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Abstract. Let c be an element of the Weyl algebra YV (d) which is given by a strictly positive
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1. Introduction

In the last decade various versions and generalizations of the Archimedian
Positivstellensatz and of uniform denominator results have been obtained in semi-
algebraic geometry (see the recent books [PD],[M1]). The proofs of these results
are either purely algebraic [R], [M2], [JP] or functional analytic [S1], [PV].
The first proof of the Archimedean Positivstellensatz for compact semi-algebraic
sets given in [S1] was essentially based on methods from functional analysis.
Orderings and sums of squares of noncommutative rings and x-algebras have been
studied e.g. in [S2], [Cr], [M3], [He], and [Ci], see also the references therein.
The purpose of this paper is to prove a strict Positivstellensatz for the Weyl
algebra. Our approach uses again methods from operator theory and functional

analysis.

Let d € N. The Weyl algebra W(d) (see e.g. [D]) is the unital complex
x-algebra with 2d hermitean generators py, ..., p4, 41, - - -, 44 and defining rela-
tions

Piqr —qirpr = —i-1 for k=1,...,d,
PPl = PiPk> qkq1 = qiqk, pxqi = qipx for k, 1 =1,...,d,k #1,

where i denotes the complex unit and 1 is the unit element of WW(d). The Weyl
algebra WW(d) has a distinguished faithful irreducible x-representation, the Schro-
dinger representation iry. The Stone—von Neumann theorem and other uniqueness
results for this representation can be found in [Pu]. The representation my acts
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on the Schwartz space S(R?), considered as dense domain of the Hilbert space
L*(RY), by

a
(o (p)e) (1) = —ia—z(t), (0@ (1) = tp(t), 9 € SR, k=1,....d.

Setting ay := 272 (qx +ipr), a—x 1= 2"Y?(qx —ipy), the Weyl algebra W(d) is

the unital *-algebra with generators ay, ..., a;, a_, . .., a_, defining relations
aga_y —a_gay =1 for k=1,...,d
apa; = ayag for k,l = —d, ey —1, ], ...,d,k ;ﬁ —l,

and involution given by af = a_y, k =1, ..., d. We abbreviate

Nk:=a,’:akandNZ=N1+"~+Nd=aTal+"'+a;1kad'

The Weyl algebra W(d) has a natural filtration (By, By, ...), where B, is the
linear span of allq- . -akdalll aldd suchthatk; +---+ks+11+---+1; <nand
k;,l; € No. Here, as usual, a° j = 1.The correspondmg graded algebra associated
with this filtration is the polynomial algebra Clz,z] = Clz1, ..., 24, 20> - - -» 2d]
in 2n complex variables z, ..., z4, 21, . . ., Za, Where z; and Z; correspond to a;
and a , respectively. If ¢ € W(d) is an element of degree n, we write ¢, (z, z) for
the polyn0m1a1 in C[z, z] corresponding to the component of ¢ with degree n.

Throughout this paper, « is a fixed positive number which is not an integer.
Let V denote the set of all finite products of elements N + (a +n)1, where n € Z.
Further, we shall use the set ) W(d)? of all finite sums of elements x*x, where
x € W(d), and the positive cone

W(d); = {x € W) : (mo(x)@, ) > 0 for all ¢ € S(RY)}.
The main result of this paper is the following

Theorem 1.1. Let ¢ be a hermitean element of the Weyl algebra YW (d) of even
degree 2m and let 5, (2, Z) be the polynomial of C[z1, . .., 24, 215 - - -» 2d] ASSOCI-
ated with the 2m-th component of c. Assume that

(i) There exists € > 0 such thatc —e -1 € W(d),.
(ii) com(z,7) > Oforall z € C4, z # 0.

If m is even, then there exists an element b € N such that bcb € Y. W(d)>. If
m is odd, then there exists b € N such that Z(;Zl bajcaib e ), W(d)>.

Theorem 1.1 can be considered as a strict Positivstellensatz in “noncommu-
tative semi-algebraic geometry”. In “ordinary” semi-algebraic geometry positive
polynomials on semi-algebraic subsets of R are studied. Since points of R? cor-
respond to irreducible x-representations of the polynom algebra, the Schrodinger
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representation of the Weyl algebra can be viewed as a “noncommutative one point
space”. We will discuss this matter elsewhere in detail. Assumption (i) means that
c is strictly positive on this space. Comparing assumption (ii) with the correspond-
ing assumption in the commutative case (see e.g. [PV]) it is natural to interpret
(ii) as the positivity of ¢ at infinity.

