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Abstract We present various versions of generalized Aleksandrov—Bakelman—Pucci
(ABP) maximum principle for L”-viscosity solutions of fully nonlinear second-order
elliptic and parabolic equations with possibly superlinear-growth gradient terms and
unbounded coefficients. We derive the results via the “iterated” comparison function
method, which was introduced in our previous paper (Koike and Swiech in Nonlin.
Diff. Eq. Appl. 11, 491-509, 2004) for fully nonlinear elliptic equations. Our results
extend those of (Koike and Swiech in Nonlin. Diff. Eq. Appl. 11, 491-509, 2004)
and (Fok in Comm. Partial Diff. Eq. 23(5-6), 967-983) in the elliptic case, and of
(Crandall et al. in Indiana Univ. Math. J. 47(4), 1293—-1326, 1998; Comm. Partial Diff.
Eq. 25, 1997-2053, 2000; Wang in Comm. Pure Appl. Math. 45, 27-76, 1992) and
(Crandall and Swiech in Lecture Notes in Pure and Applied Mathematics, vol. 234.
Dekker, New York, 2003) in the parabolic case.

1 Introduction

In this paper, we are concerned with maximum principles of ABP type for fully
nonlinear partial differential equations (PDEs) which may have terms with super-linear
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462 S. Koike, A. Swiech

growth in the first space-derivatives of solutions, and unbounded coefficients. It is
known that the maximum principle fails in general for such equations in the elliptic
case. In [15] an example was given for the equation

— Au—p|Dul> =Cy in B

with certain constants u, Co > 0, where B, = {y € R" : |y| < r} forr > 0. Below
we present a counter-example for which the maximum principle fails even when the
PDE has any super-linear nonlinearity with respect to Du.

Example 1.1 (cf. [19]) For any m > 1, we define ug € C2(Bz) by

—2—|x)“ for 1 < |x| <2,

uog(x) = 2 2 2
PTG - G DR 14§+ for el <1

It is easy to verify that
— Aug — pu|Dug|™ <0 in By \ By

whena > 2 —m)T/(m — 1) and u = (« + 2n — 1)a!~". Thus, putting ux(x) =
up((1 — %)x) for k > 2, we verify

1
—ANug — (1 — z)2—'"|Duk|’" <0 inBy\ B .

Hence, we find a constant C > 0, independent of k, such that — A uy — u(l —
D2 |Dug|™ < C in B,. Finally, setting vy (x) = !/ =D (1 — 1)@=m/mpy, (x) +
(%)"‘} for k > 2, we find C’ > 0, independent of k > 2, such that

— A — D™ < C’ in Bs,
and vy = 0 on dB,. However, Supp, Uk > Uk (0) > coask — oo.

In what follows, for fixed uniform ellipticity constants 0 < A < A, we denote
by P~ (X) the Pucci extremal operator defined as P~ (X) = min{—trace(AX)
A < A < Al A € §"}, where S” is the set of n x n symmetric matrices with the
standard ordering. The other Pucci extremal operator P (X) is defined by P*(X) =
P~ (—X).

Throughout this paper, we consider PDEs in a bounded domain 2 C R"” or Q =
Q x (0, T'] for parabolic problems. Moreover, for the sake of simplicity, we assume

Q C By (l.e. diam(2) <2), and 0<T <1.
It is easy to restate all of the results of the paper for a general domain by the standard

scaling argument. The resulting estimates would then contain terms involving diam(£2)
or diam(Q) in the parabolic case.

@ Springer



Maximum principle for fully nonlinear equations 463

We will present maximum principles for equations
P~ (D*u) — p()|Dul™ = f(x) ing, (1.1)

and
ou

or

Since these PDEs arise in the study of fully nonlinear PDEs with measurable terms
and integrable right hand sides, it is natural to work with L?-viscosity solutions which
have been defined in [6]. The basis for our analysis is the iterated comparison function
method which we introduced in [15]. We will show several results.

For the elliptic PDE (1.1) we will first consider the case when m = 1 and we will
extend the result of [12] (see also [13]). When m > 1, we will show that the maximum
principle holds provided that o or f is small enough in a certain norm. This will
generalize a result of [15].

For the parabolic PDE (1.2), we will first examine the case when u € L*°(Q).
Here we will establish the maximum principle even when m > 1 with no smallness
assumption on p and f. This is precisely the case when the maximum principle fails
for elliptic equation (1.1). Therefore, perhaps as it was expected, parabolic equations
behave much better in this respect.

We will next establish the maximum principle in the case whenm = 1 and u €
L9(Q) with ¢ > n + 2. Finally we will study the case whenm > 1 and u € L9(Q)
with ¢ > n 4 2. Here, as for elliptic PDEs, to prove the maximum principle we have
to assume that either f or u is small in some L? norm.

The maximum principles obtained by the iterated comparison function method are
slightly weaker than the classical ABP and Aleksandrov-Bakelman-Pucci-Krylov-Tso
ones. The difference is in the fact that the L” norms of f appearing there must be
taken over the whole sets €2 and Q, not just over the contact sets. We refer the reader to
[14,17,18] for more on this and to Aleksandrov [1], Bakelman [2] and Krylov [16] for
pioneering works on the classical ABP maximum principles for elliptic and parabolic
PDE.

Throughout the paper, when we discuss a function g : U — R in a larger domain
U, unless said otherwise, g will always denote the zero extension of itself to U. We
will denote by L” 1 (U) the set of all nonnegative functions in L?(U). Finally we will
often write || - ||, (1 < p =< oo)instead of || - [[Lr(g) and || - [[Lr(g)-

+ P (D*u) — ux, )| Dul™ = f(x,t) inQ = x©0,T]. (1.2)

2 Elliptic equations

We recall the definition of L?-viscosity solution of
F(x,u, Du, D*u) = f(x) ing, 2.1

where F : Q x R xR" x §” — Rand f : Q — R are given measurable functions,
and F is continuous in the last three variables.
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464 S. Koike, A. Swiech

Definition 2.1 We call u € C(2) an L”-viscosity subsolution (resp., supersolution)
of (2.1)if

ess liminfy, ({F(y, u(y), Dp(y), D*¢(y)) — f(»)} <0
(respectively, esslimsup,_, (F(y, u(y), Dp(y), D2p(y) — f(»)} =0)

whenever ¢ € W]i’cp (2) and x € Q is a local maximum (resp., minimum) point of
u— ¢.

