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Abstract

In this paper finite-dimensional invariant manifolds for nonlinear para-
bolic partial differential equations of the form
%: Acu+F(u), u=u(é1), E€RY 121
are constructed. Such results are somewhat surprising because of the con-
tinuous spectrum of the linearized equation. These manifolds control the
long-time behavior of solutions of these equations and can be used to con-
struct systematic, rigorous expansions of the long-time asymptotics in inverse
powers of 7. They also give a new perspective on the change in the long-time
asymptotics of the equation with nonlinear term F(u) = |u[’'u, when p
passes through the critical value p. = 1 +2/d.

1. Introduction and Statement of Results

Invariant manifold theorems have found numerous applications in partial
differential equations. (CARR (1983), CARR & MUNCASTER (1983), ECKMANN
& WAYNE (1991), Foias & Saut (1984), HEnrY (1981), KIRCHGASSNER
(1988), and MIELKE (1986) provide some examples, and VANDERBAUWHEDE &
Tooss (1992) list many more in the bibliography of their paper.) These ap-
plications, however, have been limited to situations in which either the time
or space variables have varied over a bounded domain, or to examples like
traveling waves which could be reduced to one of these cases. This restriction
results in a linearized problem with pure point spectrum which permits one to
identify modes associated with a center, or center stable manifold. In equa-
tions of the form
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(1.1) %:Agvu—i—F(u), u=u(é1), R t=1

with F(u) nonlinear, the linearized problem is the heat equation which clearly
has continuous spectrum. (By nonlinear, I mean that |F(u)| ~ |u|’ as |u| — 0
for some p > 1. In particular, F(0) = F'(0) = 0.) Nonetheless, (1.1) does
possess finite-dimensional invariant manifolds which control the long-time
asymptotics of solutions near the origin.

It will become apparent in the course of the proof that it is more natural
to construct these invariant manifolds in the extended phase space. That is,
given a Hilbert space # with u € #, the invariant manifold will be con-
structed in the space Z = # x {t € R |t = 1}. (I choose the initial time to be
7 =1, rather than 7 = 0, to simplify a point that arises later in the paper.)
One also requires a certain degree of smoothness in the nonlinear term, which
again will be made precise below, but note that one of the examples that will
be considered below is F(u) = |ul’ 'u, and this does have sufficient
smoothness provided p is sufficiently large (depending on ). Under these
conditions, one has

Theorem 1.1. Suppose that the nonlinear term F in (1.1) is sufficiently smooth.
Fix n = 0. There exists a Hilbert space # (n), such that in the extended phase
space P(n) = A'(n) x {1 € R| 121}, there exists a 1+ Y1, (74)")-di-
mensional invariant manifold defined in a neighborhood of the origin, and left
invariant by the semi-flow defined by (1.1). Furthermore, solutions on the in-
variant manifold control the long-time asymptotics of “‘small’’ solutions of (1.1)
up to a fixed (but n-dependent) inverse power of 7.

Remark. The norm in which the solution must be “small” will be defined
below, but the point I wish to emphasize about this theorem is that if one
wishes to compute the long-time asymptotics of (1.1) up to some given in-
verse power of 7, then by choosing n appropriately, this calculation can be
reduced to the study of the asymptotics of a finite-dimensional system of
ordinary differential equations. The algorithm that implements this reduc-
tion, along with an example, is explained in more detail in Section 4.

In the study of ordinary differential equations, invariant-manifold theo-
rems have many applications. (See, e.g., RUELLE (1989)). In this paper, I
exhibit two uses for them in the present context. First, as I mentioned in the
previous remark, they can be used to give a systematic, rigorous expansion of
the long-time asymptotics of solutions of (1.1). The second use I will illustrate
is to give an explanation based on bifurcation theory of the changes in the
long-time asymptotics of the equation with nonlinear term F(u) = — \u\("’ Dy,
when p passes through its critical value of p. = 1 +2/d.

My approach to this problem was inspired by BRICMONT & KUPIAINEN
(1996), who study the stability of certain non-Gaussian solutions of (1.1) with
F(u) = —|u|<p—1)u, and 1 < p < p.. Their analysis was based on a change of
variables to what might be called “similarity variables”. This same change
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of variables was also used by EscoBepo & KAviAN (1988) in their study of
this problem, and it is used here in a slightly different context to construct the
invariant manifolds. Related changes of variables have found use in other
questions connected with the asymptotics of parabolic partial differential
equations. For instance, Giga & KonN (1987) apply a similar change of
variables to study the blow-up of solutions. Indeed, BREssAN (1992), FiLipPAs
& Konn (1992), and BERBENES & BRICHER (1992) all appeal to invariant-
manifold theorems as motivation for their results on blow-up in nonlinear
heat equations, but technical difficulties prevented the actual construction of
such manifolds in those problems.

Another point of view is obtained if one notes that in order to obtain
successively higher orders in the asymptotic expansion for the long-time
behavior of the solution, the Hilbert spaces in #'(n) in Theoerm 1.1 are
chosen so that they impose increasingly stringent decay properties on u(x) as
|x| — oco. (However, |u(x)]| is required to decay only as an inverse power of |x|;
it is not necessary to impose exponential decay.) The use of weighted spaces
to analyze the stability properties of solutions of partial differential equations
on unbounded domains has been exploited by a number of authors including
Henry (1981), SATTINGER (1976), BATES & Jones (1989), and Karrtura
(1994), who analyze the stability of traveling waves in parabolic partial dif-
ferential equations, and by SoFFER & WEINSTEIN (1991), and PEGo &
WEINSTEIN (1994) who apply these ideas to study the asymptotics of solutions
of Hamiltonian partial differential equations. The novelty of the present work
lies in the fact that while the works mentioned above concentrate just on the
decay rate of the solutions (effectively, the lowest-order asymptotics), the
existence of the invariant manifolds described in Theorem 1.1 allows one to
systematically compute higher-order asymptotics.

For parabolic partial differential equations on bounded domains, the use
of invariant-manifold theorems to determine long-time asymptotics is much
more fully developed. (See Visaik (1992) and the references therein.) In that
case, however, the situation is more reminiscent of the problem in finite
dimensions since the linearized operator has point spectrum, which gives a
natural and obvious separation of the phase space of the linear problem into
stable, unstable, and central subspaces. Furthermore, the asymptotics in that
case is characterized by exponential decay in time, as it is for ordinary dif-
ferential equations, rather than the power-law decay that one encounters in
the present context. In the case of bounded spatial domains, however, in-
variant manifold theorems have been proved for classes of equations much
more general than (1.1) and it will be interesting to see to what extent the
present theory can be extended to encompass such examples.

The remainder of the paper is organized as follows. In the next section I
show how invariant manifolds can be constructed in a relatively “small”
Hilbert space. In Section 3, I then extend these results to a class of Sobolev
spaces with polynomial weights. In Section 4, these results are used to give a
systematic expansion of the long-time asymptotics of (1.1) in inverse g)owers

of ¢ and to analyze the behavior of the equation with F'(u) = —|u|(p*1 u near
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the critical power of the nonlinearity. Finally, Section 5 is devoted to con-
clusions and possible extensions.

Notation. Throughout this paper I work with L?-based Sobolev spaces. Define

2 2
H? = | |ulfue = Y [1D"ul72 < 00

[l < ¢

Here, as usual, « is a multi-index. In Section 3, the polynomially weighted
spaces H12 = {v | (1 + |x*)"/*v € H??} play a central role.

