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Abstract  We consider quite general 2-pseudodifferential operators on R” with small
random perturbations and show that in the limit # — 0 the eigenvalues are distributed
according to a Weyl law with a probabality that tends to 1. The first author has pre-
viously obtained a similar result in dimension 1. Our class of perturbations is different.
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178 M. Hager, J. Sjostrand

1 Introduction

This work can be viewed as a continuation of [7], where one of us studied random
perturbations of non-selfadjoint #-pseudodifferential operators on R and showed that
Weyl asymptotics holds with a probability that is very close to 1. In the present work
we consider the multidimensional case and weaken some of the assumptions in [7]
(like independence of the differentials and analyticity of the symbol). Our random
perturbations are slighly different however, in [7] they are given by a random potential
while here they are rather given by a random integral operator.

Before continuing the general discussion, we fix the framework more in detail. We
will work in the semi-classical limit on R”. Write p = (x, &) and let m > 1 be an
order function on the phase space Rf’fg:

ACp > 1, Ny > 0 such that m(p) < Co{p — wNom(w),

Vo,u e R™, (p—pu)=+1+|p—ul? (1.1)

The corresponding symbol space (cf [2]) is then
SR, m) = {a € C¥R); 195a(p)| < Cam(p), p € R, @ e N} (12)

Let
P(p; ) ~ p(p) + hp1(p) +--- in S(R*", m). (1.3)

Assume 3z € C, Cy > 0 such that

Ip(0) — 20l = m(p)/Co, p €R™. (1.4)

Let ¥ denote the closure of p(R%") so that ¥ = p(R?*) U T, where Zo C Cis
the set of accumulation points of p in the limit (x, §) = oo.
For > 0 small enough, we also let P denote the #-Weyl quantization,

1 i
Pu(x) = P¥(x, hDy; hu(x) = ) // e =N p (x —; y’ n; h) u(y)dydn.

Let 2 € C\ X be open simply connected and not entirely contained in X. Then,
as we shall see,

1° o(P)N Qisdiscrete for 4 > 0 small enough,
2° Ve > 0,3h(e) > 0, such that
o(P)NQC X+ D(,¢), 0<h<h().

Here D(0, €) denotes the open disc in C with center O and radius € > 0 and we equip
the operator P with the domain H (m) := (P — zo)~'(L?(R")), where the operator
to the right is the pseudodifferential inverse of P — zg (see [2,7]).

If P is selfadjoint (so that p is real-valued) we have Weyl asymptotics:
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Eigenvalue asymptotics for randomly perturbed non-selfadjoint operators 179

For every interval I C 2 with volgas (p~Y(@1)) = 0, the number N(P, I) of
eigenvalues of P in [ satisfies

NP, I) = ol (p~ (1)) + o(1)), h — 0. (1.5)

1
2w h)

This result has been proved with increasing generality and precision by Chazarain,
Helffer, Robert, and Ivrii. (We here follow the presentation of [2] where references to
original works can be found. The corresponding developement for selfadjoint partial
differential operators in the high energy limit has a long and rich history starting with
the work of Weyl [14].) A very simple and explicit example is given by the harmonic
oscillator P = $((hD)? +x?) : L2(R) — L*(R), P(x,£) = p(x, &) = 1(x? +£2).
In this case the eigenvalues are given by A (h) = (k + %)h, k=0,1,2,...

In the non-selfadjoint case, Weyl asymptotics does not always hold. If P is a diffe-
rential operator with analytic coefficients on the real line, then often the spectrum is
determined by action integrals over complex cycles, having nothing to do with volumes
of subsets of real phase space. A simple example of this is given by the non-selfadjoint
harmonic oscillator,

P= %«hmz +ix?) : LX(R) > L*(R), (1.6)

whose spectrum is equal to {e/™/*(k + %)h; k € N}; This is easy to see by the method
of complex scaling, or by applying the general multidimensional result of [11]. In
this case, we have X, = ¥, and X is the closed Ist quadrant. Clearly the number of
eigenvalues in an open set I' € C intersecting the 1st quadrant, whose closure avoids
the ray given argz = 7 is equal to zero while the corresponding Weyl coefficient
vol(p~!(I")) is not. (Further results about the non-selfadjoint harmonic oscillator have
been obtained by Davies and Boulton, see [1] and further references given there.)

However, in this case and for quite a general class of k-pseudodifferential operators
in one dimension, it was shown by one of us in [7] that if we replace the operator P
by P 4+ 80, where 0 < § < 1 varies in a suitable parameter range and Q,, is a
random potential of a suitable type then we do have Weyl asymptotic in the interior
of ¥ with a probability that is close to 1. The book [4] of Embree and Trefethen as
well as the paper [13] by Trefethen and Chapman contain (in our opinion) numerical
examples where one can see the onset of Weyl-asymptotics after adding small random
perturbations.

In this work we establish similar results in arbitrary dimension that we shall now
describe. Let 0 < m,m < 1 be square mte/grable order functions on R?" such that
m or m is integrable, and let S e Sim), S € S(m) be elliptic symbols. We use
the same symbols to denote the #-Weyl quantizations. The operators S, S are then
Hilbert—-Schmidt with

~ N L
ISlas. 1Sllas ~ 22,
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180 M. Hager, J. Sjostrand

where « indicates same order of magnitude. Let 1, 3, .. ., and e}, €3, . . . be ortho-
normal bases for L?(R"). Our random perturbation will be

0w =750 aj@?eer oS, (1.7)

Jj.k

where « j . are independent complex AV (0, 1) random variables, and ;e u = (u|ex)e;,
u € L?. In the Appendix A we show that up to a change of the set of independent
N (0, 1)-laws, the representation (1.7) is independent of the choice of bases ’e\j ande;.

Let
M=Ch™", (1.8)

for some C1 > 1. Then, as we shall see in Sect. 8, we have the following estimate on
the probability that Q be large in Hilbert—Schmidt norm:

P(|Qll3s = M?) < Cexp(—h~2"/C), (1.9)

for some new constant C > 0. In the following discussion we may restrict the attention
to the case when [|Qgllus < M. We wish to study the eigenvalue distribution of
P + 60, for § in a suitable range.

Let I' € Q be open with C? boundary and assume that for every z € 9T":

¥, = p_1 (z) is a smooth sub-manifold of 7*R” on
which dp, dp are linearly independent at every point. (1.10)

The following result will be established in Sect. 10.

Theorem 1.1 LetT' € Q2 be open with C? boundary and make the assumption (1.10).
For0 < h <« 1, let § > 0 be a small parameter such that

0 < 8 << h3n+1/2.

For some small parameter 0 < € < 1 assume hlns™! K € L 1 (or equivalently
8 = e~¢/PM for some D >> 1, implying also that € > Chlnh~ ! for some C > 0).
Then there is a constant C > 0 (that is independent of h, § and €) such that the number
N(Ps, ") of eigenvalues of Ps in " satisfies

e
ey ° L(p~ (F))I_CF (1.1D)

IN(Ps, ") —

with probability

__€2
>1— —e @NW",
€

@ Springer



Eigenvalue asymptotics for randomly perturbed non-selfadjoint operators 181

This is a restatement of Theorem 10.1. In Theorem 10.3 we give a similar statement
about the simultaneous Weyl asymptotics for all I's in a family of sets that satisfy the
assumptions of the above theorem uniformly. The lower bound on the probability
becomes slightly worse but is still very close to 1 for suitable values of €.

The condition (1.10) says that dI" does not intersect the set of critical values of p
and this is clearly not a serious restriction when T is contained in the interior of X.
However, we also would like to study the eigenvalue distribution near the boundary
of ¥, and we then need a weaker assumption.

Let I' € Q be open with C* boundary. For z in a neighborhood of dI" and
0<s,t <1, weput

Va(1) = Vol {p € R¥"; |p(p) —z|* <1} (1.12)
Our weak assumption, replacing (1.10) is

Ik €]0, 1], such that V,(r) = O(t*), uniformly for z € neigh (3T"), 0 <r <« 1.
(1.13)

Here we have written in an informal way “neigh (dI")” for some neighbourhood of
dI'. Notice that (1.10) implies (1.13) with « = 1.
Generically, we will have {p, {p, p}} # 0 when p(p) € 0% and if we assume that

at every point of p~!(z), we have {p, B} # 0 or {p. {p. P} #0,  (1.14)
then as shown in Example 12.1, we have (1.13) with §o = 3/4. (When p is analytic,

we believe that (1.13) will always hold with some « > 0 but have not consulted with
experts in analytic geometry.) Under this more general assumption, we have

Theorem 1.2 Assume (1.13) and let § satisfy
0 < 8 << h3n+1/2.

Let N(P +68Q,, I') be the number of eigenvalues of P + §Q,, in T'. Then for every
fixed K > 0andfor0 <r < 1:

1
NP +60yp,T)— —— dxd
IN(P +8Q0.T) (m)n//pl(r) xds|

C 1
< — (E + CK (rK +1In (—) // dxdé‘)) ,0<r«l, (115)
h" \r r p~L@T+D(0,r)

with probability
> 1= Cesomn (1.16)
r
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182 M. Hager, J. Sjostrand

provided that
1
h* lng KLekl, (1.17)

or equivalently,
T <5, Cx» 1 ek,

implying that € > Ch¥In %,for some C > 0.

This is a restatement of Theorem 12.3 and as explained after that theorem, when
k > 1/2, the integral in the right hand side of (1.15) is O (>~ 1) and it follows that
we have Weyl asymptotics with probability close to 1, if we let r be a suitable power
of €. To have the same conclusion when ¥ < 1/2 we can assume that the integral is
O(r%0) for some oy > 0.

Again we have a similar theorem about the simultaneous asymptotics for N (P +
8Q,, ') when T varies in a bounded family of domains satisfying all the assumptions
uniformly. See Theorem 12.4.

The proofs follow the same general strategy as those of [7] with some essential
differences:

We do not use any non-vanishing assumption on the Poisson bracket ll,{ p, p}. Ins-
tead we work systematically with the operators P* P and P P* and their eigenfunctions
in order to set up a Grushin-problem.

As in [7] we reduce ourselves to the study of a random holomorphic function,
but in the present work this function appears as the determinant of the full operator
(essentially) and we need to make some estimates for determinants of random matrices,
and especially to prove that such a determinant is not too small with a probability close
to 1. Those estimates were sufficiently elementary to be carried out by hand, but we
think that future generalizations and improvements will require a careful study of the
existing results on random determinants and possibly the derivation of new results in
that direction. See the book [5] of Girko.

2 Determinants and Grushin problems

Here we mainly follow [12] and give a more explicit formulation of one of the results
there. Let H1, Ha, Gi, G2 be complex Hilbert spaces and let A : Hy — G, be
bounded operators depending in a C! fashion on the real parameter ¢ €]a, b[. We also
assume that A jk are of trace class and continuously dependent of ¢ in the space of
such operators. Here “over-dot” means derivative with respect to 7.

Proposition 2.1 ([12]) Assume in additionthat A = (Aj k) : H1 xHa2 — G1 xG) has
a bounded inverse B = (B i), and that A3 5 and B\ 1 are invertible. (The invertibility
of one of Az 2, B1,1 implies that of the other). Then

trAB =trAypA55 —tr B | By 1. Q.1
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Eigenvalue asymptotics for randomly perturbed non-selfadjoint operators 183

Proof We expand

Bj’k = - Z Z Bj,VAU,pLBpL,k’

Voo
that are of the trace class too. In particular,
—Bi1 = BiiA11Bi1 + BiiA12Bo + BioAr 1B + BioAraBo ).
Rewrite the right hand side of (2.1):
tl‘A'zyzAz_lz —tr B]_IIB%J
=tr Az,zAilz +trAy B i+tr A 2By +tr Bﬂ,Bl,zAz,lBl,l—Hr B[}Bl,zAz,sz,l
=u A2,2A£12 +trAy By +trA1aByy +tr Ay Bio +tr B[}BLzAz,sz,l

=tr Az,z(z“{é + Bz,lB[fBl,z) +tr Ay B+t A By +1tr Ay B
=tr AB.

Here we used the cyclicity of the trace and for the last equality the fact that
Byy = Ay5+ By1B] | B (2.2)
To check (2.2) we proceed by equivalences:

(22) & Ayb=Byo— By1B[|Bia
< 1=A33Br5— A2By 1B |Bis

= 1=(1-A4A1B12)+ Az,lBl,lellBl,z
<— 1=1.

Here and in the following, we often denote the identity operator by 1 when the meaning
is clear from the context. O

Consider the case H; = G = H, Ho = G = CV,

P R_
A=P= .
Ry O
Assume also that P, P are invertible. (In the proposition we can permute the indices
1 and 2 and think of P as A >.) We look for

_ P R_
P=(~ ~ ):HXCN—>H><CN,
R. R,
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184 M. Hager, J. Sjostrand

that is also invertible, i.e. we should be able to solve uniquely

Pu+R 1 =
{ u -+ U v,~ 2.3)

§+M + §+,ﬁ, = V4.

