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136 P. Kim, R. Song

1 Introduction

The boundary Harnack principle in Lipschitz domains was first proved independently
for the Laplacian A in [1,14,26]. Later the boundary Harnack principle was extended
to uniformly elliptic operators with bounded coefficients in [8,16] (see [4] for an
extension to more general domains using probabilistic methods).

The main purpose of this paper is to prove a boundary Harnack principle in bounded
Lipschitz domains for diffusions with measure-valued drifts. We will concentrate on
Brownian motions with measure-valued drifts. The assumption on the drift is that each
component of the drift belongs to the Kato class K1 (see below for the definition).
Our main results generalize the corresponding results of [8,16] where only bounded
drifts were considered.

In this paper, we always assume that d > 3. Suppose = (u', ..., u?) is such
that each ' is a signed measure on R? belonging to the Kato class Ky 1, that is

i\(d
lim sup / @ o 1<i<a.
40 cRd lx — ¥l

lx=yl=r

Informally, a Brownian motion in Rd‘ with drift p is a diffusion process in R? with
generator %A + w1 - V. When each p! is given by U’ (x)dx for some function U’, a

Brownian motion with drift s is a diffusion in R¢ with generator %A 4+ U -V andit
is a solution to the SDE

To recall the precise definition of a Brownian motion with drift © in Ky 1, we
fix a non-negative smooth radial function ¢(x) in R? with supple¢] C B(0, 1) and
f(p(x)dx = 1. For any positive integer n, we put ¢, (x) = 2Mp2"x).Forl <i <d,
define

Ul(x) = / o (x — y)u' (dy).

Put U, (x) = (U} (x), ..., U%(x)). The following definition is taken from [6].

Definition 1.1 Suppose 1 = (u!, ..., u9) is such that each u! is a signed measure
on R? belonging to the Kato class Ky.1. A Brownian motion with drift z is a family
of probability measures {P, : x € Rd} on C([0, co0), RY), the space of continuous
R-valued functions on [0, 00), such that under each P, we have

Xl:.x+Wl+A[

where

(a) A; =limy_ fé U, (Xy)ds uniformly in ¢ over finite intervals, where the con-
vergence is in probability;
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Boundary Harnack principle for Brownian motions with measure-valued drifts 137

(b) there exists a subsequence {n;} such that

t

sup/ |Up, (X5)lds < o0
k

almost surely for each ¢ > 0;
(c) W, is a standard Brownian motion in R¢ starting from the origin.

In this paper, we will fix a u = (u', ..., u?) with each pu! € K, 1 and use X to
denote a Brownian motion with drift u defined above. The existence and uniqueness
of X were established in [6]. In fact, X was shown to be a Feller process.

Bass and Chen raised the following question in [6]: do the Harnack principle and
the boundary Harnack principle hold for the positive harmonic functions of X ? Recall
that a non-negative function f on a domain D is said to be harmonic in D with respect
to X if for every relatively compact open subset B of D with B C D,

Fx) =Ex[f(Xzp)], x€D

where tp = inf{s > 0: X ¢ B}.
In [21], we showed that X has a density g (¢, x, y) which is continuous on (0, 00) x

RY x RY and that there exist positive constants C;, i = 1, ..., 9 such that
o d Gy 4 Celi—yl?
Cie Ot 2™ <q(t,x,y) < CseS'17 2 = (1.1
and s
d+1 _ Colx—yl
IViq(t,x, y)| < C7¢5311= 2 ¢ = (1.2)

for all (¢, x,y) € (0, 00) X RY x R, We also showed that, for every bounded cl!
domain D, X P (the process obtained by killing X upon exiting from D) has a density
g which is continuous on (0, 00) x D x D and that forany T > 0, there exist positive
constants C;, i = 10, ..., 14, such that

_d _Crh—y? D 4 Ol
Cio¥p(t, x, )t~ 2e T =<q (t,x,y) SCnypt,x,y)it e 7
(1.3)
and ,
Cr3lr—yl
IVegP(t, x, y)| < Cia (1 A %)t_d;le_ S5 (1.4)
t

for all (¢, x,y) € (0,T] x D x D, where a A b := min{a, b}, p(x) is the distance
between x and 0 D and

— px) P
Yp(t,x,y) = (1/\ \/;)(1/\ \/;)

(See Sect. 4 of [18] for estimates of heat kernels of the Schrodinger-type equations for
XD ) By using these estimates, we established in [21] that the Harnack principle holds
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138 P. Kim, R. Song

for the positive harmonic functions of X and that the boundary Harnack principle
holds for the positive harmonic functions of X in bounded C'-! domains.

However, the boundary Harnack principle established in [21] is not scale invari-
ant and the domains are assumed to be bounded C!-!. The purpose of this paper is
to prove a scale invariant version of the boundary Harnack principle for bounded
Lipschitz domains and to identify the Martin boundary.

A nice framework for the potential theory of strong Markov processes without the
duality assumption was proposed in [13]. In this paper, we first show that Brownian
motions with measure-valued drifts fit nicely into this framework. Then we revisit the
Green function estimates obtained in [21] and show that, in fact, the Green function
for a Brownian motion with measure-valued drift is uniformly comparable to that of
a Brownian motion in small sets. Using an argument similar to that of the proof of
Theorem 2.2 in [9], we prove that the comparability of Green functions implies the
comparability of harmonic measures.

Bass and Burdzy [3,5] introduced a probabilistic method, the so-called box method,
to prove the boundary Harnack principle. In this paper, by using this method and com-
bining the uniform comparability of harmonic measures with the results of [21], we
prove a Carleson type estimate and a scale invariant boundary Harnack principle for
Brownian motions with measure-valued drifts in bounded Lipschitz domains.

Finally, we apply the Carleson type estimate and the boundary Harnack principle
together with the results of [21] to identify the Martin boundary with respect to Brown-
ian motions with measure-valued drifts in bounded Lipschitz domains. Unlike the case
of symmetric processes, identifying the Martin boundary with the Euclidean boundary
is very delicate in the present case. We show that if D is a bounded Lipschitz domain,
there exists a homeomorphism between the Martin compactification and D which is an
identity map in D. Unlike [21], there are no sharp estimates on the Green functions of
Brownian motions with measure-valued drifts in bounded Lipschitz domains. Instead
we use the Carleson type estimate and the boundary Harnack principle. The scale
invariant property of our boundary Harnack principle is critical in our arguments.

The content of this paper is organized as follows. In Sect. 2, we prove some basic
properties of Brownian motion with measure-valued drift in arbitrary bounded open
sets. In Sect. 3, we use the estimates of [21] to prove that the harmonic measures
with respect to X are uniformly (under scaling and translation) comparable to the
corresponding harmonic measures with respect to Brownian motion if the domain
D is shrunk small enough. In Sect. 4, we prove a scale invariant boundary Harnack
principle. Section 5 deals with Martin boundary and the Martin representation. We
prove that the Martin boundary and the minimal Martin boundary of killed Brownian
motion with measure-valued drift can all be identified with the Euclidean boundary if
the domain is bounded and Lipschitz. In the final section we briefly indicate that all
the results remain valid for diffusions with measure-valued drifts, that is, when A is
replaced by a uniformly elliptic divergence form operator ij j=10i(aijd;) with C !
coefficients or a uniformly elliptic non-divergence form operator Zfl j=1Gij0i 0] with

C! coefficients.
In this paper, we will use the following convention: the values of the constants
Mi, M3, ... will remain the same throughout this paper, while the values of the
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Boundary Harnack principle for Brownian motions with measure-valued drifts 139

constants Cp, Co, ... might change from one appearance to another. The labeling
of the constants Cy, C», ... starts anew in the statement of each result. In this paper,
we use “:="" to denote a definition, which is read as “is defined to be”.

2 Some properties of Brownian motions with measure-valued drifts
in bounded domains

Throughout this paper we assume that u = (ul, ..., u?) is fixed with each ' being
a signed measure on R? belonging to K| and that X is a Brownian motion with
drift u. In this section, we will study some basic properties of X which will be needed
later.

We know from (1.1) that there exist c1, ¢z and c¢3 such that for every positive f
and &,

et _d
sup  g(t,x,y) < c1e?  sup 127G
1<to,|x—y[>38 t<ty,|x—y|>8
ool _d 8
<ciesuptT2¢ 37T < o0. 2.1
t<ty
Since
. _d .92
limsupt~ 2e 37 =0,
1040 t <t
we have
lim sup qt,x,y) = 0. 2.2)

t0¢ot<to,|x—y|>5

Moreover, using (2.1), we get

. L l=yl?
sup Po(|X; — x| >8) <c1e?  sup / f%e’c3 3 dy

t<tg,xeRd tfto’xeRdlx—yPS
o0 o0
= e sup/t_%rd_le_”?dr < 5210 / ud=le=em gy
1<ty
%

for some ¢4 = c4(d) and ¢5 = c5(d). Thus

lim sup Py(|X;—x|>8)=I1lim sup P,(X;¢€ R? \B(x,8)=0. (2.3)

040/ <4, veR? 039 ¢ <fy,xeR?

