = —c7 + ¢ / (logu(t, y) — HOY () dy . (3.12)
B

for positive constants c7, cg.
Setting a = u(t, y)/u(t,x) and b = ¢(y)/¢(x), we see that

[u(t,y) —u(t, x)]

u(t, x)u(t, y) [u(t, x)p(y) — d(x)u(t, y)l

b
=¢(x)(b———a+1)
a

172
= $(x) [((1 — b1/2)2 b2 (# + bT — 2)] . (3.13)
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Using the inequality
1 2
A+X—22(logA), A >0,
with A = a/+/b, the right hand side of (3.13) is bounded above by
(@) =) = Vo) (y) logu(t, y) —logv(t, x))*.

Substituting in the formula for G’(r) and using Proposition 3.2,

H() = G'(1) = —cot / / (log (t. y)— log v(t, \)2/BEIS (NI (x. y) dx dy

B B

o+ 10 / (log v(r, ) — G(1)2(y) dy
B

v

v

—c11 + 612/(10g u(t,y) — H(t)*¢(y)dy ,
B

which gives (3.12). Note that in the first inequality we used the fact that

/ / @) — oMY (x, y)dx dy + / Py (x)dx
B B B
= EN (P2, /%) < 0,

which follows from (3.9) and in the last inequality we used the fact that
[togutt. )~ H@ody
B

=/(logv(t,y) ~G) + S log () — c6) B (y) dy
B

< 2/ (logv(t, y) — G(1))* ¢ (y)dy + 2/ (3 logp(y) — 66)2¢(y) dy
B

B

= 2/ (logv(t, y) — G(t))2¢(y) dy + c13.
B

Let g, (¢, x,y) := rdq(rzt, rx, ry), which is the transition density function with
respect to the Lebesgue measure on R? for the process Z,(r) = r_erz,, whose non-
local Dirichlet form is given by the jumping intensity measure r¢+2J (rx, ry). Using
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Theorem 2.4 and the fact that Ry < 1 < ﬁ where R; is given in Theorem 2.4, for

i)
rr>1,

P, (z}” ¢ B(x, | /4))

= / rdq(rzt, rx, ry)dy

B(x,1/4)¢
= / q(r’t,rx, 2)dz
B(rx,r/4)¢
<cu / e~ C1slz—rxl dz

{zeR4:Cy |z—rx|>max{Cr/4, r?t}}

2
. ci7lz —rzl
Ty / 4 exp (—T) dz
r
{zeR4:r21=C1lz—rz|=C1r/4}

r2t/Cy 5
—ci5lw] —d ,—d/2 €178 d—1
<cig e dw + cq9 r %t exp e s ds
r
{weRd:|w|>r/4} r/4
o
—ci5|w| 2 d—1
<cig / e dw+cy9 / exp (—cnu )u du.
{weRd:|w|>r/4) 1/(44/1)
Let 79 € (0, 1/2) be small so that
o0
c19 / exp (—c17u2) uldu < 1/16
1/(4/10)
and
c18 e~ sl gy < 1/16.
{weRe:|w|>1/(4/1)}
We then have

P, (z}” ¢ B(x, 1/4)) <1/1641/16 = 1/8  forevery r > 15/ and 0 < 1 < 1.

By Lemma 3.8 of [1], we have for every r > 15 /%,

P sup (20 -z > 174 ) < 1/4.
s€[0,10]
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Therefore, with r > ¢, 1/ 2, for every t < 1y,

u(t,x)dx > ]P’o( sup |2 — Z(()r)| < 1/4)
s€[0,10]
B(0,1/4)

=1 —Po( sup |20 —zZ\"| > 1/4) >3

s€[0,10]

Here the conservativeness of Z ,(r) is used in the first equality.
Choose K such that ug(B(0, 1/4))e™ K = ;lt and define

D, :={x € B(0,1/4) : u(t, x) > e~ X}.

By Proposition 2.2, if t < 1y

%5 / u(t, x)dx =/u(t,x) dx + / u(t, x) dx

B(0,1/4) Dy B(0,1/4)\D;
< c20t ™ g (D) + 1a(B(0, 1/4))e= %

_ 1
= c0t ™% g (D) + vk

Therefore

td/a

wa(Dy) = >cpn >0 ifrele/4, 10l

Note that the positive constant co» = c¢22(¢) can be chosen to be independent of

r>1;"* and xo € B(0, 1/2).
Jensen’s inequality tells us that if r <ty

H() = / (logu(t, x))p(x) dx < 10g/u(t,X)¢(X)dx <logl¢llec :=H.

B B

On D;, logu(t, x) > —K so there are only four possible cases:

(@) Iflogu(t,x) >0 and H(t) <O0,then (logu(t,x) — H(t))> > H(t)%.

(b) Iflogu(t,x) >0 and 0< H(t) < H, then

(logu(t,x) — H®)* = 0= H@)> — H".

(¢ If —K <logu(t,x) <0 and |H(t)| = 2K, then (logu(t, x) — H(1))? >

TH®.
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(d If —K <logu(t,x) <0 and |H(?)| < 2K, then
2 1 2 2
(logu(t,x) — H(t))" >0 > ZH(t) — K-
Thus we conclude
1 _
(logu(t, x) — H(1))* > ZH(;)Q —(HVK)? onbD.

Since ¢ is bounded below by c¢23 > 0 on B(0, 1/4), then

1 / (logu(t, x)—H (1))*¢p(x)dx — c11 > c1n / (logu(r, x)—H (1))*¢ (x)dx—c1
B

Dy

> caupa(D) (§HWO=(H v K)?) —enn.
We therefore have
H'(t)> FH@)? —E, t€le/4 1]

for some positive constants E and F that are independent of r > ¢, 12

Now we do some calculus. Let 1, € [¢/2, t9 A 2] and let Q := max(16E,
(16E/F)'/?). Suppose H(t;) < —Q.Since H'(t) > —Eandt) —t <19 A2 <2,

H(ty) — H(t) > —2E fort € [e/4, 1] (3.14)

This implies H (1) < —Q/2. Since FQ?/4>4E,E < gH(t)2 and hence
/ F 2
H'(t) > EH(I) .

Integrating H'/H? > F/2 over [£, 1] yields

L] <—£(1‘ —8/4)<—E
H(n) HE4 — 272 =8

Since H(e/4) < —Q/2 < 0,we have 1/H(t;) < —F¢/16, that is,
Hty) > 16
Y="TFe

This proves that either H(t2) > —Q or H(t2) > —16/(F¢). Thus in either case,
H(ty) > —U, where U = U (¢) := max{Q, 16/(F¢)} > 0,and so G(t) = H(t2) —
ce > —U —cq.
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Now for every xg, x; € B(0, 1/2), applying the above first with xp and then with
xo replaced by x1, we have

logq? 2, x0, x1) = 10g/qu(t2,XO,z)qu(tz,m,z) dz
B

> log / a2 (t2, x0, 2092 (12, x1, )¢ (z) dz — log ||l 0o
B

> [ 1og (4 t2030. 20 2,31, 2)) 92 dz ~ og 10

B

=/logqf(tz,xo,z)ﬂz)dz+/10gqf(tz,m,z)¢(z)dz
B B
—log[[#llo

> =2(U + c26),

thatis, g% (212, x0, x1) > e~2W+e) A repeated use of the semigroup property (but at
most 2/t more times) then shows qu (t, x0, x1) > c27(¢) for every t € [¢/2, 2] and
x0,x1 € B(0, 1/2). Taking & = 1/4, we have for every r > 1, /%, x, y € B(0, 1/2)
and 7 € [1/4,2],

rdgB (2t rx,ry) = qP(t,x, y) > cas,

in particular,

g5 (o, rx, ry) = cosr ™.
Thus we have

g OV, x,y) = et forr =15 and x,y € B0, V1/2).

