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Abstract In this paper, we investigate an eigenvalue problem of Dirichlet
Laplacian on a bounded domain €2 in an n-dimensional Euclidean space R”. If
Ak+11s the (k+1)th eigenvalue of Dirichlet Laplacian on €2, then, we prove that,
forn>4land k > 41,1441 < k%kl and, for any n and k, A1 < Co(n, k)k%)»]
with Co(n, k) < jfl 21 / j,z1 2110 where j, x denotes the k-th positive zero of the
standard Bessel function J, (x) of the first kind of order p. From the asymptotic
formula of Weyl and the partial solution of the conjecture of Pélya, we know
that our estimates are optimal in the sense of order of k.
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160 Q.-M. Cheng, H. C. Yang

1 Introduction

An eigenvalue problem of Dirichlet Laplacian on a bounded domain €2 with
smooth boundary 32 in an n-dimensional Euclidean space R" is

Au=—Aiu, ing,
u=020, on 9%, A1)

which is also called a fixed membrane problem, where A is the Laplacian in R".
This problem has a real and purely discrete spectrum

O<AM<M=<A3<---—> 00

Here each eigenvalue is repeated from its multiplicity.

It is well known that Kac [13] (cf. [18]) posed a question “Can one hear the
shape of a drum?” which is the title of a his famous article in 1966. A mathe-
matical interpretation of the question is that if two domains are isospectral, is it
necessarily true that they are isometric? Hence, it is very important to study the
properties of the spectrum of the eigenvalue problem of Dirichlet Laplacian on
a bounded domain €2 in R".

In the early part of twentieth century, Hilbert conjectured that the research
of the asymptotic behavior of the eigenvalue Ay of the eigenvalue problem (1.1)
would yield results of the utmost importance. In 1911, Weyl proved that

4 2
e~ — kv, k= oo, (1.2)

2
(w,volQ)n

where wj, is the volume of the unit ball in R”. Further, Pélya conjectured the
eigenvalue A should satisfy

4 2
e > LA (1.3)

- (wnvolﬂ)%

for k =1,2,... (see [5]). On the conjecture of Polya, Li and Yau [15] attacked
it and obtained

n 472

n+2 (4, volQ)r

e > kn, for k=12,.... (1.4)

On the other hand, Stewartson and Waechter [19] proposed to study an
inverse problem: let ¢ be the set of all increasing sequences of positive numbers
which tend to infinity, can one identify those sequences in ¢ which correspond
to spectra of the eigenvalue problem (1.1) for some domain? The study of the
universal inequalities plays an important role to restrict those sequences which
are spectra. Although the universal inequlities for the eigenvalue Ay of the
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Bounds on eigenvalues of Dirichlet Laplacian 161

eigenvalue problem (1.1) have been studied by many mathematicians, the main
contributions have been obtained by Payne et al. [16, 17] (cf. Thompson [21]),
Hile and Protter [12] and Yang [22]. Namely, Payne et al. [17] (cf. Thompson
[21]) and Hile and Protter [12] proved, respectively,

k
4

hept = he < Zl‘,?»i (1.5)

=

and
k

Ai k
e —— (1.6)

A1 — A 4

i=1

Further, in 1991, Yang [22] has proved a very sharp universal inequality:

k 4k
D g1 — 2 < - D hiOup1 = 1o). 1.7)

i=1 i=1

From this inequality, one has

2\ 1 &
Ayl = (14-;) %;ki
=

12
k 2 k 2

k
21 4\ 1 1
+ s Z)»k (1+ ) Z Aj—— )»l , (1.8)

i=1 j=1

which has been called Yang’s inequality by Ashbaugh [1, 2].

Remark 1.1 Since the importance of Yang’s inequalities (1.7) and (1.8) has
been emphasized by Ashbaugh in [1, 2], it is certainly important for readers to
know the original proof of Yang’s inequalities. Although, Ashbaugh [1, 2] has
published a proof of Yang’s inequalities in his survey papers, Yang has never
published his original proof. Hence, we shall give a proof of Yang’s inequality
(1.7) by following his original method in Appendix.