For any open set D, we use 7p to denote the first exit time of D, i.e., Tp = inf{t >
0: X; ¢ D}. Using (2.3) we can easily prove the next lemma.
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Lemma 2.1 Forany § > 0, we have

lim sup PX(TB(X’(g) <s) =0.
530 xeR4

Proof For any t > 0 and any Borel set A in Rd, we put N;(x, A) = P (X; € A).
Then by an extended version of the strong Markov property (see [7, pp. 43—44]), we
have for every x € RY,

1) 5\¢
P, (tBx,5) <5) <Py (TB(x,S) <s, Xy €B (x, 5)) + Py (Xs €B (x, 5) )
8\¢ 8\€
= Ex [NSTB(X’(S) (XTB(X’g)v B (xv E) ) > TB(x.,8) < S:| +Px (XA €B (xv 5) )

Now the conclusion of the lemma follows from (2.3). O

Recall that, a point z on the boundary d D of an open set D is said to be a regular
boundary point if P, (tp = 0) = 1. An open set D is said to be regular if every point
in 8D is a regular boundary point.

Proposition 2.2 Suppose D is an open subset of R? and z € 3 D. If there is a cone A
with vertex z such that AN B(z, r) C D€ for somer > 0, then 7 is a regular boundary
point of D.

Proof Without loss of generality, we may assume that z = 0. Forn > 1, putr, = r/n.
Under Py, we have

{X,, e ANB(O,r)} C {tp =0}.

DY
(G

1 n=m

Hence

Po(tp = 0) > Po(ﬂ U X, e An BO. r)})

m=1n=m
> limsup Py (X,, € AN B(0,r))
n—oo

_d ok
> lim sup ¢y r, 2e m dx
n—oo

ANB(0,r)

12
> lim sup ¢ / g2yl dy > 0.
n—oo
ANB(0,n)

The assertion of the proposition now follows from Blumenthal’s zero-one law (Prop-
osition 1.5.17 in [7]). O
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Boundary Harnack principle for Brownian motions with measure-valued drifts 141

This result implies that all bounded Lipschitz domains, and in particular, all bounded
¢! domains, are regular. Repeating the argument in the second part of the proof of
Theorem 1.23 in [11], we immediately get the following result.

Proposition 2.3 Suppose that D is a domain in R¢ and f is a bounded Borel function
on dD. If z is a regular boundary point of D and f is continuous at z, then

_lim E([f(Xg,); tp < 00] = f(2).

Dox—z

Proof We omit the details. O

Givenanopenset D C RY, we define X” (w) = X, (w) ift < tp(w) and XP () =
difr > tp(w), where 3 is a cemetery state. The process X © is called a killed Brownian
motion with drift i in D. Throughout this paper, we use the convention f(d) = 0.

Let

KP(t,x,y) = Ex[q(t —tp. Xep. ¥) 1 Tp < 1]
and P (1, x,y) :=qt,x,y) — k", x, ).

Then qD (t, x, y) is the transition density of X D je., for every t > 0 and Borel set A,

P.(XP e A) = /qD(t,x,y)dy. (2.4)
A

For the proof of (2.4), see [3, pp. 121-122] where only the strong Markov property
was used.
Using some standard arguments (for example, [3,11]), we can show the following.

Theorem 2.4 Foreveryt > 0, qP(t, x, y) is jointly continuous on D x D. For every
t>0ands > 0,

gt +s.x,y) = /q%,x, 2q” (s, z, y)dz. (2.5)
D

For every (t, x,y) € (0,00) x D x D, gP(t, x, y) is strictly positive. If 7 is a regular
boundary point of D, then for anyt > 0and y € D,

lim ¢”@, x,y)=0. (2.6)

D>x—z

Proof First, we show that kP(t, x, -)is continuous in D for each (¢, x) € (0, 00) x D.
Suppose (9, x0, yo) € (0,00) x D x D and y, converges to yp in D. Let §y :=
dist(yg, d D). Choose ng large such that dist(y,, dD) > %60 for every n > ng. Given
& > 0, using (2.2), we can choose s > 0 small such that

| ™

sup Ex, [q(to — D, Xep, yn) : fo—s < Tp <1fo] <

n=no
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So using (2.1), the continuity of ¢ and the bounded convergence theorem, we get
Jim Ey, [q(to — 70, Xrp, ) : 10— = 7] = 0.
Now assume (7, X0, yo) € (0, 00) x D x D and x,, converges to xg in D. Let
h(s,x) :=Ex [Ex,[q(to —s — Tp. X<p. y0) : Tp < fo — 5], s < to.

We know from (2.1) that Ex [q(to — s — ©p, X1, Yo) : Tp < to — s] is bounded. So
by using the continuity of g, i (s, -) is continuous in D for every s < ty. Now using
the Markov property, we have

kP o, x, y0) = (s, )|
= |Ex [¢(to — D, Xzp, ¥0) : TD < 5]
+ E, [Exs[q(to —§5—1p, X7, ¥0) 1 Tp <ty —sSl;s <1p < t] — h(s,x)|
<E[q(to— D, Xr;. y0) - Tp < 5]
+E; [Ex,[q(to —s — T, X<p. yo) : Tp < fo —s|; Tp < 5],

which is less than

2
. d _..%
2 c1e%210 (suptze a5 )Px(rD <ys).

t<to

By Lemma 2.1, the quantity above converges to zero uniformly on any compact subset
K of D ass — 0. Thus, given &, by choosing so small first and then choosing ng large,
we get for n > ng

[KP @0, 22, 30) = kP (10, x0, 30)|

< 2sup [P (10, X, Y0) — h(s0, Xm)| + A (s0, Xn) — h(s0, X0)| < e.

m>0

Since ¢ (¢, x, y) is continuous, we can now conclude that qD (t, x, y) is continuous in
x € Dandiny € D.(2.5) can be proved using the Markov property and the continuity
of gP(t,x, -) (see [11, p.35]).

We will prove the joint continuity of g” (¢, -, -) by using (2.5) and (1.1). Assume
(t0, x0, ¥0) € (0, 00) x D x D and (x,, y,) converges to (xg, yp) in D x D. By (2.5),

we have
D D 1 D 1
q” (10, Xu,yn) = [ q EIO»xnaZ q Eto,z,yn dz.
D

It follows from (1.1) that qD (%to, Xn, z) qD (%to, Z, yn) is bounded. So by the bounded
convergence theorem, we have the joint continuity of g2 (z, -, -).

@ Springer



Boundary Harnack principle for Brownian motions with measure-valued drifts 143

Finally, for (79, x0, o) € (0, 00) x D x D, choose a smooth domain G such that

%0, ¥0 € G C D. Then ¢” (10, x0, y0) = ¢ (t0, x0. yo) > 0 by (1.4),
By Proposition 2.3, the last assertion of the theorem can be proved using the argu-
ment in the last paragraph of the proof of Theorem 2.4 of [11]. We omit the details.
]

In the remainder of this section we assume that D is a bounded domain in R?. The
next lemma is basically Lemma 6.1 in [21].

Lemma 2.5 There exist positive constants C1 and Cy depending on D only via its
diameter such that

gP(t.x,y) < Cre™®, (t,x,y) € (1,00) x D x D.

Proof With the help of (1.1), one can repeat the argument in the proof of Lemma 6.1
in [21] to arrive at the result with the constants depending on D only via its diameter.
We omit the details. O

Combining the result above with (1.1) we know that there exist positive constants C
and C, depending on D via its diameter such that for any (¢, x, y) € (0, 00) x D x D,

D _d _Chol?
q-(t,x,y) < Cit7ze” 2 . 2.7
Therefore the Green function
o0
Gp(x.y) :=/qD<r,x,y)dr
0
is finite for x # y and
G , < C3— 2.8
D,y = Cap s 2.8)

for some C3 = Csz(diam(D)) > 0.

Theorem 2.6 G p(x, y) is strictly positive and jointly continuous on (D x D)\{(x, y) :
x = y}. Gp(x, y) is infinite if and only if x = y. Forany y € D,

lim Gp(x,y) = lim Gp(y,x) = oo. 2.9)
x—y x—y

Moreover, if z is a regular boundary point of D, then for any y € D,

lim Gp(x,y) = 0.

Dsx—z

Proof Suppose (x,, y,) converge to (xp, yo) with xo # yo and there exist disjoint
compact sets K| and K> such that x,, € K| and y,, € K». Let § :=dist(K, K2). Then
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by (2.7), there exist C; and C, depending on D only via its diameter such that for any
t € (0, 00)

52

D _d _ 207
q (t, xn, yp) < Crt72e” 20 =: f(1).

Since f(¢) is in L'((0, 00)), the dominated convergence theorem and Theorem 2.4
give the joint continuity on (D x D) \ {(x,y) : x = y}. The strict positivity of
G p(x, y) follows from the strict positivity of g? (¢, x, y).

Fix xo € D and choose a smooth domain G such that B (xo, %p(xo)) c G CD.
Then by (1.3), there exists positive constants ¢; and ¢, such that

2 2
X d colxg—yl
qPt, x0,y) = ¢, x0,y) = ¢ (1 A p(IO) )tze B

1
t<landy € B (xo, Zp(xo)) .

So

p(x0)2Al

Gp(xp, x0) = ¢ / 1=2dt = oco.

0
Also, by Fatou’s lemma,
p(x0)*Al
. . _d _akgol?
liminf G p(xp, y) > liminf ¢; t e 1
y=>X0 y=>Xo
0
p(x0)*Al
_d .. . 702\%0*yl2
> c t 2 liminfe rdt
y—>Xxo
0
p(x0)*Al
= t72dt = o0
0
The other claim in (2.9) can be proved similarly.
The last assertion follows easily from the last assertion of Theorem 2.4. O

Therefore G p satisfies the condition (i), (ii), (iii) and (vi) in [ 12] and hence the Riesz
representation (see [12, p. 28] and [13, pp. 186—187]) holds. To make the statement
above precise, we first recall some definitions.