Clearly the above inequality holds with B(0, v/7) and B(0, +/1/2) being replaced by
any other ball B(xo, /) and B(xo, +/1/2) of the same radius, respectively. Conse-
quently,

/2 fortzto_1 and |x—y|2§t.

gt x,y) = qPOND (1 x, y) = et
This proves the theorem. O

For any ball B C RY, let & 5B 8.8 ) denote the Dirichlet form of the subprocess
758 of 7% killed upon leaving the ball B. It is shown in [1, Theorems 1.5 and 2.6] that
(&2, F%) and (%8, F%B) converge as § — 0to (£, F) and (8, FB), respectively
in the sense of Mosco, where B is a ball in R?. Therefore the semigroup of Z% and
758 converge in L? to that of Z and Z &, respectively. By the same proof as that for
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[1, Theorem 1.3], we deduce from Theorem 3.4 the following lower bound estimate
for the heat kernel of Z, which extends Theorem 1.3 in [1].

Theorem 3.5 Suppose the Dirichlet form (£, F) is given by (2.14)—(2.15) with the
Jjumping kernel J satisfying the condition (2.16). For each ty > 0, there exists c; =
c1(tg) > 0, such that for every xo € R4, ¢ > 1o,

qB(XO”l/z)(t, X, y) > cyt™4/? forq.e. x,y € B(xp, v/1/2)

and

/2

q(t,x,y) >cit” for q.e. x, y with |x — y|2 <t.

Now we return to the case for the Dirichlet form (Q, D) given by (1.2)—(1.3).

Theorem 3.6 There exist cq, c1, c2, 3, ¢4 > 0 such that

co =472 whent > R, |x — y[> <1,
calx—yl
pt,x,y) = 1ci (\x_iy\) when [x =yl 2 max{t/Co, Rok - (3.15)

|2
e3t=4/2 exp (_M) when Cylx — y| <1 < |x — y|2,

where Ry and C, are the constants given in Proposition 2.1 and in Theorem 2.3,
respectively.

Proof By Theorem 3.5, we only need to show the second and third inequalities in
(3.15). We first prove the second inequality in (3.15). Let R := |x — y| and ¢4 :=
(4/Ry) Vv (Cy/T,) = 1. Letl > 2 be a positive integer such that c; R < [ <
c+R + 1 and let x = xq, x1,...,x = y be such that |x; — x;41| < 2R/l < 2/cy
fori = 1,...,1 — 1. (Here we used the fact that RY is a geodesic space.) Since
t/l < C4R/l < Cy/cy < Ty and 2R/1 < 2/c, < R,/2, by Proposition 2.1(ii), we
have for all (yi, yi+1) € B(xi, Ri/4) X B(xi+1, Rs/4)

(/1)

(R/l)d+04) =l ((t/l)*d/oz A (t/l)):clt/l,

(3.16)

p(/L, yi,yiy1) = co ((t/l)d/“ A

sincet/l < T, < 1.Let B; = B(x;, R./4). Using (3.16), we have

p(t,x,y) Z/ / p/lx,y1)...pQt/L, yi—1, y)dy1 ...dy—

By Bi—1
> cy(t/ DI et/ 1) = (est/D =< (eat/[R)RT = es(t/R)“F,

and the proof is completed.
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We next prove the third inequality in (3.15). Take maximum /! € N such that
t/1 < (R/D?* then R/t —1 <1 < R?/t.Sincet > C4R, wecantaket/l > C2.Let
X = X0, X1,...,Xx] =y besuch that |x; — xj4+(| < R/l fori =1,...,1 — 1. Since
(R/l)2 =t/l> Cf, by Theorem 3.5, we have

p(t/1, X, xi41) = c1(t/ D72 (3.17)

Using (3.17), we have

p(t,x,y)z/..- / p/lx,y1) ... p(t/L, yi—1, y)dyr .. .dyi—1
By B
= 1o/ DRI (2 7R/ DY)
> o1 (t/ )~

> c1(t/ D)™ exp(—cal)

2
cslx —
> gt~ exp (——5| ; i )

This completes the proof. O

Remark 3.7 In [12], the following two-sided transition density function estimate was
obtained for the relativistic «-stable-like process where J (x, y) < [x—y| —d—ap—lx—yl;
fort < 1:

t
en (71 8 e ) =

t
—d/a —calx—y|
=c3\! A e .
( lx — yl““)

Theorems 2.3 and 3.6 show that when |x — y| — o0, the behavior of the heat kernel
for finite range «-stable-like process is different from that of relativistic «-stable-like
process.

We will use the following near diagonal lower bound for the killed process in the
next section. Recall that R, € (0, 1) is the constant given in Proposition 2.1(ii).

Proposition 3.8 For every c¢1 € (0, 1), c2, c3 > 0, there is a constant c4 > 0 such
that for every xo € RY andr < R,,

—d/a

pB(x‘”)(t,x, y)>cqyt forgq.e. x,y € B(xg,cir) and t € [cor®, c3r®].

(3.18)
Proof Let k := ¢2/(2¢3) and B, := B(xo, r). We first show that there is a constant

¢s € (0, 1) so that (3.18) holds for every r < R,, quasi-every x, y € B(xg, c1r) and
t € [k c5r®, c5r*]. We will use the following Dynkin—Hunt formula, which is easy to
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establish using the strong Markov property, since we know the existence of the heat
kernels:

PP, x,y) = pt, x,y) = E¥[1jry, < p(t = T8,, X, Y. (3.19)

Forr < Ry and t € [k c5r%, c5r¥], and x, y € B(xp, c1r), by (3.19) and Proposition
2.1(i) and (i) (Jx — y| < 2¢17 < 2¢q(kes) ™1 /@~ 1) we have

I+d /o — _ I —1p,
pBrt,x,y) > c605+ fay=dfe_ B [l{fBrSl‘} ((I—TB,) dfe \ m)} ,
B,

(3.20)
where constants cg, ¢7 are independent of c5 € (0, 1]. Observe that
|Xey, =yl = (A —c)r, t—71p <t =<csr"
and so

14+d/a
t— TBr I — rBr c5 —d/oc

< <
| Xz, — y19FT% = (1 —cpr)dte = (1 —cpdte

(3.21)
Note that if c5 < ((1 — ¢1)/2)%, by Proposition 2.1 (i), for r < c5r¢

Py (X; ¢ Blx, (1 — c))r/2)) = / p(t.x.y)dy
B(x,(1—cy)r/2)¢

t t
<c7 —————dz < cg— =< cg¢s
|x _ y|d+(x ro

B(x,(1—cp)r/2)¢
where cg is independent of c5. Now applying [1, Lemma 3.8], we have
Py (tB(x,(1—c)r) < 1) < 2cg0s. (3.22)

Consequently, we have from (3.20), (3.21) and (3.22)
C1+d/ot
By I4+d/a 5 —d/
prtx,y) = (C6C5 T opydra cl)dﬂpx (v8, < t))t «

1+d/ C;er/a d
} B
z\oocs T g yarat (tB.(1—enry < 1) 1

1+d c5 _
> CS+ fo (C6 — 2C8€7m)t d/ot‘
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Clearly we can choose c5 < ((1 — c1)/2)* small so that pB’ (t,x,y) > cot~4/%_ This
establishes (3.18) for any xg € R, r < Ry and t € [k c5r?, csr¥).

Now forr < Ryand? € [car?, c3r®], define kg = [2¢3/cs5]+ 1. Herefora > 1, [a]
denotes the largest integer that does not exceed a. Then t/ kg € [k c5r, c5r*]. Using
semigroup kg times, we conclude that for q.e. x, y € B(xg, c¢;r) andt € [cor®, c3r®],

pBeO (1, x, y)
= / / pBEOD (1 /Ko, x, wr) . ..
B(xo,7) B(xo.7)

pB(xo,r)(t/kO’ Wp—1, y)dwy ...dw,—1

- / / PO (1 ko, x, W) ...

