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Abstract

We establish the future nonlinear stability of a large class of FLRW models as
solutions to the Einstein-Dust system. We consider the case of a vanishing cosmo-
logical constant, which, in particular implies that the expansion rate of the respec-
tive models is linear, i.e. has zero acceleration. The resulting spacetimes are future
globally regular. These solutions constitute the first generic class of future regular
Einstein-Dust spacetimes not undergoing accelerated expansion and are thereby
the slowest expanding generic family of future complete Einstein-Dust spacetimes
currently known.

Mathematics Subject Classification: 35Q75 - 83C05 - 35B35

1. Introduction

1.1. General Relativistic Hydrodynamics

The Einstein-relativistic Euler system (EES)

1
R;w - ERg/w = T/w
VT, =0 .1y
Ty = (o + pluyuy + pguy

describes the dynamical evolution of a four-dimensional spacetime (M, g) con-
taining a relativistic perfect fluid with pressure p, energy density p and 4-velocity
vector u*. Perfect fluids compatible with relativity were one of the earliest matter
models considered in general relativity [7,22] and have been extensively studied

in the context of general relativistic hydrodynamics with numerous applications
ranging from astrophysics to cosmological evolution (see e.g. [10,34]).
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The Eq. (1.1) are supplemented by specifying an equation of state which relates
the energy density and pressure p = f(p). Different choices of the function f
encode different behaviour of the fluid. We focus in the following on the class
of linear, barotropic equations of state, p = cg p, where the constant cg denotes
the speed of sound of the fluid with 0 < ¢g < 1. This equation of state contains
well-known fluid models: for cg = 0, i.e. p = 0, (1.1) reduces to the Einstein-Dust
system, the case cg = 1/+/3 is the Einstein-radiation fluid system and cg = 1 is
the Einstein-stiff fluid system. The main result of the present paper can be roughly
stated as follows:

Theorem 1.1. All four-dimensional FLRW spacetime models with compact spatial
slices and negative spatial Einstein geometry are future stable solutions of the
Einstein-Dust system.

To date, all known future stability results establishing the global existence,
regularity and completeness of solutions to (1.1) concern the regime of accelerated
expansion. In such a setting, the fast decay rates of perturbations induced by the
expansion have a strong regularization effect on the fluid. For slower expansion
rates this effect becomes weaker and global regularity of solutions is less likely to
hold.

Theorem 1.1 establishes the first nonlinear future stability result for a cou-
pled Einstein-relativistic Euler system in the absence of accelerated expansion
and thereby initiates the study of the EES in the regime of non-accelerated expan-
sion. Such a regime is also relevant in cosmology. The epoch in the early universe,
shortly after a hypothetical inflationary phase, is expected to not initially have ex-
hibited accelerated expansion. It is this epoch, which is not covered by previous
results on the EES, which we intend to make accessible by the research initiated in
the present paper.

1.2. Background and Previous Results

For the sake of the following presentation we consider four-dimensional FLRW
spacetimes of the form

((0, 00) x M, —di* + a(t,)? - y) , (1.2)

where (M, y) is a complete Riemannian manifold. We remind the reader that in the
standard FLRW-models the spatial slices appearing in (1.2) have constant sectional
curvature ky; € {—1,0, 1} and so are taken to be one of R3,S3, H3 or quotients
thereof (eg, T3). We distinguish three classes of scale factors: d(¢,) > 0 are referred
to as accelerated expansion, d(t.) < 0 as deccelerated expansion and d(t.) = 0 as
linear expansion. We introduce the notion of power law inflation, where a(t.) =
(t.)? for p > 0. Finally, we recall that a cosmological constant can be included
by adding +Ag,, to the LHS of (1.1). In the following discussion only A > 0 is
relevant.
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1.2.1. Shock Formation Relavistic and non-relativistic fluids are well-known to
form shocks in finite time. This was first observed in the general relativistic context
by Oppenheimer and Snyder when they investigated the collapse of spherically
symmetric clouds of dust [22]. In the terminology of current stability analysis this
constitutes the instability of Minkowski spacetime as a particular solution to the
Einstein-Dust system. Note that a part of Minkowski spacetime corresponds to
M=R3y=56a()=1in(12).

More recently, Christodoulou’s monograph [9] demonstrated that under a very
general equation of state, the constant solutions to the relativistic Euler equations on
a fixed background Minkowski space are unstable, i.e. even without gravitational
backreaction, fluids form shocks from arbitrarily small initial inhomogeneities in
finite time. This suggests that Minkowski spacetime is unstable as a solution to
the EES for a large class of equations of state. Note also that Christodoulou’s
monograph gave a detailed description of the nature of the fluid shock formation,
thus providing a major extension beyond work of Sideris [29] on the non-relativistic
Euler equations.

1.2.2. A-induced Accelerated Expansion and Stabilisation of Fluids As is
clear from the previous paragraphs, a powerful dispersive mechanism is required to
regularise fluids and to prevent finite-time shock formation. The prime example of
such a mechanism comes from cosmological models exhibiting exponential expan-
sion. Heuristically speaking, a cosmological constant A > 0 generates expansion
of the form a(z.) ~ e'e where H = /A /3, for all cases of the sectional curvature
k. The cosmological constant creates damping terms in the equations of motion
for the fluid, which dilutes the fluid and causes fluid lines to ‘stretch apart’, thus
preventing shock formation.

This effect was first observed by Brauer, Rendall and Reula [6] who studied
Newtonian cosmological models with A > 0 and a perfect fluid (albeit for a
slightly different equation of state). They found that the regularising effect from
the exponential expansion was strong enough to prevent shock formation for small
inhomogeneities of initially uniformly quiet fluid states. See also the late-time
asymptotics work by Reula [25] and Rendall [23].

Moving to the fully coupled Einstein-relativistic Euler system, there has been
much research concerning spacetimes undergoing exponential expansion. The first
result is by Rodnianski and Speck [28], who proved future stability to irrotational
perturbations of uniformly quiet fluids with 0 < c¢g < 1/+/3 on FLRW-spacetimes
with underlying spatial manifold M = T3. The irrotational restriction was later
removed by Speck in [30]. An alternative proof of future stability for these FLRW-
background solutions was later given by Oliynyk [20], whose Fuchsian techniques
were able to uniformly cover the cases 0 < cg < 1/ \/§ .

Moving to the case of dust cg = 0, stability for FLRW-spacetimes with un-
derlying spatial manifold M = T? was given by Hadzi¢ and Speck [16], while
more general spatial manifolds were considered by Friedrich [15] using his con-
formal method. Indeed the work by Liibbe and Valiente-Kroon [19] treated the
radiation case with cg = 1/3 using an extension of Friedrich’s conformal method.
Finally, we note that very recent work of Oliynyk [21] has established stability
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for ultra-radiation fluids 1/+/3 < cg < 1/+/2 on a fixed, exponentially expanding
spacetime.

1.2.3. Alternative Mechanisms for Accelerated Expansion A cosmological
constant is not the only known mechanism for generating solutions to Einstein’s
equations with accelerated expansion. In work that predates the references of Sect.
1.2.2, Ringstrom [26] considered the future global stability of a large class of solu-
tions to the Einstein-nonlinear-scalar field system with a scalar field potential V (®)
that satisfied V(0) > 0, V'(0) = 0, V”(0) > 0. Roughly speaking V (0) emulates
the cosmological constant A and so these spacetimes undergo accelerated expan-
sion. Ringstrom [27] later considered alternative potentials V (®) which relaxed the
rate of spacetime expansion to the class of accelerated power law inflation, which
in our terminology corresponds to p > 1.

Note that in Ringstrom’s papers the global spatial topology becomes irrelevant
for the long time behaviour of cosmological spacetimes in the small data regime.
This is in sharp contrast to the Einstein vacuum equations where the spatial topology
does affect the long-time behaviour. In this case, only the Milne geometry with a
negative spatial curvature yields future eternally expanding cosmological models
with precisely linear expansion rate.

Finally we note that the Chaplygin equation of state, which describes a fluid
with negative pressure, can also generate sufficient spatial expansion to ensure
future stability results for the coupled EES system [18].

1.2.4. Critical Expansion Rates Interpolating between Minkowski space (which
can be considered as a cosmological spacetime with non-compact slices and no
expansion) and exponentially expanding spacetimes, it is clear that there must be a
transition between shock formation and stability. To investigate the expansion rate
for which this transition occurs, and how it depends on the equation of state, it is
useful to study the stabilisation of fluids on fixed Lorentzian geometries obeying
power-law inflation. We consider M = T3 with a(t.) = (t.)? for p > 0. The
following table summarises some of the main results concerning linear equation of
states p = cg,o from [13,31], (see also [33]):

Case Power-law rate Range of cg Behaviour References
No. 1 p>1 0<cs<1/4/3 Stable [31]
No. 2 p=1 cs =1//3 Shocks (31]
No. 3 p=1 0<cg<1/v3 Stable (irrot.) [13]
No. 4 p>3 cg =0 Stable [31]

In combination, these results indicate that in spacetimes undergoing power-law
inflation whether shocks form from small data depends on the equation of state
and, in particular in the linear case, on the speed of sound. Indeed the literature
suggests that slower speeds of sound reduce the tendency of shock formation. For
the particular case of dust (cs = 0), case No. 4 shows that shocks are avoided even
in deccelerating spacetimes with scale factors a(f) = ¢'/>*% for § > 0.
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1.3. Main Results

In the present paper we consider the Einstein-Dust system in the regime of
linear expansion. For the linearly expanding case, Cases No. 2 and 3 above show
that even in the absence of backreaction the speed of sound determines whether
shocks form or not. We prove that for the case of dust (cs = 0) shock formation
does not occur under the full gravity-fluid dynamics.

Our background geometry is that of the Milne model, which generalises the
ky = —1 FLRW vacuum spacetimes. Let (M, y) be a closed, connected, ori-
entable three-dimensional manifold admitting a Riemannian Einstein metric y with
negative Einstein constant. After rescaling, we suppose that

, 2
Ric[y] = 57

The generalised Milne spacetime is the Lorentz cone spacetime M = (0, co) x M

with metric s

t
gm = —dt? + éyahdx“dxb.
The spacetime (M, gyr) is globally hyperbolic and a solution to the four-dimensional
vacuum Einstein equations. We formulate the main theorem using terminology in-

. 2
troduced in Sect. 3.1. We let 2,50 (%y, —%.0,0) denote the ball of radius ¢

. 2
in the space H/ x H* x H' x H™ centred at (%y, —%.0,0). Our main theorem
is

Theorem 1.2. Let (M, gypr) be as above. Let ¢ > 0 and (go, ko, po, ug) be initial
data for the Einstein-Dust system at t, = to such that

2
7 o
(80, ko, po, uo) € HBE343 <§% -3 0, 0) .

Then, for e sufficiently small the corresponding future development under the
Einstein-Dust system is future complete and admits a CMC foliation labelled by
T € [19, 0) such that the induced metric and second fundamental form on constant
CMC slices converge as

1
(rzg, tk) — (y, §y> ast /0 ieast. /1 oo.

If the initial energy density of the dust field is non-negative, py > 0, then it remains
so throughout the evolution.

Remark 1.3. The Milne model is known to be a stable solution to the Einstein vac-
uum equations [3], the Einstein massive-Vlasov equations [ 1], the coupled Einstein-
Maxwell-scalar field system arising from a Kaluza-Klein reduction [5], and the
Einstein Klein-Gordon equations [14,32].

Remark 1.4. Negative spatial curvature is crucial as spherical or toroidal spatial
topologies would lead to recollapsing or slowly expanding matter dominated so-
lutions, respectively. The asymptotic behaviour of the solutions in the theorem
coincide with the corresponding vacuum solutions.
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1.3.1. Structure and Key Novelties in the Proof The proof of Theorem 1.2 con-
sists of three major parts: (i) energy estimates for the perturbation of the spacetime
geometry with sources given by the dust variables, (ii) energy estimates for the
dust variables in the perturbed spacetime geometry and (iii) a bootstrap argument
based on both sets of energy estimates establishing global existence and asymptotic
behaviour. This rough approach is standard in the literature on the Milne stability
problem (see e.g. [1,3,5]), however, for the Einstein—dust system there are crucial
difficulties caused by a regularity problem inherent to the dust equations, which
turns out to affect all parts of the argument. We outline the difficulties and how
these are overcome in the following.

To control the perturbed spacetime geometry throughout the evolution we use
a CMC time-foliation in combination with a spatial-harmonic gauge [2]. The ex-
istence of such a foliation for small perturbations of negative Einstein spaces is
non-trivial but standard [12]. The Einstein equations then take the form of an
elliptic-hyperbolic system (see (2.7)) where the lapse and shift are determined
by elliptic PDEs with sources given in terms of metric, second fundamental form
and the dust variables. This elliptic system provides Sobolev estimates for the lapse
and shift.

The core idea to establish decay for the geometric variables in previous works on
Milne stability is a corrected energy (E$ in Definition 3.8) based on the modified
Einstein-operator (L, ,, in Definition 3.2) of the spatial Einstein geometry [1,3].
For the Einstein—Dust system we must deviate from this standard approach due to
a regularity issue from the dust model, which in turn affects all parts of the proof.

When expanded, the equations of motion for the dust variables take a form
where the source term of the evolution equation for the energy density contains
the spatial divergence of the fluid velocity (see (2.7d)). Consequently, the fluid
energy density can be controlled only in one order of regularity below the order of
regularity of the fluid velocity. From the perspective of the Einstein equations this is
very problematic as both components of the dust, energy density and fluid velocity,
appear at the same order of regularity as source terms of the Einstein equations.
As such, they are required to be controlled in suitable Sobolev spaces at the same
order as the second fundamental form. Due to the required high regularity of the
fluid velocity discussed previously, the velocity then needs to be controlled one
order above the second fundamental form. However, the equation of motion for the
fluid velocity requires the second fundamental form at the same order of regularity
as the velocity itself (see (2.7d)). This apparent inconsistency prevents one from
establishing a standard and straightforward regularity hierarchy to analyse the fully
coupled nonlinear system.

An approach to circumvent this issue has been introduced by Hadzi¢ and Speck
in [16] and is modified in the present paper. The central idea is to use a fluid deriva-
tive dy ~ u®Vy[gum] as a differential operator in the energies for the perturbations
of the metric and second fundemental form (E gu» ~—1 1n Definition 3.11). At high-
est order of regularity, say N, where the loss of derivatives prevents the closure of
the system of estimates, the Einstein equations are commuted with N — 1 spatial
derivatives and one fluid derivative. When this derivative acts on the dust source
terms in the Einstein equations, in the subsequent calculations for the energy esti-
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mates, the equations of motion of the dust variables are used as constraint equations
replacing dyp and dyu/. In this way, no derivatives are lost and the corresponding
auxiliary energies E gu’ N for the geometric variables can be estimated in terms
of dust variables of one order of regularity below the expected one.

In a follow-up step, we need to show that the auxiliary geometric energies
Egu’ ~_ in fact control the actual top-order regularity norms of the geometric
variables. This is achieved by rewriting the wave-type evolution equation for the
metric and second fundamental in terms of an elliptic part and certain mixed spatial
and fluid derivative operators (see Proposition 6.3). Consequently, the auxiliary
energies of the first step provide top-order estimates on the geometric variables
(see Corollary 6.4) and an overall strategy to close the estimates.

Two final major regularity issues arise when proving energy estimates for the
auxiliary energies E gu _n—1 however. We end up needing to estimate one fluid deriva-
tive and a critical number of spatial derivatives on certain terms involving the lapse
and shift, and we cannot commute the 9, operator past the spatial derivatives without
exceeding the assumed regularity of the fluid spatial velocity.

To circumvent this problem, we only commute past some of the derivatives and
instead derive two auxiliary estimates using the elliptic Eq. (2.7b) for the lapse
and shift. In the estimate on the lapse term (see Proposition 7.3) we crucially
use the equations of motion of the dust variables to replace a certain matter term
dun as a constraint, thus avoiding derivative loss. The estimate for the shift term
(see Proposition 7.6) proceeds differently, relying on a remarkable combination
of commutator estimates, the Bianchi identity and the Einstein equations in the
CMCSH gauge.

