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Abstract

We establish a sharp integrability condition on the partial derivatives of a map-
ping withLp-integrable distortion for somep > n − 1 to guarantee discreteness
and openness. We also show that a mapping with exponentially integrable distortion
and integrable Jacobian determinant is either constant or both discrete and open.
We give an example demonstrating the preciseness of our criterion.

1. Introduction

This paper is a crucial part of our program to establish the fundamentals of the
theory of mappings of finite distortion [11,1,12,17] which form a natural general-
ization of the class of quasiregular mappings, also called mappings of bounded dis-
tortion. The results of this paper give sharp criteria for topological properties, such
as openness, for a mapping of finite distortion. The theory of mappings of bounded
distortion is by now well understood, see the monographs byReshetnyak [24],
byRickman [25] and byIwaniec &Martin [13]. The motivation for relaxing the
boundedness of the distortion partially arises from the fundamental works ofBall
[2,3] on nonlinear elasticity. We study mappingsf = (f1, . . . , fn) : 
 → R

n in
the Sobolev spaceW1,1(
,Rn), where
 is a connected, bounded, open subset of
R
n with n � 2. Thus, for almost everyx ∈ 
, we can speak of the linear trans-

formationDf (x) : R
n → R

n, called the differential off atx. Its norm is defined
by |Df (x)| = sup{|Df (x)h| : h ∈ Sn−1}. We shall often identifyDf (x) with its
matrix, and denote byJ (x, f ) = Jf (x) = detDf (x) the Jacobian determinant.

Definition 1.1. A Sobolev mappingf ∈ W1,1(
,Rn) is said to havefinite distor-
tion if there is a measurable functionK = K(x) � 1, finite almost everywhere,
such that

|Df (x)|n � K(x)J (x, f ) a.e. (1.1)
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We call (1.1) the distortion inequality forf . Notice that, unless we put any extra
conditions onK, we only require thatJ (x, f ) � 0 a.e. and that the differential
Df vanishes a.e. in the zero set of the Jacobian determinantJ (x, f ). It is worth
recalling that the smallest such functionK, referred to asouter dilatation, is then
defined by

KO(x, f ) =
{ |Df (x)|n

J (x,f )
if J (x, f ) 	= 0,

1 if J (x, f ) = 0.
(1.2)

Geometrically this means that, at the points whereJ (x, f ) > 0, the differential
takes the unit ball to an ellipsoidE and we haveKO(x, f ) = vol BO / vol E,
whereBO is the ball circumscribed aboutE.

Let us begin by recalling some of the known results on mappings of finite
distortion which are relevant for our discussion. A mapping in the Sobolev class
W1,n(
,Rn)with finite distortionK ∈ L∞(
) is called a quasiregular mapping or
a mapping of bounded distortion. This class of mappings can be traced back to the
work ofReshetnyak [23]. Reshetnyak proves the remarkable result that a mapping
of bounded distortion is continuous and either constant or open and discrete. For an
exposition of the theory of mappings of bounded distortion we refer the reader to the
monographs byReshetnyak [24], byRickman [25] and byIwaniec & Martin
[13]. Here continuity means thatf has a continuous representative. Openness of
a continuous mappingf requires that the image of each open set be open and the
discreteness that the preimage of any point inR

n be an isolated set of points in
.

Thus Reshetnyak’s result gives topological conclusions from analytic assumptions.
Gol’dstein & Vodop’yanov showed later in [7] that even mappings of finite

distortion in the Sobolev classW1,n(
,Rn)are continuous. Regarding discreteness
and openness, the uniform boundedness of the distortion in the planar case was
relaxed to the (local) integrability of the distortion for Sobolev mappingsf ∈
W1,2(
,R2) by Iwaniec & Šverák [16]. In higher dimensions, the analog of this
holds whenKO ∈ Lp(
) for somep > n − 1 andf ∈ W1,n(
,Rn). It fails if
p < n − 1, [3], and it remains unknown in the critical case ofp = n − 1. For the
positive results see the papers byHeinonen & Koskela [10] and byManfredi
& Villamor [19,20]. Notice that in all these results we assume that the partial
derivatives off aren-integrable.

