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Abstract

We study gas flow in vibrational nonequilibrium. The model is & 4 non-

linear hyperbolic system with relaxation. Under physical assumptions, properties
of thermodynamic variables relevant to stability are obtained, global existence for
Cauchy problems with smooth and small data is established, and large time be-
havior is studied in the pointwise sense. We formulate the fundamental solution
in a systematic way for a general linear system with relaxation. The fundamental
solution provides insights to the behavior of the nonlinear system, and is crucial
to obtain our pointwise asymptotic picture for the nonequilibrium flow. We also
clarify in a general setting the relation between subcharacteristic conditions and a
dissipative criterion that was originally proposed for hyperbolic-parabolic systems
and has now proved to be important also for hyperbolic systems with relaxation.

1. Introduction

It is well-known that the motion of a gas in local thermodynamic equilibrium
is governed by the compressible Euler equations. In Lagrangian coordinates, the
equations for one dimensional flow read:

v —uy =0,

ur+px =0 (1.1

1
(e + Euz)t + (pu)y =0,

wherev, u, p ande are, respectively, the specific volume, velocity, pressure and
internal energy of the gas. According to the thermodynamic equation

de =Tds — pdv, 1.2
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only two of the thermodynamic variables p, e, T ands are independent, where

T ands are the temperature and entropy respectively. Therefore, (1.1) are closed
by the equation of state; for instanqgey = RT for a perfect gas, wherg is the

gas constant.

We know that gases are composed of molecules and atoms whose overall be-
havior is described by kinetic theory and whose individual properties are governed
by the laws of quantum mechanics. The above model of “equilibrium flow” actually
implies that all molecular processes take place within the gas infinitely rapidly. In
other words, the gas can adjust instantaneously to any change in its environment.
That is a reasonable assumption for air, the commonest gas, at room temperature.
The flow is an equilibrium flow of a perfect gas. If the temperature of the air is
increased, however, deviations from the perfect gas behavior can be observed. This
is because the vibrational mode of the molecules becomes excited, dissociation of
both oxygen and nitrogen molecules occurs, nitric oxide is formed, etc. The molec-
ular processes now take a considerable time due to the chemical reactions and the
fact that the internal structure of the molecules is no longer negligible and takes
time to adjust to the translational mode. The air then loses its local thermodynamic
equilibrium state.

In this paper, we consider the simplest case of nonequilibrium flow. We shall
allow for only one nonequilibrium process, say, vibrational nonequilibrium. There-
fore, we assume that the flow is everywhere in instantaneous translational and
rotational equilibrium. As above, we usev, p to denote the velocity, specific vol-
ume and pressure of the gas. But now we#jg® denote the total of the (specific)
translational energy and rotational energy of the molecules. Similarly, w&use
to denote the common temperature of the translational and rotational modes, and
s1 to denote the total (specific) entropy of these two modes. For the vibrational
mode, we assume that it has a Boltzmann distribution over its energy states, hence
its temperature and entropy can be defined. Weyu8e ands» to denote the (spe-
cific) vibrational energy, vibrational temperature and (specific) vibrational entropy,
respectively. Here for a nonequilibrium state it is necessary to fiave 7». We
now let

e=e1+gq, and s =s1+s2

be, respectively, the total internal energy and total entropy.
The thermodynamic variables related to the equilibrium modes and vibrational
mode obey different thermodynamic equations:

dey = Tids1 — pdv, (1.3a)
dg = Todss. (1.3b)
Here we note that the energy of an internal mode is volume independent. Combining

the two equations, we have the thermodynamic equation for the gas as a whole in
vibrational nonequilibrium,

de = Tids + (T> — T1)ds2 — pdv. 1.4

From (1.3) it is clear that among p, e1, T1 ands1 any two determine the rest,
while amongg, 7> and sy any one determines the others. Therefore, we need
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two thermodynamic variables to characterize the equilibrium modes, one for the
nonequilibrium mode, and one for the velocity. This means that the flow needs to
be described by a system of four equations for four unknowns.

Under the assumption thdp is slightly away fromTy, gas dynamics in vi-
brational nonequilibrium is governed by the following equations in Lagrangian
coordinates:

v;—ux=0,

U + Px = O$
1
(e + 5u?) + (pu)x =0, (1.5
_0—gq
qr = )

T

whereQ = Q(v,e1) andt = t(v,e1) > 0 are given functions. To be more
specific,Q is the local equilibrium value fog. Let

q = w(T2), (1.6a)
wherew is an increasing function from physical consideration. Then
0 =w(T). (1.6b)

Q is the valugg would have if the gas were in equilibrium with local temperature
T» = Ti. As for 7, it is referred to as a local relaxation time. It characterizes the
time scale for the nonequilibrium mode to relax to the equilibrium state. System
(1.5) is closed by appropriate equations of state.

Associated with the nonequilibrium flow there are two important limiting cases:
the equilibrium flow and the frozen flow. As mentioned before, the equilibrium flow
means that all internal processes (relaxation processes) take place within the gas
infinitely rapidly. That is,r — 0. In general, we expeg}; to stay finite in the
limit. (Although exceptions may occur, they are beyond our interests in this paper.)
Therefore, it is necessary to haye= Q in the equilibrium flow, orT> = Ty by
(1.6). Onthe other hand, the frozen flow means that all internal processes take place
infinitely slowly, i.e.t — oo. Hence in the frozen flow we must haye= 0. In
both limiting cases, the last equation in (1.5) is replaced by an algebraic equation,
eitherq(x,t) = Q(x,t) org(x,t) = g(x,0). System (1.5) is then reduced to the
Euler equations (1.1). However, the two limiting cases are associated with different
equations of state and consequently have different sound speeds. Later we will
see that both the equilibrium speed of sound and the frozen speed of sound play
important roles in the study of (1.5).

We now study important properties of thermodynamic variables related to the
well-posedness of (1.5). First of all, we introduce the following notation:

p=p e)=pw,s1) =pw, T, T1=Ti(v,e1) = Ti(v,s1),

. _ N .7
51 = s1(v, e1) = s1(v, T1), e1 = e1(v, s1) = e1(v, T1).



228 YANNI ZENG

Then we make the following physical assumptions:

- d . 0
Dv = %p(v, 1) <0, (T)e = aTl(U’ e1) > 0,
! (1.8)

9
o'(Th) > 0, Pey = 5~ p(v,e1) £0.
e1

By straightforward calculation using (1.7), (1.3) and (1.6), the basic assumptions
(1.8) imply

_ ~ ~ 2
& = —py = ppey — Pv = —pv + Ta(pry) (T1)ey > O,
Qel = a)/(Tl)(Tl)el > 0, a= erl -0y = w/(Tl)TlPel + 0,

- (T1) v pey — 5, <0, (1.9
(Tl)el
T1)y .
= (TDey P + [(Terp — (T1)y] ¢ Tl1) = —(T1)ey Pv > 0,

see, e.g., [LZ1], Section 9 for details. Notice that hegris exactly the frozen speed
of sound.
We first discuss properties of the entropy. Notice that (1.5) is in the form

w; + f(w)e = r(w), (1.10)
where
v —Uu 0
u _\r 10
w et Lu? | fw) = ou | rw)= | 4| (1.11)
q 0 x
x=0-gq. (1.12)

We claim that as a function af, —s is strictly convex. In fact, the gradient and the
Hessian of-s with respect taw are

—Vs = (—(sDv, (5Degtt, —(51)ey. ($1)e — 52(q))

_ P u 11 1 (1.13
n T TWTh D
and
—(sD)ww u(sl)elv _(Sl)elv (Sl)elv
b= 2 — | #6Dver (D — #P6Deser uGDerer  —(SDeres
_(Sl)vel u(sl)elel _(sl)elel (Sl)elel
(Sl)vel _u(sl)elel (Sl)elel _(sl)elel - Sé, (Q)
(1.14)

by (1.7) and (1.3). Also with (1.6), (1.8) and (1.9), we can verify that
detH = —55(q)(s1)e, [ (sDuv 5Deger — ((Dexw)’]

R B (T1)y
= TZZCU/(TZ)TfI: (T ey pov + ((Tl)elp (Tl)v) T i| > 0.
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Similarly, we can verify that all the principal minor determinants are positive. Hence
H is positive definite.

We further discuss the role @¢f as a symmetrizer of the system. Recall that in
the general theory of hyperbolic conservation laws, we define an entropy function
U with a corresponding entropy fluk as the following:U and F are functions of
the unknown vectow of the hyperbolic conservation laws

wy + f(w), =0, (1.15

such thatVU) f/ = VF. This implies that the Hessiali of U, H = V2U, is

a symmetrizer of (1.15). That ig/f’ is symmetric, [FL]. It is well-known that

for the Euler equations (1.1) describing the ideal gas, we have an entropy pair
U = —s, F = 0. Therefore, regarding as a function of the unknown vector

of (1.1), (v,u, e + u?/2)', H = —V2s is a symmetrizer of (1.1). If the effect

of viscosity and (or) heat conduction is further included, we have Navier-Stokes
equations in the form

wy + f(w)y = (B(w)wy)x, (1.16

which is a hyperbolic-parabolic system with &x33 degenerate matrig. In this
case,H = —V2s symmetrizes the Navier-Stokes equations as well, [Ka]. That is,
not only H f’ is symmetric,H B is symmetric and semi-positive definite as well.

In our current study for gas dynamics in thermal nonequilibrium, (1.10) or (1.5),
we have a similar result: For H given in (1.14],f’ is symmetric. Moreover, on
the equilibrium manifoldl, = Ty, Hr' is symmetric and semi-negative definite.
In fact, from (1.11) we have

0 -1 0 0 r1
/ Pv —Pe U Pey —Pex / r
= , I = . 11
f polt _Peluz + P Dert —Pet r3 (.19
0 0 0 0 r4

where
rn=r2=r3=1(0,0,0,0),
ra= <_er +&’ (Xtel _ Qel>u’_Xfe1 n Qel XTer Qe1+1 .

72 T 72 T ’

T2 T’ 12 T

(1.18)
Toverify Hf’ is symmetric, we may apply the result for Euler equations to conclude
that the 3x 3 submatrix at the upper left corner Hff’ is symmetric. All we need
to do then is to verify that the fourth row &f f” has the same entries as the fourth
column. But this is trivial by (1.14), (1.17) and ()3 To verify the property of
Hr', we notice that

Hr' = hary (1.19
by (1.17) and (1.18), wherg is the fourth column of{. By (1.3),

1 2./ t
((TD)y, =(TDeyut, (T1ey, —(Tey + T155(q)) -

ha=——
4 le
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From (1.3b),s5(q) = 1/T>. Thus on the equilibrium manifol#, = 71, we can
further simplify the last component &f, to obtain

1 Y
ha = —T—12<(T1>v, —(TD)eyt (T0)ey, —(T1)ey — m) : (120

using (1.6a). Also on the equilibrium manifold, we hgve= 0, and

o'(T1)

r4 =

1
<(T1)U7 _(Tl)elu’ (Tl)els _(Tl)el - m>v (1.21)

using (1.6b). Clearly, (1.19)—(1.21) and (1.8) imply that’ is symmetric and
semi-negative definite on the equilibrium manifold.
Summarizing the above results for the entropy, we have

Theorem 1.1.Let (1.8) be true. Letw be the unknown vector @i.5) given by
(1.11) If the entropys is regarded as a function ab, then—s is strictly convex.
Moreover, the Hessia® of —s with respect taw is a symmetrizer ofl.5) in the
following sense:H f’ is symmetric for allw under consideration, whiléfr’ is
symmetric and semi-negative definite on the equilibrium maritold 7y. Here f
andr, also given by1.11) are respectively the flux function and relaxation vector
of (1.5).

In physics, the entropy characterizes the direction of any process that the system
is undergoing. Inthe general theory of hyperbolic conservation laws and hyperbolic-
parabolic conservation laws, the existence of a strictly convex entropy function,
which is a generalization of the physical entropy, is a basic condition for the well-
posedness, [FL], [Ka]. For a general hyperbolic system with relaxation, an entropy
conditionwas introduced in [CLL], see Definition 4.1 below. However, to extend our
results in this paper on global existence and large time behavior for nonequilibrium
flow to such a general system, we expect that another form of entropy condition,
consistent with Theorem 1.1, is needed.

There is another important condition, called the subcharacteristic condition,
related to the well-posedness of relaxation systems, [Wh], [Liu], [CLL]. The con-
dition says that the characteristic speeds of the equilibrium system are interlaced
with the characteristic speeds of the full system. Especially, it was shown in [CLL]
that the entropy condition defined there implies the subcharacteristic condition,
see Theorem 4.2 below. For our nonequilibrium flow, we now want to verify the
subcharacteristic condition under physical assumptions (1.8). Clearly from (1.17)
the full system (1.5) has characteristic speeds

A=—cr, A2=Xi3=0, A=cy, (1.22

wherecy is the frozen speed of sound given in (1.9). Itis a classical result that the
equilibrium system has characteristic speeds

W =—c, W =0 21y =c (1.23)
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wherec is the equilibrium speed of sound. Here we use supersgrifgb denote
the reduced system (equilibrium system). Notice that the equilibrium system is the
Euler equations (1.1) with

e=-e1+ Q(v,e1). (1.2%

Under assumptions (1.8), which imply (1.9), equation (1.24) deéinas a function
of v ande,

e1=e; )(v e),

with

0 1
(), = ot 0.0 =~ (), =g w0 = 1
el el

Therefore, the pressure of the equilibrium flow can be expressed as
p= p(v el)(v e)) P, e) = p" (v, 5).