2. The Existence of Invariant Manifolds

Begin by making the change of variables
(2.1) u(g,7) =1 1 Vu(E/ /7, logr).

Recall that p is determined by the behavior of the nonlinear term near zero —
it need not be an integer. In terms of the new variables, x = ¢//t and
t =logt, (1.1) becomes

o _
o

1 -
(2.2) ot rﬁF(rFllU).

1
Axv+§x -V +

Now make a further change of variables, and set w(x, 1) = exp(x*)v(x, ).
When expressed in terms of these variables, the equation becomes
(2.3) 88_1;1 = Hyw + e%rt%F(tﬁe%w),
where the linear operator Hy = A, — % + (p%l —4). Noting that Hy is (up to
the additive constant) just the Hamiltonian of the quantum mechanical
harmonic oscillator, we can conclude (see, e.g., GLiMM & JAFFE (1981))
that its spectrum, considered as an operator on L*(RY), is o(Hy) =
{5y —9—%|m=0,1,2,...}. Furthermore, its eigenfunctions can be explic-
itly computed in terms of Hermite polynomials, a fact that I use later. It is not
convenient to study (2.3) on L*(R?), because the nonlinear term in the
equation has too little regularity when considered as a function on this space
to apply the version of the invariant-manifold theorem used below. However,
if we choose a constant ¢(p) sufficiently large, the operator (c¢(p)1 — Hy) is
positive-definite. Thus one can take its square root. This allows us to define a
family of Sobolev-like Hilbert spaces via

A" = {wl(e(p)1 = Ho)w € LA(RY)}.
Remark. While it is not necessary to introduce the “‘w’ variables, the fact
that Hy is self-adjoint on H*” will simplify many of the computations in later
sections.
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Remark. Angt}%er useful fact that is easy to prove is that for g a non-negative
integer, the H*~ norm is equivalent to the norm

2 _ 2
llwlllj=" > [K*Dwlz.
PETEY

These norms control the “ordinary” Sobolev norms. For instance, just
from the definition of the norm, one has

Lemma 2.1. For any non-negative integer q, there exists a constant c(q) such

that ||w||1-14-2 = C(q)Hw”ﬁ"’z'

As a corollory of this lemma, one sees immediately that if w € A" and
q > % d, then w can be assumed to be continuous.

One can now apply the invariant-manifold theorem to (2.3). First convert
it to an autonomous equation by a standard trick. Set 5=t/ =
exp(—t/(p—1)). If a ©“ " denotes differentiation with respect to ¢, then (2.3)
is equivalent to the system of equations

w = Hyw + n‘pexz/SF(ne_"z/Sw),
(2.4) . ( 1 >
n=—{—=]n
p—1

Remark. Define f(n,w) = 5 Pe*/8F(ne™>"/%w). In order to apply the fol-
lowing version of the invariant-manifold theorem, f must be a C* function on
R x H" for some k > 1 (not necessarily integral). I assume that F(u) is
smooth enough that this is the case, and then verify that it is true in each of
the examples considered in Section 4.

One can now construct an invariant manifold for (2.4) corresponding to
the n + 1 largest eigenvalues of Hy, 4, = zﬁ 42 m=0,1,...,n Let 7
be the projection (in H*") onto the subspace spanned by the eigenvectors
corresponding to these eigenvalues. (Note that the dimension of this space is
S (EE") ) Let 2° = (#°)*. I refer to this manifold as the “pseudo-center
manifold” in analogy with the more common pseudo-stable manifolds (see,
e.g., DE LA LLAVE & WAYNE (1995)). Assume that n is so large that
In < —ﬁ. In this case the u direction is included in the “‘pseudo-center”
direction. The case in which 4, > —Iﬁ is an easy modification of this ar-
gument, because the dynamics in the # direction are trivial in either case. Let
&° = R@range(#°) and &° = range(#*), where the summand R in &¢ cor-
responds to the # direction. Let %“"(S)(p) be the ball of radius p in ), B(p)
the ball of radius p in R®A™, and let 4° = — L ® #°Hy7* and 4° =
P Ho%°. By the spectral theorem, there exist constants 4,1 < Ay < 4. < 4,
such that

(2.5) sup [|e?!||e™" < oo, sup |le"]|e* < 0.
t=0 teR
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We can now apply Theorem 4.1 of GALLAY (1993) to obtain

Theorem 2.2. If the nonlinear term F in (1.1) is such that f(n,w) is Ck, with
k > 1, then there exists o> 0 and p > 0, and a C'** function h : #°(p) — &°,
such that the graph of h is invariant under the (semi-) flow of (2.3). Further-
more, h(0) =0 and Dh(0) = 0.

Proof. Let x¢ and x* be coordinates on &°° respectively. Then (2.3) can be
rewritten as

v.C :AC L'_"_ C (,'7x9 ,
2.6) ¥ XS0 )
=A%+ (x4, x°).

By the hypotheses of the theorem, the nonlinear terms f¢ and f* are C*

functions for some k& > 1, so the hypotheses of Theorem 4.1 of GALLAY
(1993) are satisfied, and the theorem follows. []

Remark. Note that while Theorem 2.2 only guarantees the existence of the
invariant manifold in a neighborhood of the origin, this neighborhood can be
chosen to include the interval 0 < 5 < 1, and hence, since n = /=1 this
includes all values of the temporal variable 7 in which we are interested. The
reason that the whole interval 0 < n < 1 can be included in the domain of
existence of the invariant manifold is that GALLAY’s theorem constructs an
invariant manifold on a set whose size is determined by the requirement that
the Lipschitz constant of the nonlinear term be small on that neighborhood.
In the case of the equations (2.4), the ““5”-equation has no nonlinear term,
and hence its Lipschitz constant may be taken to be zero, while in the “w-
equation, the Lipschitz constant can be made uniformly small for all
0 <5 £ 1 by making the neighborhood in the “w”-variables small enough.

3. Attractivity of the Pseudo-Center Manifold

In this section I prove that the pseudo-center manifold attracts all solu-
tions that remain in some neighborhood of the origin. What is somewhat
surprising is that this is true for solutions in a much larger space than the
space in which this manifold was constructed. For the present construction

[TPRL)

we revert to the “v” variables, and consider the equation in the form (2.2)

(3.1) % =Av+ %x -V +p 1 7Y + /=D (=1 =Dy,

It is assumed that v lies in the weighted Sobolev spaces, H?? = {v |
(1 + |x])"*v € H4?}. Note that it may seem that the spaces H92 are actually
smaller than the space H” used in the previous section, but recall that the
“w”-variables are defined by v(x,#) = exp(—x?/8)w(x,), so that the “v’-
variables correspond to solutions of our original equation with polynomial
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[T3PR L]

decay at infinity, while the “w”-variables correspond to solutions with
Gaussian decay. It is in this sense that I refer to A" as being a “smaller”
space than H9~.

If {¢,}, >, are the eigenfunctions of the linear operator H, in the pre-
vious section, then {,}, > o, with ¥;(x) = exp(—x?/8)p;(x) are eigenfunc-
tions of ¥y = A, + %x -Vy+ 1/(p— 1), with the same eigenvalues.