The natural Sobolev setting for mappings of finite distortion is the space
W1,n(
,Rn); we then can integrate the Jacobian determinant by parts. However,
matters are quite complicated if it is not knowna priori that the Jacobian is locally
integrable or, even if it is so, whether it coincides with the so-called distributional
Jacobian. The first regularity results below the natural setting were recently es-
tablished byIwaniec, Koskela & Martin [11]. Assuming thatJf ∈ L1(
) and
eλK ∈ L1(
) for some sufficiently largeλ = λ(n) they proved, among other things,
that in factf ∈ W1,n(
,Rn). It then follows thatf is continuous and either con-
stant or open and discrete. Also see [1] for further developments. The standing
conjecture is that it is possible to takeλ = λ(n) = 1 as the critical exponent for the
regularity conclusions; it is known that theLn integrability of the differential fails
for anyλ < 1. The relevant examples are homeomorphic maps inW1,1(
,Rn)

and, therefore, have locally integrable Jacobian determinants.
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Very recently,Iwaniec, Koskela &Onninen (cf. [12]) verified that mappings
with exponentially integrable distortion and integrable Jacobian determinant are
always continuous.

Theorem 1.2. Let f ∈ W1,1(
,Rn) satisfy the distortion inequality

|Df (x)|n � K(x)J (x, f ) a.e.

in 
, where K � 1 and exp(λK) is integrable for some λ > 0. If the Jacobian
determinant of f is integrable, then f is continuous.

One consequence of our current work is that we also have discreteness and
openness for non-constant mappings as above.

Theorem 1.3. Let f ∈ W1,1(
,Rn) satisfy the distortion inequality

|Df (x)|n � K(x)J (x, f ) a.e.

in 
, where K � 1 and exp(λK) is integrable for some λ > 0. If the Jaco-
bian determinant of f is integrable, then f is continuous and either constant or
both discrete and open. Conversely, there is a non-constant, continuous mapping
f ∈ W1,1(
,Rn) with integrable Jacobian determinant and of distortion K with
exp(λK/ log2(1 + K)) integrable for some λ that is neither open nor discrete.

We will obtain Theorem 1.3 as a corollary to our more general results. Theorem
1.3 is new even in the plane; see the work ofDavid [4] for existence questions. For
notational simplicity we do not formulate our results here in the ultimate generality.
See Sections 2 and 3 for even sharper results. Theorem 1.3 follows from our next
result because (1.3) holds for each mappingf ∈ W1,1(
,Rn) with exponentially
integrable distortion and integrable Jacobian.

Theorem 1.4. Let f ∈ W1,1(
,Rn) satisfy

lim
ε→0+ ε

∫



|Df (x)|n−ε dx = 0. (1.3)

If f has finite distortion K ∈ Lp(
) for some p > n − 1, then f is continuous
and either constant or both discrete and open. Conversely, there is a continuous,
non-constant f ∈ W1,1(
,Rn) with integrable Jacobian, of finite distortion K

with exp(λK/ log2(1 + K)) integrable for some λ, with the Sobolev regularity

lim sup
ε→0+

ε

∫



|Df (x)|n−ε dx < ∞

and so that f is neither open nor discrete.

Above, the assumptions in the first part of Theorem 1.4 guarantee that the
Jacobian determinant off is (locally) integrable and that, in fact, the point-wise
Jacobian coincides with the so-called distributional Jacobian, see the discussion at
the beginning of Section 2. This fact plays a fundamental role in the proof. The
continuity off in Theorem 1.4 is from [12].
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A reader familiar with discrete and open mappings recognizes by Theorem 1.4
that a mappingf satisfying our assumptions has to be sense-preserving, that is, the
topological degree is always strictly positive. This is indeed part of our argument
in the proof of Theorem 1.4.

Theorem 1.5. Let f ∈ W1,1(
,Rn) satisfy

lim
ε→0+ ε

∫



|Df (x)|n−ε dx = 0.

If f has finite distortion, then f is continuous and sense-preserving. Conversely,
there is a continuous f ∈ W1,1(
,Rn)with integrable Jacobian, with J (x, f ) > 0
a.e., of finite distortion K with exp(λK/ log2(1 +K)) integrable for some λ, with

lim sup
ε→0+

ε

∫



|Df (x)|n−ε dx < ∞,

which is not sense-preserving.

Theorem 1.5 gives very sharp criteria which enable one to conclude from an-
alytic assumptions that a mapping is sense-preserving. Observe, for example, that
the sign of the Jacobian determinant need not have any global topological meaning,
even for mappings with partial derivatives in weakLn (see the construction of the
example in Section 4).

Our proofs are based on the following ingredients. First of all, our assumptions
guarantee that the Jacobian off is (locally) integrable and that the point-wise
Jacobian coincides with the distributional Jacobian. This does not only hold for
f but also for certain modifications tof . Using this we show thatf preserves
the divergence of smooth vector fields in a certain distributional sense. This then
results in a (weak) change-of-variables formula that allows us to conclude that
f is sense-preserving. Here we wish to acknowledge the important contributions
of Iwaniec & Sbordone [15], Šverák [26], and ofMüller, Tang & Yan [22]
towards the crucial ideas contained in our work. The rest of the proof of discreteness
and openness follows ideas ofManfredi&Villamor [19,20] that are a refinement
of the original argument ofReshetnyak [23]. Also see the work ofVodop’yanov
[28]. The example to show sharpness is based on ideas in a construction byIwaniec
&Martin [14] and in the modification of this construction byMalý [18].We need,
however, to substantially improve on these previous examples.