1.3.2. Final Remarks In the regime of non-accelerated expansion, the work
[6] indicates that the backreaction between the fluid and the geometry cannot be
ignored. The authors consider the case of dust with a Newtonian backreaction,
finding that shocks form for arbitrarily small initial data in the regime where the
homogeneous background spacetime, which is perturbed, expands like a (1) = 3/3.
This contrasts noteably with case No. 5 above which does not include backreaction.
While [6] concerns only Newtonian dynamics, it is nevertheless a fair indication
that the fully coupled dynamics under the Einstein-fluid system will likely lead to
the formation of shocks. Continuing this line of reasoning, we note that although
the work [13] also treated linear expansion, the full coupling between gravity and
fluid makes our present work highly nontrivial. Indeed the issues highlighted on
the previous Sect. 1.3.1 are indicative of the substantial technical difficulties that
arise in the fully coupled EES.

Finally, itis interesting to recall that Sachs and Wolfe derived a linear instability
result for the Einstein-Dust equations with A = 0, however their metric had un-
derlying spatial manifold M = R3 [35]. The fluid plays a major dynamical role in
these flat FLRW models. Nevertheless one gleans the importance of the negatively
curved spatial slices appearing in our nonlinear stability result.
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1.4. Outline of the Paper

In Sect. 2 we introduce the system of equations and perform a natural rescaling
of the variables. In Sect. 3 we introduce function spaces and energy functionals
controlling the metric perturbation and shear tensor.

The main theorem is proved using continuous induction. In Sect. 4 we discuss
the local existence theory and initiate the bootstrap argument. The remainder of the
paper, beginning with Sect. 5, treats the individual estimates necessary to close the
bootstrap argument. Section 5 gathers various auxiliary estimates, which are used
in later sections. Among those are estimates on the source terms of the evolution
equations, estimates on the dust-derivative acting on various quantities, commu-
tators of the dust derivative and other operators and estimates on high derivatives
combining the dust-derivative and other operators.

Section 6 derives the elliptic estimate for the Einstein operator and the evolution
equations, which is crucial to turn estimates in terms of the dust derivatives into
those in terms of standard energies. These estimates are then given subsequently. In
Sect. 7 we provide the estimates on lapse function and shift vector field. A crucial
set of lapse and shift estimates on highest order of regularity, involving also the
dust derivative, are given here too. In Sect. 8 we derive the central top-order energy
estimate for the auxiliary energy controlling the geometric perturbations. In Sect. 9
we derive the estimates for the dust variables and in Sect. 10 we close the bootstrap.

2. Equations of Motion

2.1. The Einstein—Dust System

The Einstein—relativistic Euler system reads

_ o _ ~
R;w[g] - ER[g]g;w = ZT;L\M
@Mfw —0, 2.1)
T = (5 + Pyai* + Pg"",
where wesetc = 1and47 G = 1. We use V to denote the Levi-Civita connection of

the physical metric g. The four-velocity of the fluid ## is a future-directed timelike
vectorfield normalised by

gui"i” = —1. (2.2)

We assume a linear, barytropic fluid equation of state P= cé p wherecsg > 0isa

constant, and P > Oand /5 > 0 denote the pressure and energy density respectively.
In the present paper, we restrict ourselves to dust, which means we set
c3:=0.
The fluid equations in (2.1) can equivalently (for o > 0) be written as

W%Velnp 4+ Veii® =0,  a%Vuit =0. (2.3)
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The system (2.3) is overdetermined in the sense that 0 can be determined from the
other fluid velocity components via (2.2).

We will study the Einstein-Dust equations using the following ADM ansatz for
the metric

g = —N2dr* + Gap(dx® + X4dr)(dx” + XPdr). (2.4)

Note that g, = Zap but in general g% # g% On r=constant slices, we let  be
the trace of the second fundamental form k with respect to g and define X to be the
trace-free part of k; that is,

7= trglg =%, k=% + %rg.
We use Roman letters (a, b, i, j...) to denote spatial indices. Let V denote the

Levi-Civita connection of the spatial metric g. Using (2.4) the Christoffel symbols
of the 4-metric g become (see e.g. [24])

DFO) = 1@ N + ROV — FpXOXD),  OF0 = _§-1F,,
D0 = NN (VaN — kap XP), @Ord =1¢ (8] + N kpe X,
WFa — _NE¢ + v, X9 — N~1XOV, N
+ Nk X X4,
@rd) = 8,X" + X°V, X" — 2NkXC + NVIN
— NV N + XPV,N — kp X" X)X,
Noting the above, the fluid Eq. (2.3) reduce to

10 Inf + 8ei* + WIe,a" =0, @ dpit +a* YTk i" = 0.

2.2. The Rescaled Einstein—Dust System in CMCSH Gauge

Following the work of Andersson and Moncrief [2,3], we hereon impose the
CMCSH gauge which foliates by surfaces of constant mean curvature, taking ad-
vantage of the fact that on the Milne background t = §%%k,;, = —3/1..

Definition 2.1. (CMCSH gauge)
t=t, H":=g"Tgll, —Tlyly) =0.
We next rescale our variables with respect to the mean curvature t.

Definition 2.2. (Rescaled variables (gup, N, X%, Zap, u®, u°, p, ]V, 1%) and loga-
rithmic time T') The rescaled geometric variables are defined as

gab = T*Zap, g = (1) 71g,
N := 12N, X%:=1X9, (2.5a)
Yab = T2Zap-
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Note X, = gubf(” = t73X,. Let i° := &". The rescaled matter variables are
defined as

u =172 pi=1t 735, u? =720, (2.5b)
Denote N := % — 1and 2" := u® — 1/3. Finally we define the logarithmic time
T := —1In(z/(e70)),
which satisfies 7 = —109;.

The above definition means we have the following ranges 7o < v / Oand 1 <
T /" oo where T ' 0 corresponds to the direction of cosmological expansion (i.e.

t. /1 00).

Lemma 2.3. The normalisation condition (2.2) implies

u¥ = m(r&,ua + [rz(Xaua)2 + (N? = X XY (22 gapuul + 1)]1/2>.
Proof. Using (2.2) we have

0= (=N? + X, X)) + 2X 4000 + gpa®a® + 1.
This is a quadratic equation in iz°. The roots are

1 . s ey 172
-0 ( 4 [ a2 4 a e anh
u = = — —2Xqu" £|4(Xqu")" —4(—N"+ Xg X)) (gapu“u —I—l)] .

2(—N2 + X, X9) “ ‘ ‘ 8ab )

Applying the rescalings from Definition 2.2 we find

4 1
0 _ T (—1 a [—2 a2 (a2 ave =2, a.b —4]/2)
u = T Xqu T Xau“)"+(N“—=XsX)(T uu"+t .
(N2 — X, X% al”+ (Xau™)"+( aX“) (T " gab )
Hence, we introduce the rescaled quantity u° = 72 for the larger root. O

Let V, V denote the Levi-Civita connection of the Riemannian metrics g, v
respectively. The Christoffel symbols of g now become (see e.g. [1])

@Iy, =Tflgl = TheX?,  @If =717
O, = (4T, OFf =t (24T,
O, — 2T, @, =1,
where we have introduced the following rescaled geometric components.
Definition 2.4. (Rescaled Christoffel components I'%, FZ, I'r, Cup, T'Y)
I :=—9rX* — X —2NX° + XbV, X —2NTIX¢ + NV'N
+ (NT1orN = NTUXPVN 4+ N7 (S + dgne) XPX€) X,
If = —NZf — 8N + VX" = N"'XV,N + N7 (Spe + Lgne) XX,
Tg:=N""(=37N+X"VoN — (Sap + 38a)X*X"), T*:=T* - NV“N,

_ 1 _
Pap = =N""(Zap + 38a),  Ta:= N7 (VaN = (Zap + 18an) X").
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Remark 2.5. (Background solutions) The rescaled background (B) Milne geometry
written in CMCSH gauge is

(8abs Zab, N, X“)|p = (,0,3,0).
Furthermore,
(M. T5. Tr.T)lp =0, Tuplp = —gVab-
Let p, > Obe aconstant. The background, uniformly quiet fluid solutionin CMCSH
gauge is
@’ u'. p)ls = (3.0, py):;
see also Appendix A.

We next evaluate certain energy momentum and matter source terms arising
from the dust.

Definition 2.6. (Matter source terms E, j¢, 1, Sap, Z“b )
E := pu®)?N?, J4 = oNu'u,
n = E + pgap "X + tu®) X" + tu),

Sap = p’Xq + Tua) @O Xp + Tup) + 1pgap. T = puu®.

For further details on these definitions see Appendix 11.

Definition 2.7. (Matter source terms F,;, F,0, F})

u

F,j = r_l(uo)sz + (F,{,[g] — F,{l[y])ukul + 2u0uiFf + IukuiFkin,
Fo = (uO)ZFR + 2ruquFj + rzukqukj, (2.6)

0 Ly

Fy o= oVl + T — o0l 4 el Xk — 20w 0
p=tViu +1u” —tlju’ +tlyXu —TgVjju —T
u u

2.3. Equations of Motion

Bringing together all the previous notation, as well as using the general equa-
tions presented in [1], the equations of motion for the Einstein-Dust system in
CMCSH gauge are the following. We have two constraint equations.

R(g) — [Z[; + § =41E,

(2.7a)
VS = 2T2]b,
and two elliptic equations for the lapse and shift variables,
1 2
(A=DHN =N (122 ) -1,
AX® 4+ Ric[g]"y X" = 2V,N£"* — VN 4+ 2N1%;° (2.7b)

— 2NZP — VPX) (T[]}, — TIy1L).
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We also have evolution equations for the induced metric and trace-free part of the
second fundamental form

aTgab = zNzab + 2ﬁgub - ngab:
0T Zap = —2X4p — N(Ric[glap + %gab) + V4 VpN + 2NE(ZCEZ (2.7¢)
- %ﬁgab - ﬁzab — ZxZap + NtSup,

and, finally, evolution equations for the fluid components:

uW0oru! = tuVoul + v "W®)ENVIN + F,j,
uldru’ = tuv,u® + F o, (2.7d)
uldrp = tuVup + pF,.

Using notation from [2,3] we introduce new variables which allow us to rewrite
(2.7¢).

Definition 2.8. (Perturbation variables &, v, w and geometric source terms Fy,, F,)
Define the variables

hab *= gab — Vab» Vab := 6Zap, w = N/3,
and the geometric source terms

(Fr)ab = 2iqgab + hac%bxc + hcbﬁaxcv
(Fy)ab = V4 VpN + ZNE(JCEZ - %ﬁgab - ﬁzab + NtSup
— va,ﬁhxc — vdﬁaxc.

We start with the following identity from [2]:
LX8ab = Xcﬁcgab + gac%bxc + gcb%aXC~

Due to rigidity properties of negative Einstein manifolds in three spatial dimensions
(see e.g. [3, §1.1]), we have a7y = 0. Thus the Eq. (2.7¢) reduce to

OThap = WVgp — Xm@mhab + Fp,

- (2.8)
0T Vap = —20ap — IWLg yhap — X Vevay + 6F,.
In Sect. 8 we will also write the first equation in (2.8) as
07hap = wWugp + 2]/V\gab - (D‘ZXg)ab = Wygp + Zﬁ
8ab — gameXm - gmeaXm- (29)

Hereon we use the differential Eq. (2.7b), (2.7d) and (2.8) to analyse the solu-
tions to our Einstein-Dust system.
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3. Preliminary Definitions

In this section we present several preliminary definitions concerning Sobolev
spaces, norms, elliptic estimates and energy functionals. All of this is standard
except for Definitions 3.9 and 3.11 where we introduce the fluid derivative dy
and then the energy functionals for the geometric variables involving this fluid
derivative.

3.1. Function Spaces and Norms

Definition 3.1. (L 2y -inner product) Let ug = 4/det g denote the volume element
on (M, g), similarly for w,. Let V, P be (0, 2)-tensors on M. Define an inner
product by

(V, P)y = Vij Pay™y 7!,

and define a mixed L?-scalar product
(V, P)Lz(g,y) ::/ <V» P)y Mgs
M

with corresponding norm ||V||i2 = (V, V)Lz(g’y).
87

The following definition follows notation first introduced in [3].

Definition 3.2. (Riem [y ]o and £, , ) Let V be a symmetric (0, 2)-tensor on M.
Define the tensorial contraction

(Riem[y] o V);; := Riem[y liajpy®® vy Vo ,

WAhCI;e, folAloYving the convention of [2], the Riemann tensor is defined by [@u , @i 1y =
(VaVi =V V) Vp := —Riem[y |pq; Ve Define the following differential operators

AgyVij = (Vdet g)"'V,(Vdet g - gV, Vi),

LgyVij = —R8g Vij — 2Riem[y] o V);;.
By using the gauge condition (2.1), the operator A ¢,y can be rewritten as
Ag»y Vea = gab@a@chd — HVVeq.

The operator Lg ,, is self-adjoint with respect to the mixed L2-scalar product (see
e.g. [2])

(ﬁg,y V,P)2 v, [:g,yP)L2 3.1)

(g.y) = (&.v)"

A self-adjoint elliptic operator on a compact manifold has a discrete spectrum of
eigenvalues. Using eigenvalue estimates from [17], we are led to the following
result:
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Proposition 3.3. (Estimates on Ly) Let (M, y) be anegative Einstein three-manifold
with Einstein constantk = —2/9. Then the smallest eigenvalue of the operator L ,,
satisfies Ay > 1/9 and the operator also has trivial kernel ker(Lg ,,) = {0}.

Definition 3.4. (Sobolev norms) Let k € Zx(. For x a Riemannian metric on M,
f afunction and V a (1, 1)-tensor, define

IVEFIR o= kP kWP (Vg - Vg f) - (Vg -+ Vi £,
IVEV |2 = iy i it P (N VIR - (W - Vi V).
The obvious extension to (p, ¢)-tensors holds. We write
1/2
Wi =( > / VOV )
0<l<k M

Note that under a global smallness assumption on g —y guaranteed by the bootstrap
assumptions, we have the norm equivalence || - |[;2 = || - [l;2 -
8V

Remark 3.5. When we write ||u|| y« we are denoting a sum only over the spatial
components of the velocity vector-field u*.

We frequently, and without comment, use the following product estimate:
Lemma 3.6. (Sobolev product estimates) If s > n/p = 3/2 then
luvligs < lullaslvllas.

We conclude this subsection with a result concerning elliptic regularity, see e.g.
[4, App. H].

Lemma 3.7. (Elliptic regularity using L, ,,) Let V be a symmetric (0, 2)-tensor on
M. There exist constants C1, C > 0 such, that for all s € Z>,

CillViigreas = 1L, Viige = C2llV I grsas

s .
where Ly ,, denotes s-copies of Lg .

3.2. Energy for the Perturbation of the Geometry

As noted in [2], in the spatially harmonic gauge (2.1) we have

. 2 1
Ric[glap + §gab = Eﬁg,y(g —V)ab + Jab,

where J,p, are higher-order terms (writen as S, in [2, pg. 22]) satisfying, fork > 1,

[N i1 = Cllg = ¥l e

Following [1,3], we define an energy for the geometric perturbation of the first and
second fundamental forms by using L, ,,. This energy will fulfill a strong decay
estimate enabled by the inclusion of certain correction terms I'(,,).
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Definition 3.8. (Geometric energy E$;) Let Ao be the lowest eigenvalue of the
operator Lg ,,, with lower bounds given in Proposition 3.3. We define the correction
parameter o« = a (Ao, ) by

1 A0 > 1/9
o=
1 -84 Ao=1/9,

where 8, = /T — 9(Ag — &) with I > &’ > 0 remains a variable to be determined
in the course of the argument to follow. By fixing &” once and for all, §,, can be made
suitably small when necessary. The corresponding correction constant, relevant for
defining the corrected energies, is defined by

1 A >1/9
CE ‘= ,
9(ro—¢&) Ao =1/9.

We are now ready to define the energy for the geometric perturbation. For m, k €
Z>1 let

Eamy = % (v, Lg”,;l(v))Lé + g (h, Ug’{y(h))% . Ty = (v, £g;1(h))L§

Y Y Y

The energy measuring the geometric perturbation is then defined by

ESg =) (Em +crTa).

