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Abstract

In this paper we study the convergence of weak solutions of the Navier-Stokes
equations in some particular domains, with different horizontal and vertical vis-
cosities, when they go to zero with different speeds. The difficulty here comes from
the Dirichlet boundary conditions. Precisely we show that if the ratio of the vertical
viscosity to the horizontal viscosity also goes to zero, then the solutions converge
to the solution of the Euler system. We study the same limit for rotating fluids with
Rossby number also going to zero.

1. Introduction

The zero-viscosity limit for the Navier-Stokes equations for incompressible
fluids in a bounded domain, with Dirichlet boundary conditions, is a challenging
problem due to the formation of a boundary layer satisfying the Prandtl equations,
which seem to be ill-posed. The case of the whole space was treated by several
authors; we can refer, for instance, toSwann [13] and Kato [7].

In another work,Kato [6] gives some equivalent formulations of this problem
in the case of bounded domains, showing that the convergence to the Euler system is
equivalent to the fact that theL2 strength of the boundary layer goes to 0. Recently,
Caflisch & Sammartino [3] solved the problem for analytic solutions on a
half space by solving the Prandtl equations.

In this paper, we show without using the Prandtl equations, and in some particu-
lar domains such as the half-space, that if the ratio of vertical viscosity to horizontal
velocity also goes to zero, then all the weak solutions of the Navier-Stokes equa-
tions converge to the expected limit, namely, the solution of the Euler system. In
general, the anisotropy of the viscosity coefficients is not natural. However, this
is a classical situation in geophysical fluids. In fact, instead of putting the classi-
cal viscosity−ν̃1x,y,z of the fluid in the equations, meteorologists often model
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turbulent diffusion by using a viscosity of the form−AH1x,y − AV ∂
2
zz, where

AH andAV are empirical constants, and whereAV is usually much smaller than
AH (for instance, in the ocean,AV ranges from 1 to 103 cm2/sec whereasAH
ranges from 105 to 108 cm2/sec. We recall that the viscosity of the water is of order
10−2 cm2/sec). We refer to the book ofPedlovsky [12, Chapter 4], for a more
complete discussion.

In the second part we show that weak solutions of the Navier-Stokes equations
with a large Coriolis term converge to the Euler system with a damping term as
the Rossby number and the horizontal and vertical viscosities go to zero, by using
the Ekman layer [4] in the case of appropriate initial data. The case of general
initial data, possibly depending onz, will be investigated in a forthcoming paper.
This system was studied byGrenier & Masmoudi [5] in the case of constant
horizontal viscosity. The energy estimates here are different from those of [5] since
|∇xyu| is no longer bounded here. We refer to the introduction of that paper for a
physical discussion of this model.

1.1. Statement of Theorems

1.1.1. The Euler Limit of the Navier-Stokes Equations

We consider the system of equations

∂tu
η,ν + ∇(uη,ν ⊗ uη,ν)− ν∂2

z u
η,ν − η1x,yu

η,ν = −∇p + Fη,ν in �, (1)

∇ · uη,ν = 0 in �, (2)

uη,ν = 0 in ∂�, (3)

uη,ν(0) = u
η,ν
0 with ∇ · uη,ν0 = 0 (4)

where� = ω × [0, h], or � = ω × [0,∞[, andω = T
2, or [R2, 1x,y denotes

the two-dimensional Laplace operator in the variablesx andy, Fη,ν is an exterior
force which converges toF 0 in L1(0, T , L2(�)3), whereT 5 ∞, anduη,ν0 is a
divergence-free initial condition converging strongly inL2(�) to a functionu0, as
η, ν go to 0.

Let us recall a result concerning the Euler system in�:

∂tw + ∇(w ⊗ w) = −∇p + F 0 in �,

∇ · w = 0 in �,

w · n = ±w3 = 0 on ∂�,

w(t = 0) = w0.

(5)

It is known that ifs is given,s > 5
2, and

w0 ∈ Hs(�)3, ∇ · w0 = 0, w0 · n = 0 on ∂�,

F 0 ∈ L1(0, T ;Hs(�)3),
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then there existsT ∗, and a unique solution of (5), defined on [0, T ∗] and satisfying

w ∈ L∞(0, T ∗;Hs(�)3).

We refer to [1] and [15] for a proof of this classical result.

Theorem 1.1. Let uη,ν(0) converge inL2(�) to w0, Fην converge inL1(0, T ,
L2(�)) toF 0, andν/η converge to0. Then, there exist global weak solutionsuη,ν

of (1)–(4)such that

uη,ν − w → 0 in L∞(0, T ∗, L2(�)),

√
η∇x,yuη,ν,

√
ν∂zu

η,ν → 0 in L2(0, T ∗, L2(�)).