The function u € C(2) is an L?-viscosity solution of (2.1) if it is an LP-viscosity
subsolution and an L”-viscosity supersolution of (2.1).

Wecallu € Wli’cp(Q) an LP-strong solution of (2.1) if u satisfies
F(x,u(x), Du(x), D2u(x)) = f(x) ae.in .
Remark 2.2 We remark that in the above definition, we do not assume that f € L?(2).
Moreover if u is an L?-viscosity subsolution of (2.1), then it is also an L?-viscosity
subsolution of (2.1) provided g > p.
We first establish the maximum principle for (1.1) with m = 1, i.e. for

P~ (D*u) — u(x)|Du| = f(x) in Q. (2.2)

The following version of the classical ABP maximum principle can be easily deduced
from its proof in [14] after the linearization of (2.2).

Proposition 2.3 (cf. [14]) Zhere exist Cp = Cr(n, A, A) > 0 (k = 1, 2) such that if
fimw e Lh(Q), andu € C(2) N WI%‘C”(Q) is an L"-strong subsolution of (2.2), then

supu < supu + C1exp(Callpelln) | flln- 2.3)
Q aQ

Remark 2.4 In the above statement, one can replace || f ||, by || f |l »(r[u]), Where I"[u]
is the upper contact set of u in 2. See [14] for the definition of I'[«]. We also note
that it is trivial to obtain from Proposition 2.3 the corresponding result for L”-strong
supersolutions of

PH(D*u) + u(x)|Du| = f(x) inQ
since v = —u is a subsolution of

P~ (D*v) — u(x)|Dv| = — f(x) in K.

All results of the paper are only stated for L”-viscosity subsolutions. The corresp-
onding results for supersolutions can be derived by the above reduction.
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Maximum principle for fully nonlinear equations 465

It is known (see [3,10, 11, 13]) that there exists po = po(n, A/X) satisfying n/2 <
po < n such that for p > pg there is a constant C = C(n, p, A, A) such that if
felLP(Qandu € C(Q)N Wli’cp () is an LP-strong subsolution of

P~ (D*u) = f(x) inQ,

then

supufsupu+C||f+||p. 2.4)
Q aQ

The basis of the iterated comparison function method used in this paper is the following
result about the solvability of extremal equations (see [6]).

Proposition 2.5 Let p > po and let Q2 satisfy the uniform exterior cone condition.
There exists C = C(n, p, A, A) > 0 such that for f € LP(R2), there is an L?-strong
solution v € C(Q) N Wil (Q) of

c
PH(D™) = f(x) inQ
such that v = 0 on 02, and
—Cllflp <v<Clftl, inQ.

Moreover, for each open set Q' @ Q, there is C' = C'(n, p, A, A, dist(2/,0Q)) > 0
such that

Ivllwzr @y < C'lILfllp-

We need to obtain Proposition 2.3 for viscosity solutions. To achieve this we first have
to prove a result about strong solvability of extremal inequalities. The proposition
below is arestatement of Lemma2.11 of [12] even though the assumption that suppu €
2 may be more restrictive than that of [12]. However we will need our version of the
result in later sections of the paper. The proof of Proposition 2.6 in large parts repeats
the arguments of the proof of Lemma 2.11 of [12], which in turn was just a modification
of the proof of Lemma 3.1 of [6]. However we correct here some small mistakes made
in the proof of Lemma 2.11 of [12].

Proposition 2.6 Let 2 satisfy the uniform exterior cone condition, for
q>p>n or q>p=n, 2.5)

f € LP(2), and let v € C(0R2). Let u € Li(Q) satisfy suppu € 2. Then there

exist strong solutions u, v € C() N Wli’cp () of

P™(D*u) — p(x)|Dul = f(x), PT(D*) + u(x)|Dv| < f(x) in Q

@ Springer



466 S. Koike, A. Swiech

such that u = v = on dS2. Moreover we have

lull Lo (), Ivlize@) < 1Yl @) + Crexp(Callwll) I flx, (2.6)

where Cy and Cy are constants from Proposition 2.1, and for every Q' € L,

lullw2r @y I0llw2r @y < C, pods A, il La g, dist (7, 92) (1Y [l L= a0
+ 1 fllLr)- 2.7

Proof We will only prove the result for subsolutions as the proof for supersolutions
is similar.

First, we suppose ¢ > p > n from (2.5). Let u; € C(2) be such that u; — pin
L9(£2) and pointwise a.e. Letu; € C Q)N Wli’c‘" (£2) be the unique strong solution of

P~ (D*u;j) — juj(x)|Duj| = f(x) inQ (2.8)

such that u = ¥ on d€2. The existence of such strong solutions follows for instance
from Corollary 3.10 of [6] or Theorem 3.1 of [20]. By Proposition 2.3, (2.3) holds
for u; with  replaced by ;. Since p; — w in L9(2), we can assume that it holds
with .

Now, since we can cover €’ by a finite number of balls having fixed radius R it is
enough to show (2.7) for the u; for B instead of Q'. We will denote the measure of
Bg by |Br| = w, R", where w,, is the measure of B;. Let p € (0, 1) and n € C(z)(BR)
besuchthat0 <n <1, n=1in B,g, n = 0 for |x| > pR, where 5 = (1 + p)/2,
and

|Dn| <

i ID*y] < 16
= (U-pR’ ==

p)?R?