Let

(- 2)-( )
E. E_; Ry O '
Rewrite the first equation in (2.3) as Pu = v — R_ii_. The general solution to that
equation is

u=FEw—R_ii_)+ E4vy,
where v, #_ should be determined so that

0=E_(v—R_Ti_)+ E_,vy4. (2.4)

The second equation in (2.3) becomes
7, =R,Ew—R. U )+R{E v, + R _ii_. (2.5)

Hence we get the following system that is equivalent to (2.3):

{E+U+ — Efﬁfﬁ, = —E,v, (2 6)

§+E+U+ + (§+, - R+E’R’,)ﬁf = ’17+ — §+EU,

so (2.3) is well-posed iff

E_ —E_R_
Tt _ )N e (2.7)
R\E, R, —R.ER_

is inver“[ible.~ _ B
Choose Ry = tRy, R_ = sR_, Ri_ = ridey with 5,7, € C, and use that
RyEy =1,E_R_ =1, Rt E =0, to see that the matrix (2.7) is equal to

(E+ _s) . 2.8)
t r

This matrix is invertible precisely when (s, ¢, ) belongs to the set
t
{(s,1,0); st #0} U [(s, t,r); r #0, - go(E_1)¢. (2.9
r
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Since P is invertible, we know that 0 & o (E_,). We can therefore find a Cl-curve
[0,1] 2 T+ (s(1),1(7), (7)) € the set (2.9),
with
(s(0),1(0), r(0)) = (1, 1,0),  (s(1), (1), r(1)) = (0,0, I).

This means that we have a C! deformation

P(I)Z( P S(T)R): HxCVN - HxCV
t(DRy r(v)l

of bijective operators with

P 0
PO) =P, 7’(1)=(0 1).

Applying (2.1) with the indices “1” and “2” permuted gives
wPP l=apPP ' —tr E:}r(r)E,+(r) = —tr E:_li_(T)E"7+(T),

where now “over-dot” means derivative with respect to 7. If we integrate from 7 = 0
to T = 1, we get with a suitable choice of branches for In:

Indet P —IndetP = Indet E_4(0).
For this relation to make sense we also assume that
P — 1 is of trace class. (2.10)
Then for the original operator and its inverse we have
Indet P =1IndetP + Indet E_, 2.11)

or equivalently,
det P =detPdet E_. (2.12)

3 General frame-work and reduction to trace class operators

Let m > 1 be an order function on R?” in the sense that there exist constants Co>1,
Ny > 0, such that

m(p) < Colp — Wom(u), Vp, peR™,
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186 M. Hager, J. Sjostrand

where we write (p) = m We consider a symbol
P(p: h) ~ p(p) + hpi(p) + -+ in SR¥, m),
where
SR, m) ={a € C®R™); [0% ca(x, £)| < Com(x, £), V(x, &) € R, o« € N},
Put

Y =pR™M), S ={z€C; Ip; eR™, j=1,2,3,..., pj — 00,

p(pj) = z, j — oo}

Assume Jzg € C\ X, Cp > 0, such that

p(p) = 20l = m(p)/Co. Vp e R (X))
Then as pointed out in [7], for every z € C\ Z, there exists C > 0 such that
[p(p) =zl =m(p)/C. Vp R, (3.2)
and for every z € C\ X, there exists C > 0 such that
[p(p) =2l =m(p)/C. Vp € R* with |p| = C. (3.3)

Let 2 € C\ X be open simply connected containing at least one point zg € C\X.

Lemma 3.1 For every compact set K C 2, there exists a smooth map k : Q\{zo} —
Q\{zo} with k (z) = z for all z in a neighborhood of 02, such that k (ENQ)NK = .

Proof Q is diffeomorphic to the open unit disc D(0, 1) in such a way that zg cor-
responds to 0. Now consider ¥ : D(0, 1)\ {0} — D(0, 1)\ {0} defined by k(z) =
f(zDz/|z|, where f is a smooth function on ]0, 1] with 1 — e < f(r) < 1, such that
f(@r) =rforl —r < €/2. Choosing € > 0 small enough and conjugating with the
diffeomorphism above we get the desired map «. O

Let 2 € Qbe open. Take « as in the lemma with K containing the closure of Q.
Extend « to be the identity in C\$2 and put D = ko p. Then p(p) — z is elliptic in the
sense of (3.2), uniformly for z € € and

p—peCPR™. (3.4)
Put

P=p+hp +h*py+---.
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Eigenvalue asymptotics for randomly perturbed non-selfadjoint operators 187

Now pass to operators and denote by the same letters symbols and their /-Weyl
quantizations. We shall consider P as a closed operator: L> — L? with domain
H(m) := (P — z9)~'L? (see [7]). From the discussion above, we get

e For every compact set K C C\ X, we have o (P) N K = @, when & > 0 is small
enough.
a(P)N € is discrete when & > 0 is small enough.
a(ﬁ) NQ = ¥ when i > 0 is small enough.

In view of the last property and (3.4), we also have (for # > 0 small enough),

Proposition 3.2 For z € Q, we have that
PR =P -2 "(P-2)=1+K(),
where K (2) is a trace class operator. Moreover,
z€0(P)< 0e0(P(2).

Notice that K(z) = (1S -2~ (pP - ﬁ) is the quantization of a symbol belonging
to the intersection of S(m) for all order functions .

4 Some functional calculus

Let P =1+ K, K € Op,(S(m)), where m € C*®(R*"; 10, oo) is an integrable
order function. We also assume that K = ko + hk; 4 --- in S(m) on the symbol
level. We shall review some functional calculus for Q = P*P and more generally
for a selfadjoint operator Q > 0 with Q ~ g + hq; + - - - on the symbol level, with
Q—-1eS8(im),q=>0.

Let ¥ € C°(R). For h < a < 1 we shall study the properties of ¥ (¢~ Q).

To this end we shall consider @~ Q as a symbol with &/« as a new semiclassical
parameter, after a suitable dilation in phase space. More precisely, we make the change
of variables

and write

—Qx,hDy;h) = -0 (a2 \X, =Dz );h), 4.1
o o o

with symbol ol Q(ozl/ 2(%, %); h) for the h/a-quantization. The lower order terms
are O(h/w«) uniformly with all their derivatives, so we shall just look at the leading
symbol

g («ir.6)

o

, 4.2)
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188 M. Hager, J. Sjostrand

where we dropped the tildes on the new variables. The (new) associated order function
will be

g (a2 ()

m(x,&) =1+ > 1. 4.3)

We have
1 1 1
(Vg)(a2(x,§)) 2(a2(x, §))
_ Ve oclx ch o 1x

a? o
Vim = 0Q),

Vm < Cm(x,é)%,

(S]]

so by Taylor’s formula,

m(p) = m(u) + ONm(w)2|p — ul + O — ul*,

and since m(u) > 1:
m(p) < Clp — pu)’m(p). “.4)

Hence m is an order function, uniformly with respect to «.
Similarly, we have the improved symbol estimates

1
v@ — O()m?, (4.5)
VZ@ = O(1), (4.6)
kq (oe%,o) K
v =o(ar1), k> 2. @.7)

In particular, we have the standard symbol estimates
(+r)
- qg\azp
o

It is therefore clear that we can apply the functional calculus in the version of [9]
(see also [2]), to see that if ¥y € C;°(R), and if we interpret Q/« as the right hand
side of (4.1), then

= OMm(p). 4.8)

V(e Q) = Opu (). (4.9)
where
- = [N .
f—ZO)(a) fo(X,€), in S(m~1), (4.10)
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Eigenvalue asymptotics for randomly perturbed non-selfadjoint operators 189

with fo(%, &) = ¥ (@ q@'/* (X, ©)),
fi= D ajn@EE YV @ q@ PF 8)), aj, € SO). 4.11)

J=ji(w)

Proposition 4.1 Letm = my (X, &) bean order function, uniformly with respect to a,
such that m(x, €) = 1 for a 'q(a'/?(X, €)) < supsupp ¢ + 1/C, for some C > 0
that is independent of a. Then (4.10) holds in S(m), for h and h/« sufficiently small.

Proof Write ¢ = q(@'/?(X,€))/a, Q0 = o ' Q(@'/?(X, gD;;); h) and drop the
tildes. Let g4 € S(m) be such that supsupp ¥ + 1/(5C) < @y, and be equal to
g« When g, > supsuppy + 2/(5C). Let x, € S(1) be equal to 1 when ¢, <
sup supp ¥ + 3/(5C) and equal to 0 when g, > supsupp ¥ + 4/(5C). We use the
same symbols gy, gu, X to denote the h/a quantizations.

Let ¢ be an almost holomorphic extension of v and recall the Cauchy—Green—
Riemann-Stokes formula, in the operator sense [2,3,9]:

¥ (ga) = /( - 1”Z)L(az ),

where L(dz) denotes Lebesgue-measure. For z in a neighborhood of supp J, we write

Z—q) ' =@ =) o xe + @ —G) o (1 = Xa)
~(2 = 490) " Go — 90)Z — Go) ' (1 = xa).

Then, since the middle term is holomorphic near the support of v,

YV (qa) = ¥ (qa) © Xa — _/(Z —qa)” ( —qo)(z — CI(x) ](1 - on)_v/L(dZ)

Here the symbol of ¥ (g4 ) © X has the asymptotic expansion (4.10) in S (i), thanks to
the extra factor y, and with the same terms given by (4.11). For z € neigh (supp V),
(z—qw)~" € Op (1/m) depends holomorphically on z and thanks to the factor gy —gq,
whose support on the symbol level is separated from that of 1 — y, by some fixed
positive distance, we know that (G — ¢a)(Z — Gu) ' (1 — xa) € (h/a)NOp (S())
for any N > 0 and any i as in the proposition. Combining this with the estimates
for the symbol of (z — g¢) ™' from the Beals lemma as in [9] (see also [2, Proposition
8.6]), we get the proposition. O

We next apply the functional result to the study of certain determinants. Let x €
C5°([0, +oo[; [0, +00), x(0) > 0 and extend x to C{°(R; C) in such a way that
x(1) > OnearOand 7+ x () # 0, Vs € R. We want to study Indet(Q +ax @ 10)),
when & < o < 1. Let us first recall from [10] that if O = Op,,(¢) with g € S(1),
q > 0,4 — 1 € S(m), where m is an integrable order function, then

Indet Q = o h)n (// Ing(x, £)dxdé +(’)(h)) (4.12)
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190 M. Hager, J. Sjostrand

In fact, let é, ={0-nl1+ té, so that éo =1, Ql = é Then by standard elliptic
calculus, with g, = (1 — t) + tg, we have

d ~ ~ . d ~
Elndct O;=tr Q, 1—Q,

(2nh)" (// qt dxd& + (’)(h))

and integrating from 7 = 0 tot = 1, we get (4.12).
For o = a1 > 0 fixed with o] < 1, this applies to Q + oqx(ozfl Q) and we get

Indet(Q + alx(al_lQ)) =

! -1
Qmh)" (// In(g + a1 x(e; q))dxd§ + O(h))
(4.13)

We have fort > 0 and E > 0:
dl E+1¢ E lw E
— In J— . — 1,
dt X t t t

x(E) — Ex'(E)
E+ x(E)

with
Y(E) =
Now for h < @ <t < a1, we get from Proposition 4.1 by dilatation:

%lndet(Q +ix('Q) = trf%p(f] 0)

q(P& s>) L
(2nh) [] s
\ 1 _ Q(l%(ff)) s
. -N
1 (h\*™ - - q(ﬂ(')) =
+(’)(1); (?) // 1 +dist | (x,&); supp X — dxdg |,

(4.14)

where 0 < ¥ € C§°(R) is equal to one on some interval containing [0, sup supp /] and
the last term is coming from the “remainder” in the asymptotic development (4.10).
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We are interested in the integral of this quantity from ¢ = « to t = «. Let us first
treat the leading term

t2( S)
() ) oo (S i (0
2mh (Zﬂh)”
(27'rh)" // T ln q+t)( ))dxdé

and integrating this from t = « to t = a1, we get

[(Znh)" //m g+1x ))dxdg] B (4.15)

The second term in (4.14) is

0(1)( ) // ( 13 (%, g)))d}d@
= o, 2// ( g, s>)dxds
< 0K / / oy

Integrating this from 7 = « to t = oy, we get

Oh'~ /// —dtdxds
max (o, q/C)<t<a1
=OW)h'~ "// ( )d d
M q(x,£)<Cay \MaAX (a, Q(x S)/C) 23} xdg

h
oM™ —— dxdé&. 4.16
= ( ) //q(x,E)SCal a—i—q(x,’g‘) * E ( )

When estimating the third term in (4.14) we consider separately the regions |(x, &)|
< C and |(x, &)| > C for some large C > 1. Consider first the region |(x, £)| < C.
Put

~ 7 . -z 1 1 =~ ~ ~
dy (%, E) = dist ((x, ), [(y, i ~q (20.m) = c]) . € =supsupp .