This paper is organized as follows. The proof of Theorem 1.1 will be com-
pleted in Section 5. In Sections 2 — 4 we develop some technical tools. They are
needed in the proof of Theorem 1, but they are also of interest by themselves. In
Section 2 we introduce and study algebraically bounded *-algebras. In Section
3 we define an auxiliary algebraically bounded *-algebra X associated with the
representation mp of the Weyl algebra. In Section 4 we classify the representations
of this auxiliary x-algebra. The form of these representations is used in an essen-
tail way in the proof of Theorem 1.1 in Section 5. A simple example illustrating
Theorem 1.1 is presented in Section 6.

Let us fix a few definitions and notations. By a x-representation [S2] of a
unital x-algebra X on a pre-Hilbert space D with scalar product (-, -) we mean an
algebra homomorphism 7 of & into the algebra L (D) of linear operators mapping
D into D such that 7 (1) = I and (w(x)@, ¥) = (¢, 7 (x*)y¥) for x € X and
@, ¥ € D. Here 1 is the unit element of X’ and [ is the identity map of D. The
closure of an operator y is denoted by y. For a self-adjoint operator y, we denote
by o (y) the spectrum of y and by E,(J) the spectral projection of y associated
with a Borel set 7.

2. The algebraically bounded part of a %-algebra

In this Section X is an arbitrary complex x-algebra with unit element 1. Let
X, = {x € X : x* = x} be the hermitean part of X. Each element x € X
can be written as x = x; + ixp, where x; = Re x = %(x + x*) € A, and
X, = Imx = %i(x* — x) € AXj. Suppose that X' is an m-admissible wedge
of X in the sense of [S2], p.22, that is, C is a subset of A}, such that 1 € C,
x+yel,Ax € Candz*xz € Cforallx,y € C,A > 0,and z € X. Let > denote
the ordering of the real vector space A, defined by x > y ifonlyif x —y € C.

Let X, (C) be the set of all elements x € X for which there exists a positive
number A such that

A-1>4+Rexand A-1>+Imux.

Note that X}, (C) is the counter-part of the ring of bounded elements with respect
to C used in semi-algebraic geometry (see e.g. [M2], p. 23).

Lemma 2.1. (i) Ifx,y € X,(C), then xy € X,(C).
(ii) For x € X, we have x € X,(C) if and only if xx* € X, (C).
(iii) Let x,y € Xp. If x = 0and x — y = xy, thenx >y > 0.
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Proof. (i): We write x = x1 4+ ix; and y = y; + iy,, where x1, x2, y1, y2 € &},.

(i1):

(iii):

Sincex € &, (C) and y € &, (C), there are positive number A and u such that
A-1>=%£xjand -1 > £y; for j =1,2.Then, A -1F x; € C. Therefore,
by the definition of an m-admissible wedge, for z € X and o € C we have

(@-14+2"A-1—xD@-1+2)+(@-1—-2"A-1T+x)(@-1—-72)
Fi- 14+ -1 —x)(ai-1+72)
+i-1—2" -1+ x)(xi-1—2)
=40z + |a)? - 1) — 207" x* — 2axz € C.
and hence

20 2+ |- 1) = az’x* +axz. €))

Setting z* = x and o = 2A in (1) we get 4A% - 1 > xx*. Likewise, replacing
x by y* and A by u we obtain 4> - 1 > y*y. In particular, the preceding
proves the only if part of assertion (ii). Setting now z = y and inserting the
relation y*y < 4u? - 1 just proved into (1), it follows that

A4 + a?) -1 = ay*x* + axy. (2)

Letting « = +1 and o = Fi in (2), we conclude that
1
rapt+1) -1 > :I:E(y*x* +xy) = +Re xy
1
AApt+1) -1 = :I:Ei(y*x* —xy) ==xIm xy.

By definition the latter means that xy € &, (C).

The only if part is already proven. It remains to show that xx* € X, (C)
implies that x € X,(C). Since xx* € A},(C), there is a A > 0 such that
A -1 > xx*. From the fact that

x—o-Dx—a- D' =xx*—ax* —ax+ > 1€C
it follows that
A+l 1= xx* + a1 > ax* +ax. 3)

Setting « = &1 and & = =i in (3), we conclude that Re x and Im x are in

X, (C) and so x € X, (C).

From the relations x = y + xy and x > 0 we obtain xy = y> 4+ yxy > 0

and hence x = y 4+ xy > y. Using once more the assumptions x > 0 and

y=x(1—y)wegety —y*=(1—y)x(1—y) = 0.Thus,y = y* = 0.
O
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Corollary 2.2. &, (C) is a unital x-subalgebra of X.