In the next part, [17], of our program on mappings of finite distortion, we will
study the distortion of sets of measure zero under these mappings.

The paper is organized as follows: theorems giving sufficient conditions for a
mapping to be sense-preserving are proved in Section 2 and the results concerning
discreteness and openness in Section 3. In Section 4 we construct a mapping that
shows that our results are sharp in the above-mentioned sense.
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2. Sense-preserving mappings

We consider a function spaceX(
) such that ifg, h : 
 → [0,∞] are mea-
surable,h ∈ X(
) andg � ch for some 0< c < ∞, then alsog ∈ X(
).
Furthermore, we assume that iff ∈ W1,1(
,Rn), |Df | ∈ X(
) andJf � 0 a.e.,
thenJf ∈ L1

loc(
) and the distributional Jacobian DetDf equalsJf in 
. This
means that∫




f1(x)J (x, (ϕ, f2, . . . , fn)) dx = −
∫



ϕ(x)J (x, f ) dx

for all ϕ ∈ C∞
c (
). For the proofs of theorems listed in the Introduction we use a

result byGreco [8, Corollary 4.1] according to whichX(
) can be chosen so that
it consists of all measurable functionsu on
 for which (compare (1.3))

lim
ε→0+ ε

∫



|u|n−εdx = 0.

Note that thenLn log−1L(
) ⊂ X(
) ⊂ ∩α<−1L
n logα L (see, e.g., [12, Section

2]). The simple examplef (x) = x/|x| shows that, even though Greco’s condition
is not absolutely necessary, there are no allowable spacesX(
) that are much larger
thanLn(
).

We callf : 
 → R
n sense-preserving if deg(f,
′, y0) > 0 for all domains


′ ⊂⊂ 
 and ally0 ∈ f (
′) \ f (∂
′), where deg(f,
′, y0) is the topological
degree off at y0 with respect to
′. For the definition of the topological degree
see, e.g., [6].

If A is a realn× n matrix, we denote the cofactor matrix ofA by cofA. Then
the entries of cofA areaij = (−1)i+j detAij , whereAij is theij th minor ofA,
and cofA is the transpose of the adjugate adjA of A.

Theorem 2.1. Suppose that f ∈ W1,1(
,Rn) is continuous, |Df | ∈ X(
) and
Jf � 0 a.e., and let V ∈ C1(Rn,Rn). Then

div
(
(V ◦ f ) cofDf

) = (
(divV ) ◦ f )

Jf (2.1)

holds in the sense of distributions in 
, i.e.,∫



〈V (f (x)) cofDf (x), ∇ϕ(x)〉 dx = −
∫



(divV )(f (x))Jf (x)ϕ(x) dx (2.2)

for all ϕ ∈ C∞
c (
).

Proof. It suffices to show that (2.1) holds for any
′ ⊂⊂ 
.
Consider first the caseV = (v,0, . . . ,0), wherev ∈ C1(Rn). Since a general

C1 function can be written, on a bounded set, as a difference of twoC1 functions
whose first partial derivative with respect to the first variable is nonnegative (take,
e.g.,v+(x) = v(x) + sup{|∂1v(x)| : x ∈ f (
′)}x1 andv− = v+ − v), we may,
by linearity of (2.1) with respect toV , assume that∂1v � 0 on f (
′). Define
g = (v ◦ f, f2, . . . , fn). Theng ∈ W1,1(
,Rn), |Dg| ∈ X(
) andJg(x) =
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∂1v(f (x))Jf (x) � 0 a.e.x ∈ 
′, whenceJg ∈ L1(
′) and DetDg = Jg in 
′.
Now, for anyϕ ∈ C∞

c (
′), we have∫

′

〈V (f (x)) cofDf (x), ∇ϕ(x)〉 dx =
∫

′
g1(x)J (x, (ϕ, g2, . . . , gn)) dx

= −
∫

′
ϕ(x)J (x, g) dx

= −
∫

′
(divV )(f (x))Jf (x)ϕ(x) dx

which means that (2.1) holds forV = (v,0, . . . ,0) in 
′.
A similar argument also applies toV = (0, . . . , v, . . . ,0), and the general case

follows by the coordinate decomposition ofV .