Definition 2.7 Suppose that U is an open subset of R?. A Borel function u defined
on R? is said to be

@ Springer



Boundary Harnack principle for Brownian motions with measure-valued drifts 145

(1) harmonic in U with respect to X if
u) = B [uxf)]. xes, 2.10)

for every bounded open set B with B C U;
(2) regular harmonic in U with respect to X if it is harmonic for XY and for each
xeU,

u(x) = Ey [M(Xru)] ;
(3) superharmonic in U with respect to X if u is non-negative and

u(x) > E, [u(XU ] x€B,

B

for every bounded open set B with B C U;
(4) excessive for XY if u is non-negative and

u(x)

u(x) = limE, [u(xff)], t>0,xeU,
t

v

E, [u(X,U)] = E, [u(X,): 1y >1] and

(5) apotential for X_U if it is excessive for XV and for every sequence {U,},>1 of
open sets with U,, C U, 41 and U, U, = U,

lim E, [u(XgU )] =0, foreveryx e U withu(x) < oo.
n—oQ n

It is well known that u is excessive for XU if and only if f is lower-semicontinuous
in U and superharmonic in U with respect to X. (See Theorem 4.5.3 in [10] for the
Brownian motion case, and the proof there can adapted easily to the present case.)

Harmonic functions with respect to X are continuous if they are locally bounded.

Proposition 2.8 Assume that U is an open subset of R?. Then any locally bounded
harmonic function u in U is continuous. In particular, for any bounded Borel function
finoU, Ei[ f(Xy,)] is continuous and regular harmonic in U.

Proof Fix x € U and choose smooth compact open subsets D1 and Dy withx € Dy C
DiCcDyCDyCcU.LetL := ||””L°°(D7) < 00. We assume that {x,},>1 C D and
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X, — x. By (2.10) and the Markov property,

) = ()] = By [0(X )] = Bl (X, )|

<2L sup P,(tp, <1t)+

zeDq

—E, [Ex, [4(Xop)] 0, > 1|

Ey, [Eoulu(Xep)1| = Ex [Eoulu(Xep)|

E., [Ex,[1(Xep)] : 7, > 1]

=2L sup P.(tp, <1t) +

zeDy

<2L sup P,(tp, <1) + L/ ‘qu(t,xn,y) —qu(t,x,y)‘dy
D;

zeDq
Given ¢ > 0, by Lemma 2.1, there exists #p > 0 such that

&
sup P (tp, <19) < —.
zeDy : : 8L

By (1.3),

/ ‘qu(to, Xn, ) — g2 (10, x, y)‘ dy
Dy

= / + / ‘qu(t()v-xVh Y)_CIDZ(TO,X, y)‘dy
Don{dist(y,0D»)<8}  D>\{diSt(y,d D»)=8}
—44 D D
<ci|Dyldty, * + / q7*(to, xp, y) — q z(to,x,y)’dy,

Dyn{dist(y,d0D2)>5}

d+1

for some c¢i. Now we choose § small so that ¢; |D2|L8t0_ 2 < %. The convergence

of the second term in the last equation above follows from the uniform continuity of
qD2 (to, -, -) on Dy x (Da N{dist(y, dD3) > §}) (see Theorem 3.1 in [21]). Thus we
have proved the Proposition. O

Now we state some properties of Green functions. Since X is a transient diffusion,
it satisfies the conditions in [23]. Thus, combining Theorem 1 in [23], the results in
[12, p. 28], Corollary 2 to Theorem 2, Proposition 11 and Theorems 5-6 in [13], we
have

Theorem 2.9 (1) Foreachy, x — Gp(x,y) excessive for XP. Moreover, for every
open subset U of D, we have

E.[Gp(X,, ] =Gplx,y), (x,y)eDxU 2.11)
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Boundary Harnack principle for Brownian motions with measure-valued drifts 147

where Ty = inf{t > 0 : XtD € U}. In particular, for every y € D and ¢ > 0,
Gp(-,y) is regular harmonic in D \ B(y, €) with respect to XP.
(2) For every Radon measure v on D,

Gpv(x) = /GD(x,y)V(dy)
D

is a potential for XP. Conversely, if u is a potential for XP, then there exists a
unique Radon measure v on D such thatu = Gpv.

(3) If f is an excessive function for XP which is not identically zero, then there
exists a unique Radon measure v on D and a harmonic function h for X° such
that f = Gpv + h.

The proof of the next proposition can be found in the proofs of Theorems 2-3 in
[23]. We put the proof here for reader’s convenience.

Proposition 2.10 Ifh is a nonnegative harmonic for X° and U is an open subset of D
withU C D, then there exists a Radon measure v supported on 0U suchthath = G pv
in U. In particular, every nonnegative harmonic function for X D is continuous.

Proof Note that from Proposition 2.8, we know that every bounded harmonic function
is continuous. Since 4 is the increasing limit of E [A (X r[:/) A k] for every open subset

V of D with V. C D, h is lower semicontinuous. Thus % is excessive. Let Ty :=
inf{t >0: X lD € U}. Since h is excessive, Corollary 1 to Theorem 2 in [13] implies
that there exists a Radon measure v supported on U such that E,[h(X ?U)] = Gpv(x)
for all x € D. Since

Gpv(x) = /GD<x,y)v<dy>+/GD(x,yw(dy) — ) 4+ (0, x €D
U oU

and &1 and h; are excessive (Theorem 2.9), h and h> must be harmonic with respect
to X in U. Let K be a compact subset of U. By the harmonicity of .1, we have

Bl (0,01 = [ Gotx, i)
U

But, by Corollary 1 to Theorem 2 in [13], v can not charge the interior of K. Since K is
an arbitrary compact subset of U, we get that & is identically zero and v is supported
by aU. Therefore we have shown h(x) = E, [h(X?U)] = Gpv(x) forx € U. Now
the continuity of & follows from the continuity of G p. O

3 Green function estimates and comparison of harmonic measures

In this section, we assume that D is a bounded C!! domain. Recall that a bounded
domain D in R? is said to be a C!*! domain if there is a localization radius ro > 0
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and a constant A > 0 such that for every Q € 9D, there is a C! function ¢ = 90 :
R?™! — R satisfying ¢(0) = [V¢(0)| = 0, [Volloo < A, [Vo(x) — Vo (2)| <
Alx — z|, and an orthonormal coordinate system CSo with origin at Q such that

B(Q,ro))ND = B(Q,ro) N {y =1, Vi1, Yd)
=, y)inCSg : ya > d(Y)}.

The pair (ro, A) is called the characteristics of the C!:! domain D. The main objective
of this section is to show that the harmonic measures with respect to X are uniformly
(under scale and translation) comparable to the corresponding harmonic measures
with respect to Brownian motion if the domain D is shrunk small enough.

Let pP(t, x, y) be the density of Brownian motion killed upon exiting D. It is
known that for any 7' > 0, there exist positive constants M;,i = 1, ..., 5, depending
on T and D such that

Mylx—y2 4 Myl—yP

My, x. ) e <pPtx. y) < Msyp(t,x, y)t~Te 7 3.1)

and
a1l Mylx—y?
t

IVepP(t,x,y)| < Mst™ 2 e (3.2)

forall (¢, x,y) € (0, T] x D x D.(3.1) was proved in [15,28] and (3.2) was proved in
[17]. By taking M4 smaller if necessary, we can assume that M4 < 1/2. Differentiating
with respect to x in the equation

t t
PD(t»x»y)z/PD =X, Z pD .4 ) dZ
2 2
D

and using the above estimates on p?(z, x, y) and V, pP(z, x, y) we get

VapP (x| < 297 My M / T e M g
D
< 2d+1M3M5,0(y)/l_d;l6_2M4f_12t_@1e_m4|§_y2 dz
R4
_dt2 M-y
= Mep(y)t— 2 e 1

In the last equality above, we have used the semigroup property of the Gaussian kernel.
Combining this with (3.2) we see that, for any T > 0, there exists a positive constant
M7 such that

Mylx—y|?
VepPe, x, )| < My (1 A %) i (33)
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for all (t,x,y) € (0,T] x D x D. Since pD(t,x, y) < p(t, x,y), there exists a
positive constant Mg depending only on d such that

D _d
po(t,x,y) < Mgt—2e” "¢ T, (t,x,y) € (0,00) x Dx D.  (34)

By combining this with (3.2), Lemma 2.5 (works for p?) and the semigroup property,
we can easily get that there exists positive constant My depending on D such that

=y

Ve Pt x, y)| < Mot~ T e™Ms"F (1.x.y) € (0.00) x D x D.  (3.5)

For any z € R? and r € (0, 1), put D := z +rD and let pp:(x) be the distance
between x and 9 D?. By the translation and scaling property of pP, we see that the
constants in (3.4)—(3.5) are invariant under translation and Brownian scaling. Thus we
have

lx—yI?
PPt %, y) < Mgt™3e M (1,1, y) € (0,00) x DEx DF (3.6)

and

z le—y[?
IVepP (1 x, 0 < Mor™F e M7 (1,1, y) € (0,00) x DE x DE. - (3.7)

We will suppress indices above from D} when it is clear from the context.

By taking scale and translation invariance into consideration in the proof of The-
orem 4.2 of [21], we have observed at the beginning of Sect. 5 of [21] that for any
T > 0, there exist positive constants #y and M;, 10 < j < 14, independent of z and
r and depending on p only via the rate at which maxj<;<¢q M :L ; (r) goes to zero, such
that

_d _ My le—yP? D? _d _ Mp3l—y?
Mot 2ypz(t,x, y)e” 2 < q7r(t,x,y) < Mot 2y pz(t,x, y)e” %
(3.8)
and ) ,
z V4 Mi3lx—y|
Vg (2, x, )| < Mys (1A p’}y )re (3.9)
t

forall (¢, x, y) € (0, t0 A (r2T)] x Df x D%. We now show the scale and translation
invariant version of the Green function estimate of X when D is a bounded C'-!
domain.