B(xo,(t/ ko) /2)  Blxo,(t/ko)/%/2)

pB(XOJ’) (t/k(), Wp—1, y)dw] e de—]

ko—1
> co(t/ ko)™ (eo(t/ ko)™ c1r)

> ciot e,

ko—1
where ¢ := cl;"kg/a (C1C9c5_d/a) ’ . The proof of (3.18) is now completed. O

4 Applications of heat kernel estimates
4.1 Parabolic Harnack inequality

We first introduce a space-time process Z; := (Vy, X;), where Vi = Vg — s. The fil-
tration generated by Z satisfying the usual condition will be denoted as {F; s > 0}.
The law of the space-time process s +— Z starting from (¢, x) will be denoted as
P@,

We say that a non-negative Borel measurable function 4 (¢, x) on [0, 00) x R is
parabolic (or caloric) on D = (a, b) x B(xg, r) if for every relatively compact open
subset Dy of D, h(t, x) = E(”")[h(Z,Dl)] for every (1, x) € D; N ([0, 00) x RY),
where tp, =inf{s > 0: Z; ¢ D1}.

For each r > 0, we define

V(r) =r*vrl

Theorem 4.1 For every § € (0, 1), there exists ¢ = c(«, 8) > 0 such that for every
Xg € RY, to > 0, R > 0 and every non-negative function u on [0, 00) X RY that is
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parabolic on (ty, to + 65¥ (R)) x B(xg, 4R),

sup  u(ty,y1) <c inf  u(n, y), 4.1)
(t,y1)eQ- (12,y2)€0+

where Q_ = (to + 3¢ (R), to + 28v(R)) X B(xg, R) and Q4+ = (to +38¢¥ (R), to +
459 (R)) x B(xg, R).

To prove the theorem, we need one notion and one lemma. According to [2], we
say (UJS) holds if

1
J(x,y) < id / J(x', y)dx" whenever r < Elx —yl, x,y e R (UIS)
7
B(x,r)

For R > 0, we say (UJS)<g holds if the above holds for all x,y € RY and r <
VAR

It is easy to check that finite range jump process satisfies (UJS)<;.

The following lemma corresponds to [11, Lemma 4.9] (also [12, Lemmas 6.1]). The
statement is changed (in the sense that the size of two space-time balls are different
and the initial points are also different) and the proof requires major changes from the
original ones.

Lemmad4.2 LetR < R,and§ < 1. Q1 = [to0+25R%/3, to+55R*] x B(xg,3R/2),
Q> = [to + 5RY/3, to + 66R*] x B(xg,2R) and define Q_ and Q+ as in Theorem
4.1. Let h : [0, 00) x R? — R4 be bounded and supported in [0, 00) X B(xg, 3R)°.
Then there exists C1 = C1(8) > 0 such that the following holds:

ENID[h(Zep )] < CLEC Y [R(Zey )] for (11, y1) € Q— and (12, y2) € Q.

Proof Without loss of generality, assume that zp = 0. Denote B.g = B(xp, cR).
Using the Lévy system formula,

B2 [h(Zep )] = B[Rty = (toy A (12 — SR /3)), Xep  n(12-5R2/3))]

1n—8R% /3
= [E\2:72) / l{tSIBZR}dt/h(tg—t, v)J (X;, v)dv
0 BgR
n—8RY/3
— h(ty —t, v)dt / E") <y 1T (X1, 0)]dY
0 By

%]

/ h(s, v)ds / E©2) I:l{tz—sﬁrBZR}](th—Sv U)] dv

SRY/3 BSg
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n
= / ds/h(s, v)dv/pBM(tz—s,yz,z)J(z, vdz  (4.2)
SR*/3  BS, Bog
1]
> / dS/h(s, v)dv/pBZR(tz—s,yz,z)J(z, v)dz
SRY/3  BS, Bag
1

> / ds/h(s,v)dv/ pBR(t1y—s, y2,2)J (z, v)dz. (4.3)
SR%/3 ng B3R/2

Since 66R* > tp —s > th —t; > 6R* fors € [§R*/3, t1], by Proposition 3.8, we
have that the right hand side of (4.3) is greater than or equal to

15l
% / ds/h(s,v)dv / J(z,v)dz.

SR*/3 BZgR B3R/2

So, the proof is complete once we obtain

1

E(lls)’l)[h(zrgl)]i% / ds/h(s, v)dv / J(z,v)dz. (4.4)

SR*/3 B, B3r)2

Analogous to (4.2), we have by using the Lévy system,

1
Bzl = [ ds [ by [ pP - s od
26R%/3 B,%.R B3gr)2

Since

/ pB3R/2(tl —5,y1,2) / J(z,v)h(s, v)dvdz

B3R BS,
= / PB3R/2(I1—S,y1,Z)/J(Z, V)h(s, v)dvdz
Bsga BS,
+ / pPRR(1 — 5,31, 2) / J(z, v)h(s,v)dvdz = I + b.
B3r/2\Bsr/4 BSp

When z € B3g/2\Bsgys, we have |y; — z| > R/4, so by Proposition 2.1(i), pfwz

v1,2) < C3R_d for some constant c3 > 0 and fé‘ I ds is less than or equal to the
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right hand side of (4.4). For z € Bsg/4 by UJS<1,

/J(z, (s, v)dv < % / /J(z/, Wh(s, v)dvdz

B3k B(z,R/6) B3y

% / /J(Z/’”)h(sﬁv)dvdz/

B3gr/2 BSp

since B(z, R/6) C B3g/2. Since the right hand side of the above inequality does not
depend on z anymore, multiplying both sides by pB3*/2(t; — s, y1, z) and integrating
over z € Bsg/4 (and further integrating over f2t(13R0‘/3 ds), we obtain fot' Iids is less
than or equal to the right hand side of (4.4). This proves the lemma. O

Proof of Theorem 4.1 Let R, denote the constant given in Proposition 2.1. We first
consider the case that u is non-negative and bounded on [0, co) x R4,

(1) Suppose R < R,/2. Whent € (0, R¥] and |x — y| < R,, one can prove [11,
Lemmas 4.11] (also see [12, Lemma 6.2]) from our heat kernel estimates in Prop-
osition 2.1. Given our Lemma 4.2 and the lemmas corresponding to [11, Lemmas
4.11 and 4.13], the proof of the parabolic Harnack inequality is similar to those
in [11,12] with some modification. We skip the details here. Interested reader
can find its full proof in [10].

(2) Suppose R € (Ry/2,1] and let (¢1,x1) € Q_ and (2, x2) € Q4. Without
loss of generality, we may assume xo = 0 and 7o = 0. We further assume that
|x1 — x2| < R4/8. If not, we just repeat the argument below at most 16[ R/ R*]
times.

For notational convenience, denote R,/2 by r, and let Bl = B (x1, %), B? =
B(x1, ry/2). Define

Q1= (0 +5¥ (), 11 + Y () x (Bl\Bz) and Q2 =[0,12] x B.
Since u is parabolic, by the case (1) but with

(h =2y (o), 1+ 59 @r)) x B' and (1 + 3¢ (o), 61 + 32y (r) x B!

in place of Q_ and Q respectively, we have

u(ty, x3) = %) [M(ngz)]

= B [U(Zeg,) : Zeg, € O1] = crutn, x) PO (Zrg, € 01).
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Since |y — z| < 2r = Ry, < 1 for every (y,z) € B> x B!, we have by the Lévy
system formula for X that

pli2.x2) (er2 c Ql) =P© (XTB2 e B n—n—By(r,) < tie < - t1——1ﬂ(r*))

- ll—g'//(r*)

B
(s,x2,y)
[

2
[2*[]*41#(”*)3 BI\BZ

v

n—n —%WV*)

2
3 / /pB (s, x2, y)dyds

2
Tz*llf%(s‘//(r*) B

v

for some positive constants ¢; = c2(«, d) and ¢3 = c3(«, d, R,). Note that
() St —t = 3P (r) <t — 1 — §Y(r) < 38Y(2r).
Applying Proposition 3.8 to sz (s, x2,y), we have

—t1= 59 (r)

P (Zsz € Ql) =4 / / s~ pa(dy)ds
O

> sy (ry) > 0.
This proves that u(f;, x2) > ceu(t1, x1) for some positive constant cg=ce(d, @, Ry, ).