Proof. From its definition it is obvious that A}, (C) is a *x-invariant linear subspace
of X. By Lemma 2.1(i), X} (C) is a subalgebra of X. O

By the definition of X}, (C) the unit element 1 is an order unit of the real ordered
vector space (X, (C)y, >=). The corresponding order unit seminorm || - ||; is defined
by

lx]l{ =inf A >0:42-1>x>—-A-1}, x € A,(O)y.

Recall thata point x is called an internal point of a subset M of areal vector space E
if forany y € E there existse > Osuchthatx+8y € M whenever |§| < ¢, € R.
Let Cl? denote the set of internal points of the wedge Cp, := C N X' (C), in the real
vector space X, (C),. Clearly, C,? coincides with the set of order units of C, in the
order vector space (X,(C)y, >). In particular, 1 € Cl?.

Lemma 2.3. Let z be an element of X, (C);, which is not in C,?. Then there exists
a state F on the x-algebra X, (C) such that F(z) < 0and F(x) > 0 for x € Cp,.

Proof. Since C} is not empty, by Eidelheit’s separation theorem for convex sets
(see [K], §17, (3) or [J], 0.2.4) there exists a R-linear functional f on X}, (C);, such
that f # 0 and f(z) <0 < f(x) for x € Cp. Since 1 € CJ and f # 0, we have
f(1) > 0. We extend f(1)~! f on X, (C);, to a C-linear functional F on X}, (C).
O

Remark 1. From [J], 3.7.3 resp. 1.8.3, it follows that the C,-positive state F' on
X, (C) can be chosen to be extremal (that is, if G is another state on X}, (C) such
that 0 < G(x) < F(x) for all x € Cp, then G = F).

We now specialize to the case when C is the m-admissible wedge Y X2 of
all finite sums of squares x*x, where x € X. In this case the *-algebra &}, (C)
is denoted by A&}, and called the algebraically bounded part of the x-algebra X .
We say the x-algebra X is algebraically bounded if X = X),. The usefulness of
these notions stems from the following obvious fact: For any *-representation
x-algebra X}, on a pre-Hilbert space D, each element x € &), is mapped into a
bounded operator 7w (x) on D and || (x)|| < ||x||1 for x € (&}),. Moreover, if the
x-algebra X has a faithful Hilbert space *-representation, then || - |1 is a norm and
the unit 1 is a inner point of the cone Z(Xb)2 in the normed space ((Xp)p, || - [I1)-

We illustrate the preceding by a simple example which has been used in [PV].
Combining this example with Lemmas 2.1 and 2.3 above the proofs of the results
in Section 4 in [PV] can be simplified.

Example. Let X be the unital x-algebra generated by the rational functions x;; :=
xex; (1 —i—xlz +... +x§)_l, k,1=0,...,d,onR? where xo := 1. Since all gener-
ators x;; are hermiteanand 1 = Zld =0 xi2j > x,fl > 0, it follows that x,fl € X and

S0 xy; € X, by Lemma 2.1(ii). Hence the x-algebra X’ is algebraically bounded.
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3. An auxiliary algebraically bounded %-algebra

In what follows we use another unitarily equivalent form of the representation
1o, the so-called Fock-Bargmann representation (see e.g. [F, 1.6]). For notational
simplicity we shall write x instead of 7y(x) for x € W(d) and « instead «-1 for
a € C when no confusion occurs. The Fock-Bargmann realization of the rep-
resentation i acts on the orthonormal basis {e,; 1 € Ng } of the representation
Hilbert space by

172 12
agéy =N, en—1;, A—fen = (ng +1) / €ntly 4)

fork=1,...,.dandn=(ny,...,ny) € Ng. Here 1, € Ng denotes the multi-index
with 1 at the k-th place and zero otherwise and we set e,_1, =01if ny = 0. The cor-
responding domain Dj of the representation consists of vectors ¢ = ) eNd Pnén

such that ) nj.. .n;l|(pn|2 < oo for all » € N. Put |n| := ny + --- + ny for
n=ny,...,.ng) € N‘é. Then the actions of the elements N; and N of the Weyl
algebra are given by

Nien = ngey and Ne, = [nley, n € Ng. 5)
Set ap := 1. We define the following operators on the domain D :

xu = aray(N + o)~ for k=0, ....d,I=—d, ..., d;
k=—d,....d,1=0,...d,
x g x=WN+a)laafork,1=0,...4d,
xp = X0 = ap(N +a) " and ypo = x4 = Ny(N +a) ' fork =1,...,d,
Vo =(N+a+n)"forneZ.