First we show the lower bound of G pz, which is a direct consequence of the lower
estimates of quZ in (3.8). In the next theorem we will take 7 = diam(D)?2, and let 7,
be the corresponding constant in (3.8). Recall from [21] that

t
vidy) L
My (r) = sup / L N = sup//s 2 p(s.x, ) vIdy)ds.
xeRd |X—y| xeR4
[x—y|=r 0 R4
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Theorem 3.1 Let D be a bounded C'! domain in RY. There exists a constant C; =
Ci1(D, u) > 0 depending on p only via the rate at which max|<j<q M, (r) goes to

Vi d
zero such that forr < W(OD)’ zeR%and x,y € D},

2(x . 1
Gp:(x,y) > C (1/\ P ( )) (1 . pD,(y)) -
b lx — y| Ix — v/ |x — y|d-

Proof It is easy to see that diam(Df)2 = rZdiam(D)2. Forr < dla*n{(D) ,by (3.8), we
have

diam(DrZ)2
GD,‘?(X, )’) = / qD;?(t’ X, y)dt
0
diam(D?)?
2 (X z u \X—y|2
> Mo / (1 A 'OD'_()) (1 A 'ODr(y)) 4 M
Vi NG
0
o0
z&/* | A Y@ N VIO iy,
|x—)’| 1 |_x_y| |x_y|
2 (x B 1
_—e (1/\/01),( ))(MpD,(y)) _
=l =1/ Ix =yl
where C1 = My [{° u oM g, i

The following lemmas will be needed in proving the upper bound of the Green
functions.

Lemma 3.2 Foranya,r > 0, xo € RY and measure non RY, there exists constant
C1 = Ci(a,d) such that

o
_dtl _alu—z? r2
sup sT 2 e & p(dyds < Ci(a,dyNy\— ).
ueB(xo,r) a
0 B(xo,r)

Proof Fixa,r > 0, x9 € R and a measure L on RY. Since

2 d—1

alu—s 2\ 7 2
sup / / P eV ‘ u(dz)ds < (—) (277)% Ny (r_)
ueB(xg,r) o a a

B(xo,r)
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we only need to show that

o0
| alu—z? r2
sup e & u(dz)ds < cla,dyN, |\ — ).
ueB(xq,r) a

2 B(xo,r)

2

Since {z : |xo — z| <r} C{z:|u — z| < 2r} for every u € B(xop, r), we have

7 a\ulez
sup / / e 4 u(dz)ds
ueB(xg,r) 2 BGro.r)

0,

< sup / / e gt u(dz)ds
ueB(xq,r)

r2 lu—z|<2r

2

_d+l _alu—z? _d+l1 d—1
sup §T 2 e & pu(dzds < 2ds | 2r)* T M,(Q2r)
ueB(xq,r)

lu—z|<2r

IA
N“N\S
S \8

In the last inequality above, we used the fact that for any signed measure v,

sup [v|(B(x, ) < r?= "M, (r)

xeR4

(see (2.1) in [21]). Using the change of variable [ = é we have

00 2

/ R P / =y
2 2

2 0

T

On the other hand, we have

// 2p(s x, y)u(dy)ds —// 2p(s x, y)ds u(dy)

0 R4
o0
> [ 2Fen x| uF ety
[x—y|<2r alx—y[?
272
o0
> 2%(271)7% /u%eﬂ‘du / Ix — y|" " w(dy).
2a |[x—y|<2r

@ Springer



152 P. Kim, R. Song

Thus

r2
M, (2r) < Cola,d)N,, (;)

Therefore

d+1

2
s=Tds | @)= 'Mu@2r) < Ci(a, AN, (r—)
a

N“N\g

O
The proof of the next lemma is almost identical to the proof of Lemma 3.1 of [27]
so we skip the proof.

Lemma 3.3 For any a > 0, there exist positive constants C1, Ca depending only on
a and d such that for any measure . on R¢

t
d —4\2 _dxl alz—y>
//s 2e” (t—v) = ,u(dz)ds
0 D

_d _a—yP i sl J
<Cit 2¢ 2 sup 2 u(dz)ds
D

ueD
0

and

a)« Z a"f'z
//s*% ‘ ‘ (t—s)*i E=a w(dz)ds
D

_d+1 a\r y\z ,i a\ufz\z
<Cit e sup//s 2 s u(dz)ds
D

ueD

forall (t,x,y) € (0,00) x D x D.
Combining Lemmas 3.2 and 3.3, we have the following lemma.
Lemma 3.4 For any a > 0, there exist positive constants L3, Ly depending only on

a and d such that for any r,t > 0, measure . on R? and an open subset D with
diam(D) < 2r,

t
_ abe—a? 2 _ag1 7a|z—,v|2 P2\ a4 a2
s (t—s) = u(dz)ds < L3N, | — )t 2e =
a
0 D

(3.10)
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and

t

_d+l _al—z? _d+l _alz—y? P2\ _det _al—yP
sT 2 e T (t—s) e = u(dz)ds < L4Ny, 1”2 e X

a
0 D

(3.11)

Using Lemma 3.4 and the estimates (3.6)—(3.7), we can show the global upper
estimate of ¢? if the diameter of D is sufficiently small.

Theorem 3.5 There exists constant ro > 0 depending on M4, Mg and Mg such that
foranyr < roandz € R?

M4\x—,\'|2

g% (. x,y) < 2Mgt 2 @ (3.12)
and ,
z Mylx—y|

IVeg? (1, x, 9)| < 2M9t‘%e‘ e (3.13)

forall (¢t,x,y) € (0,00) x DX x DZ.

Proof By Theorems 4.5 of [21], without loss of generality, we may assume that
u(dx) = U(x)dx where U is smooth and bounded. By the translation and scal-
ing property, we can also assume that z = 0 and the diameter of D is 2, so that there
exist x| such that D C B(xy, 1). Let D, = rD and B, = B(rxy, r) so that D, C B,.
By Theorem 6 of [2] we get that for every (¢, x, y) € (0, 00) x D, x D,

t
g (t,x,y) = pP (1, x, ) +//qD’(s,x,z)U(z) V. pPrt — s, z, y)dzds.
0D,

Following the same argument in the proof of Theorem 4.2 of [21], using (3.6)—(3.7)
and Lemma 3.4 above instead of using (4.1)—(4.3) and Lemma 4.1 of [21], we get that
for (¢, x,y) € (0,00) X D, x D,

k

Mylr—y2 & d r2
Pt x,y) < Mgt~2e 7 (M8L3<d, M) DNy, (—)
k=0 My

i=1

and

k
d
d Mylx—y? o r2
VegPr (. x.y)| < Mot~ F e ' (M9L4<d, My) DN}, (—)) .
£ My
k=0 i=1
Choose r¢y small such that

d 2 d 2
ro 1 1 (70 1
MgL3(d, My) 2 N (—) <= and MoLs(d, My) 2 Ny, (—) < -
izl My 2 im1 My 2

@ Springer



154 P. Kim, R. Song

Then for any r < rg, we have

Mylx—y? dtl _ Myl—y?
2

g% (t.x.y) <2Mgt~ 2”7 and |Veg? (t.x.y)| <2Mor~ T e @
O

Using the above estimates we can prove the upper bound on the Green functions
when D is shrunk small enough.

Theorem 3.6 Let D be a bounded C'! domain in RY. Then there exists a constant
r1 =r1(D, u) > 0 depending on ( only via the rate at which maxj<;<q Mu’ (r) goes
to zero such that forr <ri, z € R4, x,y € Dg,

Gp:(x,y) <C (1/\ ) )(1/\ %)) ) ld_2
’ [x — yl lx =yl /) |x =yl

where C1 only depends on d, diam(D) and the constants in (3.8) and (3.12), and

IV, Gps (v, ) < Co (l/\ PLx) )(1/\ p(”) L
' =l = 1) =yl

where Co only depends on d, diam(D) and the constants in (3.9) and (3.13).

Proof Recall that rg is the constant ro from Theorem 3.5, and 7 is the constant #
used in (3.8) and (3.9). Let r; := ﬁo A rg and [ := diam(D). Note that for every
x,y € D%, |x —y| <rl. We fix r < rq and suppress indices. Using (3.8), we have

r2 2

7 M x—yz
/qD(t’x’y)dt SMlzo/(l/\%) (1/\%) t‘%g‘%dt

0

o0

_ Mlzd : / e (1/\ ﬁp(x)) (M «/ﬁp(y))e_gMBudu
lx =y~ lx =yl lx =yl

lx—y|2

)

o0

M :
e (m Pt )(m—p(y) )/ud24(u\/1)e_%M13”du.
X — yle= Ix =yl Ix =l J

(3.14)
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On the other hand, by the Chapman—Kolmogorov equation, (3.8) and Theorem 3.5, if
t > r? we have

2
q (t xX,y) = // (— X z) qD(t—rz,z, w)qD (%,w,y) dzdw
#2\ ¢
= 2M122M81/fD(”21an)//(?)
D D

2
g Mpzlx—zl® _ Malz=wl® My3w—y[?

x(t—r>)"2¢ 2 e 2D ¢ 2 dzdw
2
< 2M MglzlpD(|x , X, y)//(?)
R4 R4
5 d Myl Malzmw? Mgy
X(t—r-)"2e 7 e 2w e 7 dzdw

(1 lx—y[?