For (v, n) with ¢(t2(y. )/t < C. we have V(q(t?(y.m)/t) = O(1) and V2
(q(t% (y,n))/t) = O(1), so by Taylor expanding at (y, n) we get
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1 1~ o~ o~ o~
~q (D) =001 +4,F 5 +dE 5 = 0M) (1 +d, .5

The contribution to the third term in (4.14) from ¢!/ 2|(3c' , §)| < C is therefore

A\ 1 1 /1~
On (?) ;//laénsc:—l/z (1 T (ﬂ(x’s)))

1 (m\M1 1 -N
= Opn()— (—) —// (1 + —q(x, 5)) dxdg. (4.17)
X\t )t J) xe=c t

We integrate this from r = « to o1, SO we want to estimate

N o~
dXdE

aj

WM / ! dt
dt.
ML (14 Lg(x, 8))

o
Ifg <o, we get

o]

1 n\"
O(l)hM/tMHdt:O(l)((a) )

o

Ifa <q <o, we get

o]

q
lﬂ(/tMLI(14—%)_th+4ﬂﬂ/tML1(1+—%)_Ndz

@ q

q
N M
t h
mhM/—dt+(—) ,
tM+1gN q

o

with the symbol « indicating same order of magnitude. Choose N = M + 1, to get

h M
(q) '
For o) < g, we get

ay
N
M ! _ M
O(hh L/’pgii;vdt__ékl)h
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with the same choice of N. Thus the integral from « to «; of the expression (4.17) is

M
O(l)/ / (L) dxdg, ¥ M > 0.
hn a+qx,§)

I(x.6)]=C

We next look at the contribution to the last term in (4.14) from the region ¢ 3 [(x, '5) | >
C, which is

A ~ TN g~ 7 n\" N -
0(1)(7) ?/ / 1+ |X, )] dxd.f:(?(l)(?) N, VM, N,
2EHI=C
=0OWMhM, v M.

Summing up, we have proved

Proposition 4.2 Let x € Ci°(R) with x(0) > 0 and x(t) > 0 for t > 0. Then for
h <o L1t

Indet(Q + ax (@~ Q)

- —(anh)” // In (q +ayx (g))dxdf—i-(’)(l)/ / — +qh(x’€)dxd§

I(x.6)|=C
+ Oh™). (4.18)

Most of the proof was based on (4.14), of which the second part is valid for any
¥ € C3°(R). The estimates leading to the preceding proposition, also give

Proposition 4.3 Let x € Ci°(R), and choose X € Ci°(R; [0, 1]) equal to 1 on an
interval containing 0 and supp x. Then for 0 < h < a < 1, we have

1 , h ~ ,
w0 = g | [[ (57 raer0 () [ 7 (457 v

M —
+ Oy u(D) (g) / / (1+g) Y ixde + 0| . @.19)
o di=C

Put {
V(t) =/ / dxdé, 0<t< X (4.20)
q(x.§)<t

so that 0 < V (¢) is an increasing function. By introducing an assumption on V (), we
shall make (4.19) more explicit and replace (4.18) by a more explicit estimate.
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We assume that there exists ¥ €]0, 1] such that
V(i)=0Mt", 0=<t< 4.21)

The first integral in (4.18) can be written

// In (q tay (g)) dxdE = // In(q)dxdé + 0(1)/ / In édxdé

q=Cua

Ca
= // In(g)dxdé& +(’)(1)/ln Ll]dV(q),
0

so (4.18) gives

In det (Q +oax (éQ))

Ca
1 1
0

1

2
+01) / LdV(q) +OH™|. 4.22)
o+q
0
Similarly (4.19) can be written
1y L 4q h = (4
rxe 0 = oo (/ x(2)av+o (5) [7(%)ava

n\M 7 g\—nN
+ On,m(1) (a) / (1 + &) dvig)+0Oh)|. (4.23)

0

In particular, the number N («) of eigenvalues of Q in [0, «] satisfies

aj
N(@) <0O() (h—/ (1 n g)_NdV(q) +h1—"). (4.24)

0

Proposition 4.4 Under the assumption (4.21), we have

o

/ln(q)dV(q) = O(" Ina), (4.25)
0
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o) L O(a’(g), fork <1,
0 O(hlnd), whenk =1,
N(a) = O@ h™" + h'™™). (4.27)

Proof This follows by straight forward calculations, starting with an integration by
parts.

o o

1
/ In(@)dV (g) = [In(@)V (@)1 — / ~V(g)dq = Ola” (@)
0

0
7LdV( ) = [LV( ):|O[l +7LV( )d
0a+q q_a+q qo O(oz—qu)2 e

aj
hqg*
=00 ) [ ———d
o( )+O()0/(a+q)2 q

or/a
— 1 xk—1 / =~
= O(h) + O(Dha T )2d

Oha*Y, 0<k <1,

O(mll)y, k=1

To get (4.27), we use (4.24) and the estimate

o]

/ (1 n g)_N AV (g) = [(1 n g)_N V(q)]:1 + N7 (1 n g)_(NH) V(q)%]
0 0

=0MaN + 0(1)/(1 + )" NTDg< dga”

= O(l)a”.

O

Since we will always assume that # < o < 1, and since ¥ < 1, we can simplify
4.27) to
N(a) = O()ao“n™". (4.28)

Proposition 4.5 Assume (4.21). Under the assumptions of Proposition 4.2, we have

o h)n ( / / In(q)dxd& + O(1)a* lna) (4.29)
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Under the assumptions of Proposition 4.3, we have

1 , h
(@ 1Q) = e (// X (q(’; g)) dxdg + O(l)a"&) . (4.30)

For 0 < h € a K 1, the number N(a) of eigenvalues of Q in [0, o] satisfies
(4.27).

Notice that when Q > 0:

Indet O < Indet(Q + ax (@~ '0)),

s0 (4.29) with o« = Ch, C > 1, gives an upper bound which is more precise than the
one in [10].

5 Grushin problem for the unperturbed operator

In Sect. 3 we introduced the operator
P(z) =1+ K(z), K(z) € Op,(S(m))

where m is an integrable order function, so that K (z) is a trace class operator. Here P (z)
depends holomorphically on z € Q € C, where Q is open. Also recall that P(z) =
(I3 —2)~ (P —z). We are interested in the spectrum of small random perturbations of
P; Ps = P +8Q. Correspondingly, we get Ps(z) = (P —2) ' (Ps —z) = 1 + K;(2),
and the main work in later sections will be to study |det(l1 4+ Ks(z))|. The upper
bounds will be fairly simple to get, and the delicate point will be to get lower bounds.
As a preparation for this more delicate step, we here study a Grushin problem for the
unperturbed operator P(z). In this section z €  will be fixed and we simply write P
instead P(z).

Let ey, €3, ... be an orthonormal (ON) basis of eigenvectors of P*P and let 0 <
A1 < Az < --- be the corresponding eigenvalues. (Strictly speaking, if we want the
eigenvalues to form an increasing sequence, the set of indices j should be of the form
J = JyU J; U Jp, with

e Jo=Norafinite set,0 < A; < 1, for j € Jo,
e Ji=Norafiniteset, .; =1, j € J;
e J;=—Norafiniteset,A; > 1, j € J5.

We will only be concerned with finitely many indices from Jj.)

Since P = P(z) is a Fredholm operator of index zero by Proposition 3.2, we
know that P P* and P*P have the same number Ny of eigenvalues equal to 0. Let
Sfi, ..., fn, be an ON basis of ker(P P*). For j > No, we have A; > 0 and Pe; is
an eigenvector of P P* with eigenvalue A ;:

PP*PEJ‘ =AjPej.
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Using standard notations for norms and scalar products, we put f; = || Pe; ~!Pe j
Then {f}}jes is an ON system of eigenvectors of PP*, with PP* f; = X, f;. Let
fe L2(R”)with(f|fj) = Oforall j € J.Then (P* fle;) = (f|Pej).If j < No, we
get (P* fle;) = (£10) = 0,andif j > No-+1, we get (P* fle;) = || Pe;II(f] ;) = O.
Hence P*f = 0, so f € ker(P P*) and hence f = 0 is zero since ker(P P*) is the
spanof fi, ..., fn,. We conclude that { f;} ;< is an ON basis of eigenvectors of P P*.
By construction, we have Pe; = w; f; withO < w; = || Pe;||. Then

w} = (P*Pejlej) = A,

so w; = ,/A; and it follows that,

Pej = /%[, .1
P fj = \/dje; (5.2)
forall j € J.
LetO0 <o <« 1 and let N = N () be given by
AjSa s j < N(a). (5.3)
Define
Ry:L*R"Y —CN, R_:CN > LR
by
N
Rou = a(ulep)i_y. Rou_=a D u_()fj.
1
and put
P= (Ii IB‘) (LR x CN - L>(R") x CV. (5.4)

Wu=3c ujeju-=@_(j)),. weget
P ( u ) (X1 2 e (D)
- (\/&Mj)j'vzl ’

and we conclude that

|det73|=(ﬁ det(\/\/)g ‘{)&)D H N
o T VA5

N<jel

= o [ max(va. V). (5.5)
J
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Notice that

(5.6)

|det Pl =[] v/2,.
J

Letdj(k) =8k, 1 < j,k < N.Then P maps Ce; x Cj; to Cf; x Cé; and has

the corresponding matrix
VA e
Ja 0 )

The inverse is given by

1
0 %
BNV
Jo o

soifv=7>2;v;fj,vy = lev v4+(j)8, then (writing as before € for P~1)

S(v) Z?v°+1ﬁvjej+\/%ﬂvv+(j)€j C(E B s
N« sNAR L ae | T \EZE_y ) \vy )0
2 ﬁ”]gj 1 o ()8

N
1 .
Ejvy = o E v (fej,
1

(5.8)
| N
E_v= ﬁ ; v;éj,
E_, = —&diag (V)
IE TE« I NE-1 | E— [l < %
From (5.5)—(5.8), we see that
|det P| = |detP||det E_4|, (5.9)
as we already know from (2.12).
We next study | det P|, when i < o <« 1. The formula (5.5) can be written
|det P|*> = o det 1,(P*P), (5.10)
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where 1, (1) = max(«, t). Let x € C8°([O, 2[; [0, 1]) be equal to 1 on [0, 1]. Then for

t >0,
4t t
t+gx (—) <1y(@) <t+4ax (—) (5.11)
4 o o

In the following, we assume that Q = P* P satisfies the assumptions of Sect. 4,
including (4.21), and choose 7 < o < 1. Then we know that

N(x) = O h™), (5.12)

and Proposition 4.5 in combination with (5.10)—(5.12) show that

In|det P> = (2;}1)” (// In(g)dxdé + O(1)a® lna>. (5.13)

As noticed after Proposition 4.5, we also have the upper bound

Indet P*P < ! (// In(g)dxdé + O(1)a” In l) (5.14)
mah)n o

6 The Hilbert-Schmidt norm of a Gaussian random matrix
Let a(w) be a complex Gaussian random variable with density

1
2e_‘°‘|2/°2L(dot), L(da) = dReadIma, (6.1)
o

that is a A/(0, o%)-law with o2 denoting the variance. The distribution of |a(w)|? is
1 —r/s
ndo = —e H(r)dr, (6.2)
s

where s = o2 and H (r) denotes the standard Heaviside function. Notice that

2 2 2
leel“ M1 = (le|”) = 0.

Letaj(w), j = 1,2, ... be independent random variables as above with variance sz
and assume for simplicity that o1 > o; for all j. We also assume that
o0
> o? <o, (63)
1

implying the a.s. convergence of > {° |a (w) 2.
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We want to estimate the probability that > |« (w) |> > a. The probability distribu-
tion of Zcfo let (a))l2 is equal to (@1 * p2 * - - - )dx, where u; is given in (6.2) with
s=s5;= 01.2, so that

Zsj < 00. (6.4)
1

The Fourier transform of  ; is given by

1
ni(p) = ——, 6.5
wj(p) [+isyp (6.5)
which has a simple pole at p = i/s;. The probability that we are after, is
o0 o
1 . ————
/ (oo )dr = / H(u,-(p))l[a,ooup)dp, (6.6)
a
by Parseval’s identity. Here
[P J—_— 6.7)
[a,00[ i(p—i0) , .
so the probability (6.5) becomes
o0 (0.¢]
i 1 L
— dp. 6.8
o (Hl-l—is]-p)p—i-ioe P 6.8)

—00

The assumption (6.4) implies that the infinite product converges away from the poles
i/sj.For pinahalf planeImp < b < 2171, we have

1 1
< 9
‘ P01 (1= bs1)? + 57 (Re p)?)?
—| =< <exp| C bs; |,
i <M1= <o (0320)

where Cj is a universal constant appearing in the estimate,

N =
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Shifting the contour in (6.8) from R to R + ib and choosing b = 1/(2s1), we can
estimate the probability (6.6) from above by

oo

C
C(s1)exp [ﬁ Ssi- Z—Sla} , (6.9)
1

where Cy > 0 is the universal constant introduced above and C(s;) can be chosen
uniformly bounded on any compact subset of ]0, +o0].

Remark 6.1 Bordeaux Montrieux has obtained (6.9) by a more elementary argument
that will appear in his thesis.

Remark 6.2 1f Q = (@ x(w)) j keN is arandom matrix where « ; ; (w) are independent
N0, sz,k) laws, and

> 07y < oo, (6.10)
ik

then (6.9) gives an estimate on the probability that the Hilbert—Schmidt normis > a'/?