<

Let X be the unital *-algebra generated by the operators x;;, k,l = —d, ..., d,
and y,, n € Ny. The operator xy;, y, resp. the x-algebra X can be considered as
non-commutative analogs of the Veronese map used in [PV]. Fork,l = —d, ..., d
and j =1,...,d, we have

x,’fl = X_|,—k, Xk = Xik if k+1+#0, Xj—j—X—jj =)o (6)

Note that the operators y,,n € Z, and yxo,k = 1,...,d, pairwise commute.
Moreover, x;jxy = xx;j fori, j,k,l =1,...,d. From (4) and (5) it is clear that
all operators xy;, y, and so all elements of X are bounded on D, and leave D
invariant.

In order to formulate some relations we introduce the abbreviations t(i, j) =2
ifi >0,j>0,t@G j)=1ifi=0, j>0o0ri>0, j=0, and t(i, j) =0 otherwise.
For the rest of the paper we need a number of commutation relations of the oper-
ators defined above. They are easily verified by using formulas (4) and (5). We
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shall list these relations in a convenient form for the applications given below.
Not all relations are used in full strength.

Yk = Yo = (n=k)yeyn = (n=k)ynyi for k,n € Z. (N
yio+ -+ yao =1—ay. 3)
X%k = Yko(Vjo = 8k Y0)s Xg Xk, —1 = (Vko + 8k130) Yty + Yo)

for j =0,...,d,k, [ =1,....d. )
yoxr = (1 + (sign(k) + sign(l))yo)xpyo for k,l=—d,...,d. (10)
YnXg = X Ynt1s Xk Vn = Yny1Xk, (11)
xx¢ = x (1= y2)x + 8uyi, (12)
xex¢ = yioyi (1= y) + ¥, yeox = x; o (1 = y1) + ), (13)
xuyo = XX (1 — y0), Xk —1y0 = x;x, (1 + yo), (14)
Xp,—10 = X—1.4Y0 + 81 Yg = X[ Xk + 815

for k,l =1,...,d and n € Z. (15)
XijXk — XpiXij € YoX, XijXk — XitXkj € YoX, (16)
yoara; = (1 + t(k, 1) yo)xi,

for i, j,k,l=—d,...,d. (17)

Moreover, we have yo X' = Xyj.

Lemma 3.1. The *x-algebra X is algebraically bounded, that is, X = X,.

Proof. From (8) and (9) we obtain

d d
(1= ayo)yo =D ykoYo = Y _ XjoXko = 0
k=1 k=1

and
d d

Yo = ayg + Zx,foxko >0anda™' — yp = a(yp — ™ )* + Zx,foxko > 0.
k=1 k=1

Therefore, we have
al =y = 0. (13)

Since y, — Yn+1 = YnVn+1 by (7), it follows from Lemma 2.1(iii) by induction on
nthata=! >y, > 0andso y, € X}, forall n € Ny. Using (8) and (9) we get

d 2 d
(1 —ayy)® = (Z yko) =Y X+ Y Yio = v (19)
k=1

k=1 k£l
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for j = 1,...,d. Since yy € X}, from (19) and Lemma 2.1(ii) we derive that
yjo € X for j =1,...,d. Using (9) and Lemma 2.1, (i) and (ii), it follows from
the latter that x;; € Xj fork =1,...,dand j = —d, ..., d. Since x_; _; = x;fk,
all generators of the x-algebra X are in X,. By Corollary 2.2 (i), X = &},. O

For the proof of Theorem 1.1 below we need the following Lemma.

Lemma 3.2. For n € Nand iy, ...,i4, € {—d,...,d)} there exist polynomials
fio) € Rlyol, j =1, ..., 2n, such that f;(0) =1 and

)’gail L) aizn = fl (y())xiliz fZ(yO) . ‘fn(yO)xiz,,,liz,,, (20)
Airygy* " 'ai4,1y8 = xi2n+1i2n+2fn+1 (o) - - fan (yO)xi4n—li4n’ (21)
)’gail oo 'ai4,,)’g = fl (yo)xi1i2f2(y0)‘ . ‘f2n(y0)xi4y,,1i4”' (22)

Proof. Tt suffices to prove (20). Equation (21) follows from (20) by applying the
adjoint operation and (22) is obtained by multiplying (20) and (21).

