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Abstract

We consider a periodic, linear elastic laminate with a brittle crack, evolving
along a prescribed path according to Griffith’s criterion. We study the homoge-
nized limit of this evolution, as the size of the layers vanishes. The limit evolution
is governed again by Griffith’s criterion, in terms of the energy release (of the ho-
mogenized elastic energy) and an effective toughness, which, in general, differs
from the weak™ limit of the periodic toughness. We provide a variational character-
ization of the effective toughness and, by the energy identity, we link the toughening
effect (in the limit) to the micro-instabilities of the evolution (in the periodic lami-
nate). Finally, we provide a couple of explicit calculations of the effective toughness
in the anti-plane setting, showing, in particular, an example of toughening by elastic
contrast.

1. Introduction

From the mathematical point of view, the homogenization of evolution equa-
tions is not a simple development of the (well established) homogenization theory
for elliptic equations. A remarkable example was presented by Tartar in [23]. Con-
sider a Cauchy problem of the form

ds(xv 1) +as(X)ug(x,t) = f(xa 1)
ug(x, 0) = u(x).

* . . . . .
If a. — ap (which is the case in homogenization), then, up to subsequences,
us — ug, where ug solves an evolution equation of the form

t

L'to(x,t)—}—ao(x)uo(x,t)—f-/ Kx,t —tu(r)dr = f(x,1).
0
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Therefore, a memory effect (in time) appears in the limit, as a consequence of
the heterogeneity (in space) of the coefficients. This example was studied also in
[15, Section3.5.2] from a different perspective: setting the problem in spaces of
measures, Mielke showed that different limit evolution may occur, as the system
is endowed with different energy-dissipation structures. For instance, if a.(x) =
a(x/e) and f = 0, then suitable choices of energy and dissipation lead to the
following limit equations:

o(x, 1) + (mina) ug(x,t) =0, ug(x,t) + (maxa)ug(x,t) =0

(clearly, different subsequences are extracted from u.). In [15] this example is
presented in the context of evolutionary I'-convergence, which gives a notion of
convergence for a class of doubly non-linear parabolic evolutions of the form

0 Re(ue(x, 1), 11 (x,1)) = —VE(ue(x, 1)),
ue (0, x) = u®(x),

usually when & TI'-converge to & (for the general theory of I'-convergence we
refer to the book of Dal Maso [10]). When the dissipation is simply of the form
Re(u,v) = %||v||2, the abstract results of Sandier and Serfaty [22] provide suffi-
cient conditions which guarantee the (weak) convergence of u. to the solution u
of the parabolic problem

”‘lo(-xv t) = _ng(MO(xa t))a
10, x) = u®(x).

For instance, under suitable regularity assumptions, convergence holds if the initial
data is well-prepared, that is, if u® — u° and &, (u®) — E(u?), and if

V&l (u) = I'-lim i(r)lf IVEell(u).
£—

In the rate-independent setting, similar conditions are sufficient also for the conver-
gence of balanced (or vanishing) viscosity evolutions; see for example [19]. The
conditions in [22] are actually far more general, and include the case of e-depending
norms
IVEllo() < T-lim inf ||V, le ), )
e—0

which will be relevant also in our context. Finally, consider a family of minimizing
movement (or implicit Euler) schemes of the form

e ((k + 1)7,) € argmin {0 + Jo " u = us ke

where 7, — 0 as ¢ — 0. For when the energy &, is independent of ¢, it is well
known that (the interpolation of) the above time-discrete evolutions converge, as
& — 0, to the gradient flow of £.. However, by virtue of the examples provided in
Braides [8], the limit evolution will, in general, depend on the relationship between
& (which parametrizes the family of energies) and the time step ..
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From the mechanical point of view our work is motivated by experimental and
numerical results on the effective toughness of brittle composites (see for instance
[13,24] and the references therein). In general, when dealing with a periodically
arranged composite, with a very fine microstructure, it is natural to introduce also an
homogenized material reflecting “in average” the mechanical behavior of the com-
posite. For instance, the equilibrium configuration (in terms of displacement, stress
and energy) of a linear elastic composite can be approximated by the equilibrium
configuration of a homogeneous linear elastic material, obtained with “suitable
averages” of the stiffness tensors of the underlying constituents.

For quasi-static fracture propagation, the mechanical behavior is instead de-
scribed by the crack set, at time ¢, together with the equilibrium configuration of
the body, given the crack at time ¢; furthermore, the propagation is governed by
a rate-independent evolution law for the crack (Griffith’s criterion), together with
momentum balance (an elliptic PDE). For the latter, (static) homogenization is suit-
able, and several mathematical approaches are available in the literature; see for
example [5,9,17] and the references therein. For the former, that is, Griffith’s crite-
rion, there is a need instead to develop some kind of “evolutionary homogenization”
or, better, an “evolutionary convergence” for rate-independent systems (specified
hereafter). In practice, see for instance [13,24], the goal would be to find an effec-
tive “averaged” toughness in such a way that the quasi-static evolution of a crack
in the brittle composite is approximated by the quasi-static evolution of a crack
in a brittle homogeneous material characterized by the (static) homogenization of
the stiffness tensors together with the effective toughness. In §2.8, we provide an
example of a laminate with explicit computations of effective toughness and ho-
mogenized stiffness. This example highlights some peculiar features: the effective
toughness depends on the volume fraction of the layers, on their toughness, and
also on the coefficients of their stiffness matrices, furthermore, it can be larger than
the toughness of the single brittle layers, and larger than the weak™ limit of the
periodic toughness. These properties are qualitatively consistent with the numeri-
cal and experimental results of Hossain et al. [13], where toughening (that is, the
macroscopic increase in toughness) occurs as a result of the microscopic elastic and
toughness heterogeneities. In mechanics, most of the interest is indeed driven by
the toughening and the strengthening effects of composites [6]. In general, tough-
ening is also due to several microscopic “geometrical features” of the crack, such
as micro-cracking, branching, debonding and tortuosity; a mathematical result on
toughening by the homogenization of highly oscillating crack paths is given in [4],
where Barchiesi employs a modified I"-convergence framework in order to take
into account the irreversibility constraint. In the context of Coulomb friction, a
characterization of the effective friction coefficient (depending on both elastic and
friction coefficients of the layers) is provided in [3].

Let us turn to our results. We consider a brittle crack which propagates horizon-
tally in a linear elastic laminate composed by n periodic layers; each layer is made
of a layer of material A and B with volume ratio A and 1 — A, respectively. We dis-
tinguish between vertical [ 13] and horizontal layers: in the former setting, the crack
crosses the layers, while in the latter it lays in the interface between two layers.
We do not consider a “surfing boundary condition” [13], but a Dirichlet boundary
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condition u = f(t)g for the displacement u on a portion dp <2 of the boundary. For
technical reasons, and making reference to the experimental and numerical results
of [13], we confine a priori the geometry of the crack to a straight line, even if, in
general, the crack may deflect at interfaces; see the well-known [12], which leads
to (macroscopic) anisotropic toughness in layered materials [7].

We begin with the more delicate case, which is that of vertical layers. We denote
the toughness by G¢, (/) and the energy release by G, (t, /), where ¢ is time and /
indicates the position of the crack tip. Note that G depends on / and that it is
periodic. On the contrary, G, (¢, -) is not periodic and, to the best of our knowledge,
it is not known if it is defined at the interfaces between the two materials; for this
reason, we actually employ the right lower semi-continuous envelope, which is
indeed the natural choice for Griffith’s criterion (see Remark 2). By linearity, the
dependence on time is much easier, since we can write G,(t,1) = ()G, (),
where G, is computed with boundary condition u = g, that is, for f(r) = 1.
Denoting by ¢, (¢) the position of the tip at time ¢, the quasi-static propagation is
governed by Griffith’s criterion:

(i) Ga(t, €n(1)) = G} (€n (1)), )
(i) if Gu(t, €,(1)) < G (£, (1)) then £ (t) = O (that is, the right time derivative
vanishes).
It is well known, see for example [18,21], that, in general, there are different solu-
tions satisfying Griffith’s criterion, and that these solutions may be discontinuous
(in time). Discontinuities are basically due to the fact that Griffith’s criterion is
rate-independent (that is, invariant under time reparametrization). From the mathe-
matical point of view, the behavior in the discontinuities characterizes the different
notions of evolution; see [18]. Here, we denote by J(¢,) the set times where ¢,
jumps, and following [21], we require, besides (i) and (ii), that
(iii) ifr € J(£,) then G, (¢t,1) = G (I) for every | € [£,, (¢), Z,J{(t)).
This condition means that the transition between the equilibria £, () and €, (7) is
unstable (or catastrophic). Notice that, for [ = £, (), the above conditions, put
together, imply that G, (¢, £, (t)) = G}, (¢, (t)), therefore both stable and unstable
propagation occurs once the critical value is attained. Evolutions satisfying (1), (ii),
and (iii) can be obtained also by a vanishing viscosity approach [14], taking the limit
of continuous solutions of rate-dependent models. As observed in the numerical
simulations [13], discontinuities often occur at those interfaces where the crack
passes from the material with higher to that with lower toughness. Therefore, in
our evolution ¢,, we should expect many of these “microscopic jumps” in the
order n of the number of layers; these discontinuities, which “disappear” in the
homogenized limit, will produce the toughening effect.

At this point, let us describe the homogenized limit. Denote by Gpon(?, /) the
energy release of the homogenized elastic energy. By Helly’s theorem we know
that ¢,, — £ pointwise (upon extracting a subsequence). The goal is to define an
effective toughness G, in such a way that the limit £ satisfies Griffith’s criterion:

(D) Ghom(t, £(1)) = Ggr(£(1)), .
(ii) if Gpom(t, £(1)) < GS(£(2)) then £7(t) = 0 (that is, the right time derivative
vanishes),
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(ili) if 7 € J(£) then Gpom(t, ) = G5 (1) for every [ € [£7 (1), LT (@)).

Notice that, in general, Gyon (¢, -) is neither the pointwise nor the I'-limit of G, (¢, -)
(an explicit example is given in Section2.8). However, a variational convergence
in the spirit of (1) holds. Indeed, writing again that Gy (¢, 1) = f 2(8) Grom (D), the
effective toughness is defined in such a way that

ghom(l) — I-liminf gn(l)

Go() — n>oe GR(D)
First of all, note that, in general, G5 may depend on / and, through the energy
release, on several other parameters of the problem, in particular, it does not depend
only on the toughness of material A and B; in mechanical terms, it is an R-curve
(see for example [2]). At the current stage, it is hard to guess if G5, should always
be a constant. In our examples it is so, on the contrary, in the experimental measures
of [6], the effective toughness is surely not constant. What is clear is the fact that
the effective toughness depends on the elastic contrast and it can be higher than
the toughness of the underlying materials. Indeed, in the explicit calculations of
Section 2.8, we show that (under suitable assumptions)

2

M, 1

Ha, 1

Ggff:)‘max{G:’ Gy }+(1 —)»)maX{G:MA’I , Gg},

Ms, 1

where G{ and Gy are the toughness, while 1, 1 and 1 are the components of the
stiffness matrix in the anti-plane setting. Moreover, independently of this example,
if G, converge uniformly to Guom, then G5 = max{Gy, G;}.

Finally, let us compare (2) with (1). In the context of fracture, the energy release
Gy plays the role of the slope || V&, ||; the ratio G,/ G¢, is instead some sort of energy
release with respect to the dissipation metric induced by the toughness G¢, and plays
the role of || VE, || ,; in these terms, the effective toughness plays the role of the norm
I - llo in (1) or, more precisely, of the smallest norm which makes (1) true, and for
this reason in the definition of G5, an equality is needed.

In the case of horizontal layers with an interface crack the picture is much
simpler. Indeed, the toughness G€ is constant and independent of n, and moreover
the energy release G, is well defined and converges locally uniformly to Gyom; this
is enough to prove that the evolutions £, converge to an evolution £ which satisfies
Griffith’s criterion with energy release Gpom and toughness G5 = G°.

2. Vertical Layers with Horizontal Crack

Let Q@ = (0, L) x (—H, H) be the (uncracked) reference configuration. For
Il € (0,L]let K; = [0,1] x {0} be the crack; in the presence of a crack K; the
reference configuration is then 2\ K;. We denote by dp <2, independently of /, the
union of the sets {0} x (—H, 0)U (0, H) and {L} x (—H, H).Letg € H'/?(3pQ).
To fix the ideas,
—1 x e€{0} x (—H,0),
gx)=191 x€{0} x (0, H),
0 xe{lL}yx(—=H,H)
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u = tég
O]
A B u=0
———— L/n
A 1—A &
u = —tésg

Fig. 1. An example of vertical layers and horizontal crack (along the mid line)

is an admissible function (see also Fig.1). By abuse of notation we still denote
by g a lifting of the boundary datum. Given [ € (0, L], the spaces of admissible
displacements and admissible variations are, respectively,

U ={uce HI(Q\KI) ru=gindpR}, Vi={ve HI(Q\KI) :v=0indpR}.

Note that I; # #, since g € H'/>({L} x (—H, H)). Clearly, if [; < I, then
U, CUp,,and thusU; C U, C H'(Q\K ) forevery [ € (0, L]. All the spaces V;
and the sets Uf; are endowed with the H'(Q\ K )-norm. Splitting 2\ K into the
disjoint union of Q* = (0, L) x (0, H) and Q~ = (0, L) x (—H, 0), a uniform
Poincaré inequality holds: there exists Cp > 0 such that, for every [ € (0, L] and

vey,
/ [v]2dx < cp/ |Vo|? dx.
Q\K; Q\K;

The conditions given above are independent of the periodic structure and hold
throughout the paper, for both abstract results and explicit computations. Actually,
some of the results hold under more general conditions, depending on the specific
setting. For instance, the abstract results hold also in the plane-strain setting, see
Section2.6.1, however, in this context we do not have any explicit example; for this
reason and for the sake of simplicity, we consider the antiplane setting presented
above.

