Arch. Rational Mech. Anal. 146 (1999) 59-71. © Springer-Verlag 1999

Existence of Weak Solutions
for the Motion of Rigid Bodies
in a Viscous Fluid

B. DESJARDINS & M. J. ESTEBAN

Communicated by P.-L. LIONS

Abstract

We study the evolution of a finite number of rigid bodies within a viscous in-
compressible fluid in a bounded domain of R? (d = 2 or 3) with Dirichlet boundary
conditions. By introducing an appropriate weak formulation for the complete prob-
lem, we prove existence of solutions for initial velocities in HO1 (£2). In the absence
of collisions, solutions exist for all time in dimension 2, whereas in dimension 3
the lifespan of solutions is infinite only for small enough data.

1. Introduction

Let 2 Cc RY (d =2 or3)bea C"! domain occupied by a viscous incompress-
ible fluid surrounding k rigid bodies 1 < i < k of masses my, ..., my, with C1!
regularity. The fluid has density pr > 0, viscosity 1 > 0, pressure p, velocity v
and is governed by the Navier-Stokes equations for incompressible fluids:

pF (3 +div(v ® v)) + Vp — uAv = prf in Z'(Qr), (1)

divv=0 in Qr, vy=0 =9 in 2r(0), 2)

where 27 (t) C §2 denotes the fluid domain at time 7,
Or ={t,x)/1€(0,T), x € 2r1)},

and f € L*((0,T) x £2)% is a homogeneous external bulk force, for instance
gravity. Let £2;(¢) be the bounded open connected subdomain of §2 representing
the i body at time ¢. For each body, we define the density p; > 0, the center
of gravity x g, (¢) and its velocity wg, (¢), the velocity field w;, the rotation vector
R; (1) and the symmetric inertial matrix J; € . ZZ(R%) by
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Q
Q)
F
= o 00 @ _dxg0)
7= zor Y00 T il low® . wa ="y
w; (1, x) = wg, (1) + Ri(t) x (x —xg, (1)) for x € £2;(1), 3)

‘yJiy =,3i/ ly x (x —xg,(0)|> dx forall y e R,
2;(0)

The evolution law of the i’ body is given by

dwg,
m; wG':/ U-nd1+/ oi f dx, @)
dt 32 (1) 2:()
dR;
Ji— =R; x (J; - R;) + (x —xG,(t)) x (0 -n)dr
dt 992;(1)
+ / pi(x —xG,n) x fdx, ®)
£2i (1)

o = 2uD(v) — pI denoting the stress tensor of the fluid, where the strain tensor
D(v) is defined as the symmetric part of Vv. Indeed, the local force applied by the
fluid on an elementary surface dt of 9£2;(¢) with normal n pointing outside the
solid is o - n dt. Next, we write the initial condition on w; as

Wi o (x) = w)(x) = wg, (0) + Ri(0) x (x — x¢,(0)). (6)
At the domain boundary, we enforce homogeneous Dirichlet boundary conditions
v=0 on 32 NIRF(1), @)

and at the interface between the fluid and solid bodies, we require the velocity and
the stress to be continuous in the normal direction

w;-n;=v-n; and o -n; =T; on 382;(t), t =20, (8)
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where —T; is the force applied by the i’ body on the fluid. Notice that it can be
expressed in terms of the Cauchy stress tensor X; in the solid as T; = X; - n;.

This problem is “formally well-posed”, since a priori bounds for finite energy
solutions are easy to derive from (1)—(8). A similar observation for a somewhat
different model was already made in [6, 7, 11].

In the case of one heavy enough rigid disk interacting with a two-dimensional
viscous incompressible fluid, local existence of strong solutions has been proved
in [10, 11]. In the case of one rigid body in the whole space under the action of
gravity, see [13, 14]. See also [8] for a different problem in the whole space.