Now it is straightforward to calculate. By (1.4), which is reduced to (1.2) for
T»> = T1, we have

2 =) — () ") _ PPDeq Per Qv 2 AaPeqy
2= —pu+ =c;—— —, (125
TP PP TR E g, T T 0, T Y T 11 0,
whereq is defined in (1.9). Next we define a quantity
b= L . (1.26)
—Dey + Cf(l + Qey)/a
By (1.6), (1.9) and (1.8) we have
QaPeq
= — >0 (1.27)
¢ — &/ (T)(TV)ey P
Using (1.26), equation (1.25) can be written as
2
C
C2 = f .
1+5b
Obviously, 0< ¢ < ¢Z by (1.27). Thus we have
Proposition 1.2.Under assumption§l.8), we have
O<c<ecr (1.28)

on the equilibrium manifold> = T;, wherec and ¢y are, respectively, the equi-
librium speed of sound and the frozen speed of sound.
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Proposition 1.2, (1.22) and (1.23) immediately imply the subcharacteristic con-
dition
< <n=2 =a3 <2y <ia (1.29)

Because of the equal signs, the condition is satisfied in the non-strict sense.

In this paper, we are interested in Cauchy problems of (1.5). Assuming that the
initial data are a small perturbation of a constant state that is an equilibrium state,
we want to establish the global existence and study the large time behavior for the
solution. A natural question to ask is: If the solution exists, does it converge to the
constant state as— oo? Notice that (1.5) is a hyperbolic system with relaxation.
Generally speaking, for such a system the relaxation term induces a dissipative
effect. This effect then competes with the hyperbolicity. If the dissipation is suf-
ficiently strong to dominate the hyperbolicity, the system is dissipative, and the
solution converges to the constant state. Otherwise, the dissipation and the hyper-
bolicity are equally important. Then we expect that only part of the perturbation
diffuses. In the latter case we say that the system is of composite type.

In general, there are several ways to identify whether a hyperbolic system with
relaxation is dissipative or of composite type. One way is completely parallel to the
case of the hyperbolic-parabolic system, which was discussed in [Ka], [LZ1] and
[LZ2]. Assume that a relaxation system in the form of (1.10) admits a strictly convex
entropy that is also a symmetrizer of the whole system in the sense of Theorem 1.1.
If on the equilibrium manifold, any eigenvector ¢f is not in the null space of
r’, then we expect the system to be dissipative. Otherwise, it is a composite type
system. We refer to this condition as the dissipative criterion. Further discussion on
the criterion will be given in Sections 3 and 4. For our nonequilibrium flow (1.5),
it is easy to see from (1.17), (1.18) and (1.21) that

¢ = (/M) (Per» 0. —pu» 0) + (Per(T)y — po(T1)er) (0,0, 1, 1)

is an eigenvector of ' and is in the null space of on the equilibrium manifold.
Therefore, (1.5) is of composite type. The failure to satisfy the dissipative criterion
in fact means the failure of the relaxation term in the linear level to have a “pos-
itive projection” on all the characteristic directions of the equilibrium system, see
Section 3.

Another way to discuss this issue is to look at the subcharacteristic condition if
the full system has exactly one more equation than the equilibrium system, which
is our current situation. In this case, under appropriate conditions the dissipative
criterion is equivalent to the subcharacteristic condition in the strict sense, Theorem
4.5. Again, (1.29) tells us that (1.5) cannot be dissipative since xg” = A3.

The type of system (1.5) can also be studied through Chapman-Enskog expan-
sion. Using (1.12), we write

q9=0—x. (1.30)
Here x is small. For the first-order expansion we get= 0, which leads to the

equilibrium system, the Euler equations (1.1). For the second-order expansion, we
need the first-order correction fgr Substitute (1.30) into the rate equationin (1.5),
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and use other equations. We have
—aity = = T(1+ Q). (1.31)

wherea is defined in (1.9). Sincg;, is of a higher order, the first-order correction
for x is

at
A — Uy.
X 1+ Qel x
Therefore, the total energy up to the first-order correction is
+0( )+( = )( ) (132
e=e v, e v, e1)Uy. .
1 1 1+ 0., Dy

As in the equilibrium system, we defimé‘)(v, e) by
e=e + 0, ). (1.33)
Subtract (1.33) from (1.32). Up to the first-order correction we have

at
1+ 0.,

el — eg_r) + Qel(v, eg_r))(el — e:(l_r)) ~ —( )(U, e1)ly,

or

) at r
e1—e, XN —|——"75|(,e Uy.
1 1 ((1+Qe1)2>( 1 ) X

Therefore, up to the same accuracy, we can express the pressure as

@) DeaT @)
= ,e1) = , N | (v, . 1.34
p=pv,e1) =pv,e’) ((1+ Qel)z)(v eq uy (1.39
Substitute (1.34) into the first three equations in (1.5). We obtain the second-order
Chapman-Enskog expansion

v —uy =0,

" _
ur + zix’ = (Mty)sx, (1.359)
(e + 50?1+ (PVu)s = Guuny)s.

where "
PV, e) = p(v. ey’ (v, e),

— De AT (r)
(v, )=< ) ep (v,e)) >0
mnv, e (1+Qe1)2 (v el ve)>

by (1.8), (1.9). System (1.35) is the Navier-Stokes equations with zero heat con-
ductivity, whereu plays the role of viscosity. System (1.35) has been studied in
[LZ2] and is known as a composite type system. Hence we also expect the original
system (1.5) is of composite type.

The fact that (1.5) is not fully dissipative can be easily seen through a special
solution as well. That isy = constanty = v(x), p = positive constanty =

(1.35b
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w(T1(x)), whereTy is determined by andp. If v(x) andg (x) are perturbations of
constants, the perturbations stay for all time. Clearly, the solution is a frozen flow
and an equilibrium flow at the same time.

To study the large time behavior, or even only to establish the global existence
by an energy method, it is necessary to separate the solution of (1.5) into two
parts: a dissipative one and a nondissipative one. Therefore, we need to choose
four appropriate unknowns to represent these two parts. Our choice is based on the
detailed study of the Green'’s function of the linearized system, given in Section 3.
The resultthere tells us that there are three waves in the leading term, represented by
as-function and two heat kernels. Consequently, we need to choose one unknown
for the nondissipative part, and two for the leading term of the dissipative one.
The fourth unknown then needs to go to the next order (higher order). The above-
mentioned special solution immediately suggestsittaatd p are the leading term
of the dissipative part, while or g can be used for the nondissipative one. However,
we prefer to use instead since it gives the simplest equation. The unknown for the
higher order term can be chosenyas

Now we derive the equations for the unknowns so chosen. From (1.5) and (1.9)

we have

X
Pt = PVt + pey(er — qr) = —C?Mx - Pel?-

To derive the equation for, we need to use (1.4) and (1.3) as well:

1 n 1 1 n p 1 1\ g
= — —— —y==-=)=
St T é T, Tp a T ! T, Ti)t

Thus with (1.31), the complete systempnu, x, s is

X
pt + C;Mx = —Pel?,
U + pX = 01

e +auy = —(1+ erf, (1.36)

( 1 1 > X
Ss=\=—=]—-
1> W)t
Systems (1.5) and (1.36) are equivalent. We will use both at our convenience.

We are now ready to state our problems and results for the nonequilibrium flow.
Consider the Cauchy problem of (1.5) with initial data

(v, u, e1, q)(x, 0) = (vo, uo, e1,0, go) (x). (1.37)

Assume that the given initial functiofo, uo, e1,0, go) is @ small perturbation of a
constant statév*, u*, e7, ¢*), wherev* > 0, e7 > 0,¢* > 0 and without loss of
generalityu®* = 0. Further assume that the constant state is an equilibrium state.
That s,

¢*=0% o TS=Ty. (1.38)
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Here we use “*’to denote the constant state. TQtis= Q (v*, e]), T, = o g™,
etc. If the initial perturbation is small, we first establish the global existence, then
study the large time behavior. To simplify our notation, let

Il =1 MEms M= M2, (1.39
where the norms are with respect to the space variable
Theorem 1.3.Let(1.8) be true, andv*, e andg™ be positive constants such that

(1.38)holds. Letn = 2 be an integer. Then there exist positive constaraed C,
such that if

[ (vo — v*, uo, e1.0 — €1, g0 — ¢")lm < &,
systen(1.5)with initial condition(1.37)has a unique global solution
(v, u, e1,q)(x, 1),

satisfying

(v —v*.u.e1— €. q —g*) € C%([0, 00): H™) N C}([0, 00); H™ 1),

(1.40)
P,y € L7([0,00); H™ Y, x € L2([0, 00); H™),
and the following energy inequality
supll(v — v*, u, e1 — €, g — ") |15,(1)
t20
(1.41)

o0
+ /O (1P l2_1(®) + lluxlZ_1 () + 1 x12,(0)) dt
< C|l(vo — v*, uo, e1.0 — €}, g0 — g1

Theorem 1.4.Let(1.8) be true, andv*, e andg™ be positive constants such that
(1.38)holds. Let the initial datdvo, uo, 1,0, go) be a perturbation of the constant
state(v*, 0, e], ¢*), satisfying

(vo — v*, uo, €10 — €. g0 — ¢*) € H°(R),

(vo — v*, ug, e1.0 — €f, 90 — ¢*)(x) = O(D (% + 14,

(Vs th, €10, 40)(X) = O(D(2+ D74,

S50 = 02+ 174, (142)
[ (vo — v*, uo, e1,0 — €3, 90 — ¢ ll6

+sup{(x2+1)%(|v —* — et —q"
0—v"| + [uol + ler,0 — e1l + Ig0 — g7
xeR

/ / / / 2 Loy _
+ [vgl + lugl + lef ol + 19D (x) + (x* + D3 |sgl(x)} = g0 < 1,
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wheresg is the initial entropy. Then for alk € R, r = 0, the solution 0f1.5),
(1.37)has the following property:

. 1 _Garctaan)? (=¥ (+1)2
(p— p* w)x,0) = OWeo] (¢ + D72 (e T 4™ wwed

F I+ D2 LT[ = D)+ 1]_§‘},

1 1 _aretadn)? _ =412
(X, pxsux)(x, 1) = O(Deo(t + 1721+ 1) 72| e D e V0D

a4+ D2+ 1 4 [ =+ D)2 4410 }

3
(s Pxxs ) (5 Dl[Le = O(Deot + 1) 2,

s(e. 1) —s* = 0(Meo(X2+ 1)1,  se(x.1) = O(D)eo(x® + 1)~ 3,
(1.43)

wherep*, ¢*, s* are the pressure, equilibrium speed of sound and entropy evaluated
at the constant state, and> 0Ois a constant depending only on the constant state.

In this section we have given an introduction to the relaxation model that de-
scribes gas flow in thermal nonequilibrium. Important thermodynamic properties
related to the well-posedness have been given in Theorem 1.1 and Proposition 1.2.

In Section 2 we prove Theorem 1.3 to establish the global existence of the solu-
tionto (1.5). The proof makes crucial use of the existence of a strictly convex entropy
function and other thermodynamic properties. The energy method employed there
applies to more general relaxation systems if there exists a strictly convex entropy
function whose Hessian is a symmetrizer in the sense of Theorem 1.1.

In Section 3 we obtain another main result of this paper, the fundamental solution
for a general class of linear hyperbolic systems with relaxation, Theorems 3.6
and 3.9. Since the fundamental solution of a composite type system is a sum of
nondecaying-functions and the fundamental solution of a fully dissipative system,
allwe need is to formulate the fundamental solution for a general dissipative system.
Theorem 3.6 gives detailed information on the Green’s function for such a system:
The leading term consists of heat kernels along the characteristic directions of the
equilibrium system; the singular part consists of exponentially decayingctions
along the characteristic directions of the full system; and the remainder is a higher
order of those heat kernels by a facto+ 1) /2. The leading term and the singular
part are both determined explicitly by the two coefficient matrices. The proof of
Theorem 3.6 is similar to the proof of a corresponding result for a general linear
hyperbolic-parabolic system obtained in our previous work, [LZ1]. They are based
on the spectral representation of the matrix occurring in the Fourier transform.
In fact in Section 3 we make extensive use of the spectral properties obtained in
[LZ1], with the switching on the leading term and the singular part. However, there
is an important difference between a hyperbolic-parabolic system and a hyperbolic
system with relaxation. For the latter, the heat kernels in the leading term are along
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the characteristic directions of the equilibrium system, which is in reduced size.
This means that the number of principal waves is alway less than the number of
unknowns. Therefore, part of the Green’s function must be identically zero in the
leading term. For this part, it is necessary to obtain a precise expression in the next
order for our purpose of studying the large time behavior of a nonlinear system.
Such a refinement is then given in Theorem 3.9: The part of the Green'’s function
that is identically zero in the leading term can be expressed as the derivative of the
heat kernels occurring in the leading term, plus a higher order of the derivative by
a factor(r + 1)~2 and corresponding singular part. At the end of Section 3, the
general result is applied to our nonequilibrium flow. The Green’s function of the
linearized system consists of a nondecayffgnction along the particle path, two
heat kernels along the equilibrium acoustic directions, a higher order term of these
heat kernels, and three exponentially decayifignctions along the frozen acoustic
directions and the particle path. The part of the Green’s function that is identically
zero in the leading term is refined as the derivative of the two heat kernels, plus
higher order and exponentially decaying singular terms. This part corresponds to
the unknowny .

Section 4 is an extension of Section 3 on the discussion of a general system. We
are particularly interested in the relation between the subcharacteristic condition
and the dissipative criterion. Our purpose is to investigate whether certain forms
of subcharacteristic conditions can be used to distinguish composite type systems
from fully dissipative ones. Under a weaker version of the entropy condition, As-
sumption 4.1, we obtain a sufficient condition and a necessary one for the dissipative
criterion to hold, in terms of subcharacteristic conditions, Theorem 4.5. It turns out
that if the full system has exactly one more equation than the equilibrium system,
then the dissipative criterion is equivalent to the subcharacteristic condition in the
strict sense. In the general case, however, there is a gap between the sufficient con-
dition and the necessary one. Examples satisfying or not satisfying the dissipative
criterion can both fall into this gap. Therefore, in the general case subcharacteristic
conditions are not appropriate for characterizing dissipation.