We prove (20) by induction on n. For n = 1, formula (17) gives (20). We
assume that (20) is true for n and compute

n+1 —
Yo Gij---Qin, iy, Qinyyr = yOfl (yO)xiliz' ’ 'fn (yO)xiZn—lsi2nai2n+lai2n+2

= fi (Yo)Xiyiy - “Ja (Y0)Xiz, i Yoli, 1 Qi in

= JFI(YO)xiliz‘ : 'fn (yo)xiznfl,izn(l + t(1.2}'14-17 i2n+2))’0)xi2n+1,i2,,+2,

where fj(yo) € R[yo] and fj(O) = 1. Here the first equality holds by the induc-
tion hypothesis. The second equality follows from (10), while the third one is
obtained by inserting (17). O

4. Representations of the auxiliary %-algebra

Suppose 7 is an arbitrary *-representation of the x-algebra X’ on a dense domain
of a Hilbert space H. Since X = A&}, by Lemma 3.1, all operators w(x),x € &,
are bounded, so 7 extends by continuity to a x-representation, denoted again by
7, on the Hilbert space H. The aim of this section is to describe the structure of
this representation . To shorten the notation, we write simply x instead of 7 (x)
for x € X if no confusion is possible. Moreover, we use the multi-index notation

n. ni ng d
xUi=xexy! form = (ny, ..., ng) € Ng.

4.1. Let Hoo := ker yg and let H; be the closed linear span of subspaces Ky :=
ker(yo—a ) and K, 1= (x™)*Ko forn e Ng. In this subsection we show that H .,
and H are invariant subspaces for the representation 7 such that H = H; & H .
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From the relations ygy, = y,yo, n € Ny, and (10) it is clear that H, = ker yq
is an invariant subspace for the representations 7. Since y, yo = yoy, and y,x; =
X{yns1 by (11), Ko and K, and hence H, are invariant under y,,n € Ny. The
invariance of H; under x; is trivial.

Since ™! > yo > 0 by (18), the self-adjoint operator y, satisfies the rela-
tion «~'1 > yy > 0 in the Hilbert space ordering. Hence its spectrum o (yp) is
contained in the interval [0, ¢~ '].

Let ¢ € Ky. Using the relations (1 4 yg)y; = yg by (7) and xzyg = y1x; by
(11), we have

(1 + yo)xkp = (1 + yo)xi(ayop) = a(l + yo) y1xkp = ayoxep
and so yoxre = (¢ — 1)~ !xz@. Since o (yy) € [0, @~ '], the latter implies that
xpp =0 for o € Ko =ker(yo—a D, k=1,...,d. (23)

The invariance of &, and so of H; under x;, k = 1, ..., d, follows easily by
induction on |n| using relations (23) and (12) and the fact that I, is invariant
under y;.

We prove the invariance of H; under xy;. Let ¢ € K. Using (7) and (11) we
compute

X (X" 0 = ax (x™) Yo = ax (x™)* yj (1 + 1yo)e
= axyo(x™)* (1 + [nja e (24)

for k,l = —d, ..., d. Expressing x;;yo by means of relations (14) and (15) and
using the invariance of H; under x;, x7 and yo, the right hand side of (24) is in
‘H;. Thus, the subspace H; is invariant under the generators of X’ and so under
all representation operators.

We show that H, L. Indeed, if n € Hoo = ker yo, ¢ € Ko = ker(yo—a™")
and n € N¢, then by (7) and (11) we have

(n, M) = (n, a(x") yu (1 + 1]yo)e)
= (n, (@ + MDyo(x") @) = (yon, (@ + n])x")*¢) = 0.

Finally, we prove that H = H; @ Heo. Clearly G := H © (H; ® Hy)
is an invariant closed subspace for the representation 7. We have to prove that
G = {0}. Assume to the contrary that G # {0}. Let Yy, ¥ and X; denote the
restriction to G of the operators yg, y; and x; on H, respectively. Since G| ker yj
and GL ker(yp — o~ '), we have ker Yy = {0} and ker(Yy — a~!) = {0}. Because
o(Yy) € o(yo) € [0, '], we therefore have Ao := supo(¥y) > 0. Fix k e
{1,...,d}. By (10), X Yy = Y| X}. This in turn implies that X; f (Yo) = f(Yo) Xk
for all f € L*°(R) and so

XkEyy(J) = Ey, (J) X (25)
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for any Borel subset 7 of R. Since Y| = Y, (I + Y)~! by (7), it follows from the
spectral mapping theorem that Ao(1 + Ao)~! = o (¥}). Because ker(Yy —a~!) =
{0}, for any & > O there exists A € o (Yp) such that [, — Ag| < eand A < o~
Hence we can choose numbers A; € o(Yy) and § > O such that

M(l+r) <A =8 <A +8<i M +8<al. (26)

Let J := (A — 8, A1 4+ 8). Since A} € o(Yp) and Ay — § > supo (¥]), we have
Ey,(J) # 0 and Ey,(J) = 0, so that X; Ey,(J) = 0 by (25). Therefore, by (9)
and (8),

d

0= X;XiEx,(J) = (1 — a¥p)YoEy, ().
k=1

Because inf{|(1 —aA)A|; A € J} > 0by (26) and Ey,(J) # 0 we have obtained
a contradiction. Thus, G = {0} and H = H; ® Heo.