2.1. Energy and Energy Release

In this section we assume that €2 is a composite, made of n € N\{0} periodic
vertical layers of thickness [, = L/n; each layer itself is composed of a vertical
layer of material A with thickness Al,,, for A € (0, 1), and a vertical layer of material
B with thickness (1 — A)l,,. More precisely, let [,y = k1, for k = 0,...,n and
ik+r = lnx + My = (k+ 1), fork =0, ..., n — 1; the layers of materials A
are of the form (/,, k, ln.k+1) X (—H, H) while those of material B are of the form
(n.k+2> In.k+1) < (—H, H). For later convenience, we also introduce the notation
Ay ={l€[0,L]:]=1I,xo0rl =1, 4} so that the interfaces between material
A and B (in the sound material) are of the form {/} x (—H, H) forl € A,\{0, L}.
We will also employ the notation 2, x = ([, .k, ln k+1) X (—H, H) and

n—1 n—1

Qua = Uk lnir2) x (H. H), Qs = Gnksr ki) x (—H, H).
k=0 k=0
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We define in a similar way the crack sets K, x = (In k., ln.k+1) % {0}, and then K, ,
and K, 5.

We assume that A and B are elastic brittle materials. We denote by C, the
stiffness matrix of material A, of the form

0 .
C, = (M’a’l MA,Z)’ i > 0fori =1,2,

and we denote by G{ > 0 the toughness of A; we employ a similar notation for
material B. Let C,, : Q\(A, x (—H, H)) — {C,, Cy} be the periodic stiffness
matrix and let G¢, : [0, LI\A, — {G, G;} be the periodic toughness.

The linear elastic energy W, ,, : U — R is given by

Win(u) = %/ Vu CnVuT dx.
Q\K;

Denote by u; ,, € U the (unique) minimizer of the energy W ,; clearly u; , is also
the (unique) solution of the variational problem

/ Vu C,Vvl dx =0 for every v € V.
Q\K;

Note that the above bi-linear form is coercive and continuous, uniformly with
respectto ! € (0, L] and n € N. In the sequel we will often employ the condensed
(or reduced) elastic energy &, : (0, L] — R given by

gn(l) = Wl,n(ul,n) = min{Wl,n(”) cu e Ul

The following lemma contains the fundamental properties of this energy (for n
fixed):

Lemma 1. The energy &, is decreasing, continuous, and of class C'((0, L)\A,).
In particular, if | € (Iy k, Ly k+2) the derivative takes the form

&) = / Vu; ,CoEVu], ¢'dx where E:(_l()), 3)
Ok, , 01

while ¢ € Wh(0, L), supp(¢) C (n: k1), ¢() = 1 and, by abuse of
notation, ¢' = 3¢ (x1). A representation like (3) holds also forl € (L k43, In k+1)-

Remark 1. Note that &, is not periodic, unless it is constant. Note also that the
support of the auxiliary function ¢ shrinks when n — oo.

Proof. We provide a short proof, following [20]. For/; < I, we have i, C U, and
thus £,(l1) 2 &,(l2). If I, — [, then &, () — &, (1) and uy, n — u; , strongly
in H' (Q\Kp).

Let us compute the derivative of the energy &, (/) for/ ¢ A,. For h <« 1 let
Wy (x) = (x1 +he(x1), x2) be a diffeomorphism of Q\ K; onto 2\ K;j. Note that
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W, (x) = x out of the layer (I, k, l.k+1) < (—H, H). Using the change of variable
w = u o Wy, the energy Wy4p n : Uiy, — Rreads as

Witnn @) = Wi n(w) = %/ Vu C(I + hM¢" V' dx,
Q\K;
where

_ n—1
Mh:( (1+0h¢) (1>>

If upinn € argmin {Wipnn(u) @ u € Upppb, then wipy = Uighn o Wi) €
argmin {W; j,(w) : w € U} and E, (L + h) = Wi h.n(win.n)- Hence,

g &+ =& . W[,h,n(wl,h,n) - Wl,n(“[,n)
() = lim ———————— = lim .
h—0 h h—0 h

Writing the variational formulations for wy j, , and u; ,, we have

/ Vwp pn Cn + thd)/)VvT dx = / Vuj C,Vvl dx =0 for every v € V.
Q\K; Q\K;

Then, being that (w; 5., — u1.,) € V;, we can re-write the energies as
Wi (Wi hn) = %/ Vwihn Cod + My )Vu], dx,
Q\K;

Win(ui ) = %f Vwi nn CnVMII:n dx.
Q\K;

Hence,

Wi (Wihn) = Win i) i/ Yy pn CoMyVul. ¢ dx
= hon Cn .
h 2 Q\K; Lin

Ash — 0, M), — 2E in L°(2:; R?2*2) and Wi pp — U p i H'(Q\K)), therefore
we obtain (3).

Ifl,, - land [,y < [ < I, 41 We can choose ¢ to be independent of m
(sufficiently large). Moreover, Vu;, , — Vu; , in LZ(SZ\K L, RZ). Therefore, by
the representation (3) we get &, (I,,) — &,,(1). ]

By virtue of the above Proposition, for every [ ¢ A,, we can define the energy
release
Gu(l) = =0, Ea()) = =01 & (D). )

In the sequel it will be convenient to extend the toughness and the energy release
to A, (even if in general the energy is not differentiable in A,). We define

G,() = lim }ij Gu(s)ifl #L and G,(L)=0. 5)

With this definition the function G, : [0, L] — [0, +0o0] is right lower semi-
continuous. In Remark 2 we will see that for [ # L this extension is actually the
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only one compatible with Griffith’s criterion; for / = L it is instead suggested by
technical convenience (strictly speaking, the right derivative of the reduced energies
&n do not make sense for / = L). Note that G,, may possibly take the value o0 in
A,,. In a similar manner, we define

Gi() = lim Gi(»)ifl #L and Gi(L) =Gy, (6)

Clearly, G¢, : [0, L] — {Gy, G} is right continuous.

2.2. Quasi-Static Evolution by Griffith’s Criterion

In this subsection we provide a notion of quasi-static propagation, following
[14,18,21]. We consider a time depending boundary datum of the form f(¢#)g where
fecC 1[0, T1) with f(0) = 0and f’ > 0 (non-monotone boundary conditions
are considered in Section4). Let Ly € (0, L) be the initial crack. For [ € [Lg, L]
the space of admissible displacement is

Uy=1{ue H(Q\K) :u= f()gindpQ} = () Uy.

We denote by E, and G, the corresponding condensed elastic energy and energy
release. For t = 0 we simply have that £,(0, -) = G, (0, ) = 0, since u = 0 on
ap 2. If t > 0, by linearity, we can write

En(t,) = f2(0) E (D), Gult, 1) = f2(1) Gu(D).

The latter equality makes sense in generalized form also in the case G,, (/) = +00.In
particular, E, (-, 1) is of class c! ([0, T]) while, by Lemma 1, E,, (¢, -) is decreasing,
continuous and of class C' ((0, L)\ A,,). The energy releaserate G, (-, [) isinstead of
class C1([0, T1)if G, (1) < +o0 (for exampleif! ¢ A,), otherwise G, (-, ) = +00
fort > 0 (in this case we will say that G, (-, [) is continuous, with extended values).
Finally, G, (¢, -) is right lower semi-continuous in [0, L).

The following proposition provides our formulation of Griffith’s criterion for
the quasi-static propagation of a crack in a brittle material with periodic vertical
layers:

Proposition 2. There exists a unique non-decreasing, right continuous function
£, [0, T) — [Lo, L] which satisfies the initial condition £, (0) = Lo and Griffith’s
criterion in the form

(i) Gn(t, £ (1)) < G (£, (1)) for every timet € [0, T);
(ii) if Gu(t, £ (1)) < G$ (L, (2)) then £, is right differentiable in t and é,f(t) =0;
(iii) if t € J(€y) then Gy (t,1) 2 GS (1) for everyl € [, (1), £x(2)),

where J(£,) denotes the set of discontinuity points of £,,.

Before proving Proposition 2 let us make a few comments. The uniqueness
is true, thanks to the monotonicity of the boundary condition together with the
right continuity of the evolution. The discontinuity points ¢ € J(¢{,) correspond
to instantaneous non-equilibrium transitions of the system between the equilibria
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£, (t) and £, (1) = Z;LL (t). Often discontinuities are tailored to the layers: roughly
speaking, the crack jumps through the layer with smaller toughness, reaching the
closest interface, where it “re-nucleates” before advancing in the layer with higher
toughness. In this case the non-equilibrium condition G,(¢,1) = G¢(I) may not
hold for [ = ¢ (r) € A,. For instance, it may happen that G, (t,1) > G¢ for
I € (Lyks lnk4+2) while G, (¢, 1, k4+2) < Gj. For this reason condition (ii) holds
with the right derivative é:[ (1); however, out of interfaces the full time derivative
én (t) can be used (see Corollary 4). However, this is neither a general rule for the
evolution neither an a-priori assumption in our analysis; in some cases the crack may
as well cross multiple layers in a single discontinuity, depending on the parameters.
Strictly speaking, right continuity is not necessary for Griffith’s criterion, how-
ever it is also not a restrictive since ¢,, turns out to be the (only) right continuous
representative of any evolution A, which satisfies Griffith’s criterion. More pre-
cisely, we have the following result, whose proof is postponed after Corollary 4:

Corollary 3. If 1, : [0, T] — [Lo, L] is non-decreasing, satisfies »,(0) = Lo and
Griffith’s criterion, that is,

(i) Gy (t, Ay (1)) < G (Ay (1)) for every time t € [0, T];
(ii) ifGn (t, Ay (1)) < GS(My(2)) and t < T then Ay is right differentiable in t and
@) =0;
(iii) if t € J(\p) then G, (t,1) 2 G5 (1) for everyl € [A; (1), )»,‘f(t)),

then the right continuous representative of A, coincides with £, in [0, T).

In other terms, {t € [0,T] : A,(¢) # £,(t)} C J(&,) = J(1,). Roughly
speaking, if A,(t) # £,(¢), then ¢ is a jump point, where A,(t) = £, () and
M) = 2,@).

Proof of Proposition 2. The proof is based on the following explicit representation
of the evolution:

£,(t) =inf{l € [Lo, L] : G,(z.1) < G}, (D)}. @)

Note that the set {{ € [Lo, L] : G,(t,1) < G4(I)} is not empty because, by
definition, G, (¢, L) = 0. Thus ¢, is well defined and takes values in [Lq, L]. We
will check that the function ¢,, given by (7) is indeed the unique solution.

Clearly ¢, satisfies the initial condition because G, (0, Lo) = O.

Let us check monotonicity. Since the function f is increasing and G, is non-
negative, for every 0 < t; < t, < T, it holds that G, (t,1) = f2(t1)Ga(l) <
F2(12)Gu(l) = G, (12, 1), and hence

{l e[Lo,L]:Gu(t1,]) < G5,(D} D{l € [Lo, L]: Gp(t2, 1) < G, (D} .

Taking the infimum yields that £, (z;) < £,(t2).

Next, we show that £,, is right continuous. Since in general G, (-, /) is continuous
(with extended values) only in (0, T'), we distinguish between r = 0 and ¢ > 0. In
the former case, let Ly < [ withl ¢ A,. Then as t — 0 we have G, (7,]) — 0 <
G¢ (I). Hence, (7) implies ¢, (t) < [ for T > 0 sufficiently small. By monotonicity
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£ (0) < landthus £, (0) < L by the arbitrariness of /. Let# > 0. By monotonicity
Z,J{(t) < lim,_,,+ £, (). Let us prove the opposite inequality. If lim,_, ,+ £,(t) =
L there is nothing to prove. Otherwise, let Ly < [* < lim,_, ;+ £, (7) with[* € A,
(remember that A, is a discrete set). By monotonicity, [* < £, (t) forevery T > f,
and thus, applying the definition (7) to £,(t), we know that G, (t, [*) = G$(*)
for every T > t. Passing to the limit as t — ™ by the continuity of G, (-, [*) it
follows that G, (7, [*) = GS (I*) for every Lo < [* < lim,_,,+ £(7) with [* & A,,.
Hence €, (t) = inf{l € [Lo, L] : G,(t,1) < G5()} = I*. Taking the supremum
in the right hand side for Lo < I* < lim,_, ,+ £(t) with [* & A, we get £,(t) =
lim,_, ;+ (7).

Let us check (i). If £,,(t) < L then by (7) there exists a sequence [, N\, £, (t)
such that G, (¢, l,,) < GY(I,) and [, & A,. By the right lower semi-continuity of
G (t, -) and the right continuity of G¢ it follows that

Gu(t, (1)) S Uminf G, (1, ) = lim Gy () = G, (£ (1)). ®)

If £,(t) = L there is nothing to prove since, by definition, 0 = G, (¢, L) < G%(L).

Next we check (ii). Again, we consider separately t = Oand ¢ > 0.If t = 0 we
have G, (0, Lo) < G (Lo).If £,(t) = Lo for some T > 0 then ¢, is constant up to
T and thus E,J{ (0) = 0. On the contrary, assume that £,(t) > L for every 7 > 0.
By (7) we know that G, (t,[) 2= G (/) forevery T > O and every Lo < I < £,(7).
Hence f2(1)G,(I) = min{G¢, G}, and thus

Ly (T)

FAHO(En(Lo) — Enln(D)) = f2(T) ’ Gu()dl = (£,(1) — Lo) min{GS, G5}
0

As a consequence

lim 2@ —6O f2(@) = f20) Ea(Lo) — Ealln (1)
im —— < lim - =0
=0+ T =0+ T min{Gy, Gy}

’

where we used the continuity of the energy &, and the fact that f € C' ([0, T]) with
f(0) = 0. Now, consider t > 0. If G,(t, £,(t)) < G (£,(t)) then by continuity
of G, (-, 1) we get G(t, £,(t)) < G%(£,(t)) for T in a (sufficiently small) right
neighborhood of ¢. By (7) it follows that £,(t) < £,(¢); by monotonicity ¢, is
constant in a right neighborhood of 7.