1.1.2. Rotating Fluids

We consider this system of equations

∂tu
ε,ν,η + ∇(uε,ν,η ⊗ uε,ν,η)− ν∂2

z u
ε,ν,η − η1x,yu

ε,ν,η

+ e3 × uε,ν,η

ε
= −∇p

ε
+ Fε,ν,η in �,

(6)

∇ · uε,ν,η = 0 in �, (7)

uε,ν,η = 0 on ∂�, (8)

uε,ν,η(0) = u
ε,ν,η
0 with ∇ · uε,ν,η0 = 0, (9)

where� = T
2 × [0, h] ande3 is the unit vertical vector. In the sequel we omit the

parametersε, ν, η if no ambiguity can occur.
These equations describe the evolution of an incompressible three-dimensional

fluid in a rotating frame,ε−1e3 × uε,ν,η being the Coriolis force created by the
rotation at high frequencyε−1.

We assume thatuε,ν,η(0) converges inL2(�) to w0, wherew0 ∈ Hs , s > 2,
w0

3 = 0,
∫
w0 = 0, andw0 does not depend onz, and thatFε,ν,η converges in

L1(0, T , L2(�)) to F 0, whereF 0 ∈ L2(0, T ,Hs), F 0
3 = 0, andF 0 does not

depend onz. We also assume thatε, ν, η go to zero.
By assumption, the initial data do not depend onz. This is linked to the Taylor-

Proudman theorem [14] which says thate3 × u is a gradient if and only ifu is
independent ofz.

Let us recall a result concerning the Euler system with a damping term in the
two-dimensional case (ω = T

2):

∂tw
ε,ν + ∇(wε,ν ⊗ wε,ν)+ √

ν/ε
√

2
h
wε,ν = −∇p + F 0,

∇ · wε,ν = 0,

wε,ν(t = 0) = w0.

(10)

If s is given,s > 2, and
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w0 ∈ Hs(T2)2, ∇ · w0 = 0,
∫
w0 = 0,

F 0 ∈ L1(0, T ;Hs(T2)2),

then there exists a unique strong solutionw of (10) such that

w ∈ L∞(0, T ′;Hs(T2)2) for any T ′ < T,

w ∈ L∞(0, T ;Hs(T2)2) if T < ∞.

This can be proved by using the classical results of [8, 11]. We only notice that

since
√
ν/ε

√
2
h
wε,ν is a damping term, the bounds we get onw are uniform inε, ν.

We use|w|L∞(0,T ′,H s) to denote this bound.

Theorem 1.2. Letuε,ν,η(0) strongly converge inL2(�) tow0, andFε,ν,η strongly
converge inL1(0, T , L2(�)) to F 0. Then there exist global weak solutionsuε,ν,η

of (6)–(9), and a constant C(h), such that if

η > C(h)ε|w|2L∞ ,

then
uε,ν,η − wε,ν → 0 in L∞(0, T ′, L2(�)),

√
η∇x,yuε,ν,η,

√
ν∂zu

ε,ν,η → 0 in L2(0, T ′, L2(�)),

for anyT ′ < T .

1.2. Preliminary Results and Definitions

Let us denote byV 0 the subspace ofL2(�)3 consisting of divergence-free
vectors (divu = 0) that are tangent to∂� so thatu3(0) = 0, andu3(h) = 0 if
� = ω × [0, h]. Form = 0 we also set

V m = Hm(�)3 ∩ V 0 = {u ∈ Hm(�)3, div u = 0, u · n = 0 on ∂�}.
Let P be the orthogonal projection ofL2(�)3 ontoV 0. We recall thatP is also
a linear continuous operator fromHm(�)3 into itself; hence

|P (u)|Hm 5 C|u|Hm.

We use some classical results concerning the Sobolev spacesHs(Rd), namely,
if s > 1

2d, t ∈ R+, then

|u|L∞ 5 C|u|Hs , |u v|Ht 5 C|u|Hs |v|Ht ,

whereu ∈ Hs , andv ∈ Ht .
We also need a trace theorem: fort > 1

2,

|u|∂�|Ht−1/2(∂�) 5 C|u|Ht .

We recall the Hardy-Littlewood inequality∣∣∣∣1

z

∫ z

0
f (t)dt

∣∣∣∣
L2(R+)

5 C|f |L2(R+);
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we refer for instance to [9] for a proof of these two classical results. Finally we
show a lemma of Gronwall’s type.

Lemma 1.1. Letα > 0 and leta, b, c be nonnegative functions inL1(0, T ) satis-
fying ∫ T

0
a(t)dt 5 C,

∫ T

0
b(t)dt 5 Cα,

∫ T

0
c(t)dt 5 Cα2.

If a nonnegative functionf satisfies

∂t (f
2) 5 a(t)f 2 + b(t)f + c(t), f (0) 5 Cα,

then|f (t)| 5 Mα, for all t = 0, whereM depends only onC.

Proof. We have

b(t)f = b(t)

α
αf 5 b(t)

α
f 2 + b(t)

α
α2.

Hence denoting

ã = a + b(t)

α
, c̃ = c + b(t)α,

we have∫ T

0
a(t)dt 5 C′,

∫ T

0
c(t)dt 5 C′α2, ∂t (f

2) 5 ã(t)f 2 + c̃(t).