Recently, for eigenvalue problems of Dirichlet Laplacian on either a bounded
domain in an n-dimensional unit sphere, or an n-dimensional compact mini-
mal submanifold in a unit sphere, or a bounded domain in an n-dimensional
complex projective space, or an n-dimensional compact homogeneous Rie-
mannian manifold, or a compact complex submanifold in an m-dimensional
complex projective space, we also obtained the universal inequalities on higher
eigenvalues in [6] and [8], which are sharper than the old results in correspond-
ing cases (cf. 6-12, 14, 17, 20, 23).
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162 Q.-M. Cheng, H. C. Yang

In this paper, we want to study the bound of 1, 1/1; for a bounded domain
Q in R”. We shall prove that, for n > 41 and k > 41,

M1 < KM
holds. For any »n and k, we obtain

Mes1 < Co(n, k)k* "1y,

where
2
Inj2. for k=1
2 2 -
Co(n,k) = {Jnj2-11 1
1+ M’ for k> 2
n

and a(l) < 2.64,a(2) < 2.27 and a(p) < 2.2 — 4log(l + &) for p > 3is a
constant depending only on p, and j, x denotes the k-th positive zero of the
standard Bessel function J,, (x) of the first kind of order p.

Remark 1.2 From Weyl’s asymptotic formula (1.2) and the partial solution (1.4)
of the conjecture of Pdlya, we know that our estimates of A;,1/A1 are best pos-
sible in the sense of order of k.

This paper is organized as follows. In Sect. 2, we give a general recursion for-
mula for any positive real numbers A < A < --- < A4y satisfying a condition.
In Sect. 3, we study an eigenvalue problem of Dirichlet Laplacian on a bounded
domain in R”. We shall prove our main estimates of the A, 1. In Appendix, we
shall give an outline of proof of Yang’s inequality (1.7). The idea of the proof
comes from the original preprint of Yang [22].

2 A general recursion formula

In this section, we shall prove a general recursion formula on any positive real
numbers satisfying some conditions, which plays an important role in proofs of
our results.

Theorem 2.1 Let A| < Xy < --- < Agy1 be any positive real numbers satisfying

k k
4

D Okt = M) < = RiChegt — ). 2.1)

i=1 i=1

Define
1 1& 2
Akzzz)\i, Tk=§2ﬁ’ Fk:(1+Z)Ai—Tk. (22)
i=1 i=1
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Then, we have

4
k+1\"
Fi1 = C(n, k) (T) Fy, (2.3)

where

< 1.

C(”’k)=1—i( k )"i (1+3)(+3)

3n \k+1 k+1)3

Proof Putting

2 1
=My —(1+2—)A
Pk+1 k+1 (+n1+k) k>

since

2
M1 = (k+DAjp1 — kA = (k+ 1) |:Pk+1 + (1 + ;) Ak] , (24)

k+1

we have
B 2\ .5 k 2y » 1 ., k
Fk+1—(1+;)Ak+1—k—H(1+;)Ak—k—H)~k+1+k—HFk
2 2 1 2 k 2
=(1+= T+2—)ar| ———(1+2) a2
(1 2) fprer (o f) o] - (1)

SES)
N —_
—_
>
X
[

)
+
B
e

Hence, we obtain

2 2 \I+5
Fry = — (k - ;) Prt + ZE—Pk+1Ak

k+1
(), 400,
2 n 2
— A Fp. 2.5
+n k+1 k+n2(k+1)2 k+k+1 k (2:3)

(ka - (1 n %) Ak)2 ; (1 N %)ZAi _ (1 n %) Ty. (2.6)
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164 Q.-M. Cheng, H. C. Yang

Hence, (2.4) and (2.6) yield

2 1 2 2\?2 4
2 _ s - “ 2 _ -
k+1) (Ak+] (1+ nk+1) Ak> < (1+ n) Ay (1+ n) Ty.

From the definition of p; 1, the above inequality and (2.2), we infer
2 2 4
0<—(k+1%i, — - (1 + ;) A7+ (1 - ;) Fy. (2.7)

2
o 12 1 B (1 + ﬁ) .
Multiplying (2.7) by 1 + G2 + k113 and then adding

it to (2.5), we infer

200 w0,

4
F 142 z
"“5( taksl Tnkrnz T k+1)3

3 ngiﬁz 2(148) ()

214 22 _P
T Tk | P T T P T g 1) Bk

nk+1 nk+12  n (k+1)3

RIS pe EEI

2 2
2 2
_4_/3(1+5) AL (1+ﬁ) A2
n2 k+13 % 2 (k+12Qk+1)" k

2 2
—<2k+1)<pk+1—z (1+3) k).