Theorem 2.2. Let
 be bounded and suppose thatV ∈ C1(Rn,Rn),f ∈ C(
,Rn)

∩W1,n−1(
,Rn) and f (∂
)∩ spt divV = ∅. Then there is ϕ ∈ C∞
c (
) such that

ϕ = 1 in spt((divV ) ◦ f ) and

−
∫



〈V (f (x)) cofDf (x), ∇ϕ(x)〉 dx =
∫

Rn

divV (y)deg(f,
, y) dy. (2.3)

Proof. To chooseϕ, take an open setU ′ ⊂ R
n\f (∂
)such that spt divV ⊂ U ′ and

U ′∩f (∂
) = ∅. ThenU := f−1(U ′) ⊂⊂ 
 is open and contains spt((divV )◦f ).
Now chooseϕ ∈ C∞

c (
) such thatϕ = 1 inU .
If f is smooth, then the classical degree theory yields (see, e.g., [6, Exercise 1.5])∫




(divV )(f (x))Jf (x) dx =
∫

Rn

divV (y)deg(f,
, y) dy. (2.4)

Since (2.2) holds for smooth mappings, it remains to use the assumption thatϕ = 1
on the set where(divV )(f (x)) 	= 0 to conclude that (2.3) holds for all smoothf .

In the general case, we find a sequence(fj ) of smooth mollifications off that
converges tof uniformly in 
 and inW1,n−1(G), whereG ⊂⊂ 
 is an open set
containing sptϕ. By uniform convergence and by the choice ofU , we have for
largej thatfj (∂
) ∩ spt divV = ∅, ϕ = 1 on the set where(divV )(fj (x)) 	= 0,
and deg(fj ,
, y) = deg(f,
, y) for all y ∈ spt divV . The claim follows now by
applying (2.3) to the mappingsfj and lettingj tend to infinity.

Theorem 2.3. Let 
 be bounded and suppose that f belongs to C(
,Rn)

∩W1,n−1(
,Rn), Jf ∈ L1(
) and that (2.1)holds in the sense of distributions for
each V ∈ C1(Rn,Rn). If η ∈ C2

c (R
n) is such that f (∂
) ∩ sptη = ∅, then∫




η(f (x))Jf (x) dx =
∫

Rn

η(y)deg(f,
, y) dy. (2.5)

Proof. Let u ∈ C2(Rn) be a solution of Poisson’s equation�u = η, that is,
div ∇u = η, and denoteV = ∇u. Now the claim follows from (2.1) and Theo-
rem 2.2.
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Theorem 2.4. Let f ∈ W1,n−1(
,Rn) be continuous. Suppose that Jf ∈ L1(
),
Jf � 0 a.e. and that (2.1) holds in the sense of distributions for each V ∈
C1(Rn,Rn). If f has finite distortion, then f is sense-preserving.

Proof. Let 
′ ⊂⊂ 
 and takey0 ∈ f (
′) \ f (∂
′). We take an open ballB
centered aty0 such thatB∩f (∂
′) = ∅ and a nonnegative smooth functionη with
support inB such thatη(y0) > 0. Then by Theorem 2.3 and properties of degree
(it is constant onB)

deg(f,
′, y0)

∫
B

η(y) dy =
∫

′
η(f (x))Jf (x) dx. (2.6)

Define
G = {x ∈ 
′ : η(f (x)) > 0}.

It follows from (2.6) that deg(f,
′, y0) � 0. Suppose that deg(f,
′, y0) = 0.
ThenJf = 0 a.e. onG and sincef has finite dilatation, it follows that|Df | = 0 a.e.
onG. Hencef and thus alsoη◦f are locally constant onG. Sinceη◦f = 0 on∂G,
we deduce thatη ◦ f = 0 onG. This contradiction shows that deg(f,
′, y0) > 0.

Since, by [12, Theorem 1.3], a mappingf ∈ W1,1(
,Rn) of finite distortion
satisfying (1.3) is continuous (i.e., has a continuous representative), we obtain the
first part of Theorem 1.5 as a corollary to Theorems 2.1 and 2.4.

According to [11, Section 7], a mappingf ∈ W1,1(
,Rn) with exponentially
integrable dilatation and withJf ∈ L1(
) satisfies (1.3), whence we have the
following corollary to Theorem 1.5.

Corollary 2.5. Suppose that f ∈ W1,1(
,Rn) has finite distortion K with∫



exp
(
λK(x)

)
dx < ∞

for some λ > 0 and assume that Jf ∈ L1(
). Then f is continuous and sense-
preserving.