The standard Gronwall Lemma implies that

|f 2(t)| 5 exp

(∫ t

0
ã(s)ds

) [
f 2(0)+

∫ t

0
c̃(s)ds

]
;

hence

|f (t)| 5 Mα.

Notice that this bound does not depend onT . This concludes the proof of the
lemma. ut

2. The Euler Limits of the Navier-Stokes equations

If we try to use energy estimates to show thatuη,ν − w remains small, we see
that the integrations by parts introduce terms that we cannot control, sinceuη,ν −w
does not vanish at the boundary.
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2.1. Construction of the Boundary Layer

We construct a boundary layer which allows us to recover the Dirichlet boundary
conditions. Therefore,B is a corrector with smallL2 norm, localized near∂�.
We assume that� = ω × [0,∞[, and construct the boundary layer nearz = 0. In
the case� = ω × [0, h], the construction is the same nearz = h. SoB has to
satisfy

B (z = 0)+ w(z = 0) = 0, B (z = ∞) = 0. (11)

Usually, boundary layers are due to two or many terms of the same order. Here, we
add an extra term to obtain a simple expression. This is not a problem because the
boundary layer has a vanishingL2 norm.

− ν∂2
zB 1 = 1

θ
B 1, B 1(z = 0) = −w(z = 0), B 1(z = ∞) = 0, (12)

whereθ is a parameter that will be chosen later on. Obviously, we have

B 1
1 = −w1(0)e

−z/√θν, B 1
2 = −w2(0)e

−z/√θν . (13)

In order to respect the divergence-free condition, we must addB 1
3 so that

∂zB 1
3 = −(∂xB 1

1 + ∂yB 1
2 ).

Hence, we have∂zB 1
3 = ∂zw3(0)e−z/

√
θν . Integrating this, and using the condition

B 1
3 (z = ∞) = 0, we obtain

B 1
3 (z) =

√
θν∂zw3(0)e

−z/√θν .

Then, we see thatB 1
3 does not satisfy the correct boundary condition atz = 0.

All this suggests takingB of the form

B1 = −w1(0)φ
(
z/

√
θν

)
,

B2 = −w2(0)φ
(
z/

√
θν

)
,

B3 = −
√
θν∂w3(0)ψ

(
z/

√
θν

) (14)

whereφ andψ are smooth and satisfy

ψ ′ = φ,

φ(0) = 1, ψ(0) = 0,

φ(z) = ψ(z) = 0 for z > 1.

(15)

In conclusion, notice thatB is a linear combination ofw1(0), w2(0), ∂zw3(0) and
can be written as

B (z) = M(z)A(t, x, y)
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whereA = (w1(0), w2(0), ∂zw3(0)), andM is a (3,3)-matrix. Notice thatM is
composed of two blocks, namely,M a (2,2)-matrix andm a (1,1)-matrix and that
we have

|M(z)|L2
z

5 C

√√
θν, |m(z)|L∞

z
5 C

√
θν,

|z∂zM(z)|L2
z

5 C

√√
θν, |∂zM(z)|L2

z
5 C/

√√
θν,

|z2∂zM(z)|L∞
z

5 C
√
θν.

In fact,m satisfies a better estimate, namely,|m(z)|L2
z

5 C
√
θν

√√
θν, but

we do not use this refinement since we want to use the same proof for the case of
rotating fluids.

2.2. Energy Estimates

We now state a theorem more precise than Theorem 1.1. We recall thatuη,ν(0)
converges inL2(�) to w0, andFην converges inL1(0, T , L2(�)) to F 0, with
w0 ∈ V s andF 0 ∈ L1(0, T ,Hs).

Theorem 2.1. Let
|uη,ν(0)− w0|L2 5 Cβ(η, ν),

|Fην − F 0|L1(0,T ,L2(�)) 5 Cβ(η, ν)

with β(η, ν) =
√
η + √

ν/η, and converging to0. Then there exist global weak
solutionsuη,ν of (1)– (4)satisfying

|uη,ν − w|L∞(0,T ∗,L2(�)) 5 C(T ∗, w)β,

η|∇x,yuη,ν |2L2(0,T ∗,L2(�))
+ ν|∂zuη,ν |2L2(0,T ∗,L2(�))

5 C(T ∗, w)β2,

whereT ∗ 5 T andw is the strong solution of the Euler system(5) inL∞(0, T ∗, H s).

Proof. We prove Theorem 2.1, when� = ω× [0,∞[. The case of� = ω× [0, h]
can be handled similarly by considering a second boundary layer nearz = h.