Define a projection operator

(Puo)(x) = Y W) ({00,
j=0
where the inner product

«uwn53/@f“amxw”%dp>—zwﬁﬁﬁ>w

is obtained formally from the inner product (w,w), in the Hilbert space
A% considered in the previous section upon substituting w(x) =
exp(x?/8)v(x), and w(x) = exp(x*>/8)5(x). While the computation leading to
the form of ((-,-)), is formal, the following lemma shows that P, is well
defined.

Lemma 3.1. If r > n +%(d+ 1), then there exists C > 0 such that for any
v € HI2,

HPnUHH;%2 = CHUHH;;,z.

Proof. The H?? norm of y; is finite so the lemma follows from the estimate
[({¥;,0)), = Cllvll o2 for j=0,...,n. This in turn follows if we note that

Yz Xz
(00l = | [ e Potw)eetp) = 20700 a
‘(72
< (e(o) + I [ el ) .
Now recall that y;(x) = e Bpi(x) = e /3(e7/*h(x)), where h(x) is (up to
normalization) a product of Hermite polynomials the sum of whose orders is

j. (In particular, if d = 1, (x) = H;(x).) This implies that |a(x)| < C(1 + [x])’.
Thus,

(00001 =€)+ )" [ (1 ) oo i
12
gcum+zm(/m+mﬂ“”@)(/u+mWW“%wa)

Thus, if 2r > 2j+d + 1, this expression is bounded by C||v||,.> and the
lemma follows. []

1/2
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Remark. The projection operator P, is the analogue of 2°, defined in Section
2. However, at different points in the argument it will be convenient to allow
n to vary, and for this reason this new notation is useful.

Remark. Note that an additional property of the inner product ((-, -)), is that
((,¥;)), = 6;- This follows from the orthonormality of the eigenfunctions

Q-

The key estimate for the present section is the following estimate on the
linear evolution operator acting on H%?. Let O, = 1 — P,.

Proposition 3.2. Fix n > 0 such that 2,41 < 0. For r sufficiently large, there
exists C(r,q,n) > 0 such that

e Qutll oz < Clr g, me™ o o] .

Proof. See Appendix A.

Note that this is exactly the sort of decay estimate we could expect for
vectors in the “stable-subspace” & C H”” — what is surprising it that it also
holds in the much larger space H%?.

Given such an estimate on the linearized evolution, results about the
attractivity of the invariant manifold follow very much as in the finite-di-
mensional case. We include proofs of Proposition 3.3 and Theorem 3.5 for
completeness, but they are essentially taken verbatim from CARR (1983, pp.
20-25). If we let 5 be as in the previous section, v = P,v and v* = Q,v, then

we can rewrite (2.2) as
. 1
’7 - _ 1 ’7,

U.c = ggvc +FC(’77 Uc; vs)v
5 = L0+ P00, v).

(3.2)

Here £( = P, %Py, Ly = 0,L00,, While F¢(n,v°,v*) = P,(y’F(n"v)) and
Fi(n,v°,v°) = Q,(n?F(n~Pv)). We require that F¢ and F* be Lipschitz func-
tions on H¢?, a fact which we again check in each application. In addition we
assume that ¢, the index on the Sobolev space in which we work, is greater
than 1d so that our functions are all continuous. The results of the previous
section imply that there exists an invariant manifold tangent at the origin to
R @ range (P,). This manifold is given (locally) as the graph of a function
v* = h(n,v°). The following results show first that solutions near this mani-
fold are attracted to it, and second that one can approximate such solutions,
up to an exponentially small error, by the finite-dimensional system of or-
dinary differential equations corresponding to motion on the manifold.
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Proposition 3.3. Ler (v°(¢),v°(¢)) be a solution of (3.2) which remains for all
time in a sufficiently small neighborhood of the origin. (Note that the evolution
of n is trivial.) Then there exist positive constants Cy and p such that

[0*(2) = A(n(2), v*(2))

s = Cre M)|v7(0) — ~(n(0),v%(0))

s

Proof. Following CARR, we let z(¢) = v*(¢) — h(n(¢),v°(¢)). Then
(3.3) H1) = Loz + N, 2),

where
N(nv Ucaz) = FS("; Ucvh(vc) +Z) - Fs(’?, Ucvh(vc))
+Dv“h(”, UC){FC(na Uc7h(vc)) - FC("; Uca h(vc) +Z)}

Note that D,h(n,v°) is a linear operator from range (P,) to range (Q,). If we
rewrite (3.3) in integral form we obtain

(3.4) 1) = ¢%i2(0) + / LN (n(s), (), 2(s)) ds.
0

From the definitions of F© and F*, there exists a constant d(p) which goes to
zero as p — 0, and such that if ||v°|| . < p, |N(y,0%,2)|| g« = I(p)lz|| s Here,
I - || s is the ordinary finite-dimensional Euclidean norm on range (7,), while
| |l g is the H%*-norm, restricted to &°.

Applying this estimate of NV, and the estimate of Proposition 3.2 to (3.4)
one sees that

t

y+wm/fWMWmn

0

(3.5) I12(1)|] 5+ < Ce~"r1l]|z(0)

g ds.

The proposition then follows immediately from Gronwall’s Lemma. []

Remark. Note that the constant d(p) can be chosen to be CL(p) where L(p) is
the Lipschitz constant of the nonlinearity F(v) on a ball of radius p in H%?.
This coupled with (3.5) implies that the constant u in Proposition 3.3 can be
chosen to be any number less than ||4,11| — CL(p)|. In particular, by taking p
sufficiently small, we can make L(p) arbitrarily small, and y arbitrarily close
to |Au41]- Thus, one has

Corollary 3.4. There exist C > 0 and py > 0, such that if the solution of (2.2)
remains in a ball of radius p < p, centered at the origin for all t = 0, then v(t)
approaches the invariant manifold with a rate O(e™™), where p=
it = CL(p).



288 C. E. WAYNE

We now turn to the second important result, namely, that we can ap-
proximate any trajectory of (2.2) near the origin by a solution of a finite-
dimensional system of ordinary differential equations. Let

(1
(3.6) = (p—1>m
V=L + F(n, 0, h(n, ).

Theorem 3.5. Let (v°(2),v°(¢)) be a solution of (3.2) which remains in a suffi-
ciently small neighborhood of the origin for all t 2 0. Then there exists a so-
lution Y(t) of (3.6), and u > 0, such that as t — oo,

v(6) = (1) + O(e ™),
v'(t) = h(n(0), (1)) + O(e™™).

Remark. As above, we can choose u = |4,41| — CL(p).