1<m<k

We will see later that the corrected geometric energy E$ is in fact coercive
over the standard Sobolev norms of the geometric variables g, .

Definition 3.9. (Operators 30, du) We define the operators on M
é() =07 + Ly, Oy = uoaT — Tu“%u.

The following identity, taken from [8], holds for some function f on M:

or [ fue=3 [ Frue+ [ docoom. (32)
M M M

Remark 3.10. (Regularity parameters £, N) Attop-order our bootstrap assumptions
willinvolve Sobolev norms H” where N is a large integer. It is convenient to require

N to be odd so that we can introduce £ € Z satisfying £ = NT’]

We end this section with the top-order geometric energy for the geometric
variables g, X, which crucially involves the fluid operator 9. This energy will also
fulfill a strong decay estimate enabled by the inclusion of the correction terms.
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Definition 3.11. (Egu,% and E;,;) For s € Z>1, define

3

9 K S 1 s—1
& 0= 5 (WL, . 0Ly, ) 4 3 (8Ll v, 0uLilo)

2 2
LgvV 2 Lg-V

I, o = (8L, v, 05, )

The corrected dy—boosted geometric energy is then given by

¢
g — g g
Efno1=) (53“,2s + CEFau,zs>-

s=1

Finally we define
E}, = E} + E§
tot * O, N—1 N-1*

4. The Bootstrap Argument

In this section we first state the local-existence theory for the Einstein-Dust
system in CMCSH gauge. Then we introduce the bootstrap assumptions on our
solution and give some immediate consequences of these estimates.

4.1. Local Existence

Theorem 4.1. Let N > 6. Consider CMC initial data (go, ko, No, X0, po, ug) €
HN x HN=V 5 HN x HN x HN=2 x HN=! 4t T = T, such that the constraints
(2.7a) hold. Then there exists a unique classical solution (g,k, N, X, p, u) on
[To, Ty) for Ty > Ty to the system (2.7), which is consequently also a solution to
the Einstein-Dust equations. The components have the following regularity features

8. N.X e C'To, Tp), HY)n C' ([T, T), HN D),
ke C'(Ty, Ty), HN ") nC' (T, Ty), HY?),
ue COT, 1, HY 7D,
P, dup, duu € CO([To, T4 1, HY2).
Furthermore, the time of existence and the norms of the solution depend contin-

uously on the initial data. For the maximal time of existence Too, we have either
Too = 400 or

lim sup [lg —vlgy + 112y +IIN =3llgy + 1 X[l g
T /oo [Ty, Tos ]

+ 107 Nl grv-1 + 107 X[l gv—1 + ol grv—2 + [z lllull gy-1 > 8(y),

where §(y) is a positive fixed constant depending only on the background metric.
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Proof. The proof follows analogous to [16, Theorem 3.5] where the control on the
lapse and shift are replaced by the elliptic techniques applied in [11]. The adaption
of the regularity scheme to avoid the loss of derivatives from [16] to the present
case is executed in detail in the global analysis discussed in the remainder of the
paper. The smallness condition in the continuation criterion stems from a smallness
requirement in applying the corresponding elliptic equation for the lapse. O

Remark 4.2. Since we apply the local-existence theorem only for data close to
the background solution the smallness condition required to extend the solution
for arbitrarily large times is automatically fulfilled when our smallness conditions
hold, which we prove by a bootstrap argument. Since the smallness parameter of
the continuation criterion depends only on the background geometry we can choose
the smallness of the initial data, which we do accordingly without mentioning it
explicitly again.

4.2. Bootstrap Assumptions

Let u, A be fixed positive constants with © <« 1 and A < 1. We assume that,
forall Ty < T < T’, the following bootstrap assumptions hold (2.7):
lg = vligy + IS gv-1 < Cee™T,
IN =3l v + Xl gn < Cee™,
|07 N || -1 + 197 X || gv—1 < Cee T, 4.1
lpllgyv-2 < Ce,
lull gy—1 < CeetT.

there T’ < Ty is fixed. We hereon assume that (4.1) hold and do not repeat this
fact. Recall also Remark 3.5 regarding the norm on u.

Definition 4.3. (A (7)) It is convenient to introduce the notation

2

A(T) = Nl gw +IX Il g + 107 Nl gv—1 + 107 X L w1 + [zl pll -2 +1'2||M||H1v71~

Note that, under the bootstrap assumptions (4.1), A(T) < ce T,

We state some immediate consequences of the bootstrap assumptions regarding
19 which we use without further comment. Using Lemma 2.3, we have

~0
1™ gv-1 S e,

~0 < 20(,,4 a < (4.2)
IVl -2 S VNl gv-r + T2 Vu [l v + hoot S A7),

Note the first estimate does not pick up any p—loss. By the Sobolev embedding
H? < L*® 4%z = |u® — 1/3]|z=~ < 1/10 and thus

0 0y-1
lullipe S 1,0 Nutllzee S 1.

~

The next Lemma concerning the dust matter components is indicative of the
good behaviour that, as we discussed in Sect. 1.2.4, we roughly expect as the speed
of sound is reduced.
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Lemma 4.4. (Estimates on matter components) We have

ITI(NE N gv-2 + Il ga—2 4+ 1Sl ga—2) S AT),
12PNl v S eeTHRTATY), P IT ) gv—2 S A(T)2

Proof. The estimates are immediate by distributing derivatives across the terms
written in Definition 2.6 and using Lemma 3.6. O

Lemma 4.5. (Geometric coercivity estimate) Lets € 7Z such that1 <s < N — 1.
There is a § > 0 and a constant C > 0 such that for (g, ¥) € Bs((y,0)) the
following inequality holds

lg — yli3s + =13, < CES.

Proof. The proof of this lemma follows verbatim from [1, Lemma 19], which itself
follows from [3, Lemma 7.2], and the eigenvalue estimates referred to in Proposition
3.3. O

The next Lemma is actually only used once in our entire argument. Its sig-
nificance lies in the fact that it allows us to convert the quadratic derivative term
(VV)? appearing in the H' Sobolev norm into just one second-order derivative as
V - L, V, which will more naturally be controlled by E gu, Ne1-

Lemma 4.6. Let V be a symmetric (0, 2)-tensor on M. Then,

1/2

IVIigr S IVI2 + (V, »Cg,yV)Lgy-

Proof. We integrate by parts, use the closeness between the g and y metrics and
the boundedness of the Riem[y ] components:

VIR, = V]2, + fM g MV, ViV Vi g
<V, + \ / 88" M ViV, vy ug\
M

=< ||V||iz + ’ /M<V’ Lg,yv>y Hg + 2/M<V7 Riem[y] o V)y Mg

SIVI + (V. Loy Vir2 -

5. Preliminary Estimates

This section is concerned with deriving several preliminary estimates that are
required for our later energy inequalities. There are estimates on commutator terms
(Sects. 5.1, 5.4), estimates on matter terms (Sect. 5.3) and also estimates on geo-
metric variables (Sects. 5.2, 5.5). We also present an integration by parts Lemma
5.3, in particular (5.6c), which later plays an important role in removing various
critical terms that arise during the energy estimates.
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5.1. First Commutator Estimates

In this subsection we let V be an arbitrary symmetric (0, 2)-tensor and ¢ a
scalar, unless otherwise specified. We begin with the identity

(97, ValVij = (=0rTg ) Vej + (—0rT;) Vie. (5.1
The terms d71"[g] can be estimated (see [1, (10.12)]), for 0 < k < N — 2, by:
197D (@)l gz S Bl et + 1X | sz + 1N g (5.2)

We also have the following commutator identities:

[aT, Val c Vak]¢ = [3Ts Val]vaz c Vak¢ + Val [8T7 Vaz]vzn t Vak¢

+...+ Val t Vakfz[aTs Vakfl]vak(b + val e Vﬂk—l [aTv Vak]ff’,
(5.3)

[Vh Val t Vak]¢ = [vh Val ]Vaz t Vak¢ + Va1 [V,‘, Vaz]vag c Vak¢

+ .o+ VoV L[V, Vo WVa @+ Va, - -V Vi, Vg, 19.
5.4

Note the last terms in each of (5.3) and (5.4) will in fact vanish since the metric g
is torsion free.

In the next part of this subsection we state an important estimate, given in (5.5),
that allows us to turn background V derivatives into dynamical V ones.

Definition 5.1. (Difference tensor Y') Recalling that V and V are the Levi-Civita
symbols of g and y respectively, we define Y a (1,2)-tensor by

The :=Thelel = Th Lyl
Let V be a vector and P a one-form. Then we have
VoVi=VVik YLV NP =N, P = Y] P;.
We will often schematically write tensorial contractions using *. For example,
VaVi=V,V 4+ i,V becomes VV =VV4+TxV.

In local coordinates the components of the T tensor are given by

1 . 1 .
Tgc = _Eym (VoYei + VeVai — Vivee) = zyal (Vphei + Vehgi — Vihpe) .

Lemma 5.2. For 0 <k < N — 2, we have
IV VIVl SNV L+ eIV i,
Proof. First we see that from Definition 5.1, forall0 <k < N — 1,
1T g S Nl — v gt (5.5)
Thus we compute,
Ve VatVij = Ve, ValVij + Y2,V Vij — (Ve X2 Viyj + (Ve X2 Vi)

Using the boundedness of the Riem[y] components, the required estimate then
follows. =
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We end this subsection with some very useful estimates that come from inte-
gration by parts.

Lemma 5.3. (Integration by parts) Let T be an arbitrary vectorfield and V, P
arbitrary symmetric (0, 2)-tensors, on M. Then

Loy V. P)2g) = / (§V,V, VpP), g — 2 / (Riem[y ToaebV®, P), jig.
M M

(5.6a)

and
(TN Py [ ST IV I P (5.6b)
[TV V2 | S IT 1V I (5.6¢)

Proof. The proof of (5.6a) follows by using the gauge condition H* = 0. To show
(5.6b), recall that the Jacobi identity implies that

~ 1 N
Vay/detg = 3 detg - 8" (Vagij)-

Using this we find that
(TVeV, P)pz = / Yy TV, Vik) Pj1 y/det g
& M

. A J/detg
=— | YUYk, (1P Y= ) Vigy/det
/MV Y a( Jjl Joty ik 14
= —(V,TVyP)2 — ((VaTYV, P)p2
8 8.V
— 3V (T8"Nagoe) P)i2 -
Thus,

(TVaV Py | = | = (V. TVaP)2 = (VT PYa
— 3 (V. (T8"Vagoe) P)y3 |

ST TN g2llg = v U IV 2 1Pl -

Crucially, in the symmetric case, we can bring one term over to the left hand side
to show that

(TVV V)2 | =] = 3 (VaTDHV, V)2 = 1 (Vo (T96" Vagp) V) 3|

ST Ugs + 1T Uz llg = v 1as) V1172
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5.2. First Estimates on Geometric Components

‘We now establish some of our first estimates on the ADM variables N, X and
the geometric variables g, X.

Lemma 5.4. (Dust derivatives of lapse and shift) For2 <k < N — 1,
0uN | g + 10uX |l g < AT).

Proof. Since the lapse is a scalar, 3N = u’d7 N — tuV,.N. For 3, X we use
(5.5). We find that

8uN Il g + 10aX |l gt S 197 Nl g + 197 X || g + eI A(T).

Lemma 5.5. (Estimates on geometric source terms) We have

IEnlge S AN g+ 1X 1 + lg = ¥ 13001
2<k<N-1,
IFoll e S IN gz + [Tl ol e + 1X 10

+ 18 = ¥l + 1S3
2<k<N-=-2,

and thus
I Frll gn—1 + 1 Fyll gy SAT) + g - )/||2 T ||E||2 N—1-
H H

Proof. Using the product estimate of Lemma 3.6 and (5.5) we obtain, for 2 < k <
N —1,

I Fnll e S IN e+ 11 e IV X A+ % X || g
SN ge + 118 = vl ge X | geer + 18 = ¥ 131X g
Using, in addition, Lemma 4.4, we see, for2 <k < N — 2,
1ol e SN ez + 1B 1250+ TS0 1 e + 121 e IV X g
O

We can now combine the geometric source term estimates from the previous
lemma with the equations of motion given in (2.8).

Lemma 5.6. (Time derivatives of g and X ) The following estimates hold:

1078l S NIl ge + 118 — v ligert + INI g + 1 Xl gresr, 2 <k <N —1,
197 Zll gk S Nl st + 118 — ¥ Il sz + [IN || a2
+ 1X 1 s + [zl s 2<k<N-2
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Proof. Using Lemma 5.5, (2.8) and (5.5) we find
187 Rl g S Ul gx + 1X (VA A % h) | i + 1l e
SASlge + IN e + 1X 1P + 118 = ¥ 1pes
and, using additionally Lemma 3.7,
1o vl ge S NElgx + 1Ly hll g + 1X (Vo + T % 0) || i + 1ol e
S I lge + g = vl gz + [N s
F X W er + IS 00 + Tl g5

O
Corollary 5.7. (Dust derivatives of g and X ) The following estimates hold:
10ugllgr S N ENpr + g = viiges + A(T),  2<k=<N-1,
I0uZll g S NEl st + 18 — vl gesz + A(T), 2<k<N-—-2.
Proof. Writing
duVap = ud7p Viap — TuVeVyp — rucha Vap — rucTéIb Vad
and using Lemma 5.6 gives the estimates. O

Remark 5.8. Ttis unsurprising that for the geometric variables g, ¥, the fluid deriva-
tive estimates in Corollary 5.7 do not gain us any improved information compared
to the time derivative estimates in Lemma 5.6. This will of course change when
we consider instead estimates on certain fluid matter variables which are naturally
more compatible with the fluid derivative operator dy,.

5.3. First Estimates on Fluid Components

In this subsection we establish further estimates on the various matter variables.
Note that we need to estimate both matter components coming from contractions
with the stress energy tensor (see Definition 2.6) and the fluid source terms terms
appearing in the equations of motion (see Definition 2.7).

Lemma 5.9. (Fluid source term estimates) We have, for some v > 0,
IFpllgn-2 S ITlllull gv-1 + 10 gv-2 + AT),
IF0ll gv-1 S IZ - + AT),
I Fuill -1 S 1Tl ACT) + e%e 7T

Proof. For 2 < k < N — 2 we distribute derivatives across the terms given in
Definitions 2.4 and 2.7. This yields

. 0 .
IFpllgx S ITHIVU e+ lu Lo 1T e 4 T T 1 g el e
2 2
F 1T ik i 1 X e el e 4= = Nl e 1T 1 e

S el st + 120 e+ 1X i
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Similarly, for2 <k <N — 1,
I Follgge S T RN g+ 1Tl g 1T 0 e+ 2l 30 T il g
SHITN g + 12120+ IN I er + IX 12 + T2 2l
Finally, for2 <k < N — 1,

| Fyi e S 121 T g+ e (17T — Ty Mg
+ 12X N e 1Tk || )
A+l g T g
ST 7 XDl g + X N g + TN 1 e
1B 05 + 1X 1 gelldr N ge)
+ el (g = ¥ gsn + 1TNIX )
+ leell g (VS g+ TN g+ I X et )
5 |‘L’|_1A(T) + 826(1—2A)T + 826(_“_2””,
It is convenient also to note that at lower order we can apply Lemma 4.5 to find
[Tl Fuillgv—2 S E§p_y 4+ AT + [z llull3 v (EF D2 (5.7)
O

In the next lemma we provide estimates for fluid derivatives of certain matter
components appearing in Definition 2.6. The weights in t are included for conve-
nience since these expressions appear later on in the energy estimates.