For anyη, ν the existence of a weak solution of (1) – (4) can be shown by using
the Galerkin method. We refer here to [8] and to [16]. We find a sequenceu

η,ν
n

of smooth approximate solutions that converges weakly touη,ν in L∞(0, T , L2)

and inL2(0, T ,H 1). Let vη,ν = uη,ν − wη,ν − B , whereB is the boundary
layer constructed in the last section. Replacinguη,ν bywη,ν + vη,ν +B in (1) and
subtracting (5) yields

∂tB + ∂tv + u.∇v + w.∇B + B .∇B + v.∇B + B .∇w + v.∇w
− η1x,yB − η1x,yv − η1x,yw − ν∂2

zB − ν∂2
z v − ν∂2

z w (16)

= −∇q ′ + F − F 0.
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We take the scalar product of (16) withv yields to get

1
2∂t

∫
|v|2 +

∫
η|∇x,yv|2 + ν

∫
|∂zv|2

= −
∫
∂tB v −

∫
u · ∇vv −

∫
w · ∇B v −

∫
B · ∇B v

− ∫
v · ∇B v −

∫
B · ∇wv −

∫
v · ∇wv + η

∫
1x,yB v

+ η ∫
1x,ywv + ν

∫
∂2
zB v + ν

∫
∂2
z wv +

∫
(F − F 0)v

(17)

where we use the fact that
∫ ∇q ′v = − ∫

q ′∇.v = 0. (In fact, we should carry out
all these computations on the approximate sequenceu

η,ν
n , and then take the limit.)

In the sequel, we denote the first and second components ofv respectively byV1
andV2, and those ofB byB1 andB2, and so on.

We now have to bound each of the twelve terms of the right-hand side of (17).
In the sequel,C denotes any constant depending only onh, andc denotes a small
constant which will be chosen later.

1) First of all, we notice that

∂tB = M(z)∂tA,

and since∂tw = P (−w · ∇w + F 0), we have

|∂tw|Hs−1 5 C(h)(|w · ∇w|Hs−1 + |F 0|Hs−1) 5 C|w|2Hs + C|F 0|Hs−1.

Hence we have∣∣∣∣
∫
∂tB v

∣∣∣∣ 5 |∂tB |L2|v|L2

5 |M(z)|L2
z
|∂tA|L2

ω
|v|L2

5 C

√√
θν|∂tw(0)|H1|v|L2

5 C

√√
θν|∂tw|Hs−1|v|L2

5 C

√√
θν(|w|2Hs + |F 0|Hs−1)|v|L2

sinces − 1> 3
2.

2) Here, we write as usual∫
(u · ∇v) · v =

∫
ui∂i(

1
2v

2
j ) = −

∫
(∂iui)

1
2v

2
j = 0.

3) We split this term into two parts. On one hand,
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∣∣∣∣
∫
W · ∂x,yB v

∣∣∣∣ 5 |W · ∂x,yB |L2|v|L2

5 |W |L∞|M(z)|L2
z
|∇x,yA|L2

ω
|v|L2

5
√√

θν|w|2Hs |v|L2

since|∇x,yA|L2
ω
| 5 |w(0)|H2

ω
5 |w|Hs . (We recall here thatW denotes the first

and the second components ofw.) On the other hand,∫
w3∂zB v =

∫
ω

∫ 1

0
w3∂zB v

sinceB (z) vanishes forz > 1. Also∣∣∣∣
∫
w3∂zB v

∣∣∣∣ 5 |w3

z
|L∞|z∂zB |L2(ω×[0,1])|v|L2

5 |∂zw3|L∞|z∂zM|L2|A|L2
ω
|v|L2

5 C|w|Hs

√√
θν|w(0)|H1|v|L2

5 C

√√
θν|w|2Hs |v|L2

since|A|L2 5 |∇x,yw(0)|L2 + |w|L2 5 |w(0)|H1.

4) We split the integral into two parts:∫
B · ∇B v =

∫
B · ∇x,yB v +

∫
b · ∂zB v

5 |B · ∇B |L2|v|L2 + |b · ∂zB |L2|v|L2.

The first term is treated as the third term (see 3) above:

|B · ∇B |L2|v|L2 5 |w(0)|L∞|∂x,yB |L2|v|L2

5 C

√√
θν|w|2Hs |v|L2.

The second one is very easily treated:

|b∂zB |L2|v|L2 5 |m|L∞|A|L∞|∂zM|L2(z)|A|L2
x,y

|v|L2

5 C
√
θν|w|Hs

1√√
θν

|w|Hs |v|L2

5 C

√√
θν|w|2Hs |v|L2

since|∂zw(0)|L∞
ω
, |A|L2

ω
5 |w|Hs .
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5) We deal here with the “worst” term:

∫
v · ∇B v =

∫
V · ∇x,yBV +

∫
V · ∇x,ybv3 +

∫
v3∂zB v

= I1 + I2 + I3.

We first observe that

|I1| 5 2|V |2
L2|∇x,yB|L∞

5 |w(0)|
H2+r
ω

|v|2
L2

C 5 |w|Hs |v|2
L2,

wherer = s − 5
2.