Proof. We follow CARR’s proof [1983, pp. 21-25], merely indicating the
differences. We wuse his notation without comment. Define z(¢) =
v*(t) — h(v°(¢)) and ¢@(¢) = v°(¢) — ¥ (¢). Then z and ¢ satisfy
i=ZLy+Ni o +,2),

»=Z50+R(,0,2),

where N is as in (3.3) and R(y,¢,z) = F¢(n, ¢ + Y,z + h(n, ¢ +))—
F¢(n,,h(n,¥)). Consider the Banach space of functions

Xo = {9 € C([0, 00), R" [ [[] o[l = sup lo(£)e” |5+ < o0}
t=

(3.7)

Note that we can rewrite the second equation in (3.7) in integral form as

Iy

o(1) = el % (1) — / ST (s), (s), 2(s)) d.

t

If ¢ € X,, and a > |/,], then e %i¢(t)) — 0 as o — co. This motivates the
@ ®
definition of the transformation

[o¢]

(To)(t) = — / SR (s) p(s). 2(s)) d.

t

By Proposition 3.3, we know that for any 0 < f; < (|4n41] — CL(p)),
l2(s)|| g+ < C||z(0)|le~#1*. Using this, CARR shows that for any |1,| < a < f;, T
has a unique fixed point in X, for any (¥(0),z(0)) sufficiently small. Fur-
thermore (possibly by shrinking the size of the neighborhood), the fixed point
depends continuously on ((0),z(0)). (In CARR’s case, |4,| = 0; however, the

case |4, #+0 produces no essential change in the argument.)
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Now define S((0),z(0)) = (v°(0),z(0)), where v°(0) = ¢(0) + /(0). We
want to prove that S is one-to-one and hence invertible on a neighborhood of
the identity. This will then establish the theorem, with the constant u = a. As
CARR notes, proving that S is one-to-one is equivalent to showing that if

¥(0) + ¢(0) = y(0) + @(0), then ¢(0) =@(0) and ¥(0) = y(0). By the
uniqueness of solutions of (3.2) we see that y(t) + ¢(t) = y(¢) + ¢(¢) for all
t 2 0, where Y(t) and y(t) are the solutions of (3.6) with initial conditions
(0) and (0), respectively. This equation is equivalent to the equation

(3.8) (1) = @(t) = Y (1) — (o).
Choose f3, such that |4,| < f, < a < f8,, where a is the constant which deter-
mines the exponential decay rate of the space X,,. Then from (3.6) we see that

tllglo P! |y (1) — J/(t)H(‘“ = 00,

unless (0) = &(0) On the other hand, from the definition of X, lim, bt
@(t) — p(t)|| o« = 0. Thus, (3.8) implies ¥ (0) = ¥(0), and hence ¢(0) = §(0).

This implies that S is invertible, or that given any v°(0) and z(0) suffi-
ciently small, we can find z(0) and ¥/(0) such that if v“(¢) and ¥ (¢) are the
solutions of (3.2) and (3.6) with these initial conditions and if ¢(¢) =
v°(t) — y(t), then ||@(8)]| g« = Ce " and ||z(¢)|| p < Ce™. O

If we combine Theorems 2.2 and 3.5, we see that any solution of (2.2) in a
sufficiently small neighborhood of the origin in H%? approaches a solution on
the invariant manifold at a rate ¢(exp(—|2,+1|t)). To prove Theorem 1.1, we
revert to the original variables

u(é,7) =1 Vu(¢/ /7, logr).

Thus, if we consider the evolution of (1.1) in its extended phase space
H9? x {t | © = 1}, the invariant manifold for (2.2) gets mapped to an in-
variant manifold for (1.1). Note further that the exponential approach to-
ward the manifold in the *“#”” variable becomes an algebraic approach in 7, in
fact an approach like O(¢ 1) & (¢ 5 =5 +37).

Unfortunately, because of the way that the change of variables (2.1) mixes
the time and space coordinates, we do not obtain a simple estimate of the
asymptotics of u(¢, 7) in terms of the H%? norm in (&, t), but rather in a more
complicated space-time dependent norm. (The invariant manifold of course
exists in the extended phase space, H%? x {t | T = 1}; it is just that it is not
convenient to study convergence toward itin thisnorm.) More precisely, one has

Theorem 3.6. Fix n = 0 and ¢ > 0, and suppose that the nonlinear term F in
(1.1) is so smooth that Theorems 2.2 and 3.5 apply. Then for r sufficiently large,

there exists a 1+ 37 (74 -dimensional invariant manifold for (1.1) in the
extended phase space H? x {t | © = 1}. If, in addition, the solution u(&,t) of
(1.1) is such that when expressed in the (x,t) variables through (2.1) it remains
in a sufficiently small neighborhood of the origin in H?, then there exists a
solution u(&, t) on the invariant manifold and a constant C > 0, such that
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1/2
(39) ( / (14 1E*/2) |u(&, ) —H(é,r)|2d€> < cr e,

Remark. It may not be clear from the statement of the theorem what deter-
mines the value of the index ¢ in the definition of H%?. In general (and in
particular, in the applications in the next section) one finds that the re-
quirement that the nonlinear term be smooth enough to apply Theorems 2.2
and 3.5 determine the allowed values of g.

Proof. The existence of the invariant manifold was discussed in the preceding
paragraph so we need only verify (3.9). To see that this holds, note that if one
rewrites u(¢, 1) = v/~ Vy(¢/ /7, log 1), then Theorem 3.5 guarantees that if
v remains in a sufficiently small neighborhood of the origin, then there exists a
solution o(x, ¢) on the invariant manifold such that

(3.10) (/(1 P o, £) — 5(x, z)de)'/z < Coimnl-or,

Letting ¢ = log 7, changing variables in the integral to ¢ = x+/7, and defining
u(&,1) =t /P Dp(¢/y/7,log 1) result immediately in (3.9). [J

Note that Theorem 1.1 follows immediately from Theorem 3.6 if we de-
fine the requirement in Theorem 1.1 that solutions be “small”’ to mean that
they are small in /%2 when expressed in the variables given by (2.1).

Remark. Since Theorem 3.5 implies that convergence toward a solution on
the invariant manifold actually occurs in the H%? norm, we could replace
(3.10) by an estimate not just on v — v, but also on derivatives of this dif-
ference. This would in turn give a strengthened version of (3.9), but one
which is somewhat complicated to write because the various derivatives in-
volve different powers of 7.

Remark. The estimate of the rate of convergence can also be written as
1/2
([ WYl ~ aeR of ) 5 crtretsiar,
again, simply by changing variables in (3.10).

Remark. While it is somewhat awkward to bound the asymptotics in terms of
norms depending on both space and time, such estimates are not uncommon
in the study of the asymptotics of solutions of parabolic partial differential
equations (BRicMONT, KUPIAINEN, & LiN (1994), FiLippas & KoHN (1992)).
On the other hand, if one wishes to work with ordinary Sobolev norms,
rather than these space-time norms, one can infer from (3.9) that

n+l s )

(3.11) lu(t) — ()| p2 < Co G5 -579  0<s<r,

by expanding the term (1 + |¢[*/7)" in the integrand. This estimate is only
interesting for those values of s for which %—k % — 3> 0, but it emphasizes
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that if one wants to study the long-time asymptotics in a particular weighted
Sobolev space, rather than the space-time norms in (3.9), then one can fix s,
and then choose n so large that ¢+ — 5> 0. Constructing the invariant
manifold corresponding to this n guarantees that there is a solution on the
invariant manifold which captures the long-time behavior in the H#%? norm
up to correction terms of (¢(r~ G+"7 —31-9),

4. Applications

In the present section two applications of the preceding theory are given.
The first is the computation of higher-order asymptotics for equations like
(1.1). T work through an example in some detail to illustrate the differences
between these sorts of corrections and the lowest-order asymptotics discussed
in BrRicMoNT, KUPIAINEN, & LIN (1994). The second example shows that
these results, when combined with bifurcation theory, give a new perspective
on the change in the nature of the long-time behavior of solutions of

(4.1) ?:Aguf|u|p71u, u=u(é 1), EeR) 121,
. <

when p passes through its critical value of p. =1+ 2/d.