Let us consider (iii). Let t € J(£,). By right continuity ¢,(¢) > Lg. By def-
inition £, (1) = inf{l € [Lo, L] : Gn(t,1) < G5 (1)}, hence G,(t,1) = G () for
every Lo =1 < £,(t) and in particular for [ € [£; (¢), £,(1)).

To conclude, let us prove uniqueness. Assume, by contradiction, that there exists
another right continuous evolution £, # £,, which satisfies Griffith’s criterion. First,
we claim that there exists a time ¢t ¢ J({) such that €.(t) # £,(t); indeed, if
{t € [0,T]: £.(t) # £,(t)} C J(Ly) then by right continuity of £, and ¢, we
would get ¢, = £, everywhere in [0, T'). So, let > 0 be a continuity point of £,
with £,.(t) # £,(¢).

If£.(¢t) > £,(2), then, by the definition (7) of £,,, there exists [, € (£,(t), £+«(t))
with I, & A, such that G,(t,ls) < G%(l,). Then, by continuity of the energy
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release, there exists a neighborhood [I’, 1”] of I, with Lo < I’ and I” < £,(2),
such that G, (¢t,1) < G () for every I € [I’,1”]. Let us see that this interval is a
“barrier” for the evolution £,. First, note that, by monotonicity in time, G, (z, 1) <
Gu(t,1) < G4(I) for every t < t and every [ € [I’,1"]. Moreover, £, takes all
the values in the interval [/, [”], indeed if [ € [€, (7), £+«(t)) for some T < ¢
and some [ € [I’,1”] then, by condition (iii) of Griffith’s criterion, G, (t,1) =
G¢, (1), which stands in contradiction with G,(t,!) < G¢(I). Therefore we can
define t; = inf{z : I’ £ £,(7)} and 15 = sup{t : L.(r) < [”}. Tt follows that
Gn(t, £«(1)) < GY (1) for every T € [t1, t») and thus, by condition (ii) of Griffith’s
criterion, £ is constantly equal to I” in [t1, 12). If t; = ¢ then (being 7 a continuity
point) we get £, (1) = 1" < £,(t) . If t; < t then £ (1) = I’ while £} (t;) = [” and
thus 7, € J(£,), this is again a contradiction since Griffith’s criterion implies that
Gu(tr, 1) 2 GS() forevery I € [I',17).

Let £,.(t) < £, (). By the definition of £,, we know that G, (¢,1) = G$(I) > 0
for every [ € [€4(t), £,(t)). By monotonicity G,(z,l) > G¢(I) for every T > ¢
and every [ € [€,(?), £,(1)). If T — ¢ then £,(t) — £4(¢) and thus £,(1) €
[£.(1), £,(2)) for every time t sufficiently close to ¢; then we have G, (t, £.(7)) >
G¢ (L4 (1)), which is a contradiction with Griffith’s criterion. O

In order to prove the energy identity we will need also the following corollary,
which refines condition (ii) for £,,(t) & A,:

Corollary 4. If £,(t) & A, and G (t, £,(t)) < GS,(£,(t)) then £, is constant in a
(sufficiently small) neighborhood of t.

Proof. Let£,(t) € (ln.k, ln.k+2)- Theenergy E,, is of class CclinJo, T1xUn.ks Ink+2)
and thus the energy release G, is continuous. Moreover, G¢, is constantin (I, k, [y k+1)-
Hence, there exists § > O (sufficiently small) such that G, (z, ) < G, (/) whenever
|t —t] < b and |l — £,(t)] < 8. By condition (iii) in Proposition 2 it follows that

t ¢ J(£,). By continuity of ¢, let us choose t < ¢ such that [t" — | < § and
[€,(t") — £, ()| < 8. Then, G, (7, £,(t")) < G (L, (")) for every T € [7, t]. By
Proposition 2 it follows that £,, () = €,(¢) is the unique solution for t € [z, t + §].
The same argument applies if £, (1) € (Ly k+2, In k+1)- O

Proof of Corollary 3. By uniqueness it is enough to check that the right continuous
representative of A,, here denoted by )A»n, satisfies Griffith’s criterion, in the sense
of Proposition 2.

Arguing by contradiction it is easy to check that A, is right continuous in 0;
indeed, if lim; g+ An(t) > Lo then 0 € J(%,) and thus G,(0,1) = GS(I) > 0,
however G, (0, /) = 0. Hence )A\,,(O) = Ly.

Let us check condition (i). For t = 0 there is nothing to prove. For r > 0 we
have G, (7, A (7)) < GS (A, (7)) for every T > t and thus the regularity of energy
release and toughness imply that

G (¢, 3 (D) S liminf Gy (2, 4 (0) £ lim_G5 (0 (0)) = Gy, (R (1))
T—>1 T—>t

Let us consider (iii). Clearly, J(%,) = J(,) and (1) = AF(r). Hence the
condition G, (z, 1) = GS (1) for every I € [} (t), A} (1)) holds.
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Finally, let us check (ii). If £ ¢ J (A,) = J(A,) then A, (1) = A, (1) and A} (1) =
0 coincides with the right derivative of An (1), hence there is nothing to check.
If ¢ € J() = J()L ) we argue in the following way. We have G, (¢, )L (t)) <
G, (A (1)), then for e > 0 sufﬁc1ently small there exists a sequence [ \ A (1)
such that [y & Ay, G (Ix) = G, (An (1)) is constant and

Gu(t,lx) £ G5 (k) —e forevery k € N.

Writing G, (¢, l) = fz(t)gn (It), by time continuity for every 0 < &’ < ¢ there
exists § > 0 such that

Gu(t, lx) < G5, (k) — ¢’ forevery k € Nandevery T € (¢,1 + §).

Since I ¢ A, the energy release G, is continuous, and thus for every k € N there
exists [; < Iy < If < ly11 such that

Gu(t,1) < GS(l) foreveryl € (I}, 15) and every T € (1,1 + §).

As in proof of Proposition 2 the evolution A, cannot take value in the intervals
(l,z, l,f) for T € (¢, t + 8). Indeed, there are no jumps, moreover, if A,,(z/) € (l,i, lg)
then condition (ii) implies that the right derivative vanishes and thus 1, is constant
in (7, t+8). Hence by monotonicity A, (t) < lg forevery k andevery t € (¢, t+9);
in conclusion A, (r) Sinf l,f = (t) forevery t € (¢, +§). |

Remark 2. For | € A,, the extension (6) of the toughness seems the most natural,
since

Go() = sl_i)r% GS (s).
The extension (5), that is,
Gn(l) = lim }Ef Gn(s),
s>

turns out to be the only one compatible with Griffith’s criterion. In principle, since
the existence of 8, &, ({) is not known when ! € A, any value G, () with

s%l‘*‘ s = l

lim inf

s—It s—1

could be~a good candidate for the extension. To fix the ideas assume that Ly € A,
and let Gn(Lo) be another extension of G, in Lg. First of all, (9) implies that
Gn(Lo) Z G,(Ly), indeed, by the mean value theorem we have

Gu(Lo) = liminf G, (s) < liminf — 28— (L0)

A—>L0 s—>L(J)r s— Lo
& —&n(L ~

s — Lo

+
s—>Lg,
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Let us consider

Gn(Lo) > Gn(Lo) = liminf G, (s).

S‘—)LO
Clearly, this condition makes sense only when liminf,_, Lt Gn(s) < 4o00. Hence
0 < Gn(Lo) < +00. Let

Gn(0,Lo) =0, Gy(t, Lo) = f*(t) Gu(Lo) fort > 0.

Hence G, (t, Lo) > Gy(t, Lo) for t > 0. Assume that there exists a quasi-static
evolution E which satisfies Griffith’s criterion with Gn and G¢,. We denote by
and r* the points 7, = max{t > 0 : G,(t, Lg) < GS(Lp)} and t* = max {r 2
0: Gu(t, Lo) < GS(Lo)}. We have t,, < t*. Fix t’ € (t,, t*). By the definition of
Gu(Lo) there exists L, \, Lo such thatl,, & A, and G, (In) — Gu(Lo) < Gn(Lo).
Upon extracting a subsequence, not relabeled, we can assume that there exists
tm < t’ such that either En (tm) =1, foreverym e Norl,, € [Z; (tm), £, (ty)) for
every m € N.
In the former case, for every ¢ € (1, '), we have

Gu(t,ln) < Gu(t', In) = Gu(t', Lo) < G5, (Lo) = G5, ().
Hence for m > 1 we have G,(t,1,) < G°(l,) for every t € (t,1'). As a
consequence £y(t) = Ly in (f,,t"). Repeating the argument for ;4 leads to
£,(t) = L1 in (441, ') which is a contradiction since f,,,+1 < t; and L1 # Ly,.

In the other case, that is, when [,,, € [57; (tm), Ln(ty)) for every m € N, we
argue as follows. As above,

Gty lm) é G, (t/s lm) - Gn(t/s Lo) < Gi (Lo) = G(,:Z(lm)
and thus for m > 1 we have G, (ty,, l,,) < G(I,,) which contradicts condition
(iii).
In summary, the right lower semi-continuity of the energy release G, is neces-
sary for the existence of a quasi-static evolution in the sense of Proposition 2.

Finally, note that the representation (7) is independent of the extension of G,
and G¢ in A,\{L}; indeed, (7) can also be written as

6,(t) = inf{l € [Lo, LI\A, orl = L : G,(t,1) < GS(D)}.

2.3. Energy Identity

In the sequel the energy balance will be crucial to explain toughening. To this
end, we introduce the potential energy F : [0, T] x [Lo, L] — R given by

Fu(t,1) = Ex(t,]) + Dn(l)7
where D, : [Lo, L] — R is the dissipated energy given by
1
D,() = f G (s)ds.
L

0
Note that the energy F;, (-, [) is differentiable in [0, T'] while F;, (¢, -) is differentiable
only in [Lg, LI\ A,.
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Corollary 5. Let £,, be the quasi-static evolution provided by Proposition 2. For
everyt € [0, T) the following energy identity holds:

t
Falt, (1) = / O Fu(t L) dr+ Y [Fa(r. ta(@)].  (10)
0

T € J(E)N0,1]
Where [Fy(t, £n ()] = Fu(z, £y (7)) — Fu(z, £, (1)) = 0.

We recall that F;, (0, Ly) = 0. The energy identity (10) can be written also as

t
En(t,ﬁn(t))=/0 Pu(t, £,(1)) dt — Dy (€,(2)) + Z [Fa(z, €a(x)], (1D

T eJ(,)N[0,]

where P,(t,¢,(t)) = 0,F(t,1) = 90;E(t,]) is the power of “external forces”.
Therefore, part of the energy (supplied by the work of external forces) is stored
in the elastic energy, part is dissipated by the crack, while part is dissipated in the
discontinuity points. In this respect, we recall that the rate-independent evolutions
£,, can be obtained also from rate-dependent evolutions (see for example [14]) by
vanishing viscosity; in this approach, the energy dissipated in the jumps turns out
to be the limit of the energy dissipated in the rate-dependent processes.

Clearly, by right continuity the energy identity holds also in every time interval
[t1, t2], in the form

n
Fn(tz,ﬁn(tz))=Fn(tl,ﬁn(tl))Jr/ 0 Fu(z, €y (7)) dT+ Z [Fu(z, £n(7))]-

f T € J()N(t,12]

Proof. In general the energy F (¢, -) is not differentiable in A,, thus the idea is
to consider the sub-intervals in which the evolution takes values in [Lq, L]\ A,,
taking care of the possible discontinuities. In this way we also make reference to
the stick-slip and re-nucleation effect at the interfaces, see [13].

Letl, x = kl,, = kL/n. Let ko and k; such that

Inko S Lo <luky, Ing—1 <suply = lng,.

If I = 0 we have ¢,,(t) = Lo, thus the energy identity (10) boils down to

t

Fu(t,£,(1)) = / 0 Fu(t, £y (7)) dr,
0

which is clearly true by the time regularity of the energy. If / > 0, consider the
points I, x € A, for k = ko, ..., kr and define the times

ko = SUp{t  €y(1) £ Lo}, £, = sup{t : €(t) < lnj}. 1]

n,k1 = T’

tz,k,« =sup{t : £,(t) < lpk}, t;ki =inf{t : £,(t) > 1, } for0<i<I (if any).
In this way we have a finite partition of [0, T'] given by

b f b g _ .
0< t”‘kO é tn,kl § tn,k] § T é tn,kI § tn,kI - T’
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note that some of these points may coincide. We will prove (10) by induction, for
i=0,...,1.