Then setting v = nu; € W?2P(Bg) (.e. suppv C Bjg), and therefore using the
estimates of [5] (see also [4]), we have

Inujllwzr s, = CUIP™ (D> (quj )l (85
which implies
IDMullLes;z) < Callnujllwars;q) < C1C P~ (D*u)llLr 8- (29)
Hence we have

1D\l LrB,p) < ID*u)lILr(s,0) < C1CAP™(D*(qui)llLe (s,
= C1C2|P~(D?uj) +2Dn ® Duj +u;D*nllLr (84

_ 1 1
=G (II??P (Dzuj)||LP(B,—,R)+m||Duj||LP(B/;R)+m”uj”LP(B,—,R> :
(2.10)
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Maximum principle for fully nonlinear equations 467

It follows from the equation that

C3lnP~(D*uj)ILr(Bp) < Call fFlLrBsp) + Callnge; Dujll Lo (s

llujll Loo ()
<Call fllLrBsp) + CallwjDuj)liLr(z) + C4||Mj||LV(BﬁR)m
Wl L@+ fllLr e
=Call fllLrBsp)+Cally DmupllLeBsp)+CslinjllLr;z) 21—),0)R @
@2.11)

We now estimate

CallwjDuj)liLrB;r) < CalltjllLr ;) 1D u i)l Loo(B,5)

< C4C i ol P~ (D? / -
= G4 6||Mj||Lp(BpR)” ( (T)M]))”L ZP (Bsr)

(p—n) _
< CaCo(@n R 07 || 1| Lo (8 1P~ (D* e ) I Lr (8-
(2.12)

Therefore by choosing R small enough, we can guarantee in (2.12) that

Ci . _
CallwjD(uj)LrBsp) = 7”7’ (Dz(nuj))||LP(B,—,R)~ (2.13)
It now follows from (2.10), (2.11), and (2.13) that
Cl _ 2 C7
7”7’ (D (uilLrBsp) < Call fliLr@) + AR ((I—P)R(IllﬁllLOO(asz)
+ ||f||Lﬂ(sz)+||Duj||LP<BﬁR))+IIMjIILP(BﬁR)) .
Hence, again from (2.10), we obtain
(1= )2 R*| D2 ujllLr(8,r) < Cs IV oo+ fll Lo @)
+Cs (1= PIRIDU; 5y + 5 |20 (50) - (214)
If we introduce norms

W) = sup (1= p) R¥ID* | Lrp,p). k=012,
O<p<l

then (2.14) gives the inequality
Wy (uj) < Cy(I¥ llz=@e) + 11 fllr) + Cs (Wi uj) + Wolu;)) .
The required estimate follows from the interpolation inequality
W <eWr + g‘l’o,

which may be found in [14]. €\ Springer



468 S. Koike, A. Swiech

Therefore there exists u € Wl%)’cp (€2) such that u; — u in Wli’cp () as j — oo.
Passing to a subsequence if necessary, we see that Du; — Du a.e. (in this case,
the Sobolev embedding yields the local uniform convergence). Thus this implies that
wjlDujl — w|Dul a.e.as j — oo. Since P~ is concave, we have for a.e. x,

P~ (D*u) > limsup P~ (D?u;)

j—o0

= tim sup (P~(D%u)) = 1 (0Dt | + 11, (0)| D)

Jj—o00

= @)+ Jim i (01Duj] = F06) + ()| Du.

Obviously u satisfies (2.6) and (2.7). It remains to show that u € C (Q). By the
superadditivity of P, we have for i, j > 1

P (D*(uj — uj)) = pi(x)|Dui| — pj(x)|Duj| + f;(x) — fj(x) in Q
ui —uj =0 on dQ2

Since suppu € €2, we may assume that supp( ;) C €' for some ' € € and for all
j = 1.1t is enough to show that

lii )| Dui| — pj(x)[DujlllLr@y) — 0 asi, j — oo (2.15)

since the maximum principle will give us that sup(u; —u ;) — 0 and we can obviously
obtain a symmetrical estimate by switching u; and u ;. But (2.15) is obvious since

|| Dui| — il DujlllLe) < (i — wi)lDuilllLr@y + il Dui — DujlllLr
< i — mjller@y | Duill ooy + lljlle @y llDui — Dujll Loy
< C (Ilni — wjllLr) + 1Duj — Dujll oo (cy) — O. (2.16)

This completes the proof.

Next, under the other condition (2.5), ¢ > p = n, there arises only one major
difference in the above argument. In fact, to obtain the estimate (2.12), we cannot use
1D (uj) |l Loo(B;g)- Instead, recalling that for each r > 1, there is C, > 0 such that

ID(u )L ;) = Cr||737(D2(W‘/))||L'1(BM), (2.17)
we obtain
lwj DMu )l (Bsp) < ||M||L4(B,3R)||D(Wj)||Lf(BﬁR),
where 7 = nq/(q — n). Thus, fixing r > 7 and using (2.17), we find s > 0 such that
i Dui)llLn(Bsp) < Cr(wan)S”l/L”Lq(BﬁR)||P_(D2(77uj))”L"(BﬁR)-
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Maximum principle for fully nonlinear equations 469

Therefore, we obtain (2.13) for small R > 0. We can then use the same argument
with an obvious modification in (2.16) to get (2.15), which concludes the proof in this
case. O

Remark 2.7 In the case when ¢ > n > p > pg, we can obtain the Wli’f estimate
(2.12) if the L*°-estimate on u; is known. However, we have not yet established the
ABP maximum principle for u ; under this hypothesis. We will discuss this case later.