4.1. Higher-order asymptotics

In general, if one wishes to compute the asymptotics of solutions of an
equation of the form (1.1) to @(¢*), one chooses n so that n+ 1 +1d > 2a.
One then computes the pseudo-center manifold corresponding to the n lowest
eigenvalues of the linear operator Hy in (2.3). By Theorem 3.6, this manifold

has dimension 1 + Z;:O (j;‘il), and all trajectories in a neighborhood of
the origin approach this manifold at a rate ¢(z~("+1+(@/2)=9/2) < O(+~*) if g is
sufficiently small. Thus, the problem of computing the asymptotics of (1.1)
has been reduced to the problem of computing the asymptotics of this finite
system of ordinary differential equations, for which well-understood tech-
niques exist.

As an example, let us consider the initial-value problem

(4.2) E:Agu—u“, u(lé ) =u(é), ¢eR? =1
By considering the second-order asymptotics, one can prove

Proposition 4.1. Fix ¢ > 0. For uo(&) in a sufficiently small neighborhood of the
origin, there exist constants z(0) = (zo0,z10,201), and K >0, and functions
00 C10, Cors such that
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”(él\ﬁ» &V, T) — {%ﬁ (%)2(200 + Coo(z(o)))ef(ﬁ%%)/4

1 1 6 \2 s

+T37_2\/E<E) (z10 + L10(2(0))) Hy (&) )e T/
1 1 62

+T3T2\/2n<ﬁ)

< K278,
HT?

X (z01 + Cm(z(O)))Hl(52)e—<:%+5§>/4}

Remark. The function H, is the first Hermite polynomial. The constants
200,210,201 can be computed in terms of the initial condition uy, while
the functions (g, {19,y are determined by the flow on the pseudo-center
manifold — a system of three ordinary differential equations in this case.
Proof. Transformed to the “w’-variables used in Section 2, the equation
becomes

(4.3) %V = How + e M 80t w(x,0) = u(x), ¢ =0,

where Hy = A, — % — 1 The spectrum of Hy is o(Ho)={-3-%|m=
0,1,2,...} and we construct the pseudo-center manifold corresponding to the
two lowest eigenvalues. In order to apply Theorem 2.2, Proposition 3.3, and
Theorem 3.5, we must verify that the nonlinear term in the equation is suf-
ficiently smooth. We begin by showing that f(w) = exp(—3|x|*/8)w* is in C*
with k > 1 on H" for any ¢ > %d = 1. (Note that because the nonlinear term
is a homogeneous function, f* does not depend on the auxiliary variable #.) If
one defines g(x,y) = exp(=3|x[*/8)y*, then f(w)(x) = g(x, w(x)). By Theorem
4.3 of VALENT (1988), if g € C"™*, and w € H™?, with m > 1d, then the
composition f(w)(x) = g(x,w(x)) is a C* function from H™? to itself. The
proof in VALENT (1988) may be readily modified to show that the result is
also true in the weighted Sobolev spaces I:]q’z, and H??. We can also extend
the theorem to allow for functions defined on unbounded domains in R,
provided that g and its derivatives vanish at y = 0 as is the case here. Thus,
since g € C*°, we conclude that f(w) is a C* function on A “* for any ¢ > 1, and
any k. Similarly, if we rewrite (4.2) in terms of the ‘““v”-variables, the
nonlinearity becomes simply f (v) = v*, and again the results of VALENT
(1989) imply that the nonlinearity is C* on H%? for any k. Thus, we may apply
all of the results of Sections 2 and 3 to this example, provided that we choose
q > 1. For concreteness choose ¢ = 4. Proposition (3.3) then implies that all
solutions in a sufficiently small neighborhood of the origin, approach this
manifold at a rate ¢(1/5¢), where we can make ¢ as small as we like by
taking the neighborhood on which we work sufficiently small.

In order to construct the invariant manifold we need to know the
eigenfunctions of Hy, which in this case are @(x,y) = 7;H;(x)H(y)
exp(—(x* 4 »%))/8, where the constants 7, are chosen so that (¢, Pii)g =
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/36,7, and Hy is the k™ Hermite polynomial. In particular, if we choose the
constant ¢( p) in the definition of the inner product in A" to be 1 and take
g=4, we find that y,, =9/(50y/%) and y,5 =7yy = 18/(169v2n). The

eigenvalue corresponding to ¢ is Ay = —%— @ Thus, the “central sub-

space” &° = span{pg, @19, o1 }-
By Theorem 3.5, any solution of (4.3) in a sufficiently small neighborhood
of the origin approaches a solution of

(4.4) U= H{y + FC (b, h(Y)).

Remark. Equation (4.4) is just (3.6) rewritten in the “w”-variables. Also,
since the nonlinear term in (4.1) is a homogeneous function, the nonlinear
term in (4.4) is independent of #.

Let zj be coordinates in W*® in the ¢ ik direction, and let
hjx(z00,201,210) = hjx(z), j + k = 2 be the component of % in the ¢ direction.
(Recall that £ is the function whose graph gives the invariant manifold.) We
can compute 4 by standard techniques (see, e.g, CARR (1983)) and we find
that

_—cp(m)
s (g + 5+ 725)

mj =0

(4.5) hjr(z) = ™ + 0(|z)).

I have used the standard multi-index notation here, so that
™ = 7320, 2] - Also, cjx(m) is the coefficient of z™ in the eigenfunction ex-
pansion of the nonlinear term in (4.3). More precisely, it is the coefficient of
z™ in the expression <(/’jkanp(—3(X2 +32)/8) (200900 + Z01 901 +210</)10)4>4~
Again, these are straightforward to compute and one finds, for example,
c0(4,0,0) = (21235, ¢40(3,1,0) = 0, ¢0(3,0,1) =0, ...

1
/s
Using this information about 4, one can write (4.4) more explicitly as

200 = — 2 200 + § : coo(m)z™ + O(|z]),
my+my+m3 =4
mj =0
210 =—1z10 + § : cro(m)z™ + O(|z]),

my+my+m3=4
mj = 0

==tz Y co(m)z™ + O(|z).
my+my+m3=4
mjz 0

(4.6)

We can easily derive the asymptotics of this system of equations. If we start
from the point z(0) = (z¢(0),z10(0),201(0)), then we find

200(t) =723 (200(0) + o0 (2(0)) + O(e™),
z10(t) =¢77°(z10(0) + 10(2(0)) + O(e ™),
z01(£) =€~ 7/%(z10(0) + Loo(2(0)) + O(e ™),



294 C. E. WAYNE

with u = 2. The functions {j; can be approximated by their Taylor series and
we find that

Ga0) = Y SO a0+ (),

my+my+my=4

mp =0

If we now return to the variables of (4.4), this implies that

W, y, 1) =€ (z00(0)+ Loo(2(0))) oo (x, 1)+ € 7/%(210(0) + L10(2(0))) @10 (x, 1)
+ e 78201 (0) + Lo1(2(0))) s (x, £) + Oe™),

for some y; = 2. In light of Proposition 3.3 and the fact that /;(z) = O(lz",
we see that if w(z) = (w"(¢),w(#)) is a solution of (4.3) which remains in a
neighborhood of the origin for all time, then there exists z(0) = (zo0(0),
Z]()(O),Z()](O)) such that

wo(t) = (1), w(t)=0(e —8/31) + o,

where p, can be made as close as we like to % (= o2 = A11 = o). Thus, if we
revert to our original variables, we see that for long times, the solution of
4.1) is

1

uev o) =57 (3

3 21 1/22 2
(3) Hem + twe0 exp (-1 + )

2
+2\/IE <163> %/2(210 + C10(2(0)))Hi (&) exp (—5 &+ 8 )

2
—s—ﬁ (163> 31/2 (zo1 + L01(2(0)))
X Hy(&)exp (—4 &G+ ) + 6( 21 s)’

where ¢ can be made arbitrarily small by choosing a sufficiently small
neighborhood of the origin. This estimate completes the proof of Proposition

@1) O

Remark. Note that while the lowest-order asymptotics for this equation (see,
e.g., BRicMoNT, KUPIAINEN, & LIN (1994)) are ‘“‘universal” — that is, re-
gardless of initial conditions they approach the function u*(&/7,7) =
—e ~(E+8)/4 for some choice of K, the higher-order asymptotics are more
compllcated in particular, not universal, and depend in a nontrivial way on
the initial conditions. In related equations, which model the propagation of
waves on a fluid surface, such dependence may have experimentally observ-
able consequences (see BonA, PromisLow, & WAYNE (1995)).