4.2. In this subsection we show that the restriction ; of the representation 7 to
‘H, is a direct sum of representations which are unitarily equivalent to the identity
representation of X'. By the identity representation we mean the representation p
of X on the Hilbert space H, given by p(x) = X, x € X, where x is the continu-
ous extension of the operator x on the dense domain Dy to Hy.

We begin with two preliminary lemmas.

Lemmad4.l. (i) x;(x™)* = (x™)*((1—=y2)- - -(1=yp11) xxforallk = 1, ...,d
and n € N&, 1 # 0, such that ny = 0.
(ib) xexixy = X7 kg (L= ( + Dypsn) + O + Dyps)yess fork = 1,....d
andr € Ny.

Proof. (i) is proved by induction on |n|. If 1] = 1, then the assertion holds by
(12). Suppose that the assertion is valid for n. Let j € {1,...,d}, j # k and
n’ := n+ 1;. Using the induction hypothesis and relations (12) and (11) we
obtain

(™) = (e = (= y2) (1= Yugn) xx
= (N (1 = y2). (1 = Y25 (1 = y2)xi
= (") (1 = y2)- (= ype)) 3
(ii) is proved by induction on r. For r = 0 the assertion is just the first formula of

(13). Suppose that the assertion holds for r. Using the induction hypothesis and
relations (11) and (13) we compute
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i = 5 ol = 4 DY) + ¢ 4 DY) yraixp

=x; (koxy (1 = (r + Dyr2) + (r + DX yr42) yr42
T (ro(1 = y0) + y) A = (r + 1) yr42)
+ + Dyr2)yri2

=57 o1 = (7 +2)y42) + (7 + 2)¥r2) Va2,

where the last equality is derived from relation (7). O

Lemma4.2.Ifn, ¢ € Ko and f,n € N¢, [f| + |n| > O, then

nl' d!

£y n
()™, (x") ) = (I +a) --(n| +a))

S8t (1. ¢) 27)

Proof. First we prove that (x')*nL(x")*¢ if f # n. Assume without loss of
generality that k; > n;. Set k; = k;,n; = n; forl # j, k; = n’; = 0, and

= (k},....k)),w = (n}, ..., n)). From Lemma 4.1(i) is follows by induction
on s that there exists a polynomial f (depending on s and n’) such that

x;(xu/)* =" f(ya ..., Ywi+s)x; for s € N. (28)

Further, using the formulas (13) it is easily shown by induction on r that there
exists a polynomial g (depending on r) such that

x} x "=gWjy, yi,...y) for reN. (29)

Since x;yj, = (vj(1 —y1) + y)x; by (13) and x;y, = ypt1x; by (11) we
conclude from (28) and (29) that there is a polynomial / such that

xjx?x’/“r &™) = @Ry, v, - y,ﬂ)xji. (30)

Setting s = k; —n;, r = n; and using the fact that x ;¢ = 0 by (23), (30) implies
that xf(x")*¢ = x" x5y (29 = 0 and so ((x")*n, (x")*¢) = 0.
Next we prove (27) in the case f = n. It clearly suffices to show that

ny!--ng!
(T +a) (| +a)? ?

TxM*e = for n e N¢, n #0. (31)

We prove (31) by induction on |n|. First we note that y, ;10 = (r + 1 +a) '
by (7) and 0 = xjxc@ = x}xk0® = YkoYop = @ 'yrow by (23) and (9), so that
yro@ = 0. Inserting these facts into Lemma 4.1(ii) we get

nj

x]x]xj o =x"(n;+Dn;+1 +a)2¢ for n; € No. (32)
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Setting n; = 0, (32) gives (31) for |n| = 1. Suppose that (31) holds for 1.
Let j € {l,...,d}. We prove that (31) is true for 1" = n 4 1;. Set 1 =
(n1,...,n;_1,0,n;41,...,ng). Then we compute

) = xa ) (e = 2 ) e
= 2" = y2) (1= yap)) i g
= 2" = y2)- (1= ye))x ;7 (g + Dy + 1+ @)
= ") (= y24n) (L= Yprn)2 () + Dy + 1+ )2
=x"@"M*n; + Dl + 1+ ) g,

where we used Lemma4.1(i), formula (32) and the fact that (1—y; )¢ = (k—14a)
(k + a)~'¢. Inserting the induction hypothesis we obtain (31) for 1v’. O