(3) Now let’s consider the case R > 1. We will use balayage; see [6, Chap. VI] for
details, and see [1, Theorem 1.7] and [2, Proposition 3.3] for similar arguments.
Without loss of generality, we may assume xo = Oand#y = 0.Let B = B(0, 4R),
B’ = B(0,3R), E = (0,65%(R)) x B’, 0 = (0, 65¢/(R)) x B. As in the proof
of [1, Theorem 1.7], we define u g, the réduite of u with respect to E by

up(s, x) = ESYu(Vr,, Xr,) : Tg < 10,

where Tg = inf{s > 0: Z; € E};thenu = ug on E. By the balayage formula,
there exists a measure vg supported on E such that

ug(t,x) :/pB(t —r,x,2)ve(dr,dz) for all (z,x) € Q, 4.5)
E

where pB(s,x, y)=0ifs < 0.
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Let (#1, x1) € Q_ and (#2, x2) € Q4 and observe that
38V (R) >th —r>1t) —t1 > §Y(R) for every r € [0, 11].
It follows from Theorem 3.5 and semigroup property that
pB(tz—r,y,Z) chR_d, forally,zeﬁ,re [0, 1].

The above gives us that

I I
ug(ty, x3) > / pBt —r,x,)vedr, dz) > R—ldvE([O, ]l x B).

[0,61]x B’

Thus in order to prove the parabolic Harnack inequality, it suffices to show the fol-
lowing for each (¢, x1) € Q_;

up(ty, x1) = / pB(t — 1 x1, D)ve(dr, dz) < %VE([O, 1l x B'). (4.6)

[0,611x B’

Since the jumps of the process X are bounded by 1 and R > 1, ug is parabolic
(caloric) on (0, 63 (R)) x B(0, 2R). It follows that the support of v is contained in
E\(0, 66 (R)) x B(0,2R). Thus, we can write

ug(ty, x1) = / pB(t1 —r, x1, 2D)ve(dr, dz),
Fi(t)HUFR

where Fi(t) := [0,¢] x (B\B(0, R)), F» = {0} x B'. If (r,z) € Fi(t;), then
|[x1 —z| = R, so by (2.3) when #{ — r > §¥(R) and by Proposition 2.1 (i) and
Theorem 2.3 otherwise, we have pB(t1 —rXx,z) < C3R_d. If (r,z) € F,, then
t1 —r > 8¢ (R) and by (2.3) again, we have pB(t1 —rXxg,2) < C3R_d. Thus,

c3 (&) —
ugp(tr, xy) < FVE(FI(II) U) < FVE([O, hlx B)

and (4.6) is established.

Finally, we will prove (4.1) when u is not necessarily bounded on [0, 00) x RY . LetU
be abounded domainsuchthat Q_ U O, C U C U C (ty, to+68y (R)) x B(xo, 4R).
For any n € N, define u,(t, x) = E"Y[(u A n)(Z,)]. Then u, is non-negative
and bounded on [0, c0) % RY, parabolic on U and lim,—  u,(f, x) = u(t, x) for
x € [0, 00) x RY. From the above arguments, we see that (4.1) holds for u,, with the
constant ¢ independent of n. Letting n — 0o, we obtain (4.1) for u. O

By the same proof as that for [11, Theorem 4.14] or [12, Proposition 4.14], we have
the following Holder continuity for parabolic functions.
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Theorem 4.3 For every Ry € (0, 1], there are constants ¢ = c(Ry) > 0 and k >
0 such that for every 0 < R < Ro and every bounded parabolic function h in
0(0, x0, 2R) := (0, 2R)¥) x B(xo, 2R),

K
(s, 2) = h(t, V) < ¢ hlloe.g R (1 = 51" + |x = y1) )

holds for (s, x), (t,y)€Q(0, xo, R), where ||h|co.R = SUP(; y)e[0, (2R)*]xRY |h(t, v)I.
In particular, for the transition density function p(t, x,y) of X, for any ty € (0, 1),
there are constants ¢ = c(ty) > 0 and k > 0 such that for any t, s € [tg, 1] and
(xi, vi) € R x RY withi = 1,2,

((—d+) [ (I 1/a
0

K
+ |x1 —x2l + [y — yzl) .
4.8)

Ip(s, x1, y1) — p(t, x2, y2)| < ¢ t—s|

Remark 4.4 (i) Since the heat kernel p(¢, x, y) is Holder continuous, the estimates
derived in previous sections for p(¢, x, y) hold for every x, y € R4,

(i) Note that the proof of Theorem 4.3 needs only the short time heat kernel esti-
mates in Proposition 2.1 on p(t, x, y) for t € (0, T*] and for q.e. x, y € R?
having |x — y| < R, for some T, € (0, 1) and R, € (0, 1]. Therefore as long
as a pure jump symmetric strong Markov process Y has a transition density
function p(¢, x, y) that has the two sided short time finite range estimates as
that in Theorem 4.3 for t € (0, fp) and (x, y) € R? x R? with |x — y| < rg
for some ty and ro > 0, it can be established directly from these heat kernel
estimate that every bounded parabolic functions of Y is Holder continuous. If
in addition we have (UJS)< and the lower bound on the heat kernel pB (t,x,y)
as in Proposition 3.8, then the parabolic Harnack inequality (Theorem 4.1) can
be proved for R < R, /2.

(iii) In fact, (UJS)< is necessary for the parabolic Harnack inequality for R < 1.
This is proved in [2, Proposition 4.7] for the discrete space setting, and the proof
for the continuous space case can be found in [10].

(iv) There is aminor gap in the proof of [12, Lemma 6.1]. Condition (UJS)<; should
be imposed on the jumping kernel J for this lemma and consequently for the
main results (such as Theorems 1.2 and 4.12) of [12]. Note that (UJS)<; is auto-
matically satisfied if = 11in (1.12) of [12] (corresponds to the case y; = y» =
0). A sufficient condition for J to satisfy condition (UJS)< is that the function
¥ in (1.12) of [12] has the property that ¥ (r + 1) < co ¥ (r) for every r > 1.

Suppose that Y is the Hunt process associated with Dirichlet form (Q, D) given
by (1.2)—(1.3) whose jumping intensity kernel J(x, y) has the property that J(x, y)
1{(x,y): d(x,y)>«} 1 bounded and

c(x, y)
J(x,y) = ——— f -yl <1 d
() = forle =yl =1 an
sup / J(x, y)dy < oo, 4.9)
xeR4

{(yeR4: |y—x|>1)}
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where c(x, y) is a function that is bounded between two positive constants and is
symmetric in x and y. Then by the Meyer’s construction method (see [1, Lemma 3.6]
and [3, Lemmas 3.1(c) and (3.18)]), the process Y can be constructed from the finite
range «-stable-like process X having jump intensity kernel pf_();—"?l?ﬂxl{leylf 1y and so

Y has a transition density function ¢ (¢, x, y) with respect to y. Moreover, for any
ball B C RY,

g, x,y) > e Wl pi x,y) and g8, x, y) = e 1Tl pB, x,y), (4.10)
and

qt.x,y) = p(t.x,y) +1tllJ1lloo (4.11)

where p(t, x, y) is the transition density function of X,

N y) = T W agyyer and J(x) = / 11 Va(dy).
Rd

Thus using the heat kernel estimate for p(¢, x, y) in Proposition 2.1 and Proposi-
tion3.8, by the same line of argument as that in the Remark 4.4(ii) we have the
following.

Theorem 4.5 The Holder continuity estimate (4.7) holds for bounded parabolic func-
tions of Y. In particular, all these applies to the transition density function q(t, x, y) of
Y. Moreover, if in addition, we assume (UJS)<g, then the parabolic Harnack inequal-
ity (4.1) holds for non-negative parabolic functions of Y with R < Ry /2.