Remark. Since Theorem 2.2 only guarantees that the invariant manifold is of
class C'**, one may wonder whether expansions like (4.5) are justified.
However, as CARR (1983, Section 2.5) shows, if we can find a function &
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which satisfies the equation defining the invariant manifold up to terms of
order @(|x|’), with s > 1, then & provides an approximation of the true in-
variant manifold up to an error of the same order. It is also worth remarking,
however, that there is no guarantee that we can solve for the Taylor coeffi-
cients of 4 to arbitrary order, as resonances between the eigenvalues of H
may prevent us from continuing beyond a certain point.

Remark. While this example shows that the second-order asymptotics are
more complicated than the first-order, yet more involved phenomena may
occur. For examples of such problems, the reader may wish to consider the
higher-order asymptotics of O,u = 9z:u — u*, or Ou = Ozeu — u?, for £ € R. In
both cases we find that the higher-order asymptotics contain terms involving
log 7 rather than just inverse powers of 7.

4.2. Behavior of solutions for p near p. = 1+ 2/d.

In this subsection we consider the behavior of solutions of (4.1), for
p~1+42/d. This question has already received much attention (GALAK-
TioNov, Kubpymov, & SamARrskil (1986), Kamin & PEeLETIER (1985), Bric-
MONT & KUPIAINEN (1996), EscoBepo & KAviAN (1988), EscoBEDO, KAVIAN,
& MATaNo (1995)). I wish to illustrate a new outlook on the change in the
behavior of solutions when p passes through p. by using ideas from bifur-
cation theory, coupled with the invariant-manifold theorems of this paper.
For reasons explained below, I restrict consideration to one spatial dimen-

@, 9

sion. If we rewrite (4.1) in the “w”-variables, one finds that

0 e — _
5" Fo(pyw+ — Pl o0ty
T

(pe—=1(p—1)

Now use a standard “‘trick” from bifurcation theory (see, e.g., RUELLE
(1989)) and introduce p = p. — p as a new variable. Then, using the fact that
pe. =3 for d = 1, one has:

p=0,
(4.7) ow a2 ¥ o1 pw | >
Y e _o—p)y, 12-p
ot (dx2 16+4>w+2(2_p) e’ w|™ " w.

Noting that the spectrum of (;722 — % +1)is{0,—1,—-1,—3,...}, we see that
provided the nonlinear term in this systém satisfies the hypotheses of Theo-
rem 2.2, (4.7) has a two-dimensional center manifold, tangent at the origin to
the zero eigenspace of Hy(p.) and the p direction.

To verify the hypotheses on the nonlinear term, define
g(p,x,y) = exp(— £ (2 — p)x?)|y|*"y; then g € C2 (for |p| < 1), and hence by
Theorem 4.1 of VALENT (1988) (again, suitably modified to account for the
weights in A" and the fact that we work with functions defined on un-

bounded domains), f(p,x) = g(p,x,w(x)) is a C' function of A" to itself.
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(Here I have fixed ¢ = 1. This is where the restriction to d = 1 arises. If one
wished to work in d = 2 or 3, one would have to assume that w € H>2, and
then f would not be smooth enough to apply Theorem 4.1 of VALENT (1988).
I believe that this is only a technical restriction which could be overcome by
taking advantage of the smoothing that comes from the linear semi-group.)
In fact, to apply Theorem 2.2, one requires that f € C* with k > 1. To see
that this is true, note that if |p| <3, then g € C*™, for some 5 > 1. By an
extension of VALENT’s argument, which is included in Appendix B, one can
show that this implies that the nonlinearity is then a C'*" function from H
to itself. Thus, Theorem 2.2 applies to (4.7). If we now rewrite (4.7) in terms
of the “v”-variables, the nonlinear term becomes f(p,x) = |v|* v, and if
lp| < 1, then /e C' (as a function from H 7' to itself ), and this suffices to
ensure that the results of Section 3 also apply to this example.

Turning now to the actual constructlon of the center manifold, we take
¢(p) =1 (in the definition of a" ) and we then find that the approximate
equations in the center manifold are

p=0,
(48) . p 11 3 .

HECED RN
where z is the coordinate in the direction of ¢g(x), the eigenfunction of Hy
with zero eigenvalue, and (4(p,z) means that the terms that have been
omitted are of the form p*zf with o« + = 4. Note that for p < 0 (i.e., p > p.),
the origin is a stable fixed point of (4.8). Thus, z(¢) ~ z(0) exp(pz/2(2 — p)),
or in the original variables,

K s
u(év/t,7) = —

Tr-1

_2 _2
x5 x5
e )

T22-) @ =

Rile

as expected.

On the other hand, as p passes through zero, the origin becomes unstable
and a new stable fixed point of (4.8) appears at z* ~ 1/v/3mp/(2 — p). (This is
the exact location of the fixed point if one ignores the terms (4(p, z).) Thus in
this case,

z(1) = 2* + K(z(0))e ™",
where for p small, u=—1p+o(p). Thus, if w*(x) is the function corre-
sponding to z* (the properties of w* have been studied in BREz1s, PELETIER &
TerMAN (1986), GaLakTIONOV, KUDYMOV, & SAMARskI (1986), KamINn &
PELETIER (1985)) we find that

[wlx, ) — w* (x)]| 712 < Ke™,

or if we again revert to our original variables,

V) % e () + 0 ).

Mt

Note that in addition to the appearance of a new limiting function w*, the
rate of decay has also changed from /2 to /%=1 as p passed through p..
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This is again consistent with the results of EscoBEpo & Kavian (1988) and
BricMONT & KUPIAINEN (1996), but in contrast to those results, gives an
explicit estimate of the rate of decay of the higher-order terms for p small.
Since this paper was submitted, the work of EscoBEDO, KAVIAN, & MATANO
(1995) has appeared in which they also compute the rate of decay of the
higher-order terms, albeit by very different methods.
Finally, note that exactly at p. = 3, the equations on the center manifold

become

p=0,

z= —%\/13_7_523 + 04(p,z).
In this case, one finds that z(z) approaches the origin as z(t) ~ 1/+/t. Re-
verting to our original variables, one finds that

K .
u(éﬁ, ‘[,') ~ \/Tgf[67€2/4.

Thus we immediately and easily recover the logarithmic corrections to the
decay rate in the critical case.