Integrating the second term by parts, we find that

|I2| = | −
∫
(∂xv1 + ∂yv2)bv3 + v1b∂xv3 + v2b∂yv3|

5 |∇x,yv|L2|b|L∞|v|L2

5
√
θν|w|Hs |∇x,yv|L2|v|L2

5 cνθ |∇x,yv|2L2 + C

c
|w|2Hs |v|2L2,

while

I3 = I ′
3 + I ′′

3 , |I ′
3| =

∣∣∣∣
∫
x,y

∫
0
v3∂zBV

∣∣∣∣ .
Here, we use the fact thatv vanishes atz = 0, and thusv3 is small where∂zB is
large. We set�′ = ω × [0,1].∫

x,y

∫ 1

0
v3∂zBV dz =

∫
x,y

∫ 1

0

v3

z
z2∂zB

V

z
dz

5 |v3/z|L2(�′)|z2∂zB|L∞(�′)|v/z|L2(�′)

5 C|∂zv3|L2(�′)|z2∂zM|L∞|A|L∞|∂zv|L2(�′)

5 C|∂zv3|L2(�′)
√
θν|w(0)|L∞|∂zv|L2(�′)

5 C
√
θν|w|L∞|∇x,yv|L2|∂zv|L2

5 cη|∇x,yv|2L2 + Cθ |w|2L∞

cη
ν|∂zv|2L2.

Next, we have

|I ′′
3 | =

∣∣∣∣
∫
v3∂zbv3

∣∣∣∣ 5 C|w|Hs |v|2
L2.
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6) This term is handled like the third and fourth terms:∫
B · ∇wv 5 |B |L2|∇x,yw|L∞|v|L2

5 C

√√
θν|w|2Hs |v|L2.

7) As for the sixth term, we have∣∣∣∣
∫
v · ∇wv

∣∣∣∣ 5 |∇w|L∞|v|2
L2

5 |w|Hs |v|2
L2.

8) Integrating by parts, we find that

η

∣∣∣∣
∫
1x,yB v

∣∣∣∣ 5 cη

2
|∇x,yv|2L2 + η

2c
|∇x,yB |2

L2

5 cη

2
|∇x,yv|2L2 + C

c
η
√
θν|w|2Hs .

9) Similarly, we have

η

∣∣∣∣
∫
1x,ywv

∣∣∣∣ 5 cη

2
|∇x,yv|2L2 + η

2c
|∇x,yw|2

L2

5 cη

2
|∇x,yv|2L2 + C

c
η|w|2Hs .

10) Integrating by parts once more, we obtain

ν

∣∣∣∣
∫
∂2
zB v

∣∣∣∣ 5 ν

2c
|∂zB |2

L2 + cν

2
|∂zv|2L2

5 cν

2
|∂zv|2L2 + Cν|∂zM|2

L2|A|2
L2

5 cν

2
|∂zv|2L2 + Cν

1√
θν

|w|2Hs

5 cν

2
|∂zv|2L2 + C

c

√
ν

θ
|w|2Hs .

11) Similarly, we obtain

ν

∣∣∣∣
∫
∂2
z wv

∣∣∣∣ 5 ν

2c
|∂zw|2

L2 + cν

2
|∂zv|2L2

5 cν

2
|∂zv|2L2 + C

c
ν|w|2Hs .
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12) Using the Cauchy-Schwarz inequality, we have∫
(F ην − F 0)v 5 |Fην − F 0|L2|v|L2.

Adding up the estimates for the twelve terms yields

1
2∂t |v|2L2 + η|∇x,yv|2L2 + ν|∂zv|2L2

5 c(η + νθ)|∇x,yv|2L2

+ ν(c + θ |w|2L∞

cη
)|∂zv|2L2 + C

(
η +

√
ν

θ

)
|w|2Hs

+C|w|Hs |v|2
L2 +

(
C

√√
θν

(
|w|Hs + |w|2Hs

)
+ |Fη,ν − F 0|L2

)
|v|L2.

(18)

Until now, we only assumed thatη, ν, θ < 1. In the sequel we assume thatν < η,
andν < θ . Takingc small enough we can absorb the|∇x,yv|2L2 and|∂zv|2L2 of the
right-hand side into the left-hand side, provided that

θ 5 C(h)
η

|w|L∞
. (19)

We can suppose that (19) holds becauseθ is a free parameter. In fact, we take
θ = C(h)η/|w|2L∞ . We notice then that (18) leads to

1
2∂t |v|2L2 5 a(t)|v|2

L2 + b(t)|v|L2 + c(t)

with

a(t) = C|w|Hs ,

b(t) = C

√√
θν

(
|w|Hs + |w|2Hs

)
+ |Fη,ν − F 0|L2,

c(t) = C

(
η +

√
ν

η
|w|2Hs

)
|w|2Hs .

The conditions of Lemma 1.1 are then satisfied, with

α = β = C

√
η +

√
ν

η
.