Lemma 5.10. (Dust derivatives of matter components) We have
[ ll18unll v + 1Tl 1uS | gv-2 S ee™ X THHTHTAT) + AT,
2P 18usll g2 S AT)? + 2 A(T)e 0T,
Proof. Note that (2.7d) can be rewritten as
! = tuu Yl + 7 WO PNVIN + Fi, 0uu’ = Fpo.  up = pF,.
Using Definition 2.6 we compute
dun = pF, ((u0)2N2 + gap (X4u® + Tuy(xPu® + rub)) +20w®)2 NN
+ p(Bugab)(X“uo + tu“)(XbuO + rub) + 2,ogabu0(XbuO + rub)(auX“)
+F0 <2pu0N2 +202a X4 (XPu0 + ru”)) + 2082pu%u® (XPu® + tu) (o7 7)
+ Zpgabt(XhuO + rub) (ru”TL{CuC + 1t W"ENVIN + Fu_/> .

Thus, using Lemma 5.4, Corollary 5.7 and the matter estimates from Lemma 5.9,
we obtain

[Tldunll gv—2 S ITllioll gv-2 1 Fpll gn-2 + ITllloll -2 | 0uN || v
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s+ |tlllpll gy-2 | F,oll gy—2 + hoo.t.
5 8emax{—1+u,—A}TA(T) + A(T)2
Again using (2.6) we compute
duy® = (pFp)Nulu® + (8uN) pu’u® + (F0)pNu® 4 (z YE.u’u®
+ 7 W2 NVAN + Fua)pNu®.

So, by the geometry estimates in Lemma 5.4 and 5.6, together with the fluid source
term estimates in Lemma 5.9, we obtain

210w gn—2 S ITllol g2 IN I ga-1 + 1Tl gv—2 | Fue |l pv—2 + hoout.
< 2N TMT L A(T),
Finally, from (2.6), we find that
BuSab = Bup) (X o + Tua) @O Xp + tup) + Lgap) + 1 0(ugap) +hoott,,
also
T 10uSl g2 S Tllol -2 | Foll gy S ™ "M A(T) + AT,
O

Remark 5.11. The significance of using dust derivatives is made clear by look at
the higher regularity appearing in Lemma 5.10 compared to the following Lemma
5.12 which only concerns time derivatives. In Lemma 5.10, we directly computed
the 9, derivatives using the equations of motion, instead of doing a rough estimate
by expanding 9, ~ 97 + Tuc * V.

Lemma 5.12. (Time derivatives of matter components) We have,
Tlldrnll gv—s S eeHOTAT) + AT,
A 37 gn-s S 2 AT) +ete” T,
[Tllo7 Sl gv-3 < A(T).
Proof. We calculate drn explicitly from (2.6) as
arn = drE + (XL,X“(uO)2 + 2t Xpulu® + v gapuu)drp
+ (20X W”)? + 2zouu®)dr X4
+ (2quXaX“ + ZTprub)BTuo + (thXbuo + 2r2pub)87ub
+ (2prubu0 + 2tpuqu®)ort.
Using o7t = —1, we obtain
lTllornll gv-3 < Ielllor Ell gy-s + AT Illlor pll gv-3
+ eI AT 0r X || gv—s + AT 976’ gv—s (5.8)
+ e THOT AT 207 ul || yn-s + A(T)2.
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To estimate d7 E we use the rescaled continuity equation [1, Eq 10.16]:
ITE = (3= N)E — XV,E + tN "'V, (N?j) — X g0y T* — 12N TP
By Lemma 4.4, we obtain
[THOr Ell gv-3 S ITIE N gv—2(IN | gv—s + 1X | v-3) + 1717117 gv-2
+1TPIT ) gv-s
< e THWTA(T) + A(T)?.

To estimate d7 p, aru®, 9ru“ we use the equations of motion (2.7d) together
with Lemma 5.9. We find,

2
ITlloroll g3 S 1zllpll gy Fpll gv-s + 1T Null gy-slloll g2

< 86max{—l+u,—A}TA(T) n A(T)z, (5.92)
and
107 yv—2 < 1 Fyoll g2 + 1Tl g2 [Vl || gy
SAD) + 12 [55-2
e (5.9b)

Tl187u v S (2l Fuall v + N w1 + T2l 2
< A(T) + 2”00,
Putting all these estimates into (5.8) gives, for2 <k < N — 3,
T ll9rnll g < ee T A(T) + A(T)?.

Next, and again using (2.6), we compute

or)* = @rp)Nu’u + (0 N)pu’u® + @ru®) pNu + (9ru®) pNu’,
So that
Ao j N gv-3 < eltlllull gy-31107 pll gv—s+

0
8IT|IIPIIHN—3<||3TN||HN—3IIMIIHN—3 + 107 u” || s |lull gv-3

+ 1ru 2
S, 82A(T) + 846*(1+U)T.
Finally, from (2.6) we calculate (written schematically)
oS = @rp) (X +tu)’ + 38) + 300r8) + pirg - WX + 1u)?
+ par (X + tu) - WX + Tu?).
Using Lemma 5.6 and (5.9) we have
ITllor Sl gnv-3 S 1Tl gnv-3 1 Epll gnv-3 + [Tlllull gy-sllpll gpn-2)
+[zlllpllgy-s x (ho.t)
S Izlllell gy-2.
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5.4. Second Commutator Estimates

We are now in a position to compute various commutator estimates which are
required in the later energy estimates. We let V be a symmetric (0, 2)-tensor on M
unless otherwise specified. The first lemma looks at the commutator between the
dust derivative 9, with other first-order differential operators.

Lemma 5.13. For 0 <k < N — 2, we have
113w, O71V | e < £ FOTV || gt + 2T HOTY 7V || .
108w, VIVl < eIV o + A0 V | g,
I[3u. VIV [l gr S ee™ IV | s + AT 97V || .
Proof. A computation gives
[Bu, 071Vij = —1uVa Vij + toru® - Vg Vi — opit® - 87 Vi,
(8, Vp1Vij = —tu[Va, VplVij — Vpil - 97 Vij + tVu® - Va Vi, (5.10)
[8u, Vp1Vij = u®[d7, Vp1Vij — tul[Ve, VplVij — Vpil - 97 Vij + TVpu - Ve Vi
Thus, by (4.2) and (5.9),if2 <k <N — 2,
108w, 871V | g S 1TI(llull gk + 187 || g )IVV + X 5 VIl e + 107l e 107 V | e
S eIV st + llg — ¥l st 1V I ) + eI a7 v .

The estimates for k = 0, 1 follow in the same way.
The other two estimates follow in a similar way. Note that for [d,, V] we use
Lemma 5.2, and Eqgs. (5.1), (5.2) and (5.9). |

The next lemma in this subsection investigates the commutator between the
second-order operator L, ,, and other first-order operators.

Lemma 5.14. The following estimates hold:

[ | 4 e e P

+ A0V || g, 0<k<N-3,
¥, LoV Iige S ee TNV sz + IV [ g 0<k<N-2
07, LoV Iige S e IV gisa, 0<k<N-2.

Also, fork,s € Z suchthat0 <k <N —2,s > land2(s — 1)+ k <N — 1, we
have
I3z, £ Vg S ee |V grszsacy.

Proof. A calculation yields
[Ou., »Cg,y]vij = _(augab)ﬁaﬁbvij + Ag,y’:zo -0 Vlj + 2gabﬁaﬁoﬁbaT VlJ
+ fucgab(Riem[V]kbac%k Vij + 4Riem[y 1¥ 1ac Vi Vi )
+ 2@aRiem[y]k(i|bC . Vk\j)) — 2rg“b%uc%@cvﬁ
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— TAg o uf - VeV 4 2tucVRiem[y Jigjp - V. (5.11)
It is useful to write this schematically, using that Riem[y] and its derivatives are
bounded by constants
V= (g™ )« V2V + V2 %37V + Vu « Vor v
+ (U % (V+VV) + Vul V2V + V2 5 VV).
If 2 < k < N — 3 then by elliptic regularity of Lemma 3.7 and the commutator

estimates in Lemma 5.2,
I8y Loy IV e S 18ugll g 1V 1l sz + 8% g2 |37 V| e (5.12)
+ Itllull g2 | VI gera.

The conclusion then holds by (4.2) and by estimating d, g using Corollary 5.7 . The
estimates when k = 0, 1 follow in a similar way.
Next we compute the identity

[ﬁg,yv @m]‘/l] = @mgab : @aﬁbvij - gab[%a@bs @m]vijy (5.13)

where we are thinking of the m index as not being free (i.e. contracted with a factor of
the shift X™). Since the commutator involving only V will just generate background
Riemann curvature components the required estimate follows straightforwardly. We
note also that (5.13) and the elliptic regularity of Lemma 3.7 imply, for s € Z such
that 1 <s < N/2,

IELS . VmlVile S Ly VILS ) VI + - + I[Lg.y. VIV 261,

S llg = vllgmasz-n (1VIgz + 18 = ¥ 1Vl g2-1)
+ IVl g2e-n
S ee VI + Vg2 .19
Finally we compute
Vij = =01, Mg, 1Vij = —(0rg*")VaVp Vij.
Using Lemma 5.6 to estimate dr g this gives, for2 <k < N — 2,

107, L.y 1VIlge STkl g (IVVV + Y % V)llge + IT(VV 4+ Y % V)l ge)

—AT|

< ee [Vl et

A similar argument holds for the cases k = 0, 1. At higher order, we obtain the
identity
[Br, Ly Vi = = D Loy 018" - Va ¥ (Lo Vi) (5.15)
1<i<s
This can be estimated, for2 < k < N — 2, by
87, Ly IV g S W0T A pr2es—vk (IV 1| sz (5.16)
+llg = ¥l gee2 |V | iz ). '

The cases k = 0, 1 are treated in a similar way and the conclusion follows from
Lemma 5.6. d
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The next corollary extends the commutator estimates of the previous lemma
to higher-orders of £;, ., s € Z>;. Note that the L? estimate that appears in the
statement will be typically applied with V = &, while the lower-order H! estimate

will be primarily used later on with V = X.
Corollary 5.15. We have

-1 —AMT
100w, £ 1V Iz S g™ =Ty o,

+ A7V || gos-1, I1<s<d,
100w, L5V g S e =My oy
+ AM))Ior V|| gas—2, 2<s <UL

Proof. By Lemma 5.14,
100w, £ 1V IIz2 S 11us Loy 155 Vg2 + 1[0 Loy 1L57V I 2
+-+ ||[8U7 g,y]V”HZ(S—')
S e ATy o 4 AT 107V | g2
s—2

+ AT Y 07 Ly PVl
p=0

The conclusion then easily follows and the second estimate follows in the same
way. O

Corollary 5.16.
19uLy (D)2 S (EF_D'2 + AT,
||3u£ (Z)IIH1 SIZNgyv— + 18 — v llgy + AT).

Proof. By the 0, X, 07 X estimates of Lemma 5.6, Corollary 5.7, and the previous
commutator estimate of corollary 5.15

10a L5 (D)2 S 1Tl gv-3 + 10w, L5, 1D 2
SIS lgn-2+ g — yllgn-1 + ACT).
The conclusion then follows by the coercive estimate of Lemma 4.5. Similarly,
19u Ly Sl S IZlgv-1 + g = ¥y + AT) + g™ =I5y,
+ A(D)|dr |l ggv-s (5.17)
SIZlgy-1 +11g = yligy + A(T).
O

Remark 5 17. Frequently in our energy estimates we will need to study the term
|| Ou L (E) |l 1 appearing in the previous Corollary. However, by looking at the
estlmate derived in Corollary 5.16, we see that we cannot apply Lemma 4.5 to the
top-order Sobolev norms || X || yv-1 and ||g — ¥ || y~ . To estimate these terms by the
geometric energy ES, we will instead need to use the auxiliary elliptic estimates
established in Sect. 6.
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We conclude this subsection with a commutator estimate that plays an important

role in the proof of the lapse estimate appearing in Proposition 7.3.

Lemma 5.18. Let A := g**V,V,,. Then for0 <k < N — 3,
ITA, 81V g S ATV | g + e IV s,

Proof. We compute

Vij = A% 97 Vij +2Via0V, (37 Vij) — u®drg® - VaV, Vi

+u®g [V V. 0r1Vij + 7( = Au€ - Ve Vij — 2V,u VOV Vi + u Vg™
- VaVpVij) + Tu g Ve, Vo VplVij.

Let2 <k < N — 3. From Lemma 5.2 and (5.3) we find

IEA, 31V e S UVl gt (107 V | st + 197 R iV | pace2
F 17Tl gt 1V Nl it &= [T el g [|V | g2

The cases k = 0, 1 follow in the same way. The conclusion follows using Lemma
5.6, (4.2) and (5.2). O

5.5. Second Geometric Components Estimates

We now reach the final subsection of Sect. 5. The first lemma is an analogue
of Lemma 4.5 for our top-order d,—boosted geometric energy. The proof follows
those in [1, Lemma 19] and [3, Lemma 7.2].

Lemma 5.19. Let s € Z such that 1 < s < {. There is a § > 0 and a constant
C > 0 such that for (g, X) € Bs((y, 0)) the inequality

Ly h. Ly h)z  +10uly v, auc;,jylv)LM < CEj} ,,
holds. Furthermore Egu’% > 0.

Proof. Recall Egu »¢ from Definition 3.11. We first note that Eagu,ze l(h,0)=(y,00 = 0.

Next, we see that (y, 0) is a critical point of E gu 5 since the first derivative vanishes.
Considering then the second derivative of this energy at (y, 0), we see that the
Hessian takes the form

Dz(gégu,Zs + CErgu,Zx)((h’ k)v (h7 k))
= 9Ly, k. 0Ly, 1)y + (Buly, k. 0wl K2
+ CE(au'C;/,_y]k’ a“EJY/J/h)ng ’

We claim that the Hessian is non-negative. By expanding in terms of the eigentensors
of £, ,, we are left with terms of the type

5281 (9)»(3qu}1, 3uPAh)L§ , + (0u Prk, 8uPAk)L§ ) + cg (0u Ppk, Bquh)ng y>,
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where P, denotes the projection operator onto the A-eigenspace. The choice of
cg ensures that the bracketed term is non-negative for the smallest eigenvalue A,
which in turn implies non-negativity for all eigenvalues. Thus we find

D*(E§ o, +cxTs 5)((h k), (h,K)) = 0,

From this it follows that there is a constant C = C(Xq, ) > 0 such that

4
D @Guly b daly s A 1Guly ks 0Ly 02 | < CES 5.

s=1
O
The next lemma provides estimates for the Sobolev norms of dy /2, dy X in terms

of the geometric energy Ef . This is natural given that we have constructed the
functional E}, to precisely control such Sobolev norms.

Lemma 5.20. (Dust derivatives of geometric variables at high-regularity) We have,

”auh”%_IN—l 5 Egu’N_l +8262max{*1+u,7)»}TE§]_1 +A(T)4,

2 —1 ,—AT
10uZl3n—2 S Ef oy + ES_y + g™ 1H=4

< (121501 + g = ¥ 1730) + AT

Remark 5.21. Similar to Remark 5.17, we cannot apply Lemma 4.5 to the top-order
Sobolev norms || X ||§{ v and |lg—vI ?—1 ~ - To estimate these terms by the geometric

energy ES we will instead need to use the auxiliary elliptic estimates of Sect. 6. It
is also crucial in later analysis in Sect. 6 that these top-order norms above appear
on the right hand side in Lemma 5.20 with a smallness factor of €.

Proof. (Proof of Lemma 5.20) Recall that N := 2¢ 4 1. By the elliptic regularity
of Lemma 3.7 and Lemma 5.19

18uhlF2e S LG, duhllys S ES y_y + [[8u, £ 1017,

~

We control the commutator term using Corollary 5.15, finding

100w, L 1l g2 S ee™X =T e — ) vy + A(T) |97k -

o (5.18)
gsemax{ 1+pu, A}T(E§71)1/2+A(T)2,

where in the final line we used Lemma 5.6 and the coercive estimate of Lemma
4.5.
Next, by elliptic regularity and Lemma 4.6, we have
10uS 72 S ILE 7,0
S 18uLyy BTz + 8w, £ 18172 + (Lyy 0T, Ly 0aZ) 12 -
(5.19)
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The first term on the RHS of (5.19) is treated by Corollary 5.16. For the commutator
term in (5.19), we use Lemma 5.6 and Corollary 5.15 to find

113w, £y 12112
< e AT B v s+ AT 107 S gy (5.20)

5 8emax{—1+u,—A}T(Ej2V_2)1/2 + A(T)Z.
Considering next the final term in (5.19), we write it as

-1 l
(Ly ) 0, Kg,VBUE)Léy
£—1 l -1 l
= GuLly) %, 0uLl D) pn 4+ (L) 0l all , D)o
+0ulyy B[00, Lo ) 192+ (L 8T, [u, Ly ) 1D) 2

=:E1+ Ey+ E3+ E4.
From Lemma 5.19, |E|| S E agu ~_1- To estimate E> we need to integrate by parts
one of the derivatives appearing in 3u£§,y ¥. Using (5.6a) we find

Ey = (¢ValLl) ] Z, VpduLl) 2) 0

8.y’
—2([£5) . 3u]%, Riem([y] 0 8,L ) 2z,
+ (L5 Bl 0w Loy 155 D1 .