The full detail of the above theorem will be given in more general context in [10].

Remark 4.6 Very recently, Kassmann [23, Theorem 1.1] proved by a quite different
analytic method the Holder continuity for bounded harmonic functions of symmetric
pure jump processes whose jumping intensity kernel J satisfies the condition

Jx,y) =cx, )x —y[74% forlx —y| <1 and
J(x,y) < clx =y~ for [x — y| > 1,

where n > 0 and ¢ > 0 are two positive constants. Clearly, such type of jumping
kernel is a special case of those given by (4.9). Since every harmonic function is para-
bolic, our Theorem 4.5 recovers and extends the main result of [23]. See [31] for some
related work on the Holder continuity of bounded harmonic functions for a class of
non-local operators.

4.2 Two-sided Green function estimates

When d = 1, 2, the finite range o-stable-like processes are all recurrent. So in this
subsection, we assume d > 3 and give two-sided sharp estimates the Green function
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for G(x, y) of finite range stable-like process X in R where

o]

G(x,y) 1=/P(t,x,y)dt, x,yeRY,
0

Theorem 4.7 There exists ¢ = c(a, d) > 1 such that

1 1
—1 <G
‘ (Ix — yld—« * |x —yld‘z) = G )

- 1 L R
c , x,y e R
=\ oyt T — 2 Y

Proof We first note that for every T, M € [0, 00)

2

x—y|

o0 ) 1 T

Mix—y| _
/t—%’e— odt = ———— / Wt e Mgy, (4.12)
T

e —yld?

Recall that R, < 1 and 7, = RY are the constants from Proposition 2.1(ii). Using
(4.12), it is easy to see that, if |[x — y| < Ry, by Proposition 2.1(i) and Theorem 2.3

lx—yl* Ty 00
_64\x—y|2

! —d /o -4
G(X, y) < mdi + t dt +c3 r 2e 2 dt
0 [x—y|* Ty

le—y[?
Tx

C5 Cc3 d—4 _ 1. (&3
[x — yl4=«  |x — y|4~ [x — yl4—«

On the other hand if |[x — y| > R, by Theorem 2.3 and (4.12)

C*|x7y| 9]
[x —y] _d _aal-y?
Gx,y) <c7 exp | —cglx—y|log ; dt+cg t" Ze o dt
0 C*|x7y|
x—yl
Cx
Culx—yl c9 d=4 1.,
<c7 exp(—ciolx —yDdt + ———— [ u Z e 2*"du
0 lx — yl
0
c11 c12

< c7C4|x — y|exp (—ciolx — y|) + =
< ¢7C4|x — ylexp (=ciolx — y|) X2 = x—y2

where C < 1 is given in Theorem 2.3.
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The lower bounded is easier. If [x — y| < R,, by Proposition 2.1(ii)

lx—y|*
t Cc13

dt = .
|x — y|d+e 20x — y|d—@

G(x,y) = ci3

If |x — y| > R, by Theorem 3.6 and (4.12)

o] 1
d c d—4
G(x,y) > ci4 / t~2dt = %/quu.
lx — yl4=
[x—yI?

]

Remark 4.8 Under some mild assumptions on bounded open set D, when c(x, y) is
a constant, Green function G p(x, y) for X in D is comparable to the one for isotrop-
ically symmetric stable process in D (see [17,25]). Theorem 4.7 shows that, unlike
bounded open sets, the behavior of the Green function for X in R is different from
the behavior of the Green function for isotropically symmetric stable process in R?.

Now let’s consider the more general non-local Dirichlet form (£, F) in (2.14)—
(2.15) with the jumping kernel J satisfying the condition (2.16). Recall that g (¢, x, y)
is the transition density function for the associated Hunt process Z with respect to the
Lebesgue measure on RY. Ford > 3, let

o0

Vix,y) 2=/11(t,x,y)dt, x,y e R
0

Using Theorems 2.4 and 3.5 instead of Theorems 2.3 and 3.6, respectively, in the proof
of Theorem 4.7, we get the Green function estimate for the process Z for [x — y| > 1.

Theorem 4.9 There exists ¢ = c(a, d) > 1 such that

1 1
-1
c— < Vi(x, <¢c—— or|x —y| > 1.
iz = (x,y) = p—E Jorlx =yl =

lx —

4.3 Differentiability of spectral functions

In [32-34], the differentiability of spectral functions for symmetric stable processes
are studied.

Recall that X is a finite range stable-like process considered in this paper whose
Dirichlet form (Q, D) is given by (1.2)-(1.3) whose jumping intensity kernel
J(x,y) = lxc_(x—’fjial{\x_“fl}. Let u be a signed measure in Kato class Koo (X) as
introduced in [9]. The associated spectral function C (1) is defined to be
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C(A) =—inf { Q(u, u) + X/u(x)zu(dx) . u € D with /u(x)zdx =1
R R

Using the heat kernel estimates established in this paper, by an almost same argument
as that in [32-34], it can be shown that if d < 4 and if the extended Dirichlet space
(Q, D,) is compactly embedded into L2(R4, |])), then A — C(1) is differentiable
on R. But we will not go into details about it.

5 Weighted Poincaré inequality of fractional order

Throughout this section, r > 1, 0 € (0, 00) and « € (0, 2). Recall that g denotes
the Lebesgue measure in RY. In this section, the exact values of the constants ¢’s
are always independent of r and they might change from one appearance to another.
Let M(o) be the set of all non-increasing function W from [0, 1] to [0, 1] such that
W(s) > W¥(1l) =0 forevery s € [0, 1) and

W(is+2(1—5)A$) =0 W(s), se(0]1). (5.1)

We will use /(o) to denote all the functions @ of the form cW¥(|x|) for some ¥ €
M (o) having [ps ®(x)dx=1.Note that, when B€(0, 2), c(1—|x[}) =P 150 1) (x)
is in N'((1/8)'2/>=P)). Condition (5.1) says that for each ® € A (o), values of ® at
points with comparable distance from the unit sphere d B(0, 1) are comparable. This
implies that values of @ in balls in Whitney-type covering, which will be discussed
below, are universally comparable to each other. This property will be used in many
places below.
For ® € N (o), define

Up = / u(x)d(x)dx.
B(0,1)

This section is devoted to prove the following form of weighted Poincaré inequality.

Theorem 5.1 Foreveryd > 1,0 < o < 2 and o € (0, 00), there exists a positive
constant ¢c; = c1(d, a, o) independent of r > 1, such that for every ® € N (o) and
u e LY(B(0, 1), ®(x)dx),

/ (u(x) — ue)*®(x)dx

B(0,1)

2—a
r
= / (u(x) = M(y))2m1{\x—y\sl/r}(q’(x) A D(y))dxdy.
B(0,1)xB(0,1)

Moreover, the constant ¢y stays bounded for a € (0, 2).
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The exponent 2 — « of r in the integral above is quite delicate to get. We will prove
the above theorem through several lemmas. For the remainder of this section, we fix
o € (0,00) and ® € N (o).

We first prove the following simple lemma. Let

UB(x,s) ‘= u(y)dy.

1
ma(B(x,s)) /

B(x,s)

Lemma 5.2 For every B(z,s) C B(0, 1) and every u € L' (B(z, s), dx),

1
(u(x) — uB(z,s))zdx =< m / (u(x) — u(y))zdxdy.

B(z.s) B(z,s) B(z.5)
Proof By Cauchy—Schwartz inequality,

2

/ W) — ey (X)dx = / m / W) —u()dy | dx
B(z,s) B(z,s) B(z,s)

: 2
EM/ /(“(x)—u(y)) dxdy.

B(z,s) B(z,s)

Recall Whitney-type coverings (see [29, Sect. 5.3.3] for details): We first let
— 1
W= [B . the center of the ball B isin B(0, 1) and r(B) = 1—03,0(B)

where r (B) is the radius of the ball B and p (B) denotes the Euclidean distance between
the ball B and B(0, 1)°. In the sequel, for A > 0 and a ball B = B(x, r) centered at x
with radius r, we denote A B the concentric ball B(x, A r) with radius A r.