Co 1
PUltejx@)llizs = @) < Clspexp | 5= D~ o7y —5—a (6.11)
2S1 — 231
J,ke

where Cy, C(sy) is the same constants as in (6.9) and s; = max af e

7 Estimates on determinants of Gaussian random matrices
Consider first a random vector
() = (1), ..., ay ) € CV, (7.1)

whereay, . .., ay are independent complex Gaussian random variables with a A/ (0, 1)
law and w is the random parameter living in a probability space with probability P.
The law of «, i.e. the direct image of P under o, is given by

(@)+(P) = %e"“zL(dz) = f(2)L(d2) (7.2)

and L(dz) = Lc(dz) is the Lebesgue measure on C.
The distribution of u is

1
1 (P) = n_Ne—'ulchN (du). (7.3)
IfU:CVN - CVis unitary, then Uu has the same distribution as u.
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We next compute the distribution of |u(w) |2. The distribution of | (w) |2 is w(rydr,
where

d
n(r) = —H(V)d—re*r =e¢ "H(r),

T

We have |u(a))|2 = Zjlv | (a))|2 and since |a; (a))l2 are independent and iden-
tically distributed, the distribution of lu(w)|?is - - % wdr = w*Ndr, where %
indicates convolution. For r > 0, we get by straight forward calculation the X22N
distribution (for the variable 2r)

where H (r) = 1j0,00[(r). We have [i(p) =

N—1,—r

*N _ r
wdr = —(N — 1)!H(r)dr. (7.4)

Recall here that

/erle*’dr =T(N)= (N — 1,
0

so *V is indeed normalized.
The expectation value of each |oj (w) |2 is 1 so:

(lu(@)?) = N. (7.5)

We next estimate the probability that |u(w)|? is very large in a fashion that is slightly

different from that of Sect. 6. It will be convenient to pass to the variable In(|u(w) |2),

which has the distribution obtained from (7.4) by replacing r by ¢+ = Inr, so that
r=eé',dr/r = dt. Thus In(Ju(w)|?) has the distribution

rNe " dr eNi=¢'
H(r)

—(N ~ 1) P mdr =: vy (t)dt. (7.6)

Now consider a random matrix

(uy...upn) (7.7)
where uy (w) are random vectors in CV (here viewed as column vectors) of the form
(@) = (@14 (@), ..., ay x (@),
and all the o ; are independent with the same law (7.2).

Then
det(uiuy...uy) =det(ui s ... un), (7.8)
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where #; are obtained in the following way (assuming the u; to be linearly inde-
pendent, as they are almost surely): 3 is the orthogonal projection of u, in the orthogo-
nal complement (u1)", i3 is the orthogonal projection of uz in (i1, u2)* = (uy, )",
etc.

If u is fixed, then 7> can be viewed as a random vector in CV ! of the type (7.1),
(7.2), and with uy, u; fixed, we can view u3 as a random vector of the same type in
CV~2 etc. On the other hand

|det(uy uz ... un)|* = |ur|Pfia|* - fiiy . (7.9)
The squared lengths |u1|?, |i#2]?, ..., |iix|* are independent random variables with
distributions u*Ndr, w*N=Ydr, ..., pudr. This reduction plays an important role in

[5]. The following lemma will not be used directly.

Lemma 7.1 Let o, B > 0 be independent random variables with distributions [y (1)
dr—r, g (r) dr—r Then the product aff has the distribution (iqg dr—r, with

Hap = Hafip = M (Mpa)(Mup)). (7.10)

Here
. d
M) = / e

is the Mellin transform of .

Proof Recall that the Mellin transform of () is the Fourier transform of u(e');
r = ¢', r~'dr = dt. The distribution of In« is related to that of « by the same
change of variables (4 (r)dr—r — g (e")dt = vy (t)dt. Since multiplication on the
Fourier transform side corresponds to convolution, (7.10) is equivalent to the fact
that the distribution of the sum of two independent random variables is equal to the

convolution of the distributions of the two variables. O

The proof also shows that the multiplicative convolution in the lemma is given by

7 r dp
Mo lpp(r) =/ua (—) up(p)—-. (7.11)
/ P P

As already mentioned we shall not use the lemma directly but rather its
proof by taking logarithms and use that the distribution of the random variable
In|det(uyus...uy)?is equal to

(v * vy % -+ -k Vy)dt, (7.12)

with v; defined in (7.6).
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We have
~ o 1 Nt
vy () S VN (1) = Vol 1)'6
Choose x(N) € R such that
x(N)
vy (@)dt = 1. (7.13)
—00
More explicitely, we have
LeNx(N) =1, x(N)= l1n(Nv) L I'(N+1) (7.14)
N! ’ N 7N ' '

Using Stirling’s formula,

(N—=D! TWN) _y Nl( (1))
= = N 1 O —— )
NN U\

we get

1 /1 1 1
x(N) ~ (5 InQ2m) — (N + 1)+ (N + E) In(N+1)+ 0O (ﬁ))

:%((NjL%)InN—NjLCo-I—O(%))

1 Co 1
=IhN+ —hN-1+—+0(—), 7.15
nN+ 5~ +5 (NZ) (7.15)

where Co = (In27)/2 > 0.
With this choice of x(N), we put

PN () = oo x ()] (VN (1),

so that py (¢)dt is a probability measure “obtained from vy (t)dt, by transfering mass
to the left” in the sense that

[ rowat < [ goxar (1.16)
whenever f is a bounded decreasing function. Equivalently,

g *VN = g * PN,

whenever g is a bounded increasing function. Now, for such a g, both g % vy and
g * py are bounded increasing functions, so by induction, we get

g*VI ¥k VUN S g* P %% PN
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In particular, by taking g = H, we get

t

t
/ (v *---%vy)(8)ds < / (p1*---xpN)(s)ds, teR. (7.17)

—00

We have by (7.14)

x(N)
ﬁN(T) — 1 et(N—ir)dt — 1 eNx(N)—ix(N)r
(N -1 (N - DN —ir)
—00
—ix(N)t
= (7.18)
1-— lﬁ
This function has a pole at T = —i N.
Similarly,
— i )
11— = T, 7.19
]—o00,a1(T) m—— (7.19)
By Parseval’s formula, we get
a 1 o0
/ pr--x pydt = — / Flor % -+ % pw) (O F I _ooay (1)ds (7.20)
—00 —00
+00 . N
LI T Y R I1 L s a2
2r T—i0 4 (1 _ i_r)
~ ]
We deform the contour to Im t = —1/2 (half-way between R and the first pole in the

lower half-plane). For j > 2, we use the estimate

1 1 1 1
—| < = exp (—_—I—(’)(,—)),
it 1 2
=57 15 2j J
when Im r = —1/2. Hence,
N N
1 1 I O 1
l:[ 1_1.7? Sexp(z 22 (7—{-].—2))SCN2.

It follows that for a < zllvx(j) :

a

N
/ p1% - % pydt < CN2exp (—% (Zx(j) - a)) (7.22)
1

—00
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In view of (7.17), (7.20) the right hand side is an upper bound for the probability that
In|det(uy...uyn)> <a.
From the formula (7.15), we get for some constants Cy, C; € R:

N

1 1 1
E x(j) = C1+(N+§) In N—2N+Z(ln N)?*+Coln N > C2+(N + 5) In N—2N.
1

(7.23)
Hence, fora < C, + (N + %)lnN — 2N,

P(n|det(u; ...uyn)|* < a)

1 1
< CN%exp |:—§ (Cz + (N+ 5) InN —2N —a)i|
1 1
= Cexp |:—§ (C2 + (N — 5) InN — 2N —a)i| . (7.24)

We shall next extend our bounds on the probability for the determinant to be small,
to determinants of the form

det(D + Q)

where O = (41 ...uy) is as before, and D = (d; ...dy) is a fixed complex N x N
matrix. As before, we can write

|det((dy + u1) ... (dy +un)> = |di +u1*lda + W2 )* - - - |dy + x|,

where dy = dy(uy), t» = #»(uy, us) are the orthogonal projections of d, uy on
(dy + u))*, ds = ds(uy, u2), s = w3(u1, uz, u3) are the orthogonal projections of
dy, ur on (dy + u1, do + uz)* and so on.

Let v (+)d1 be the probability distribution of In |d + u|2, when d € CV is fixed
and u € CV is random as in (7.1), (7.2). Notice that v(()N) (1) = v (1) is the density
we have alreay studied.

Lemma 7.2 For every a € R, we have

a a
/vfiN)(t)dts / v ™ (1)dt.
—00 —00

Proof Equivalently, we have to show that P(|d + u|?> < @) < P(Ju|® < @) for every
a > 0. For this, we may assume that d = (c, 0, ..., 0), ¢ > 0. We then only have to
prove that

P(lc + Reui|> < b*) < P(Reu > <b%), b >0,
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and here we may replace P by the corresponding probability density

1
w()dt = —edr

JT
for Re it1. Thus, we have to show that
1 2 1 2
— e dt < — e "dt. 7.25
JT / - JT / (7:29)
[e+t1<b [t]<b

Fix b and rewrite the left hand side as

_L —12
I(c)_ﬁ/e dt.

—b—c
The derivative satisfies (recall that ¢ > 0)
1 2 2
I'(c) = —= (e~ 0T — e=b=97) <,
(c) ﬁ( ) <
hence ¢ — I(c) is decreasing and (7.25) follows, since it is trivially fulfilled when

c=0. O

Now consider the probability that In | det(D + Q)|? < a.If x,(t) = H(a —t), this
probability becomes

/~~/P(du1)~~P(duN)

X xa(n|dy + u1? 4+ 1In|da(ur) + 2 (ur, u)|* +--- +Inldy (uy, ..., un—1)
+ Ny, .. un)?).

Here we first carry out the integration with respect to uy, noticing that with the
other uy, ..., uny—_1 fixed, we may consider dy(u1,...,un—1) as a fixed vector in
C~(dy+uy,...,dy_1 +uy_1)" and iy as a random vector in C. Using also the
lemma, we get

P(In|det(D + Q)I* < a)
:/.../U[%/)(t,\,)dtNP(duN_l)...P(dul)
$xa(nldy+uil® + - +Inldy 1, ..o un-2) + N, uy- D) 4 1y)
5/..-/v‘“(tN)dtNP(duN—l)-~~P(du1)
$xa(nldy +ui® 44 Inldy_1 @i, ... uy—2) + N1 (1, ..., un—)I* +13).

We next estimate the uy_1- integral in the same way and so on. Eventually, we get
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Proposition 7.3 Under the assumptions above,
P(n|det(D + Q) <a) < /../xa(n + o Dy ey 0N )
= P(In|det Q) < a).
In particular the estimate (7.24) extends to random perturbations of constant matrices:
1
P(n|det(D + Q)]> <a) < Cexp [_5 (Cz + (N - E) InN —2N —a)]
(7.26)

whena§C2+(N+%)lnN—2N.

8 Grushin problem for the perturbed operator

Let P be asin Sect. 3. Let0 < m, m < 1 be square integrable order functions on R*"
such that m or m is integrable, and let Ses (m), Ses (m) be elliptic symbols We
use the same symbols to denote the £-Weyl quantizations. The operators S, S will be
Hilbert—Schmidt with

~ ~ n
ISlas, [ISlas ~ A~ 2.

Let e}, ea, ..., and e}, e>, ... be orthonormal bases for LZ(R”). Our random pertur-
bation will be B
Qu="50> aji@?ee; oS, 8.1)
ok

where « ; are independent complex N(0, 1) random variables. See the Appendix A,
for a general discussion.
Consider the polar decompositions

o~ ~

S=DU, S=UD, (8.2)

where U, U are unitary pseudodifferential operators with symbol in S(1) and D,D
are positive selfadjoint elliptic pseudodifferential operators with symbol in S(i) and
S(m) respectively. After replacing ¢; by l??, and ¢; by U*¢;, we get with the new
orthonormal bases that

Qu=Do Y a;i(w)e;e oD, (8.3)

J-k

Now as we recall in the Appendix A, we may replace the bases ¢; and ¢; by any new
orthonormal bases we like, if we replace the o x (@) by a new set of random variables
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(that we also denote by «; ;) having identical properties. If we choose ¢; to be an
orthonormal basis of eigenfunctions of D and similarly for ¢;, then we get

Quw = D _5i5iatj k(@)e;e;, (8.4)
J.k
where 5 > 0and 5j > 0 are the eigenvalues of Dand D respectively, i.e. the singular
values of S and S.

We are then precisely in the situation of Sect. 6, noting that 55y« x (w) are inde-
pendent AV (0, E??%)—laws, 0 (6.11) can be applied with o x = ’s\j's“k,

2 T2 nen2 -2
> o7 = ISIIEslSlfs ~ A"
Jj.k

We also know that
sp =maxojr = [IS|[|S]| ~ L.

From (6.11), we deduce that

P(IQuls = @) = Cexp [Ch2 = £] 8.5)
for some constant C > 0. Let
M =Ch™", (8.6)
for some C; > 1. Then (8.5) gives
P(I1Qll}s = M?) < Cexp(~h~"/C), 8.7

for some new constant C > 0.