Section 5is onthe evolution of elementary waves. Our elementary waves include
heat kernels and waves of algebraic type, of which the solution consists at large time,
see (1.43). Notice that heat kernels have already occurred in the Green'’s function of
the linear system. Therefore, they are natural in the ansatz for the nonlinear system.
On the other hand, waves of algebraic type are exclusively related to the nonlinear
system. They come from the nonlinear coupling of different families in the system,
[Liu2].

In Section 6 we will prove Theorem 1.4, which describes the large time be-
havior of the nonequilibrium flow. The approach is a combination of pointwise
approach, weighted energy estimate and energy estimate. The pointwise approach
is necessary to obtain pointwise estimate (1.43). The procedure is to write (1.36)
as a linear system with nonlinear source, to use Duhamel’s principle to write the
solution as convolutions of the Green’s function with the initial data and with the
nonlinear source, and to perform an a priori estimate. The two main components of
such an approach, precise estimates on the Green'’s function and on the evolution
of elementary waves, have been covered in Sections 3 and 5 respectively. However,
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the pointwise approach cannot be closed by itself. This is true for any system whose
Green'’s function containg-functions (even exponentially decaying ones). Exam-
ples are hyperbolic systems with relaxation and hyperbolic-parabolic systems. The
3-functions prevent the derivatives in the nonlinear source from being removed by
integration by parts. Therefore, we need to continue the estimate to the derivatives.
A strategy to close the analysis is to reduce the decay rate for higher derivatives,
although they in fact decay faster. This is possible because they only occur in prod-
ucts (nonlinear source), and another factor gives a contribution to the decay rate.
After several steps of reduction, we then only need derivatives of a particular order
to be bounded. With the help of the Sobolev inequality, the analysis is then closed
by the energy estimate. If the system is of composite type, such a combination of
pointwise approach and energy estimate is not sufficient. This is because a part of
the solution no longer decays, and its contribution to the decay rate of the nonlinear
source is no longer trivial. In this case we need to further incorporate the fact that
the nondecaying wave and the decaying ones are along different directions, hence
their products decay. This needs to be done by a weighted energy method.

In the stability analysis carried out in Section 6, it is important to identify
different time intervals for integration. In a certain time interval, the decay rate of
the integral comes from the decay rate of the Green’s function. In this case the
lower order term in the nonlinear source needs to be converted into derivatives
using the rate equation. Then the derivatives are moved to the Green’s function by
integration by parts. In this way, the decay rate of the Green’s function is increased.
In another time interval, the decay rate of the integral comes from the decay rate
of the nonlinear source. In this case we need to choose an appropriate order for the
derivatives in the source such that it gives the best rate. The order can be increased
or reduced by converting the lower order term or by integration by parts. The order
to be chosen depends on the part of the Green’s function and the part of the source
so involved. It also depends on the ansatz that we choose. In the last type of time
interval, the singularity in the Green'’s function becomes important. The lower order
term in the source needs to stay as lower order to avoid difficulties in the closing.

To finish this section, we make a final remark on Theorems 1.3 and 1.4. As
we can see from the Green'’s function in Section 3, the relaxation term in (1.5)
induces a dissipative effect in the equilibrium acoustic directions. These are the
two genuinely nonlinear fields. The dissipation then competes with the compres-
sion. For sufficiently small data, the dissipation is able to prevent any formation of
shocks. On the other hand, the relaxation term has “zero projection” in the particle
path direction. But this is a linearly degenerate field. If the initial data are smooth,
we do not expect singularities in this field. Therefore, for smooth and small data,
system (1.5) has a global classical solution as stated in Theorem 1.3. As for Theo-
rem 1.4, it gives a complete picture of the large time behavior. The entropy wave
stays as expected. The perturbation of pressure and velocity are represented by two
heat kernels, consistent with the linear theory, and waves of algebraic type, coming
from nonlinear coupling. The departure of vibrational energy from its local equi-
librium value is a lower order term. It decays faster and behaves like derivatives of
pressure and velocity, as predicted by the linear theory in Section 3. The pointwise
estimate (1.43) immediately gives decay rategh 1 < p < oo. It also allows



Gas Dynamics in Thermal Nonequilibrium and General Hyperbolic Systems 239

us to see different rates along or away from the equilibrium acoustic directions. All
the rates obtained are optimal.

Throughout the paper we will usé to denote a universal positive constant,
andd; to denoted’/ /9x/. Readers are referred to [VK] for detailed discussions on
establishing models for gas dynamics in thermal nonequilibrium. For related works
in classical solutions and large time behavior for relaxation systems, see [Ze], [Ch],
[Yo] and references therein. The topic of existence of weak solutions is a difficult
one. It started with [DH], and so far global existence can only be established for
certain 2x 2 systems.

2. Global Existence

In this section we prove Theorem 1.3. We establish the global existence through
the energy method. Notice that (1.5) is a symmetrizable hyperbolic system by
Theorem 1.1. Here the symmetrization is regarded without the relaxation term.
Since local existence and uniqueness are standard for such systems, e.g., see [Ma]
and references therein, it is sufficient to prove the following a priori estimate.

Proposition 2.1.Assume thafl.8)is true, andv*, ej andg™ are positive constants
such that(1.38) holds. Letm = 2 be an integer andy > 0 be a constant. Let
(v, u, e1, q)(x, t) be asolutiontdl.5), (1.37)satisfying(1.40)with [0, co) replaced
by [0, 7p]. Set

N,fl(t) = sup || (v — v u,e1—ef,q— q*) ||r2n(t/)
<<t
2.1)

t
[ (e ol 102 @
and especially,

Nu(0) = || (vo — v*, uo, e1.0 — €}, g0 — ¢*) ||, -

Then there exist positive constan@ndC, independent ap, such that itv,,, (r0) <
e, then
Npu(to) < CN,(0). (2.2)

Proof. We useC to denote a universal positive constant independent &et
Aw) = —s +5F+ (Vs)* (w—w"),

wherew is the unknown vector in (1.5) as given in (1.11), antlis the corre-
sponding constant state,

w* = (v*,0, e} +¢%, ¢%).
From Theorem 1.1 we know thats is strictly convex with respect t@. Thus

¥is equivalent tdw — w*|2, or| (v—v* u,e1—e}, g — q*) |2, for Ny, (o) < e,
wheree is small and independent gf. From (1.10)—(1.13) and (1.38) we have

(W), = —s; + (Vs)* Cwp = —8§; — (Vs)* . (f(w) — f(w*))x.
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Integrate this equality ovéR x [0, 7] for 0 < ¢ < 1. Use the last equation in (1.36)
and notice that
1 1\x_o@-0ot@x
> T/t T1T> T

v

©
C
by (1.6), (1.8) and the smallness 8§, (tp). We have

t
| (0= wea=cia =) PO+ [ IxP@rar <cago. @3

Next we take derivatives of (1.36) and replace the third equation by a combi-
nation of the first and the third ones. Using (1.6) we have

(), -+ () = ot (22

(aiu)t +oltlp =0,

C
I [l (P
(o= Sgotx) = t(%24)

N——
2.
P

2
Multiply the first to the fourth equations b p, c28.u, b(8L p — L% x) anddls
respectively, where > 0is defined by (1.26). Add them up and use (1.5) to convert
the derivatives ob ande; with respect ta into derivatives with respect te. We
have

i
+b(dLp — gaix)

2

2
c 1+ 0 ct(1+ Q)
+|:cfa)lc< T 61X>_ ' ~ ol

2

€ ai a2
|:a8x(aux) 8x(cfux):|}

)]
Taix —%(%x)} (2.5)
]+

5! 81|: -1 -1 X }
=+ 0,50y (w Q) —ow (61)) T

tT
2 2 2
cs cs c c
o (=St | [(5), ~(2), Joe (2)
el el
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+ cf(aiu)z{[(Cf)v = per) o Ju - %X}

T
2

1 ¢y 2 b
+5(0p = —-000) (o = phegue = ],
where )
_ CYD
h=-1""20 (2.6)
Ta

by (1.9) and (1.8). Integrate this equation olerx [0, ¢] for 0 < ¢ < rg. For
1 <1 < m and smallv,, (1), we have

t
1(3% p, e, 3y x, ) I1P(0) + fo 194 x 12"y di’ < C{NP(O) + N3(10)}. (2.7)

Next we applyd’~? to the third equation in (1.36) and multiply the result by
dLu to obtain

1 1 1 1\ x
3 u)e = — [ Zalua-t PYRa = N = (=) £
(xu) <a U0 X t+ U0 X a), p elP Uy ),
1, i1 1,4 I
— | =0ypdy x| +| =9 x) op (2.8)
a X a X

1 - 1 (140
- [Eafcua; Yauy) — (8iu)2:| - Eafcuajc 1(%)(),

1
a

where we have used (1.5). Integrate this equation Bver([0, ¢] for 0 < ¢ < 1.
Then similarly, for 1< [ < m and smallN,, (tp), we have

t
/0 lotull®(ydr" < C{llatull o) 18 1x () + N2©O) + N3 (o)}
t oo t o0
+C/ f |3ix8ip|(x,t/)dxdt/+C/ / |0Ludl=tx|(x, ") dx ar'.
0 J— 0 J—o0
Use (2.3) and (2.7) on the right-hand side. After simplifying, we obtain
t
/ l8Lull?(tydi’ < C{NZ(0) + N3 (10)}
0
t o0
+c/ / |oLxdlp|(x, ") dx dt’. (2.9)
0 J—x

Then we apply!~! to the second equation in (1.36) and multiply the resuki/gy
to obtain

(0Lp)% = — (8L pal~tu), + (8L 2pdl ),

0Bk + o (P )k, (2.10)
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where we have used the first equation in (2.4). Now integrate this equation over
R x [0, ] for 0 < ¢ < 19. Again, for 1< [ < m and smallv,, (1), we have

t
fo 195 plIP(t"ydr" < C{1aLpll (1) 8L ull(2) + NF(O) + N3 (10)}
t t
+ C/ 8L ull(t"y di’ + C/ 1052 12t dt’.
0 0
Using (2.3), (2.7) and (2.9) to bound the right-hand side, we arrive at
t t 9]
/ 185 plI?(t"y i’ < C{N?(0) + N2 (10)} +C/ [ oL xdlp|(x, "y dx dr’
0 0 J—x
1 ! ! /
< C{NZO) + N30} + 5/0 18! plI2a") di
t
+C / [ESIRGYS
0
which is further simplified to
t
f 1L plIP(t') dt’ < C{NZO) + N3 (10)}. (2.12)
0
Using (2.7) and (2.11) to bound the right-hand side of (2.9), we also have
t
/ l8lu(ty di’ < C{NF(©0) + N3 (10)}. (2.12)
0
Add up (2.7), (2.11), (2.12) for £ I < m and (2.3). We then obtain

| (v —v* u e1—efoq —q*) |2
+ /0 (IpelBoy + a2 s + X103 ) (D di' < C{NZ© + Nj )}
By (2.1), this gives us
N2 (t0) < C{NZ(0) + N3 (10)}.
Therefore, for a smalt independent ofy, N, (tp) < ¢ implies

N (to) § CNm(O)- o
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3. Fundamental Solutions

In this section we discuss the fundamental solutions of linear systems. The
linearized system of (1.36) around the constant state “*” is

.
e+ cFuy = —%X,

" +p: > 1+ 3.1)
X +a*uy = — - X

s; = 0.

Here the entropy equation is completely decoupled from the others, and its funda-
mental solution is simply a Dirag&-function along the particle path. On the other
hand, the other three equations compose a fully dissipative subsystem. (We will
verify that it satisfies the dissipative criterion defined in Assumption 3.2 below.) At
this point we see that at the linear level, a composite type system is decoupled into
two parts: a fully dissipative subsystem and a homogeneous hyperbolic one. That
is, although the relaxation gives rise to a dissipative effect, for a certain part of the
nonlinear system such an effect is of a higher order. Here for our nonequilibrium
flow (1.36), the effect on the entropy equation is second order,

st = 0(x?).

For our purpose of constructing a fundamental solution, all we need is to con-
struct one for the dissipative subsystem. The homogeneous part is trivial. In this
section, we first formulate the fundamental solution for a general dissipative relax-
ation system, then apply the result to (3.1). A similar result has been obtained for a
viscoelastic model with fading memory, which can be written as a relaxation sys-
tem, [SZ]. The formulation for a general relaxation system in fact follows the same
approach as for a general hyperbolic-parabolic system, which has been studied in
a systematic way in [LZ1]. However, there is an important difference between the
two. The leading term of the fundamental solution in both cases is the fundamental
solution of a diagonalizable uniformly parabolic system. But for a relaxation sys-
tem, this corresponding parabolic system is reduced in size. Therefore, part of the
leading term of the fundamental solution must be identically zero. For this part, it
is necessary to find out further details of the next order. This is demanded by the
stability analysis for the nonlinear system, carried out in Section 6. In this section
we will only outline the key steps. Relevant results will be cited from [LZ1].

Consider a general linear system in the form

w; + Awy, = Bw, —-oco<x<oo, t>0, 3.2

wherew = w(x, t) is ann-vector, whileA andB aren x n constant matrices. We
make the following basic assumptions for (3.2):

Assumption 3.1.There exists a symmetric positive definite matdiy, such that
ApA is symmetric, andigB is symmetric semi-negative definite.
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Assumption 3.2.Any eigenvector ofA is not in the null space aB.