This yields
|vην |L∞(0,T ′,L2) 5 Mβ,

whereM is a constant that depends only onh, and|w|L∞(0,T ′,H s), while the esti-
mates onB yield

|B |L∞(0,T ′,L2) 5 C

√√
θν 5 Cβ,
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whence

|uη,ν − w|L∞(0,T ′,L2) 5 C(T ′, w)β.

We also have

η|∇x,yv|2L2 + ν|∂zv|2L2 5 M ′β2,

and since

|∇x,yB |2
L2, |∇w|2

L2 5 K,

ν|∂zB |2
L2 5 Kν × 1√

θν
= K ′

√
ν

η
,

we find that

η|∇x,yuη,ν |2L2(0,T ′,L2(�))
+ ν|∂zu|2L2(0,T ′,L2(�))

5 C(T ′, w)β2.

Then, if we assume thatη → 0 and thatν/η → 0, we easily conclude the proof
of the theorem.

Remarks.1) There is no need to take subsequences because we do not use com-
pactness results here: We start with a solution of the limit system and construct an
approximate solution, and then prove that there is a solution near this approximate
solution.

2) Notice that the theorem does not give any information about the “real” boundary
layer. Therefore it gives us more information aboutuη,ν than the simple convergence
tow in theL2 norm, namely,

η|∇x,yuη,ν |2L2 + ν|∂zuη,ν |2L2 5 M ′β2. (20)

This shows that there is no energy dissipation in�. In [6], whenη = ν, and for
general bounded domains,Kato shows that the absence of dissipation in� is
equivalent to the absence of dissipation in the boundary strip of widthcν, and also
equivalent to the convergence ofuη,ν to the solution of the Euler equation. The
proof of Kato can be extended to the case whereη andν are different.

3) If β =
√
η + √

ν/η, andν/η3 is bounded, then (20) yields that∇x,yuη,ν is
bounded inL∞(0, T ′, L2).

4) The theorem can be extended to the case of dimensiond, whered = 2, by taking
s > 1

2(d + 2), which allows us to have the existence for the Euler system and to
bound|A|L∞ by theHs norm ofw. Moreover, whend = 2, the Euler system has
a global solution and the convergence is then global and uniform on any compact
time interval.



388 N.Masmoudi

3. Rotating Fluids

As in the second section, we now prove a theorem more precise than Theorem
1.2. We recall thatuε,ν,η(0) converges inL2(�) to w0, andFε,ν,η converges in
L1(0, T , L2(�)) to F 0 , wherew0 ∈ Hs , s > 2,w0

3 = 0,
∫
w0 = 0, andw0 does

not depend onz. We also suppose thatF 0 ∈ L2(0, T ,Hs), F 0
3 = 0 andF 0 does

not depend onz.

Theorem 3.1. Let
|uε,ν,η(0)− w0|L2 5 Cβ,

|Fεν − F 0|L1(0,T ,L2(�)) 5 Cβ

where

β = C

√
η + √

εν.

Then there exist global weak solutionsuενη of (6)–(9) and a constantC(h) such
that if

η

ε
> C(h)|w|2L∞ ,

then

|uενη − wεν |L2 5 C(t, w)β,

η|∇xyuενη|2L2 + ν|∂zuενη|2L2 5 C(t, w)β2.

Remarks.1) The case whereη = ν is valid if ε < C(h)|w|2L∞η. In fact this is the
case of a rotating fluid in a container.

2) Here, we have a global convergence in time since the two-dimensional Euler
system has global existence inC(0, T ,Hs), s > 2. Therefore we do not have
uniform convergence on [0,∞[, since theHs norm of w can grow very fast
with t .

3) Notice that the condition

η

ε
> C(h)|w|2L∞

says that the product of the regularizing terms, namely, the horizontal viscosity and
the Coriolis term has to be great enough.

3.1. Construction of the Boundary Layer

We can derive the limit equation and the form of the boundary layer by using
a formal asymptotic expansion. We refer to [5], and to the book ofPedlovsky
[12] for this formal expansion. In this section we only construct a boundary layer
which allows us to recover the Dirichlet boundary conditions and to balance the
damping term in the limit equation.

The boundary layerB is the sum of four termsB 1, . . . , B 4. First of all
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B 1 =




w̃1 + w̆1

w̃2 + w̆2√
εν curl(w)G(z)




where

w̃1 = −e−θ/
√

2
(
w1 cos

(
θ√
2

)
+ w2 sin

(
θ√
2

))
,

w̃2 = −e−θ/
√

2
(
w2 cos

(
θ√
2

)
− w1 sin

(
θ√
2

))
,

w̃3 = −e
−θ/√2

√
2

(
∂xw2 − ∂yw1

) (
sin

(
θ√
2

)
+ cos

(
θ√
2

))

with θ = z/
√
εν and

w̆1 = −e−λ/
√

2
(
w1 cos

(
λ√
2

)
+ w2 sin

(
λ√
2

))
,

w̆2 = −e−λ/
√

2
(
w2 cos

(
λ√
2

)
− w1 sin

(
λ√
2

))
,

w̆3 = e−λ/
√

2

√
2

(∂xw2 − ∂yw1)

(
sin

(
λ√
2

)
+ cos

(
λ√
2

))

with λ = (h− z)/
√
εν, and where

G(z) =
[
−e−z/

√
2εν sin

(
z√
2εν

+ π

4

)
+ e−h−z/

√
2εν sin

(
h− z√

2εν
+ π

4

)]
.