5. Conclusions and Possible Extensions

One obvious extension of this work is to expand the class of nonlinear
terms allowed in (1.1). For instance, the studies of the lowest-order asymp-
totics of such equations (e.g., BRicMonT, KUPIAINEN, & LiN (1994)) admit
nonlinearities of the form F(u, Vu) which depend on the gradient of u. In the
present case we cannot include such terms because of the requirement of
GALLAY’s theorem that the nonlinear term be a C* function with & > 1. Such
a condition seems to be necessary if one works with only very weak as-
sumptions on the linear evolution, as GALLAY does. In the present situation,
however, we have quite detailed knowledge of the linear evolution, and I hope
that by taking advantage of that knowledge, one can extend these “pseudo-
center’” manifolds to equations with derivatives in the nonlinear terms, much
as MIELKE (1991) was able to do for the ordinary center manifolds.

Another natural extension would be to examine the possible existence of
invariant manifolds in the neighborhood of non-constant solutions of (1.1)
such as fronts. As mentioned in the introduction, a number of authors have
studied the stability of fronts and derived essentially the first-order asymptotics
of solutions near these fronts. If the present work could be extended to such
situations, it would give a much clearer picture of the invariant geometrical
structures in the phase space of such partial differential equations, and also
allow one to derive higher-order asymptotics for solutions near these fronts.

A third intriguing question is whether or not results analogous to those
described here are also applicable to dispersive equations. STRAUSS (1974) has
investigated the long-time behavior of nonlinear perturbations of the
Schrédinger equation and linearized Korteweg-de Vries equation and found
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that under appropriate assumptions on the nonlinear term, solutions of such
equations approach a solution of the linear equation, just as do solutions of
(1.1), when p > p.. It is natural to wonder whether the geometric structures
underlying the long-time behavior in the dissipative case are also present in
the dispersive equations.

Appendix A
In this appendix I prove Proposition (3.2), which forms the basis of the

study of the attractivity of the pseudo-center manifold in Section 3. Recall
that those estimates hold in the weighted Sobolev spaces

H,?’z =<

Yo I+ ) ol < oo

lof < ¢

The desired estimate is proved by representing the linear semi-group
exp(t%y) as an integral using MEHLER’s formula, and then estimating this
integral by considering separately its action on functions supported inside,
and outside, of a ball of radius R. Since the integral is time-dependent, the
radius R is also chosen to depend on time (although, I do not make this
dependence explicit in the notation). Define a smooth function y;(x) such that

[0 iR <R
HE =1 i ] = R,

Given a positive integer N, define Qy as in Section 3. Note that if v € H9?
is in the range of Qy, then Qyv =v. Also, given any function f, define
fo(x) =y (x)f(x) and fo(x) = (1 — y;(x))f(x). The essence of the proof of
Proposition (3.2) is contained in the following pair of propositions:

Proposition A.1. If » = min(q,N +5(d + 1)), then there exists C(r,q) >0,
independent of R, such that

I Owo<|

e S Cr,q)e 0™l p]| o,

Proposition A.2. If r = min(q,N +1(d+ 1)) and R 2 1, then there exists
C(r,q) > 0, independent of R, such that
||ety0QNU>||Hq,z < C(r, q){eRz/%(P%‘+%7%e_|““‘é

1 q 1 g _d 3 p2
T B
:

Before proving these two propositions, I now show that they imply
Proposition 3.2. Let n be the integer fixed in Proposition 3.2. Fix



Parabolic Partial Differential Equations 299

N > max <4n+3d—L+3 1421+72 —1)

Note that this definition, together with the definition of the eigenvalues
Am, €nsures that
) I q )
|Anst] > 8 2ui|, —5lone| + 2<p—1+§> < =2 Avsl.
Next choose

4
r>inst| +——=+2¢ —d.
p—1
This definition ensures that (ﬁ +4—49—1%) < —1|2y4|. Finally, define

16t (| An-1] 1 g d\\'’
- P LI ,
R max( { 3 ( 4 T,-1taTa

If one combines the estimates of Propositions A.1 and A.2, one sees that
e Onoll ez < 1€ Qv oz + €72 O |

2 2 ,
< C(V q){el% =l + eR? (+I+%7%>%e_‘/w+l I3

+e(p1 -4 4)t+e<pl H-9) le %R2}|| ||qu
Inserting the definitions of the various constants from above, we see that this
expression is bounded by C(r,g)e™+1/4||v|| 2. Thus, we have
Corollary A.3. If r = min(q,N + (d +1)/2) and if N and r are chosen as
above, there exists a constant C(r,q,n) such that
||ety0QNU||HqA2 é C(V, q, n)e—|7lN+1|t/4||v||H‘!’2.

To complete the proof of Proposition 3.2, we now introduce the projec-
tion operators P, and Q, in addition to Py and Qy. Rewrite

&0y = &0 (Py + On) Q0 = ¢ Qn0uv + ¢ Py Oyv.
By Corollary A.3, we can bound

(Al) HetonNQnUHHf-Z < C(rq, n)e_MN“‘t/4||U||H;1,z = C(r,q,n)e_u"”‘t||v||ng

On the other hand, by the orthonormality of the s,

PyQuv = Py(1 - P)u = Z v

Jj=n+1

while exp(tLo)y; = exp(t4;);, so that
(A2) .
”ethPNQnUHHg_z = Z exp(tAW; (W), 0))yll oz < C(r,q,n)e—thI”U”Hﬁ,z.

Jj=n+1
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Combining (A.1) and (A.2) completes the proof of Proposition 3.2. []

We now return to the proofs of Propositions A.1 and A.2. The proof of
Proposition A.1 is based on the fact that since v is zero outside a ball of
radius R, it is in the Sobolev space qu’z of Section 2, and hence we can
estimate the action of the linear semi-group on such functions with the aid of
the spectral theorem. Begin by noting

Lemma A4. If w € ﬁq'z, then there exists C(q,r) = 0 such that

2
le™ Fw(x) |l 0> = Clg, r)[[w]] oo

Proof. This follows from the definition of the norms and the fact that for
every r > 0, there exists K (r) > 0, such that sup (1 + |x|)" e/ < K(r). 0O

Proof of Proposition A.1. By Lemma A.4,

2 P 2 ; 2
|0 Qx| o= lle ™3 # e 5 Qv o < Cla. Pl 0e™ S Qv o

But e*/80yv. = Oye* /Bu., where Oy is the projection onto the orthogonal
complement of span{¢, s, py} in A" Thus,

Het%OQNexz/gkugql = C(q)e_w+l|t||€x2/8v<||ﬁ‘ﬂ~

But now we note that since v.(x) =0 if [x] 23R, [lexp(ix*)v<|
< C(q)(1 4 R") exp($ R?)||v]| 42, by the definition of the norms, and Prop-
osition A.l follows. |

Remark. Because R depends on time, it is important to stress that the con-
stant C(r, g) in Proposition A.1 is independent of R — all of the R dependence
in this estimate is captured in the exponential.

We now turn to the more difficult estimate, namely, Proposition A.2. We
begin with an estimate of the action of the linear semi-group.