In the interval [0, #, x,) we have £,(t) = Lo . Thus for every ¢ € [0, t, x,) We
can write

t

Falt, €(1)) = / 8, F, (7. £, (1)) dr.
0

Passing to the limit as ¢t 7 t, ;, we get

tn,ko
Fn (tn,ko: Z;(l‘n,ko)) = /0 8;Fn(‘L’, Zn(":)) d‘L’,

and then, by right continuity,
tn,ko
Fn(tn,k()v en(tn,ko)) = /0 01 Fp(t, £, (7)) dr + [[Fn(tn,ko, Zn(tn,ko))]]‘ (12)

b b

If biky = Inko then £,,(t) € (Lo, ln k) C (nkys lnxy) fort € (tn,ko,tn,kl). In

the interval (Lo, [, «,) the elastic energy &, (¢, -) is of class C ! while the dissipated

energy D, is affine, since G¢ is constant. Thus in every subinterval ,, , < t' <
t < t; K, We can apply the chain rule in BV to get

t 1
Folt, 6,() = Fo(t', €,(") + / 0 Fy (x, £, (7)) dT+ / O F, (T, £0(1)) drcln(T)
t t
+ ) [Fa ol

Ted (L)N( 1]

where dy c¢,, denotes the sum of the absolutely continuous and Cantor part of the
measure d¢,. Note that d ¢ ¢, is concentrated on the set of continuity points of £,,.
We claim that

t
/ 8 Fa(, €0(2)) dicbu(T) = 0.
t/

Indeed, for! € (Lo, I, x,) wehave 9; F, (1, 1) = —G,(z, )+ G}, (I). By Proposition
2weknownthat G, (t, £, (1)) < G5 (£,(7)).If equality holds then 9; Fy, (t, £, (7)) =
0.If G, (7, £,(7)) < G, (£, (7)) then by Corollary 4 it follows that £, is constant in
a neighborhood of 7, and thus d;c¢,(r) = 0. The claim is proved. Now, passing
to the limit as #' — #, x, and using (12) we get

t

Fu (1, £,(1)) = Fu(tn ko> £(tn k) +f O Fu(z, £a(1))dt

tn,ko

+ Y[R e@)]

7€ ()Nt k1] (13)

t
= [ancamas Y el
0

teJ(€,)N[0,7]
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P.assing to the limit as t — trbl’ &, and taking into account the possible jump in t; ki
yields

b

b b tn.kl
Fy (tn,/q s n (tn,k] ) = A 0 Fu(z, £y(7)) dT + Z [Fu(r, £(7))].
T (En)N0.1, 4, ]
(14)

If t,:, k = Inko there is nothing to prove since the previous identity boils down to
(12).
It ¢ i
n,kq <

ki then £, = I,k in the interval (tz,kwtj,kl)’ thus for every

b g .
t € (tn’kl, tn’kl) we can write

t
F(t, 6,(1) = / UF, (T () dr+ Y [Fa(rt@)]. (15
0

7€ (£,)N[0,1]

If tz’ = t}f’ k, then (14) holds replacing t; K, With t’f’ &, - We proceed in this way up
to any time t < T'. O

2.4. Compactness and Convergence of Evolutions

By Helly’s Theorem it is well known that up to non-relabeled subsequences the
evolutions ¢,, converge to a certain limit £. The goal of the next proposition is to
provide a first characterization of the limit £ independently of the convergence of
the energies.

Proposition 6. Let ¢, be the sequence of quasi-static evolutions given by Proposi-
tion 2. There exists a subsequence (not relabeled) such that £, — £ pointwise in
[0, T). Fort € [0, T) the right continuous representative of the limit £ is charac-
terized by

(16)

1 (t) = inf {1 € [Lo, L] : I'-liminf &(1) < L}
’ n—o0 G 2}’

where 1/%(0) = +o0.

Proof. We recall that

Gnlln) ), z}.
GS (1)

For the theory of I'-convergence we refer the reader to [10].
Let ¢+ > 0. By Proposition 2 we know that G, (t, £,(t)) < G%(£,(t)), hence
G(t, £,(1)) is finite. Writing G, (¢, £, (1)) = f>(t) Gu (£, (1)) we get

Lo Gulla(®)
f2@) = GSUa(r)

I liminf 2% (1) = inf { lim inf
n— 00 G; n— 00
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The above inequality holds also in generalized sense for ¢t = 0. Since £,,(t) — £(t)
pointwise for every ¢ € [0, T') we have

Gn(Ln (1)) Gn(ln)
iminf ——— 1nf{hm inf
f21) T nmoo GE(Ly(1) T n—00 GS(ly)

» = )
= I'-liminf &(Z(t)).
n—00 GSI
Let t > ¢ € [0, T). By the monotonicity of f we can write

1 1
Y&0) > 21 >T- hmlnfg—(ﬁ(f))

Hence

L(t) € {l € [Lo, L] : T'-liminf &(l) < forevery v > ¢
n—o00 GS;

}

. G I
+ > . _ —_ _—
A0 :mf{l € [Lo. L] : T-lim inf Ge 0 < fz(,)}'

Let us prove the opposite inequality. If £+ (t) = L there is nothing to prove.

Otherwise, let Lo <1 < £7(t) < £(v) fort > t. Let t, \ ¢ such that £, (1,) —
£7(t) and let [, be a “recovery sequence” for [, that is, [, — [ and

= I'-lim inf g—(l)

n— 00 G"f;( n) n—00

From the representation (7) of the evolution £,, we know that

€ (ty) = inf{l € [Lo, L] : Gp(ty, 1) < G5(1))
1 Qn(l)}
A~ GO

Being [, < £,(z,) for n > 1 (since I < £*(¢)) the above representation implies
that

= inf {l e€[Lo, L]:

L Gl
fz(fn) = G%(ln).

Taking the liminf as n — oo and remembering that [, is a recovery sequence, we
get

s— < limin g”(l)=rh mfg—(l)
f (1) n%oo Gc(l) n— 00

Thus, every [ < £ (¢) does not belong to the set

: 1
{1 € (Lo, L]: F-li,{gio%fcg;_;(l) = fz(t)}
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and then
b4 (t)<inf ZE[L L]]—llmmf—(l)<—1
0 ’ n—oo G¢ fz(t) ’

which concludes the proof. O

Remark 3. The characterization (16) seems to be the natural choice combined with
the pointwise convergence of a subsequence (extracted in Proposition 6) of the
quasi-static evolutions £,,. However, if there exists

Ftim 220y, (17)

n— 00 Gfl

then the whole sequence ¢, X £in BV (0, T). Indeed, each function ¢,, is mono-
tone and bounded in [Lg, L], hence the sequence ¢, is weakly* pre-compact in
BV (0, T). Given any subsequence ¢,, of ¢, there exists a further subsequence,
denoted by £,,, converging to some limit £ weakly in BV (0, T') and pointwise in
(0, T'). By Proposition 6 the limit ¢ (possibly depending on the subsequence) is
characterized by

12

i

, 1
¢t (t) = inf {1 € [Lo, L] : T-liminf &(1) < }
n— 00 Gfl_

. G 1
Therefore, the evolution £ is actually independent of the subsequence £, . Clearly,

this argument requires the existence of the I'-limit in (17) while the I'-liminf in
(16) is always defined.

2.5. Homogenization of the Elastic Energy

In this section we will first recall a few results on the homogenization of the
elastic energy. Let us introduce the homogenized stiffness matrix Cp,, given by

Mhom, 1 0
Chom = ' ,
hom ( 0 Mhom, 2)

where 1/ tpom,1 = A/, 1 + (1 — A1)/ g1 1s the weak™ limit of 1/, 1 and ppom,2 =
A2 + (1 — A)pp 2 is the weak™® limit of u, 2. Note that the coefficients ftnom,i
are constant and independent of / € (0, L). We denote by W, hom the homogenized
elastic energy and by & its static condensation. By classical results on the ho-
mogenization of elliptic problems (see Appendix A) and on the energy release (see
for example [20] and the references therein) we infer the following proposition.

Proposition 7. If I, — [ then E,(l,) — &wom(l). The energy Eom is of class
Cc'(,L).
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Thanks to the regularity of &, we can define the energy release
Ghom(1) = —8; Enom(1) = —81&om(1) forl € (0, L),  Ghom(L) =0,

which is continuous in (0, L). We remark that in general Gy, is neither the almost
everywhere limit nor the I'-liminf of G, (an example is given in §2.8). However,
thanks to the regularity and the convergence of the energies we have the following
results, which will be useful in the sequel.

Lemma 8. Let G,,; be a subsequence of G,. For almost everywhere | € (0, L) it
holds

hm inf gnl- (l) g ghom (l)
1—>00
(Note that the set where the above estimate holds may depend on the subsequence).

Proof. Let0 < [ < I < L. By Proposition 7 and by the regularity of the energies
we can write
%) I

A gnl- (s)ds = “:n,- () — 5n,- ) = Gom(l1) — &Gom(h) = l Ghom (s) ds.
1 1

Hence, by Fatou’s Lemma we also have

153

I 153
/ lim inf Gy, (s) ds < lim inf Gy, (s)ds = Ghom(s) ds,
I 00

11— 11— 00 ll ll
which proves the lower inequality by the arbitrariness of /; and /5.

O
Lemma 9. Foreveryl € (0, L) there exist a sequence 12 — I such that Guom (1) =
limsup,,_, oo Gn (12).

Proof. By the continuity of Gy, for every é§ > 0 there exists &€ > 0 such that
Ghom(8) < Ghom(l) + 8 forevery s € [1,1 + ¢€).

We claim that there exists m € N such that for every n > m we can find
I, € (I,1 + &) with G,(I;,) < Guom(]) + §; from the claim the existence of 1,3
follows. By contradiction, assume that for every m € N there exists n,, > m such
that G, (s) 2 Ghom(/) + & forevery s € (I, 1 + ¢), then we can find a subsequence
such that liminf,, o0 Gn,, (5) = Gaom() + 8 > Grom(s) in (I,1 + &), which is a
contradiction with Lemma 8. O

From the previous lemma we get the following corollary.
Corollary 10. If Gyom < T-liminf,_ o G, then Gpom = T'-1im,— 0 Gy.
Proof. By Lemma 9 for every [ € (0, L) we have
I-limsup G, () < lim sup G, (1) < Grom(!) < T-liminf G, (1),

n—o00 n—oo

which concludes the proof. O

As in the previous sections we consider the energy Epop,(f,1) = f 2()&om (D).
Most important, we define Gpopm(t,1) = 0 Epom(t,1) = f 2(;)g,wm(1) for every
t € [0,T]and [ € (0, L); note that Gyom(/) is finite for [ € (0, L). Finally, we
define Gpom(t, L) = O forevery t € [0, T].
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2.6. Effective Toughness and Homogenization of Griffith’s Criterion

The aim of this section is to provide an effective toughness G5, in such a way
that the limit evolution £ (given by Proposition 6) satisfies Griffith’s criterion for
Ghom and G5;. Formally, regardless of the regularity of the energies involved, we
may define G, as the function which makes the following identity true:

%—Zm(l) = I'-lim inf &(1). (18)
Getr n=oo G
More precisely, we define G5, : [0, L] — [0, +o00] as

G i Grom@) £ 0,
Gege(l) = { T-liminf =Z(1) (19)

+00 if Ghom(l) = 0.
In the above definition we assume G5 (/) = +o0c when I'-lim inf %(l) = 0; by
n—oo
n

the proof of Lemma 11 (see below) it follows that I'- lim inf &(l) < +00. As far
n—oo (G

as Griffith’s criterion is concerned, the definition of G5 (I) when Gyom(l) = 0 is
in some sense arbitrary, indeed, if the evolution takes, at time ¢, a value / where
Ghom (1) = 0 then the inequality Gpom(7, 1) < G5, (1) is satisfied for every 7 = 7 and
every non-negative value of G, further, the evolution will be constantly equal to
[ for T 2 t (see Remark 5 for a different definition of G5 when Gyop Vanishes).

Note that G5, is independent of time and of the evolution, however in principle
it may depend on every parameter and every datum of the problem; in mechanical
terms, G is an R-curve (R standing for resistance, see for example [2]). In §2.8 we
will give an example in which G, is actually a constant, depending on the volume
fraction X, the ratio between the shear moduli 1, ; and i ; and the toughness Gy
and Gj. Before proceeding, we provide this lemma.

Lemma 11. The effective toughness G5 is upper semi-continuous (and thus Borel
measurable). Moreover, G5 2 min{Gy, Gy }.

Proof. 1t is enough to consider the set {G,m # O} since, by continuity, the set
{Ghom = 0} is closed. The upper semi-continuity follows from the continuity of
Ghom and the lower semi-continuity of the I'- lim inf. Next, write

1
- liminf &(1) = inf{liminf Gn () i, —> 1}
n— 00 G;C1 n— 00 Gz(ln)
1 ) ..
> m inf {lg’ilolgf gn(ln) . ln — l}
[-liminf,_ o G (1)
min{Gy, G}

[IA

By Lemma 8 we infer
T-liminf G, (1) < Ghom(0) 20)
n—oo
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and thus
ghom (l )

min{Gf, Gg}’
Hence, G5¢(1) 2 min{G¢, Gs}. O

T-lim inf &(Z) < 1)
n— 00 G‘;l

A local upper bound for G is given in Corollary 14, as a byproduct of the
following theorem:

Theorem 12. Let £ be the limit evolution given by Proposition 6. Then £1(t) =
Lhom (1), where Lpom : [0, T) — [Lo, L] is the unique non-decreasing, right con-
tinuous function which satisfies the initial condition {pom(0) = Lo and Griffith’s
criterion:

(1) Ghom(t, Lhom (1)) é Gecff(ehom(t))for every timet € [0,T);
(ii) lf Ghom (t, Chom (1)) < GS(lnom(t)) then Lhom is right differentiable in t and
b (1) = 0;

(iii) if t € J (bhom) then Grom(t, s) 2 Gecff(s)for every s € [Eh_om(t)v Lhom(1)).

Proof. First, we check that for every ¢ € [0, T')) we have

C . . gn 1
{l € [Lo, L] : Ghom(t, 1) < GS(1)} = {l € [Lo, L] : I-lim inf G—%(l) < %}
(22)

If t+ = 0 then Gpop(0,7/) = 0 and thus by Lemma 11 we have Gpoy(0,1) <
min{G¢, G5} £ G5(I) forevery [ € [Lo, L]. By (21) we can write

.. .G 1
I-liminf —() < +00 = ——

e G 72(0)
foreveryl € [Lo, L]. If t > 0 we write Gpop (t,1) = F2(0) Grom (D). I Grom (1) # 0,
using the definition of G we get

Ghom(t,1) < GS(1) & f2(1) < !