2 2 ) -4
< CoMpMgl“yp(lx — y|%, x, )t Ze 2

where Cy = Co(d) and C1 = C;(My, M13). Since

o0 i 3
/f%e*cl‘xz?v‘ di=— / uT e 30,
|x — y|d=2
P2 0
we have
T 1
/qD(t,x,y)dt < CoM3, Myl — (1 A L) )
lx — ¥l lx — ¥l
2
o0
x( PG )/ Ge3Ciugy, (3.15)
lx — yl )

Combining (3.14) and (3.15), we have proved the upper estimate for the Green func-
tions.
The upper estimate for VyG pz(x, y) is similar. So we skip the proof here. O

Let GOD be the Green function of the Brownian motion W in D. By the Green
function estimates for Brownian motions, Theorem 3.1 and 3.6 imply that:

Theorem 3.7 Let D be a bounded C'' domain in RY. Then there exist constants
rr =ri(D,un) >0and C = C(D, n) > 1 depending on | only via the rate at which
maxj<j<d Mui (r) goes to zero such that forr <ry, z € RY x, y € D},

C7'GY:(x,)) < Gpi(x,y) < CGYh(x, ).
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Now we show that the uniform comparability of Green functions (Theorem 3.7)
implies the uniform comparability of the corresponding harmonic measures.

Theorem 3.8 Ler D be a bounded C'' domain in RY. Then there exist constants
R=R(D,n) >0and C =C(D, i) > 1 depending on 1 only via the rate at which
maxi<;j<d MM,- (r) goes to zero such that forr < R, z € R? and x € D;

cl'p, (W,DZ € dy) <P, (XTDZ c dy) <CP, (WTDZ c dy).

In particular, there exist constants r» = ra(d, u) > 0 and M5 = Mis(d, n) > 1
depending only on p only via the rate at which max<i<q M i (r) goes to zero such

that forr <rp, 7 € RY and x € Bf :=B(z,r)

M Py (Weye € dy) < P (Xoy €dy) < MisPy (Wepe €dy). (16)

Proof The idea of the proof is similar to that of Theorem 2.2 in [9]. Fix a bounded
C!! domain D and constants R := r; = ri(D, ) > 0Oand ¢ = ¢(D, ) > 1in
Theorem 3.7. We also fix » < R and z € R? and suppress indices on D Letg >0
is a continuous function on d D and let

u(x) = Ex[o(Xcp)],
which is harmonic for X? and continuous on D by Propositions 2.3 and 2.8. Choose
increasing smooth domains D, with D, C D,y and U, D, = D. Denote T,, :=

inf{t > 0: X, € D,}. Let u,(x) := E, [u(Xg)]. Then by Proposition 2.10, there
exist Radon measures v, supported on d D,, such that

upy(x) = Gpry(x) = / Gp(x,y)vu(dy).
dDy,

Recall that G% is the Green function of the killed Brownian motion in D. Let

) = Ghra(n) = [ Ghex v,
aD,
Then by Theorem 3.7,
¢ o) < up(x) < cvp(x), x € Dy,
Since D is regular for X (see Proposition 2.2), using Proposition 2.3, the remainder

of the argument is almost identical to the corresponding argument on the proof of
Theorem 2.2 in [9] (with b; = 0 there). So we omit it. O
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It is well known that the harmonic measure P, (W, € dy) is mutually absolutely
continuous with respect to the surface measure on 8 D if D is a bounded C!-! domain.
So immediately we have the following from Theorem 3.8.

Corollary 3.9 The harmonic measure Py (X, € dy) is mutually absolutely continu-
ous with respect to the surface measure on 3D if D is a bounded C"' domain.

4 Boundary Harnack principle in bounded Lipschitz domains

In this section, we will use the comparability of harmonic measures obtained in the last
section to prove a scale invariant version of the boundary Harnack principle for X in
bounded Lipschitz domains. Recall that a bounded domain D is said to be Lipschitz if
there is a localization radius rop > 0 and a constant A > 0 such that for every Q € 0D,
there is a Lipschitz function ¢ : R?~! — R satisfying |¢o (x) — ¢ (z)| < Alx —z|,
and an orthonormal coordinate system CS¢ with origin at Q such that

B(Q,r0) N D=B(Q,ro))My=1,---2Ya—1,Ya) =: (¥, Ya) iIn CSg : ya > o (y)}.

The pair (rg, A) is called the characteristics of the Lipschitz domain D.

One of the properties of Lipschitz domain is that it satisfies the uniform exterior
cone condition. Recall that an open set D in R is said to satisfy the uniform exterior
cone condition if there exist constants > 0, r and a cone

1
C={x=(@x1,...,xq) € R? txg <0, (xlz—}—-u—i—xﬁ_l)? < nlxql} “4.1)

such that for every Q € 0D, there is a cone Co with vertex Q, isometric to C, such
that Co N B(Q, r) C D. If D is a bounded Lipschitz domain with its characteristics
(ro, ), then it satisfies the uniform exterior cone condition with n = n(d, A),r = ry.
Moreover, by choosing ry smaller if necessary, one can choose cones C; := z + C
in CSg for each Q € 9D and z € B(Q,r9) N dD such that C; N B(Q,ry) C
D N B(Q, rg).

In the remainder of this section, we assume D is a bounded Lipschitz domain and
fix its characteristics (g, A) and the constant 1. The constant r; will be the constant
from Corollary 5.8 in [21] and the constant 7, will be the constant from Theorem 3.8.
Without loss of generality, we also assume that A > 1.

For every Q € 9D and x € B(Q, ro) N D, we define

8o (x) == x4 — ¢o(X),

where (X, x4) is the coordinate of x in CSg. Since D is Lipschitz, there exists a
constant ¢ = ¢(d, A) > 1 such forevery Q € dD and x € B(Q, r9) N D we have

¢ '8o(x) < p(x) < So(x) (4.2)

Using (3.16), we can obtain the following result.
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Lemma 4.1 Suppose that Q € dD. If1 > 1, then for every x € D N B(Q, ro/2) with
4sp(x) <rgAr,

PX(X eD)§c<1

TB(X,Z[(SQ(x))

where ¢ = c(d, A).

Proof Fix Q € 9D and an orthonormal coordinate system CS¢ with origin at Q such
that

B(Q.r0) N\D=B(Q.r0) N {y=(1,....Ya-1. Ya) =:(J, ya) in CSg : ya > o (y)}.

For any x € B(Q,ry) N D, we have x = (X, ¢o(X) + 8p(x)) in CSp. Note that
forany x € D N B(Q, rp) with4l8p(x) < ro A rp we have B(x,2l§g(x)) N D C
B(Q,r9))ND.Let O := (X, po(X))in CSp. Since 4/ (x) < rp, there exists a cone
Co, = Oy + C with vertex Q, satisfying

Co, N3B(x,2l89(x)) C Cg, N B(Qx, 1) C D.

So by Theorem 3.8 (note that 4/5p (x) < r2),

Po (Xep g0 # D) = Pe (Xepianguo € 9B(x, 2060(0) NCo,)
-1
> M'P, (WIB(X,%Q(X» € 9B(x,280(x)) ch\_)
= M1_51 Py (Wepoa € 9B(0,2)NCo,...0-1)) »
which is strictly positive since
[0B(0,2)| < ¢|aB(0,2)NC.....0.-nl

O

The above lemma and the Harnack principle (Corollary 5.8 of [21]) imply the
following Carleson type estimate.

Theorem 4.2 There exists co > 0 such that for any Q € 0D and any x = Q +

(0,89(x)) € DinCSgwithdp(x) < 1]—0 (%0 ATL A rz), and any nonnegative function

u which is harmonic with respect to X in B(x, 46 (x)) N D and vanishes continuously
on B(x,48¢9(x)) N 0D, we have
u(y) < cou(x), foreveryy e B(x,28p(x))ND.

Proof The proof of this theorem is similar to that of Theorem III.1.7in [3]. Fix Q € dD
and an orthonormal coordinate system CS¢ with origin at Q such that

B(Q,ro) N D=B(Q,r)) {y=(y1, .., Ya—1, Ya) =:(J, Ya) in CSq : ya > o (P)}.
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Also we fix x = Q + (0,89(x)) € D in CSg with §p(x) < % (2 ArpAr)anda
nonnegative function # which is harmonic with respect to X in B(x, 469 (x)) N D and
vanishes continuously on B(x, 46¢(x)) N dD. Note that

B(x,480(x)) N D C B(Q,ro) N D.
Foreach y € B(x,259(x)) N D, let&y := (¥, o (y) + 8o(x)) in CSp. Since
512+ 160 () + 800> = 680(x)> +8A%8o(x)* < rj,
&y isin B(Q,r9) N D. Since p(y) < |y — x| + dp(x) < 38g(x) < ry, using the

Harnack principle (Corollary 5.8 of [21]), (4.2) and a standard chain argument, we
can show that there exist o > 0 such that

6 —0
u(y) < e (85%) u(&,) 43)

(see Exercise 4 in Chap. 3 of [3]). Also, since |x —&,| < |x —y|+|y—§&,| < 58p(x) <
r1and g (x) = 89 (&), using the Harnack principle (Corollary 5.8 of [21]) and (4.3),
we have

SoM\ ™ °
u(y) <c (6Q(x)) u(x).