Proposition 2.8 Assume (2.5). There exist Cy = Cr(n, A, A) > 0 (k = 1,2) such
that if f € Lf,’r(Q), uw e Li(Q), and u € C(RQ) is an LP-viscosity subsolution of
(2.2), then

sgpu < Salgau + Crexp(Call el | £ 1l (2.18)

Proof Let ¢ > 0. By Proposition 2.6 we can find a strong solution v € C(B3) N
2,
WP (By) of
PH(D*v) + u(x)|Dv| < —f(x) —& in By, v=0ondB,

such that

lvllzoe(sy) = Crexp(Callpelln)ULf lln + €)-
Then w = u + v is an LP-viscosity subsolution of
P~ (D*w) — p(x)|Dw| = — inQ.
Hence, by the definition of L?”-viscosity solutions, we have

supw < sup w.
Q 30

This implies that

supu < supu + 2sup |v|
Q aQ Q

and the result follows upon letting ¢ — 0. O

2.1 Linear growth (i.e. m = 1)

Our first result extends that of [12] and [13].

Theorem 2.9 Let po < p < n < q and m = 1. There exist an integer N =
N, p,q)and C = C(n, 1, A, p,q) > O such that if f € Li(Q), JTRS Li(Q), and
u € C(Q) is an LP-viscosity subsolution of (2.2), then

N-1

supu < supu +C [GXP(CIIMIIn)IIMIIf,V + O Nl 11
aQ k=0
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Proof We may assume that that ¢ < oco. (The case ¢ = oo is well known, see for
instance [9].) Wesete = g —n > 0,90 = p,and gx = nqi—19/((n—qx—1)q +qr—1n)
for k > 1. Since gx — qxk—1 = sqlffl/(nq —&qr—1) > nef(4n+2¢) > 0fork > 1 as
long as gx—1 < n, there exists an integer N > 1 such thatgy_1 <n < gy <gq.

Fix Ry > --- > Ry > 1. By Proposition 2.5 we find an L?-strong solution
vy € C(Bg,) N W>P(Bg,) of

PT(D?v)) = —f(x) in Bg,
such that v; = 0 on dBg,, 0 < —v; < C| f|l, in Bg,. By the Sobolev embedding
1DVl gy, = CIL . (2.19)
Here and later, forn > p > 1,

n
pt= P_ o

n—p

We will also use C > 0 to denote various universal constants.
Since P~(X +Y) < P~ (X)+ PV (Y)for X,Y € S", by setting w; = u + v in
€, it is easy to see that w is an L”-viscosity subsolution of

P (D*wy) — u(x)|Dwi| = u(x)|Dvi (x)| =: fr(x) inQ.
Inequality (2.19) and the Holder inequality yield
121l Bry) = NlitllgI DIl o* () = Clitlig IS 1l p-
We next take the strong solution v, € C (ERZ) N wa (Bg,) of
PH(D*v2) =~ fo(x) in By,
such that v, = 0 on 9Bg,. Then 0 < —vp < C|| f2| Lo (Bry) in Bg, and
1DVl 47 g, < Clitlgl 1
We then see that wy := w + vy is an L”-viscosity subsolution of
P~ (D*w2) — u(x)| Dwz| = p(x)| Dvo(x)] =: f3(x) in Q.
It is easy to verify that

2
/3192 (Bgy) = IIMIIqIIszlquT(BRZ) = ClinligIhfillp-
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Maximum principle for fully nonlinear equations 471

Hence we inductively choose strong solutions vy € C (ERk) N W24-1(B Risp) OF
PHD?0p(x) = = ()| Dve—1 (V)] =t fi(x) in B,

such that vy = 0 on 9 Bg, . As before we have
0 < —vk < Cll fill L1 8y, ) < Cllually ' f 1l in Bry. (2.20)

and

e DvillLae By, ) = Il I Dvgll < Cllpllg I f1p-

L1 (Bg,., )
Since wy :=u + Z,ivzl vk is an LP-viscosity subsolution of

P~ (D*wy) — p(x)|Dwy| = p(0)| Doy )] =: f(x) inQ
and f € LIV (Q) for gy > n, by Proposition 2.8 we have

supwy < supwy + Cexp(Cllll)ll flla-
Q 0Q

Since ||f||Ln(Q) < C||f||qN < C||M||(11V||f||p, it then follows that
N
N
supu < supwy + > sup(—vi) + Cexp(Cllull) 21} 1711 p-
k=1

It now remains to use (2.20) to finish the proof. |

Remark 2.10 As pointed out in Remark 2.7, noting that we only used Proposition 2.8
in the proof above, if we replace (2.5) by

q=>n>p=>Ppo,

we obtain the L°°-estimate (2.3) for u ; in the proof of Proposition 2.6. The remaining
Wli’ Cp -esitmate can be obtained by the same argument as in the proof of Proposition 2.6.

2.2 Super-linear growth (i.e. m > 1)
In this subsection, for a fixed m > 1, we consider the PDE

P~ (D*u) — u(x)|Du|™ = f(x) inQ. (2.21)
In light of Example 1.1 in order to show the maximum principle for (2.21) we need

some restrictions as in [15]. We first present a result which corresponds to Proposi-
tion 2.8.
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472 S. Koike, A. Swiech

Theorem 2.11 Let n < p and m > 1. There exist § = 6(n, A, A,m, p) > 0 and
C=C(n, A, A,m, p) > O0suchthatif f € LY(Q), n € L (Q),

LA el < 8, (2.22)

and u € C(Q) is an LP-viscosity subsolution of (2.21), then
supu < supu+C (1111, + 115 el ) -
Q Q

Proof Fix 1 < Ry < Rj. By Proposition 2.5 we can find an L”-strong solution
v € C(Bg,) N W2P(Bg,) of

PT(D?v)) = —f(x) in Bg,

such that vy = 0ondBg ,and 0 < —v; < Cy|| f|lp in Bg,. Moreover, by the Sobolev
embedding,

[DvillL(Bg,) < C2ll fllp-
We notice that w; := u + v; is an L”-viscosity subsolution of

P_(Dzwl) _ 2m_1/,L(x)|le|m — 2m—lu(x)||DU1 ”TOO(BRI) in .