In fact, w̃ satisfies the equations of the boundary layer nearz = 0 at the leading
order, namely,

ν∂2
z w̃1 = −1/εw̃2,

ν∂2
z w̃2 = +1/εw̃1,

w̃1(z = 0) = −w1, limz→∞ w̃1 = 0,

w̃2(z = 0) = −w2, limz→∞ w̃2 = 0

andw̆ satisfies the same equation nearz = h. The third component ofB 1 allows
us to satisfy the divergence-free condition.

Next, we addB 2 to recover at the order
√
εν the appropriate boundary condition

for the third component, sinceG(0) = −G(h) ' −√
2/2,
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B 2 =




√
εν

√
2
h
w2

−√
εν

√
2
h
w1

√
εν curl(w)

√
2

2 (1 − 2z
h
)


 .

Notice here that we cannot use the same trick as in the construction of the last
section, since the boundary layer has to satisfy a precise equation.

Now, the boundary values ofB 1 + B 2 + wεν at z = 0 andz = h are

w1e

− h√
2εν cos( h√

2εν
)− w2e

− h√
2εν sin( h√

2εν
)+ √

εν
√

2
h
w2

w2e
− h√

2εν cos( h√
2εν
)+ w1e

− h√
2εν sin( h√

2εν
)− √

εν
√

2
h
w1

±√
εν curl(w)e

− h√
2εν sin( h√

2εν
+ π

4 )




where the+ is taken atz = 0 and the− at z = h.
To get the appropriate boundary conditionB + wη,ν = 0, we add

B 3 = e−h/
√

2εν cos(
h√
2εν

)




−w1

−w2

0




which is exponentially small, and

B 4 = f (z)



w2

−w1

0


 + g(z)




0

0

curl(w)




with f (z)+ g′(z) = 0 and the boundary conditions

f (0) = f (h) = √
εν

√
2
h

+ e−h/
√

2εν sin( h√
2εν
),

g(0) = −g(h) = −√
εν e−h/

√
2εν sin( h√

2εν
+ π

4 ).

We can take, for instance,

f (z) = a(e−z/
√

2εν + e−h−z/
√

2εν)+ b,

g(z) = −√
θν e−h/

√
2εν sin

(
h√
2εν

+ π
4

)
− ∫ z

0 f (s)ds

wherea andb satisfya < C(h)
√
εν, andb < C(h)εν. We refer to [5] for a proof

of this choice.
In the sequel, we denote the first and second components ofB byB1, B2 and

the third one byb, and we denote the first and second components ofB i by B i
1,

B i
2. Let B = B 1 + B 2 + B 3 + B 4.

We have
div B = 0, and B + wη,ν = 0 on ∂�.

We notice here that the boundary layerB satisfies an equation of the form

B = M(z)A(t, x, y),
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whereM is a (3 × 3)-matrix andA = (w1, w2, curl(w)). We notice thatM is
formed by two blocks:M a (2 × 2)-matrix andm a (1 × 1)-matrix and that

|M(z)|L2
z

5 C

√√
εν, |m(z)|L∞

z
5 C

√
εν,

|z∂zM(z)|L2
z

5 C

√√
εν, |z∂zM(z)|L2

z
5 C/

√√
εν,

|z2∂zM(z)|L∞
z

5 C
√
εν.

These are the only estimates we used in our computations of the first part.

3.2. The Energy Estimates

Proof of Theorem 3.1.The existence of the weak solutions can be proved by using
the Galerkin method as in the last part. Let

vενη = uε,ν,η − wεν − B .

Replacinguενη byw + vενη + B in (6) and subtracting (10), we get

∂tB + ∂tv + u · ∇v + w · ∇B + B · ∇B + v · ∇B + B · ∇w + v · ∇w
− η1x,yB − η1x,yv − η1x,yw − ν∂2

zB − ν∂2
z v (21)

+ e3 × B
ε

+ e3 × v

ε
−

√
ν

ε

√
2

h
w = −∇q ′ + F − F 0

where we used the fact thatw does not depend onz.
Taking the scalar product of (21) withv, and integrating by parts we obtain

1
2∂t

∫
|v|2 + η

∫
|∇x,yv|2 + ν

∫
|∂zv|2

= −
∫
∂tB v −

∫
u · ∇vv −

∫
w · ∇B v −

∫
B · ∇B v

− ∫
v · ∇B v −

∫
B · ∇wv −

∫
v · ∇wv + η

∫
1x,yB v

+ η ∫
1x,ywv +

∫
Lv +

∫
(F − F 0)v

(22)

where

L = ν∂2
zB − e3 × B

ε
+

√
ν

ε

√
2

h
w

and where we use the equalities(e3 ×v)v = 0 and
∫ ∇q ′v = − ∫

q ′∇ ·v = 0. (All
these computations should be done for the approximate sequenceu