So
u(»)\
8 < — ) . 4.4
oY) =c3 (u(x)) 0(x) (4.4)
We will prove this lemma by contradiction. Lemma 4.1 implies that for every
y € B(x,28¢p(x)) N D, there exists ¢ < 1 such that

u(y) <E, I:M(XTB(y,Z(SQ(y))) F X g0 € D] < sup  u | e.
dB(y,280(y))

Therefore, if there exists x; € B(x,28¢(x)) N D such that u(x;) > Mu(x) (M will
be chosen later so that |x, — Q| < r9/2), there exists x, € 9 B(x1, 28 (x1)) such that

ulxy) = sup u =
dB(x1,280(x1)) €

Recursively one can choose a sequence {x,},>1 with |x, 41 — x,| = 289 (x,) and

M

uGn) = =

u(x), 4.5)
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which implies that u(x,,) — oo. But, by (4.4)—(4.5),

o0
Xp — x| < xp — x|+ Ixp —x] < 228Q(Xj) +260(x)
j=1

00 -1 o
< qu(”("-’)) +2 )50 < [2eM77 D65 +2] 800,
=1

u(x)

j=1

which is less than 4§ (x) if we choose a M with

g

Sl

J=1

M > C3E€fr
j=1

The above argument also implies that g (x,) — 0. This contradicts the fact that u
vanishes continuously on B(x, 45¢(x)) N9 D. O

To prove a scale invariant version of the boundary Harnack principle, we shall fol-
low the “box method” of Bass and Burdzy [3,5]. We adopt the following notation from
[3,5]: for every Q € 9D with an orthonormal coordinate system CS¢p with origin at
Q such that B(Q,ro) N D = B(Q,r0) N{yin CSg : ya > ¢po(y)}, we let

Ag(a. R) = (yin CSg : () +a > ya > bo(3), 17| < R},
9" Ag(a. R) i={yin CSg : ¢o() + 5 > va = b0 (). || = R},
3"Ag(a, R) :=1{yinCSq : ¢o(y) +a =y, |y < R}

Ul inCSo: o) +a = yu = $o(3) + 5. 151 = R,

The proofs of the next three lemmas are similar to those of Lemmas 3.1.5-6 and
Theorem 3.1.7 in [3] (also see [4,5]). But one has to be more careful since we do not
have the scaling property and we use Theorem 3.8 only for small balls. We spell out
the details of the proofs of these lemmas for the reader’s convenience.

Lemma 4.3 There exist c; = c1(D) and ¢y = cp(D) > 0 such that for anyr, R, a <
}1(;’0 AT1AT), Q€dD,andy € Ag(a,r), we have

cr(R—r)
€ Ag@. R)) < e e

P, (X

TAg(a,R)

Proof We split into two cases. First we assume that R —r > 12a. We define {S,},>1,
a sequence of stopping times:

Sy :=inf{t > 0:|X; — Xo| > 2a} and S,4+1:=S,+ S1005,.
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Fix y € Ag(a, r). Since

Py (XTAQ(a,R) € BSAQ(a, R)) < Py (TAQ(a,R) > S[R_,:|) s

4a

it is enough to show that there exists € € (0, 1) such that for every n < ﬁ(R —r),

Py (tap@.r) > Sut1) < Py (Tag@.r) > Sn)- (4.6)

In fact, (4.6) implies that there exist ¢; = ¢;(D) and c» = c2(D) > 0 such that

¢y (R—r)
Py (XrAQm,R) €9 Ag(a, R)) <ce" <cle

Now we prove (4.6). By the strong Markov property,

Py (tap@.R) > Snt1)

<E, [PXS,, (TAQ(a,R) > 51) D TAg(a,R) > Sn]-

Ifn < ﬁ(R —r)and Tay(a,R) > Sp, then X5, € Ag (a, R;”). Ifz € Ag (a, R;”),

with [ := (SQaT > 1 we have 4169 (z) = 4a < (ro Ar1 Arp). So by Lemma 4.1, we

have
P. (tap@nr) > S1) <P (X5, €D) <& < L.
Therefore (4.6) is true.
cr(R-=r)
If R —r < 12a, choose ¢ larger if necessary so that cj e~ = > 1. O

Lemma 4.4 There exist c = c¢(D) > 0 and 0 = o(D) > 0 such that for every
r< JT(VO AriAR),a<2r, Q€dD,andy € Ag(r, a), we have

oMY\’
Py (Xes s € 0" 8021 8)) = ¢ (Q—y) :

r

Proof Fix Q € aD, r < ‘—ll(ro AriAR),a < 2randy € Ag(r,a). (4.2) says
that there exists a constant ¢; = c¢1(D) > 1 such that cl_léQ(x) < p(x) < d8px)
for all x € D N B(Q,rp). Let yo = y and choose y; above yp in CSg such that
lvi — i1l = p(¥i—1)/4. Let n and m be the smallest integers such that ¢ (y,) > 2r
and m > 8cy, respectively. We see that

3om) = So(yo) +1yo — y1l + -+ ym—1 — yml = 280(yo).
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By induction, we get 8o (ykm) > 2k8Q(yo). Let k be the smallest integer such
2k8Q(y0) > 2r. Then by the choices of n, m and k, we get

9 )
n < mk < (801+1)10g2( ) < ~ Q(yO). 4.7
30(yo) In2 4r
On the other hand,
P n-1) So(n—1) _5r
8on) = 80(n—1) + lyn—1 —yul < 2r+ y+ <2r+ % < CR

So2r <8g(yn) < . Let

Since a + 89 (yn) < 5Sr.
P, (X,AQ@,M € 0" Ap(2r, 8r)) > P, (Xo, €0A,\ Ag(2r,8r)).
By Theorem 3.8, we also have
P, (Xr, €0A,\ Ag(2r,8r))
=Py (Yo, 1y © 08 (30 3200) V(a1 U B0 8)

_ 1
leslpyn (W ) € dB (yn, Zp(yn)) \ (Au—1 U AQ(r, 8V))) >c>0.

T
B(yn-%p(yn)

Now, since §g(y,) < %r < rq, using the Harnack principle (Corollary 5.8 of [21])
and a standard chain argument we can show that

P, (X,An € dA\ Ag(2r, 8r)) > ¢,

Therefore, with (4.7) we conclude that

8 [
P, (X‘L’AQ(ZrSr) € 3"Ag(2r, 8r)) >t >c ( Q(y)) .
‘ r

]

Lemma 4.5 There exists ¢ = c(D) > 0 such that for every r < %(ro AT AT,
Qe€dDandy e Ag(r,r), we have

Py (Xesponsy € 078021 80) = Py (Xoyyor, € 9"A0(2r81).
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Proof We fixr < %(ro AriAry)and Q € 0D. Let
Q= {X,AQ<W) € 8°Ag(2r, 8r)}, Q) = {XTAQ(ZKM € 9" Ap(2r, 8r)}

and A := Ao (2r, 8r). We define a decreasing sequence {r;};>1 by

311
ri =2r Z_E;]_z > r.

Notethatr < --- <rip;1 <ri<---<r; < 3’%.Wealsodeﬁne
) . P, (2
A; = AQ(2_’+1r, ri)\ A7 'r,r;) and [; := sup M
YEA; Py(QZ)

We claim that sup; > l; < oo. First, by Lemma 4.4, we get [y < oo. Let 7; :=
TAg@=+rri_y) and y € A;. We then have:

Py(Q1) < Py(Xy € 3 Ao r rim)
+Py(Xy, € 0" A M ri1); Q1) i= iy + Jin.

Sinceri_| —r; < 257, by Lemma 4.3, J; | is bounded above by

cie 27y < cre P2 < ¢y
.

2 i —q
—e r/(20i%) e l 2 io - C_S 8Q (_Y) o

which is, in turn, bound above by i%Py (£22) by Lemma 4.4. On the other hand, using
the strong Markov property (twice), J; 2 is bounded above by

Ey [PXTi (Ql) . 8”AQ(2_i+1r, ri_l)]

< i1 Py (X € 0"A0Q7 i) @) < i1 Py(@).
Therefore
Py(Q1) = 5Py(©2) + li-1 Py(S).
Divide the above by P, (£2,) and take the supremum over y € A;. We get
l; < z% + i,

which implies that sup, - [; < oo. O

The following is the main result of this section.
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Theorem 4.6 (Scale invariant boundary Harnack principle) There exist constants
M,c > 1 and r3 > 0, depending on [ only via the rate at which max<;<q M, (r)
goes to zero such that for every Q € dD, r < r3 and any nonnegative functions u and
v which are harmonic with respect to X in D N B(Q, Mr) and vanish continuously
ondD N B(Q, Mr), we have

u) _ul)
v@ ~uo)

,
, DNnB(Q0,——). 4.8
forany x,y € (Q 1—|—A) (4.8)

Proof Let A := 1041 4+ A2, M := 10A and r3 := %(ro ATy Ar). Fixr < r3
and Q € 9D with an orthonormal coordinate system CS¢p with origin at Q such that
B(Q.r0)ND = B(Q.ro)N{y in CSg : y4 > ¢o()}. Note thatif y € B (Q, Hﬁ)ﬂ
D, then

r r
—¢o(y) < Aly A =r.
Ya— ¢o(¥) < ya + |y|<1+A+ N
So B (Q, HLA) ND C Ag(r.r). Let A == Ag(2r, 8r), 8°A = 9* Ao (2r, 8r) and

0"A = 90"Ap(2r, 8r). Assume x,y € Ag(r,r) andleta = Q + ©, Ar). By the
Harnack principle (Corollary 5.8 of [21]),

supu < ciju(a) and inf v > crv(a). 4.9)
A LA
If z € A,
la—z| < la—Ql+10 -zl < Ar +1E, ¢0(3) — (0, 0)| +2r

A

Ar 4+ 8rv 14+ A2 +2r < 2Ar.