Next, for every ¢ > 0, we take the L”-strong solution ¢, € C(§R2) N W2P(Q) of
PH(D*¢) = —@Q"7'CY + DI I u(x) — & in Bg,,
such that £; = 0 on 9 Bg,. Again 0 < = < C3(| fII’} llullp + &) in Bg,, and
IDge o) < Calll fIIy el + &). (2.23)
Thus, setting W, = w; + ¢, we verify that W, is an L”-viscosity subsolution of

PT(D*We) — 22" D p () [ DWe|™ = w(x) Q2" VD)™ = [ £I7) — & in Q.

By (2.23), we find C5 > 0 such that the right hand side of the above is estimated from
above by

pnC(CsULfI Tl + &)™ = 1L fII) — e

Hence, for § := 1/ Csl/ " > 0,if (2.22) holds, we see that, for sufficiently small & > 0,

W, is an LP-viscosity subsolution of

P=(D*W,) — 22D (x)|[DW,|" = —¢ in Q.
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Maximum principle for fully nonlinear equations 473

This obviously implies that W, < sup,q W, in €2, and so we obtain that

supu < sup W, + sup(—v1) + sup(—¢e) < supu + C(fll, + £, lnllp + &).
Q 90 Q Q 90

Thus, the conclusion follows by letting ¢ — 0. O

Following the argument used in the proof of Theorem 2.9, we can now extend
Theorem 2.11 to the case when p € (po, n].

Theorem 2.12 Let po < p < n < g and m > 1. Denote ap = 0 and ay =
1+m+--- —l—mk_lfork > 1. There exist an integer N = N(n,m, p,q) > 1,6 =
s(m,A,A,m,p,q) >0and C = C(n, , A,m, p,q) > 0 such that if € Lf_(Q),
ne LL(Q),

ng(m—1)
>—
mq —n

(2.24)

N —_ —
I =D gy e =b+t < g, (2.25)

andu € C(Q) is an L?-viscosity subsolution of (2.21), then
N+1 .
supu < supu+C > [l £

Q 90 =

Remark 2.13 When 1 <m <2 —n/q, (2.24) is automatically satisfied.

Proof Without loss of generality we may assume as before that g < oco. We define
g0 = p, and gk = nqk—1q/{n(gk—1 +mq) —mqi—1q} for k > 1. Note that g1 — p >
pip(mg —n) —ng(m— D}/ {n@2 'mg+p)} >0 by (2.24). We can then inductively
show that there is & > 0 such that g — qk—1 > qk—1{qx—1(mq — n) — ng(m —
1)}/{n(2_1mq + p)} = 0 for k > 1 as long as gx—1 < n. Hence, we can find an
integer N > 1 suchthatgy_1 <n <gn.Ilfgy_1 =nwesetgy = (n+q)/2.

We fix Ry > .-+ > Ry > 1. We first find the L”-strong solution v| € C(ERI) N
W2P(Bg,) of

PH(D*v;) = —f(x) in Bg,
such that v =0 on dBg,. Then 0 < —v; < C|| f|l, in Bg,, and
| Dvy ”L”*(BRZ) =< C”f”p (2.26)
Setting w; = u 4 vy in 2, we obtain that w; is an L?-viscosity subsolution of

P=(D*wy) — 2" ()| Dwy ™ = 2" w(x)| Doy (1) ™ =1 fo(x) inQ.
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Moreover, Holder inequality, together with (2.26), yields
I f2ll a1 (Bg,) = IIMIIqIIDvlll'fp*(BRz) < Cliplighh£17%-

We next find the strong solution vy € C(ERz) N w24 (Bg,) of
PH(D*vy) = — f2(x) in Bg,
such that v, = 0 on 0Bg,. Again 0 < —vp < C||f2||Lq1(BR2) < C||,u||q||f||’1’} in Bg,,

and
1Dl gt 5, < Clliellg 1 (2.27)

Then wy := wj + vy is an LP-viscosity subsolution of
P (D*wy) — 22"V p(x) [ Dwa|™ = 22"V p(x) [ Dvay (1) =t f3(x) in

and (2.27) implies
2
I3l < CllaIDvIT; < Cliady ™ 11

Inductively, for fi = u|Duvi—i | e L%-'(Bg,), we take the strong solution
vk € C(Bg,) N WH9=1(Bg,.,) of

PT(D*v) = — fi(x) in Bg,

such that vy = 0 on dBg,, for which we have 0 < —v; < C|| fi |l a1 (Br,) in Bg,,
and

ar_ k—1 ar_ k—1
1 ficll L1 (Bgyy < Cllellg™ IF N . IIDvell < Clipllg="nriuy

4
L% (Bryy)

where if gy_1 = n, g5 _, is replaced by any exponent less than +oco. We eventually

obtain that wy = u + Z,ivzl i is an L?-viscosity subsolution of
P (D*wy) = 2Y" Do) Dwy | = 2M D ) Doy (0" = f(x) in Q,

where f € LIV (). Hence, by Theorem 2.11, if | £l llelly is small, then we

LIN ()
have
supwy < supwy + C(l fllLav @) + I/ I an o 1t llg)-
Q a0
Since ||f||LqN @ =< C||M||ZN||f||mN, the result follows. O
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3 Parabolic equations

In this section we consider parabolic PDEs in Q := Q x (0, T], where 0 < T < 1.
For 1 < p < o0, the parabolic Sobolev space w2Llp (Q) is defined as

w2Llr(0) = {u € LP(Q) :u;, Du, D*u € LP(Q)} .

Throughout this paper, we denote the parabolic boundary by 9, 0 := Q x {0} U9 x
[0, T].