Start WV by picking aball B® € WV with the largest possible radius. Pick the next ball
B! to be a ball in W which does not intersect B” and has maximal radius. Assuming
thatk balls BY, ..., B¥~ ! have already been picked, pick the next ball Bf tobe aballin
W which does not intersect U];;l B/ and has maximal radius. Though this procedure,

we get a sequence of disjoint balls W := {BO, ..., B Bk .} from W. Moreover,
the Whitney-type decomposition of the unit ball B(0, 1) has the following properties
(see, for example, [29, p. 135]).

ey

BO.1)= [ J 2B.
BeWw
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(2) There exists a positive constant K such that

sup #{BeW: yel0°B} <K (5.2)
yeB(0,1)

where #5S is the number of elements in the set S.

There exists a ball B(0) € VW such that 0 € 2B(0). We pick an fix such a ball B(0)
and call it the central ball of WW. For any B € W, let yp be the straight line segment
between the center of B and the origin. Let

W(B) == {AeW: 2ANyp # 0).

Now we define the chain W(B) := (By, By, -, Bypy—1) with By = B(0) and
Bjy—1 = B as follows; Starting from the origin, let y be the first point along yp
which does not belong to 2By. Define B; to be (any) one of balls in YW (B) such that
Yo € 2Bj. Inductively, having By, Bi, ..., By constructed, let y; be the first point
along yp which does not belong to UI;.:OZB j. Define By 1 to be (any) one of balls in

W(B) such that y; € 2By1. When the last chosen is not B, we simply add B as the
last ball in W(B).
Using Lemma 5.2, the next lemma can be proved easily.

Lemma 5.3 There exists a positive constant ¢ = c(d) such that for every B € W,
Bi, Biy1 € W(B) and for every u € L' (B(0, 1), ®dx),

1/2
1
c
g, — wag, ) < > —— / [ @ = ue2axdy
! Z(:) td(Bitj)
= 4Bitj 4Bi+j
Proof Note that
(1a(4B; N 4B; 1) *usp, — usp,.,|
1/2
= / luap, — uap,,, | 1a(dx)
4B;MN4B; 1
12 172
< / u(x) — ugpPpaldx) |+ / lu(x) = usp,,, | 1ea(dx)
4B; 4Bt
Now the lemma follows from our Lemma 5.2 and the fact that
ma(4B; N4B;11) > cmax{uq(B;), na(Bi+1)}
(see Lemma 5.3.7 in [29]). m|
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Lemma 5.4 There exists a positive constant ¢ = c(d, o) such that for every B € W,
Bi, Biy1 € W(B) and for every u € L' (B(0, 1), ®dx),

vV ®plusp, — usp;,,|

12
1

Z [ | ww-um@@w A ooy
—0 d(Bz+J)

- 4Bi+j4Biyj

Proof Since the values of @ are universally comparable to each other on 4 B for every
B €, we have from Lemma 5.3

1

C
|uap, — uap; .| <
! ,Z:(:) (Md(Bi+,i))l/2(fBi+j D (y)dy)!/?

1/2

/ / W) — u(A@) A DOGNdxdy | . (5.3)
4Biyj

4B

Note that

3
p(A) = 10°r(A) > %r(B) - ‘1—‘,0(3) forevery A € W(B).  (5.4)

(See Lemma 5.3.6 in [29].) Using (5.1), (5.4) and the fact that ¥ is non-increasing,
there exists a positive constant ¢ independent of B such that

max ®(y) < ¢ min®(y) forevery A € W(B).
yeB yeA

Thus we have

! 1
= 1a(B) B/ PO = LB / ®(ydy  forevery B; € W(B). (5.5)

The lemma follows from (5.3) and (5.5). O
The proof of the next lemma is similar to that of Theorem 5.3.4 on pp. 141-143 of
[29]. For reader’s convenience, we nevertheless spell out the details of the proof here.

Lemma 5.5 There exists a positive constant ¢ = c(d, o) such that for every u €
L'(B(0, 1), ®dx),

/ W(x) — 1e)?®(x)dx
B@O.1)

I o | @w—uoniem ey,

4Ax4A
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Proof Note that

((x) — ue)*®(x)dx
B(0,1)

<2 [ @ —uwmoromdr+2| [ odr | we - usno)?

B(0,1) B(0.1)

<2 / (u(x) — ugp))” P (x)dx + 2 / (u(x) — u4p0))” P (x)dx
B(0,1) B(0.1)

<4 > [ @) — uap)’ @ (x)dx
B€W4B

<8 / (@) = uap)*®(0)dx +8 D (usp — uan)’ / ® (x)dx
B€W4B BeW 4B

<c > 1 / (U(x) = u(y)*(P(x) A D(y)dxdy
T 5 ma(B)
4Bx4B

2
+e Y /IB(Z) (IM4B _M4B(O)|(CDB)]/2) dz,
BeW

where in the last inequality, we used the fact that the values of ® are universally com-
parable to each other on 4B for every B € W. To establish the lemma, it suffices to
deal with the second summation above.

By Lemma 5.4, we get

luap — usp©)(®p)*15(2)

I(B)-2
< D luap — s, (@) P15(2)
i=0
1/2
I(B)—1 1
<c ) / / U(x) — () (@) A P)dxdy | 15(2)
< ja(By)
4B; 4B;
1/2
I(B)—1
! 2
=c). / / W) —=u()*(@EAP)dxdy | 1igip ()15()
— Ha(Bi)
4B;4B;
1/2
1
<c / / @) =) (@) A PMdxdy|  11gi4(@15().
iy Ha(A)
4A4A
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In the first equality above, we have used the fact that B C 10*B; (Lemma 5.3.8 in
[29]). Since the balls in W are disjoint, summing both sides over B € }V and taking
the square, we get

2
Z 15(2) (|M4B — u43(0)|(¢3)1/2)
Bew
1/2 2
1
scl 2 //(M(x) —u(M) (D) A P()dxdy | 1gi5(2)

Spra@\J) )

Integrating over z € B(0, 1), and using Lemma 5.3.12 in [29] and the fact the balls in
W are disjoint, we have

Z /13(2) (|M4B - M4B(0)|<D]19/2)2d2

BeW
172 2
1
= [|> [ [ ww-uoni @ aeondrar) g d:
2 a)
4A 4A
12
1 2
[ = [ [ ww-uoni@m aeonixay) e |
2 aA)
4A 4A
= c/ > L //(u(x) —u(y)*(@(x) A D(y)dxdy | 14(2)dz
=) & Gy
< 44 4A
se%}v Ml( . / / () — u()AD ) A D())dxdy
4A 4A
This completes the proof for the lemma. O

Lemma 5.6 There exists a positive constant ¢ = c(d, o) such that for every u €
L'(B(0, 1), ®dx),

/ ((x) — up)*®(x)dx

B(0,1)

c (u(x) —u(y)?
= 102 T —ydte Lkesis gy (PO A PG))dxdy.

B(0,1)xB(0,1)

@ Springer



Heat kernel estimate for finite range jump process

873
Proof Since |x — y| < 8r(A) < # if x, y € 4A, we have for every A € W
1 2
(u(x) —u()(P(x) A D(y))dxdy
a(A)
4Ax4A
c (u(x) — u(y))*|x — y|4t
= (r(A))d / |x — y|d+e 1{|X*Y|Sﬁ}(q)(x) A @(y))dxdy
4AX4A

_ 2
= 10C2a / % (lr—yl= L (PO A P(y))dxdy.
4Ax4A

It then follows from Lemma 5.5 and (5.2) that

/ U(x) — up)>®(x)dx

B(0,1)

c () —u(y)?
< o / T =yt Likeis ) (PO A PG))dxdy
AeWaAx4A
¢ (u(x) — u(y))?
— 102(1 |x _ y|d+a
B(0,1)xB(0,1)

1 12}(CI>(x) A O (y))dxdy.