So A C B(a, 24r). Clearly B(a,4Ar) C B(Q, Mr). Thus by Theorem 4.2,

supu < czu(a). (4.10)
%A

Therefore by (4.9), (4.10) and Lemma 4.5, for every x € Ag(r, r),

w(x) = Ey [u(Xcy) : Xey € A+ Ey [u(Xey) 1 Xoy € 0"A]
< czu(a)Py (XrA € BSA) + cru(a)Py (X,A € 8”A)
u(a)

< 64@1)@1)" (Xz, € 0"A)
c ME [V(Xey) : Xey €0"A] < u(a)v(x)
= SU(CI) X Al - Atp = SU(a) .
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The above argument also implies that

W @
u(y) — " ua)

Therefore

u) _ @) _ o u)
vE) ~ @)~ )

5 Martin kernel and Martin boundary

By using Green function estimates, we proved in [21] that, for any bounded C L1

domain D, both the Martin boundary and the minimal Martin boundary with respect

to X in D coincide with the Euclidean boundary. In this section, we will extend this

result to bounded Lipschitz domains by using the results of the previous sections.
Fix xo € D throughout this section and define

Gpx,y)
Mp(x,y) =1 GnGo.»)’ %fx € Dandy € D\ {xo},
Lixgy(x), if y = xo.

By Theorem 2.9 (1), we know that foreach y € D \ {xo} and ¢ > 0, Mp(-, y) is
a harmonic function with respect to X in D \ B(y, ¢) and

Mp(x,y) =E [ Mp(XD,, -], xeD\BG.e). 5.1)
Using the Riesz decomposition theorem (Theorem 2.9 (2)—(3)), Proposition 2.10,
the Harnack inequality (Corollary 5.8 in [21]) and the Holder continuity of harmonic
functions (Theorem 5.5 in [21]), one can follow the arguments in [22] (see also Sect. 2.7
of [3] or [25]) to show that the process X D has a Martin boundary 9y D satisfying the
following properties.

(M1) D U dyD is a compact metric space;

(M2) D isopen and dense in D U 9y D and its relative topology coincides with its
original topology;

(M3) Mp(x, -) can be extended to dys uniquely in such a way that, Mp(x, y)
converges to Mp(x, w) as y — w € dy D, the function Mp(x, w) is jointly
continuous on D X dy D, and Mp (-, wy) # Mp(-, wp) if wy # wy;

The Harnack inequality (Corollary 5.8 in [21]) and the harmonicity of Mp(-, y)
in D \ {y} imply the harmonicity of Mp(-, w) in D for w € dy D.

Proposition 5.1 For every w € dy D, x — M(x, w) is harmonic with respect to X
in D.
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Proof Fix w € 9y D and relatively compact open sets U C_U Cc Uy c Uy in D.
Let § := %dist(U, daUj). Choose a sequence {y,},>1 in D \ U converging to w in
D U 9y D so that
Mp(x,w) = lim Mp(x, yn).
n—o0

Since Mp( -, y,) is harmonic in a neighborhood of U for every n > 1, we have

E: [Mp(XD. 3| = Mpx.yn), x € U.

Using the Harnack inequality (Corollary 5.8 in [21]) and a Harnack chain argument,
we have for every z € aU,

Gp(z,yn) <6 Gp(x0, Yn)
GD(X(), )’n) - GD()CO, Yn)

=cy, n>1,

Mp(z, yu) =
for some c¢1 = ¢1(§, D) > 0. Thus by the bounded convergence theorem,

lim E, [MD(Xgl,yn)] — E, [MD(XD w)] — Mp(x,w), xeU.

T’
(]

Since Mp(xg,y) = 1 forevery y € D U dyD \ {xo}, using Theorem 5.5 and
Corollary 5.8 in [21] we can show that, for any compact subset K of D, the family
{Mp(-, w) : w € dy D} is uniformly bounded and equicontinuous on K. One can then
apply the Ascoli-Arzela theorem to prove the existence of minimal Martin boundary
dm D. We omit the details since the proof will be almost identical to the classical case
(see Sect. 2.7 of [3]). Thus, by combining the above argument with Theorem 2.9, we
have that for every excessive function f of X2, there are a unique Radon measure v,
on D and a unique finite measure v, on d,, D such that

f(X)=/GD(x,Y)V1(dy)+ / Mp(x, 2)v2(d2), (5.2)

D oD

and f is harmonic in D with respect to X if and only if v; = 0. When f is harmonic
in D with respect to X, the measure v, above is called the Martin measure of f.

From now on we shall assume that D is a bounded Lipschitz domain. First, we will
use Carleson estimate (Theorem 4.2) to show that there exists a continuous map from
the Martin compactification 93, D U D onto the Euclidean closure D.

Lemma 5.2 There exists a continuous map  from dyD U D onto D which is an
identity map in D.

Proof Note that D U dy D is a compact metric space. We will show that if a sequence
{yn}n>11n D converges to a point w in dp D, it converges in D. Assume that a subse-
quence {yy, }k>1 of {yn}n>1 converges to yop € D.Let U and Uy be relatively compact
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open sets with yg € Uy C UycUcUCcC D\ {xo}. Choose kg large so that y,, € Uy
for every k > ko and let § :=dist(Up, dU). Suppose x € D\ U. By the harmonicity of
Gp(-,yn)on D\ Upand Theorem 2.6, we can use the Carleson estimate (Theorem
4.2) and a Harnack chain argument (Corollary 5.8 in [21]) with G p( -, y,, ) on D\ Up.
Thus for everya € DN AU,

Gpla, ynk) <ec G p(xo, y:lk) _

<c =c1, k=>ko, (5.3)
G p (X0, Yny) G p(x0, Yny)

Mp(a, yn) =

for some c; = ¢1(8, D). Therefore, using (5.1) and the bounded convergence theorem,
we have for every x € D\ U

Mp(,w) = lim Mp(x, yu) = lim Eo[Mp(XD )]

—E, [MD(XD w)] .

D\U’
(5.3) implies that Mp(a, w) < ¢y fora € DNAU. So we have for every y € dD \ﬁ,

lim Mp(x,w) <cy lim Py(tp\yv <tp) =0, yedD \U.
X—>y X—>y

If there exists a subsequence of {y,},>1 converging to a point in D different from y,
the above argument says that the Martin kernel would vanish continuously on 9 D.
But that implies that Mp (-, w) = 0 by the maximum principle (Lemma 7.2 in [21]),
which is impossible. Therefore yo € D must be unique. Moreover, yo must be in d D
otherwise we could choose U in D and also argue that the Martin kernel would vanish
continuously on 9 D.

Since {y,},>1 is bounded in D, the above argument shows that every subsequence
of {y,}n=>1 has a further subsequence converging to a unique point in D. So the map ¢
defined by ((w) = yp is continuous.

Now we show that ¢ is onto. Fix a point zg € dD and choose a sequence {y,},>1
in D converging to a zg in D. Since {yn}n>1 18 a sequence in the compact met-
ric space D U 9y D, there exists a subsequence {yj, }x>1 of {y,},>1 converges to a
wo € D U dy D. By the continuity of ¢, t(wg) = zp. O

From the proof of the above lemma, we have the following corollary.

Corollary 5.3 Suppose wgy € 9y D. For every open subset V > 1(wy), we have,
Mp(x, wo) = Ey [MD(X,DD\V, wo)]~
If z € 0D is different from 1(wy), then

lim Mp(x, wy) = 0.
Z

D>x—
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Lemma 5.4 Foreach wo € dy D, the support of the Martin measure v for Mp( -, wo)
is contained in 1= (t(wg)).

Proof Let zg := t(wp) and v be the Martin measure v for Mp (-, wg). For any closed
subset U of 9 D such that U N~ !(zp) = @, define

h(x) =/MD(x, w)v(dw) forx € D.
U

We will show that 4 = 0, which implies that the support of v is contained in ' (z¢).
If z € 9D is different from zop = t(wyq), then by Corollary 5.3,

hix) < / Mp(x, w)v(dw) = Mp(x,wy) — 0 asx — z. 5.4)

oy D

On the other hand, for any w € U, by Corollary 5.3, lim,_, ;) Mp(x, w) = 0. Let
8 := dist(zo, t(U)). By the Carleson estimate (Theorem 4.2) and a Harnack chain argu-
ment (Corollary 5.8 in [21]) we get that for every x € B (2o, %8) andy e {zeD:

dist(z, ((U)) < 38},

Gp(x,y) < Gp(xo,y) _
Gp(xo,y) = Gp(xo,y)

for some ¢; = ¢1(8, D). Thus, for any w € U and x € B (Zo, %8), Mp(x, w) is
bounded above by c1. Therefore by the bounded convergence theorem, we get

lim A(x) = lim /MD(x, w)v(dw) = 0. (5.5)
X—>Z0 X—>Z20
U
Combining (5.4), (5.5) and Maximum principle, we conclude that 2 = 0 O

The next lemma is a consequence of the scale invariant version of the boundary
Harnack principle (Theorem 4.6).