Put ¢, := (ny!---ng) V21 + a)---(In| + «) forn € N¢, n #£ 0, and ¢ := 1.
Let {¢;;i € I} be an orthonormal basis of K. Then, by formula (27) the set
{enii=cn(xM)*@i;n € N¢,i e I} is an orthonormal basis of ;. From

Ixf(x™ el = (e + D2(Inl + 1+ @) I el ¢ € Ko,
by (27) we derive
* _ 1/2 -1
Xpen,i = me+D7“(In|+1+ ) [NEE P

Therefore, by (4) and (5), the operator x; acts on the orthonormal set {e,, ;; 1 € Ng}
as on the orthonormal basis {e,; n € N4} for the identity representation of X'. The
same is true for the adjoint operator x; of x; and hence for all operators y, and x;
by (14) and (15). That is, for each i € I the restriction of 7| to the closed linear
span of vectors {eq ;; n € Ng} is unitarily equivalent to the identity representa-
tion of X'. Consequently, 7r; is the direct sum of representations of X which are
unitarily equivalent to the identity representation.

4.3. In this subsection we study the restriction 7, of 7 to the invariant subspace
Hoo = ker yp. Since o (yo) = 0 and x, = x5, = X_k,0 = Xo,—, We have

noo(yn) = Ov ne N()’ and 7Too(xk()) = T[OO(X()]() = O’ k = _d9 MRS d (33)
by (7) and (9). From (16), (9) and (6) we conclude that X;; := 7w (xx), k, [ =
—d, ..., d, are pairwise commuting bounded normal operators on H satisfying

X = X, Xj; = X and

Xinkl = ijX,'[ for i, j,k,l = —d, .. .,d. (34)
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Recall that y;o = x; _ ;. Therefore, by (8),
X+ +Xg_qa=1 (35)

For j =1,...,d, we obtain from (34) and (35)

d d
SOXp i Xeoj=) XeXjj=X;_j. (36)
k=1 k=1

We now describe the Gelfand spectrum of the operator family {Xy ;; k,[ =
—d, ...,d} or equivalently the character space of the abelian C*-algebra gen-
erated by these operators. Let x be such a character. From (35), there is j €
{1,...,d} such that x (X ;) # 0. Take z; € C such that z3 = x(X;). Since
X(Xj—j) = 0by (36) and 237;> = x(X;;X_; ;) = x(X;_;)* by (34), we have
2;7; = x(Xj.—;). We define z; := x(Xy.—;)x(X; ;)" 'z, for k # j. Note that
the latter relation is trivially true for k = j, soitholds forallk =1, ..., d. Using
the preceding facts and (34) we compute

2wz = X Xu—j X1, D x (Xj— )7 x (X))

= X X)X X X; ) (Xj-) 7 = x (Xu),
27 = XX DX XD X -2 x(Xj—))

= X (X, X, ) x (Xj—j) = x (X, —1)

fork,l =1, ..., d. From the latter and (35) we get

d d
ZZkE= X (Zxk,—k) =x) =1
k=1 k=1

Thus we have shown that for each character x there is a point z = (zy, . . ., 24)
of the unit sphere S¢ of the Euclidean space C¢ such that

X (Xw) = zxzy and x (Xg. ) = 2y for k,l=1,....d.

From the Gelfand theory it follows that there exists a spectral measure E(-)
on the unit sphere S of C? such that

oo (Xk1) :/ 2wdE(2,2), Too(Xk,—1) = (X1 1) =/ uwz dE(z,2)  (37)
Sd Sd

fork,l =1, ...,d. Combined with (33), these formulas describe the representa-
tion ., on the generators of X completely.
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5. Proof of Theorem 1.1

We first prove the assertion of Theorem 1.1 in the case when m is even, say m=2n.
Then ¢ € W(d) has degree 4n. From formula (22) in Lemma 3.2 it follows that
yocy, belongs to the *-algebra X'

The crucial step of the proof is to show that yjcy; € > X 2. Assume the con-
trary. We apply Lemma 2.3 to the wedge C = > X2, Since X = X}, by Lemma
3.1, there exists a state F' on the x-algebra X such that F(ygcy;) < 0. Let wp
denote the representation of X with cyclic vector ¢r associated with F' by the
GNS construction such that F(x) = (mp(x)@r, ¢F) for x € X. As shown in
Section 4, wr decomposes into a direct sum of representations which are unitarily
equivalent to the identity representation of X on L>(R?) and the representation
Moo ON Hoo. Let i € L2(R?),i € I, and ¢s, € Hoo be the components of the
vector ¢r in this decomposition. Then, we have