W kr D@+ D

Letting 8 = k + 1/2k + 1, we have

a1 20+ 2(1+2)(1+2)
Fk“f<1+2k+1+E(k+1)2+2(k+1)2(2k+1) P 28)
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Since
4 _4
() = (- )
k k+1
a1 1a(1+3) 1a(+2) 2+
:1—1—5;{__’_1 2n(k+12 " 6n  (k+1)7
14(1+i)(2+3)(3+i)
+ﬂﬁ - (k_|_1n)4 “ +
s 1 1a(#8) e (2 (43)
It Tanr? Tan 1y
NEDI
PRSI (2.9)
we have
eeryd k- 2(1E) (143) 1 (1) (145)
Fies = ( k ) T30kt )n k+1P  n (kt1)p Fy
< C(n,k) (k—;(—l)i Fy,
where

C(n,k)=|:1—i( k )2 (H%)(H%)}d'

3n \k+1 (k+1)3
]
Corollary 2.1 Under the assumptions in Theorem 2.1, we have
4 2/n
Aer1 < (14 o kM. (2.10)
Proof By making use of the formula (2.3) in Theorem 2.1, we have
K o\n 2
Fp < Cink —1) (ﬁ) Fey <kiFy = ~kina2. 2.11)
- n

we infer from (2.6)

2 2 4 2 2
[Ak+1—(1+—)Ak:| 5(1+—)Fk——(1+—)1\i.
n n n n
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Hence, we have

2 2 2
2 142 4
i k+1 + —7F 4 ()‘k+l (1 + —) Ak) < (1 + —) Fy,
(1 + —) 1 n n
Thus, we derive
2 2
)‘k+1 < E (1 + ;) Fk < (1 + ;) k”)»l. (212)

3 Eigenvalues of Dirichlet Laplacian

In this section, we shall study the following eigenvalue problem of Dirichlet
Laplacian on Q C R™:

Au=—Au, in £,
{ u=>0, on 0Q. G-D

First of all, we define several constants, which depend only on either # or k.
Define

1
nd+4H(1+ 25+ 25)°
ay(n) = (( ”I) (n+1)) —n,
n -+ ﬁ

n dn+k+4)
kn) = — (1 -
az (k,n) 2 ( + n2+5n—4(k—1)) "
ax(k) = max{a(n,k),k < n < 400},

az(k) =

—2logk,
~ 200
a(k) = max{ai(k),az(k + 1)), a3(k + 1)}.

Theorem 3.1 Let Ay be the (k + 1)th eigenvalue of the eigenvalue problem
(3.1). Then, we have

(1) forn > 41 and k > 41,
M1 < K"
(2) forany n and k,
Mer1 < Co(n k"1,
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where
2
J
.zn/z’l , for k=1
Co(n, k) = { Jnj2-1, ' 1
1+ M, for k>2
n

and a(1) < 2.64,a(2) < 2.27 and a(p) < 2.2 — 4log(1 + 2=2) for p = 3.

Proposition 3.1 Under the assumption of Theorem 3.1, we have, for k > n + 1,

1
el < (1+%) (14—%-{-#)2]{2 (1+01(n)

i Py = kivi, (32)
(n4+1n n

where a;(n) < 2.31.

Proof Since Ajy1 is the (k + 1)th eigenvalue of the eigenvalue problem (3.1),
we know that the A, satisfies Yang’s inequality (1.7). Hence, the conditions
in Theorem 2.1 are satisfied. By making use of the formula (2.3), we have, from

(2.11),
2 n 4\? n Nk o\
A <—(1+-) Fpr<=(1+- F, 1. 3.3
DA R ) e o
On the other hand,
) n+1 (i — A )2
Fooqg—2A2 N T Ondl)
L= el ; n+1
_2,0 _ Ga= A’ 450 = A’
—p ol n+1
2( 2 (1 — Apg1)?
= ; ( n+1 — f . (34)

Itis obvious that Afl == Ap41)?/21s an increasing function of A, 1. From
the result of Ashbaugh and Benguria [4], we have

gl 422 < (4 Ay (3:5)
Thus, we derive
A <|1+ 4 A (3.6)
n+l = n+1 1- .
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Hence, we have

n 8 8
2 "+15(1+n+1+<n+1>2)ﬁ' G
From (3.3) and (3.7), we complete the proof of Proposition 3.1. ]

Proposition 3.2 Under the assumption of Theorem 3.1, we have, for k > 55 and
n > 54,
2
Aer1 < knkq. (3.8)

Proof If k > n+ 1, from Proposition 3.1, we have

4\2
—2(1+—) kg
(n+1Dn n

A1 =

Since
2 2
(n+1)n =exp (— log(n + 1))
n
2 2 5
>1+ —log(n+1)+ — (log(n + 1))
n n
1 2
> (1 + - log(n+ 1)) ) (3.9)

we have

1+2 ’