We will also be using the space W]i’cl’p(Q) ={u:0—->R:uew>br(Q) forall
Q' € Q}. Above, Q' € Q means that dist(Q’, 3,Q) > 0. The parabolic distance
between (x, t) and (y, s) is defined by

dist(Cx, 1), (v, ) = (lx = ¥ + |1 — 2.

We recall the definition of L”-viscosity solution of general fully nonlinear parabolic
PDEs.

Definition 3.1 We call u € C(Q) an L?”-viscosity subsolution (respectively, super-
solution) of
Uy + F(x,t,u, Du, D>u) = f(x,1) in Q, 3.1

if

ess timinf {6y, 5)+ F(y.5,u(y. ), DP(y,5). D§(y.) = f(7.5)} <0

(y,9)€Q—(x,1)

(respectively, ess limsup {¢,(y, )+ F(y,s,u(y,s), Do(y,s), D2¢(y, s))
(y,8)€0—>(x,1)

—f(y,S)} > 0)

whenever ¢ € Wli’cl"" (Q) and (x,t) € Q x (0,7T) is a local maximum (resp.,

minimum) point of u — ¢.
We call u € C(Q) an LP-viscosity solution of (3.1) if it is an LP-viscosity sub-
and supersolution of (3.1).

As in the elliptic case, we call u € Wli’cl’p (Q) an LP-strong solution of (3.1) if u
satisfies

u;(x,t) + F(x,t,u(x,t), Du(x,t), Dzu(x, 1) = f(x,t) a.e.in Q.
We will establish maximum principles for the parabolic PDE
i + P~ (D*u) — u(x, 0)|Dul™ = f(x,1) inQ, (3.2)

where m > 1.
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The following version of maximum principle can be derived from [21] (see also
[17,18]).

Proposition 3.2 Letm = 1, f € L"*'(Q) and n € L"T'(Q). There exist Cy =
Cr(n, A, A) > 0 (k = 1,2) such that if u € C(Q) N Wi t1(Q) is an L™ -strong
subsolution of (3.2), then

supu < sup u + C1exp(Co || tlln+ DN fllnt1-
Q 9pQ

One may also refine the above estimate using the upper contact set (see [21] for the
details).

In the remaining part of the paper we fix p; to be the “parabolic” constant that
gives the range of exponents for which the following generalized maximum principle
holds. It is known (see [3,10,11]) that there exists an exponent p; = pi(n, A/A)
satisfying (n +2)/2 < p; < n + 1 with the following property: for p > p; there is a
constant C = C(n, A, A, p) such thatif f € LP(Q) and u € C(Q) N Wli’cl’p(Q) is
an LP-strong solution of u; + P~ (D%u) < f(x, 1) in Q, then

supu < supu + C|l fT],.
0 Y

We recall results on solvability of extremal equations and on estimates of Du.

Proposition 3.3 (cf. Theorem 2.8 in [8]) Let p>p1. There exists C=C(n, 1, A, p)>0
such that for f € LP(Q), there exists an LP-strong solution u € C(Q) N Wli’cl’P(Q)
of

u +PH(D*u) = f(x,1) inQ (3.3)

such thatu = 0 on 9, Q and
—ClIfllp <u<Clftl, inQ.

Moreover, for each set Q' € Q, there exists C' = C'(n, 1, A, p, dist(Q’,3,0)) > 0
such that

lullw21.p0n < C'ILF N p-
Proposition 3.4 (cf. Theorem 7.3 in [8]) Let p > pi. For each set Q' € Q, there

exists C = C(n, A, A, p, dist(Q’, 0,0)) > 0 such that ifu € C(a) N Wli’cl’p(Q) is
an LP-strong solution of (3.3), then we have

[ DullLeoy < CllullL=w,0) + I1fIp) if p>n+2,
I1Dull o oy = CllullLe@,0 + 1 fp) if p€(pr.n+2).
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The constant p* above and in the rest of the paper is defined by

2
*:M forp<n+2
n+2—p

The result below is a parabolic equivalent of Proposition 2.6 and can be proved by a
similar argument.

Proposition 3.5 Let 2 satisfy the uniform exterior cone condition, let
g>p>n+2 or qg>p=n+2, (3.4

and let f € LY(Q) and Y € C(3,0). Let i € L% (Q) satisfy suppu € Q. Then

there exist strong solutions u, v € C (E) N Wl%cp (Q) of

ur+P~(D*u)—pu(x, )| Dul > f(x, 1), v+PT(D*0)+pu(x, 1) Dv| < f(x,1) inQ
such thatu = v = ¥ on 3, Q. Moreover, we have

lullLecoys Ivlizeo) < ¥ lLe@,0) + Crexp(Calliwllnt DI f llnt1, (3.5

where C| and Cy are constants from Proposition 3.2, and for every Q' @ Q

lullw21p oy IWlw210(0y <C O, py ks A, lltllLacg), dist (Q, 3, ON 1Y [ (s, 0)
+ 1 fllzrg))- (3.6)

Repeating the arguments of the proof of Proposition 2.8, Proposition 3.5 allows us to
obtain the following maximum principle for L?-viscosity solutions.

Proposition 3.6 Assume (3.4) and let m = 1. There exist Cx_= Ci(n, A, A) > 0
(k = 1,2) such that if f € LY(Q), n € LL(Q), and u € C(Q) is an LP-viscosity
subsolution of (3.2), then

sup < sup u + C1exp(Calielln+ DI f lnt1-
o 90

3.1 Bounded coefficients (i.e. ¢ = 00)

We first show thatif u € L5°(Q) then, even for m > 1, we do not need to assume that
lilloo or || f1Ip s small. Recall that such a restriction is necessary in the elliptic case
as discussed in Sect. 2.2 and [15].