Assumption 3.1 is a linear version of the entropy condition consistent with
Theorem 1.1, that isAg, A, B can be taken, respectively, as the Hessian of the
entropy function and Jacobi matrices of the flux function and relaxation vector at
the constant state. Assumption 3.2 is the dissipative criterion mentioned in Section
1. The criterion and various equivalent forms were introduced in [SK], and played
a crucial role in the study of hyperbolic-parabolic systems, [SK], [Ka], [LZ1].
Assumptions 3.1 and 3.2 are the same assumptions given in Section 6 of [LZ1],
which studies the fundamental solution of hyperbolic-parabolic system, except that
for a relaxation system it is necessary to chadg® from semi-positive definite
to semi-negative definite. Note that here we alléwo have multiple eigenvalues,
although Assumption 3.1 implies thathas a complete set of eigenvectors, that is,
(3.2) is completely hyperbolic, not necessarily strictly hyperbolic.

Let G(x,t) be the Green’s function of (3.2). That is, it is anx n matrix
satisfying

G:+ AGx = BG,

(3.3)
G(x,0 =68(x)1,

wheres is the Diracs-function. The fundamental solutionAis théifx — y,t —1).
Perform the Fourier transform to (3.3) with respect ttJseG to denote the Fourier
transform ofG andé to denote the Fourier variable. We have

Thus . _
G, 1) = e 71EATB (3.4

To obtain the leading term and singular parthfwe need to study the spectral
representation of

E(z)=—zA+B (3.5
asz — 0 andz — oo respectively. Notice that

_ 1

E(z) = ZE(—E>, (3.6)
where

E(z) = —A —zB. 3.7

SinceE(z) is exactly the same as defined by (6.11) in [LZ1] wBhreplaced by
— B, we have the spectral representation

N
E@) =Y ij@P@),
=t (3.8)

13

o

N
i Pe=08p P, jk=1....N, > P
j=1

)
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in the whole complex plane except for a finite number of exceptional paints
See (6.24) in [LZ1]. Here the; are the distinct eigenvalues @&f(z) and theP;

the corresponding eigenprojections. The exceptional points are points where the
eigenvalues split. Away from those points the numNeof distinct eigenvalues is

a constant. Equations (3.4)—(3.6) and (3.8) imply

N
Ge.n=> je"“f(‘é”ﬁj<— %) (3.9
l
j=1

Lemma 3.1.Under Assumption3.1and 3.2 for smallz we have

eZXj(—l/Z)ti)j(_l/Z)
(r) (r) .
B RICI el +O(z2));(Pj(z)+ O(Z)), 1<j<m, (3.10
| o@eteitoen m' < j <N,

wherem” < m, andm is the multiplicity of the zero eigenvalue®fFor1 < j < m/,
Al(.’) arereal constantsul(.’) are positive constants aritf’) are constant projections,
satisfying ' '

m/
Y AP = 00AQo,
j=1

PORY =0y P jk=1...m (31

m/
> 7" =00
=1

where Qo is the eigenprojection oB corresponding to the zero eigenvalue. For
m' < j < N, ¢j_1 are positive constants. Here we have arranget), j = 1,
..., N, in an appropriate order.

Proof. The proof is basically the same as the proof of Lemma 6.12 in [LZ1]. The
readers are referred to it for details. Here we only cite some facts from it so we can
see clearly where?’, A", M(.’) and Pj(’) are from. These constants and constant
projections will represent the leading termGn

Under Assumptions 3.1 and 3.2, we have the following expansions-aso,

5 1

(@) =cj—1z+cotcii= 4+,
1 ‘ (3.12
PJ(Z):Pj,0+P/,1;+-~-, i=1...,N,

see (6.34) in [LZ1]. Here all the coefficients are real, apd1, j = 1,..., N,
are eigenvalues of B with eigenprojectiong’; o. After rearranging thé.,' (z), we
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havecj 1 =0for1< j < m',andcj_1 > 0form’+1 < j < N, with some
integerm’ < m. Introduce the following notation

W) =—cjo, n)=—cj1. PV =P 1Zj<m, (313
whereu > 0 by an equivalent form of the dissipative criterion. Equation (3.10)
is then straightforward by (3.12) and (3.13). The last two equations in (3.11) are
trivial by the property ofP; o, while the first one can be obtained by comparing the
coefficients for;% on both sides of

(Z F’,-(z)> (—A— zB)(Z ﬁ,~<z>> =Y %L@Pk). @O
j=1 j=1 j=1

The coefficients in (3.12) are completely determined4wand B through a
reduction process, see [Kt]. For our purpose ofcompuﬂhg(”,u(’) andP(r) we
cite the result from [LZ1]. There, in the hyperbolic- parabohc case these constants
and constant projections represent the singular pat ofstead. Comparing our
definition (3.13) with (6.36) in [LZ1], we cite Remark 6.4 in [LZ1] as the following.

Procedure 3.2. Letltl), .. andrl, ceey m, respectively, be the left eigenvectors
and right eigenvectors cB assomated with the zero eigenvalue, satlsfyﬂm,? =
ik, jok=1,...,m. Then theA;’) take all the distinct eigenvalues aPAR°,
where
i
L= : | R=¢....r. (3.14)
I
Let vy, ..., v, be all the nonzero (hence negative) eigenvalue® afith
corresponding eigenprojectioi, ... , Q,. Set

Mb
c|,_\

(3.15

j=1

which is the value at zero of the reduced resolvenBafith respect to the zero
eigenvalue.

According to (3.11) thel;’) are the eigenvalues @oA Qg when restricted to
the range ofQq. Here Qg is the eigenprojection oB corresponding to the zero
eigenvalue. Then associated with each disﬁﬁdt Q0A Q¢ hasthe eigenprojection

;. Here ifk(’) happens to be zerd/; is taken as the subprojectigi; Qo. Cor-

(r)

responding to thl$(’ there may be several™”, which are all the nonzero distinct

eigenvalues of—(),ASAQ Eachu(’) then associates with an eigenprojection of
—(;ASAQ;, whichis the correspondingj(’). Lastlym’ is the total number of the

;L](’) so constructed for all the distinEﬁ’).
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In the special case that all thé’) are simple, we have

m' =m, Pj(’) are determined by (3.11)
(3.16)
w =tr(—AasAP”),  j=1...m.

To study the singular part @, we introduce the following notation. Assump-
tion 3.1 implies that all the eigenvalues afare real, and thatt has a complete
set of eigenvectors. Denote all the distinct eigenvalueg a1, A2, ..., Ay,
with multiplicities mq, mo, ... , m,, m1 + m2 + --- + m,y = n. Denote the left

eigenvectors and right eigenvectors associatedyits/ ,Ej ) andr,ﬁj ), respectively,
k=1,...,m;, satisfying

) 0] () )] M ,.G"
Ary” = Ajry, LA =ML, Iy re =80k,

L ) B ‘ S (3.17)
J.j=1...,n, k=1 ...,mj, k=1...,mj.
Set
)
1=\, r(f):(rij),...,r,(n]j)), j=1....n,
l(j)
mj
(3.18)
1D
L = y R:(r(l),...,r("/)).
1)
Clearly

LR=1.

Since B in general is degeneraté,BR is degenerate as well. Assumptions
3.1 and 3.2, however, guarantee that each diagonal Blodk-/) is similar to an
mj x m; symmetric negative definite matri¥, = 1,...,n’. See Lemma 2.1 in

[LZ1]. Therefore, we may choose m,i;!') andr,ﬁj) appropriately such that

1D Br) = —diag(uja, - - - s fjm;)»

, (3.19)
wirk>0, k=1....m;, j=1...,n.
Forl,(cj) andr,ij) so chosen, define
B = Rdiag(!Br®, ... 1" Br)L. (3.20)
By (3.17)—(3.20), we have
n, m] . .
A=Y,
i=1k=1
! (3.21)

n/

mj
B = —Z ujkrlgj)llgj).
j=1k=1
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On the other hand, by Lemmas 6.8 and 6.10 in [LZ}]z) and P;(z) are holo-
morphic at the origin under Assumption 3.1, satisfying

N ~ ~
— Y %0 P;(0),
j=1
(3.22

N
B=— Z (0)P;(0).
j=1

Therefore,

—zA+

||I
M=

(A;(0)z — X/(0)) P;(0)

~.
Il
N

=\

m
Z Mz — k)r(J) )

j=1k
Note that by (3.8),

N
Pi(0)P(0) =8k P;(0),  j.k=1,...,N, Z =

Also note the property of,ij) andl,gj) in (3.17). We have

N Y 'Y
eCiAtB 3 NICESAUE 70
j=1

— Z Z e(—)tjz—ﬂjk)tré])llgj)'

j=1k=1

(3.23)

Lemma 3.3.Under Assumptions 3.1 and 3.2, for larg&e have

n’ mj
Zezxj( 1/z)tP( 1/7) = Zi:e—(kaﬂtjk)t (J)I(J)
j=1k=1
N
Z (0= ON L 4 02X+ 1 +120G)], (3.24)

wherea;, r, i andl(’) are, respectively, the eigenvalues, right eigenvectors and
left eigenvectors oA satisfying(3.17) l(’), Y and uj; > 0 satisfy(3.19)with

19) andr/) defined in(3.18) for j = 1..., N, 2;(0) are real constants),L; 0)

are positive constants, ang are polynomial matrices in with degrees not more
than 1.
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Proof. Sinceij (z) and 13, (z) are holomorphic at the origin, for largenve have

N
Z eZ}»j(—l/Z)t ﬁj (_1/1)
j=1
N

/ " -1 ~ ~
Ze 3027 O+ 3010 D)) "1B;0) - P/(O)z‘1+ 02
j=1

N

Z‘f 7 (0z-7(0) P(O)+Z (%©02-70)r AR B (0) - B(0)]
=1 j=1

+ 0@ DA+t +1200)),

~.

Applying (3.23) to the first summa‘uon on the right gives us (3.24). Equations (3.21)
and (3.22) imply that fof = , N, eachi;(0) is one of the-1;, and each’/ 1(0)
is one of thew;. Hence they have the property stated in the Lemma.

With Lemmas 3.1 and 3.3, we subtract the leading term and the singular part
from G and set

N2
m, 1 _(xf}»% jr)
P (x,1) =G(x,1) —Z—e ot pj@
47r,u(.r)t
(3.25)
_ Zze_uﬂ‘ts(x )\’ t)r(/) (/)

j=1lk=1

By (3.9),

aon=k [ {Ze,sx, o (-1)

m o )y ig, 0 n . P I
B Zetf(—kj +15N~j )tPj(r) _ Z Ze—(k_,-léﬁ—ujk)trlgj)llgj)}ezx§ dE. (326)
=1

j=1k=1

Under Assumption 3.1, Assumption 3.2 is equivalent to

Re{lé:)» (—i)} <0, j=1...,N,
i§

for any realé + 0, [SK]. Also, it is easy to see by (3.4) that(&, 1) is an entire
function ofé. Using these facts and Lemmas 3.1 and 3.3, we can estimate the right-
hand side of (3.26) in the same way as in [LZ1] and obtain the following lemmas
parallel to Lemmas 6.13 and 6.14 in that reference.
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Lemma 3.4.Under Assumptions 3.1 and 3.2, for albo < x < o0, > 0, we
have

m’ A(V) )2 n’
.22 (x, 1) < C(t—l—l)_lZe e + Ct 2 C 4 CeT O " x — A,
Jj=1 j=1

(3.27)

Lemma 3.5.Let K > 0 be large. Under Assumptions 3.1 and 3.2, for-atlo <
x <oo,t>0,if x|/t Z K, then

2 (X’*('r)’)z
| 22 (x,1)| < cr i |e 6 4 Ze— ¢ . (3.28

j=1

Equation (3.25) and Lemmas 3.4 and 3.5 immediately give us the following main
theorem of this section for the calse- 0. The casé > 1 can be proved in a similar
way.

Theorem 3.6.Suppose that Assumptions 3.1 and 3.2 are satisfied, andthat
the zero eigenvalue of multiplicity, 0 < m < n. Letthe integen’, constantsl(’)
positive constanta(’) and constant prOJectlonB(’) 1< j<mw,be computed

from A and B through Procedure 3.2. L@t], 1= j = n, be all the distinct
eigenvalues oft with multiplicitiesm;, ijlmJ = n. For eachx;, let l,i” and
(j) , 1= k < mj, be the left eigenvectors and the right eigenvectors, respectively,

satlsfylng(3 17) Moreover, IeTl(’) andr,gj ) be so chosen such thé8.19)is true,
wherel/) and /) are deflned in(3.18) Then for—oco < x < oo, t > 0, the
Green’s functionG of system (3.2) has the property

, (201
o i RS TP
SgGEn =1 Z—e it P

ox! J

A7
(x-20)? (3.29)
+0<1><r+1>*éffze e
n' mj
+ZZ€_”’”Z5U Dx = 4,0 PY (0,
j=1k=1

wherel = 0is any integer,C > 0is a constanty is the Diracs-function; and for
1< j=n,1<k < mj, ujx > 0are given by(3.19) while Pj(,i)(t), 0si <,

are n x n polynomial matrices in with degrees not more than in particular,
(] (]) (J)
Py (6) =



Gas Dynamics in Thermal Nonequilibrium and General Hyperbolic Systems 251

Remark 3.7.1t is not surprising that there ares-functions inG (x, ) since (3.2)

is hyperbolic under Assumption 3.1. The&dunctions describe how an initial
singularity will propagate. For a smooth solution, however, they are important only
when B has full rank. In that case’ = m = 0 and the heat kernels in (3.29)
disappear. Otherwise, B is degenerate, we always haué=> 1. The heat kernels

in (3.29) then represent the leading term in the solution sincé&fhactions decay
exponentially.