In this paper, we introduce a global weak formulation for the above problem. For
initial velocities in HO1 (£2), we show the existence of solutions by using techniques
which are related to those used to solve the multifluid Navier-Stokes problem (see
[12, 1])). One of the key arguments involves the DIPERNA-LIONS theorem on com-
pactness of sequences of solutions to linear transport equations [5]. Our method
requires some additional regularity: o;u € L2((0, T) x £2)?. This explains why our
results are limited to solutions local in time in dimension 3, since such a regularity
property for global weak solutions to the homogeneous Navier-Stokes equations
(without solids) is still unknown. Apart from this limitation, the lifespan can also
be affected by the appearance of body-body or body-boundary collisions.

In a forthcoming work, we shall address the case of deformable bodies embed-
ded in an incompressible fluid.

The paper is organized as follows. In Section 2, we introduce the weak formula-
tion for the fluid-solid interaction problem. Our main theorem is stated in Section 3,
and is proved in Section 5. Section 4 is devoted to the derivation of a priori bounds
and compactness results needed in Section 5, where we sketch the approximation
procedure. The construction of approximate solutions will be found with greater
details and in a more general framework in [4].

2. Alternative Formulation

In order to give a more global formulation of (1) —(8), we introduce the Eulerian
densities pr(f, x) = prloy)(x), pi(t,x) = pilg,()(x) and the global density
of the system p = pr + Zf:l pi. We also define in £2 the global velocity u by

W, x) = {v(t,x) in Q2p(), ©
T lwi, x) in i), 150 <k,

Thus, in view of the conservation of mass, the density function p is the solution of
the linear transport equation

drp + div(pu) = 0. (10)
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On the other hand, denoting the global rate-of-deformation tensor by D(u) =
%(Vu +!Vu), we can formulate the evolution of the momentum for the fluid as

O (pru) + div(pru @ u)

k 11
= piF v (pr @uD@) — pI) + Y~ 5 Vo b prf.
i=1 "

Note that X; - Vp; is supported on 9£2;(¢) since it is a surface force.

On the walls, we enforce homogeneous Dirichlet boundary conditions
132 = 0. Moreover, the incompressibility of the fluid, the rigidity of the structure
and (8) readily imply that diva = 0.

In order to derive the equations for the solids, we remark that (4), (5) can be
expressed in terms of Eulerian quantities as follows

, 1 1
d (piu) +div(pju @u) = pi f + —div(p; Xi) — — o - Vp;,  (12)

] 1
where the right-hand side is the sum of the external force, the internal rigidity force,
and the force applied by the fluid on the surface.

Summing (11) and the k equations (12), using (8) and introducing the global
stress tensor .7, we obtain the global system in & ((0, T) x 2)4:

o;(pu) + divipu @ u) =div.7 + p f, (13)
1 ko
T =——pro+)  —piZi, (14)
PF ; 1,01'
divu =0, 9;p+div(ou) =0, p;Du)=01=5i <k, (15)

supplemented with the initial conditions

vo(x) in 27 (0),
ui=o(x)=4y ) )
w; (x)=wg, (0)+R;(0) x (x—xg,(0) in £2;(0), i=1,..., k(16)
pi,o(X) = pilg0)(x), 1Zi =k, prox) = prle.o ),
k
Pi=0 = 0 == PF.0+ ) Pi0 » A7)

i=1

where (27 (0), £21(0), ..., £2¢(0)) is a given open partition of 2. More precisely,
we assume that §2; (0) are C!-! open domains such that

k
2,0 C 2, £20Nn0L0)=0 forifj, Qp0O)= Q\U.Qi(O). (18)
i=1
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Taking the inner product of (13) with u and integrating the product by parts,

we obtain the total energy conservation of the system, i.e., Cé—? = 0, where £ =
Ey + Eq + E,, Ey is the kinetic energy:

k
Ei :/ LoluPdx :/ sorluldx+ 303 (miluc, P+ RiJiR) . (19)
2 2 .
i=1

E, is the viscous dissipation:

t
Eg=— f / upr D(w) : D(u) dx ds, 20)
PF JOJR

and E,, the total work of the external forces f

t
Epz—//pf'udxds. 21)
0 Je

Thus, formally, the energy satisfies the a priori estimate

t t
/%p|u|2dx+u// |Vu|2dxds§/ %,00|u0|2dx+// o f udxds
2 0JR2 2 0JR2 (22)

Notice that in the case of curl-free time-independent bulk forces f = VW (for
instance gravity for which W (x) = —yx,4), we have

t
// ,of-udxds:/ W(x),o(t,x)dx—/ W(x)po(x)dx, 23)
0/ Q 2

Let us now make precise the notion of weak solutions of the above physical
system.