I'-lim inf &(l)
n—00 G(r:z
If Ghom(!) = O then Gpom(¢, 1) = 0 and thus Gpom (¢, 1) < min{GY, G5} < G (0).
Moreover by (21) we have
1
2@

By (22) we can now invoke Proposition 6 which gives the representation

I'-lim inf &(l) =0<
n—00 Gz

€* (1) = inf{l € [Lo, L] : Gpom(t. 1) < G4 (1)} (23)

At this point it is enough to follow the proof of Proposition 2, with a few minor
differences, in order to show that the function £ defined by (23) satisfies Griffith’s
criterion. The proof is concluded. O
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Remark 4. In general, the limit evolution £ does not satisfy Griffith’s criterion in
terms of the energy release Gpom, Of the homogenized energy Epom, and the ho-
mogenized toughness Gy, = AG; + (1 — A)G;. Starting from the (16), which
is independent of the limit energies, there are actually different ways to proceed.
In our approach we define an effective toughness G5, in such a way that the limit
¢ satisfies Griffith’s criterion for Gpom and G5;. This idea seems very natural in
terms of convergence of the energies and is consistent with the approach followed
in mechanics, see for example [13]. On the other hand it could be interesting also to
fix Gy, and define an effective energy release G taking the limit of G,. However,
even if G, has a “nice” integral representation (see Lemma 1) it seems difficult
to study its limit, the main issue being the fact that the support of the auxiliary
functions ¢ shrinks with n. In §3.4 we will consider a different setting in which the
representation of G, holds for a function ¢ independent of n (see Lemma 21); in
that case the limit of G,, can be computed, and actually equals G-

2.6.1. Plane-Strain Setting The definition (19) of effective toughness and the
convergence result of Theorem 12 can be easily extended to the plane strain setting
with minor changes in the proofs. On the contrary, the generalization of the exam-
ple and of the results provided in §2.8 and §3 is not straightforward, indeed, the
computations provided in that sections are tailored to the anti-plane setting, being
based on the specific form of the homogenized energy and of the energy release.

We give a brief outline. Consider the same geometry for the reference do-
main, the cracks and the layers. Consider a boundary condition of the form f(¢)g
where g € H'(3p$2; R?). The condensed elastic energy &, is again of class
clo, L)\ Ap), thus, as in Proposition 2, there exists a unique, right-continuous
evolution ¢, which satisfies Griffith’s criterion and which can be characterized by
L,(t) = inf{l € [Lo, L] : Gu(t,]) < G%(I)}. The regularity of the energy &,
follows from an integral representation of the energy release, as that of Lemma 1,
see for example [20].

Next, by classical results on H-convergence, see for example [11], the linear
elastic energy E, converge to a linear elastic energy Epon,, With constant coefficients,
in particular the condensed (or reduced) energy &pop, is of class C Lo, L).

By Helly’s Theorem, upon extracting a subsequence, there exists a limit evolu-
tion £. After defining the effective toughness, as in (19), and arguing as in Theorem
12 it follows that £* = {yom, Where £, is again the unique right-continuous
evolution which satisfies Griffith’s criterion.

2.6.2. Evolutionary I'-Convergence In this section we give a slight generaliza-
tion of Theorem 12, in order to provide an evolutionary I'-convergence result for
our rate independent system, in the spirit of [15]. To this end, let us introduce the
rate independent dissipation functionals

Ge(i i>0, Rnli) — G ()i 120,

Ru(, 1) = . -
+00 otherwise, +o00 otherwise.

We refer the reader to Appendix 4 for the notion of balanced viscosity solution for
the rate independent system (E,, R, ), in the language of [16]; actually (see again
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Appendix 4), these solutions coincide with the quasi-static evolutions of Corollary
3. Therefore the right continuous representative of any balanced viscosity solution
of the rate independent system (E,, R, ) coincides with ¢,,, that is, the unique right
continuous evolution provided by Proposition 2.

Corollary 13. The rate independent systems (E,, R,) evolutionary T"-converge to

(Ehom s ’Reff)‘

Proof. By [15, Definition 2.10] the above statement is equivalent to the following:
let L,, € (0, L) such that L, — Lo € (0, L) and let y;, be a solution of the rate
independent system (E,, R,) with intial condition L,, then y,, converge to Yhom
where hom 1S @ solution of the rate independent system (Epom, Rerr) With initial
condition L.

By Helly’s Theorem there exists a subsequence (notrelabeled) such thaty,, — y
pointwise in [0, T'). In order to characterize the limit y itis notrestrictive to consider
the convergence of the sequence ¢,, of the right continuous representatives of y,,. At
this point, in order to apply Theorem 12 it is enough to “fix the initial condition”.
There are at least a couple of alternatives. The first is to follow, step by step, the
proof of Theorem 12 employing the explicit representation

£,(t) = inf{l € [L,, L]: Gu(t,1) < GS()).

The second chance is instead to employ the change of variable ¥, : [0, L] — [0, L]
given by

In(l) = [Ly/L, l <Ly,

! (I = L) (L = Lo)/(L = Ly) + Lo 1 Z Ly,
and then consider the evolutions ¢, (f) = Yn o £, (), which satisfy 2,(0) = Lo.
The (tedious) check of convergence is omitted. |

2.6.3. An Upper Bound Thanks to Griffith’s criterion, we can provide also a
simple on a posteriori estimate on the effective toughness.

Corollary 14. Assume that sup{€pom(t) : t € [0,T)} > Lo. Then, the effective
toughness G is locally bounded, more precisely,

max{Gy¢, G;}

G (D) = 2T Grom (D) min(CE. GF)
A B

for everyl € colpom([0, T)), the convex envelope of the range pom ([0, T)).

Proof. The convex envelope coincides with the set {I € [Lg, L] : | £ fpom(?) for
some ¢t € [0, T)} and is used to “fill the gaps” in the discontinuity points.

If I € [£yy, (), lhom(?)) for some t € J(lhom) then G5 (1) < Ghom(t,1) =
ST Ghom (D).

Otherwise, let Lo < I’ < €pom(?) forsomet € (0, T'). For any sequence, — ',
we argue as follows. Clearly, I; < £,(¢) forn >> 1. Remember that £, () = inf{l €
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[Lo, L] : Gu(t, 1) < GS(D)}, hence G, (¢, 1) = GS (1)) = min{G{, G5} and thus
Gn (1)) 2 min{G¢, Gg}/fz(t). As a consequence,

l/
I-lim inf %(l/) = inf { lim inf Gnla) - l/}
n—oo G n—oo GS(I)
2 i gy M (i Gt 1, ~ 7
min{G}, Gy}
= f2(0) max{Gf, G}’

It follows that

max{G¢, Gg}fz(t)ghom(l’) < fz(T)% ) max{Gy¢, G;}

GS.(I) < .
e (1) = min{G¢, G¢} min{G¢, G¢}

We proved the inequality for any I’ € (L, sup{pom(¢) : t € [0, T)}). We conclude
by the upper semi-continuity of G- O

In §2.8 we will see an example in which the effective toughness is strictly
greater than max{G, G5}.

Remark 5. Joining the lower bound of Lemma 11 and the upper bound of Corollary
14 it is clear that the set co o, ([0, 7)) and the set { Gy = 0} are disjoint. There-
fore, to the purpose of proving Theorem 12 it is enough to define G, in the set
{Ghom # 0}. In other terms, we could provide alternative definitions of G, which
still makes Griffith’s criterion true. For instance, let

ity = —Gm®
I-liminf == (1)

be defined for! € [Lg, L] such that Gy, (/) # 0. Then we could employ as effective
toughness the function Gecff(l) = inf{G*(l)} where the infimum is taken over all
the upper semi-continuous functions G¢ : [Lg, L] — R with G° = G in the set

{ghum 75 0}

2.6.4. Effective Toughness Under Convergence of the Energy Release In this
subsection we consider a couple of cases in which the energy release G, converge
(in a suitable sense) to the energy release Gy and, as a consequence, the effective
toughness G5 is computed explicitly and equals the maximum between G and
G;.

Corollary 15. Assume that G, — Gpom locally uniformly in (0, L). If Gyom(l) # 0
then

GS (1) = max{G¢, G¢}.
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Proof. We recall that

Ghom (1)

G () = T
- lim inf = (1)
Gy

n— o0

By uniform convergence G, (l,) — Ghom(l) for every [, — [, hence

il )
G, Un)

e
= Gron (1 inf { lim inf i /)

_ ghom (l)
~ max{G¢, G5}’

F-liminf 2 (1) = inf { lim inf
n—00 G"fl n— 00

which concludes the proof. O
The previous result can be slightly generalized as follows:

Corollary 16. Let Gyop(I) # 0. Assume that Gpom(1) < T-liminf, 0 G, (1) and
that there exists a “joint recovery sequence” for Gyom(l) and G5 (1), that is, 1, — [
such that

lim sup G¢, (I,) = max{Gs, G5}, limsup G, () = Grom(l).

n—oo n—oQ
Then G (1) = max{G¢, G}

Proof. Clearly G$ < max{G, G5} and Guo(!) = I'-1im,—, 0 G, (1) by Corollary
10. Hence

ghom (l)

g T
I'-liminf G—"(l) > —mf{llnnilolgf Gulln) 11y — 1} = max(GS, G}

n—oo G¢ max{Gy, G;}

By I'-convergence we know that G,,(/,,) = Ghom(/). Hence

! (!
M- liminf 2 1) < timinf 220~ Son®
n—oo G¢ n—oo G¢(l,)  max{Gy, Gg}

Hence,

ghom (l )

~ Gom®  _k nin 9,
max{Gy, G5} n—oo G

which concludes the proof. O
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2.7. Energy Identity

Given (19) the effective dissipated energy is defined by

l
Dur(l) = / GSy(s) ds

Lo

and the potential energy by F(¢,1) = Epom(t, 1) + Desr(1). By Corollary 14 it turns
out that Doy € AC(Lo, £hom(T)). Note that G5, is Borel measurable since it is
upper semi-continuous.

Corollary 17. For every t € [0, T) the following energy identity holds:

t
F (1, bhom (1)) 2/0 3 F (T, bhom(7)) dT + Z [F (z, fhom ()] (24)

T € JonN[0,2]
There Jnom = J (bhom) and [F (T, bhom ()] = F (T, bhom (7)) — F (1, {1, (7)) = 0.

Proof. In this case we cannot employ the proof of Corollary 5. Clearly, if £yom (1) =
Lo the proof is trivial by time regularity. As ¢yom € BV (0, T) we can write

dlpom = éhomdf + dclhom + dyLhom,

where £y, € L'(0, T') denotes the density of the absolutely continuous part (with
respect to the Lebesgue measure dt), dc£ denotes the Cantor part, while

dslhom =Y [thom(D)] 8.

T€Jhom

For convenience, denote d;.c€pom = éhomdt + dct.
Being Ejom of class C! by the chain rule in BV, see for example [1], it follows
that

t
Epom(t, Lhom (@) = Enom(0, Lhom(0)) + / 0t Ehom (T, Lhom (7)) dt
0

t
+/ 8lEhom('L's Eham(f))dLCEhom'i‘ Z [[Eham(f» Zhom(t))]]-
0 TE Jhomn[O,t]
(25)

By Griffith’s criterion, it remains to prove that a similar representation holds also
for the effective dissipated energy, i.e,

t
Dot (Crom (1)) = Dofr (€pom (0)) +/ Gogr Lhom (1) dL.clom + Z [D(z, Lhom ()]
0 TE Jhomn[ovt]
(26)

Remember that Du is not of class C!, however, by definition we can write

I
Der(l2) = Degr(I1) + / (D dl, (27)

I
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forevery 0 < I; <l < L. Hence

biom (1)
Dot (bpom (1)) = /

Lo

Ger(D) dljr +/ Ger(Ddly,

Lo

GSy (1) dl = /

Lo

where R = £, ([0, T)) while U = co €hom, ([0, T))\ R. We will check that

oo (1)
/ G dly = Y [DUhom(7)] (28)
Lo e 1.N0.]
and that
ZImm(t) t
/ GO dliR =/0 G (Lhom (1)) drc Lhom, (29)
Lo

which, put together, imply (26).
By the right continuity of yom

v=J U (30)

TE€dom

where U; denotes an interval of the form (¢, (), $hom (7)) Or [£,.(T), Lhom(T))
(the fact that €, (7) is excluded is due to the right continuity of £4,n,). Note that
the sets U; are pairwise disjoint and remember that Jp,, is a countable set. Then

biom (1) o
/ Gecff(l) dl|U = Z /7 Gectf(l) dl
" red,n0,¢]" bon(®)

= ) Dlum(0) — D, (1))

T€4mN[0,1]

In order to prove (29), we will first check that d/|g = d i cLhom, where dgcﬁhom
denotes the push forward of the measure dy c£pom; then, by the change of variable
formula for the push-forward, see for example [1], we get

Lhom (1) Lhom (1) # 4
f Ggff(l) dl|R = / Ggﬂ(l) dLCZh()m = /0 Ggﬁ(ghom () drcliom-
Lo ’ Ly ’

Note that both d/|g and dice;wm are Borel measure which do not contain
atoms. Thus, it is enough to check that they coincide on closed intervals [/1, [2] C
Co zI’wm([oa T))

To evaluate the push-forward measure of [/1,l;] we should compute the
(dz.chom)-measure of the set (Ehom)_l([ll, L. If (Ehom)_l ([l1, [2]) = ¥ the mea-
sure vanishes. Otherwise, by monotonicity of £, it turns out that (£4op,) -1 (11, L))
is again an interval; more precisely, it is of the form [#1, ) or [t1, t2], where
11 = min{(lhom) "' ({11, [2])} and 12 = sup{(€pom) " ({11, [>])}. Note that the point #;
is always included by the right continuity of £4,,, moreover, the dy ¢ £po,-measure
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of [t1, 1) or [t1, 2] actually coincides with the (dzc€pom)-measure of the open
interval (1, 1) since Az clhom = LhomdT + dclpom does not contain atoms. Then

drclhom(t1, 12) = dlpom(t1, 12) — dylpom(t1, 2)

= Lo @) = lhon@) = > [lhom(@®].  GD

T € JhomN (t1,12)

Let us turn to the measure d/|g. If (Zh(,m)_l([ll ,[b]) = @ then [l1,]2] C U and
thus its d/|g-measure vanishes. Otherwise, by (30) we can write

diglh, bl = (=) —dilh, bl = (a = 1) = Y U N[, Bl

TE€Jom

Let us study the measure |U, N [I1, []] as a function of T € Jyop. Note that 7 > 0
since o, 1s right continuous.

If T < #1 then €po(t) < [; and thus |U; N [l1, ]| = 0. If t > 1, then
b (T) 2 I (since Lhom (1) > I for rn < ¢ < v) and thus |U; N [}, ]| = 0.