—v|< Lo
{lx=yl=1;

O
Due to Lemma 5.6, we have Theorem 5.1 for 1 < r < 10%. So, from now we may
assume r > 102.

Lemma 5.7 There exists a positive constant ¢ = ¢(d, o) such that for every r > 10°
foreveryu € L'(B(0, 1), ®dx),

(u(x) — ugp)>®(x)dx
B(0,1)

<c / (u(x)—u(y))zml{ufyk]/r}(@(x)A<I><y)>dxdy

B(0,1)xB(0,1)
N 2
N / (u(x) —u(y)) L}(q>(x) A D(y)dxdy.
02

[x — y|d {lx=yl<y
B(0,1-19)% B(0,1-10)
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Proof By Lemma 5.5, we have

/ U(x) — uep)*d(x)dx

B(0,1)
_ 2 _ d
sey [ MR (');(A)y') (®(x) A (y)dxdy
AW 4444
_ 2
S DD Y B B e B P s
AeW:r(A)gﬁ AeW:r(A)>ﬁ AAX4A
=1+ 11

If A€ Wandr(A) < 15 then |x — y| < 8r(A) < L forevery x, y € 4A. So using
(5.2), we have

-

I<e Y (u(x)—u<y>>2ml{‘x-ﬂfur}@u) A ®(y))daxdy

AW: r(A)<Tir4Ax4A

r o
Wl{\xfy\<l/r}(q>(x) A D(y))dxdy.

<c / W) — u(y))?
=

B(0,1)x B(0,1)
On the other hands, if A € W and r(A) > 1—(1)r, then for every pair of points x, y in

4A, we have |x — y| < 8r(A) < # and

10
dist(x, dB(0, 1)) > p(A) —4r(A) > 102r(A) > —.
r
Therefore, using (5.2) we have

_ 2
5 %lm—ﬂsﬁ}@(’” A ®(y))dxdy

AEW:r(A)> 1 4A%4A

— 2
%1{\x—y|<ﬁ}(®()€) A @ (y))dxdy.

1l <c

IA

C
B(0,1-19)x B(0,1-10)
O

For our purpose, we need to construct another covering; For each r > 102, we let
V=V, :={B', ..., B¥")} be a maximum sequence of disjoint balls with radius ﬁ

that we can put inside B(0, 1 — %). Note that

10 9
Bl0,1—-— 2B 102B c B(0,1—-2).
(01-7) c U Uwscs(or-7)

BeY BeV
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For every y € B(0, 1), since UBev:yezB B C B(y, ﬁ),

#{BeV:ye2B} na(BO, 555)) < 1a(B(y, 7557))-
Therefore we have

sup #{BeV:ye2B} <3’ (5.6)
yeB(0,1)

Recall that p(B) denotes the Euclidean distance between the ball B and B(0, 1)°.
For balls A and B in V with dist(A, B) > ﬁ and p(B) > p(A), we construct the
path y4_p starting from A in the following way. Let x4 be the center of A and xp be
the center of B. If |[xp| > 1/(400r), then let yp := %xg so that xp is in the straight
line segment from yp to 0. Let y}%)  be the straight line segment from ypg to xp. We
also let VA,B be the shortest path from x4 to yp with y/i’B C dB(0, [xal). In this
case, y4,p is the union of yA’B and ij starting from x4 and ending at xp via yp. If
|xg| < 1/(400r), let y4 p be simply a straight line segment between 0 and x 4.

For A, B € V with p(B) > p(A), let

V(A,B) :={CeV:2CNyap # D)

and define the chain V(A, B) = (Co,Cy,...,Cya,py—1) with Cp = A and
Cia,B)—1 = B similar to the chain in the Whitney-type coverings; Starting from
the center of A, let yo be the first point along y4 p which does not belong to 2Cy.
Define C; to be one of balls in v(A, B) such that yp € 2Cy. Inductively, having
Co, Cq, ..., Ci constructed, let y; be the first point along y4 g which does not belong
to U’;:O2Cj. Define Cj1 to be one of balls in V(A, B) such that Vk € 2Cr4+1. When
the last chosen is not B, we add B as the last ball in V(A, B).
In the sequel, for every path y in R? we denote by |y | the length of y.

Lemma 5.8 There exists a positive constant ¢ = c(d) such that for every r > 10?
and every A, B € V with p(B) > p(A), |ya,g| > 3= and dist(A, B) < 4,

x—y| = S#V(A, B) > S#V(A, B) > lya.gl,  forevery (x,y) € 2A x 2B.
r r
5.7

In particular,
#V(A, B) < #V(A, B) < cr. (5.8)

Proof 1tis easy to see that the length of y4 p is less than or equal to 4|x — y| for every
(x,y) € A x B. Thus by using the fact that balls C’s in V(A, B) are disjoint and that
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Ucevia, B)C is within the ﬁ-neighborhood of ysp, we have

_ 1 \¢
#V(A,B)~(m) =c Z 1a(C) < clx —y|r'™

CeV(A,B)

and so #V(A, B) <cr|x —yl.
On the other hand, since 2C’s in V(A, B) covers ya_p, it is easy to see that

1
E = B(0,1) : dist — 3C
[xe (0,1) ¢ dist(x, ya.p) < 5o ]c U
CeV(A,B)

and that

1 d—1
na(E) > clya,sl (;) .

Thus

3 d

1-d

E =#V(A,B) - | —

clyaslr'™ suaE) = 3. 1aB0) =#V(A. B) (400,»)
CeV(A,B)

and so |ya g| < T#V(A, B). The lemma is proved. O
The proof of the next lemma is similar to the one of Lemma 5.3. So we skip its
proof.

Lemma 5.9 Let A, B € V with p(B) > p(A). There exists a positive constant ¢ =
c(d) such that for every C;, Ci+1 € V(A, B) and for every u € LY (B(0, 1), ®dx),

1

luac; — uac;y, ? < Z m / / (u(x) — u(y))*dxdy.
it

2Cl+/ 2C1+/

Lemma 5.10 There exist positive constants ¢ = c¢(d, o) and c1 = ¢ (d) such that for
everyr > 10% and every A, B € YV with p(B) > p(A) and |ya.p| > 4r,

/ (u(x) —u@y))?

ey Uiyl (P00 A @G dxdy

2A 2B

<cc® (#V(A, B)—d Z / M(Cb(x)/\cb(y))dxdy.

— y|d+a
CeV(A,B) 3¢ 2¢
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Heat kernel estimate for finite range jump process 877

Proof Letl :=#V(A, B) > 2. Forevery y € Aand x € B,
((x) — u(y)*(®x) A (y))

-1
< (+2)(@x) A <I>(y>)(|u<x)—u2A|2 + lu)—uap P+ D luac, — uacy, |2)

i=0

=<2l ((CD(X) A PO)u(y) —uaal® + (@(x) A P(y)|u(x) — uzpl?

-1
+ D (D) A D(y)uac; — uacy,, |2).
i=0

Note that from the construction of the chain V (A, B), itis easy to see that there exists
a constant ¢ independent of r such that for every A, B € V and C € V(A, B),

//(q)(x) A ®(y))dxdy < C/ / (@ (x) A D(y)) dxdy.

2A 2B 2C; 2Ciqq

Obviously

/ / lu(x) — uap|*(®(x) A D(y))dxdy < j1a(2B) / lu(x) — urp|> @ (x)dx
2B

2A 2B

and

/ / u(y) — u241*(®(x) A D(y))dxdy < pa(2A) / u(y) — uzal*@(y)dy.