Remark 3.8. ReplaceB by %B in (3.2), where the constant > 0 is considered

as the relaxation time. Denote the corresponding Green’s functieh(as; ).

Then by (3.3) it is easy to see th@tx, r; t) = %G(x/r, t/t; 1). In Section 1 we

know that the limiting case as — 0 corresponds to the equilibrium flow. If we
lett — 0, thes-functions in (3.29) disappear singg,/t — +o00. The second
summation goes to zero as well, while the first one becomes a combination of
(nondecaying$-functions alonm(’) directions, 1< j < m'. In fact, ther!” are

the characteristic speeds of the equilibrium system as we will see in a more general
case in the next section. As— 0, G(x, t; t) becomes the Green'’s function of the
equilibrium system.

Our next step is to refine the part 6fthat becomes zero in the leading term,
as mentioned at the beginning of this section. b any row vector ifR” such
thatnQo = 0, whereQq is the eigenprojection oB corresponding to the zero
eigenvalue. From (3.11) it is easy to see that

nP].(r) = nQon(r) =0, j=1,...,m.

Thus fornG(x, t), the first summation in (3.29) becomes zero. We now want to
find out the next order term in detail. First we refine Lemma 3.1 as the following:
For smallz,

(=2 42110 ) 5 .
- . <i<m
ne1 Y P (—1/7) = ( JoTER ) (njz+0@?), 1<j <,

0(1)8(—Cj.71+0(2))f’ m < j § N,

wheren; = —nP; 1 is a constant row vector; 1 defined in (3.12), I j < m'.
With this we can then prove the following theorem similar to Theorem 3.6.

Theorem 3.9.Letn be any constant row vector iR” such thatyQo = 0, where
Qo is the eigenprojection aB corresponding to the zero eigenvalue. Then under
the same assumptions and same notation as in The®@mwe have
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)2
I +1 | m =)
d 0 1 [@)

2,(
e M

(7]6)(x,l) - E nj
! I+1 J
0x dx =1 /4 j(-r)t

mo (i)

(3.30)
FOME+D Y e
j=1
n'  mj 1 ) )
+ S ek Y 6D (x — AP (1)
j=1k=1

i=0

for! 2 0, wheren;, 1 < j < m’, are constant row vectors.

Tofinish this section, we apply Theorem 3.6 to gas dynamics in thermal nonequi-
librium. Write the first three equations in (3.1) in the form (3.2),

w; + Aw, = Bw,

(3.31a)
where
w=(p,u,x),
0cf?0 00 lf‘*l
A=11 00| B=|00 O (3.31b)
0 a* 0 00 _1+§2‘1
Let
1+b* O —b*cj:?/a*
Ag = 0 c;:z 0

—b*c;‘;z/a* 0 b*cJ"ZA'/a*

whereb is defined by (1.26). Clearlgo is symmetric and positive definite by (1.27)
and (1.9). It is easy to verify thatgA is symmetric, andioB is symmetric and
semi-negative definite. Therefore, Assumption 3.1 is satisfied.

From (3.3D), A has eigenvalues

)"l:_cjza )"2205 )\3—5';;7
which are simple. The left eigenvectors are
1D (1, —C;;, 0), 1@ — (_a*/c>s<27 0, 1), 1® — 1, C;;, 0), (3.32a)
right eigenvectors are
—c* 0 c¥
1 f 1 f
r® = ~or 1 |, r@2=(0], r®= | 1 | 332
r —a*/cy 1 f a*/cy

satisfyingl)r® = §;,, 1 < j, k < 3. Obviously, none of/) is in the null space
of B. Assumption 3.2 is satisfied as well. For
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we have
psa* psa*
M1 = u3 = 200 >0, w2= prrc? > 0. (3.33)

To compute the leading term @, notice thatB has a zero eigenvalue of
multiplicity m = 2. Following Procedure 3.2, we have

e 10
0= (19 -mor) rO=|o01
01 0 00

Thus by (1.25),

0 0o_ OC*Z
L"AR —(1 0).

This gives
W=, A =,
which are simple. Consequentiy = 2, and Pl(’) and P are determined by

(3.11). Thatis, they are the eigenprojection®81.°A ROL® when restricted to the
range ofROLO:

1 ¢ _Pa 1 Pey
2 2 T 21+03) 2 2 T2a+0y)
PO=|_1 1 _r |, PP=111__r | (339
2c* 2 2c*(l+le) 2c* 2 20*(1+Q:fl)
0 O 0 00 0
The only nonzero eigenvalue 8fis
S
l_ ‘C* b
with corresponding eigenprojection
t
0 Pa 01) ©.0.1)
1: 9 b 9 b .
1+ 02
The dissipative parameters in the leading ternaire
1 r*a*p* *
(r) (r) e1r _ M .
=tr{—-—AQ1AP) | = ———5=—, j=12 3.3
K ( o Q1AP; ) 201 017 2 J (3.3

Comparing this with (1.35b) we see that is exactly the value taken at the con-
stant state ” by the “viscosity coefficient” in the second-order Chapman-Enskog
expansion. Here we notice that the constant state is an equilibrium state.
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We are now ready to write down (3.29) for system (3.31): Under physical
assumptions (1.8), foroo < x < 00, t = 0, the Green’s functiod of (3.31) has
the property

81 al 1 _ (x+czt)2 (r) _ (x—cIt)z (r)
600 =g g (¢ F A+ )
+1

1 1 @etn? _a=c*n?
+O0Q)(+1)"2t" 2 (e o e O (3.36)

[
+>° |:e_“1’8(l_i)(x + PP (1) + e 28D () PP (1)
i=0

sl (x — c;t)Pg”(z)].

Herel = 0 is any integer. At the constant state that is an equilibrium state, the
equilibrium sound speect and the frozen sound speej:i satisfy 0 < ¢* < c]"?
by Proposition 1.2. The dissipative parametets> 0 andu; > 0, 1< j < 3,
are given in (3.35) and (3.33). The constant projectiBﬁé ansz(’) are given by
(3.34).C > Oisaconstant.Andf/.(i)(t), 1< <3,05i £1,are3x3polynomial
matrices inr with degrees not more than Especially,Pj(O) () = r D1V, where
r) andl) are given by (3.32).

Notice that in (3.34), the third rows d?l(’) ansz(’) are zero. The only linearly

independent; in Theorem 3.9 ig; = (0, O, 1). Therefore, if we denote the third
row of G asGs, (3.30) becomes

5! al+1 1 (4?2 _a=c*1?
S Ga ) = g | e (€ A e B
ox! axIt1| /2 ¥t
_ (xt+c*n? _ (a—c*n? )
Ct

+e Ct

(3.37)
I ) . .
+ Z[e_M[S(l_l)(x + D PUND) + e 280D () P (1)
i=0
+ e_ﬂ3t8(l—i)(x — C;[)P?(”l%(t):|

for! > 0, wheren, ands» are constant row vectors i, ande(fé) is the third row
of PV,1<j<3,02i 1.

4. Subcharacteristic Conditions and the Dissipative Criterion
In our study of a fundamental solution of a general linear relaxation system

in the last section, we made two basic assumptions. Assumption 3.1 implies the
nonnegativity of the dissipative parameters in the Green’s function. Assumption
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3.2 further guarantees that they cannot be zero, hence must be positive. In other
words, Assumption 3.1 is related to stability, while Assumption 3.2 is related to
dissipativeness. This is why it is called the dissipative criterion. Our study was
based on spectral properties of the maffi¢) = —zA + B = zE(—%), where

E(z) = —A — zB, (3.5)—(3.7). Sinc&: (z) is exactly the matrix occurring in the
Fourier transform for the hyperbolic-parabolic system

wy + Awy = (—B)wyy,

we were able to make use of the spectral propertieE @ obtained in [LZ1].
In that paper, the dissipative criterion played a crucial role in several places, and
an equivalence theorem from [SK] was used. The theorem says that under As-
sumption 3.1, Assumption 3.2 has several equivalent forms. Assumption 3.2 is the
simplest one to verify. The others give a bound on the real part of eigenvalues of
zE(2), necessary for the decay analysis, or give rise to a good term in the energy es-
timate when establishing the global existence for (nonlinear) hyperbolic-parabolic
systems. Clearly, under Assumption 3.1, Assumption 3.2 is also equivalent to the
following: Any left eigenvector ofA is not in the left null space oB. When this
criterion fails, we have a nonzero row vecfosuch thatA = Al and/B = 0.
System (3.2) then yields

(Iw)r + A(w)y =0,

which is a decoupled hyperbolic equation. Therefore, (3.2) is necessarily of com-
posite type in such a situation.

As mentioned in Section 1, subcharacteristic conditions are important for sta-
bility in a relaxation context. The purpose of this section is to clarify the relation
between subcharacteristic conditions and the dissipative criterion. We want to in-
vestigate whether or not a subcharacteristic condition implies dissipation. In this
section, our discussion is for a general system.

Following the set-up in [CLL], we consider the general nonlinear system (1.10),

wy + fw)x =rw), 4.1

wherew, f, r € R". Assume thaw is in an open convex séb € R", f and

r are smooth, and the system is completely hyperbolic. That'ibas only real
eigenvalues and is diagonalizable. The relaxation teisrassumed to be a vector
field that leave) invariant under the flow

d
ﬁ;=mm, 4.2)
such that it hasn < n independent conserved quantities. That is, there exists a
constant matrix.% € R"*" with rankm, such that

L% (w) =0 4.3)

for everyw e Q. The conserved quantities are thef) = L%. Moreover,
assume that each orbit of (4.2) has an equilibrium that is uniquely determined by
the constants”). Denote the equilibrium a& (w ™),

r(# ™)) =0. (4.4)
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Then forw™ e L%O c R™,

L% w™) = w™, (4.5)
L% (w™) = Lym, (4.6)

andr’ has rank: — m. Multiplying (4.1) by L° from the left, we obtaim: conser-
vation laws

w”, + L f(w), = 0.

These can be closed as a reduced systenn forif we make the local equilibrium
approximation

w=&w").

That is, the reduced system (equilibrium system) is

w4+ fO W), =0, (4.7a)
where
FOw) = LOf(£w™)). (4.7b)

A subcharacteristic condition is a relation between the eigenvalues of (4.1) and of
(4.7). To give a sufficient condition for such a relation, we need to introduce an
entropy condition given in [CLL].

Definition 4.1. A twice-differentiable functio/ : O — R is said to be aentropy
for system (4.1) provided

(i) V2U(w) f'(w) is symmetric;
(i) VUw)r(w) £ 0;
(iii) the following statements are equivalent,
(@r(w) =0,
(b) VU (w)r(w) =0,
(c) VU (w) is a linear combination of the row vectors bf.

Theorem 4.2 (CLL]). Assume the existence of a strictly convex entropfor
system(4.1). Then the reduced systei@h.7) is hyperbolic with a strictly convex
entropyU (¢ (w™)). Repeated with multiplicities, let the eigenvalueg tiv) be
A(w) = Az(w) = -+ = Ap(w), (4.8
and the eigenvalues ¢f " (w®))" be
M) 257" < - <D @), 4.9

Then we have the following subcharacteristic condition

1 (E@) 220 W") S hjaw(F@), 1Zj<m. (410
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Next we relata;’) in (4.9) to those defined in Procedure 3.2. From (4.3) we
have
L% (w) = 0.

Sincer’ has rank: — m, the multiplicity of the zero eigenvalue ofis m, and the
row vectors ofL.? arem linearly independent left eigenvectors associated with the
zero eigenvalue. From (4.4) we also have

r(Ew) & w™) =0.

Let RO = &"(w™). With (4.6), the column vectors &° are thenn linearly inde-
pendent eigenvectors df(%’(w(”)) associated with the zero eigenvalue, satisfying

LORO = I,,,n. From (4.7b) we have
(O ™) = L0 (Zw ™)) RO (4.11)
This immediately implies the following proposition.

Proposition 4.3.Let A = f'(£(w)) and B = r'(£(w)). Then the.!” de-
fined in Procedurg.2 are the characteristic values of the reduced systém).

Therefore, if Assumptions 3.1 and 3.2 are satisfied, the heat kernels in the
Green'’s function of the linearization are along the characteristic directions of the
reduced system, cf. (3.29).

The proof of Theorem 4.2 was by Legendre dual functions. Itis also easily seen
from Definition 4.1(iii) and direct calculation that

Voo U(& W) = VU (£ w)R® =nL°R? =y
for somen = (1, - - - , nn). Therefore,
Voo U(Z @)L = nL® = VU (£ (w™)).

Differentiating both sides yields

V2, U(Ew))L0 = (RY' VAU (£w™)). (4.12)
That is,
V2, U(Z W) = (RY'V2U (& ")) RC, (4.13)

which is positive definite ifV2U is positive definite. By (4.11) and (4.12), the
left-hand side of (4.13) symmetrizes the reduced system:

V2, U(E @) (FO @) = (RO V2U (£ W) (¢ w)) RO

To discuss the relation between subcharacteristic conditions and the dissipative
criterion, we now turn our attention to a general linear relaxation system (3.2),

w; + Aw, = Bw, (4.14)

wherew € R”, andA, B € R™" are constant matrices. For system (4.14), we
impose the following assumption:
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Assumption 4.1.(i) There exists a symmetric positive definite matdy, such
that ApA is symmetric.

(i) B has the zero eigenvalue with multiplicity, 0 < m < n, and hasn left
eigenvectorat](.’ andm right eigenvectorsjp, satisfying

PB=0, Br)=0, 1<;j<m,

lj(-)r,(g: ik, 15 j k< m.