By the commutator estimates of Lemma 5.14, and Lemma 5.6, we have

10w, Loy 1L57) iz S ™ TS| vy + AT 07 B -2

S ™ AT (I8 | v + g — v llgy) + AT
(5.21)

Using this, together with (5.20) and Corollary 5.16, gives

|Ea| S 100w, L5 1 (10L5,) Sl + 10, L. 1251 E112)
S o™X (512 4 llg = yl3w) + AT

The terms E3, E4 are similarly estimated and inserting all these estimates into
(5.19) gives the required result. O

We end this subsection with two Lemmas concerning the geometric source
terms Fj, and F,.

Lemma 5.22. (Time derivative of geometric source terms) We have

197 Fnll yv— + 107 Fyll gv—s S ES | + A(T).
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Proof. Let2 < k < N — 2. Taking a time derivative of F} as given in Definition
2.8 we see that

17 Full e S 007Nl gk + (IN 11 gt + 1X g + g = ¥ it 1 X 1 gz ) 187 Pl g
+ llg = ¥ g (107 X | gt 4 llg = ¥ L e 197 X [ ).
The first estimate then follows by applying Lemma 5.6.
Next, let 2 < k < N — 3. We take a time derivative of F,, which gives
orF, = BTV,-VJ-N + orN - (22iC2§ — %gij — Eij + TSij) + 2NBT(E,-CE;)
- %NaTg,'j — NorX;j —tNS;j + tNIrS;;
— aT(vim%ij + vmj@,-X’").

For the first term we use the commutator identity from (5.3) and recall that the lapse
is a scalar. We obtain

187 Full g S 107 Nl sz + 1187, VIVN g + 121 (18] gx + 137 Sl )
2156 + 100 21136 + 07 g5, + AT

The conclusion then follows by Lemma 5.6 and the matter estimates in Lemma 4.4
and Lemma 5.12. O

Corollary 5.23. (Dust derivative of geometric source terms) We have

19w Fill grv—2 + 10w Foll pv—s S Ef_y +ee IO (Jlg — 12 v + 12 17,80-1) + AD),
I0uFnllg2 S ES_y + AT).

Proof. The estimates follow by expanding out 3, = u’d7 — Tu‘V, and using the
Fy, F, estimates in Lemma 5.5 and the 97 Fj,, o7 F,, estimates from Lemma 5.22.
O

Remark 5.24. Since we are dealing with geometric variables in the above corollary,
and not matter variables, we roughly estimated the dust derivatives as dy ~ 97 +
Tu % V. Note that doing so introduced the top-order Sobolev norms || X ||%_I v and
lg — v ||%1 v- Crucially for later analysis in Corollary 6.4, however, is that these
top-order norms appear with a coefficient of ¢.

6. Elliptic Estimate

In this section we prove an auxiliary elliptic estimate which allows us to control
the top-order Sobolev norms of g and X in terms of the geometric energy functional
E;,. Recall only the lower-order Sobolev norms are controlled using Lemma 4.5,
and so a new idea is indeed needed to cover the top-order of regularity. We also
remind the reader that the geometric energy ES, will eventually fulfill a strong
decay estimate enabled by the inclusion of certain correction terms.

The main result of the section, Corollary 6.4, achieves the goal of the previous
paragraph. To prove this corollary, we take the first-order equations of motion for
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orh, 07 X appearing in (2.8) and convert them into second-order equations involv-
ing a perturbed wave operator VY and the d,, derivatives. We find, very schematically,
that

L yh ~W(h) + 47 (h) + TuVadyh. (6.1)

By elliptic regularity for Lg ,, we can then prove an estimate on ||g — y|lzv ~
| Lg ., hll gn—2 by estimating the RHS of (6.1), see Proposition 6.3. A similar idea
holds also for X. We note that this idea, albeit for a different gauge, was first
introduced by HadZi¢ and Speck in [16].

Definition 6.1. (Operators WV, H) Define the operators

W = ardr — XXV, V), + N?L,
2 ayvhy O 2“a“b S &
H = N’L,, — XXV, V) — 1 (uo)zvbva,

which act on symmetric (0, 2)-tensors.

Due to the sign convention on L, ,,, see Definition 3.2, one can think of WV as being
a kind of perturbed wave operator.

Lemma 6.2. (Wave equations for h,v) The differential Eq. (2.8) forh = g — y
and v = 6% imply
W(h) =Fi, W)= F,

where,
IF v + 1 P2l v S ES_ +ee 2T (g — v 12w + I1Z1351) + A

Proof. Rearranging (2.8) as v = w™ ! (d7h + X™ @mh — Fp) and substituting this
into (2.8) gives

—w ' @rw)v + w B2k + dr (X" VY, h) — 7 F)
= 20— 9wLy yh — X"V, + 6F,.
Using again (2.8) we note that
A7 (XOV,h) = =X XV, Vph — XUV, X0 - Vyh + 07 X4 - Vah
+ X"V (wv + F).
Rearranging terms (recall 9w? = N?) we find
W(h) = F) := XV X? - Vph — 07 X™ - Viph — X"V (wv + F)
+ 37 Fy + vorw — 2wv — wX"V,,v + 6wF,.
Using Lemma 5.5 and Lemma 5.22 we see that
I Etll gv-2 S IZ N ga-2 + 197 Fall gyv-2 + | Fyll gyv—2 + A(T)
SEN_ + 18— v + 121581 + AT).
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Although the top-order terms involving g — ¥ and X here look worrying, when

squaring the estimate we can then apply the bootstraps to gain the crucial factor of
£.

To derive the equation for v we take the d7 derivative of (2.8):

920 = —207v — 997w - Ly h — WLy, (37h) — Ywldr, Lgy1h — I X™ - Vv
— X"V, (370) + 697 F,.

Substltutmg in the equation of motion (2.8) where needed, and expanding as
Lgy(wv) =wl, v — vAg yw—2g¢ b, wV,v, we obtain

W) = F :=4v+ 18w/l ,,h—l—ZXmV v—12F, — 997w - Ly, h
+9wvAg ,w + 18wg™VwVyv + 9wl , (X" V,,h)
— 9wl Fy — Ywldr, Lo 1 + 637 Fy — 37 X™ - Vv + 2X" Vv
+9X" V(WL yh) + XV, X" - Vv — 6X"V,, Fy.

Using the Fj,, F, estimates in Lemma 5.5 and Lemma 5.22, together with the
commutator estimate in Lemma 5.14, we find

IF20l gy S NENgv-s + 118 = vl gv-1 + 197, Lg y Jhll g3 + 1 Foll gy—2
+ 107 Fyll gnv—s + 1 Fnll -1 + A(T)

SES_ D +ee g —yllgv-1 +llg — vI3n
F N30 + ES_ + AT).

Note that in the above we also used (5.5) to estimate a term of the form
IVRI -1 S Il gy + 101 gn-tll2l gyv-1 S llg — vl g
O

Proposition 6.3. (Elliptic estimate using YV, 0y operators) Let V be an arbitrary
(0, 2)-tensor and 0 < k < N — 2. Then,

IVl g2 S AWV e + 18udr (Ve + 1211686 Va (V) g
Proof. From (3.9) we have
oV = (uo)—1<au(V) + ru“%v),
and thus
drorV = (u‘))—l(au(aTV) + w“%aTv),

Y,V = (uo)—l(au(%V) + ru“%ﬁbv).
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Recalling 2° = u® — 1/3, we find
W(V) = 3707V — X XV, V),V + N2L, , V
— @~ (au(aT V) + tuor v, V) — XXPV, U,V + N2Lg, V

a

1 ~ A
= () 0O V) + (BH(VC,V) + rubeVaV> (6.2)
u u
— XX "V, VpV + N2L, , V
= )18 0r V) + tu @®) "20u(Va V) + H(V).

We view N ~2H as a perturbation off the elliptic operator Lg,. For0 <k <
N -2,

IV2H = LoVl S IXOXPVa0V 1t + 72 oy a2 V|

0)2
< 2TV gesz + I st [V ] o)
< e2e 2RI L LV | e
Suppose now H (V) = 0. By definition of ‘H, and elliptic regularity of Ly ,, this
implies
IN? Loy W2 = [ XXV, YV + 22 @) 2uub VoV
S STV
<c@en? P TTITL, LV
for C > 0 some constant and C; > 0 as in Lemma 3.7. We also have a lower bound

C'NLgy W2 < IN?Lgy (V)12

for another constant C’ > 0. Choosing ¢ sufficiently small so that C(Cy)~'e?
2T < ¢ we see these two inequalities imply

C/”»Cg,y(v) 2 < 8”’Cg,y WMl 2.

For ¢ sufficiently small this implies ||£, ,(V)|;2 = 0 and so V € ker L, ,.
However, ker L ,, = 0, and so for small data H also has trivial kernel and thus we
obtain

IVIigeee S INT2HO) e S IV | ges.

Putting this together with (6.2) we find
IV gre2 SAINT2WV) e + 1) ™' N728,97 (V)] g
+ 1@ U N 280 Ve (V)| g
O

We can now bring together the previous results and estimate the top-order
Sobolev norms of g, ¥ in terms of our geometric energy functionals £ 3 N—1 and

4
ENl
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Corollary 6.4. We have,
lg = Il + IS0 5vo1 S ES voy + EN_y + A
H H s
Proof. From Proposition 6.3,

lg = Y112 n S IWIIZx- + 18udr (W) 3 n— + |74 8uVa () 13, n .

The first term here is treated using Lemma 6.2. For the second term, we begin by
using the commutator estimates in Lemma 5.13, and the d7 % and 0,/ estimates in
Lemma 5.6 and Lemma 5.20 respectively, to find

18V (M2 N2 S N0uhlZn- + 22T )3 + A<T>2||arh||i,N_6 2 3)
5 Egu’N_l + 8262max{71+/4,7)»}TE§]_1 + A(T)3, :

Next, using the expression for a7 h given in (2.8), together with Lemma 5.4, Corol-
lary 6.5, Lemma 5.20 and Corollary 5.23, we find

[18ud7 (R) 1%,
S 1012 n2 + 112 v 18N 12 n—2 + 18aX 1122 IV A,
~ u HN 2 HN 2 u HN 2 u HN 2 HN 2
F X2 N2 186V RIS s A+ 180 Fa 1% v
SES yoy+ Ey g +ee™ TN L llg — v y) + AT
Using again (6.3) we find
72w 3V (M) |12,n s
ST uld v (ES, oy + e2e™™ 722 21T Yy A(T)?)
8 g 4
5 Ea.,,Nfl + ENf1 + A(T)".
Putting this all together,

lg = vI%n S ES vy Exf_y +e(IB 13m0 + 18 — v I5n) + AT
(6.4)

We follow the same steps for the ¥ estimate. From Proposition 6.3,
IZ12 8- S IW@)I3 8- + 18udr ) 1385 + T 100 Va (2) 13,5

The first term here is treated using Lemma 6.2. For the second term, we begin by
using Lemma 5.6, Lemma 5.20 and the commutator estimates in Lemma 5.13 to
show that

10aV (235 S 1Tl + 220N B2 + AT 00 2117 v-s
SES v+ Ej_y +eem Tl oAT (6.5)

(1B 1381 + 118 = ¥ II5n) + AT
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Next, by Lemma 5.6, Lemma 5.20 and the commutator estimate of Lemma 5.14,
we note
180l hl3yn-—s S 18ultll -1+ I0Bus Loy Ml Fns

g 2 max{—242u,-2A}T 8
S Ej yoytee EY_
2 2 2
+ AT (IS M5v-1 + llg = vIl5w)
+ A(TH*.
We can now use the expression for d7v given in (2.8) and bring together these
previous estimates:
10ud7 () 1555 S 10uB3yn-s + [1Lgphll Fpns10uN 1 5x—5 + 10u L,y hll7
HN-3 ~ u HN-3 8.V HN-31%a HN-3 u~g,y HN-3
F 100X 13, x s IVE N vos + X 1% v=s 100V BT 0o + 18uFoll 3 v-s
SN0 n-s + 18ule,y A3 y—s + 18uFullZn_s + AT)?
SES y_y+ee™ AT (s )2 L+ le — v igN) + A
In the above we used Lemma 5.4, Corollary 6.5, Lemma 5.23 and Lemma 5.20.
Using again (6.5) and Lemma 5.20, we find

TP lu0aV (D) nos S Ef, y_y + Ef_y + ™I A(T)
(1B 1351 + g = v I5n) + AT
Finally, putting this all together gives
IS S ES voy+ Ef_y +e(IZ15vo + llg = vI5) + AT (6.6)

The conclusion then follows by adding the estimates (6.4) and (6.6) together and
taking ¢ sufficiently small so that we can absorb the e;“(||22||§1,,\,,1 + llg — y||%_IN)
term onto the left hand side. O

We now provide new estimates on dust derivatives acting on our variables
N, X, g, ¥ and, for the latter two variables, apply Corollary 6.4.

Corollary 6.5. For I a multi-index,

Y 1V X2 + 10V N2 S AT,

[I]=N—1
Yo Ve -+ Y 19V Sl
[I|I<N-1 [I|I<N-2

SES NP+ (ES D'+ A,
The same estimates hold with V replaced by V.
Proof. By Lemma 5.20 and Corollary 6.4

19uhll -1 + 1l gv—2 S (E5 v D"+ (EF_D'? + AT).
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Next, let VI = Vay ... Vg where k :== |I| < N — 1 and let V be a (0, 2)-tensor
on M. Then, by (5.1), (5.2) and Lemma 5.13,

0. VIV 12 < 10ws VaylVay - - Ve Viigz + <+ 4 8 VIV [ et
< e X I TMT Yy |+ AT V| e
+ AMDBrT (@) g3 IV | gria.

This implies
18uV V2 S 100V e + ee™ My | 4 AT 197 V| it

A simple check shows that when considering the appropriate commutator expres-
sion (see (5.10)) on the scalar lapse we will pick up || N|| z« terms and not || N || g.
The result then follow, using Lemma 5.4 and Lemma 5.6. O

Lemma 6.6. Let V be a (0, 2)-tensor on M and let p € {1, 2}. Then

louViime S ) N10uV Vg2 4+ ee™ MV gy 4 ATV | o1
=p

Proof. A straight forward application of commutator identities. O

7. Lapse and Shift Estimates

In this section we first establish the basic estimates on the lapse, shift and their
time derivatives using elliptic estimates and general formula presented in [1]. The
most exciting results lie in the novel top-order lapse and shift estimates given in
Sect. 7.1.