If t =11 then [} < Lhom(r1) = Ip while £, (t1) < 1) (since hom (1) < Iy for
any ¢ < t1). It follows that |U;, N [I1, [2]] = €hom(t1) — [1. Hence, we can write

=l = Uy N, B = —Lbhom (1)

If T € (t1, 1) then 1 < bhom(t1) < I while ¢, (7) 2= [y (since lhom(t) = I
fort; <t < 7).

Hence [£,,,,(T), lhom(7)] C [I1, 2] and [Ur N [11, L] = [lhom(T)].

Ift =tand o & (Ghom) " ({11, 12]) then bhom (12) > L while 1y < 6, (2) < I
(since ly < 4, (t) < I forevery t € [t1, 12)). Then |Uy, N [11, l2]| = 2 — €, (22)
and we can write

Iy = Uy, N1, ]| = 4o (12).
Ift =nandn € (Zhom)_l([ll, [7]) then €pom(t2) = Ip; indeed, assume by
contradiction that pom(12) < I3 < lhom(T) then 1, < T and (by right continuity)

Lhom (1) <[> in a sufficiently small right neighborhood of 7. Since [| < €. (1) <
[ (as above) we get again

Ly — Uy, NI, ]| = £y (12).
In conclusion

iRl ] = b () = bom() = Y [lhom(D)]- (32)
TE€JomN(11,12)

By (32) and (31) the measures d/|z and duLCEhOm do coincide. O
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2.7.1. Toughening and Micro-instabilities In this section we study the tough-
ening effect resulting from our convergence result. As we will see toughening turns
out to be the macroscopic effect of microscopic instabilities in the evolutions ¢,,.
Let G;,,, = AG{ + (1 — 1)Gj, be the homogenized (or averaged) toughness,
that is the weak ™ limit of G¢,.
For simplicity, let us consider a time interval [#,, #5] such that fpon(,) <
Lrom (tp) and J (bpom) N [t4, tp] = . We will show that

G}fom < Gecff(l) for eVeryl € [Ehom(ta)a Khom([b)l

Let us rewrite the energy identity for £, in the form

£n (1)

t
Ent, n(0)) + / G, () dl = / 0, Fa(t, ba(0)) dt +dy Fo([0, 1), (33)
0

Lo
where we used the shorthand notation

djF (0, )= Y [Falr ta(o)].

teJ(£,)N[0,1]
Thus, for every ¢, < 11 < tp < 1, we can write
n

En(tz,ﬁn(tz))—En(thﬁn(tl))—/ O Fu(t, €n(1))drT

1
Ln(12)
_ / GE()dl +dy Fy((t, ). (34)
en(tl)

Since £, — £hom pointwise in [0, T') by Proposition 7 we get
En (ti’ en ([i)) - Ehom(tia Zhom([i)) fori = la 2.

Remember that 9, F,(t,l) = 2f(t)f(r) E,(D), hence 0;F,(t,¢,(t)) —
0: F (T, hom (7)) and by dominated convergence we get

123 n
/ 0, Fa(r, £y()) dT — / B From(, €hom()) 1.
I 1

In summary, the left hand side of (34) converges to

n

Ehom (12, Lhom(2)) — Epom(t1, £, (21)) — / 0 Fhom(7, £, (1)) dT

n

o (12)
= —/ Gccff(l) di,
bom (1)

where the identity follows from Corollary 17 and from the assumption J (€pom,) N
[ta’ tb] = @
As a consequence the right hand side of (34) converges, that is,

Ln(12) Lhom (2)
|G Fny — Gy .
£, (11) Lhom (11)
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k
As G§ — G,fom = AG{ + (1 — V)G,

Ln(t2) boom (2)
f GE () dl — G, (D dl.
Ln(t1) bom (1)

Hence
Lhom (t2)

dy Fu((t1, 2]) — Ghom (D) — Gy dL.

Lhom(t1)

Since d; F,, ((t1, t2]) < 0 and it follows that

bhon (12)
[ Gt - i a1 S0
bom (1)

By the arbitrariness of #; and #, it follows that G} (1) < G5;(I) almost ev-
erywhere in [€pom (1), fhom(ta)]. Since Gy, is constant and G5, is upper semi-

continuous the inequality actually holds everywhere in [€hom(22), €hom ()]

2.8. An Explicit Computation of the Effective Toughness

In this section we consider a specific case which highlights some peculiar fea-
tures of the effective toughness, and in particular its dependence on the data. Besides
the hypotheses of the previous section, we assume that pp 1 (g2 = a1 a2 NO
further assumptions are made on the toughness, thus it may occur Gy # Gj or
G; = Gj. These assumptions include for instance the case in which material A is
anisotropic and material B is obtained by a 7 rotation of material A.

For convenience, let us recall the results of Proposition 7 and a few notations.
The homogenized stiffness matrix is given by

Mnom,1 0
Chom = : ,
hom ( 0 Ihom,2 )

where 1/pthom1 = A/t + (1 — A)/up1 and tpom2 = Aa2 + (1 — Mg 2.
The (condensed) elastic energy &on is of class C L0, L) and the energy release is
denoted by Guom (1). We will prove that

gﬂ:,\max{ < G%%}+(1—A)max{03w, Gg}. (35)
’ HAL M“B,1

In particular, the effective toughness is constant and depends also on the elastic
contrast (, 1//s,1. More precisely, we will prove that G5, takes the above value
where Gpom 7 0, which is enough for our purpose in the light of Remark 5.

Example 1. Assume that 1 < 4,1 and G5 < G¢. Then

Ma, 1
Mg, 1

G = 1G4 (1 — MGEEEL S AGE + (1 — MG = GE = max{GS, G},

Next theorem states the main convergence result.
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Theorem 18. Let ¢,, be the quasi-static evolutions given by Proposition 2. Then

*
£y — Lhom in BV (0, T), where Lhom is the unique non-decreasing, right continuous
Sfunction which satisfies the initial condition £,,m(0) = Lo and Griffith’s criterion
in the following form:

(1) Grom(t, lhom (1)) < G for every time t € [0, T); )
(ii) if Grom(t, lhom(t)) < G then bhom is differentiable in t and lpom(t) = 0;
(iii) if t € J (Ehom) then Grom(t. 1) = Gy for every | € [Lpop, (1), Chom (D).

Note that in the above statement it is not necessary to extract any subsequence
of £,. As the effective toughness is constant, the effective dissipated energy boils
down to Dur(I) = G5¢(I — Lo); by Corollary 5 we get the energy identity for
F(t,u) = Epom(t, u) + D.g (1), stated hereafter.

Corollary 19. For every t € [0, T), the following energy identity holds:
t
F(t, bhom(t)) = / 0 F (T, bhom(T)) dT + Z [[F(T» Khom(r))ﬂ~ (36)
0 T € dhomNI0.£1

Remark 6. Note that the limit energy F' (¢, -) does not coincide with the I'-limit of
the energies F, (¢, -) = E, (¢, -) + D, (-), which is given by

Foom(t,1) = Epom(t, 1) + Gy,,,(1 — Lo) where Gy, = AGy + (1 —1)G;.

Before proceeding we state, for the reader’s convenience, the following ele-
mentary change of variable, which will be often used in the sequel:

Lemma 20. Let O be an open set in R*> and C € R>?. Let ® : O — 0 be a
bi-Lipschitz map. For z € H'(0) denote 3 = (z 0 ') € H'(0), then
/ VzCVzldx = /A V:CV:iTd: where C = (D®)C(D®)! (detD®d)~".
o

0
37
In particular, if ®(x;, x2) = (axj, Bxz2) and C = pjé; Q@ e; + uré2 ® &, then

- <M1a/l3 0 )

0 p2B/a
Proof of Theorem 18. The Theorem follows from
[
Gom)  _ 5 mmax {Gj, Ge el } + (1 — ) max {Gj@ , Gg} . (38)
a1 Mg, 1

I-lim &(l)
n—00 Gfl

for Gpom(l) # 0, after employing Remark 3 and Remark 5.

LLleta = pup1/pa1.ForS =ALa+(1—-21)L letQ = 0,S)x(—H, H). We
consider a bi-Lipschitz piecewise affine map ®,, : 2 — Q of the form D, (x1,x2) =
(¢n(x1), x2) where

a inKj,,

X1
= ds and =
on(x1) /0 ay ds ay {1 in K, 5.
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We employ the notation ﬁ,,,A to denote the set ®, (2, ) and similarly for all
the sets introduced in §2.1. We denote g, = g o &, I and consider the spaces

Uy = (i€ H(Q\K,) : i = 8, in 9pQ2) fors € (0, S].
Lets = ¢,(). Foru e Yy andit = u o CIDn_l € Z;l\s we have and
Win () = Wy () = fA _vaC,vi' dy.
Q\K,

Under the assumption fig 1 (s 2 = .1 a2 and with the above choice of o =
a1/ Ma.1, it turns out that C), is constant in €2; indeed we have

~ o [y 1 0 Uz 1 0 Lo~ ~ Uz.1 0 Lo~
C' = ’ = ’ in Q y C, = ’ in .
' < 0 MA,Z/O[> < 0 MB,Z) An " ( 0 IJ«B,2> B

Note also that 6,1 is actually independent of n; therefore in the sequel we will
skip the dependence on #n in the notation. The reduced energy & is then of class
C! (0, S); in particular the energy release :C'; is continuous in (0, S). Clearly, by the
change of variable,

E(pn() = E,(1) and thus G(u(D) ¢}, (1) = Gu(D) for I € (0, L)\A. (39)

IL Let apoy = @A + (1 — X). Let ® : Q — Q be the linear map P (x1, xp) =
(¢ (x1), x2) for ¢ (x1) = cthomx1. With this change of variable, fors = ¢ (I) = dpoml,
we write

| Vi Ghom VT dy,

Wi hom (@) = W pom (1) = 1 f
Q\Kj

where

6}1 _ Chom Mhom, 1 0
o 0 Mh01n,2/ Chom ’

As expected, éhom = 6; indeed,

1 A 1—Ax A +(1-A
_ i _ ms, 1+ ( )MA,I’ o = IJLB,IA (-
Mhom, 1 Ha, 1 Mz, 1 Ma, 1 U8, 1 Ha, 1
a4 (= D

Ma, 1

and thus opem hom,1 = Ms,1, moreover, recalling that gz 1 (g2 = a1 a2,

a2
Mhom,2 = )\MA,Z +(1— A’)MB,Z! Chom = MA 2)\ +1-=2)

B,

. Ag2 + (1 = Aup 2
Mz ,2 ’

and then fhom,2/0hom = Mz,2. In conclusion,

E@D) = Eom() and thus G(¢(1))ahom = Grom(D) forl € (0, L).  (40)
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III. By (39) we can write

G G(u()) ¢}, (D)
Gy G

Note that ¢, — ¢ uniformly in [0, L]. Then, being 6 continuous, a oy — a o
locally uniformly in (0, L). As a consequence

/

. gn _ = . ¢n
I-lim G_;(l) = G(¢M) I'-lim G—Z(l)- (41)
Writing, explicitly,

ou0) _ [a/GE in K,
G< () 1/GS  in Ky,

/

we get I'-1im,, %(l) = min{a/GS, 1/ Gy} If Goom (1) # 0, then §(¢(l)) #0,
and by (40) and (41),"

Ghom (1) hom G (d (1))

Cor() = Gr ~ G(@0) minla/Gf. 1/G5)
T-lim 22 (1) i 1/ Gy
n—00 G‘;z
= (ar + (1 — 1)) max{G;/a, G5}
:kmax{Gj, Gt } + —,\)max{Gj“"’l , Gg}.
a1 M, 1
The proof of (38) is concluded. |

Remark 7. In general Gopy, is neither the pointwise nor the I'-limit of G,. Indeed,
by (39) and (40) we have

a((bn )] ¢;l(l) = G,(l) and a(¢(l))ahom = Grom(l).

We know that G o ¢bn — Go ¢ locally uniformly but the pointwise limit of ¢, does
not exists. Moreover, I'- lim,— o0 ¢, () = min{a, 1}, while tgom = A+ (1 —2) =
min{e, 1} if and only if @ = 1; the latter case is trivial, since uz,;1 = .1 and
Ms.1 MB,2 = Ma,1 Ma 2 imply that the stiffness matrix C), is constant.

3. Horizontal Layers with Horizontal Crack

3.1. Energy and Energy Release

As in the previous section we assume that the uncracked reference configuration
istheset 2 = (0, L) x (—H, H) and that the crack set is of the form K; = [0, []x {0}
for [ € (0, L]. On the contrary, here we assume that 2 is made periodic horizontal
layers of thickness h, = H/n for n € 2N (the fact that n is even implies that K;
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A

. u = tes
®
A A w=0
B |1-2x ®
- u = —tés
H/n

Fig. 2. An example of geometry in the case of an interfacial crack with horizontal layers

is contained in the interface between two layers). For A € (0, 1) each layer is itself
made of a horizontal layer of material A, with thickness A%, and an horizontal
layer of material B, with thickness (1 — A)h,, (see Fig.2). In this geometry crack
may actually propagate along the interface or penetrate into the layer [12]. The
convergence result presented in the sequel holds only in the former case, since the
latter is still out of reach in our analysis.

For functional spaces, boundary condition, energies and energy release we em-
ploy the same assumptions and notation of the previous section, apart from tough-
ness which here is simply denoted by G¢, since it is independent of .

Following the proof of Lemma 1 it not difficult to show

Lemma 21. &, : [0, L] — R is decreasing and continuous. Moreover, it is of class
CcY0, L) and

5,;(1)=/ Vu; ,CoEVul, ¢'dx for E = (‘1 0), (42)
K ; 01

where ¢ € W1->°(0, L) with supp(¢) C (0, L), 0 < ¢ < land ¢(I) = 1.

Remark 8. Comparing with Lemma 1 note that here ¢ is independent of n, in
particular its support does not shrink with . Finally, note that &, is of class C! in
the whole (0, L).