We also want to control the trace class norm of Q,,, so we will use the assumption
that one of m and m is integrable. Assume for instance that m is integrable. Then
m'/? is square integrable and we can factorize S =55, with §j € Op(in'/?) being
Hilbert—Schmidt operators. Let us write

Qw = §1 §2 Zaj’k (a))’e}?,fg
j.k

Now recall that the composition of two Hilbert—Schmidt operators is of trace class and
the corresponding trace class norm does not exceed the product of the Hilbert—Schmidt
norms of the two factors. Knowing that ||§1 lus = O(h™"/?) and applying (8.7) to
S Zj,k ok (w)?j'e",tg, we get

P(1Qulle = M?/?) < Cexp(=h™2"/C). (8.8)
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In the following we will restrict the attention to Q,,’s with

1Qulus < M. | Qulle < M2, 8.9)
and we have just seen that the probability that this is the case is bounded from below
by 1 — Ce™h"/C,

We wish to study the eigenvalue distribution of

Py =P —50Q,, (8.10)

when § > 0 is sufficiently small. (The minus sign is for notational convenience only.)
Recall from Sect. 3, that for z € €,

P(2)=(P -2 (P-2) (8.11)
is a trace class perturbation of the identity. We now introduce
Psz)=(P—2)7" (P =80, —2) = P(2) = 8(P —2) "' Q. (8.12)

The Grushin problem will be used to find lower bounds for | det Ps(z)]|. First we derive
an upper bound: We have with Ps(z) = Ps, P = P(2):

= P*P—8(P*(P—2)"' Q0+ QX (P —2) ' P—505(P* —2) "' (P —2)7' Qu)
= P*P + SR, (8.13)
where

IRllus < C(ll Qullus + 811 Qullll Qullus) < CM,

B (8.14)
IRl < C(1Qulle + 81 Qulll Qull) < CM3/2,

provided that §|| Q|| < O(1), as will follow from (8.15).
In Sect. 4 we studied P*P + ax(a’lP*P) for h <« o < 1. This operator is > «
if 10,17 < x, as we may assume. Now assume that

SM < h. (8.15)
Then
P*P +ax(a 'P*P)+ R >

o
_27
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and

P*p
In det Ps Ps < Indet P5 Ps +ax

(
(p p+ax(
+/tr((P*P+ax(PaP

0

= Indet

P* P—i—ax(

= Indet

The integral is (’)(l)g IR |w = O(l)BM% /o and combining this with (4.29) (assuming
now (4.21)), we get

Indet Py Py = 5o h)n (// In|pPdxde + O(1)a* In —) +O(1)W;_ (8.16)

Here we choose @ = Ch , C > 1 and we can drop the last remainder term if we
assume that

: 1 I
SM? & h1en I 8 <R (8.17)

For n > 2 this follows from (8.15), but for n = 1 it might be a stronger assumption
depending on the value of . Then

1
In|det Ps| < on h)” (// In|p|dxd§ + O(1)h* In —) (8.18)

Still with 7 < o < 1 we define R4, R_, Po = P, & = £ as in Sect. 5. Here z is
fixed, P = P(z). With Ps = Ps(z), we put

=2 B-) . 2@ x ¥ - L2R") x CV. (8.19)
R. 0

Now [|8(P —2)" ' Q]| < CSM, and

8M<< i <1
Ja o Ja

under the assumption (8.15), so Ps has the inverse

~ -1
_ 83(P-27"'00 0
& =E& (1 — ( 0 0) 50) (8.20)
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of norm < O(1/4/a). Writing
éw = (ﬁ - Z)_lQa)v
we have the Neumann series expansion
ES ES
ES EY,
>0 EY (000 E®) > (E®0,) EY
SROEC(BOLEY  EY, + 3% E°(60,E®) 160, EY

For 0 <t < § we have

d O, 0
Elndetfpl——tr&( 0 )

— |Qw||tr

~s

3

=0()—=M?2,

9

SO

)
Indet Ps = Indet(P) + O(l)ﬁM%.
Applying (5.13), we get

In | det Ps| =

Q2 h)n (//1H|P|dxdé + O(a* lncx) +O(1)TM2

Again, under the assumption (8.17), we get witha = Ch, C > 1,

In|det Ps| = Gy h)" (//ln|p|dxd$ + O(1)A  In —)

(8.21)

(8.22)

(8.23)

(8.24)

The idea to get a lower bound for In | det Ps| with high probability is now to use

(2.11), (2.12) which gives
In|det Ps| = In|det Ps| + In|det E% |,

and to get a lower bound for In | det E s <l
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9 Lower bounds on the determinant

We keep the assumptions formulated in the beginning of Sect. 8, in particular (8.1).
We restrict the attention to the case when (8.9) holds with M given by (8.6), and recall
that so is the case with probability > 1 — Ce=""""/C  The restrictions (8.15), (8.17)
on § will be further strengthened below.

Using a formula of the type (8.25) we shall show that for every z € Q, the deter-
minant of Ps(z) is very likely not to be too small. For that we study the probability
distribution of the random matrix E® > and show that we are close enough to the Gaus-
sian case to be able to apply the results of Sect. 7 to the determinant. Recall that we
work under the assumption (8.9), which is fulfilled with probability > 1 — Ce~""/C.
We want to study the map

oo
Q—E', =E" +> E°(6QE’)/'sQE!
1

o
0 00
=E++8EQE++Z(
2

8Ch‘”)j 1

& ) &t

where O = (P —z)~'Q and | R |lus < 1. Here, we used that | E||, | E?|| < 1/ /a.
We can rewrite this further as

8 ~ Ch™"8Ch™" <& (8Ch™™\’
ES, = EO++E(\/&EOQ\/EE9F+ Z( 7 ) Rj+2)
0

Ja
0 8 ~
=: E7++EQ' ©.H
We strengthen (8.15), (8.17) to
oM <1 9.2)
N '
and recall that by (8.6), M = C{h™".
Then
och < " <1
Ja C ’
and we get
A ~ 2p=2ns
0 = VaE QVaES + T, |T|us < 7 <L 93)

In view of (8.1) we have

VaE? OJaE) = JaEY (P —2)7'S > ¢ja; 42t SV EY, (9.4)
Jk

@ Springer



214 M. Hager, J. Sjostrand

where we recall from (5.8) that
N
VaEQvy = vi(ej. VaElv()=@If). 1<j<N. (95
1

where ey, ..., ey and fi, ..., fy are orthonormal bases for ran(1jp (P (2)* P(2)))
and ran(1o,o)(P(z) P(z)*)) respectively, writing ran(B) for the range of B.

Here, we wish to apply the discussion of Sect. 12. The operators §ﬁE0,
\/&EQ(IA" - z)_1§ are clearly Hilbert—Schmidt of rank < N. Let f} 't\] denote the
singular values of these operators so that f; = f} =0forj>N+1.

Lemma 9.1 We have
cSHG=C 1=j=N, 9.6)
where C > 0 is independent of h, «.

Proof (9.5) shows that || /& EQ ||, [|vV@E® || < 1, and clearly [|(P — 2)~'S|, ISl =
O(1), so the upper bound in (9.6) is clear.

On the other hand, /o E -0+ vy is confined to a bounded region in phase space, and
it is easy to show that

CISVaEQvi|l > IVaEQvi |l = [lvyll,

which implies that the smallest eigenvalue of ((SfE )* (S\/—EO N2 s > 1/C.
The lower bound on 7; ;j follows. The argument for 1; j is essentially the same. O

Let ﬁ .. ﬁv and fl .. fN be orthonormal bases in CV of elgenfunctlons of

(WaE2(P —2)~ 1S)(IEO (P — 271" and (SaEY)* (SY@EL)'? res-
pectively, with 7; j and v as the corresponding eigenvalues. We can then choose the
orthonormal bases {e;}, {¢;} in L? so that

1 = ewr -
¢ ==~ (aEL(P —0) '8 fj, ¢ = <st O, ©.7)
J
for j =1,2,..., N. Then from (9.4), we get

VaELOVaES = ) Tk, fi k- ©.8)

1<j.k=N

Now we will be a a little more specific about the assumption (8.9). We will restrict
the attention to the set Qs of matrices (c x(w)) such that

152 D" @ x(@)e;e; Slus < M, 9.9)

which implies (8.9) and which is fulfilled with probability > 1 — Cexp (—h~2"/C).
Here we recall that we assumed 71 to be integrable and wrote S = S5, with NS
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Op(S (m'/?)) (When i is integrable instead, we make a corresponding factorization
of S).
(9.3) can be reformulated as

O(e) = diag (7}) o ((ej ) 1<jk=n + T () o diag (%), (9.10)
IT (@) lns < 0<1>% 9.11)
Ilas < R .

for (ij,k) € QM.

Let ||| (@ )l denote the norm in (9.9) and let H be the corresponding Hilbert space
of N x N matrices. We shall view HS(C", C") =: Hy as a subspace of H in the
natural way. Note that the two norms are uniformly equivalent on this subspace.

The Cauchy inequality implies (after decreasing M by a constant factor) that the
differential of the map «. — T («.) satisfies the following estimate on Qjy:

~ M
1dT | H—Hy = O(I)ﬁ- 9.12)

On 'H, Hy we have the basic probability measures,
fgy = ﬁ (e“,/.kZM) T ﬁ (e“,/.kZM) . (9.13)
Jjk=1 d ! k=1 T
We shall now estimate IT,(u7¢) on Oy, where
M((@j0)) = (@j1<jksy + T(@), ©.14)

and to do so, we identify T (c.) with its image in H under the natural inclusion Hy C
‘H, and write

M=Took, k(a)=a +T(@), TMola)= ()i<jk=N (9.15)

fora. = (ajx) € H.
We first proceed formally, ignoring some technical difficulties due to the infinite
dimension. We have

Ik () lfrs — llew Il | = | 1o () lIfis — Mo lIfrs |
= | | Mok (@) llus — I Mo |lms |
x| Mok () [las + [ TToe. ||us |

< IT(@)llns (2|||a.||| +O (%))

sMm3

=< O(l)ﬁa

(9.16)
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where we strengthen the assumption (9.2) to

sM>3
W <« 1, orequivalently § < p3nt2, (9.17)

As for the Jacobian of «, we recall that if A : 'H — 'H is linear with ||[A]ly < 1
(uniformly with respect to M), then det(1 4+ A) = 1+ O(||A|l)- Also, if A is of rank
< N2, we know that || Al < NZ|A|, so in our case we get from (9.12) that

Ak SNZM
det — =14+ 01 )
ox +oWm Ja

Here the remainder term is < 1 in view of the assumption (9.17) and the fact that
N < M. (Recall that N = O(«“h™") by (4.27).)
If F is a locally defined holomorphic map : H — H, then

IF |
L(dF(x)) = deta— L(dx),
X
SO in our case,
SN*M
Ldck(x))=(1+001) Ja L(dx).
Combining this with (9.16), we get
M3
Kx(UH) < (1 + (9(1)%) WH on Q.
Since (Ip)« 3 = (3, we conclude that
M3
Ma(up) < |1+ O(I)W Wiy on Q. (9.18)

At the end of this section we shall complete the proof of (9.18) by means of finite
dimensional approximations.
For a. = a.(w) € Qy we want to estimate the probability that | det E¢ 4| is small.

According to Proposition 7.3, the py, (d Q)-measure of the set of matrices Q with
‘det (diag i 'o %E9+ odiag (7)™ + Q)‘ <eé
is
< Ce3(C2H(N=1)In N-2N-a)
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if
a§C2+(N+ )lnN 2N. (9.19)

In view of (9.1), (9.10), (9.18) this is also (after a slight increase of C) an upper bound
for the probability to have (o x) € Qp and

det (diag (7)) " o (%E9+ +0) odiag ()")| = e,

or equivalently that

tj.

N N N
|det E2 | < e ( ) IT51]
1 1
Write .
a:Cz—f—(N—E)lnN—ZN—b (9.20)
and restrict the attention to » > 0. Then

_1 oN—
o — pC2+(N=H)InN-2N—b

and we get

P ((9.9) holds and |det E® | < ¢Nma—N1n %+<N—%>IHN—CN+CZ—”) <e b
(9.21)
Summing up the discussion so far, we have

Proposition 9.2 Consider the Grushin problem (8.19). Assume (4.21) and choose
= Ch, C > 0. Then there exist positive constants Cy, C1, C2, C such that for
b>0

P ((9.9) holds and | det E® | > ¢~ Co* ™" nj—=Ci=Coh™"n %—b)
>1—Ceb — CoCol™ (9.22)
Here § is assumed to satisfy (9.17).
In view of (8.24), (8.25), we get

Theorem 9.3 We now return to the O’ijginai Ps(2) in (8.12) and we assume (4.21)
uniformly for all 7 in some open set 2 € Q. If § satisfies (8.15), (8.17) there is a
constant C > 0 such that

1
In | det Ps| < on h)n (// In|pldxdé + Ch* In E)’ vz e Q, (9.23)
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with probability > 1 — Ce —Coh~? " If § satisfies the stronger condition (9.17), then
there are constants C, C, Co > 0 such that for every z € Qande > 0:

1 1 1

with probability > 1 — €T _ Go=Coh™"

Notice that the last term in the lower bound for the probability is much smaller than
the second term, and can therefore be eliminated.

We end this section by completing the proof of (9.18) by finite dimensional
approximation (We suggest the reader to proceed directly to Sect. 10).

Lemma 9.4 We can choose the orthonormal bases {e}}, {€;} in L? so that (9.7) is
fulfilled for 1 < j < N and such that the square of the norm in (9.9) is equivalent to

D ol () k), (9.25)
j.k

where [12(j), [t(k) denote the singular values of Sy and S respectively.