Lemma 7.1. For3 <k <N,

INIge S Izllloll ges + e2e 2T,

XN gx S Itllloll ge-s + e2emaxt=2h =2l

Proof. Recall from (2.7b) the lapse equation of motion
(A—DN=N(Z[} +n) - L
By elliptic regularity for the standard Laplacian A this implies
INI e < CIZ3um2 + I2llinl g2).

and the desired result follows by Lemma 4.4.
Similarly, from the shift equation of motion (2.7b), we find that

X1 gzx < CUIE Wz + g = ¥ Wgpr + [Tllnll s + T2 IN 7 | ge—2),

and the desired result follows by Lemma 4.4. O
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Lemma 7.2. For4 <k <N — 1,
197 Nl gk + 107 X Il e S UN gzt + 1X | g + [Tl pll oz + g™ 1722 =20mT
Proof. Let4 <k < N — 1. Following [1], we have
197Nl e S IN e+ X N+ 1213+ 118 — ¥ 12
+ 12 (IIS g2 + 7l g2 + 1070l gri2)

N 2 —2A,—2 T
SNl e + 1X gk + Il oll ez + 2™ t

where we used Lemma 4.4 and Lemma 5.12.
Again, using a general expression given in [1, §7], we have

107 Xl e S AN U e + 1X 1 gx + 1213 + lg — v 173
+ (ISl gr2 + Il ez + 13701 gr—2) + T2l e + T3 TN e
S ANl gt + 1X g + [Tl ol a2 4 e =20 2407

where we again used Lemma 4.4 and Lemma 5.12. O

7.1. Additional Top-order Lapse and Shift Estimates

In this section we establish important auxiliary estimates in two propositions
for the lapse and shift variables. The first proposition is used to estimate 9, V; V; N.
This somewhat unusual expression comes from a dust derivative acting on the first
term in F), (see Definition 2.8), and appears later on in the energy estimates for
Eqy;.

Proposition 7.3. (Top-order auxiliary lapse estimate) We have
(A=3)uViV;N = Fyu

where,
1PNl gy-s S AT+ Ef v+ Ef_ )

Proof. Start by commuting the lapse Eq. (2.7b) with 3, V;V:

(A= 1)ouViViN = [A, 3u]ViV;N + dulA, V;V;IN + 3,V V; (N(|z|§ - rn))
=L+ Ly+ L3 =: Fnn.

We investigate each of the terms in Fy  separately. The first term L; we estimate
using (5.2), (5.3) and Lemma 5.18

L1l gnv-a S AD)|[07 Vi VN | gn-3 + semax{—lw,—x}r”V,-vanHNfz
S A (197N L=t + 1107, Vi1V Nl v-3)

+ 86max{—1+u,—A}T ||N||HN

< A(T)? + gem=1Hm=MT A (),
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For the next term, L,, we first compute, for ¢ a scalar,
¢ = 28""Via Vi) Vo = —Ric"i V.4,
[A, Vi]Vj¢ = Ric; V. V;$ — (V'Riem" j4;) Ve — 2Riem" j4; VIV, .
Thus
L = 8u([A, ViIV;N) + 0uVi([A, V;N)

= —((GuV"Riem j41) + QuViRic® ) ) VeN — ((VRiem jo; + V;Ric® ;) duVeN
+ <(8uRicCl-)VCVjN — (uRic® )V, VeN — 2(3uRieija,-)VaVCN>
+ (Ricci (8uVeVjN) — Ric® j (8yV; Ve N) — 2Riem® j4; (8 V4 VCN)>

=: —(L21) — (L22) + (L23) + (L24)

The second and last terms here are easy to estimate using Lemma 5.4 and Lemma
5.13 (note also that the expressions (5.1) and (5.10) simplify when calculated for a
scalar)

I1L22| + [L24lll -4
S IIRiemIIHN—3<||3uNIIHN—4 + [1[9u, VIN || gn—3 + ||[Bu, V]VNIIHN—4>

< IRiemll - (A(T) + AN | g—s + ee™ AT N s )
< A(T).

For the other two terms, L>; and L;3, we schematically write

duRiem = u%97 (3T +I'T) — Tu’V,.Riem
=u’09rT + T97T) — tu’V.Riem + tu * Y * Riem,
duVRiem = VoyRiem + [y, V]Riem,

and thus

IL21l + L3l g4
S HNIIHN—Z(IIaTFIIHN—z + 107 Tl gn=3lIT | yn—3 + 107 Tl yn—4[|Riem|| gyv—a

max{—1+4u,—A}T

+se IRiem|| ;x—2 + g||aTRiem||HN,4)

S ee M NI gn-2 + ™I N s [Riem| yv-2 S A(T).
Finally we compute

Ly = ViV;3u(N(Z[; = tm) + Vildu, VI(N(Z[; — Tn)
+ [8u. Vi1V, (N(IZ]; — 7))
=:L31+ L3 + L33
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By the matter estimates in Lemma 4.4 and Lemma 5.10, as well as the geometry
estimates in Lemma 5.4 and Corollary 6.5, we find
L3104 S 10aN | gv—2 (12 1wz + [l gy-2) + 21 gv-210u Z [ -2
+ il gyv—2 + [Tl18unll gy
S AT + I g2 (B, y_ D"+ (EF_D'?).

Similarly by Lemma 4.4, Lemma 5.12, Corollary 5.7 and the commutator estimate
of Lemma 5.13,

IL32ll gv—a S ™M (82 o+ el gv-2)
+ AN v (121305 + 1710l gv-3)
+ A El gy 187 Zll gv-s + AD) | lI7]l gv-3
+ AT l1drnll gy-s
5 gemax{—1+;L,—)»}TE;L:]71 + Semax{_l+ﬂ“’_}”}TA(T).

The final estimate follows in the same way:
L33l gn—s < gemax{—l-ﬁ—ﬂ,—k}TEi]_l + geMX—IHR—MT A (T,
Putting this all together we find that
IFN ull -+ S AT+ 2l g2 ((E5, v D"+ (EF_D'?),
and so the conclusion follows by Lemma 4.5. O

Remark 7.4. In our energy estimates later on we need to estimate a term of the
type 3u VN2 F, where VY =2 indicates N — 2 covariant derivatives and F, is given
in Definition 2.8. We would like to commute the d, operator past these covariant
derivatives. However, F, contains a VV N term, and we cannot commute 9, past
N —2 copies of V as well as the extra two derivatives in VV N since we only control
u® in HN=1, The previous proposition crucially allows us to avoid this issue. Note
also that by commuting in the 9, operator, instead of doing the rough expansion
oy ~ 07 + Tu‘ * V, we gain an additional derivative in Corollary 7.5 compared to
Corollary 5.23.

Corollary 7.5. For I a multi-index of order |I| < N — 2,
10uV! Fyll 2 S AT) + Ef o+ Ef_ ).

Proof. Write V! =V, ...V, wherek := |I| < N —2. Using the definition of F,
in Definition 2.8 and the estimates in Corollary 6.5, we see the most subtle terms
(from the point of view of regularity) are V;V; N and NtS;;. For these terms we
look at what happens when we commute in the d,, operator using Lemma 5.13:

I[3u, VIV VNl 2
S Bw. Vay Vay -V, ViViN 2 + -+ + [, VIV; VN et
< ee T N i + AT 197 N it + A7, Vi VN | it -
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Thus, by the commutator estimates (5.1) and (5.2), as well as Proposition 7.3,
102V Vi VNIl 2 S 10uViViN | e + I[0w, VI IViV; N 2
S IFNull ge—2 + A(T)
SAT) + Il gv-2 (B, y_D'* + (Ef_D'?).

Similarly, using the matter estimates in Lemma 4.4, Lemma 5.10 and Lemma
5.12, as well as 0y N estimates in Lemma 5.4, we find

&1
10uV= NSz

SIS g + 18uS 1 gt + 10aN | el S1 i + s TS
+ A |07 SN =1 + ADIS| =1 + AT N (| g1 IS 1)
< A(T).

O

Inour energy estimates later on we need to estimate a term of the type dy VN-1ER,.
Similar to the issue discussed in Remark 7.4, the problematic term here is the Ly g
term appearing in Fj, (see Definition 2.8). The second proposition of this section
estimates this problematic term. Since, however, the shift is not scalar-valued like
the lapse, a replication of the ideas used in Proposition 7.3 ends up failing. Instead,

our proof involves a remarkable combination of commutator estimates, the Bianchi
identity and the Einstein equations in the CMCSH gauge.

Proposition 7.6. (Top-order estimate for £x g) We have

|ty A Zxg). 0Ll ), |

SAMES v+ MDEF_ | + ATYES v D'
Proof. Recall 2(¢ — 1) = N — 3. We first define ]—"g by rewriting the shift Eq.

(2.7b) as
AX, = —Ric’, X, + F¥.

By contracting the Bianchi identity, one finds that
V4Riemgpeq = VeRicpg — VyRicye.

Using this, and the fact that V is a torsion-free connection for the metric g, we can
show that
A(ZLx8ab = VaAXp + VpAXa + A, ValXp + A, Vil Xg
= V,(—Ricp) X, + Vo FX + Vp(—Ric ) X, + Vp FX
— ¢"/Vi(Riem" ) Xi — g7 V; (Riem* 1) X +2E(ap)
= —2X*V;Ricyp + Vo FX + Vo FX +2E ),

where we have introduced the error terms

Ejj := — Ric‘;V; X, — 2Riem" ;; V¢ X + Ricy; VEX ;.
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As first noted in [2], in the CMCSH gauge, we have

: 2 1
Ricap = —=gap — _Eg,yhab + Jab,
9 2
and thus
ALxgab = X ViLgyhap — 2X Vidap + 2V F + 2E@p).  (1.1)

We now need to estimate each term in the RHS of (7.1). The first term requires
the most care. We begin with an identity, valid for V' an arbitrary (0, 2)-tensor and
k € Zz(),

Ll (X" Y V)

= X"VnduLy , (V) + X"0u[LY . V]V + X" [0n, Vil L5,V (7.2)

+0uX" - LY (Vi V) + 0ulL . X1V V.
Thus

DLl (XAViLy yhip) = X" Vbl (hij) + RY, + R2, (7.3)

where
Rij = 0uLy ) (X" i Loy hi) + 0l (X" YN Loy hii)

+ X" 0L VL hij

+ou(L) XMV Ly hif),

RE = X" [0u, VL5 hij + 0uX™ - L5 (Vi Lg oy hij).

We integrate by parts on the first term in (7.3) using (5.6b) and Lemma 5.19 to find

](xmﬁmauﬁf;,ym), auzﬁ,,V(h))Lg‘y] S IX N2 l0uLl Bl S ATES, .

The remaining terms Rll 122 appearing in (7.3) are errors terms. Since we work at
high regularity, we can control such error terms using the basic idea of taking low-
derivative terms out in L°°. We briefly present this argument once for the last term
inR};:

lou(ILy ) s X" Vi Loy hij) 1,

S Y VX« VIVL W
2(4—1
"'Hfz'éf ) (7.4)
S IOV R +IVIX0(V L

H[+IJ|=N-3,
[11=1,1J]=3
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We are now faced with four terms depending on where the derivatives sit. Two of
these have high derivatives on the shift X, and so by Sobolev embedding these are
controlled by

> 0V X2 IV Rl 4+ IV X2 100V 2 gg2)

I<|I|<N-3,
3=J|=(N=3)/2

We use Lemma 6.6 to exchange the H> norm with the 9, derivative, and then all
terms are then controlled using Corollary 6.5 and Lemma 5.6 provided 253 342 <
N — 1. The other two terms, where the high derivatives hit the metric, are 51m11arly
controlled by:

Yo 1V X N2 IV Rl 2+ IV X210V Rl 12)

3<|J|<N—1,
1<]7|<(N-3)/2

and once again all these terms are controlled using Lemma 5.6, Corollary 6.5 and
Lemma 6.6 provided # +2<N-—1.

Carrying on this way, and using the commutator estimates contained in Lemma
5.14, together with Corollary 6.5, we find

(Y. 0uh, )2 | S ATIES, y_, + ADES | + ATHES )"

For the other error term, RZ, we use Lemma 5.6, Lemma 5.14, Corollary 6.4 and
Corollary 6.5, to find

’(sz 0Ly, (M) ‘
X280l , Wiz (e g = yll gy + AT o7k gv-1)
+ 19Xl 2 g = ¥l 1005 Rl 2
S AM(ES "+ B2+ A ES, v "2,
The second term in the RHS of (7.1) is estimated by the same expression as for

R!. For the third term in the RHS of (7.1), we use the definition of ¥ given in
(2.7b):

WLy (V;FY
= Ll V; (29eNEE = UiN + 2N 7201 1% = gai QNEP = VIX)YL,).
The second term in the large brackets here (Vi N ) decays the slowest, while from a

regularity point of view the most subtle term is the matter term (;¢). For this latter
term, we commute in the dy, operator and use the matter estimates of Lemma 4.4,
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Lemma 5.10 and Lemma 5.12 together with the commutator estimates of Lemma
5.13 and Corollary 5.15:

10u Ll V(T gai )l 2
<t (||auj -2 + 18w, L5 V7% 12 + 118w, V17Nl prv—3)
S22 (18ug Nl ggn—2 + ee™ X1 =MTY 4y + AT)1O7 71l gv—s)

~

< 2T A(T) + A(T)* 4 gt CHOT,

~

All together, and using Lemma 5.19, we find
((231,13‘z SV Ll (hap) 2 ‘
SAMES \  + ADES,
+ (A(T)2 + 26T A(T) + ge <3+5)T)(Eg o2
Finally, we have

l0uley Elle S ) 18u(V! Riem sV X)| 2 < A(T),

[I1+]|J|=N -2
[J]=1

where the Riemann terms can be estimated using arguments as in the proof of
Proposition 7.3. O

8. Geometric Energy Estimates

In this section we establish energy estimates for the geometric energy func-
tionals. We first prove estimates for the time-derivatives of the lower-order energy
functional E$y_1, and then for the top-order energy functional Sgu ~N_1- Recall

a, cg and ES, are given in Definitions 3.8 and 3.10.
Proposition 8.1. There exists a constant C > 0 such that
OrESN—1 < —20ESy_1 + CA(T)(ESy-1)'? + C(ESy_1)*.

Proof. Let0 <k < N — 1. Using an estimate from [1, Lemma 20] together with
Lemma 4.4, we find

ITES) < —2aES; 4 6(ES) 2 T|INS|| g1 + C(ES)>?
+ CEED) (1Tl gt + TNl ge2)
< 20 E%; + C(ES) Y |tllpll i + C(ESK)Y? + CA(T)(ES )2
[

We now turn to the time evolution of the top-order dy—boosted geometric
energy. The main result is stated in Theorem 8.3. For ease of presentation however,
the proof relies on the subsequent estimates given in Propositions 8.4, 8.5, 8.7, 8.8,
and 8.10.
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Remark 8.2. The key auxiliary estimates of the previous section, Corollary 7.5 and
Proposition 7.6, are applied in Proposition 8.5 and Proposition 8.4 respectively.
The important integration by parts identity (5.6¢) in Lemma 5.3, where one term is
brought back onto the LHS, is applied in Proposition 8.8 (see (8.10)).