- 2

M+l < 1—" kn)q. (3.10)
1+ S log(n+1)

Then, when n > 54,1log(n + 1) > 4, we have
2
M1 < knhq.
On the other hand, if kK < n, then Ay < A,1. Since

n K G — Ap)?

n
ZF, = A2 —
2 kT kT k
2
L [Zhai-ao)
LG — A2+
<a2_n k—1
L) k
_ 2
SAi_()\l 2Ak)
A= Ayig)? 4\?
SA%Jrl_(l 2n+1) §(1+;) A%,
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from (2.11), we have

4\ [n 1 4\? 1+
Ak+1§(1+—),/—Fk§—2(1+—) k"hs( o
n)\V2 ki n 14 8%

Here we used k% >0+ %)2. By the same assertion as above, when k > 55,

we also have
2

A1 < knhg.
O

Proof of Theorem 3.1 From Propositions 3.1 and 3.2, we know, for n > 54 and
k > 55,0441 < kiag and for any n, if k > n+ 1, then gy < (1 + 900 kiin,.
Hence, we only need to prove the case that k < 54 and k < n. Because of k < n

and k < 54, from (3.5), we derive,
(3.11)

ey < —— ((n+5)r — kAg)
k+1_n_k+1 1 ki

From Yang’s inequality (1.8), we have
4
M+l < (1 + ;) Ag. (3.12)

Since the right hand side of (3.10) is a decreasing function of A and the right
hand side of (3.11) is an increasing function of Ay, for ﬁ{(n—i—S)kl —kAy) =

(1+ %)Ak,we infer
1 dn+k+4) 2
— (1 kn
( +n2+5n—4(k—1)) !

2
n

Akl =

k
- (1 + @) k. (3.13)

From the definition of ap(k) = max{a(n,k),k < n < 400}, when n < 400, we
k
a2 )) ki Ag. (3.14)
n

obtain
Akl = (1 +

When n > 400 holds, from (3.10), we have

4
A <({1+— )X
k+1_( +n—k) 1
@Springer



170 Q.-M. Cheng, H. C. Yang

Since n > 400 and k < 54, we know %log k < 51—0. Hence, we have

2 1(2 2
k%:etzil()gkzl——logk-{-—(_logk) — ...
n 2 \n

2 1(2 2
51——logk~|——(—logk) .
n 2 \n

Therefore, we obtain

4\ 4 2 12 2

(4/(1 — k) = 2log k)

n

<1+

Hence, we infer
4 2 2
A <1+ —— )k nkn
k+1 = ( Tz k) 1

4/(1 — £y —2log k
<1+< >)m

=

n

- (1 + a3r(lk)) kit g (3.15)

By Table 1 of the values of a; (k),a(k+ 1) and a3(k + 1) which are calculated by
using Mathematica and are listed up in the next page, we have a;(1) < ax(2) <
a3(2) = a(l) < 2.64 and, for k > 2,

a3tk +1) =axk+1) < ar(k).

Hence, a(k) = a1 (k) for k > 2. Further, for k > 41, we know a(k) < 0. Hence,

for k > 2, we derive

i k—1
Mgl < (1 + —a(mm{n’; })) k%M

and for n > 41 and k > 41, we have

2
A1 < kndg.
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Table 1 The values of ay(k),ay(k + 1) and az(k + 1)

k 1 2 3 4 5 6 7 8 9 10

ay(k) < 231 227 22 212 203 194 186 177 1.69 1.61
amk+1)< 262 205 200 19 19 184 177 170 1.63 1.56
ayk+1)< 264 184 127 084 048 018 —-0.07 —-030 —0.50 —0.68

k 11 12 13 14 15 16 17 18 19 20

ay (k) < 153 146 139 132 125 118 112 1.06 100 0.94
mk+1)< 149 142 135 129 122 116 110 1.04 098 092
az(k+1)< -084 —-099 —-113 —-126 —-137 —-148 —-159 —-1.68 —-1.78 —1.86

k 21 22 23 24 25 26 27 28 29 30

ay (k) < 089 083 078 072 067 062 058 053 048 044
amk+1)< 087 08 076 071 066 061 057 052 047 043
a3k+1) < -194 -2.02 -210 —-217 -223 -230 -236 —-242 —-247 -2.53

k 31 32 33 34 35 36 37 38 39 40 41

ay(k) < 039 035 031 027 023 019 015 011 0.07 0.03 —0.00
amk+1)< 038 034 030 026 022 018 014 010 007 0.03 —-0.01
az3(k+1) < —258 —2.63 —-2.68 —2.72 —-2.77 -2.81 -2.85 -2.89 —-293 -—-2.97 -3.00