3.2. Quasi-Static Evolution by Griffith’s Criterion

Following the proofs of Proposition 2 and Corollary 5 we obtain the following
results:

Proposition 22. There exists a unique non-decreasing, right continuous function
£, 110, T) — [Lo, L] which satisfies the initial condition £, (0) = L and Griffith’s
criterion, in the following form:

(i) G, (t, £,(2)) < G for every time t € [0, T);

(it) if G, (¢, £,(t)) < GC then £, is differentiable in t and 6,(t) = 0;
(iii) if t € J(£y,) then Gy(t,1) 2 G€ for everyl € [£, (1), £, (1)).
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Corollary 23. If G, (t, £,(t)) < G€ then £, is constant in a neighborhood of t.

Corollary 24. For every t € [0, T) the following energy identity holds:

t
Fu(t, £a(t)) = / UFu(r by()dr+ Y [Fu(r b)) (43)
0

7€ (L,)N[0,1]

3.3. Homogenization of Griffith’s Criterion

Here the homogenized stiffness matrix is

Mhom, 1 0
Chom = ( Ho™ :
fhom < 0 /’Lhom,Z)

where phom,1 = Ata,1 + (1 — A) g1 is the weak™ limit of w1 while 1/tpom 2 =
A2+ (1 —A) /g 2 is the weak* limit of 1/, 2.

Accordingly, we introduce the homogenized elastic energy W) pom and the re-
duced homogenized energy &om. Arguing as in Lemma 1, it turns out that the energy
Ehom is of class C1(0, L), and hence the energy release Giom(l) = —81&om(l) is
well defined in (0, L). We set Guom(L) = 0.

In this setting it turns out that G5, = G°; indeed, we have the following result:

Theorem 25. Let £, be the quasi-static evolutions given by Proposition 22. There
exists a subsequence (not relabeled) such that ¢,, — € pointwise in [0, T). Then
LT = lpom, Where Lo is the unique non-decreasing, right continuous function
which satisfies the initial condition lpo, (0) = Lo and Griffith’s criterion:

(i) Grom(t, lhom (1)) < G€ for every timet € [0, T),
(ii) if Gpom (2, Lhom (1)) < GC then lpom (1) = 0;
(iii) if t € J (bhom) then Gpom(t,1) = G€ for every 1 € [€y,, (1), bhom(1)).

Corollary 26. For every t € [0, T) the following energy identity holds:
t
Fhom(ta Ehom(t)) - / at Fl'wm(f’ ehom(t)) dr + Z [[Emm(fa Ehom(f))ﬂ-
0

7€ () N[0.1]
44)

The proof of Theorem 25 is a consequence of Corollary 15 and Remark 5,
together with the following result on the convergence of the energy release:

Theorem 27. G, converge to Gyom locally uniformly in (0, L).

The proof of this theorem is contained in the next subsection.
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3.4. Convergence of the Energy Release

Lemma 28. G, is uniformly bounded in C %V/2([L’, L") forevery0 < L' < L" <
L.

Proof. By minimality W, ,,(u; ) < Win(g) < C where C is independent of n.
Hence, by uniform coercivity, || Vu; ,l|;2 < C forevery [ € [0, L].

Now, following [20] we prove that there exists C > 0 such that, for every
0=y <l £ L andevery n € 2N, it holds that

IV — Vi all2 £ ClE) — Enl)"2 (45)

By the variational formulation we have
/ Vug, n C,,Vvlr dy =0 forevery v € Vj,,
Q\K;,
/ N Canzr dy =0 forevery vz € V,.
Q\K]2
Since (u;, n» — ui, n) € Vi,, we get
/ Vg CuV(upy n — )" dy = 0.
Q\K1,

Then, by monotonicity and uniform coercivity of the energy, we get
[En (1)) = En(l)| = En(l1) — En(l2)

= % / Vull,n CnvulTl"n — Vulz‘n CnVuZ;’n dy
Q

= %/ V(g 0 4 ttry0) CoV(upy o — upy n)’ dy
Q

= %/ Vull»n Cnv(ull,n - ulz,n)T dy
Q

= %/;Zv(ull,n - ulz,n) Cnv(ull,n - ulz,n)r dy

2
> Cl|Vupyn — Vit ull 2.

V

Next, we show that given 0 < L’ < L” < L there exists C > 0 s.t.
G,(l) £ C foreveryl € [L', L"] and every n € 2N.
Let¢p € C°(0, L) with0 < ¢ < 1and ¢ = 1in[L’, L”] such that

5,;(1)=/ Vuin CoEVu],¢'dy for E= (‘01 ?)
Q

Hence G, (I) < C (note that C depends on ¢’ and thus on L" and L"”). It follows
that the energies &, are uniformly Lipischitz continuous in [L’, L] and thus, by
(45),

Vi, — Vi nll 2 < Clly — b2
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As a consequence, using the integral representation of G, = —&, we get
1Ga (1) = Ga(2)] < Clly = 1]'V2,
which concludes the proof. O

By Ascoli-Arzela Theorem, with the aid of a diagonal argument, Lemma 28
implies

Corollary 29. There exists a subsequence (non relabeled) and a limit G such that
G, — G locally uniformly in (0, L).

We claim that G = Gy To this end, we will need a couple of lemmas on the
local convergence of the energy.

Lemma 30. For 0 <a <b < L, let Qup) = (a,b) x (—H, H). Then

/ Vuy C,,Vu{n dx — VUi hom ChomVulTJmm dx.
Qa,0)\Ki Qa,p)\Ki

Proof. Fore > 0letf, € C2°(0, L) with0 < 6, < 1,6, = 1in (a, b), and such
that

/ Vet hom Chom V] om0 dx < & + / Vet hom Chom V] o 4.
Q\K/ Q(a,b)\Kl

Then, by the properties of 6, and since u; ,6, € V; by the variational formulation
we can write

/ Vi, CoVuf, dx < / Vup, C,Vui 0 dx
Qa.p)\Ki Q\K;
T
= / Vl'il,n C, (v(ul,nge) - ul,nvgs) dx
Q\K;
= —/ Vuy CnVGSTulgn dx.
Q\K;

As C,Vu[, = ChomVu]y,, in L*(Q\K;; R?) andsinceus , — ugpomin L (2\K;)
the last term converge to

_/ V"tl,hom ChomvegTul,hom dx =
Q\K,

T
= _/ Vl"l,hom Chom (V(ul,homes) - vMl,l’lomes) dx
Q\K;

/ VMl,hom Chomvulj:homeé‘ dx
Q\K;

[IA

T
e+ / Vuq pom ChomVu“mm dx.
Qa,p)\Ki
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Hence

n— o0

lim sup/ Vul,nCnVu{n dx Z¢ —i—/ VUi pom CthVu{hom dx.
Qa,p)\Ki Q,p)\Ki

Fore > Olet ¢, € C°(0, L) with0 < ¢, < 1, ¥, = 01in (0, L)\(a, b), and
such that

/ VMl,hom Chomvu]TJmmv/é‘ dx 2 —&+ / V1"l,h0m ChomvulT:hom dx.
Q\K; Qa,0)\K1

Then, arguing as above,
/ Vul’nCnVulT’n dx = / Vul,nC,,VulTynl//s dx,
Qa,0)\Ki Q\K;
where the last term converges to

/ Vet pom Chom V] pomWe dx = —& + [ Vit hom Chom Vit o 4.
Q Qa,p)\Ki

\Ki
Hence
lim inf / VurnCpVul, dx = —& + / Vit pom Chom Vi o 4.
70 I \Ki Q@an\Ki
We conclude by the arbitrariness of ¢ > 0. O

Lemma 31. For0 <a <b < L, let Q4.p) = (a,b) x (—H, H). Then
/ 1 1010 |* dx = Hhom.1 1, U1 hom| > dx. (46)
Qa,0)\Ki Qa,p)\Ki

Proof. We employ a change of variable. Let Q= O,L) x (=S, S) where § =
H (*/up,1 + (1 = 1)/p,1). Denote by I, 4 the projection of €2, 4 on the verical
axis, that is,

ps ={x2 € (=H, H) : (x1,x2) € Q4 forx; € (0, L)},

and similarly for IT, 5. Let &, : @ — < be the bi-Lipschitz piecewise affine map
@y (x1, x2) = (x1, $n(x2)) Where

x 1 in TT,, 4,
On(x2) = / Bnds and B, = /MB’I ?n e
0 1/MA,] mn Hn,B-
Denote g, = g o @, ! and
Upp=1{it e H@Q\K)) : i1 = 2,in 9pQ} Vi ={d € H(Q\K)) : 9 =0in dpQ}.

Foru e Ujand i = (u o @, 1) € U, we have

Wi () = W) = 1 / Vi &, vil dy

Q\K;
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where (see Lemma 20)

MA,Z/MB,] in Qn,A’

o~ 0 1 0 . A~ o —
C,= ('un ) with Mn,1 = Ma,1 UB,1 and Hn2 i
Me2/ a1 A0 2, .

0 /ln,2

Note that (i, 1 is constant and independent of n € 2N. We denote i, » = P2/ Ms,1
and fiz 2 = [p2/a,1. Note that the relative size of the layers €2, and Q, 5 is,
respectively,

A g1 A1 H (I —A)pg,1

i = = s — = .
A1+ (1= 2)/ a1 A1+ (1 =g, 1 Ay 1+ (1= ug

Therefore, by Proposition 32, the homogenized stiffness matrix in the rescaled

domain €2 is given by
~ :ahom 1 0
Chom = SN ,
hom < 0 :u“hom,2>

where fipom,1 = ta,1 Hp,1, While
Lo =k (L+<1—M)
Bhom2 P2 fp2 A1+ (1 — g1 \ 2 w2 )

Next, let ® : Q — Q be the bi-Lipschitz affine map ®(x1, x2) = (x1, ¢ (x2)),
where
Ada,1 + - )‘)/LB,I

Ma, 1 48,1 '

¢(x2) = Bxy for B =2r/up1+ A =1)/w1 =

1’\I\ote that 8, X B. With this change of variable the stiffness matrix Cp,,, becomes
Chom, indeed (see Lemma 20),

A (1=

1
Mhom,1 = Ata,1 + (1 —A)pp,1 and = 4 i
Mhom,2 Ma,2 127:3)

and thus :uhom,l/ﬁ = Ha,1 UB,1 = llhnm,l and

1 . Ma,1 Mg, 1 (L 4 (1 _)M)> N 1
Blthom2 — Apa,1 + (1 — A g1 \ a2 5,2

Mhom,2

Since Bhom is the weak™ limit of B, ¢, — ¢ uniformly. Let § = g o ®~!. Note
that g, is a bounded sequence in HY(Q\K ), moreover, §, — & in L2(9pQ).

Leti;, € argmin{l//\\/l,,,(ﬁ) ‘U € Z:l\l,,n\} and u; por € argmin{W pom () : u €
U;}. We know that ﬁl,n - ﬁl,hom in H! (2\K;). Since lan,l = /:\Lhom,l = Ma,1 UB,1
we get

o o 2 .. o A 12
/A Hhom, 1 10y, Ui hom!|” dy éhn_l)mf/A P10y, iy n]” dy,
Qa,p)\Ki =00 JQn\Ki
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where ﬁ(a,b) = (a,b) x (=S,S). Clearly, &t;, = us, o <I>;1, where u; , €

argmin{Wj , (u) : u €U} and i pom = ul,homole where u) por € argmin{WVj pom (1) :
u € U;}. Therefore, applying the changes of variable we get
n—o0

2 C 2
/ Mhom, 1 |3x1 ul,hom| dx § lim lnf/ Mn,1 |ax1ul,n| dx.
Qa,b)\K1 Qa,p)\Ki

Using a different change of variable we can apply the above argument in such a
way that

2 s 2
/ Mhom,2 |8x2ulhom| dx g llnill‘lf‘/ Mn,2 |8x2ul,n| dx.
Qa,p)\Ki 00 JQum\Ki
By Lemma 30 we have
3 2 3 2d
Mn,1 xlul,nl + tn,2 | xzul,nl X
Qa,p)\Ki

which converges to

2 2
/ Mhom, 1 |ax1ul,hom| + Mhom, 2 |ax2ul,hom| dx,
Q@,n\K1

and thus
. 2
lim sup/ Hn,1 |0 uppn]” dx
n—>00  J Qi pn\Ki
= 3 2 3 2d
= Mhom, 1 | xlul,homl + Mhom,2| xzul,hom| X
Qa,p)\Ki
— lim inf / tn.2 |0xy a1 n|? dx
00 JQn\Ki
< 3 2d
= Mhom, 1 | X1 ul,hom| X.
Qa,p)\Ki
The proof is concluded. O

Proof of Theorem 27. It is enough to show that G, — Gyom pointwise in (0, L).

Letr > Osuchthat0) < 2r <[ < L —2r.Let¢, : [0, L] — [0, 1] be the
Lipschitz map defined by ¢ = 0in (0, ) andin (L —r, L), ¢, = 1in 2r, L —2r),
¢, is affine in (r, 2r) and in (L — 2r, L — r). By Lemma 21 we can write

g :/ Vu; CoEVul, ¢ldx for E = (‘1 O) =1+ <_2 0),
K, ’ 01 00

where I denotes the identity matrix; a similar representation holds also for Gop,.
Then, splitting E as above,

6,() =& =~ |

Vﬁl,n CnVﬁ[T,n ¢,/« dx + 2/ Mn,1 |ax1 ul,n|2¢;/f dx.
Q\K,

Q\K;
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By the definition of ¢,, we can write

/ Vi, CyVul, ¢ dx = rl / Vuy, CyVul, dx
Q\K; ' Q ’

.2 \Ki
—r! / Vuj CnVulTJI dx.
QL—2r,L—r)\Ki
Hence by Lemma 30 we get
/ Vi, CuVul, ¢ dx — Vet om Chom V] o 9} .
Q\K; Q\K;

In the same way we get
2 2
/ Mo, 110x 141 | (b; dx — / Mhom, 110x; 11 hom| ¢;/« dx.
Q\K; Q\K;

Hence gn (l) —> ghom(l)' -

4. Non-monotone Boundary Condition

Consider a Dirichlet boundary condition of the type f(1)g where f € C'([0, T'])
with f(0) = 0 (f is not necessarily monotone). We will provide an existence and
convergence result.