Similarly, we get the first parts of Theorems 1.3 and 1.4 as corollaries to Theo-
rem 3.1 below. The example of Section 4 gives the second parts of Theorems 1.3,
1.4, and 1.5.

3. Discreteness and openness

In this section we prove Theorem 3.1, which establishes the discreteness and
openness under our setting. The proof is modelled after and very similar to the
argument used in [20]. Thus we only recall the main steps of the proof for the
convenience of the reader.

Theorem 3.1. Let f ∈ W1,n−1(
,Rn) be continuous. Suppose that Jf ∈ L1(
),
Jf � 0 a.e. and that (2.1) holds in the sense of distributions for each V ∈
C1(Rn,Rn). If f has finite distortion K ∈ Lp(
) for some p > n − 1, then
f is either constant or both discrete and open.
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Proof. Suppose thatf is not constant. By Theorem 2.4,f is sense-preserving. It
suffices to prove thatf is light (i.e.,f−1(y) is totally disconnected for ally ∈ R

n,
that is,f−1(y) does not contain an arc) since a sense-preserving light mapping is
both discrete and open (see [27]).

We will prove that for ally ∈ R
n there iss ∈ (n−1, n) such that thes-capacity

of f−1(y) is zero (for more information about capacity see, e.g., [5,9]). Then the
Hausdorff dimension off−1(y) is smaller than or equal ton − s < 1, and thus
f−1(y) is totally disconnected. By considering the translationf−y we may assume
thaty = 0, and that 0∈ f (
). Since our argument is local in nature, we can assume
thatf ∈ W1,n−1(
,Rn), K ∈ Lp(
) and thatf (
) ⊂ B(0, e−e) = 
′. Suppose
that. is a positiveC2-smoothn-superharmonic function (i.e., div(|∇.|n−2∇.) �
0) on the ball
′ with . � δ > 0 and such that

V = |∇.|n−2∇.
.n−1

is in the classC1(
′,Rn) with bounded partial derivatives. Since. is n-superhar-
monic, it follows that

divV � (1 − n)
|∇.|n
.n

.

Substituting this into (2.1) we obtain

div

( |∇. ◦ f |n−2∇. ◦ f
(. ◦ f )n−1 cofDf

)
� (1 − n)

|∇. ◦ f |n
(. ◦ f )n Jf

in the sense of distributions. Using the fact that

| cofDf (x)| � c(n)|Df (x)|n−1 � c(n)
(
K(x)Jf (x)

)(n−1)/n

for anyη ∈ C1
c (
), η � 0, we derive a Caccioppoli-type estimate∫




|(∇. ◦ f )(x)|n
(. ◦ f )(x)n Jf (x)η(x)

n dx � c(n)

∫



K(x)n−1|∇η(x)|n dx. (3.1)

Here, and subsequently,c(n) denotes a constant depending only onn which might
differ from occurrence to occurrence. Now chooses ∈ (n − 1, n) such that
s/(n − s) � p. The Hölder inequality, chain rule, and equation (3.1) yield∫




|∇(log. ◦ f )(x)|sη(x)s dx

� c(n)

(∫



K(x)n−1|∇η(x)|n dx
)s/n(∫




K(x)s/(n−s) dx

)(n−s)/n

. (3.2)

Next we will employ the family.a of smooth functions of [20] that approximate
log(1/|x|) asa → 0. Then, settingg(x) = log log(1/|f (x)|), we observe using
(3.1) that log.a ◦ f → g in W1,s(B,Rn) for any ballB ⊂ R

n. Then, referring
to [9, Theorem 4.3], we infer thatg is an s-quasicontinuous function onB; in
particular thes-capacity of the setB ∩f−1(y) = {x ∈ B: g(x) = ∞} is zero. This
concludes the proof.
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4. An example

We will construct a continuous mappingf : Q0 = [0,1]n → R
n, n � 2,

which has the following properties:

(a) f ∈ W1,1(Q0,R
n), f is differentiable almost everywhere, and

sup
0<ε<1

ε

∫
Q0

|Df (x)|n−ε dx < ∞; (4.1)

(b) the Jacobian determinantJf (x) is strictly negative for almost everyx ∈ Q0,
and ∫

Q0

|Jf (x)| dx < ∞; (4.2)

(c) the dilatationK(x) = |Df (x)|n
|Jf (x)| is finite almost everywhere and there exists

λ > 0 such that ∫
Q0

exp

(
λK(x)

log2(1 + K(x))

)
dx < ∞; (4.3)

(d) f does not satisfy Lusin’s condition N: there is a setN ⊂ Q0 of measure zero
so thatf (N) has positive measure;

(e) f is neither open nor discrete;
(f) f fixes the boundary∂Q0 and thus deg(f, ∂Q0, y) = 1 for all y ∈ intQ0.