In this lemma we did not try to have any uniformity with respect to /.
Assume the lemma for a while. Then for N > N + 1, we can replace Q,, in (8.1)
by

oY =So D ap@eg+ D @ )ee | oS,

1<jk<N jork>N+1

which depends on finitely many random variables. Here aﬁ (@) = (aj k() <jk<N

and 8 ;V « are the linear functions of oV which minimize

S0 D @i+ D Bixeie | oS

j.k<N jork>N s

Here we can use the?j, Ej of Lemma 9.4. On the set Q;, we have §2 o Qﬁ oS — §2 Q§
in Hilbert—Schmidt norm, and ||§2 Ql\7 §||~HS < M when a(w) € Qu.

We get the corresponding matrix £ ‘S_iv =E° L+ g@ ~ and @ & can be written as
in (9.10) with T () replaced by Ty (o) satisfying (9.11). Now instead of j13; we have
the finite dimensional measure

N

g2 L(daji)
HHg = H (6 lojil Tj),

Jk=1
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which we can view as the restriction of j14 to the tribe generated by o ; with 1 <

J k< N) and we define TTV as in (9.14) with T replaced by 71\7. The subsequent
arguments now become rigorous since we are in finite dimension and we get

3

v M
Y (ury) < (1 Lom?

ﬁ) MHy On QM

Since 1'[1\7 — IT on 9y, we obtain (9.18) in the limit.
We next prove Lemma 9.4.

Proof We consider first the following simplified problem. Let mg < 1 be a square
integrable order function and let S € Op (S(mg)) be elliptic. We look for an ortho-
normal basis eq, e>, ... In L? such that

HZukSek

where 1£1(S) > pa2(S) > --- — 0 are the singular values of S and such that

2
o D (S el (9:26)

€l, ..., €Ny

is a prescribed orthonormal family of functions in S.
Since > Mi = O(h™™), we have Nu%v = O(h™"),and using also that uy < O(1),
we get

_ oW
BN =Ny 2 11

On the other hand there exists a constant kg > 0 such that

1
ms(p) > C—0<p>‘”°,

and we can use the mini-max principle to compare the eigenvalues of ($*S)!/? with
those of (1 + ((hD)? + x2))~0/2 and deduce that

1 1
> .
N =00 (1 + hNTnyol2

If 0 < u < 1, we have, with p denoting the symbol of (5*S)!/2, that

s 0.7 00200 o (05 ([0 )
ist (0, p~ ([0, 2u])) = dist | 0, myg O’F

1 21
>dist {0, 1p; —{(p) 70 < —
> dis ( Ip CO(P) < C])

1
> o

—1/ko
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If u is a corresponding normalized eigenfunction, we have (u_l (S*HYV2—1u =0,
and we notice that u_l (§*$)1/2 e Op (S(u_lms)), where u_lms satisfies uniformly
the axioms of an order function, when  — 0. We conclude that

u = QO(), in H(m)

uniformly with respect to m if m = m, belongs to a family of orderfunctions that
satisfy uniformly the axioms and m = 1 on {p € T*R"; p(p) < 2u}. From this, we
deduce that

(plu)y = O(W™), VN,

if ¢ € Sis fixed, and © — 0.

Let f1, f2, ... be an orthonormal basis of eigenfunctions of (§*S)"/~ with p; >
p2 > -- - the corresponding decreasing enumeration of eigenvalues. Then (¢ fi) =
Ok=),1 <j <Ny, k>1.Let N> Ny.For j >N + 1, put

1/2

8 =fi— gy fj=fi+rj. Eng31;=0("). 9.27)

Here, we let Ey, = (e, ..., en,) be the span of ey, ..., ey, and I'IEN0 ) S En,
be the corresponding orthogonal projection. Then g; € E ﬁo and for j, k > N:

(gjlgr) = 8jk + O k™). (9.28)

Here the estimates are uniform with respect to N and if N is sufficiently large, we see
that G = ((g;|gx)) is a positive definite matrix of which any real power has elements
satisfying (9.28). Let (ajx) = G2, sothatajx = 8, + O(j~k~>), j, k > N.
Put

ej = Zaj,kgk, Jj>N.

k>N
Then e;, j > N form an orthonormal basis in the span Gﬁ of gnN+1, gN+2, ... We
see that for j > N:
ej=fi+ D OG k™) fi +7;. En,3F =0(). 9.29)

k>N

Gy = (Gﬁ)L is a space of dimension N, containing Ey,. For 1 < j < N, we
consider

Hey fj = fi =gt fjs

Mg1fi = D (fileer

N+1
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= Z(fj 7k ex

NT1
= > 0k™™) (fk + D Ok fy +7k)
Nt (=N+1

= > Ok ™) fi + O(N™),
N+1

where the last term is in E,. Thus, we getfor 1 < j < N:

o
Mgy fj = fi+ D, Ok ™) f +7j. Eny 37 = O(N~).

N+1
This implies
o
Moy fi=fi+ > OWk+N)")fr, 1<j=<N. (9.30)
1
Now, complete ey, ..., ey, to an orthonormal basis ey,...,ey in Gy. Then
e1, e, ... is an orthonormal basis in L2. (9.30) shows that gy fi, ..., gy fN is

very close to being an orthonormal basis in G y, and we see that

N 00
ej =D ujrfi+ D> OWk+N) ") fi, 1 <j<N, (9.31)
k=1 1

where (1 1)1<jk<n i a unitary matrix. (9.29), (9.31) imply that for all j > 1:

ej =D ajifit+ D O +N)"®U+N)") f, 9.32)
k=1 k=1

where aj = uj for j,k < N and aj; = §; when max(j, k) > N. We now fix N
sufficiently large so that the above estimates hold. Using (9.32), we get

ej=fi+ 200 k™) fx, Sej = pujfi+ > OG k=) fi,
(Sex|Sej) = uisjx + Ok =>j=),
o0 2 o0 o0 o0
D wSer| = ppuriic + Yy > Oh™® ) ui
1 k=1 k=1 j=1
= ((1* + K)ulu)p
= (14w 'K Yl )
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where 1 denotes the operator diag (i ;). Here w 'K~ is compact: £2 — £2, so

1+ M—l K ,u_l is a non-negative selfadjoint Fredholm operator of index 0. If u(j) =
O™ and (1 + 'K = 0, then u = O(~®). 10 # v e €, (1 +

w YK n~Hv = 0, we conclude that
o0
S(Z ukek)
1

thus 1 + 'K ™! is bijective and we finally conclude that (9.26) holds.

Now we can finish Ele proof of the lemma. We choose {e;}, {€;} in (9.7) so that
(9.26) holds with § = S5, ¢; =¢; and S = §*, ¢; = ¢; respectively. Then the square
of the norm (9.9) is equal to

2

(14w 'K Hlv) = (W + Kulu) = >0

z (82611526 (S* e |5 )i 4 j.0 = (S ® Setlr) g2, (9.33)
it

where
Sii = (5:¢i15:¢)), Sex = (5 |57
From (9.26) we know that

i, o= diag (12(}))
m,  po=diag (11(j)),

where P, P are positive selfadjoint operators satisfying

Then (9.33) can be written
I(PEE® Piallfagy

and the lemma follows. O

10 Spectral asymptotics when dp, dp are independent
Let I’ € Q be open with C? boundary and assume that for every z € 9I:

¥, = p_1 (z) is a smooth sub-manifold of 7*R” on
which dp, dp are linearly independent at every point. (10.1)

This assumption, which is satisfied also in a neighborhood of 0T, implies that codim
(X;) = 2. The assumption can also be rephrased more briefly by saying that 9I" does
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not contain any critical value of p : R — R?. Here p is the leading symbol of the
original (z-irldependent operator.) If p,(p) = (p(p) — 2~ p(p) — z) is the principal
symbol of (P — z)~!(P — z), we introduce

1) = / In |p2 (o) ldp (10.2)

R2

which is the same integral as in (9.23), (9.24) (where z was fixed). It is easy to see
that 7(z) is a smooth function on the neighborhood of aI" where (10.1) holds and
as in [10] we can compute A, I (z). Since z — p,(p) is holomorphic, we know that
A;In|p.(p)] = 0 when p.(p) # 0, ie when p ¢ 3.. On the other hand p,(p) =
(P(p) —2)"Y(p(p) — z) where the first factor is holomorphic in z and non-vanishing,
SO

Azln|p.(p)| = A;In|p(p) — z| =278(z — p(p)).

If o € C°(R2), we get

/(Azl(z)m(z)L(dz) =//Az(lnlpz(p)l)w(z)L(dz)dp
= 2ﬂ//8(z — p(p)¢(2)L(dz)dp = Zﬂ/w(p(p))dp.

Thus we get (as in [6,7] whenn = 1):

%A(I(z))L(dz) — p.(dp) near T, (10.3)

where dp is the symplectic volume element. Notice that this formula is still true without
the assumption (10.1) and hence not only in a neighborhood of aI", but in 2; however,
1 (z) is no more smooth in general but still well-defined as a distribution. This fact will
be used in the proof of Theorem 10.1.

In view of (10.1), we have V(¢) « ¢ and (4.21) holds uniformly with k = 1, when
z varies in a neighborhood of dI'. Correspondingly the conclusions in Theorem 9.3
hold uniformly, when z varies in a small neighborhood of aT".

Theorem 10.1 Ler T € Q be open with C? boundary and make the assumption
(10.1). Let 6 > O satisfy (9.17) and assume that h ln% &K € KL 1 (or equivalently

§>e /N C > 1, e « 1, implying also that € > Chln %for some C > 0). Then
with C > 0 large enough, the number N (Ps, I') of eigenvalues of Ps in T satisfies

NG
s

|N(Ps, T) — vol (p~ ' ()| < C (10.4)

1
2w h)

with probability
€/2
>1— ——¢ G,
- €
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Proof The eigenvalues of Ps in Q coincide with the zeros of the holomorphic function
Fs(z) = det Ps(z). (10.5)
Theorem 9.3 tells us that there exists a neighborhood Q of 9Q such that

(a) With probability > 1 — Ce=C"™"  we have

In|F5(z)| <

1 ~
1 Chln—), Q.
gy (10 enm ). <

(b) Forevery z € Q and € > 0 we have

In|Fs(2) =

1 1 1
Qi (I(z) — Ch(In 7 +In 5) — e),

with probability > 1 — e=€¢@TW™" _ Ce—Coh™" Notice here that In % > In %

We can then repeat the arguments of [6,7]. Recall Proposition 6.1 from [7] proved
in a more general form in [6].

Proposition 10.2 Let Q Q be open neighborhoods of dT" and T respectively. Let
@ € C®°(Q; R) and let f be a holomorphic function in Q such that

@R <@ e 0<h< I (10.6)

Assume that for some € > 0, € < 1, Az € Q, k € J, such that

1
AT C keLJJD(Zk, Je), #J=0 (ﬁ) ,

~ 1
1f(zis )| = en WO fe . (10.7)
Then the number of zeros of f in I satisfies

B O)NT) = ﬁv/ ApLz) + O (%) ,
r

where we let ¢ denote some distribution in D’ (TUQ) extending the previous function ¢.

The original statement in [6,7] was with a smooth function ¢ defined in a whole
neighborhood of T satisfying (10.6) there, but the proof works without any changes
under the weaker assumptions above.

In view of (a), (b), we can apply the proposition with h = (2wh)" and € replaced
by 2¢, 9 = I(z) + Chln l%’ f = Fs. Then (10.6) holds with a probability as in (a),
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while (10.7) holds with a probability

>1— ie—g(znh)*" _ Ce—Coh™"
a €

We can define ¢ as a distribution in a full neighborhood of T" by (10.2). Then

1 1 1 1
m,F/AgoL(dz) = WF/EAI(z)L(dz) = G //pl(r) dxds.

The theorem follows. O

We next give a result about the simultaneous Weyl asymptotics for a family of
domains

Theorem 10.3 Let G be a family of domains T' € 2 that satisfy the assumptions
of Theorem 10.1 uniformly in the following sense: each T is of the form g(z) < 0
(with g = gr) where g belongs to a bounded set in C*(Q2) and g > 1/C on 32 and
|dg| > 1/C on dT', where C > 0 is independent of T'. We also assume that (10.1)
holds for all z € aT, T € G, uniformly with respect to (z, ).

Choose 8, € as in Theorem 10.1. Then with probability

__€/2
> 1 — :e Qmh)T ,

we have (10.4) with a constant C independent of T.
Proof As in the proof of Theorem 10.1, we use Proposition 10.3 with an appropriate
grid of points z (see [7] for further details). We now need O(1/¢€) points to achieve

that the union of the D(zx, v/€) covers the union of all the 9T, rather than O(1//¢€)
points as in the proof of Theorem 10.1. O

11 Counting zeros of holomorphic functions
LetI" € C have smooth boundary dI". Assume for simplicity that y := oI is connec-

ted (or equivalently that I is simply connected). This is for notational convenience
only. For 0 < r <« 1, we put

yr =y + D(@,r) =0T + D(,r). (11.1)

Then y; has smooth boundary and is a thin domain of width ~ 2r. Let G,(z, w),
P, (z, w) denote the Green and Poisson kernels of y;, so that the Dirichlet problem

Au=v, uy, =f uveC@), feCT@y),
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has the unique solution

u(z) = / Gy (2 wyv(w)L(dw) + / Pz w) f (w)|dw].