We say that (p, u) is a weak solution of (13)—(17) in (0, T') if it satisfies the a
priori energy bounds

p € L®(0,T)x 2), uelL®0,T;L*2)?NL*0,T; Hi (2))°,

and if for all ¢ € 7" and for almost every ¢t € (0, T),

t
f()/g(pu~at¢+pu®u:D(¢)—uD(u):D(¢)+pf-¢)dxds

+ [ oo dx = ( [ pu-gax)o 4

dp +diviow) =0 in Z((0,T) x £2), (25)

divu =0, pD) =0, 1<i<k, (26)

upe =0, po e L®(R2) satisfies (17), ug € L*(2)4, (27)

where 7 is defined by

7 = {¢ e H'((0,T) x 2)% / ¢(t) € V(1) Vi € (0, T)}, (28)
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and

V<r)={¢eH&<sz>"/div¢=o, pi(HD($) =0, 1§i§k}. (29)

In this formulation, the Lagrange multipliers of the problem, namely the pres-
sure p and the Cauchy stress tensors X; of the solids, no longer appear, since the
corresponding constraints are taken into account by the choice of test functions.

3. Main Theorem

Let us define the minimal distance 6(¢) by
8(t) = min{d(!?,-(t), 2;(),d($2;(t),082), i,j=1,...,k; i j},

and make the following assumptions on the data:

uo € Hy(2)?, divug =0, pioD(uo) =0, 1<i <k, (30)
fe L0, T) x 2)¢ forall T >0, 31)
5(0) > 0. (32)

We now state our main result:

Theorem 1. Under assumptions (30)—(32), there exist T* € (0, +0o0] and a solu-
tion (p, u) of 24)—~(27) such that

e B(p) € C([0,T]; LP(£2)) N L*®°((0,00) x ) forall T < T*, p < oo and
B € C'(R; R).

o ucL®0,T; H} () and d;u € L*((0, T) x £2)? forall T < T*.

o Ifd =2, then T* = min{t /8(t) = 0}, and u € L*(0, T; Wol’p(.Q))2for all
p<4oo, T <T*

o Ifd =3, thenu € L*(0, T; Wy'°(£2))? for all T < T* and T* = +o00 only if
[ 12200, 400)x2) T VU0 12(g2) is small enough and §(t) > O for all t > 0.

Moreover, the energy inequality (22) holds for all time t € (0, T*).

Remark. In dimension d = 2, a more precise regularity result is available for the
velocity u: There exists y € L2 ([0, T*)) such that for all p € [2, o)

loc

IVu(t, )re) S C/py() forall 1 < T*. (33)
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4. Auxiliary Results

4.1. Elliptic Estimates in Time-Dependent Domains

Lett € (0, oo) be such that §(¢) > 0 and consider the Stokes problem satisfied
by u in the fluid domain

—uAu+Vp =g, divu=0 in Qp@), upe =0, upe.w = Wijpe -

That u and w;, and not only their normal components, coincide on 9§2; (¢) derives
from the viscosity term in the equation which yields H'! a priori bounds on u (see
(22) and the beginning of the next section). By using ad hoc cut-off functions and
using the rigid structure of the velocity in £2;(¢), we deduce in dimension 2 that for
all p > 2,

- 2/p
1-2 _
IVulrre) = C«/ﬁ|g|Lz((/2i(,)) (qu|L2(Q) +34 l|M|L2(.Q)>

+Cy/p (1Vul 2y + 87 1l gy ) 8297,
whereas in dimension 3, we have
|Vu|L6(_Q) é C(|g|L2(QF(I)) + 871|VM|L2(_Q) + 872|u|L2(.Q))’
so that in particular