Let us next describe how to obtain a mapping as referred to in Theorems 1.3,
1.4 and 1.5, usingf. Let Q ⊂ R

n be any cube with sides parallel to coordinate
axes. By scaling, shifting and changing the sign of the first coordinate function of
the mappingf , we get a continuous mappingfQ : Q → R

n for whichJfQ > 0 a.e.
in Q, (4.1), (4.2) and (4.3) hold andfQ(x) = (−x1, x2, . . . , xn) on ∂Q whence
deg(fQ, ∂Q, y) = −1 for all y ∈ fQ(Q) \ fQ(∂Q).

Consider a finite collectionQ of closed cubesQwith pairwise disjoint interiors
and sides parallel to coordinate axes such that
 ⊂ ∪Q∈QQ andQ′ ⊂ 
 for some
Q′ ∈ Q. Defineg to befQ in eachQ ∈ Q. Theng : 
 → R

n is a continuous
mapping such thatJg > 0 a.e. in
, (4.1), (4.2) and (4.3) (and (d)) hold withf
replaced byg and deg(g, ∂Q′, y) = −1 for all y ∈ g(Q′) \ g(∂Q′) 	= ∅. Thusg is
not sense-preserving. Moreover, by (e),g is neither open nor discrete.

We now move on to the construction off after introducing some notation and
stating a preliminary lemma. Besides the usual Euclidean norm|x| = (x2

1 + . . .+
x2
n)

1/2 we will use the cubic norm‖x‖ = maxi |xi |. Using the cubic norm, the
x0-centered closed cube with edge length 2r > 0 and sides parallel to coordinate
axes can be represented in the form

Q(x0, r) = {x ∈ R
n : ‖x − x0‖ � r}.

We then callr the radius ofQ. Let us definecQ(x0, r) = Q(x0, cr) if c > 0.
We will use the notationa � b if there is a constantc > 0 – not depending on
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(integration) variables or summation indices – such thata � cb, and we write
a ≈ b if a � b andb � a.

We will be dealing with radial stretchings that map cubesQ(0, r) onto cubes.

Lemma 4.1. Let ρ : (0,∞) → (0,∞) be a strictly monotone, differentiable func-
tion. Then for the mapping

f (x) = x

‖x‖ ρ(‖x‖), x 	= 0,

we have for a.e. x

|Df (x)|/c(n) � max

{
ρ(‖x‖)

‖x‖ , |ρ′(‖x‖)|
}

� c(n)|Df (x)|

and

Jf (x)/c(n) � ρ′(‖x‖)ρ(‖x‖)n−1

‖x‖n−1 � c(n)Jf (x),

where c(n) depends only on n.

Proof. An elementary reasoning shows that for the mapping

g(x) = x

|x| ρ(|x|)

we have

|Dg(x)| = max

{
ρ(|x|)

|x| , |ρ′(|x|)|
}

and

Jg(x) = ρ′(|x|)ρ(|x|)n−1

|x|n−1 .

The Lemma follows by considering the decompositionf = h−1 ◦ g ◦ h, where

h(x) = ‖x‖
|x| x

(i.e.,h is the “natural” stretching that maps each cubeQ(0, r) onto the ballB(0, r)).

In the following, we will construct a sequence of continuous, piecewise con-
tinuously differentiable mappingsfk : Q0 → R

n. First we introduce a sequence
of compact sets inQ0 whose intersection is a Cantor-type set.

The unit cubeQ0 is first divided into 2n cubes with radius 1/4, which are each
in turn divided into a subcube with radius(1/4)/2 and a difference of two cubes
which we refer to as an annulus. The familyQ1 consists of these 2n subcubes.
The remainder of the construction is then self-similar. The subcube is divided into
2n cubes which are each in turn divided into a subcube with radius 4−2/2 and an
annulus. The familyQ2 consists of these 22n subcubes (see Fig. 1). Continuing this
way, we get the familiesQk, k = 1,2,3, . . . , for which the radius ofQ ∈ Qk is
r(Q) = 4−k/2 and the number of cubes inQk is #Qk = 2nk.
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Q1 Q2

Fig. 1. FamiliesQ1 andQ2.