Theorem 3.7 Letn +2 < p and m > 1. There eiixts C=Cn,r AN p,m)>0
such that if f € Lﬁ(Q), w e LE(Q), and u € C(Q) is an LP-viscosity subsolution
of (3.2), then

supu < supu + C(I[fllp + llllocll £1I7)-
0 0,0
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Proof Weset Q1 = By x (—1, T]. In view of Proposition 3.3, we find the L”-strong
solution v € C(Q1) N WP (Q1) of

v +PHD*) = —f(x.1) inQy
such that v = 0 on 9, Q1. We have 0 < —v < Ci|| f|l, in Q. Since Proposition 3.4
implies
IDvliz=co) < Cill fllp, 3.7

we see that w := u + v is an LP-viscosity subsolution of
w, + P~ (D*w) = 2" w(x, )| Dw|™ = 2" u(x, 1)|Dv(x, )" in Q.

Fore >0wenowset U, (x, 1) :=w(x, t)—a.t, wherea, = 2"”’1Ci"71 IIpLIIOOIIfIIZ‘—i-e.
By using (3.7) it is easy to verify that U, is an L?-viscosity subsolution of

(U + P (D*Ue) — 2" 'pu(x, )| DU|™ = —¢ in Q.

Thus, by the definition of L”-viscosity solution, we obtain sup, Uy < supy, o Ue.
Therefore, we have

supu < sup Ug + sup(—v) + (C + )T il f 15
0 Y 0

which yields the desired conclusion upon sending ¢ — 0. O
We next extend Theorem 3.7 to the case p € (p1,n + 2].

Theorem 3.8 Let py < p < n+2andm > 1. There exist an integer N=N (n, p, m) >
land C = C(n, A, A, p,m) > O such that if € Lf_(Q), n e Lff(Q),

(m —1(n+2)
p > —7
m

(3.8)

andu € C(Q) isan L? -viscosity subsolution of (3.2), then

N
2
supu < supu + C(nfn';; D Nl + Nz 1 )
0

Q 9 k=0

Remark 3.9 We remark that when m € [1, 2], since p; > (n +2)/2 > (m — 1)(n +
2)/m, the restriction (3.8) is not necessary.

Proof The proof uses the iteration technique. Set g9 = p. If p = n + 2 we set
q1 = n + 3, otherwise we set g = p*/m and then g = g;_,/m, for k > 1 as
long as gxk—1 < n+2,and g = n + 3 if gx—1 = n + 2. Notice that g1 — p >
plpm —(m—1)(n+2)}/{m(mn+2— p)} > 0by (3.8). Itis theneasy to find N > 1
such thatgy—1 <n+2 < gn.
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> Ry > 1,and set Qy = B, x (=N — 1 +k, T']. We first

We now fix Ry > - -- ,a
find the LP-strong solution v; € C(Q;) N W22 (Q5) of

)¢ +PT(D*v1) = —f(x,1) in QO

such that vy =0on 3, Q1. We have 0 < —v; < Cy| f|lp in Q1, and

D™ L0,y < Cill £

Note that w; = u + vy is an L?-viscosity subsolution of

(w1); +PT(D*wy) — 2" p(x, | Dwy ™ = 2" illoo| Doy (x, )™
= —fo(x,1) in Q,

and

I £2llLar(0r) < Cillllooll £11-

We inductively find the strong solutions v; € C(@k) N W21 (Qk+1), fork > 2,

of
(WO + PH(D ) = 25D D o Dy (x, O™ =t fi(x, 1) in Ok

such that v = 0 on 9, Q. They satisty 0 < —vx < C|| fillpa-1(g,) in Ok, and

I fiell a1 0y < CllS AN

Hence, we see that wy =: u + Z,I(V: | Uk 18 an LP-viscosity subsolution of

= 2V D oo | DUy (x, 1)

(wNn)e + P~ (D*wy) — 2V D (x, 1) [ Dwy ™
= f(x,1) in Q.

Since f € LIV (Q) with gy > n + 2, we obtain by Theorem 3.7 that

supwy + C(I| £l o @) + ltllooll FlITan ))-

supwy <
0 9,0

O

Since ||f||qN < C||,u||lovo||f||’", the result follows.
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3.2 Linear growth (i.e. m = 1)

In this section we discuss the case whenm = 1in(3.2)but u € L9(Q) withqg > n+2.

Theorem 3.10 Let p1 < p < n+2 < q and m = 1. There exist an integer N =
N(n,p,q) = 1and C = C(n, 1, A, p,q) > Osuchthat if f € LE(Q), n € LL(Q),
andu € C (@) is an LP-viscosity subsolution of (3.2), then

N—-1
supu < supu + C {exp(Cllulas) Il + D Iulls t 11
0 90 k=0

Proof Setqo = p andinductively gy = px—19(n+2)/{gk—1(n+2)+q(n+2—qr—1)}
fork = 1.Since gk —qi—1 = qf_y(q—n—2)/{g(n+2—po) +qx-1(n1+2)} = 6 > 0
forsome® > Oandallk > laslongasqgy_1 < n+2,thereexists N = N(n, p,q) > 1
such thatgy—1 <n +2 < gn.

We now fix Ry > --- > Ry > land set Qy = Bg, x (=N +k — 1, T]. Let
v € C(Q)N Wli’cl’p(Ql) be the L?-strong solution of

W +PHD* ) = —fx,1) in Q
such that vy =0on 9, Q1. Then 0 < —vy; < Cy|| fllLr(@) in O1, and
luDvillLai (0, < CillulliLacoyl fllLr(o)-
We easily check that wy := u + vy is an L?-viscosity subsolution of
w1); + PH(D*wy) — pu(x, H|Dwi| = pu(x, )| Dvi(x, )] := fo(x, 1) in Q.
We inductively choose for k > 2 the strong solutions vy € C (Ek) N W]i’cl’p (Qy) of
WO + PH(D?0) = —fie(x, 1) in Ok

such that vy = 0 on 9, O, where fy = pu|Dvg—1|. Again 0 < —vx < Cill fillpa-1 (@)
in Qy, and

lDvll Lo (0pryy < CllellLa o)l fill -1 (g)-

It is then easy to see that
I ficl zoir @) < Clluellizio 1 £ Lrc). (3.9)
Hence, setting wy = u + Z,Icvzl Uk, as in the proof of Theorem 2.9, we have

supwy < sup wy + Cexp(Cllpll 1 o) ILDUN | n+1(0)-
0 0
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Therefore, we conclude the proof using (3.9). O

3.3 Superlinear growth (i.e. m > 1)

In this section, we give sufficient conditions under which the maximum principle for
(3.2) with m > 1 holds true. The first result corresponds to Theorem 2.11 for elliptic
PDEs.