Proposition A.5. There exists C(r,q) > 0 (independent of R) such that for
R =1, and any v € H?,

2i —r)
71 xp (tL0)0|| o2 < C(r, g)erTe e ¢ e S [

Proof. Using MEHLER’s formula for exp(z.%) as in BRICMONT & KUPIAINEN
(1996), we find that
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1 — —2%/(4a
(e %5)(x) :Wez/(p 1)/6 140D (2 (x4 2)) i,

where a(t) = 1 — exp(—¢). Thus,

S ID A+ BP0 Ol
| = ¢

L k-1
HZ (4ma(r))

* /(Dfi(l + )P x)e(e (x + 1))

e 0] 2:

IA

[IA

/ doy dye3/(a0) =3/ (4a(0)

(A3) x (D21 + eP) P10 (x)o(e 2 (x + 22))) d

3 (;ﬂewn / dz o5/ 4a(0)
m =g \ (4ma(t)” /

2
X D1+ |- PY (ol + Z))IIy) ;

lIA

where the last inequality applied the Cauchy-Schwarz inequality to estimate
the integral with respect to x.

The integral over z is estimated by breaking it up into two pieces ac-
cording to whether z is less than or greater than %R, and then estimating each
of those pieces with the aid of

Lemma A.6. There exists C(r,q) > 0 (independent of R) such that for any
lof = g,

(i) 1f 2] S IR,
DAL+ PYP (el + )7 < Clr )@ o]}
(i) If |2| > ER,

ID*(1+1- PY ()o@ (- +2) 172 < Clr ) (14 [2) ol

Remark. The constant C(r,q), also depends on the L* norm of the cutoff
function y,;, and its derivatives of order ¢ or less. y; can be chosen so that
these derivatives are bounded independently of R for R = 1. We assume
throughout the remainder of this appendix that R = 1, and hence we supress
this dependence.

Applying this lemma to (A.3), one finds
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_ 2 d
e o0l2e < Clg.r)(dna(e) @ o],

« o7 al0) pla—r)2 g

2| < 7R/8

« /a0 a2 4 |2y 2 g
|z|>7R/8

Elementary estimates of these integrals then complete the proof of Proposi-
tion A.5. W

Proof of Lemma A.6. Consider first case (i).
ID* (1] PY (Yo (- + 2)) I
= [ @01+ WP P+ )

sclohr) Y [ WD @R Dt )
1B+ < 1o

where the sum runs over all ways of distributing the derivatives over y and v.
This in turn is bounded by

1+ x> o
e [ B 0 0 14t 2107652

Since z,(x) = 0 if [x| < R, one sees that |x +z| = §|x|. Thus,
1 2\r
% < C(r)e™,
(I+ex+z)
and so the previous expression is bounded by
Cllalrjete ™ [ (14 &bt oY IDoe x4 2P
< C(|of, r)e e e u]] oo,

the last step following from the change of variables y = e/?(x + z).
Now turn to the estimate in part (ii) of the lemma. As before, one has

ID* (14| - Y25, (-)v(e (- +2)) 72

Clanet sup [+ Y 1D+ )P d
1B] < o

Clg,r)ete™ 1 / (14 |y — 2P |DPo(y)* dy
C

(¢ )%e (1 4 2P [0l

lIA

lIA
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Note that if the factor of y; is not present in Proposition A.5, the esti-
mates proceed in a very similar fashion except that (A.3) is replaced by

€| 72

2
< C(q,r)(dna(t)) /P2 |p||2 < / o2 /W) gta/2(] 4 |z|2)’dz> .

An elementary estimate of this integral implies

Corollary A.7. There exists C(r,q) > 0 such that for any v € H??,

¢ 0l < Clg.r)e PV e R oo,

We can now prove Proposition A.2. Begin by writing
etffoQNU> — e%tffoQNe%tf/’nU> — e%t:[’()QNXle%tffov> + e%tﬁfggN(l _ Xl)e%tffov>'
By Proposition A.1 and Corollary A.7,

let 0 On (1 — 7)€"/ 0. || o2 < C(r,q)e™ /eIt ebtop ||,

< Clr,q)e™ /b = D oo
(A4)
On the other hand, by Corollary A.7 and Proposition A.S5,
||el/2t$uQNX[el/2t$ov>”H:IJ < C(r, 4)€(ﬁ+%7%)I/ZI|X1€%M”U>||Hg~2
<, r)e(ﬁJr%7%)l/26(ﬁ7%)t/2{e(q—r)t/4 4 e’q/4e*3R2/16}||v||Hq.z.

(A.5)
Combining (A.4) and (A.5) completes the proof of Proposition A.2. O

Appendix B

In this appendix I consider the smoothness of the fypgtion w — F(w),
defined by w(x) — f(x,w(x)), considered as a map from H ™ to itself. Since I
wish specifically to verify the hypotheses made in Subsection 4.2, I restrict
consideration to d = 1 and assume that f(x,y) € C*", for some 0 < < 1.
Then easy modifications of the proof of Theorem 4.1 in VALENT (1988) to
account for the weights in our Sobolev space, and the fact that we work on an
unbounded domain, allow us to conclude that F is in C', and that the de-
rivative of F is given by the linear operator

F'(w)e = Fw)r,

where F,(w)(x) = f,(x,w(x)). I now show that the derivative of F is itself
Holder continuous, and hence prove
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Proposition B.1. Suppose that € C*™, with } < n < 1, and that there exists
C >0, and n > 0 such that

sup | DIDLS (x,»)| < Cly|(1+ [y])" for all |of+ (B <2, [B| <2

Then w — F(w) is a C'™ function from A" 1o itself.

Remark. The hypothesis on the derivatives of f(x,y) is necessary because of
the fact that we work on an unbounded domain.

Proof. Since we know that F is in C' and have a formula for the first de-
rivative, the proposition follows from an estimate of the form

|(F"(w) = F'(@))] 2 < Cllw—a||",» for wandde ",
Recalling the definition of the norm in ]:11’2, we see that ||[F'(w) — F' ()

a sum of two types of terms:
Type L.

1+ D) (5 (e, w(x)) = o, @)l 2 = CII(T + xl) [w(x) — @)l 2
(since f € C**M)

é C||w — 1ZJ||Hq,2.

|H1.2 1S

Type II.

[[Dx (fy (6, w(x)) =1y (e, w(x))) | 12
(B.1) = (S (v w(x)) = fo (o, () 2
+ [/ (6, wx))w' (x) = S (6, @)@ ()] 2 -

Since f € C?M1, | fy, (x, w(x)) — fiy (x, @(x))| < Clw(x) — @w(x)|", it follows that
1o (s w(x)) = frpox, () 72
<€ [ fut) - oo ds

< [0+ RDlw) - 9
éC{/U+MYWﬁ}W{/W+HMMﬂ—@@WW%FM

where 1/g 4+ 1/p = 1. If one sets p = 1/#, then the second integral is bounded
by [|w — | 271_2, while the first integral becomes [(1 + [x|)~2"/"""dax, which is
bounded by a constant if n > % To estimate the second term in (B.1), note
that

5 ()7, ) 9]
=2 [ Ufy ) = £y, 000) P/

+;/mmwmwwm—mwfw

Since d = 1, it follows that w € L™, so |f,,(x,w(x))| = C and
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/ [for (o, @(0)) [ (x) = @' (x) Pl < Cllw — )

On the other hand,
(e, w(x)) = fip (e, 0(x))* < Cluw(x) — w(x)[*" £ Cllw — @7
Thus,

2
2

/ o (6, () = fop (6, 0(0) Pl (x) d < ClJw — wni;m,
and the proposition follows. []

Remark. The restriction that n > % arises from estimating the first term on
the right-hand side of (B.1). If one assumes that f,, € C' (as is the case in
Subsection 4.2), one can avoid this restriction.
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