Yr Yy

We recall some properties of the Green kernel: If 2 € C has a smooth boundary
and Gq(x, y)is the corresponding Green kernel, then

Gq <0, (11.2)
GqisC™® for x #y, (11.3)
1+o(1)
Galx,y) = 2—1n|x—y| for x~y, x,y€0Q, x—y—0. (11.4)
T
Xy
Ga (. 2) = Gralr,y), x.yerq. (11.5)
ror
Q = }yr is a very long domain of approximately constant width and (11.4) is

valid uniformly for x, y € @, |[x — y| < O(1), dist (x, 9R2), dist (y, 32) > 1/0(1).
Moreover,

|Gy, e | = Coe PV ey erly, o=yl = (11.6)

_m.

To recover these well-known facts, notice that 7 ~!y, is given by —1 < ¢(x) < 1,
where ¢(x) is the suitably signed distance from r~ 9T to x, so that [Ve(x)| = 1,
IVZp(x)| = OF). Ifu € H(} (r~1y,), we have by integration by parts,

/ (V)? 4+ o(x)A)|ul’dx = —2Re / o(Vo - Vu)udx,
rilyr ril)/r
implying
/(1 — O)|ulPdx < 2+ O@)|Vull|ul,

lull < @+ OCNIVall,
Az (- 00,

where A = A, " is the Dirichlet Laplacian on rl . From this estimate we can
develop exponential decay estimates for — A, since we still have a positive lower bound
forRe (¥ (—A)e V) = —A—|VY %, if VY (x)|2 < 1/5. We drop the ensuing routine
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arguments. In view of (11.5), (11.6) we get

G, (x, y)| < Coe” T 5 y ey, Ix =y = r/O), (11.7)
1 1
Gl = P2 por gy < e (18
27 r r
X

dist (x, 39), dist (v, 3Q) > r/Co,

——X‘—>O.
roor

Let ¢ be a continuous subharmonic function defined in some neighborhood of ;.
Let

n=pe=~A47¢p (11.9)

be the corresponding locally finite positive measure.
Let u be a holomorphic function defined in a neighborhood of . We assume that

hlnfu(z)| < 9(z), z €W (11.10)

Lemma 11.1 Let C{, Cy > 1 and let 7o € y(lfci)r be a point where
1

hlnlu(zo)l > ¢(z0) —€, 0<e< 1. (11.11)

Then the number of zeros of u in D(zgp, Cor) N y(lf%)r is
2

C

< 73 e+/—G,(zo, wpn(dw) |, (11.12)
r

where C3 is independent of €, h.

Proof Writing ¢ as a uniform limit of an increasing sequence of smooth functions,
we may assume that ¢ € C°. Let

n,(dz) = ZZT{S(Z —2j),

where z; are the zeros of u counted with their multiplicity. We may assume that no z;
are situated on dy;. Then, since A ln |u| = n,,

hin |u(z)] =/Gr(z, w)hnu(dw)+/Pr(Z, w)hIn [u(w)!|dw]

Vr Ayr

< / G (2 wyhna(dw) + / P (2. w)p(w)|duw|
vr oYy

_ / Gy (2, whny(dw) + (2) — / G, (2, wyn(dw). (11.13)
Yr Yr
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Putting z = zo in (11.13) and using (11.11), we get

/ G, (20, whny(dw) < € + / G, (20, ) (dw).

Yr Yr

Now 1
_G ) = AN~ C Os
r(zo, w) > 37 Cs 3>

in D(zo, Czr)ﬂy(l_%)r,andwe get (11.12). |
2

Notice that this argument is basically the same as when using Jensen’s formula to
estimate the number of zeros of a holomorphic function in a disc. We could assume
the bound / In |u(z)| < ¢(z), in D(zg, Cor) N Ya-Ly = 2, for some C; > Cj.

(%)

Then we can replace the bound (11.12) by

Cs

- e—i—/—G@r(zo, wpdw) |,

Q
which is sharper, since —Gq, < —Ggq,, when Q2] C Q.
Now we sharpen the assumption (11.11) and assume

hinu(z;)| > @(z;) — €, (11.14)
where z1,...,2y € y(l_%)r are points such that
1
N
1
v | D@ Cir). N - (11.15)
r
1
We may assume that 71, z2, . .., zy are arranged in such a way that
|zj — 2l —~ rdist (j, k), j #k, (11.16)

where j, k are viewed as elements of Z/NZ and we take the natural distance on that
set. We will also assume for a while that ¢ is smooth.
According to Lemma 11.1, we have

C
# O N (DG, i) Ny g,)) < 5

Y e+/—Gr(z]~,w)u(dw)

Yr
(11.17)
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_ 1
F = (I—C—l)r (11.18)

and consider the harmonic functions on y7,

We introduce

W(z) = h(ln [u(z)] + / Gz, wyny (dw)). (11.19)
vr
D(z) = ¢(2) +/—G7(Z, w)pu(dw). (11.20)
Yr

Then ®(z) > ¢(z) with equality on dy7. Similarly, ¥ (z) > hIn |u(z)| with equality
on dy7.
Consider the harmonic function

H(z) = ®(2) —¥(2), z€vyr (11.21)
Then on dy7, we have by (11.10) that
H(z) = ¢(z) = hin|u(z)| = 0,
so by the maximum principle,
H(z) >0, on y7. (11.22)
By (11.14), we have
H(zj) = ®(zj) — ¥(z;)

=§0(Zj)_hln|u(zj)|+/—G7(Zj7w)li(dw)_/_G7(Zjvw)hnu(dw)
143 143

<e+ / —Gr(zj, wn(dw). (11.23)

Yr

Harnack’s inequality implies that

H(z) =0Q1) (e +/—G7(z,~,w)u(dw)) on D(z,-,C1r)ﬂV(1,C¢)7- (11.24)
1

Now assume that u extends to a holomorphic function in a neighborhood of I' U7
We then would like to evaluate the number of zeros of u in I'. Using (11.17), we first
have

N
B 0) N yp) < % Ne + Z/(—G,(zj, w)pdw) |. (11.25)
i=ly,
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Let x € Cg°(I'U Y- [0, 1]) be equal to 1 on I". Of course x will have to

|t
7)’4 ’
€

depend on r but we may assume that for all k € N, and as r — 0,

Vi = 0Gh. (11.26)

We are interested in

/x(z)hnu(dz) = /hlnlu(z)le(z)L(dz), 7= (1 — L)

=

11.27
G

Here we have on y7

hlnju()| = () — / Gz Wik (dw)

VF
=®(z) — H(z) — / —G7(z, w)hn, (dw)
Vi
=)+ / —G7(z, wu(dw) — H(z) — / —G7(z, w)hn, (dw)
Yr V¥
= 9(2) + R(2), (11.28)

where the last equality defines R(z).
Inserting this in (11.27), we get

/x(z)hnu(dz) =/X(Z)M(dz)+/R(Z)Ax(z)L(dz). (11.29)

(Here we also used some extension of ¢ to I' with 4 = Ag.) The task is now to
estimate R(z) and the corresponding integral in (11.29). Put

Mj = u(Q)). Q=D Cir) Ny (11.30)

Using the exponential decay property (11.7) (equally valid for G7) we get for z €
Q; Ny, dist (z, d(D(zj, Cir) Ny7) = r/O):

/_G7(Z’w)“(dw)f / Gz, wyp(dw) + O(1) > Mye !,
W QjNy7 Py
(11.31)
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Similarly from (11.24), we get

1.
Hz) =00 [ e+ / ~Gr(zj, wypdw) + Y e @ |, (1132)
Q;Nyr k#j

forz € Q; N y7.

This gives the following estimate on the contribution from the first two terms in
R(2) to the last integral in (11.29):

/ / —Gr(z wyn(dw) — HZ) | Ay (2)L(d2)

RN
Loy
=0q) Ne—i—z sup / —G7(z, w)y,(dw)—i—ze_qw kIMk
zerﬁy;QﬂV~ ko)
J r

=0() | Ne +Z sup / —Gr(z, wypldw) + n(y) | - (11.33)

- Z€QNyr

J QjNy7

The contribution from the last term in R(z) (in (11.28)) to the last integral in (11.29)
is
/ / G7(z, wyhn, (dw)Ax (z)L(dz). (11.34)

ZEYF WEYF

Here

/ Gr(z, w)(Ax)(2)L(dz) = / Gr(FZ,70) A x (F D7 L(d7)

ZEYF Zer-lyr

- / Gy, G ) Az(x F D) L(d2) = O(1),

so the expression (11.34) is

OM#u=1(0) Nyr) = 00)

S| M

N
+3 [ (6ot wputaw)
=1

Yr

N
—om | <+ —Gr(zj, wnldw) + puly,) |- (11.35)
r o
=19,
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Using all this in (11.29), we get

/x(z)hnu(dz)
= / x@u)+0Mm | S+ | sup / —Gi(z, w)p(dw)
r Z€Q;NyF
CnyF
+ / =G (zj, wipdw) | + n) |. (11.36)

Qj

We replace the smoothness assumption on ¢ by the assumption that ¢ is continuous
near I' and keep (11.14). Then by regularization, we still get (11.36).

In order to simplify this further, we introduce a weak regularity assumption on the
measure . Assume first that u = Ag is defined in a fixed r-independent neighborhood
of 9T". For D(z, t) contained in that neighborhood we assume that as t — 0,

W.(t) :== n(D(z, 1)) = O@1"), (11.37)

for some 0 < pg < 2.

Remark 11.2 Ttis easy to see that this assumption on Ag implies that ¢ is continuous
near I'. In the case pp > 1, we notice that as r — 0,

w(yr) = 0@, (11.38)

(This is true also for pg < 1 but then of no interest.)

Lemma 11.3 Assume (11.37) for some py €10, 2]. Then for every domain Q2 C yy
and every z € QN Y- Ly we have for O <t <r/2:

/ — Gy (z, wp(dw) < O(1)t7 1n§ +O)In (;) (). (11.39)
Q

Proof Write

/ G, (2 wyn(dw) = / G, (2 wyn(dw) + / G, (2 wyn(dw).

Q D(z,H)NQ \D(z,1)
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For |z — w| > t, we have —G,(z, w) < O(1)In 7 (cf (11.5)), so the last integral is
O) In(7)u (). For w € D(z, t) N 2, we have

~G,(z,w) = O(1) In ——,
|z — w|
hence
t
—G,(z, wp(dw) < O(l)/ln Zaw,(s)
S
D(z,)N2 0

t

— O [m (g) Wz(s)];—i-/ %WZ(s)ds

0

— O(1)? ln;.

Corollary 11.4 Under the same assumptions, we have for every N € N:

/—Gr(z, w)p(dw) < On(1) (rN +1In (%) M(Q)) . (11.40)
Q

Proof We just choose t = M 0 < M € N and use that Inr ¥ = MInr—! O

If we assume (11.38), then the corollary allows us to simplify (11.36) to

1
/x(z)hnu(dz) = / x(@)udz) + (9(1); +On (rN +1In (;) M(Vr)) .
(11.41)

Summing up the discussion, we have proved

Proposition 11.5 Let I' € C have smooth boundary and let ¢ be a continuous sub-
harmonic function defined near T'. Then we have the following result, valid uniformly
for0<e k< 1,0<r <«1,0<h << 1: Let u be a holomorphic function, defined in
I' + D0, r) with hIn |u(z)| < ¢(z), z € o' + D(0, r) and assume that there exist
21, .., 2y € T + D(0, 3) such that

N
1
or + D(0,r) c | J D(zj. 2r), N hinju(z)l = e@) -6 (11.42)

1
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Then with Q; = D(z;,2r) N (A" + D(0, r)), we have

1
#u'O)NT) — T / ApL(dz)|
r

o) [ e
<= _+“(Vr)+z sup =G (z, wn(dw)
r 7\ 2€Q,n@r+D©,%)
Q;N@OC+D(0.5))
+/—Gr(zj,w)u(dw) . (11.43)
Q;

If we assume also that (11.37) holds for some 0 < pg < 2, then we have for every
N > 0:

1
CORIOLIVE, / ApL(d2)|
I

< ? (f + 0N (rN +1In (l) 13T + D(O, r)))) (1144)
r r

Example 11.6 1f ¢ is of class C? near the boundary, then (11.37) is satisfied with
po =2and u(@r + D(0,r)) = O(r). We choose N = 1 so that the right hand side
of (11.44) becomes

o) (€ 1
n (; +rln;).

If we choose r = /€, we get
1 o 1
#u 'lO)NT) — —/A(p(z)L(dz) < L)ﬁln-.
2mh h €
r

In this case we loose a factor In e ™! compared to Proposition 6.1 in [7].

12 Spectral asymptotics in a more general case

LetI' € Qbe open with C*° boundary. For z in a neighborhood of dI" and 0 < s, t <
1, we put

V.(1) = Vol {p e R™; |p(p) —z> <1}, W.(s) = V,(s?). (12.1)
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Recall that in any bounded domain in phase space, the symbols |p.(0)|> = g.(p)
and | p(p) —z|* are uniformly of the same order of magnitude. If we replace | p(p) —z|>
by g;(p) in (12.1), we get a new function V**¥(¢) such that

V. (é) < VMV(1) < V,(C1). (12.2)

For the purposes of this paper, we can therefore identify the two functions and resort
to the second definition whenever we find it convenient. Also, when z is fixed, we will
sometimes write V (¢) instead of V_(z).