Theorem 8.3. There exists a constant C > 0 such that
€S -y < —2E5 vy + C(Itlllull gy + AT Ef, + CATY(ES)'?
+ C(EE )Y + CA(T)?.
Proof. Recalling Definition 3.11, the energy E gu, N consists of a sum over lower-
order energies. The top-order is the most subtle, so we focus on this and merely
remark that the estimates for the lower-orders follow in the same (or possibly easier)
way. The top-order energy consists of two parts, an £§u’ ny_jtermand acg Fgu’ N—1

term. We treat these separately for the moment.
Using (3.9)-(3.2) and integration by parts, we find

0rES ) (T) < (IN Il + VX lL2)ES, 5, (T)
+ [9(81,5‘Z (Orh). 0Ll , () 5

(auﬁe oTv, 3u£ )L2 oy
+ Ll v WLl ), |+ G,
where we define
Ge == 9(10uLl, . O7)(h), auﬁe,%h))Lé.y
(3ul:e y(U) [3u£g Yy aT](”))Lf, ([auf'g y? ar1(v), 8u£§3,1 (v))L§ y

The terms G, are error terms, and so our main focus is on the terms appearing (8.1)
in the square bracket. Using the equations of motion (2.8) and self-adjointness of
Lg,y, these become

9(au£§,’y(aTh),aucgy(h))% + 3 (Ll , (7). duLl 1(v))
+ %(au,cZ W), duLyy Orv)) 2
= —2(0uLy, (v), 0uLy (v))L2 +G1+ G2+ G3 + Ga,
where
=9(d gy<2ﬁg—$xg>,au£§y<h)) s

(9
3(au£§y(Fv) Bl )2 +3(au£ W)Ly (F) o

9[ BuLl , (wv), duLl, y(h))Lz
_9
2

[(aﬂ gy WLgyh), au gy (U))L§ v + (8“%,1/(”)’ auﬁg,_yl (wﬁg,yh))Lgy]’
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Gy =5 (Ll , (X" V), Ll ) () p,+ 3(BuLs , ), Ll (X V) 2,
Similarly using (3.9)-(3.2) and integration by parts, we find
OrTs 5(T) < ee™ 5, (T) + (0uLy ) (Brv), dully , (1))

g4 8y
(8.2)
+ (L v, duLh , drh) 12, + Gee

where we define
Gee 1= (107, 8Ly, 1), 0aLly , (1) 12+ (0uLy ) (0, 17, 8Ly, 10D) s -
Using the equations of motion (2.8)
-1 ¢ e—1 ¢
(3L, rv), aucgyy(h))% + (0uly v, aucg,yaTh)Léy
-1 ¢ ¢ ¢
= —2(8u£g’y (v), au.cg,y(h))% - 9(8u£g’y(h), au,cg,y(h))%

+ (BuLhy) @), 0Ll @) 5

+ G5 + Gg + G7 + Gg + Go,
where we have defined

Gs ==Ll (NLgyh). uLh , () Ge = (L5 ) (v). dully , (NV))

2 2
Lgy’ Lgy’

G7 = (L) ). 0Ll , 2Ng — Zxg)) Gy = —(0uLy ) (X" Vpv), auﬁf;,y(h))Lg g

2
Lgy’

Go = 6(duLs ) (Fy). duLlh , (h). )Lg,y‘

The errors terms are estimated in the following Sects. 8.1 and 8.2: G| and G7
(Proposition 8.4), G» and G (Proposition 8.5), G3, G5 and G¢ (Proposition 8.7),
G4 and Gg (Proposition 8.8), G and G, (Proposition 8.10). Using these estimates,
and adding (8.1) and cg x(8.2) together, yields the required inequality. O

8.1. Estimates on G1 to Gg

In this section we prove estimates on the terms G to Go. We begin with a
useful identity. Let V;;, P;; be symmetric (0, 2)-tensors on M and k € Z~1. Then,
the integration by parts rule (5.6a) implies

(Bulf , (V). 0u Ly (P))

2
Lgd/

= (g™ VBl (V). Vb L (P) 12 33)

= 2(Riem{y] 0 0Ly, (V), BuLy ) (P))
+ (1B, Loy 1L (V) 8Ly (P)) 1o
Proposition 8.4. We have,

G114 1G7| S ADES, v + ADES_ | + ATNES, D"+ AT
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Proof. The first term in G is easily controlled using Lemma 5.19 and Corollary
6.5:

14 N 4 I N7 4
(0L, @NQ). BuLy, ()5 | S ”lXNj YN, - WLy bz,
S p—

g 1/2
SATES, v D'
For the Lie derivative term in G|, we rewrite it as
Ly, (Zxgij) = 0Ly ) (AZxgij + 0Ly (Ley — A)Lxgi)).  (84)

The first term on the RHS of (8.4) is precisely what is controlled using Proposition
7.6. For the second term, we schematically have

(Lgy — A).ZLxg =g (VV — VV) Zyg + Riem[y] * Lxg
=VY*VX+T*VVX+T Y *VX+ VX.

Using the Y estimate (5.5), we have

|(BuLl) (Loy = D)Lxg), daLy , ()5 |
S MéNl 180V XV 1)z 1BuLy bl
< A(T)((Efm 172 4 A(T))(Egu’N_l)l/z + ATES V2.
where in the final estimate we used the same ideas as in (7.4), namely an application

of Corollary 6.5, Lemma 6.6 and the fact that 2({ — 1) = N —3. The same arguments
clearly apply to G7 also. O

Proposition 8.5. We have,
G2l +1Gol S (Ef,)Y + AT(ES,  D'* + AT

Proof. The two terms in G, are estimated in virtually the same way. We discuss
how to estimate the second term, since it is slightly more difficult. We first use the
identity (8.3) with V. = ¥ and P = F,, in order to transfer derivatives between
terms:

¢ -1
(BuLf , (). DLy ) (F) 2 X
_ (,ab =y -1
= (8""VaduLy ;) T VipduLly ) (F) 12
— 2(Riem[y] 0 du Ll ), 0uLS ) F) 2,
-1 -1
+ ([ Loy Loy B 0Ly} (F) 1o
We estimate each of these three expressions in turn. For the first expression, we use
the various F), estimates from Lemma 5.5, Lemma 5.22 and Corollary 7.5, together
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with the commutator estimates from Lemma 5.14 and Lemma 6.6, to find

10uLs ) )l S D 1800V L5 (F) 2 + ee™ =T Byl v
[11<1

+ ADdr Full s + A7, L) 1Fo)l 2
5 A(T) + Es’u N—1 + E;g\f—l + gemax{_l'ﬂh—l}T
(AT +llg =y + 1213021
SAT) +ES v +ES |

Note in the final line above we used Corollary 6.4.
In addition, combining Corollary 5.16 with Corollary 6.4, we have

10aLy ) D)l SN gv-1 4+ llg = vl v + A(T)
SES NP ES_DVP+ A,
so we find that

[(8"Vadu Ll ) T, %auﬁgj;(Fv))L% . | S (ESDY? + AT

In a similar way, using Corollary 5.16 and the coercive lower-order estimate from
Lemma 4.5,

|(Riem[yTo duLy ) T, duly ) Fo) | S 100y, Tlialduly ) (Fo)llp2
S(ER)Y? + AT
Combining (5.21) with Corollary 6.4 gives
I[Bu, Lg.y1L5 Tl 2 S ™M HMT (15 vy + g = yiigy) + AT)?

Sgemax{—1+u,—x}r<(E§u N—1)1/2+(E§—1)1/2+A(T))-

(8.5)
Then this gives control over the final term in G».
Finally we use the above estimates and Lemma 5.19 to estimate Gg by
\(aucgj;(Fv), 0Ly, ()2 ] S 9Ly (F)ll 2 10uly , ()2
SATNES v DV
0

Remark 8.6. In the next proposition, it is crucial that the three terms of G3 are
treated together, since there is an important cancellation that appears.

Proposition 8.7. We have,

G531 +1Gs| + |Gel < (Itlllullgv-1 + AD) Efy + ATIES y '
+(EE)Y? + AT
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Proof. First note from (3.1) that
(ully, (WLgyh), Ll 1(v)) = (0uLy ) WLy ), duLly , (V) > . +G5,
where we have defined

G = ([ Loy LG WL yh). Ly (1)
(E)uﬁZ ](WEg y1). [Bu, gV]E (U))LZ :

A computation then gives,
§G3 = (Ll ., (wv), L, (1),;» — (L WLl yh), 0Ll , ()2 — LG
93 = Oulbyg,y WU Oukg,y W) 12 7 \Ouyg,y Whey i) Culg W02 = 2V3:

The worst term above occurs when all the derivatives hit the geometric variables
v, h instead of the lapse variable w. However, crucially, such terms cancel

(Wi Ly, ), Bl (M) s = (WiLy) (Lyh), DLy, ()2 =0.
We are left to consider
(Bul, (NE),B.,[éy(h))Lz — (LY (NLgyh), 0uL ,y(z))L%y

= (0uLy ) ([Lgy. NID). auzf M) (8.6)
— (0uLy , (2), 0Ly F([Lg.y N]ﬁg,yh))L§ )

For the first term on the RHS of (8.6),

|t (Lo NIE), DL, (), |
S D 1VIN VI D) 0u L, ()] 2

[T1+J]<2¢
[11=1

S A ((BS, )24+ (B2 4 A ) (ES, '

For the second term on the RHS of (8.6) we need to apply the integration by
parts identity (5.6a). This gives

(Bl (2). Ly P (Lyy. NLgyh)) 1o
= (g"V, 8u£ LD, Vbauﬁ ([Eg ¥ ]ﬁg,yh))Lgy
— 2(Riem[y] o 3[1513;,](2), 3u£e 2([£g s ]Eg,yh))Lgy

+ ([Bus Loy 1L57) (), 0uLy 2<[£gy,N]£gyh))L§,V,
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and thus

(L (D). 0L (L NIL 1) 1 |
S (1685 Bl + 100 £ 1£5, (D)2 ) 10LE 2 (Lo N1L gy )

S (1L Sl + M0us £, 1L D) D0 10V R

|+]J]=N-1
=1,171=2

All these terms can be controlled by estimates in Corollary 5.16, Corollary 6.4 and

(8.5), together with distributing derivatives and applying Lemma 6.6 and Corollary
5.7 as needed. We refer to the example given in (7.4). All together, we find

‘(a.,cgy(Nz),auﬁg,y(h))% (004! (N Ly ). Ll (5))

< A(T)(E‘S’“,N_1 +ES |+ A(T)Z).
Finally, we need to estimate the terms in G§. These in fact require the most
care. For the first term in G§, when using the commutator identity (5.11) on the
first factor we see that this has potentially too-many derivatives hitting the metric /

[Bu. Loy L5 (NLgyh)

Using the schematic identity given below (5.11), we see these problematic terms
come when all the derivatives hit the metric &:

(Bug )« VIV 4 VO« VYN 90k 4+ TV« VIV,
Thus for these terms we integrate by parts using (5.6b). For example, we find

(@ug™ Va0 L5 (N Loy ), 0L ()

87

S 19ugl L5, 1l 18u L) Sl
’((r(v%ﬁ)v VL (N Ly ), BuLl (2))

4

S lelllull gl g bl 18u L) g

These terms can be controlled using Corollary 5.7, Corollary 5.16 and Corollary
6.4. We eventually obtain the following estimate for the first term in G4
([ Lo 165 (N Lo ). 0L (D)), |
< |T|||M||HN—1Eau’N71 + |T|||M||HN—1EN71 (8.7)
+ ATES v+ ADES_| + A(T) .



83 PageS52of 66 Arch. Rational Mech. Anal. (2024) 248:83

For the second term of G§, we use the original commutator estimate (5.12) com-
bined with Corollary 6.4 to find

‘(a“ﬁg_yl(wﬁg’yh)’ [u: Loy 1L )2 ,‘
S L (N Loy W2 1Bu. Loy 1L (D)2
S ES 0" (Ng = ¥ g + IZ s + AT + [zl 2 |51 ).
g 1/2( -8 g
S (B, - / (Eau,N—l +Ey_ + A(T)>.

Finally we turn to the estimates for G5 and Gg. The first of these is straightfor-
ward in light of previous estimates:

Gl = | (Ll WLy ). Bulh , ()

2
LA’J/

S Y VNV R 2 110uLh bl

H|+|J|=N—-1
[J1=2

S AM(ES "+ B2+ A ES, v "2,

For G we need to integrate by parts once just as for the first term in G4, however
the estimate follows in the same way and so we omit the details. O

Proposition 8.8. We have,
1Gal +1Gs| S ATES _y + ATES_ + A(T).
Proof. The two terms appearing in G4 are

(Ll , (X" V), BuLE ) () o, * (Ll (), L (X)) 2,

We explain the estimate for the first term only since the second one follows in the
same way. Using (8.3), we obtain

(8“£§,y (Xm@m %), 8“52,71/1 (E))Léy

= (8" VabduLi} (X" Vi D), Vipdu L) (2)) 1

(8.8)

— 2(Riem[y] o uLL )} (X" VD), 0L (D)) 2,

+ ([8u. Loy 151XV, 2), 0uLE) (D))

2 .
sV g Lg,y

We focus on the first term on the RHS of (8.8) and use (7.2) to write it as

Vadu Ly (XY B) = X"V Vadu L5 (2) + G, (8.9)
where we have introduced
G = VaX"  Vdu LSS + X" [Va, Vldu L)

- Va[DalLL) X0 + a (XL VD)

0 X" VL) S+ X" [0, VL5 3]
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By a slight adaption of the integration by parts estimate (5.6c), we see that
(X" Vi VaV. VsV | S IX s IV I (8.10)

Using this, Corollary 5.16 and Corollary 6.4, the first term of (8.9) is thus estimated

as
(s X"V Vada Ly )} (2). Yyl ) (), |

—1 2
S IX s l0aL 212,

< A(T)(Egu’N_l vES 4+ A(T)2>.

We then turn to the remaining terms in (8.9), namely G§. The first, second and fifth
terms of G are fairly straightfowardly estimated by

X1 g3 10uLy ) Sl + N0uX [l g3 15 Sl g2

< A (1L Sl + 15 -1

S AD(ES, y_ "+ (ES_D2 + AD)).

The third and fourth terms of G§ merely require a careful counting of derivatives.
As an example, the fourth term of G is estimated by

19u (X" LLES) Vi l(2) [0

S N0uX s IS VIS gt + 1 X3 10l L5 ) VIZ g1

The first commutator term here can be studied using Lemma 5.14, in particular the
same ideas as in (5.14) yield

L) VnlZ i S llg = vlans I v + [ Slgn-s S (ES_D'2,

While we use (5.13) and the same ideas in the proof of Proposition 7.3 to estimate
the second commutator term by

18ulLs ) VIZIg S D 18V gV D) 2

[1+]J]<20—1
[11=1,17]=2

+ > 8u(V'Riem[y]* V') 2
[+]J]<2(£-2)

SES NP+ (ES D'+ AD).

Finally, for the last term of G} we use the original commutator identity (5.10) to
estimate it by

1X 1173 1108w, VLS Sl 2
< A1zl g 1255 Sl + 1962197 Sl )

S A1zl v (B ' + ATHES )2+ AT)?).
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In summary, we obtain
Gl S AMES _ + ADES_ + A(T)™.
We now turn to the second term on the RHS of (8.8), and estimate it by

10l ) e D 1V X"V D)2

[|+]|J|<N-2
[J]=1

SAMES y_y+ ATDEF_ | + A(T).
We finally turn to the last term on the RHS of (8.8) and use the identity (5.11)

on the first factor
[0, Lg.y1L5) (XY, 3).

Using the schematic identity given below (5.11), we see that certain problematic
terms arise when all the derivatives miss the shift and hit X:

(Bug ™) * X % VAUV 28 4 Vil 5 X « VYV 29, + 1Vl % X % V2V 23,

Thus, just as for the first term in G given in the proof of Proposition 8.7, we need
to integrate by parts using (5.6b) on these terms. Given the close similarities, we
omit the details and just state the result:

(1B £ £ X0 D), 051 ()) 1, |
S AMES, vy + ADES_ | + AT

Note, however, that the above estimate is better than in (8.7). This is because of the
additional shift term appearing which always gives us additional decay (unlike the
lapse which needs at least one derivative acting on it).

Finally we turn to Gg and remark that

() X" ), Bl M)z

<D 18X D) 2 110ulh Al 2

[+|J|=N=2
[J1=1

and this is easily estimated using previous ideas. O

8.2. Estimates on G¢ and Gee

In this final part of the section we prove estimates on the commutator error
terms G, and G... We first prove a preliminary lemma concerning the commutator
between the operators d7 and dyLyg,,, and then use this lemma in the subsequent
proposition.