We are now ready to define the mappingsfk. Definef0 = id. We will give a
mappingf1 that leaves the boundaries∂(2Q), Q ∈ Q1 fixed, turns each annulus
2Q \ Q inside out and stretches the cubeQ so thatf1 is continuous (see Fig. 2).
The Jacobian determinantJf1 will be negative in each annulus 2Q \Q and positive
in each cubeQ. Next,f2 equalsf1 in the annulae 2Q \ Q, Q ∈ Q1, turns each
annulus 2Q \Q, Q ∈ Q2, inside out, stretches the cubeQ and shifts the image so
thatf2 is continuous. Moreover,Jf2 is negative a.e. inQ0 \⋃

Q∈Q2
Q and positive

in
⋃

Q∈Q2
Q. We will then continue in this manner.

f1

Fig. 2. The mappingf1 acting on 2Q, Q ∈ Q1.

To be precise, letf0 = id|Q0 and fork = 1,2,3, . . . define

fk(x) =




fk−1(x) if x 	∈ ⋃
Q∈Qk

2Q,

fk−1(z(Q)) + ak
x−z(Q)

‖x−z(Q)‖
(

log log
1

‖x−z(Q)‖
)1/ log(2k)

if x ∈ 2Q \ Q, Q ∈ Qk,

fk−1(z(Q)) + bk(x−z(Q)) if x ∈ Q, Q ∈ Qk,

wherez(Q) is the center of the cubeQ andak andbk are chosen so thatfk is
continuous and fixes the boundary∂Q0:

a1 = 1
/(

4(log log 4)1/ log 2),
b1 = 2(log log 8/ log log 4)1/ log 2,
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and, fork = 2,3,4, . . . ,

ak

(
log log

1

4−k/2

)1/ log(2k) = bk · 4−k/2 and (4.4)

ak

(
log log

1

4−k

)1/ log(2k) = bk−14−k. (4.5)

Remark. The ratio of the outer radius and the inner radius of the image annulus
in the levelk is

ak

(
log log 1

4−k/2

)1/ log(2k)

ak

(
log log 1

4−k

)1/ log(2k)
=

(
log log 22k+1

log log 22k

)1/ log(2k)

,

which has the limit 1 ask → ∞, i.e., the volume of the image annulus is small
compared to the volume of the cubefk(Q) for largek.

Next we will show that

ak ≈ 2−k. (4.6)

By (4.4)ak ≈ bk4−k, whence it is enough to show that

bk ≈ 2k. (4.7)

It follows from (4.4) and (4.5) that

bk = 2bk−1

(
log log 22k+1

log log 22k

)1/ log(2k)

for all k = 2,3,4, . . . . Then

bk ≈ 2k
k∏

j=1

(
log log 22j+1

log log 22j

)1/ log(2j)

.

For (4.7) it suffices to show that the product

∞∏
k=1

(
log log 22k+1

log log 22k

)1/ log(2k)

converges. This happens if, and only if,

∞∑
k=1

log

((
log log 22k+1

log log 22k

)1/ log(2k))
(4.8)
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converges. Let us estimate the terms of this sum. Since logt ≈ t − 1 for t close to
1, we have

log

((
log log 22k+1

log log 22k

)1/ log(2k))
= 1

log(2k)
log

(
log log 22k+1

log log 22k

)

≈ 1

log(2k)

log log 22k+1 − log log 22k

log log 22k

= 1

log(2k)

log
(
1 + 1

2k

)
log(2k log 2)

≈ 1

k log2(2k)
,

whence (4.8) converges.
Since

|fk+1(x) − fk(x)| � ak(log log(2 · 4k))1/ log(2k) ≈ 2−k,

the sum ∞∑
k=1

|fk+1(x) − fk(x)|

and thus the sequence(fk) converges uniformly. Hence the limitf = limk→∞ fk is
continuous. Clearlyf is differentiable almost everywhere, its Jacobian determinant
is strictly negative almost everywhere, andf is absolutely continuous on almost
all lines parallel to coordinate axes.

To finish the proof of the properties 4–4 we next use Lemma 4.1 to estimate
|Df (x)| and |Jf (x)| at x ∈ int (2Q \ Q), Q ∈ Qk, k = 1,2,3, . . . . Define
r = ‖x − z(Q)‖ ≈ 4−k andρ(r) = ak(log log(1/r))1/ log(2k). Since

|ρ′(r)| = 1

log(2k) · log(1/r) · log log(1/r)

ρ(r)

r
� ρ(r)

r

we have

|Df (x)| ≈ ρ(r)

r
= ak

r
(log log(1/r))1/ log(2k)

≈ 2k(log(2k))1/ log(2k) ≈ 2k
(4.9)

and

|Jf (x)| ≈
(
ρ(r)

r

)n−1

|ρ′(r)|

=
(
ρ(r)

r

)n 1

log(2k) · log(1/r) · log log(1/r)

≈ 2kn
1

k log2(2k)
.