ενη
n , and then

the limit should be taken.)
We must now bound the eleven terms of the right-hand side of (22). The nine

first terms and the eleventh are treated exactly as in the first part, by replacingθ by
ε. We no longer assume thatB (z) = 0 for z > 1, but this is not a problem and
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we replace the
∫ 1

0 by
∫ h/2

0 for the boundary layer nearz = 0 and by
∫ h
h/2 for the

boundary layer nearz = h. We also notice thatθ is no longer a free parameter since
θ = ε, and that sincew does not depend onz, we need not use trace theorems to
control the boundary layer byw. Hence we have a12-dimensional gain, and only
need thats > 2 for the energy estimates, which is the condition imposed by the
existence theorem of the Euler equation in the two-dimensional case. The only term
that needs a specific treatment is the tenth. In fact, here we need the exact value of
the boundary layer.

10) The expression for the boundary layer yields

ν∂2
z B

1 − e3 × B1

ε
= 0,

ν∂2
z B

2 − e3 × B2

ε
+

√
ν

ε

√
2

h
w = 0,

∂2
z B

3 = 0.

We recall here thatB = B 1 + B 2 + B 3 + B 4 and that

B =



B1

B2

b


 , B i =



Bi1

Bi2

bi


 .

Now, we must bound the remaining terms:∣∣∣∣
∫
ν∂2
z bv3

∣∣∣∣ 5 ν|∂zb|L2|∂zv3|L2

5 ν|∇x,yB|2
L2 + ν|∇x,yv|2L2

5 ν

c

√
εν|w|2

H1 + cν|∇x,yv|2L2,

∫
e3 × B3

ε
V 5

√√
εν
C(h)

ε
√
εν
e−h/

√
εν |w|L2, |v|L2,

∣∣∣∣
∫
ν∂2
z B

4V

∣∣∣∣ 5
∫
ν|f ′′(z)| |w| |V |

5 ν√
εν

∫
xy

(∫
z

|e−z/
√

2εν + e−h−z/
√

2εν | |V |dz
)

|w| dx dy

5 ν√
εν

(∫
(|e−z/

√
2εν + e−h−z/

√
2εν |)2

)1/2 ∫
xy

|V |L2
z
|w|

5
√√

εν

√
ν

ε
|w|L2|v|L2.

We recall here thatf = a(e−z/
√

2εν + e−h−z/
√

2εν) + b, wherea andb satisfy
a < C(h)

√
εν, andb < C(h)εν. Finally, we have
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∫
e3 × B4

ε
V 5

√
εν

ε

(∫
(|e−z/

√
2εν + e−h−z/

√
2εν |)2

)1/2

|w|L2|V |L2

+ ν|w|L2|V |L2

5
√√

εν

√
ν

ε
|w|L2|v|L2.

Notice that
√
ν
ε
w is bounded inL1(0, T , L2), since

∂t |w|2
L2 = ν

ε
|w|2.

Combining the twelve terms yields

1
2∂t |v|2L2 + η|∇x,yv|2L2 + ν|∂zv|2L2

5 c(η + νε)|∇x,yv|2L2 + ν

(
c + ε|w|2Hs

cη

)
|∂zv|2L2

+Cη|w|2Hs + C|w|Hs |v|2
L2

+
[
C

√√
εν

(
|w|Hs + |w|2Hs +

√
ν

ε
|w|

)
+ |Fε,ν,η − F 0|L2

]
|v|L2.

(23)

Until now, we did not make any assumption onη, ν, ε. We assume now thatη, ν, ε <
1, ν < η, and ε 5 C(h)η/|w|2L∞ . Taking c small enough we can absorb the
|∇x,yv|2L2 and|∂zv|2L2 of the right-hand side into the left-hand side.

We notice then that (23) leads to

1
2∂t |v|2L2 5 a(t)|v|2

L2 + b(t)|v|L2 + c(t)

with
a(t) = C|w|Hs ,

b(t) = C

√√
εν

(
|w|Hs + |w|2Hs +

√
ν

ε
|w|L2

)
+ |Fη,ν − F 0|L2,

c(t) = Cη|w|2Hs .

The conditions of Lemma (1.1) are then satisfied, with

α = β = C

√
η + √

εν.

This yields
|vε,ν,η|L∞(0,T ,L2) 5 Mβ.

We also have
η|∇x,yv|2L2 + ν|∂zv|2L2 5 M ′β2.
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Since these two estimates also hold forB , we get

|uενη − wεν |L2 5 C(t, w)β,

η|∇xyuενη|2L2 + ν|∂zuενη|2L2 5 C(t, w)β2.

Note added in proof.We can see easily that both convergence theorems given in this paper
apply for any sequence of solutions satisfying the energy inequality.
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