Our weak assumption, replacing (10.1), is

Jk €]0, 1], such that V() = O(t*), uniformly for z € neigh (aT), 0 <t < 1.
(12.3)

Example 12.1 When (10.1) holds for z € neigh (dT"), it is clear that (12.3) is fulfilled
with k = 1 and in particular this is the case when {p,p} # 0 on p~'(3T). If
Z € 0¥\ X then (10.1) cannot hold, so if aI" N dX # 0, the best we can hope
for is that

Vz € p_l(al"), either {p, p} #Oor {p, {p, p}} #0. (12.4)

This is the situation considered in the 1-dimensional case in [8] where deterministic
upper bounds on the density of the eigenvalues were obtained. Following some argu-
ments there, we shall see that if (12.4) holds, then (12.3) holds with k = %. In fact,
if we assume (12.4) and if p(pp) = zo € 0I', we estimate the contribution to W, ()
from a neighborhood of pg in the following way:

If {p, P}(po)| = 1/C, then dRe p, d Im p are independent near py and the contri-
bution is O(z2). If |{p, P}(po)| is very small, we know that |{p, {p, P}}(p0)| = 1/C

and in order to fix the ideas we assume that Hl%e » Im p(pog) > 1/C. This means that

H :={p; {Re p,Im p}(p) =0}

is a smooth hypersurface in a neighborhood of pg and that Hge p is transversal to H
there. A general point in a neighborhood of pg can therefore we written

p =exp(tHgep)(p'), t€neigh(0,R), p' € H.

Then Re p(p)=Re p(p), Im p(p) = Im p(p')+1%g(t, p), g > 1/C. Write Re p=s
so that a general point p’ in H is parametrized by (s, p”) with p” € neigh (0, R**~?2).

Write zg = xq + iyo. For every fixed p”, if |p(p) — zo| < 7 then |s — x¢| < T and
[Im p(p') +1%g(t, s, p”) — yo| < 7. Then we are confined to an interval of length 27
in the s-variable and, for every such fixed s, to an interval of length O(t!/?) in the
t-variable, or to the union of two such intervals. By Fubini’s theorem, the contribution
to the volume is therefore O(t3/%). Hence Wy (t) = O(t3/?), so V() = O3,
as claimed.
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In Sect. 10 we introduced the distribution /(z) in (10.2) and showed that / (z) is
subharmonic, satisfying (10.3). This implies that

/ A (w))L(dw) =27 W,(s), (12.5)
D(z,s)
and (12.3) is equivalent to

/ A(I(w))L(dw) = O*"), uniformly for z € neigh (3T), 0 < < 1,

D(z,t)
(12.6)

with pg = 2« €]0, 2]. This is precisely the condition (11.37) for I = ¢, u = Al.
In view of (12.2), the assumption (12.3) is also equivalent to requiring (4.21) to hold
uniformly for z € neigh (3T) withg = ¢, = |(p —2) "' (p — 2)|*.

Consider the holomorphic function

F5(z; h) = det Ps(z), z€Q, (12.7)

where we recall that Ps(z) = (ﬁ — 2)"1(Ps — 7). Theorem 9.3 and its proof give:

Proposition 12.2 Let § satisfy (9.17). Then there exist constants C, Cy, C > 0 such
that

(a) With probability > 1 — Ce=C"™" \ve have

In|Fs(z; h)| <

e 1
iy (I(z) + Ch* In E)’ (12.8)

for all z in some fixed neighborhood of dT".
(b) Forevery z € neigh (1"), € > 0, we have

1 p 1 1
In|Fs(z; h)| > Gk (I(z) —Ch (ln 7 + In 5) — e), (12.9)

with probability > 1 — Ce €M™ _ Ce=Coh™",
For the upper bound (12.8), we recall that the upper bound (8.18) was obtained
when || Q||lys satisfies the estimate (8.9) and this event is independent of z.

We can now apply Proposition 11.5, with ¢ equal to I + Ch* In % and with & there
replaced by (2 h)", with € in (11.14) replaced by

1 1
O(l)(h"lnz—l—h’(lng—i—e),
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and with € in (12.9) large enough, so that € is the dominant term in the last expression.
In other words, we take

1
€ Hn . (12.10)

using also that In§~! > Inh~1.

For 0 < r « 1, choose 71, ...,zy and N as in the first part of (11.42). Then in
view of (b) in the proposition, the last estimate in (11.42) (with & there replaced by
(2h)™) holds for all j with a probability

C - ~ )
>1-— Ze 5@ _ Gp=Coh™
r

The term

1
— [ ApL(d
2mh ¢Ldz)
r

in (11.44) becomes after the substitutions & — (27 h)", ¢ > I:

L /M(Z)L(d )——1 Vol (p~1(I"))
Qrhy | 2m T Qany 0P ’
r

where we also used (10.3).

Theorem 12.3 Let § satisfy (9.17). Assume (12.3), withk €]0, 1]. Let N(P+56Q,, ')
be the number of eigenvalues of P + 6 Q,, in I'. Then for every fixed K > 0 and for
O<rl:

1
N(P+60,T)— dxd
R g

C 1
S—(S+CK(VK+IH(—)// dxdé)), 0<r«l,
h" \r r p~1(dT+D(0,r))

(12.11)
with probability
C _- “n
>1— —e 20@7h (12.12)
,
provided that
1
h*In 3 KLekl, (12.13)

or equivalently,

__€

e arf <8, C>»1, ek,

implying that € > Ch¥In %,for some C > 0.
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In (12.11) we want the right hand side to be much smaller than 2™" so it is natural
to assume that

1
n (—) [/ dxds = OF*), r — 0, (12.14)
r p~1@I'+D(0,r))

for some a9 > 0. When « e]é, 1], we automatically have (12.14) with any «p €
10, 2k — 1[. In the right hand side of (12. 11) we first choose N > «( and we choose

r o= el/(+20) 5o that €/r, r* = O(e l+‘>‘0) Then the right hand side of (12.11)
becomes

So,if I >» € > Ch* In % with C sufficiently large, and § is as in the theorem, then

1 C
N(P+6Q4,T) — (271h)”/ / dxdg| < ﬁe”"O, (12.15)
p~H()
with probability
C € —n
>1— —— 5T (12.16)
€ e

This expression is very close to 1 except possibly in the case k = 1, n = 1. In that
case, we replace k by a strictly smaller value and choose §, € as above.

Theorem 12.4 Let G be a family of domains T as in Theorem 12.3 satifying the
assumptions there uniformly (cf Theorem 10.3) and in particular we assume (12.3)
uniformly for all 7 in a neighborhood of the union of all the 9. Then we have (12.11)
with probability

> 1 ¢ e €h>"
—_— — ”
5e
provided that

i X
h ln8<<6<<1.

Appendix A: Gaussian random variables in Hilbert spaces

In this appendix we review some generalities about Gaussian random variables in
Hilbert spaces that seem to be quite standard to probabilists.

Letay, as, ... be a sequence of independent NV (0, 1)-laws, and let H be a complex
separable Hilbert space.
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Proposition A.1 Let vy, vy, ... € H be a sequence of vectors such that >_1° || v; 1% <
oo, then if the sequence n1 < np < - - - tends to oo sufficiently fast, we have that

Nk

lim z aj(w)v; exists almost surely (a.s.).
k—o00 N

Let S(w) denote the almost sure limit. If ny is another increasing sequence tending to
infinity, such that the limit

ng
l (@w; = §
ﬁ&;%ww (@)

exists almost surely, then §(a)) = S(w) a.s.

Proof Let (2, P) be the underlying probability space. Then f; := o(w)v; can be
viewed as elements of L2($2, H) of norm lvjll. They are mutually orthogonal since
the «; are independent. We thus have an orthogonal sum »_{° &jv; which converges
in L2(2; H) and as usual, using the Chebyschev inequality, we deduce the existence
of a sequence of partial sums that converges a.s. O

Leteq, es,...and fi, f2, ... betwo orthonormal bases in H. Let o1 (w), oz (w), . . .
be independent complex N (0, 1)-laws, and consider the formal vector Z?o aj(we;.
Almost surely, {o; (a))}loo is not in £2 so our vector is not in H. However, if v € H,
then a.s., we can define the scalar product

(Z aj(w)e; Iv) = > aj()(ejlv) (A1)
1 1

as in Proposition A.1, since {(e;|v)}{° € 02,

We now look for random variables 81 (w), B2(w), ... such that
o o
> e =Y Bj(@)fj, (A.2)
1 1
in the sense that the formal scalar products with f1, f2, ... are equal. This leads to the
definition
o0
Bi(@) =D (ex| f)on (@), (A3)
k=1

which is well-defined as in Proposition A.1, since k > (ex|f;) is in #2. For every
finite N, the variable

N
> (el fax() (A.4)

k=1
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has the density

*,iv_l;e—\a|2/|(ek\f,->|2’
= (el )17

where * indicates convolution products. Hence the characteristic function (i.e. the

Fourier transform) is
WAl
exp (‘Z (Z |(€k|fj)|2) |§|2),
k=1

so (A.4) is a normal distribution A/ (0, Z,ivzl [(ex| f j)|2). The unitarity of the matrix
((ek| fj)) then implies that 8; (w) is a N (0, 1)-law.

Proposition A.2 B; are independent N (0, 1)-laws.

Proof Wehave already seen that B are (0, 1)-laws. To see that they are independent,

we compute (using Proposition A.1) the joint distribution of g1, B, ..., By. Write
Bi -
e K B
1
BN
where
01,k
02,k
= . ojk = (el f7).
ON k

oy (w)vg is a random variable with values in CV and with the characteristic function
iR _i,2 L(da)
Xy (§) :/e Realule) g—lal”

T
1 2
= exp (—ZI(VkIE)I )

NN B
= exp (_Z Z Z Ue,kmf/égm)'

(=1 m=1
It follows that
N N
5 zwmm)s@sm),

=1 m=1

E

XZTO o Vg (g) = eXp (_
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where 0 = (0 4)72, € £2. But the o; form an orthonormal system, so finally,
Lepe
X5 §) = exp — 16
This means that the joint distribution of 81, ..., By is
L 18P
jT—Ne LcN (dﬁ),

and that 81, ..., By are independent. O

The random variable (A.1) is an N(0, [v]|?)-law.
If v € H is any finite linear combination of the f;, we know by construction that

(iaj(w)eﬂv) = (iﬁj(w)fﬂv), a.s.
1 1

If v € 'H is arbitrary, we write v = v¢ + r¢, Where v, is a finite linear combination of
the f; and ||r¢|| < €. We conclude that almost surely,

(iaj(a))eﬂv) - (iﬁj(w)fjlv) + (iaj(w)e,-lre) - (iﬂj(w)f,-lre).
1 1 1 1

Here the last two terms are A (0, ||r¢||?)-laws and hence as small as we like with a
probability as close as we like to 1, when € is small eneough. We conclude that

(iaj(w)ejlv) = (iﬂj(a})mv) as. (A.5)
1 1

Proposition A.3 Let H, H be two separable Hilbert spaces and let T : H — H be a
Hilbert=Schmidt operator. Let o j(w)ej, Bj(w) f be as above. Then T(ZTO aj(w)ej)
is well defined a.s. and equal to T(Zfo Bj() fj) a.s.

Proof We define T'(3{" aj(w)ej) as > " aj(w)Te; in the sense of Proposition A.1,
using that

2 2
D ITejliz =T s < oo

Notice also that for every v € H we have a.s.

(T(Zaj(w)ej)w) =3 aj(@)(Tejlv) as.
1 1
= > aj(@)(e|Tv).
1
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The same considerations apply to T(Z‘fo Bj(w) fj) so in view of (A.5), for every
v € 'H we have

(r(Zesoes)ie) = (r(Spsors)) o

We get the same conclusion a.s. simultaneously for all v in any countable set, and
letting v = g1, g2, . ..., where g; form and orthonormal basis in H, we conclude that

o0 o0
T(Zaj(a))ej) = T(Zﬂj(w)fj) a.s.

1 1
O
Now let £, F, G, H be separable Hilbert spaces andletT : £ — F, S : G — Hbe
Hilbert-Schmidt operators. If f € F, g € G, we alsodenote by g, f the corresponding
multiplication operators C 3 z +— zg,zf € G,F, so that f*u = (u|f). Then
gf*u = (u|f)g defines an operator : 7 — G which has the Hilbert—Schmidt norm
gl fll. Let f;, j = 1,2,..., g, j = 1,2,... be orthonormal bases in F, G.

Then {g; fk*};?okzl is an orthonormal basis for the space HS(F, G)of Hilbert—Schmidt
operators F — G. Now,

Sg; fiT = (Sg)(T* f)*,
and
ISg; FET Ifis = 158, 11T fiell>.

It follows that

> UISg fiT s = ISIEsIT liis.
j.k

and we conclude that

HS(F,G) > A~ SAT € HS(E, H)

is a Hilbert—Schmidt operator. The earlier discussion can therefore be applied:

Proposition A4 Let i (w) be independent N'(0, 1) laws. Then

S i@ fiT =D aju(@)Sg; fET

Jsk Jok
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is almost surely defined as a Hilbert—Schmidt operator. Moreover, if g, ﬁ are new
orthonormal bases in G, F, then there exists a new set of independent N (0, 1)-laws
Bj.k (@) such that

So Za,-,k(a))gjfk* oT =So Zﬁj,k(w)grjﬁ* oT as. (A.6)

Jj-k Jj-k
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