(4.10)
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Equations (4.9) and (4.10) yield

K(x) = |Df (x)|n
|Jf (x)| ≈ k(log(2k))2. (4.11)

The measure of
⋃

Q∈Qk
2Q is (2 · 4−k)n2nk ≈ 2−kn and so for 0< ε < 1

ε

∫
Q0

|Df (x)|n−ε dx � ε

∞∑
k=1

2−kn2k(n−ε) � ε

∞∑
k=0

2−εk = ε

1 − 2−ε
� C

whereC < ∞ is a constant that does not depend onε. This proves (4.1), and it
follows thatf ∈ W1,1(Q0,R

n). Alternatively, the fact thatf ∈ W1,1(Q0,R
n) can

also be seen without using the absolute continuity on almost all lines from the above
calculations because they show that the sequence(fk) converges inW1,1(Q0,R

n).
Similarly we prove (4.2) and (4.3):

∫
Q0

|Jf (x)| dx �
∞∑
k=1

2−kn 2kn

k(log(2k))2
�

∞∑
k=2

1

k(logk)2
< ∞.

By (4.11) there is a constantc in the range 1� c < ∞ such thatK(x) � ck(logk)2

in int (2Q \Q),Q ∈ Qk, for k � 2, and sincet �→ t/ log2(1+ t) is increasing for
larget ,

∫
Q0

exp

(
λK(x)

log2(1 + K(x))

)
dx �

∞∑
k=3

2−kn exp

(
λck(logk)2

log2(1 + ck(logk)2)

)

�
∞∑
k=3

2−kn exp(λck) =
∞∑
k=3

(ecλ−n log 2)k < ∞

if we chooseλ > 0 such thatλc < n log 2.
We prove the property 4 by showing that

Q0 ⊂ f

( ∞⋂
k=1

⋃
Q∈Qk

Q

)
.

From the construction, it follows that for eachk = 1,2,3, . . .

fk

( ⋃
Q∈Qk

Q

)
⊂ fk

( ⋃
Q∈Qk+1

2Q

)
⊂ fk+1

( ⋃
Q∈Qk+1

Q

)
.
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SinceQ0 ⊂ f1
(⋃

Q∈Q1
Q

)
, defining

Hk =
⋃

Q∈Qk

Q

we haveQ0 ⊂ fk(Hk) ⊂ fl(Hk) for all l � k � 1. Now (Hk) is a decreasing
sequence of compact sets, whence

Q0 ⊂
∞⋂
k=1

⋂
l�k

fl(Hk) ⊂
∞⋂
k=1

f (Hk) ⊂ f

( ∞⋂
k=1

Hk

)
.

Notice thatf is not open: it follows from the construction thatf (∂Q0) =
∂Q0 ⊂ f (intQ0) whencef (Q0) = f (intQ0). Becausef (Q0) is a nonempty
compact set,f (intQ0) is not open. To prove non-discreteness off let

Gk =
⋃
l�k

f

( ⋃
Q∈Ql

int 2Q \ Q
)
.

Then the setsGk are dense and open, and by the Baire category theorem their
intersection is nonempty. But ify ∈ ∩kGk, thenf−1(y) is an infinite compact set
and thus it is not discrete.

The property 4 is clear from the construction.

Remark. Note that dimH
(⋂∞

k=1
⋃

Q∈Qk
Q

) = n/2 (see e.g., [21, Theorem 4.14]).

Note added. The arguments of this paper have very recently been refined by J.
Kauhanen, P. Koskela, J. Mal´y, J.Onninen and X. Zhong (Mappings of finite distor-
tion: Sharp Orlicz-conditions, in preparation) to show the following improvement
on Theorem 1.3. Let: be a strictly increasing differentiable function so thatt: ′(t)
increases to infinity whent tends to infinity. Then the exponential integrability of
K in Theorem 1.3 can be relaxed to the integrability of exp(:(K)) if the integral∫ ∞

(: ′(s)/s) ds diverges. On the other hand, examples with exp(:(K)) integrable
as referred to in Theorem 1.3 exist when this integral of: ′(s)/s converges.

Acknowledgements. J.Kauhanen is supported in part by the Academy of Finland, projects
39788 and 41933, and by the foundation Vilho, Yrj¨o ja Kalle Väisälän rahasto.P. Koskela
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16. Iwaniec, T. & Šverák, V.: On mappings with integrable dilatation.Proc. Amer. Math.
Soc. 118 (1993) 181–188.
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Finland
e-mail: jpkau@math.jyu.fi

e-mail: pkoskela@math.jyu.fi

and

Charles University
Department KMA of the Faculty

of Mathematics and Physics
Sokolovská 83
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