1/2

12
) lgl om0

\Vat| 2ara-n gy < C(IVul 20y + G — )8 ul 2
+C57V2 IVl 2y + €5 Ul 2. (34)

4.2. A Priori Bounds on the Velocity

Taking ¢ = u in (24), we obtain formally

t
/%p(t)|u(t)|2dx+u// |Vu|?dx ds
2 0J8R2

t
=// pf-udxds+/ Lpoluol*dx, (35)
0JR2 2

so that we have the natural energy bounds p € L*((0, T) x £2), ./pu € L*°(0, T;
L*(2))%,u € L*(0, T; H} (£2))? provided that f € L?((0, T) x £2)“. Let us point
out that in the case when f reduces to gravity forces: f = —y ey with y > 0, the
left-hand side of (35) can be estimated globally in time by

/ 3poluo*dx +2y / podx. (36)
2 2

Starting from H(} (£2) initial velocities u(, we obtain additional bounds by taking
¢ = 0;u in (24) and integrating by parts. Indeed, assuming that u is suitably smooth,
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which will be the case in the approximate problem introduced in Section 5, d;u can
be taken as a test function in the weak formulation, since p;Du = 0 implies that
piD(0;u) = 0. Thus, by the Cauchy-Schwarz inequality, there exists a constant
C > 0 depending only on p and |pg|z(s) such that

t t
// ,0|8,u|2dxds+/ |Vu(t)|2dx§C/ |Vuo|2dx+C/ |f|iz(mds
0J8R2 2 2 0

t
+cf0 |u-Vu|§2(mdxds. (37)

We now have to estimate # - Vu in terms of the left-hand side of (37). Writing
the equation for the fluid as a Stokes problem at some fixed time ¢ > 0 and using
the results of the preceding section and the Gagliardo-Nirenberg inequality written
as
B-d)/2| (d-1)/2

we deduce that

2 2 2
|u : Vu|L2(_Q) é |u|L2d(_Q)|Vu|L(2d)/d—l(Q)
< d+1 3
= C(S |u|L2(Q)|Vu|L2(Q) + C(S |u|L2(Q)|Vu|L2(_Q)

+C|u|L2(Q)|Vu|L2(_Q) |patu + pu - Vu — pf'Lz(.Q)

x(IVal 20y + 3 — )8 ul 2(0)) (38)
< elpdu+ pu - V= pfl]s g +Ce ullsr ) IVl o
+C@3 - d)e—15—2|u|i<24(;;;>|Vu|i(2d(;2‘)>
+C8Mul ol IVulyd o) + C8 sl IVullyg, (39

for all ¢ > 0. Denote

t
Ao(t) = Vol 72 o) + / |f132i@)dss Bo(t) = luol7s ) + [0 |f 1320 ds-

In dimension 2, for ¢ small enough, (37), (39) and Poincaré’s inequality yield

t
fo 18,172 gy ds + VU @72 g

t

<c(am+ | (((1+Bo(r)2>8<s>—2+Bo(r>8<s)—3)|Vu|iz(m 40

+Bo(1)|Vuly, o) ds
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whereas in dimension d = 3, we obtain

t
f 18,172, ds + VU171 g
0 (41)

< C(Ao(t) n /Ot ((8@)*2 + Bo(t)s(s)*) Va2, g + |Vu|§2(m) ds).

Estimates (40), (41) enable us to conclude our proof by looking separately

at the 2- and 3-dimensional cases. In dimension d = 2, since f(; |Vu|i2(9)ds <

C By(t), Gronwall’s lemma allows us to prove that
! 2 2
/() |alu|L2(9)dS+ |Vu(t)|L2(_Q)

t
< CAo(t)exp<CBo(t)2+C/ ((l+Bo(t)2)8(s)_2+Bo(t)8(s)_3)ds). (42)
0

In dimension d = 3, there exists n > 0 such that

t
/0 18,172y ds + IVUD)I72 o) S CAGNH (D), 43)

where
t
H(t) = exp (C/ (S(S)’2 + Bo(t)S(S)’3) ds) ,
0

provided that either the time ¢ is small enough:
tA0()?H (1)’ < n, (44)

or the data are not too large:

Bo(H) Ao H(1)* < 1. (45)

The preceding inequalities show that if §(0) > 0, §(¢) remains positive for ¢ > 0
small enough. Indeed,

t
8(1) = 8(0) —/O lu(s)|Lo(2)ds, (46)

and in dimensions 2 and 3, W, "*(£2) is embedded in L (£2).