2A 2B 2A

Thus we have, for every y € A and x € B,

//(M(X) —u()*(P(x) A D(y))dxdy

2A 2B

< / / (@) A DONIu(y) — uza Pdxdy

2A 2B
+ / / (D) A DO)Iu(x) — usplPdxdy
2A 2B
-1
+> / / (@(x) A D(Y)|uac, — uac,,, I*dxdy
i=0y4 2B
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<cl | na2A)| / lu(y) — u2al*@(y)dy + 1a(2B) / u(x) — uzp|>®(x)dx
2A 2B

# 2 huae — el [ [ (@ n 00 dxdy
= 2C; 2G4

We apply Lemma 5.2 to the first two integrals in the above and apply Lemma 5.9 to
the integrals in the summation above. Then using the fact that the values of & are
universally comparable on each A, B, C;, we get that

/ / W) — u())A(@x) A D(y))dxdy

2A2B

<cl ) () —u()* (@) A D(y)dxdy.  (5.9)
CeV(A.B) 3¢ 5¢

Note that, using (5.7), we have that forx € Band y € A with |x — y| < 1%

1 !
— > x—y|>c->cllz—w|, VYz,weCeV(A,B). (510
100 r

Therefore, from (5.9)—(5.10), we conclude that

. 2
// (u(x) M(Y)) @) = wOD” (i )/\(D(.Y))l{‘x yl<q) dxdy

2A 2B
(u(x) —u(y))?
= 102a // —yjd+a (P(x )Aq)(y))l{‘x yl< }dxdy
2A2B
1 d+ot
T 10 (“7 //(“(x) — U@ A PON - 1 dxdy

2A 2B

< ccy 1= Z //(”(Z) ”l(d’ﬁl)) (@) A B(w)) dzdw.

O
Recall that [a] denote the largest integer which is no larger than a and define for
CeV

CV):={(A,B): A, BeV withp(B) > p(A) and C € V(A, B)}.

The following is a key lemma to count the number of chains containing each C € V.
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Lemma 5.11 There exists a positive constant ¢ = c(d) such that for every r > 102,
30<I<[l6rland C €,

100 + 1 101 +1 a

#1(A, B : <
(A,B) e C(V) 2007 <|yaBl = 200 [ =€

(5.11)

Proof Without loss of generality, we assume d > 2. (The case of d = 1 is eas-
ier.) Fix r > 10%,30 <[ < [16r] and C € V. We will order (A, B) € C(V) so
that p(B) > p(A). Let xc be the center of the ball C. If |xc| < 4/(400r), then
|[xp| < 6/(400r), so the number of possible choice for B is less than ¢24. Since
(100 +1)/(400r) < |ya.B| < (101 +1)/(400r), the number of possible choice for A
is cl971, 50 (5.11) holds in this case. We thus assume |xc| > 4/(400r). Define H. :=
B(0, |xc|+2/(400r)\B(0, |xc|—2/(400r)). Since 2CNya.p # VW, Hee Nya,p # 9.
Let y% be the first point along y4,p (starting from xg) which belongs to H,. N ya,p.
Also, let z4 p be the first point along y4 p (starting from xpg) which belongs to 2C,
and let yp be the sub-path of y4 p starting from z4_p ending at xp.

Letm/(400r) < |yp| < (m + 1)/(400r) where 0 < m < [ 4 100 and consider the
following two cases:

Case I |yp —za,8| <

Case 2 |yp —za.Bl >

For Case 1, the number of possible choices for y, and B is less than c2? when C
is given and m is fixed. Once y} is fixed, the number of possible choice for A is
c(l —m+ 106)”’ —1 since the arclength between z4 p and x4 along the curve y4 p
is at most loi&ér_’" and |y, — z4,| < 5/(400r). Summing over m, the number of

possible choices for A and B is less than

[+100
¢ Z (I —m+106)2"1 <19,

m=0

For Case 2, let i < m be such that i /(400r) < |za.5 — yg| < (i + 1)/(400r)
where yp = %xg. In this case, |yp — ng| < 4/(400r) and i > 1. Since yp €
9B(0, |xal) C Hy., given C, the number of possible choices for yg and B is less than
ci¥=2 when m and i are fixed. Observe that given C and B, y% and x p are determined.
Since x4 € 0B(0, |xa|) C Hy., given C and B, the number of possible choice for x4
is less than ¢((I —m +i 4+ 101)/i)4~2 when m and i are fixed. Summing over m and

i, the number of possible choices for A and B is less than

14100 m . ) 14100 m
[—m+i+ 101
’ -d—2 / . d—2 1yd
P ———— = | —m+i+ 101 < "¢,
c E E i ( ; ) c E E l—m+i ) c

m=1 i=1 m=1 i=1

We thus obtain (5.11). O
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Lemma 5.12 There exist positive constants ¢ = c(d, o) and c1 = c1(d) such that for
everyr > 107

_ 2
z / (u(x) —u(y)) e L1 (P00 A B ()dxdy

d
x —
A,BeV 2A 2B | yl
dist(A, B)> 3
2—«

<ccf / (u(x)—u(y))zﬁl{lx 1121y (P00 A @ () dxdy.

B(0,1)xB(0,1)
1

Proof For (x,y) € 2A x 2B with |[x — y| < T00° it is elementary to check that
lva.Bl < % Thus, by Lemma 5.10, we have

> //(M(X)_u(y)) (lx—yi< i) (P A P())dxdy

d
yl
A,BeV
€V 2428
dist(A,B)> 5

<ccf D (#V(A, B) I

A,BeV: ﬂ(3)>p(A)
130
Fo0r <174, B‘<25

2
x Z //(”(x) Td(fj) (@ (x) A D(y)) dxdy

[16r]
<cg D> > #V(A, B!~
cey | =30 (A,B)eC(V)

100+1 1004141
a00r <Iva.Bl= =00,

/ (u(x) — u(y))?
X

|x—y|d+“ {(lx—yl<t

1, (P (x) A ©(y)) dxdy.
2c2¢C

Applying (5.7), we see that

Z //(u(x)—u(y)) (el b (D) A @()dxdy

d
vl
A,BeVy 2A2B

dist(A, B)>3r
[16r]
100 41 101 +{
Scc‘fZ(Zl‘d“-#[(A,B)GC(V)I <lyaBl = ])
S\ 400r 400r
(u(x) —u(y))?
X/ WI{IX—Y\S%}(Q()C) A\ q)(y)) dxdy
2C 2C
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By Lemma 5.11,

[16r] [16r]

100+ 101+
> 1w 41 (A, By e C(V <> <ot
P [( )€ CWV): oo < lvasl= -0 01230 =cr

Thus we conclude that

_ 2
Z / (u(x) —u(y)) 1{|x—y|§ﬁ}(®(x)/\(D(y))dXdy

Ty _vd
X —
A,BeV 2A 2B | y|
dist(A, B)>

_ 2
= cdfr Z/ (MI(;)_ |Md(+y¢3) Lie—y<hy (PO A @O dxdy

CeVicac
Z—a
sedf [ ) =) e (@) A 9 () ddy.
B(0,1)xB(0,1)
In the last inequality above, we have used (5.6). O

Proof of Theorem 5.1 By Lemma 5.7, it is enough to show the following claim; there
exist constants ¢ = ¢(d, o) > 0 and c¢1(d) > O such that for every r > 10% and
u € LY(B(0, 1), ®dx)

2
/ % eyl o) (@) A D()dxdy
B(0,1-19)%B(0,1-10)
r27a
<ccf / (u(x) — M()’))zml{u_ylf%}(fb(x) A @(y))dxdy.
B(0,1)xB(0,1) Y
(5.12)

Note that

(u(x) — u(y))? L

x—ydlols A (@) A D(y))dxdy

B(0,1-19)xB(0,1-10)
=2 //(M(X)_urdy)) (r—yl =) (PO A @ ())dxdy
A.BEVyaop g

_ 2
: z / %l{uwlsé}@(@ A @ (y))dxdy

A,Be) 242B
dist(A, B) < 5
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_ 2
N z / (u(x) —u(y)) T L (B0 A D ())dady

x—yld
A, BeV 242B | i
dist(A, B) > 5-
r (x) —u(y))?

= Ix — y|d+a {lx—yl=
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In the last inequality above, we have used (5.6) and the fact r2=% > 1. Thus (5.12)
follows from Lemma 5.12. O
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