When k = 1, from the solution of the conjecture of Payne, Pélya and Weinberger
(ct. [3]), we know

2
Tnp21

A < M-

Tnja-11

It is easy to check that, when k > 3, by a simple calculation,

k-3
k) <22 —41 1+ ——).
by =221 +527)

This completes the proof of Theorem 3.1. O

Remark 3.1 According to Theorem 3.1, we would like to propose that, for any
n > 2, there exists a positive integer N(n) such that, if k > N(n), then

2
A1 < kndy
is satisfied.
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172 Q.-M. Cheng, H. C. Yang

Appendix: A proof of Yang’s inequality (1.7)
In this section, we shall give a proof of Yang’s inequality (1.7).
Proof of Yang’s inequality (1.7). Let u; be the orthonormal eigenfunction

corresponding to the kth eigenvalue Ay, i.e. uy satisfies

Auy = —Apug, inQ

uglaa =0, (4.1
Jo wittj = 8.
Let x!,...,x" be the standard coordinate functions in R". For any fixed p =

1,...,n, putting g = x” and defining a trial function ¢; by

k
Qi = guj — Zaijuj, ajj = /guiuj = aji, (4.2)
J=1 Q
we have
/go,-u]-:O, for l,]=1, ,k
Q
Letting
bij = /LL]Vg - Vui, (43)
Q

from Green’s formula, we derive
Ajajj = /g(—Au]-)ui = /(—ZujVui - Vg — gujAu;) = —Zbi]‘ + Aiajj,
Q Q

namely,
2bjj = (A — Apay;. (4.4)

By a simple calculation, we have

k
Ay = —Aigu; +2Vg - Vu; + Zaijkjuj.
j=1

/ IVoil? = xi/cp? —~ 2/<p,-Vg V.
Q

Q Q

Hence, we infer

On the other hand, from the definition of ¢;, (4.3) and (4.4), we derive

@ Springer



Bounds on eigenvalues of Dirichlet Laplacian 173

k
—2/(p,-Vg- Vu; = —2/ng~ul-Vu,- +2 aij/ung- Vu;
Q Q =g
k
=14 (—a;. (4.5)
j=1

From the Rayleigh—Ritz inequality, we obtained

k
k1 — 20 / of <1+ D (i —Aay. (4.6)
Q =1

Multiplying (4.5) by (Ax41 — A;)* and then taking sum on i from 1 through k, we
obtain

k k
D Ouert = 2>+ D (i = A (et — 2)a
i=1 ij=1

k
=-2 Z()»]H_l — K[)z/(ing~ Vu;.

i=1 Q
By the symmetry of a;; and the anti-symmetry of b;;, we have

k
2D (st — Mi)° / ¢iVg - Vi
Q

i=1

k k
=D Oup1 —2)> =4 g1 — r)bi = f. 4.7)
i=1

ij=1

Similarly, multiplying (4.6) by (k11 — 4;)? and taking sum on i from 1 through
k, we infer

k k k

S =10 [ G = 3wt = =4 D kst~ bl = (49)
i=1 o i=1 ij=1

Since fQ ujpj =0 foralli,j =1,...,k, we have, for arbitrary constants d;,

2

k
f2 =1-2 Z()\k_,_l — )\.i)z/(pivg - Vu;

i=1 Q
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174 Q.-M. Cheng, H. C. Yang

2

k k k
<4y / (st =207 / (st = 20)'2Vg - Vi = " diju;
j=1

i=1 Q i=1 Q

k
< 4fZ/ (Mest — A1V - V|
i=1g

P 2

k
2> dij(hesr — M) PupVg - Vui + [ D diu
j=1 =1

Then we have
k k k
£243 [Ounr =201Vl +4 | <2 dyoss =20 by Y &
i=l g ij=1 ij=1
Putting djj = (k41 — 1i)/%bjj, we obtain
k k
=4 O — 1) / Vptil* = 4 D" (hes1 — 2D}
i=1 Q ij=1
From (4.7), we infer
k k
D O = 2)* 4D Ot — A / Vpuil.
i=1 i=1 Q

Taking sum on p from 1 through n, we obtain

k k k
nY (st = A)* <4 (et — i) / IVuil* = 4> (g1 — A
i=1 i=1 Q i=1
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