Lemma 5.5 There exists constant ¢c1 > 1 such that for every Q € 9D and any non-
negative functions u and v which are harmonic with respect to X in D and vanish
continuously on D \ {Q}, we have

u(x) < v(x)
u(xo) = v(xo)

forany x € D. 5.6)

Proof Recall the constants M, ¢ > 1 and r3 > 0 in Theorem 4.6 and the Lipschitz
constant A. We fix M, ¢ > 1, r3 > 0, A and a point Q on 9D throughout this

@ Springer



Boundary Harnack principle for Brownian motions with measure-valued drifts 169

proof. We also fix an orthonormal coordinate system CS¢ with origin at Q such that

B(Q,r0)ND = B(Q,r0)N{yinCSg : ys > ¢(3)}.Letr < 3, Q, := (O, 2(++A))

. ~ r - -
Ay i=1yinCSy : ¢()’)+m > ya > ¢()), |yl <2M"],
r
A, = inCSop: ¢(y) + ——— > V), |yl =2Mry,
r yinCSg: ¢(y) + A+ A = ya > ¢), |yl r]
r
A, = inCSp: ¢(y) + ——— =y, || <2Mri.
r yinCSg ¢(y)+2(1+A) ya, 1y < r]

Choose r smaller if necessary so that xo ¢ A,. For |J| = 2Mr, we have | (¥, ¢ (3))| >
Mr. So u and v are harmonic with respect to X in D N B((y, ¢ (¥)), Mr) and vanish
continuously on dD N B((y, ¢(y)), Mr) where |y| = 2Mr. Therefore by Theorem
4.6,

u) _ u)

< c¢——= foranyx,y € d°A, with¥ = . 5.7)
v(x) v(y)

We claim that there exists ¢3 such that for every x € A, U 3" A,

_1 u(x) _ v(x) _ u(x)

S w0y = w0 = Cun

(5.8)

If x € 0" A,, the Harnack principle (Corollary 5.8 in [21]) implies that there exists
constant ¢ > 1 such that

1 ulx)  v(x)

2 T u) vy -2

(5.9)

Thus (5.8) is true for every x € 0“A,. Now we assume that x € 9°A,. Let x, :=
()z, o) + m) Since x, € 8°A,, (5.7) implies that

1 u(x) - v(x) _ u(x)

< < . (5.10)
u(x,) v(xy) u(xy)
On the other hand, x, is also in 0“ A,. Thus, by (5.9),
el < uly) ) (5.11)

u(Qy) ' v(Qr)

(5.10)—(5.11) imply that (5.8) is true for each x € 9°A, and c3 is independent of
the choice of x € 9°A,. Therefore (5.8) is true for every x € d°A, U d"*A,. More-
over, by applying the maximum principle (Lemma 7.2 in [21]), (5.8) is true for every
x € D\ A,. In particular, u”(%‘i)) > 3 ! ;}((g)r)). Therefore
u) o ul) u(@r) _ 2 v(x) v(Q) 2 v(x)
u(xo)  u(Q) ulxo) ~ w(Q) vixo)  ° vlxo)’

x € D\ A,.
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Since c3 is independent of r, by letting | 0, the above inequality is true for every
x € D. O

Lemma 5.6 ¢ is one to one. Moreover 9,, D = 9y D.

Proof Fix zo € 3D. (5.2) and Lemma 5.4 imply that for each w € 1~'{z0}, there is a
unique Martin measure v, for Mp (-, w) such that

Mp(x,w) = / Mp(x,a)vy(da).

1=1(z0)Ndy, D

Therefore : 1 (zg) N 8, D # @. Fix wo € ¢~ 1(z0) N 8, D and let wy, wr € ¢~ (z0).
Since Mp(x, w1) and Mp(x, wg) are harmonic with respect to X in D (Proposition
5.1) and vanish continuously on d D \ {zo} (Corollary 5.3), from Lemma 5.5 we know
that there exists ¢3 such that
Mp(x, wy) < C3MMD(X, wo) = c3Mp(x, wo).
Mp(xo, wo)

The minimal harmonicity of Mp(-, wg) implies that Mp(x, wy) = c3Mp(x, wp).
But they agree on x = x¢. So Mp(-, w1) = Mp(-, wp). The same argument shows
that Mp (-, w2) = Mp(-, wp), thus Mp(-,w2) = Mp(-, wy), which implies that
wi = wy. Therefore ¢ is one to one. The above argument also says that every w €
«~1(dD) is a minimal Martin boundary point. Since ¢ is onto and ((dyy D) = 3D

(Lemma 5.2), every w € dy D is a minimal Martin boundary point of X ”. Therefore
OmD = oy D O

__ Lemmas 5.2 and 5.6 imply there exists a homeomorphism between 9, D U D and
D which is an identity map in D. Therefore we arrive the following result.

Theorem 5.7 There is a one-to-one correspondence between the minimal Martin
boundary 9, D and the Euclidean boundary 0 D.

6 Extensions to non-symmetric diffusions with measure-valued drifts

In this section, we will briefly indicate that the results of this paper remain valid for
non-symmetric diffusions with measure-valued drifts. To give a precise definition of a
diffusion with drift u in Ky 1, we let ¢ (x) and ¢, (x) be asin Section 1. For 1 <i <d
andn =1, 2, ..., define

Up(x) = / on(x — Y’ (dy).
Put U, (x) = (Unl x),..., U,fl(x)). Let L be either L or L, where
1 1
L] = El_jz_l 3i(aijaj) and L2 = zijz_:la,-jaiaj

with A := (a;;) being C !"and uniformly elliptic.
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Definition 6.1 Suppose ;v = (u', ..., u¢) is such that each ' is a signed measure
on R? belonging to the Kato class K. 1. A diffusion with drift u is a family of proba-
bility measures {P, : x € R?} on C([0, c0), R?), the space of continuous R?-valued
functions on [0, c0), such that under each P, we have

Z[=X+Yt+Al

where

(a) A; =lim,_ fé U, (Zs)ds uniformly in ¢ over finite intervals, where the con-
vergence is in probability;
(b) there exists a subsequence {n} such that

t
sup/ |Up, (Zs)|ds < oo
k
0

almost surely for each ¢ > 0;
(c) Y, is adiffusion in RY starting from the origin with generator L.

When A is symmetric, the existence and uniqueness of Z were established in [6] (see
Remark 6.1 in [6]). In [21], we discussed Brownian motions with the drifts © € Ky 1.
when A is symmetric, all of results can be extended to diffusions with the drift u
due to the estimates on the density and its gradients for the diffusion Y (see [24] for
divergence case and [17] for non-divergence case) and the continuities of the density
and its gradients. We state the extensions of the main results in [21] without proofs
since they will be almost the same.

Z has a transition density r (¢, x, y) which is continuous on (0, c0) x R? x R? and

that there exist positive constants C;, i = 1, ..., 9 such that
Oy _d _Cal—y? 4 Celv—y?
Cre 172" 7 <r(t,x,y) < C4e't7 2 7 6.1)
and ,
_d+1 _ Colx—yl
[Ver(t,x, y)| < C7e¥'1™ T e o 6.2)

for all (¢, x, y) € (0, 00) x R? x R?.

In fact, when we deal with Z” (the process obtained by killing Z upon exiting
from D) for a bounded domain D, the symmetry assumption is unnecessary by the
following simple reduction; Let b;; := %(a,- j -+ aj;) and note that

d d d d
D aiidy = > bijid; = D dibijdy) — D (9ibij)d,

i,j=1 i,j=1 i,j=1 i,j=1
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and

d d d
Z 0i(a;jd;) = Z a;j0;0; + z (0;aij)0;

ij=1 ij=1 ij=1
d d 1
= Z 3,‘(b,'jaj) + Z Eai(aij —aj;i)o;.
i,j=1 i,j=1

Let Y; be the diffusion in R¢ with generator
1 d
5 > 0i(bij)).
i,j=1

Since, for any bounded domain D,
| |
(Zial»bnm,...,Zga,-bidm) and
i=1 i=1
4 4
(Z 70i(@ —ai)lp, . Y 7 0i(@ia —ald)ID)

i=1 i=1

are in Ky 1, we construct Z; with a drift which is either

d d
1 1
(Ml —|—§ E aibi1|Ddx,...,/,Ld+§ E aibid|Ddx)

i=1 i=1
or

d d
1 1
(,u1 +7 > i —ar)|pdx, ..., u! + 7 > oiaia - ald)IDdX)

i=1 i=1

as in the Definition 6.1. Then the generator of the killed diffusion process Z? in D
can be informally written as L + u - V where L is either

d d
1 1
5 E 8,'(61,'./3./) or 5 E al'ja,'a/.
i,j=1 i,j=1

with A := (a;;) being C! and uniformly elliptic but not necessarily symmetric.
Using the estimates on the density and its gradients for the diffusion Y2 for diver-

gence case (see [24]) and the continuities of the density and its gradients, the proof of

the following estimates is the same as the one in [21]: for every bounded C!+! domain

@ Springer



Boundary Harnack principle for Brownian motions with measure-valued drifts 173

D, ZP has a density rP which is continuous on (0, 00) x D x D and that for any

T > 0, there exist positive constants C;, i = 10, ..., 14, such that
_a _M D _d _C13|x—y\2
Cio¥p(t,x, y)t™ 2e T <r(t,x,y) < Ciyp(t,x, )t 2e g

(6.3)

and ,

Crzlx—yl
IVer? (1, x, y)| < Ci4 (1 A %) e (6.4)

t

for all (¢, x,y) € (0,T] x D x D.
With these estimates (6.1)—(6.4) in hand, the arguments of this paper can be gener-
alized to the present setting with obvious modifications. We omit all the details.

Remark 6.2 In the forthcoming papers [19,20], we will discuss on the intrinsic ultra-
contractivity of the semigroup of ZP and the dual processs of ZP, respectively.
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