(iii) Set
lO
1
L0 = P RO:(rf,...,r,el).
Iy
ThenAy in (i) satisfies
(R%"AgROL® = (R%' Ay. (4.15)

From the above discussion, if (4.14) is taken as the linearization of (4.1) around
an equilibrium state, i.ed = f/(£w")) andB = r'(£(w")) for a fixed
w, and (4.1) has a strictly convex entropy then by (4.12) Assumption 4.1 is
satisfied withAg = VZU(%(w(’))). Also, Assumption 4.1 is a weaker condition
than Assumption 3.1.

Proposition 4.4. Assumption 3.1 implies Assumption 4.Bihas the zero eigen-
value with multiplicitym, 0 < m < n.

Proof. Itis obvious that Assumption 3.1 implies (i) and (ii) in Assumption 4.1. As
for (iii), by the symmetry ofAgB we have

(R%)'AoB = (AgBR®)! = 0.

Here the row vectors afR®)’ A are left eigenvectors d§ associated with the zero
eigenvalue, and there existska € R”*" such that(R%)’Ao = K L°. Equation
(4.15) is then straightforward.

The proposition can also be shown by takifigw) = Aw, r(w) = Bw and
U(w) = w'Aow in (4.1), and verifying that all the requirements for (4.1) are
satisfied. O

We now discuss the relation between subcharacteristic conditions and the dis-
sipative criterion under Assumption 4.1. First of all, Assumption 4.1 implies that
Ao symmetrizesA, while (R%)’AqR® symmetrizesL°ARC. Here bothAq and
(R%)' AgRO are symmetric and positive definite. Denote the eigenvalugsasf

MEAS =y, (4.16)
and the eigenvalues @°A R as

AW <Ay <, (4.17)
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Theorem 4.5.()) Assumption 4.1 implies a subcharacteristic condition

bEA S hjnm, 12 Em. (4.18)

(i) Under Assumption 4.1, a sufficient condition for the dissipative criterion, As-
sumption 3.2, to hold is that and L% A R% do not have any common eigenvalue.

(iii) Under Assumption 4.1, a necessary condition for the dissipative criterion to
hold is

A< ,\;” <Ajinem, 1< j<m. (4.19)

(iv) Under Assumption 4.1, it = n — 1 > 0, then the dissipative criterion is
equivalent to the subcharacteristic condition in the strict sense:

A< xj(.’) <ijs1, 1<j<n-1 (4.20)

Proof. (i) Let W; € R" be any subspace with dimensig)randWE’) € R™ be any
subspace with dimensigh Assumption 4.1 implies that '

t t
) w' AgAw . w' AgAw .
Aj=min max ——— = max min —— 1= =<n,
Wj wGWj th()w Wn—jJrl wEW,L,j+1 w’Aow

and

ROw®™) AgAROw™
)\j(.’) = min ax ( ) - 0
W](_") w(r)ewj(_’) (Row(r)) AOROw(”)
(Row(’))tAoARow(r)
er)gx WO WD (Row(”)tAoROw(f) ’
m—j+1 m—j+1

<j<m.

Inequality (4.18) follows immediately.
(i) If the dissipative criterion were not true, there would bejan R” satisfying

n+0, Ap=iny n=R%"
for somex € R and some;)”) € R™. These would imply
Lo =",
LOAR™ = 104y = AL% = an®.

Therefore A andL%A R% would have a common eigenvalie
(iif) Under Assumption 4.1, we are able to choose eigenveatgref A and
eigenvectorsufr) of LOARO such that

Awj = Ajwj, u)thou)kzﬁjk, 1< j,k<n,
LOARW =3 w, (ROw") AoR%w” =8, 1< jk<m.
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The eigenvalues can then be expressed by the Rayleigh quotient as

. TAgA TApA
)Lj: min u: max u, lé]é”l,
wefwj,,w,} W Agw wel{wy, - ,w;} w! Agw
" _ ) (Row(’))tAoARow(’)
A= min 7 (4.21)
w(”e{wj(.”,--~,w,(,,r)} (ROw(r)) AgROw® )
(ROw ™)' AgAROw ™

S j=m,

max - ;
w(">e{w§’),~- ’w.;r)} (ROw(r)) AoROw(’)

where({. - - } denotes the span of the vectors enclosed; & kj(’) for some 1<

j < m, then takew € {wj,---, w,} N {ROw}"”, - ,Row](.’)} such thatw + 0.
From (4.21) we would have

w! AgAw
Aj < Z2o7W <A = Aj.

w!Agw J
Consequently,

. w! AgAw

7T wt Agw

and w would have to be an eigenvector df corresponding ta.;. Sincew €
{ROWY)’ . Row](.’)}, w is in the null space oB. This contradicts the dissipative

criterion. Similarly, we can show tha r) F Ajtn—m-
(iv) Whenm = n — 1 > 0, the derivation of (4.20) by (ii) and (iii) is trivial.o

Further discussions of subcharacteristic conditions follow, based on Theo-
rem 4.5. Condition (4.18) is known as a stability condition in the following sense: At
least in the Z 2 case, if the relaxation term is given the correct sign from physical
considerations, then (4.18) implies the nonnegativity of the dissipative parameter
in the Chapman-Enskog expansion, [Liu]. On the other hand, the condition itself
does not include any sign information for the relaxation term. This can be seen
by changingB to —B in Assumption 4.1, which implies (4.18). The sign infor-
mation for the relaxation term needs to be given explicitly elsewhere, such as the
semi-negativity ofAg B in Assumption 3.1, or (i) in Definition 4.1 for the entropy
function.

We then want to know whether a certain form of subcharacteristic condition
can prevent “zero projection” of dissipation on equilibrium characteristic directions.
That is, we want to see if there is an equivalence of the dissipative criterion and
certain forms of subcharacteristic conditions. From (iv) of Theorem 4.5, this is
true if m = n — 1. In this case the dissipative criterion is indeed equivalent to the
subcharacteristic condition in the strict sense. In the general case < n — 1,
however, there is a gap between the sufficient condition in (ii) and the necessary
condition in (iii) of Theorem 4.5. For instance, let= 3 andm = 1. What happens
if

r <A <z anddl) =2y, (4.22)
i.e., the necessary condition is satisfied while the sufficient one is not?
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Example.For a constant > 0, let

- 00
A=] 0 ¢ 0},
0 0O
and
-1 0 0 -1 1 O
@ B=|0 -10); b B=|1 -1 0
0O 0O 0 0 -1

It is easy to verify that for both choices 8f Assumption 3.1 is satisfied. Clearly,

n = 3andn = 1. Direct calculationyields; = —c, A2 = 0,13 = ¢, andx(l’) =0.
Therefore, (4.22) is true for eithét. However, the dissipative criterion fails for
case (a), while it is satisfied for case (b). Therefore, subcharacteristic conditions
are not appropriate for characterizing dissipation unkessn — 1.

5. Evolution of Elementary Waves

To obtain large time behavior of the nonequilibrium flow in the pointwise sense,
we need precise estimates on the evolution of the elementary waves of which
the solution is composed. This type of analysis was started in [Liu2], and greatly
generalized in [LZ1], [Liu3] and [LZ2]. The lemmas in this section are mostly cited
from those papers.

We define the following functions of € R ands = 0:

(x—r(+1)2

Op (X, 13 A, 0) = (f + 1) 2e 04D

LY — . 2 -3
Y, A =[x -2t +D) +r+ 174, G.1)

[

Y, 50 = [lx — 2+ DI+ + 1?2,
3

Y(x,t50) = [(x — A + 1)+ 1173,
wherea, A are constants, andis a positive constant.

Lemma 5.1 (Liu3]). Let the constanta, «’, 8 and v be such thatr > o’ = 0,
a—ao <3,8>0,v >0, and letr be any constant. Then for allvalues in the
range—oo < x < oo, t = 0, we have

o _ G=y=A@—t)< r))2
/ / (t—t)**(t—t +1" 2 W= Og(y, 1’y A, v) dy dt’

_ {0(1)9y(x, t: 2, v)logr +2), ifa=30rp =3, 5.2)

06, (x,t; A, v), otherwise

wherey = min(«, 3) + min(g, 3) —

Denote the characteristic function of a $étas chafZ}.
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=

Lemma 5.2 (Liu3]). Let the constants, «’, B8, v, A and )’ be such thatr =
a20,0fa—a <3,21v >0, andr + A'. Then for any giver >
K 2 |~ — /|, and allx values in the range-co < x < 0o, r = 0, we have

o Gmy=ri=i))?
/ / (t —t)**(t -+ 2 = Gg(y, ' ) vy dy dt’
= 0[O, (x, 151, v+8) + 0, (x,1; M, v+¢)
_B-1 , _ae-l
+x—=At4+D| 2 x=AN+D| 2
-chaffmin(x, A)(r + 1) + K&/t + 1< x S max(x, A)(t + 1) — KV + 1}]
O(D)by(x,t; 1, v+e)logr+1), if =3
+
0, otherwise

{0(1)9ﬂ(x, A v+e)logir+1), ifa=3
+

0, otherwise

(5.3)
wherey = o + 5 mln(ﬂ 3 — andy =3 1 min(e, 3) + B— —.

Lemma 5.3 (LZ2]). Let the constante, o/, 8 and v be such thatr = o’ = 0,
a—ao <3,82=20v >0, and letr be any constant. Then for any given- 0,
and all x values in the range-co < x < oo, t 2 0, we have

o _ Goy=A—t)e t))2 B
f / t —t) 2 (t—t +1" 2 v~ (DT 2y (y, s ) dydt

= 0[0,(x, ;0 v+e) + (+ D 2y(x, ;0]
N OOy (x,t; A, v+e)logt+ 1), ifg=3
0, otherwise
. {0(1)(: + 1) 2y (x, ;) logt +1), ifa=30rg=2

0, otherwise

(5.4)
wherey = o + min(g, 2) anda = min(x, 3) + min(B, 2) —

Lemma 5.4 (LZ2]). Let the constants, o', 8, v, . and 2’ be such thatr = 1,
' Z20,0fa—a <3,20,v >0, andr & A'. Then for any gives > 0,
K > 2|» — )/|, and allx values in the range-oo < x < oo, = 0, we have
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t o0 , ! , o _x ,\‘*A.(t*[/))z , B , , ,
/ f -t 2 t—t'+1D)"2e =) 4+ 2¢(y, ;A )dydt

— OV, (x. 15 3, v+6)+ O (D +1D) 8 [(x =+ 1) 2+ (4D T3 MnAD ]

O +D)"F Y(r, 13 )3T (e (14 1)) 24 (14 1)2] FE3 M)

1, ifo &3
1+log(t+1), ifa=3

FOD)|x—A(+1)|2MNE 35 | )/ (141)| 3 @D
-char{min(x, 1) (1 +1) + K141 < x < max(h, V) (1+1) — K /7+1)

O (x, t; A, v4e) log(t+1), if B = %
+OW) { ¢+ 2@ Dy (x, 1; 1) logr+1), if p =2
0, otherwise

(5.5)
wherey = o+ 3min(g, 3) — 3,0 = a+min(8, 2) — 3,0’ = min(a, 3) + f — 3.

Lemma 5.5 (LZ2]). Let the constants, v/, A andA’ be such that > 0, V" > 0,
andx # ). Letk = 0, 1. If a functioni(x, t) satisfies

dih(x, 1) = O(D)[02y,(x, ;X 0) + (t + 1739 (x, 15 1)

+ U+, n0] 0SSk,
(5.6)

/ v VA _3
hy + M hy — Zh” =0D[0alx, ;M V) + (t+1)72
Y)Y+ D R )],

then for any giverk > 2|A» — A/, and allx values in the range-co < x < o0,
t =0,

L roo (x—y=r(t—=t")?
/ / (t — 1) 3¢ w0 R h(y. 1)) dydr’
0 J—x
= O+ 2 [Y(x, ;) + (t + 1) 4y (x, 5 1)
Sl A+ D Y =N+ D)2 (5.7)
-chaffmin(x, A)(r + 1) + Kv/t + 1< x < max(x, ) (¢ + 1) — Kv/1 + 1}].

Lemma 5.6 (LZ2]). Let the constants, o', 8, v, A and’ be such thatr = 1,
a200fa—-a <3,820,v> Oand)»¢)»/ Then for any givers > O,

263
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K > 2|» — )/|, and allx values in the range-oo < x < oo, t = 0, we have

/ f (=) F -+ T e %(Hl)‘g&(y,t’;k’)dydt’
= O[O, (x, 5k, v+8)+0, (x, 151/, 1) ]

+0(1)(t+1)_7[(x )»(t+1))2+(t+1)§_’min(ﬂ’z)]_%

O +D)"F Y(r, 13 )3T (r (14 1))24 (1 + 2] FEE M@
FOM[|x—AG+DZTE | 3 (1 41)7 T (5.8)
Flr—AG+ DT =2+ D)%)

-chafmin(x, M) (t+1)+K+/1+1 < x < max(x, 1) (t+1)— K1 +1}

N O()[0u(x, 13 A, v+e)+(t+1)‘*1p(x t; )] log(t+1), fp=2
0, otherwise

. O (t+D) 5y (x,1: M) log(t+1), ifa =3
0, otherwise

wherey = a+3min(,2) -1,y = $min(e, 2 + - 1,0 = a+min(s, 2) -3,
ando’ = min(a, 3) + B8 — 3.