Remark: The above estimates show that smooth enough solutions of (24)—(27) sat-
isfyu € L0, T; HO1 (£2)4 N L®, T; L*(2))? as long as they exist. Moreover,
a priori bounds for d;u in L2((0, T) x §£2)? and for u in L%(0, T; W4(2))? are
available whenever there is no collision, and the above criteria on small time or
small data are met in dimension 3. Note finally that 3,u € L>((0, T) x £2)¢ and

u € L2(0, T; W*(£2))4 imply for instance that u € C%2 ([0, T'; Hi(2))".
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4.3. Compactness Results

Let (p", u™) be a sequence of weak solutions of (24)—(27) in (0, T') such that p"
is bounded in L°°((0, T) x £2) uniformly in n, u" is bounded in L%(0,T; HO1 £2)N
Wh4(2)?, 9,u™ is bounded in L>((0, T) x £2)¢ uniformly in 7, p( converges to
0o in L2(2), g converges to 1% in L2(£2)4, for all " € 7,

(f p"u'l.qs”dx) (t)=/ p2ul - $"(0, ) dx
2 2

t
+ // (pnun -3t¢n+p"u”®un:D(¢")
0J8

—uD@"):D@") + p" f - ¢" )dx ds, @7)
3 p" +div(p"u") =0, diva" =0, p!'D@") =0, 1=i =k, (48)
a =inf {8,(t), t €[0,T], n = 0} > 0, (49)

where §, is defined as § in Section 3 with u replaced by u".

The bounds derived in Sections 4.1, 4.2 allow us to use the DIPERNA-LIONS
stability results [5] for linear transport equations: There exists (o, #) such that up to
the extraction of a subsequence, 8(p") converges to 8(p) in L*°((0, T) x §2) weak
« and in C ([0, T]; LP(£2)) forall p < +oo and all 8 € C!(R), and u” converges
to u in C([0, TT; Hy(£2))? for all s < 1. Moreover, u € L?(0, T; W!*(£2))4,
du € L2((0,T) x )¢, divu = 0, p; D(w) = 0for 1 < i < k, and 3;p +
div(pu) = 0. We now have to prove that (47) holds for all given ¢ € 7. First,
for 1 < i < k we introduce the invertible affine transformation 7" (¢) defined by
QI'(t) = T;"(t)2]'(0), and similarly we introduce 7;, and we observe that for n
large enough

sup (1T (t) — Ty ()] + |17 (1) — T;(0)])
1<5i<k, te(0,T)

< Cr sup loju" — Piu|Lw(o,T;L2(Q)) S (50)

o
15i<k 4

since p!'u" converges to p;u in C([0, T]; L2(£2))4. Next considering a cut-off
function x € C*°(R™) such that x = 1 in [0, %] and x = 0in [1, 0c0), we define

¢i as
¢i(t, x) = curl (X <M) Alt, x)) ,

where A is a current function for ¢ in §2, i.e., ¢ = curl A (curl denotes V x when
d = 3, and denotes V+ when d = 2). We now define ¢ as

k
v=0-) ¢
i=l1
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Hence, we construct a new test function ¢" € %, as
k
P10 =) + Y ¢ (LT o T 0™ x),
i=1

for which we know that (47) holds. The preceding bounds (50) imply that ¢" con-
vergesto ¢ in C ([0, T']; LZ(.Q))d. Moreover, D(¢") and 9,¢™ converge respectively
to D(¢) and 9;¢ in L2((0, T) x £2)4, so that all the quantities in (47) pass to the
limit.