Lemma 8.9. We have,

0wl ,» 071kl 2 + I10uLy ) O71Z N g S ES vy + Ex_y + A(T).
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Proof. Let V be a (0, 2)-tensor on M. A computation yields
(97, 0uLy y1Vij = =0ru’ - Lo, 0rVij + 071’78 NaVsVij — TuVe(Ly Vi)
+ 97U Ve(Ly,y Vij) — u(@r8"")VaVi Vij (8.11)
—ulor g %a%baTVij + T(aTgab)“c%c%a@bVij-
Using Sobolev embedding, we find that
1007, 8uLe, VL2 S (1078l 10rh ] 2 + 10udr (8™l ) IV 12
(21l g2+ Nor e 2 ) IV
+ (10721 2 + 1978122 ) 07 V I 2.
We use (2.8) to schematically compute that
d0rg ' = du(g ' orh) = 0u + 0uN + du(Fy) + hoo.t.
Using Lemma 5.4, Corollary 5.7 and Corollary 5.23, we obtain
19ud7 (8Dl g2 S 1Bl g2 + 19uN [l 2 + [18u(Fi)ll g2 + hoot.
S(ER D'+ A).
By applying the estimates from (5.7), (5.9) and Lemma 5.6,

[0, auﬁg,y]VHL2 S

~

(Irlllullﬂz + Tl Fuall g2 + A(T) + (E}%,l)”z)llvllm
+ (ES_y + AD)I07 V| g2

< (el + B2+ A IV 143

+ (ES_5 + AMD)I07 V]l 2.
Thus, from Lemma 5.6, Lemma 5.14 and Corollary 6.4,

107 duLlgy1L5 ) Rl

< (el e + CES_ 0" + AT )i = vl
+ (ES_y + AMD) 07 h| gy-1.
SES no1 HES |+ AT).
In addition, we note that at higher order s € Z>, we have the identity
(07, 0L ,1Vij = (07, 0ulg , (LY ) Vip) + (0ug)VaVi(lor, £ 1Vij)
+ 8 0uVa Vi (07, L5 1Vi)). (8.12)
Using this and the commutator Lemma 5.14, we find that
M7, Bl 1hll 2 S N7, duley LS M2 + Bugll 2 ITO7, L5 1l 12
+118% 0uVa Vi ([0r, L5 )12
SES o+ B+ A + 18P 0uVa Vi (o7, L5, 1] 2.
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It remains to control this last term, which we do so using the commutator identity
(5.15)
18 9uVa Vi (107, L5 1h) Il 2
-1
< 3 8™V (£} g™y - Va0 (£45)7 () )2
i=1
S Y 18V org)V kil + 1V 0rg - 0u(V )|l 2

[T1+]|J]<2¢
[71=2

SES yo+EN_ + AT,

where in the final line we used (2.8) to replace d7 g and then distributed derivatives
and applied Lemma 5.6, Corollary 6.5 and Lemma 6.6 as needed.
The X estimate follows in exactly the same way. O

Proposition 8.10. We have,
Gel +1Geel S (EEDY? + ATIES D'

Proof. There are three terms to estimate in G.. By Corollary 5.7 and Lemma 8.9,
the first term is easily estimated as

(8Lt 7)) 0ul, ) 12 | S IMBLS  DrYNL3 0Lt ()13,
S EL)Y + ADE], v '
The terms appearing in G, are similarly easily estimated:

(107 L5 1), Bu Ll , () 2 |+
8.V 8V L

(Bl . 107 0u Ll 1) 12|
< lulh) oI 2 nauafg,y(h)nLg_y +Bull . orinllz ||auz:“ ‘(z)an
SES? + AMTYESNY? + A(T)2.
For the second term of G, we integrate it by parts using (8.3) to obtain
(uLy, W), 0Ly, Br1W)) o
= (g""Vadu L5 ), vb[auﬁfg 5001
—2(Riem[y] o duLy )} (v), [BuLy ), aT](v))
(100, Loy 1L, ), 0Ly ) O71@)) 1y -

Thus by the estimate (5.21), Corollary 5.16, Corollary 6.4 and Lemma 8.9,

(L, @), uLi3) 0r)w) |

S (19 Ly) Sl + 18u, Lo 1L5) Sl2) 18uLy . 071 (D)l a1
S (B + AT(ES, ”2+A(T>2.
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For the final term of G, namely
(1L O71(2), Ly ()5 .

we need to integrate certain terms by parts since some of the factors contain too
many derivatives on X. For example, using (8.11) and (8.12), we see that two such
terms are

(0ru®Lg., 07 (L5 D), duLl 1(2)) Lt (ruVe(LE %), 0Ll 1(2))
Using the integration by parts estimate (5.6b) and (5.9) we find
|(0ru® ey 00 (L4320l (D)2 | < 1076l o7 Sl g2 loully) Sl
S AEf, + (Ef,)* + AT .
Similarly,

|(ru VLl ), 0L} ()

L2

Slellull g3 121 gv-110u Ly ‘Enm S ltlllull gyt Efy + A(T)?.

All of the remaining terms can be controlled using the ideas from before. We
eventually obtain

(3Lt 0710, 0085} @) |
< (Iellull v + A ES, + ATHES, "2
+ (Ef)* + A(T)*.

9. Energy Estimates for the Dust Variables

In this section we establish energy estimates for the dust variables p and u®
in two propositions. An integration by parts identity, where due to symmetry a
high-derivative term can be brought back onto the LHS, plays a crucial role in both
propositions. We write the argument out explicitly for the first proposition, although
note in principle the argument is just as in Lemma 5.3, (5.6¢).

Definition 9.1. [£;[p]] Define the functionals

1
Edlp)(T) = 5 /kap(r,-)m, Elp)T) = ) EdplT).
0<t<k

Proposition 9.2. [Time evolution of Ex_2[p] for fluid energy density] We have

197 EN—2[pI(T)| S g™ TITMT e H[p1(T).
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Proof. Recall from (2.7d) that the equation of motion for p is

arp = W) pF, + t@®) ' V,p.

Let3 < k < N — 2. Using (3.2) and the integration by parts estimate (5.6b), we
have

ar Ex[p)(T) < |N oo Ex[p1(T) + /M ar(IV¥p*)pgx + fM XV (VoM g
< (1912 + 1X 1 ) Exlp)(T)
[ (g ) (V9 )V Vi
+/Mg‘”b1 ~-~g“kb"(3TVm ---Vakp)(Vhl - V) lhg

S (1912 + 1X U + 1 Z 12 ) Elo)(T) + i,
where we have defined that
I = /M gl g (aTval x -vakp)(vbl c Vi p)hg.
We focus on the integrand of [, commuting the derivatives, to find that
i

0 u
0 Vay -+ Vap = Vay -+ Va (25 Fp + 725 V10 ) + 107 Vay - Vi Ip.

We first look at the term Tu’ V; p which contains the most number of derivatives on
p. By commuting and integration by parts, this term becomes

ui
/ T—5 (Vay -+ Ve Vip) (V- V% p) g
M u
ui
= r—o([ -V, Vilp) (V- V%)

Vo, ...vakp)(val ...Vakp)ug

'S

| <

5 (V‘” V%) (Vay -+ Va, Vip) g

/ u_o Val : Vakp)([vis Vay - Vak]lo)ﬂg

M I/t

Rearranging, we find that
Tu_l(v V4 V-p)(V‘“-uV“kp),u
" I/lo ai ag Vi g

ul 1 u'
=f rm([val-~-vak,v,~]p)(vm---V“kp)ug—zf ’V( 5) Ve ol .
M
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We see that we need to study two commutator error terms. Using (5.3), and
noting that p is a scalar, we see the first error term takes the form

07, Vay -+ Vol S Y- IV @rTIgDIIV pl.

[|+1J|=k—1
[J]1>1

Thus, using (5.2),

[ (101 Va9 do) 9V o | S ol Ty
M

S ee M ELPIT).
For the second commutator error term, we use (5.4) to find

[Vi.Vay Ve lpl S Y. |V'Riem||V/ p],

[ |+|J|=k—1
[J]=1

and so we have

‘/ T ([Va, -+ Ve, ']p)(V““'V“"p)ug‘

< eeTIHOT g pU(T).

~

< Ielllull g2 IRiem|| el o5,
Putting this all together, and using Lemma 5.9, we obtain
1Tl S @)™ pll gl ol g Foll e + 1201l g1V (45 - Vi ol s

+ 171114 1 ExLp)(T) + e =1 =HT g [p)(T),
< oA 1T,

By summing over k we can conclude that

197 EN—2[pI(T)| S g™ TIFMT e H1p1(T).

Definition 9.3. [£;[u]] Define the functionals
Exlul(T) := f VAT, O Prg, &MIT) = Y Elul(T).
0<t<k

Proposition 9.4. (Evolution of En—1[u] fors spatial fluid velocity components) The
following estimate holds:

107 EN—1[ul(T)| < ee Ty [w](T) + o]~ AT (En—1[ul(T)) "2
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Proof. Let3 < k < N — 1. The proof is similar to the estimate for E[p](T). As
in the proof of Proposition 9.2, we obtain

or Ecud(T) S (Nl + 1X 1 s + IS 12 ) Exlud(T) + 1,

where we have defined that
I = / gijg""! "'g“"b"(aTVal V) (Vp, - Viu! g,
M

The integration by parts analysis on I; follows unchanged to Ij.. The main difference
now arises in the commutator estimates since u“ is a vector while p is a scalar. For
example, we now have an error term of the form

007, Vay -+ Va1 S D IV @rTIgD IV ull.

[ |+]J|=k—1

Thus, using (5.2),

‘ /M (197, Vay - - Vo T ) (V9 - V%) g

S 13100 T (@) | v S ee ™ Eu®)(T).
Similarly, the second commutator error term looks like

Vi Vay Vg ' | S Y [V Riem|| V7],
[1|+]J]|=k—1

and so we have

‘ / Tua([val ce Vak7 va]ui)(val ce Vakui)ﬂg
M

< eeTHWT & uI(T).

~

S Ielllull g2 IRiem|l it [ull e
Recalling from (2.7d) the equation of motion
dru/ = t@®) W' Viu + T UONVIN + W) E,;,
we obtain
1) S 1@ ™ | s Ec[ul(T) + IrlllullHkIIV(Z—é) - Viu® || g1

e e P T P [ e i P T
+ 8emax{71+u,7)~}T Ek[u](T)

< 2T Eul(T) + (1717 1N | geer + 1F g ) Exlaed(T)'2

The conclusion then follows by summing over k and using the source estimates for
F,; given in Lemma 5.9. o
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10. Proof of Theorem 1.2

In this final section we bring together our main estimates to conclude the boot-
strap argument. One standard, yet technical, aspect of the argument is deferred to
Appendix 11.

Proof. Smallness of the initial data guarantees the existence of a constant Cop > 0
such thatat T = Ty

INI gy + X1 gy + 187Nl -1 + 197 XNl -1
+(EE N (T2 4+ (€5 (T ? + Enalp)(T0)'* + Ey 1 [Ty /2

< Cope.
Proposition 9.2, together with Gronwall’s inequality, implies

T 1/2
ol gy— < 51\/_2[p](T0)1/2 exp (/ CsemaX{flJr“’*MSds) < Coe exp(C’s).
T

0

Thus, by Lemma 7.1, and shrinking ¢ as needed,
INIgy + 1 Xl gy < |2|Cllpll gy— 4+ e2Ce™ X =2=241T < cCpeeT
Turning next to Lemma 7.2 we find that

197 N'll -1 + 197 X || v

< CINligy + CliXligy + 1TICllpll gn—2 + 2CemX{ =24 =2+uiT

< Cose_T.

Next, we divide the estimate in Proposition 9.4 by the square root of the energy,
to obtain

107 En—1[ul(T)/?| < Cee ™MW ey [w](T)/? + CCpe.

An application of Gronwall’s inequality then produces
T T
|l gv—1 < (6’1\1_1[u](T())1/2 +/ CCosds) exp (/ Cee“”“”ds)
To To

< C(Coe + Coe(T — Tp)).

Up to possibly redefining Ty, see the discussion around (11.1) in Appendix 11,
these inequalities now imply

A(T) < CCoeeT.

Finally adding together the results of Proposition 8.1 and Theorem 8.3 and
using the above improved estimates, we find

ITES, < —20ES  + CCoee ™ "WHES  + CCoee T (ES )2 + C(EE )Y + CAT)2.
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Thus, by the bootstrap argument presented in Appendix 11, we obtain
Eg Eg < 1 C2 2 20T
duN-1 T By = 5C7eTe 7,
where C1 > Cj. Finally, as a consequence of Corollary 6.4,

~

3 _
g = ¥ lpn + 1T gnmr S ES, oy + By + AT)? < 2CTe%e™ T,

It remains to show that o > 0 given that initially pg > 0. We recall an argument
given in [15]. We can rewrite the evolution equation for the energy density, to obtain

i*Vep + pVuit® = 0.

Moreover, the spacetime is ruled by the geodesics tangent to i/ . Along the geodesics
positivity of p or p = 0 is conserved due to the equation above and the regularity
of u*. Hence p > 0 on the future development holds. O
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Appendix A. Background geometry

In this appendix we derive the background solutions given in Remark 2.5. On the Milne
background the ADM variables induced on a 7, = const slice are

O 12 ~abj
@ab kaps N. X = C§ Yabr — 1 Vap- 1.0), 7= §%kap = -2

c
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2
Condition (2.2) implies (ii%)2 = 1 + %y(ﬁ, it). The fluid equations of motion in cosmo-
logical coordinates (7., xt ) read

@', In p+ i 0; In 5+ 30,10 + ;' + 317" + T [y1a/ =0,
@00 10 + i ;i — Ly (i, i) =0,

@' oy i + i i — 2%’ + T 1t = 0.

Picking ii'c = 1, i’ = 0 we have o, Inp + 3tc_1 = 0. Thus on the background the fluid
solution is

@', i, p)lp = (1,0, fors )

where pg > 0 is a constant. By rescaling the variables as in Definition 2.2 we arrive at
Remark 2.5.

Appendix B. Matter Variables

In this appendix we discuss the rescaled components of the energy momentum tensor given
in Definition 2.6. To see the origin of the various terms, we follow [1] and introduce the
following notation for the matter variables

E:= T’“’nunv = T70x2, Jj4=—TH 14 why,
1

n= E +§abTabv Sab = ~ab - ETrgi‘ “ 8abs

f-ab — ﬁﬁaﬁbgab

Using (2.1) we find

TrgT = " Ty = —4.,
Tub = Zap@p T = p(Xaii® + gaiit) (Xpit° + gojii’),
g Tap = p(X“Xa (@) +2Xpa" 5" + Zapii ).
A calculation then yields
E=1tPp®N%  j =[P pulu’N,
i = 17PN + 1P (Xa X0 + 20Xl u® + Pggpuu®),
- 0
Sab = |r|p<XaXb(uO)2 + 1u®u Xpgac + 1u®u Xagpe + ngacgba'ucud) +1717 8ab:
fab — |T|7puaub.
Finally, we introduce the following rescaled variables
E=|t|7E %=1

13 -1 b ._ |, —T7ab
ni= |, Sab = 1t1™ Sap, T = 17|7'TY,

which yield the expressions given in Definition 2.6.
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Appendix C. Bootstrap

In this appendix we detail how the bootstrap assumption for £ ;gm (= f)isclosed. Let A < 1
and u < 1 be fixed constants. Let f : [Ty, Tx) — [0, co) be a continuous function, where

Ty < Tx < oo. Suppose f(Ty) < C%sz. Suppose also, that for each Ty < T < T the
assumption f(7T) < C%szefz)‘T allows us to show

a7 f < —2af + CCose 1TWT f 4 cCpee™T 12 4 Cf3/? 4 CCie?e™T.

Since o € [1 — 8y, 1] wepicka ¢ suchthat A < ¢ < land A < af < %(l —1—)»).l Define
also B > 0 to be the difference 8 := a¢ — A. We then have

72T £y < —2q(1 — £0)e24T § 4 CCpeel—1HHA2OT ¢
1+ CCeel=1H200T f1/2 4 0432206 | 002:2,(-24200)T
< —(20{(1 —¢) = CCyse " 1HWT _ cf‘/z)ez"”f
+ CCose(71+2“C)Tfl/2 + chaz.
Substituting in the bootstrap assumption, and choosing ¢ sufficiently small:
ar @7 f) < —(2a(1 —¢)—CCos — ccle)ez‘*fo
+ CCoeeTIF2OT £172 4 cC2e?
< CC Coele T1H2=NT | 0262
< CC;Coe?.

Thus, by Gronwall’s inequality,
T
2T f < cae? + / CC1Coe’ds
To

= f < (CC3e? + CCoC1eX(T — Tp))e T2

Let Td“ be such that, for all 7 > Té“,

1
(CC2 + CCoC (T — Tp))e 2T < Ec]? (11.1)

We then a fortiori choose Ty > T(;" . Thus we have shown that, for all 7/ € [Ty, Tx),
if f(T) < Ce?e™ 2T for each T € [T, T'), that f(T) < $C7e?e™?*T . Therefore
F(T) < 5C2e2e™ 2T forall T € [Ty, Ty).
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