Lemma 5.7 (LZ1]).Letv > 0,0 anda be constants. Then for altoo < x < o0,
t 2 0, we have

t
/ ey (e —o(t — 1), s M) dl = OV (x, 15 1), (5.9)
0
t
/ eV (x —o(t — 1), 1 1) dt = O(DP(x, 15 1). (5.10)
0
Lemma 5.8 (LZ2]). Let A be a constant. Then foeroo < x < oo, we have
o0 5 3
f (' + D73y (x, ;) di’ = O()(x®+ 1)~ 4. (5.11)
0

Lemma5.9.Letv > 0, » and A’ be constants. Then foeroo < x < 00, /2 <
' < t, we have

0 1 Gmyhe=t)2 o~
/ (t—1)"2¢ v gy, s )M)dy = 0D (x, 1, )), (5.12)

—00

whereC > 0is a constant.
Proof. Denote the left-hand side of (5.12) A&, £, t; v, A, A'). Clearly,

1,60, 0 A) = 0eC (x, 1,1 2v, ), )).
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Thus we consider the cage= 1’. Divide the real axis into two partéy — y —
At —1t)] £ %|x — A(t + 1)| and its complement. Then

_ amy=r=t')?

o0
I(x,t,t';v, 0,0 :0(1)/ (t —l’)f%e V(=1
—0oQ

Jlx—a +DPE+ e+ 1)2]‘% dy

G—y—a(=1)2  a=rtD)?

o0
—I—O(l)f (t—t’)f%ef 20 g 81D (t/+1)7ldy
—00

=0V (x,t; 1) + O(D)ba(x, t; A, 4v)
=0V (x,t;1). O

6. Large Time Behavior

In this section we go back to gas dynamics in thermal nonequilibrium. As the
last part of the paper, we prove Theorem 1.4, which is about the large time behavior
of a flow that is slightly away from an equilibrium state.

Since the solution of (1.5) or (1.36) is a small perturbation around the constant
state “*”, we rewrite the first three equations in (1.36) as

Wy + Ay = B + 3, (6.1)

where
w=(p—p-ux) (6.2)

A andB are defined in (3.34), and

§=(81.82,83" = ((6}2 — %)y

(6.3)
* 1 * t
+<&—&>x,0,(a*—a)ux+( +Qe1—l+Qel>x).

T* T T* T

The Green'’s function for (6.1) has been found in Section 3 as (3.36) and (3.37).
Introduce a linear transform to diagonalize its leading term:

w = (w1, w2, w3)' = L%, w=R"w, (6.4a)
where
1—¢ —15; R L
L=\ i | RO = (@0) = 1 1+§” . (6.4b)
¢ TIFoy T2 2%
Also let
W4 =8 — S*7 (64C)

and
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- 1 1)\x
g=(81.82.89' =L"g, gua=(=—-=)=. (6.5)
> Tv)rt
We have
w, + LDARDw, = LYBRDw + g, (6.63)
where
c*p;
—* 0~ 00 O
LOARM = 0 o *pl, ’ LOBRM =100 0 (6.6b)
05, 00 4%
_élt_* é% 0 T

by (1.25). Let the Green'’s function of (6.6) l6& From (3.36) we have foroo <
x <oo,t 20,
Gx,t) =D(x,t)+ H(x,1), (6.79)

where forl = 0,

D, 1) =9l [ 1 22: e <r>]
D(x,t) = e 2wt P,
X ’ X * 12 ’
NZZ AT} v

_ (x—c¢; t)2

2
ALHE. ) =0+ 1) 25 Y e b
i=1

I3
. : 6.7b
+ 3N et 50D (x — dery P (1), (675
j=0 k=1
c12=Fc', dig=Fcp, do=0,
100 000
pP=1000|, P’=]010|,
000 000

the dissipative parameters’ andu,, 1 < k < 3, are positive constants given in
(3.35) and (3.33)C* > 0 is a constant, anﬂk(”(t), 05 <1,1<k <3 are
3 x 3 polynomial matrices im with degrees not more thgh UseG, to denote the
ith row of G, etc. ThenG3 can be refined through (3.37),

G3(x,t) = H3(x, 1) = Haq(x, 1) + H3p(x, 1), (6.89)
I I+1 1 e
3% Hay (x, 1) = 0 (m i:Zle oL n,-),
11 2 =12
L Hayp(x, ) =0(D)(t + 1) 27271 "7 (6.8b)
i=1
1 3

n Z Ze—uktg(l—.f)(x — de‘)Pk(j:g)(t)’

j=0k=1
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whereHs is the third row ofH, 71 andn» are constant row vectors &S, andP,ffg

are the third row oiPk(j ),
By Duhamel’s principle and the last equation in (1.36), we have B0,

o0
aiwi<x,r>=/ Gi(x — v, )0l w(y, 0)dy
—o0
t o0
+f/ Gix —y, 1 —olg(y, ) dydr', 1<i<3,
0 J—o0

t
Ml wa(x, 1) =8l wa(x, 0) + / 3l ga(x, 1)) ar'.
0

(6.9
Next we define the ansatz of the solution. &gty, ¥, ¥ be defined as in (5.1).
Let v be any fixed number such that

v > max{2u*, C*},
whereC* is the one in (6.%) and (6.%). Set

Gi(x, 1) = 01(x, t;¢i,v) + Y (x, t;¢) + P (x,t;¢)), i,j=1,2 andj * i;

ba(x) = P (x,1:0) = (x2 + 1)~ 3.
(6.10)
Let

M(t) = sup max{ 1wid D )l + [ wixd D ) L+ 1)2
0<<s 1= 2

4
5-1
+ Y 0w + 1)2}

=2
+ sup {|| (wa(d1 + ¢2) 1), )| (' + D)2 (6.11)
0<r<t
2 ~ -1 .
+‘w3x(~,t’)(2w(-,t’; cl-)) '+ 12
i=1 L

4
+ 3 [obwsCo )| e 0+ D2+ [(wady HC ] o
=2

_1
+ [ wardgHC | oo + || (Warxdy 1) ||Lw}.
Clearly, for—oo < x < 00, = 0, we have

wi G, D] € MO (e, 1), wix (e, D] S M@ + 1725 (x, 1),

. (6.12a)
1w, D EM@OE+D "2, 25154, i=1,2
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and

2
wax. ] € MO+ 172 Y ¢i(x. ),

i=1

2

war(r, O] € MO+ 172 Y g(x.ter), (6.12b)
i=1
5-1

|flws(x, | S MO+ "2, 2514,

1
lwa(x, D], |war(x, )| £ M()pa(x), |warx(x, )] = M (D), (x).

Before using (6.9) to perform a pointwise a priori estimate, we need to obtain
decay rates for higher derivatives wfand x in the neighborhood of the particle
path by using a weighted energy method. These rates are necessary for closing the
pointwise analysis. Fdr=> 1, set

et
Ei(t; a):/ 22+ 172 (8Lu)® + (3 p)® + (8" %)*](x, 1) dx

—&t
t et , 3
+/ / efs(zfz)(gzxz +1)"2
t/2 J —¢t

1 l
{Z[(a){ a;p +Z (8x) }(x,t’)dxdz/. (6.13)
j=0

j=1

Lemma 6.1.Under the assumptions of Theorém, we have, for > 0,2 <[ < 5,
ande > 0 small, the following recursive relation:

Ei(t;8) = 0(1)(M2(t) + 8%)

e e+ 1) (0 4+ )T MRG0 42 4 173y 12
+ O(DE-1(; €),
(6.14)
wheregg is the one in1.42)

Proof. In a method similar to that used for the energy estimate in Section 2, we
multiply the first three equations in (2.4) by p, c}&iu andb(dLp — (cjzc/a)f))lc)()
respectively, wherg > 0is defined by (1.26). Sum the resulting equations, and use
(1.5) to convert the derivatives with respect tato those with respect te. These

give us (2.5) without the two terms involving Multiply the result by the weight

e 0= (6252 4 1)‘%, then integrate it ove—et, e1] x [1/2, t]. After integration
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by parts and applying (6.2), (6.4), (6.12) and (1.41), we arrive at

—é&t
t et N oo 3 5

+/ / e f T (e2x% + 172 (3 y)“(x, ) dx dt’
t/2 J—st

= 0)e te /265 + O (1) (e + €0)

e —e(t—1') 2.2 —31(al \2 I \2 / /
. e (e“x“+1) 2[(8xu) —I—(E)xp) ](x,t)dxdt
t/2 J—et

_3
2

+ 0(1)8_1(841‘2 + 1) (Mz(t) + 8(2))([ + 1)—max{%—l,0}

' et -1 ) -1 )
+0(1)eof / eg('”(ezxzﬂ)3[Z(a){u)erZ(a;x)z}(x,z/)dxdﬂ
t/2 J —et S ._
j=1 j=0

+ 0(L)e 2eoM2(t)(t + 1) 2.

(6.15)
Similarly, multiplying (2.8) and (2.10) by the weight and integrating, we have

t et , 5 9 3 / 2
/ / e f (e2x% + 1) 2(3Lu)“(x, 1) dx dt’
t/2 J —et

et
=0 | 2+ 2[(0lu)® + (0 2%) ), ) dx + O(L)eLede 112

—et

+0De 2M(1)esr +~*
+ O)e (e + M2(1)) (1t + 1)~ G0N (42 4 1)~

PR -1 -1
+0(1)/ / e€<”>(82x2+1)i[Z(a;X)ZJrZ(a,{u)Z](x,z/)dxdr’
t/2 J—¢t i—0 i—1
J J

t &t
+0(1)(8+80)/ / e (232 1 1)73 (3] p)2(x, ) dx dit’
t/2 J—et
e —e(t—t) 2.2 —3 40 al ’ /
+ 0@ e (e%x*+ 1) 2[3L pdk x| (x, t") dx dt (6.16)
t/2 J —¢t
and
t &t , 5 2 3 2
/ / et (e2x% + 172 (3l p) (x, ') dx dt’
t/2 J—et

et
=0 [ 22+ 1)72[(8!p)* + (8 u)?](x. ) dx + O (e~ eBe 112

—&t
+ O Y(e2 + M2(0))(t + 1)~ 2 H(e42 + 1) 2
-1 -1

t et . s
+ 0(1)/ f e=e ) (6242 4 1)—3[2(3@)%2(3){;()2] (x,t)dx dt’
t/2 J —¢et

j=1 j=0

269
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1 et
+ 0(1)/ / e (242 4 1)72 (0Lu)?(x, ') dx dt. (6.17)
t/2 J—et
Substitute (6.16) into (6.17) and simplify. We then have
t et , 5 2 3 ; 2
/ / et (2% + 172 (3l p) (x, ') dx dt’
t/2 J—et

et
=0 [ 22+ 3[(0lu) + (3 p)°](x, 1) dx + O(DeLede /2

—&t

+0Me2M@)ed(t + 1) (6.18)
+ ODe (e + M2(1)) (1t + 1)~ 30l (642 4 1)

t et
+ OE;—1(t; 8) + 0(1)/ f e (622 4 1)73 (8 x) P (x, ) dx di.
t/2 J—et
Substitute (6.18) into (6.16). The left-hand side of (6.16) is then equal to the right-

hand side of (6.18). The result and (6.18) further simplify the right-hand side of
(6.15), which is then replaced by the right-hand side of (6.14). Therefore,

—et

Y —3 1 N2 al N2 (ol N2, /
+/ / e (e2x? + 1T 2[(3ku) + (3Lp)” + (8L x) ] (x, ) dx dt
t/2 J—et

is equal to the right-hand side of (6.14). This immediately gives (6.14).

Lemma 6.2.Under the assumptions of Theordm, for r = 0 we have

| (wadlw;) (-, )] Lo = ODM ) (M (1) + e0)(t +1)7°, (6.193
wherel < < 3,and
2, ifl=2,
L ifl=3
=18 ’ 6.190)
7T =g, (6199
3, ifl=5.

Proof. Take a smalk > 0. For|x| = &t, use (6.12) to boun¢w4d.w;)(x, t). For
x| < et,

|(wadlw;) (x, )] = ODf|(wadlw;)(—et, 1)
1 1 1 1
+MWE}(t.e)(EZ(t. &) + Ef4(t. €)) 2 }.
Then use (6.14) and (6.12) to bound the right-hand side.

We now perform a pointwise a priori estimate through (6.9) and (6.12).
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Lemma 6.3.Under the assumptions of Theordm, we have for-oo < x < o0,
t =0,

0ot + D)~ 2¢i(x,1), [=0,1,

O(Deo(t + 1)~ 2<1<4,
(6.20)

| Gite =y 0dwr. 0y = :

—00
wherei =1, 2.

Proof. Denote the left-hand side of (6.20) AsFrom (6.7),

P I S 0)d “u S wiv. 0)d
= 2u*t . , . — .t ’ ,
/—oo /Zﬂﬂ*_ze y Wi (y,0)dy + /;OO i(x—y,1) yu)(y ) dy

whereH; is theith row of H given in (6.7b). Using (6.7b) and (1.42), we can prove
(6.20) in a similar way as Lemmas 3.3-3.6 in [LZ2h

Similarly, using (6.8) we can prove the following lemma.

Lemma 6.4.Under the assumptions of Theordm, we have for-co < x < oo,
t =0,

o0
| Gatx =y 0 dy

OMeolt + 1) 22 ¢i(x.1),  1=0, (6.21)
= 10Weot + D 22, ¥(x.tic), [=1,
O(Deo(t + 1)~ 2<1<4

The next lemma is straightforward by (6)4(1.42) and (6.10).
Lemma 6.5.Under the assumptions of Theordm, we have for-co < x < 00,

O(Deopa(x), 1=0,1,

1 (6.22)
0 (Deod? (x), =2

3l wa(x,0) = :

For the contribution from nonlinear sources we have the following lemmas.

Lemma 6.6.Under the assumptions of Theordm, we have for-co < x < oo,
t 20,

t o0
/ f Gilx —y. 1~ g(y, ) dydt’ = O (M) +e2)(t+ 1) 2y (x. 1),
0 J-—x

(6.23)
wherei = 1,2,/ =0, 1.