5. Proof of Theorem 1

For any ¢ > 0 such that ¢ < ;118(0), let p;; € C*°(£2) be a regularization of po
defined as

pio=0in 2£(0), piy(x) = p; if d(x, 2r(0)) = 2¢, 0 < pj < p; otherwise,

k & k
_ Pio
P50 = PF (1 -3 ’—) . b= Phot+ D Pl

i=1 " i=1
pio convergesto pio in LP(2) (1= p<+oo, 1=iZk).

Also, we introduce a regularizing operator r, which maps L0, T; HO1 (.Q))d into
L?(0, T; C5(£2)) for all k = 0, such that divr, () = O for all u for which
divu = 0. Then, by following the same steps as in the proof of Theorem 2.6 in [12],
we find that p® € L°((0, T) x 22),u® € L*®(0, T; L*(£2))Y N L2(0, T; H} (£2))¢
are solutions of

t
/ / (p°u’ - 3¢ + p°re(®) ® u” : D(¢) — uD®) : D(¢) + p° f - ¢) dx dt
0J8
—l—/ pors (o) - ¢(0,.) dx = (/ ofut - ¢ dx) ), (51)
2 2
divu® =0, pf D@®) =0, 1<i <k, in Z'((0,T) x £2), uho =0, (52)
8:0f +div(re(u)pf) = 0, pf_g=ply 1Si <k, (53)
80" +div(re(w®)p®) = 0. pf_y = pf (54)
for almost every ¢ € (0, T') and for ¢ in the space of test functions defined by

7 ={p e CO. ) x 2)! /) e VIO V1 € 0.T)},  (55)

with

Ve = {¢ € C(2)? /dive =0, and pf()D($) =0, 1 <i <k}. (56)
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Solving this problem means solving first an appropriate linear problem, then
applying a fixed-point theorem. This is made possible by the a priori estimates
of Section 4.2 and the compactness results of Section 4.3. For all details on this
procedure in a different but related situation, see [9].

By the estimates derived in Sections 4.1 and 4.2, we obtain uniform bounds
for (p°, uf) in L0, T) x £2) x L*(0,T: HOI(Q))d. Moreover, d;u’ is also
uniformly bounded in L2((0, T) x £2)¢ when d = 2, or when d = 3 and either
T or the initial data are small enough (see (44) and (45)). This essentially follows
from the fact that for every ¢ € Z°¢, 9,¢ belongs to Z°¢, since by (54), we have
|supp(0; pf ) N supp(D(¢))| = 0 and so, we can take d,u° as a test function. Let us
next take t € (0, T) such that

lim sup (inf {8:(¢) / t € [0, 7]}) > O. 57

e—0

A straightforward modification of the compactness results described in Section
4.3 gives the existence of (p, #) such that up to the extraction of a subsequence,
for all B € C'(R), B(p?) converges to B(p) in L¥((0, 7) x £2) weak # and in
C([0, t]; LP(£2)) forall p < +00, and u® converges tou in C ([0, t]; Hg (.Q))d for
alls < 1.Inaddition, u € L2(0, T; W*(£2))?, 8,u € L?((0, 7) x £2)?,divu = 0,
piD) = 0for1 < i <k, and 9;p + div(pu) = 0. It follows that (p, u) is a
solution of (24)—(27). O

6. Comments

Let us first mention that some unbounded domains can also be treated by similar
techniques (see for instance the regularity results in [12] and the approximating
process in [1]).

Notice also that the case of N incompressible immiscible fluids interacting
with k rigid bodies can be handled similarly, by adapting our weak formulation in
a straightforward manner.

Finally, in dimension d = 2, the L?(0, T; W' (£2) N H}(£2))? bounds (33)
on u, for all p, enable us to show that

lu(t, x) —u(t, y)| = Cy@®)lx — J’|\/’1°g ('x — YA %)‘

forall (x, y) € 2% andt < T* (see [3]). Hence, we can prove by an easy Gronwall-
type lemma that for all # > 0 and for all (x, y) € 2% andr < T*,

2
V(S)ds) )

where X denotes the Lagrangian flow of u defined by X = u(, X) and
X (0, x) = x. In particular, X € C%¥([0, T*) x £2)> forall « € (0, 1).

t

C
X (tx) = X (1 )] = Jx =y P exp (- (/
0
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