Theorem 3.11 Letn +2 < p and m > 1. There exist 6 = 6(n, A, A, m, p) > 0 and
C=C(n, A, A,m, p) > O0suchthatif f € LY (Q), u € LY (Q),

LA el < 8., (3.10)
and u € C(Q) is an LP-viscosity subsolution of (3.2), then

supu < supu + C| fllp + lllp L FI)-
Q Y

Proof \Ee fix Rf > Ry > 1 and set Qx = B, x (=3 +k,T] fork = 1,2. Let
v e C(Q)) NW>LP(Q,) be the LP-strong solution of

v +PHD* ) = —f(x,1) inQ
such that v =0on 9, Q. Then 0 < —v < C1|| fll, in Q1, and, by Proposition 3.4,
[Dvllee = C2ll £l p-
Thus, we see that w := u 4 v is an L”-viscosity subsolution of
wy +P7(D?w) = 2" p, )| Dw| = 2" CY e, DI FI in Q1
Next, for ¢ > 0 we find the LP-strong soluion ¢, € C(Q,) N W>LP(Q) of
e + PT(D*¢) = ="'y + DI fIpn(x. 1) —e in Qs
such that £, = 0 on 9, Q2. Then 0 < —¢; < C3([ f1I'; lellp + &) in Q2, and
ID¢ ooy < Call £ Iellp + €).
We now see that W, := w + ¢, is an LP-viscosity subsolution of

(We)i + P (D*We) = 22" D p(x, ) DW|™
= pu(x, NV De" — | £I7) — ¢ in Q.
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Hence, taking § = 2_2("1_1)/ij1 > 0, we see that if (3.10) holds, then W is an
LP-viscosity subsolution of

(We)r + P~ (D*We) — 22D p(x, )| DW,|" = —¢ in Q

for small & > 0. Therefore the definition of viscosity solution implies that sup, W <
Sup;, o W, which completes the proof. O

Our last result extends Theorem 3.11 to the case of p > p;.

Theorem 3.12 Let py < p <n+2 < qand m > 1. Denote ay = 0 and ar, =
1+m+--- +mk_1f0rk > 1. There exist an integer N = N(n,m, p,q) > 1,6 =
sd(m,A,A,m, p,q) >0and C = C(n, A, A,m, p,q) > 0 such thatif f € Li(Q),
e LL(0),

- (m—1g(n+2)

3.11
mq—n—2 ( )
andu € C (@) is an LP-viscosity subsolution of (3.2),
LA =D o= < g, (3.12)

then
N+1 .
supu < supu+C 4>l FILI -
o 90 paurt
Remark 3.13 If 1 <m <2 — (n+ 2)/q, the restriction (3.11) is not necessary.
Proof We again employ the iteration process. We set go = p and g = qx—19(n +
)/ {gr—1(n +2)+qn +2 —gk—1)} fork > 1. Sinceqg > n+2 > (n+2)/m, by
(3.11), we can find 6 > O such that gy — qx—1 > 6 fork > 1l aslongas gr—1 < n+2.
Thus, we can select an integer N > 1 suchthatgy_1 <n+2 <gyn.lfgy_1 =n+2
wesetgy = (n+2+q)/2.

We now fix R > --- > Ry > 1 and set Q; = BRk_x (=N — 1+ k, T] for
k=1,..., N. We first take the L?-strong solution v; € C(Q1) N Wh2P(Q,) of

(1) +PH(D*v1) = —f(x,1) in Q)
such that vy =0on 3, Q1. We have 0 < —v; < Cy| fll, in Q1, and
1DVl g,y < Cill £lp-
Thus, we see that wy := u + v; is an L”-viscosity subsolution of

(w1)r + P~ (D*wy) — 2" u(x, DDy ™ = 2" p(x, )| Doy (x, 1)
=: fa(x,t) in Q3.

@ Springer



Maximum principle for fully nonlinear equations 483

Note that

120l 0y = Cliwllg £y

Inductively, for k > 2 we can find strong solutions vy € C(Q;) N W21

(Qk+1) of
(W) + PH(D*v) = — fi(x, 1) in O,

where fi(x, 1) = 2%=D=D (x )| Dvg_1 (x, 1), such that v = 0 on 3, Q. The
vy satisfy 0 < —vg < Cr|l fill Lax—1 (00 in Qy, and

_ — _ k—1
| Dvg | < Cell fill o o < 24P Dl A1

L% (Qk+1)

If gv—1 = n + 2 we need to replace gj,_, = +oo by a sufficiently big exponent.
Hence, setting wy = u + 211:;1 v we see that wy is an LP-viscosity subsolution of

(wN); + P~ (D wy) — 2V p(x, 1) Dwy ™
=2Nm=Dy (x, )| Doy (x, )™ =: f(x,1) in Q.

By Proposition 3.4, we note that ||f||LqN(Q) < C||u||q||DvN||mq1,V 1 . Thus, in view
L'N=1(Q)

of Theorem 3.11, there is § > 0 such that if ||f||ZlN_1 lelly < $, then

supwy < supwy + C(|| fllgy + litllg 1 £15)-
o 9,0

. o N .
Since || fllgy < C||,u||ZN ||f||’;,1 , the assertion follows. m]
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