Proof. From (6.5) and (6.3) we have

g = (c1(v, e1) — & )ux + (L2(v, e1) — £3) x, (6.243
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where; € R3 andg’ = ¢ (v*, e}), i = 1, 2. Substituting the third equation in
(1.36) into (6.24a), we also have

T
=g— - 24
g=8g [1+ 00 (22 Cz)x]t, (6.24b

where

a T
14+ Qe 1+ 0,

By Taylor expansion, (6.2), (6.4), (6.12), (6.10), (5.1) and (1.36),

g= [4“1 - = (C2 — Ef)]ux + [ (&2 — Kék)} x. (6.25
t

2
g =Z(wd), —Z(wd), + OMA()t + 171 yix,15¢)
j=1

+ O0M?()(t + 1) %Y (x,1;0), (6.26a)

wherez € R3 is a constant vector. Similarly, together with (6.19), we have

2
[g—t(d), +I(wd) ], c.) = OOMAD( + 171 Y Yix.1i¢))

j=1
+ O(D)(M*(t) + g) min{(t + D2, (¢t + D73 (x, 1 0)}. (6.26b)

Also, for the second term in (6.24b) we have

al[ i (Cz—ié‘)x}=
11+ 0.,

oMt +D 1 Y2 ¥, t5¢) + ( + D 2P (x, 1,0)], [=0,
OWM2(D)[(t +1)~4 YV i)+ + DT, 0)], I=1,
OWM(0) + ) + D72 X2y Fir. i ¢y), =2

(6.27)
Denote the left-hand side of (6.23) AsThen by (6.24b),

t o0
1= [ Gy =ag0dyar
0 J—oo

t poo -

+// G-(x—y,t—t/)a’[— (§2—§*)x] (v, ) dydt
0 J—x l 7 1+Q61 2 t

=11+ bb.

(6.28)
By (6.7), (6.12), (6.10), (6.26),

t/2 00 i
L= '/0 / 8i+1[G,-(x —y,t— t/)]f(w% _ w%)(y, Ydy di'
—00

t o0
+ / / Gi(x —y, t — ¢ 3 (w2 — w3) (v, 1) dydr’
1/2 J—00 i
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/ / (GiCx — vt — ][ — E(wd), +E(wd), ]Gy, 1) dy

V2 I+1 1 e T Vil IR / /
= 0 —F——¢ 2u* (t—t") (wf —w ot dv dt
/(; /—oo * [ 2t — 1) :|§’( 1 2)()’ )dy

Gy =1')? 11 )
2 1) Gi 3 + ( —ws)(y, 1) dydt’

1
+
/z/z /_oo 2t — t/
2 _H ! o 1 / _1 2 _7(4»—)»—@]-0—/))2
+O0M?*()(t+1)~ 2 (t—t)"2(t—t'+1)"2 Ze )
0 J—x

j=1

2 N 2
: <Z 20y, t'sciv) + (' + 172 Y Y.t cﬂ) dy dt’

j=1 j=1

+0(1)M2(z)/ e - ”/CZ[(z + 1) 4zw(x—dk(t—t) ¢ c]):| dr’

j=1

t
+ O0)M?(1) / e~ =1/C Z[(r’ +1)it Z Vx —dp(t — 1), 1'; cj)] dr’
0 :

j=1

D2 Gy =1')?
+ 0 M“(t 2u*(t—t')
@ ()// [ S22mpF — 1) (t—t)e }

: [(r + 17 Z Y1)+ (@ + D2, 1 0)} dydr (6.29)
rore 41 1 2 _oyga=i?
+ 0(1)M2([)/ / (f _ t/)—T(t _ t/ + l)_é <Ze CHi—1) >
0 J—o0 ‘
j=1

2
) |:(t/ +1)-1 Z Yy, 15 e) + (@ + D72y, 1 0)} dydt’

j=1

t 3
+ O(D)(M*(1) + gg)/ e TICN 1 V29 (x —dyt —1'), s ¢;)dt,
0

k=1

whereg; is theith component ot . The first two terms on the right-hand side of
(6.29), say, foi = 1, are

(—y—cy(t~1))?

OMMA()(t + 1) / / (t — 1yt T [ez(y,r’;cl, v/2)
D e+ (DTGt 62)} dydt’

g rooeo 1 % 1, , ,
— (t—1t)"ze 20 gwi(y, 1) dydt
«/271#*/0 /;oo
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for a smalle > 0. Apply Lemmas 5.1, 5.3, 5.4 to the first integral and Lemma
5.5 to the second one, where when checking condition (5.6) fer w% we use
(6.4), (6.1), (3.31), (1.25), (6.7b), (6.2), (6.3), (6.12), (5.1) and (6.10). The above
integrals are bounded by the right-hand side of (6.23). The other terms on the right-
hand side of (6.29) can be settled by Lemmas 5.1-5.4, 5.7 and 5.6. They are also
bounded by the right-hand side of (6.23).

To estimatdy in (6.28), we integrate by parts with respect’tand apply (3.3),
(6.27), (1.42), (6.20), (6.6), (6.7) to yield

I = 0M)MA(1)(t + 1)—%¢i(x 1)+ OWed(t + 1)~ 2y (x, 1)

@y (=1")?
/ / L — 2u* (t—t")
2:m*<r ) :

(&2 — Cz)lx](y ") dy dt’

9l |:
1+ Qe
(r—y=¢j=1")?

2
+ 0(1)/ f (t —t/)‘l(t—t’+1)—% 2 :e‘w
0 J—x o

l [—
- 0y, [1+Q61(C2 Cz)x}(y t"ydydr
3 I+1
+0(1>/ —<H>/CZZa’[1 (¢2— §2)X:|(X—dk(f—t/),t/)dt/,
k=1 j=I +0a

where(2 — £5); is theith component ofz2 — ¢5). By integration by parts and the

use of (6.27) withl = 1, the first integral above can be shown to be the same as
the sixth integral on the right-hand side of (6.29). The other two integrals are the
same as the seventh, the fifth and the last integrals on the right-hand side of (6.29),
or can be handled similarly. Therefoue,is also bounded by the right-hand side of
(6.23). O

Lemma 6.7.Under the assumptions of Theordm, we have for-co < x < oo,
t =0,

t o0
/ / Galx — y.1 — Yol g(y, 1" dydr’
0 J—x

Z;zzl oj(x, 1), 1=0,

= 6.30
Z?:ll/f()ﬁf; ¢j), =1 (6.30)

= O()(M2(t) + e3)(t + 1) 2 l

Proof. Denote the left-hand side of (6.30) AsBy (6.8), (6.24b) and integration
by parts we have
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(x—y—c; (t— 1))2

t—1 2
I = T ufa—)  p. al 3(y, Vdydt'
/ / [m ;e ’hl V8(y, 1) dy

-1 2 (x—y—cj(1— 1'))2
e o
/ f [¢2:m “(t—1) ! Z H’L

8’[1+TQ (&2 Cf)x} (y,t)dydt
e1

(—y—c;i=1')?

-1
/ / o)t -t~ 1‘?(t '+ 1" 226 TN g(y, )dydt

-1 .
+ / e~ =1/C Z Z A e —de(t — 1)), 1) dr’ (6.31)
0

=0 k=1
@—y—c;(t=1')?

r oo 1 N l
+ / / [— ¢ wTeD n-] 9y, 1) dydi’
1) \/7271#*(,_[/5; 1

2 (my—i=1)?

/ / ot —t) Tt -1t +1)~ 22 T 9lg(y, ) dydrl
t—1 :

i=1

t 3
/ e~ t=1/C Z dgx —dp(t — 1), 1) dt’
-1

k=1
7
= ZI,',

i=1

+

wheren;, i = 1, 2, are constant row vectors R°. We substitute (6.26a) into
the expression foi;. The case wheré = 0 has been handled in Lemma 6.6
and the first two terms and the sixth term on the right-hand side of (6.29) are

OM)M2(t)(t + 1)‘% Ziz:l ¢i(x, ). If I =1, by integration by parts we have
2 t/2 poo _(xfyfc,-(tft’))z 2
n=Y ou?n [ [ a0 Yl rie/2)
i=1 0 —%° j=1

2
+ @ DAY, ep]dydr + ) 0@ M)
i=1

t—1 poo _amy—ci=1)? 5 2
: / / =)t N+ DTEY Yy i) dydt
t/2 —00 i=1
J
2 -1 o0 3 _(x—y—ri(t—t/))z
+ Z 0 ()M?(1) / f (t—1t) 2e V=)
i1 0 —00
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2
) |:(t’ + 1)_751 Z vy, i)+ @ + D%y (y, 1 0):| dydt'. (6.32)

j=1

Applying Lemmas 5.1-5.4 and 5.6 gives

2
L=0MM0)@+D72Y P e,

i=1

These settld;. Forl;, 3 < i < 7, we use (6.24) instead of (6.24) for g. Using a
method similar to that used to get (6.27), we can find

dg(x, 1) = 0(1)(M*(1) + &) (6.33)
(t+1)_71 Y2 v e+t + DA (x, 15.0), =0,
(t+1)°3 Y2 v e +min{(+ 172, (¢ + D=3 (x, 1; 0}, I=1,

when we use (6.19). Substitute (6.33) iMfp3 < i < 7, in (6.31), and apply
Lemmas 5.3, 5.4, 5.6, 5.7. These yield the right-hand side of (6.30). We now have
only one more termiy, to estimate. By integration by parts and (6.27),

00 2 (my—c;)?
= - ¥ +1 N _
2= / zw <Ze 2’ )3), [1+ch(§2 s“z)x}(y t—1)dy

1=

> (x—y— cI)
1 l+l .
+/ 27T/,L (Ze o ) y |:1+ 0ur (&2 §2)X](y,0)dy

t—1 poo 3 ey (t=")?
+/ / 0(1)(t—t’)2<Ze V=) )

(&2 — éz)x“(y ") dydt’

al[
1+ Q04

_ 0(1)(M2(t)+eg)(t+1)—%2/ -t Zw(y t—1c)dy

j=1

(x y— ct) _3
+O(1)80(t+1)"’lz'/ o (y —|—1) Ady

-1 (xvc(tf))z
+O(1)M2(t)/ / ’_’)2<Ze V1) )

: [(t’ +1)is Z YO, 1)+ @+ DAY 1 O)} dydr'.

j=1

Apply Lemma 5.9 witht’ = ¢ — 1 to the first term on the right-hand side. This
yields O(1)(M?(t) + &3)(t + 1)-3 2 ¥ (x,1; ¢;). The second term has been
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estimated in Lemma 6.3. The last term is the samg &% (6.31) if/ = 0, and the
same as the last term in (6.32) i= 1. Together, these give the right-hand side of
(6.30). O

Lemma 6.8.Under the assumptions of Theordm, we have for-co < x < oo,
t =0,
1 o0
G N al / r_ 2 2 -5t
ix—y, t—1)9,g(y,t)dydt = OD(M*(t) +e5)t+1)~ 7,
0 J—oo

(6.34)
wherel <i <£3,2<1<4,

Proof. Denote the left-hand side of (6.34) a8). Fori = 1, 2, by (6.7) and
integration by parts,

—1 _ amy—¢;(1=1")?
19 _/ / [ 27,“*(, Nzl A }gi(y,t’)dydt’

(e ()2

t—1 2
+0(1)/ / (t—t/)_HZl(t—t/—i-l)_%(Ze_ C*(1) >g(y,t/)dydt/
0 —0o0 i=

-1
+f e~ - t)/CZZal J g —dp(t — 1), ) dt’ (6.35)
j=0k=1
/ / [ (_‘_((1_,/))2] -1 Ndvdi!
e 2= 9\Tgi(y, 1) dydt
- V2 —1) (r ) R

(y—cj )2

2
+0(1)/1f (z—t’)l(z—t/+1)§<2e c )ai,lg(y,t’)dydt’
t—1J -0 .
J=1

¢ 3
+ / e TICN olg(x —di(t — 1), 1)) + 0 g (x — di(t — 1), 1)) ] dt’
t—1 k=1

With the exception of the first integral with= 2, we use (6.24a) fog. Then
besides (6.33), we have
dlg(x.t) = O)(M2(t) + D)t + 1)~ 7, 2<1<4,

by (6.2), (6.4), (6.12), (6.10), (5.1) and (6.19). The last four integrals in (6.35) are
obviously equal to the right-hand side of (6.34). The first integral with2 and

the second one can be estimated using Lemmas 5.3, 5.4 and 5.6. As for the first
integral with! = 2, it is the same a# + I, in (6.31) with/ = 1. These settlg?

fori =1, 2.1® is easier and can be estimated in a similar way.

Lemma 6.9.Under the assumptions of Theordm, we have for-co < x < oo,
t 20,

t
/ 8lga(x, 1) di' = O(HMA(D)pa(). (6.36)
0

where0 <[ < 2.
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Proof. By (6.5), (1.6), (1.12), (6.2), (6.4), (6.12), (6.10) and (5.1) we have

2
dlgae.) = OM2(( + 1Y Y. riep), 0SIS2
j=1

Therefore, (6.36) is true by Lemma 5.&1

We now close the stability analysis. Under the assumptions of Theorem 1.4,
equation (6.9) and Lemmas 6.3-6.9 imply that
9hwi (x, 0] < Cleo+ M2+ D" 2¢y(x.1). i=12 1=0,1,
Y., 1=0,
lezlw(x’t;cl)a l=1,
9lwi(x, 0 < Cleo+ M2(0)]@+ 12, 1Si<3 25154,
0L wax, ] < Cleo + M2(1)]¢a(x), 1=0,1,

0L wa(x, 0] < Cleo + MAD)](t +1)~2

02wa(x, )] £ Cleo + M2D)]93 (2).
These inequalities and (6.11) then imply that
M(t) < Cleo + M2(1)].
If &g is sufficiently small, we have
M(1) = Ceo (6.37)

forall + =2 0. Equations (6.2), (6.4), (6.12), (6.37), (6.10), (5.1) and (6.7b) give us
(1.43).
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