F(x) =) (%01, i) + (7Too(X)Po0, Poc), X € X. (38)

iel

By assumption (i), (ygeyge, ¢) = (cyo9, yop) = €(yo9, yo¢) for ¢ € Dy =
S(R?) and hence

(aeyde, @) > ellyaell* > 0 for ¢ € L*(R?), ¢ # 0. (39)

From Lemma 3.2 and the fact that . (f;(y0)) = 7o (f;(0)) we obtain

7Too(y(,),lail .. -ai4,,)’(r)l) = noo(xiliz)' : 'ﬂoo(xi4n,1,i4,l)

foriy,...,isn = —d, ..., d.If the degree of a monomial a;, - - -a;,, is less than 4n,
then at least one index i; is zero and so 7w (Y a, - - -ai,, ¥y) = 0 by (33). Hence
we have 7 (YY) = Moo (Y Canyy)- Using (37) we derive

(oo (¥ €Y ) P00 Poc) = /Sd Can(z, DA(E(Z, 2)Poo, Poc)- (40)
By assumption (i), c4,(z, 7) > 0forz € S¢. Since F(yycy,) < 0, it follows from
(38), (39) and (40) that all vectors ¢;, i € I, and ¢, are zero. But then F (1) =0
by (38), in contradiction to the fact that F is a state. Thus, yjcy; € Y X 2,
That yicys € Y. X2 means that there exist elements gy, - - -, g € X such that
Yoeye = Y- & & Let b € N. Multiplying the latter equation by b(N + «)"
from the left and from the right we obtain

beh =Y " (g/(N +@)"b)*(g/(N + )"b). (41)
=1

Each element of X is a linear combination of finite products of operators a; and
aj.‘, j=1,...,d,and yy = (N +a+k)~!, k € Ny. Therefore, it follows from the
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relations a;y, = yx4+1a; and a;f Vi = yk_la;’.‘ that we can choose » € A such that
all denumerators (N +a+k)~! of elements g; cancel, so that g;(N +a)"b € W(d).
Then we have beb € Y. W(d)? by (41), as required.

Next we treat the case when m is odd, say m = 2n— 1. Then ¢ := Z‘;:l ajca;
has degree 4n. By assumption (i) on ¢, we have

d d
(Cp.0) =) (calp.ajp) = Y _eldip, ajp) = e{(N + d)p. ) = £{p, ¢)
Jj=1 j=1

for ¢ € S(R?). Since ¢4,(z, Z) = cam(z, Z) on §¢, ¢ satisfies assumptions (i) and
(ii) too, so the preceding applies to ¢. This completes the proof of Theorem 1.1.

Remark 2. The above proof shows that for even m = 2n the assertion of Theorem
1.1 remains valid if assumption (i) is replaced by the weaker requirement that the
continuous extension of the bounded operator (N + o) ""¢(N + o)™ on S(R?)
to L?(IR?) is positive and has trivial kernel. The latter is satisfied if there exists a
bounded positive self-adjoint operator x on L*(R¢) with trivial kernel such that
(cp, ) = (x@, @) for ¢ € S(R?). The special case x = ¢ - I is assumption (i).

6. An example

Suppose that d = 1. Since the spectrum of the closure of the operators mo(N) is
Ny by (5), a polynomial p(N) of N is in W(1), if and only if p(n) > 0 for all
n € Ny. As shown in [FS], the element p(N) belongs to ) W(1)? if and only if
there are polynomials gy, ..., gx € C[N], k € Ny, such that

p(N) = qo(N)*qo(N) + Nqi1(N)*q1(N) + - -
+N(N = 1) «(N =k + Dgr(N)*ge(N). (42)

Fore > 0,wesetc, := (N—1)(N—2)+¢ (see [FS] and [W]) . From the preceding
facts it follows that c; is in W(d), for all & > 0 and that ¢, is not in > W(1)?
if0<e < }‘. Clearly, c, satisfies the assumptions of Theorem 1.1 for all € > 0.
For arbitrary real o we have

(N +a)ce(N +a) = 3> (N=1*(N=2)* + (1 — &) N(N=1)(N—2)(N-3)
+Qa 4+ 3)N(N=1)(N=2) + &(N + ).
The latter expression has been found by A. Schiiler. If o> < 2, then the right hand

side of the preceding equation is of the form (42) and so (N + a)c.(N + &) €
3" W(1)? as asserted by Theorem 1.1.
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