Let f and Ehom be the unique solutions obtained with the monotone boundary
conditionu = sg ands € [0, S], where § = max{|f(t)| re [0, T]}. By Theorem
12 we know that £, — ¢ pointwise in [0, S) and that £+ = fpom.

Following [18, Section 12] we introduce the non-decreasing function f (1) =
max{| f(7)| : T € [0, t]} and we define ¢,, = iy o f. We will prove that

(1) £, 1is aquasi-static evolution in the sense of Proposition 2, that is, ¢, : [0, T) —
[Lo, L]isnon-decreasing, right continuous, satisfies the initial condition £, (0) =
L and Griffith’s criterion, in the following form:

(i) Gnu(t, £y(1)) < G (£, (1)) for every time ¢ € [0, T);
(i) if G (¢, £,(2)) < G (£,(2)) then £, is right differentiable in # and Z',J{(t) =
0;
(iil) ift € J(£y,) then G, (1,1) = GS(I) forevery | € [£; (1), £, (1));

2) ¢, = by o f converge to £ = lo f pointwise in [0, T') (up to subsequences);
the evolution £ is non-decreasing, satisfies the initial condition and Griffith’s
criterion, in the following form:

(1) Ghom(t, £(1)) £ G5 (£(2)) for every time ¢ € [0, T);
(ii) if Grom(t, £(1)) < G (£(¢)) then £ is right differentiable in # and Tas (1) =
0;
(iii) if 7 € J(£) then Gpom(t, 1) = GS(1) forevery I € [£ (1), €7 (1)).
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Let us prove (1). Clearly ¢, is non-decreasing, since both ¢, and f are non-
decreasing, and ¢,(0) = fn o f(0) = fn (0) = Lo. The right continuity of fn
together with the monotonicity and continuity of f imply the right continuity of £,,.
It remains to check Griffith’s criterion, but in this case the representation formula
(7) does not hold. Before proceeding, note that for s = £ (1) we have

6 (s) S0, S48 @) £ 0a(s). (47)

(i) Weknow that G, (s, én () < G5 (én (s)) forevery s € [0, S); writing s = @)
and ¢, = { o f yields

F20Gun () = FHOGu(n 0 F)=Gn(f(1), £y o (1) SGE(Ey o0 f(1))
= G5 (L, (1)).

Since f2 < f2 we get
Gu(t, £a(0) = f2(Ga (D)) S F2O)Ga(ln (1) E G5 (£ (1)).
(i) If | £ ()] = f (1) then G, (z, £, (1)) < G (£, (1)) reads as
200Gy o f(0) = f2 )Gy o f(1) < Go(ly o f(1))

which, for s = f(t), gives G, (s, fn(s)) < Gy, (fn(s)). Since f is continuous
and monotone non-decreasing, it turns out that

On(s + ) — £y (s)

</t < 1L —
0 et = hlir& - 0.

If |f(1)] < f(r) then f(r) = f(t*) for some t* < t. Moreover, by the
continuity of f there exists § > Osuchthat f(t') = f(t*) forevery |’ —t| < §.
Hence £,(t') = &, o ft") = £, o f(t*) for every |t' —t| < &; hence ¢, is
constant in a neighborhood of 7.

(iii) Let s € J(£,). First, note that f(r) = | f(r)|; indeed, if f(r) > |f(¢)| then,
repeating the argument above, £,, would be constant in a neighborhood of # and
thus t ¢ J(€,). By (47) it turns out that s € J(fn). Hence, G, (s, 1) = G5(0)
for every [ € [£; (s), £ (s)); the substitution s = f(r) and (47) lead to

Gu(t,1) = f2(1)Gu() = F2(1)Gu (D) = Gu(s,1) 2 GE(1)
forevery [ € [£, (1), £, (1)).

Let us prove 2). Before proceeding, note that in general et =({o f )+ *
o f = hom © f, therefore we cannot employ directly the properties of Chrom.
Instead, we ﬁrst check Griffith’s criterion for . We know that E+ = Ehom and
thus J(E) = J((hom) moreover £~ (8) = Lo (s) and €+(s) = Zhom(s) for every
s € ](Z), while K(s) = Zhom(s) for every s € [0, S)\J(Z)

(iii) By Griffith’s criterion forfhom,lf seJ (Zhom) =J (E) then Gpom (s, ) = G5 (1)
for every [ € [€r,. (), bhom(s)) = [£7(s), £ (5)).
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(i) If Ghom(s, £(s)) < Gg(£(5)) then either s & J(£) or s € J(£) and £(s) =
Ehom (s) (otherwise the opposite inequality would hold). In both the cases ¢ (s) =
Ehom (s) and their right derivatives coincide. Therefore, {is right differentiable
in s and its right derivative Vamshes.

(i) We employ the definition of G If Grom (€(s)) =0or Ggff(f(s)) = +o0 there
is nothing to prove. Otherwise, by pointwise convergence

Ghom (s, E(S)) ¢ Gnls, L ) -
Go(l(s)) b G (Ln(s))

which implies that Ghom (s, £(5)) < GS(£(s)) for every s € [0, S).

At this point, employing the change of variable s = f (#) and arguing as in
point (1) it follows that Griffith’s criterion holds for £ = {o f.
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Appendix A: Balanced Viscosity Solutions and Griffith’s Criterion

For sake of completeness, we provide the notion of balanced viscosity solutions for the
rate independent system (&,, R,,), making reference to [16] with a few differences due to
irreversibility and lack of regularity in A,. Moreover we briefly show that the evolution
¢, (provided by Proposition 2) is a balanced viscosity solution and, vice versa, that each
right continuous balanced viscosity solution satisfies Griffith’s criterion. A similar reasoning
applies to Lhom-

Following [16] a right continuous evolution y;,, is a balance viscosity evolution for the
rate independnent system (&, Rj,) if it satisfies the following conditions for every time
tel0,T]:

O Run(yn(t),0) + 9 En(t, yn(t)) 0 (48)

t
En(t, yu(1)) = En(0, L) + /0 P (t, yn(t)) dt — Varg, (yn; [0, 1]). (49)


http://creativecommons.org/licenses/by/4.0/
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We recall that the state dependent dissipation R, : [Lo, L] x R — [0, +o00] is given by

o _|eior v zo,
Rn(l,l)—{+oo v o

We denote by 9y R, the subdifferential of the dissipation R, ([, -) and by 0; E, (¢, 1) the
partial derivative of the reduced elastic energy. Then 3R, (I,0) = (—oo, G5(I)] while
OEL(t,]) = —Gpu(t,1),ifl & Ap. If 1 € Ay the energy &, is not differentiable, therefore
following (5) we set o E, (t,1) = —Gy(t,1).

Next, let us introduce the dissipation “distance” dist,, : [Lg, L] x [Lg, L] — [0, +00] given
by

1
dist, (lo, ;) = inf {/ Ru(l(r),I'(r)dr : 1 € AC(0, 1), 1(0) = Iy, I(1) :ll}
0

and the Finsler dissipation cost Afn 1[0, T] x [Lg, L] x [Lg, L] — [0, +00] given by

1
Ay, (¢, 1o, I1) = inf {/ Su(t, 1), I'(r))dr : 1 € AC(0, 1), 1(0) =1, I(1) =14 } ,
0

where
fu(t, 1), 1'(r)) = R (1(r), I'(r)) + dist(= 3, E (2, 1(r)), 9y Ru(L(r), 0)) |1 (r)].
Finally, let us introduce the notation

Varg, (vu; [0, t]) = Vargist, (va; [0, 1) — Jmpgist, (va; [0, 11) + Jmps, (va; [0, 11),

where
m—1
Vargist, (va: [0. 1) = sup § Y distn (v (ti41). ya () 1 0 =19 S -+ Sty =1 .
i=0
Impgist, i [0. 1) = Y disty(ya (7). vy (),
teJ (yn)N[0,1]
Imps, (s [0, = > Anlr, va(0), v, (1),

7€J (¥)N[0,7]

(remember that here y;, is right continuous).
First, let us check that the evolution ¢, provided by Proposition 2 is a balanced viscosity
solution. The inequality G, (t, £,(¢)) < G (£,()) reads as

—0En(t, £n (1)) € (=00, Gy, (Ln ()] = 3y Ru(n (1), 0),
which is (48). Next, let us check that the energy identity (11) implies (49), showing that
Varg, (€n; [0, 1]) = Vargjst, (€n; [0, 1]) — IJmpgjsy, (€ns [0, 11) + Jmpy, (€s; [0, 1]),

=Dp(ln®)— Y [Falx ta(@))].
TeJ(,)N[0,¢]

First of all, note that in our irreversible setting it is not restrictive to consider I’ > 0 in the

definition of both dist, and Ay, . By explicit computations, it is easy to check that

Dn(l1) — Dn(ZO) ifIO g 117

dist, (lp, 1) = i
istu (o, 1) =1, o otherwise.
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As a consequence, by monotonicity and right continuity of ¢,

Vargist, (€n; [0, 1) = Dn(£n (1)),

Impgist, (€n: [0. 1) = > disty(a(). £, )= Y [Dalta(@))].
teJ(£,)N[0,1] teJ (£,)N[0,7]

Next, note that
dist(— E(t, 1), 0p R, 0)) = [G (1, 1) — GS(D]+
By condition (iii) of Griffith’s criterion for t € J(¢,) we have G, (z,1) — G5 (I) = 0 for
every [ € [¢,, (1), £, (7)), and thus
fu (T, 1), 1'() = G (T, 1(r) I'(r)

for every monotone [ € AC(0, 1) with [(0) = ¢,, (r) and [(1) = £, (7). It follows easily
that

Ap(t, Ln(T), Z; (1) = _[[En (t, €n (f))]]s

and thus

Jmpg, (€ [0,D) = Y —[Ea(z, ta(@)]-
€ (£,)N[0,7]

Conversely, let y,, be a (right continuous) balanced viscosity solution. If y;, satisfies (48)
then

(=00, Gy (ya ()] = Gn(t, ya(1)) 2 0,

that is G, (t, yn (1)) < G (yn(1)). Let us check that G, (z,1) = G4 (/) for t € J(y,) and

every ! € [y, (t), yn(7)]. Inthe interval [t — §, T + 8] (for some § > 0) the energy identity
(49) reads as

T+6
En(t 4+ 8, yn(t +6)) — En(t — 8, yu(r —9)) = / Py (1, yp (1)) dt

T—48

—Vary, (va; [t — 68, T + 5.
Hence, taking the limit as § — 0T, we get

Vu(T)
En(t,y, (v) — En(T, yn(7)) = /

Yo (T)

Gyu(t,s)ds = lim Varfn (Yn; [t =6, T +6D.
§—0t

(50)
It is easy to check that

51i18+ Vary, (yn; [t — 8, T +68]) = AT, ¥, (T), ¥a (7))

w (T)

n (T)
= /V G$(s) + [Gu(t,5) — G°(s)]+ds.
Y

Hence, by (50),

Yn(T) Yn(T)
/ Gn(t,5) — Gy (s)ds = / [Gn(z,s) — G (5)]+ds,
Yu (T) Yu (T)
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which in turn implies G, (t, s) — GS(s) 2 0 for almost everywhere s € (y, (7), yu(7)).
By the regularity of energy release and toughness we conclude that G, (z, s) = G (s) holds
for every s € [y, (), ¥u(7)). It remains to show that G, (, yu (7)) < G (yx (7)) implies
)},f (r) = 0. Let us first assume that £,(t) € Ap. Then, by continuity of G, and G¥, it
follows that G, (¢,1) < G (I) for every (z,/) such that [t — | < § and || — £,(7)| < 8.
By right continuity we can further assume that |y, (1) — y, (7)| < é fort € (zr, T + 5). The
fact that G, (7,1) < G$(I) implies that there are no jumps in ¢ € (t, T + §), otherwise (iii)
(which we already proved) would be violated. Hence for ¢ € (z, T 4 §) the energy identity
reads as

t
En(t, yn(0)) = En(t. yn(0) + / Pa(t, ya(0)) dt — Vargisy, (s [, 1)

T

Writing

t t
8 En(t. yn (1) dr + f 81 En(t, (1)) dyn (1)

T

En(t, yn(t)) — En(z, yn (7)) = /

T

1 t
/ Pu(t, yn (1)) dt =/ O En (2, yn (1)) dt
T T

t
Vargist, (vns [, 1]) =/ G (vn () dyn (1),

T

it follows that

t

1
/Gn(tsl/n(f))dyn(t)=/ G (vn @) dyn (D).

T

This is a contradiction with G, (¢, ¥, (1)) < G (v (7)) unless dy, = 0, which implies the
thesis. It y,(t) € Ay then there exists a sequence [, \y y»(t) such that [, ¢ A, and
Gn(t,lm) = Gu(z, yn(1)) < G5 (yu(r)) = GS(Im). Since I, & A,, arguing as above
it follows that y;, () < [, in a right neighborhood of 7, uniformly with respect to m € N.
Hence, taking the infimum with respect to m € N, we get v, () < ¥, (t); by monotonicity,
¥n 1s constant in a right neighborhood of .

A. Homogenization of Displacement, Stress, and Energy

This section contains classic results on the homogenization of Dirichlet energies (see for
example [17] or [9] and the references therein). We provide a short proof, adapted to the
case of horizontal layers. We recall that

Mhom, 1 0
C = ’ ,
hom ( 0 Mhom, 2)

where 1/upom,1 = A/tta, 1+ (1 —A)/pp, 1 and ppom 2 = Apa 2 + (1 = 2)pp 2. Forl € [0, L]
we denote

ujp € argmin (W ,(u) : u € Up}, ujpom € argmin (W porn (1) : u € Uy}.

Proposition 32. Let [ € [0, L]. Then u;, — ujpom in HY(Q\K}) and C,Vul ——
Chom V] o in LA(Q\Kp; R?).
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Proof. By uniform coercivity u; j is a bounded sequence in H! (2\K7;) and thus CnVulTn
is a bounded sequence in LZ(Q\K B R?). Then, up to non-relabeled subsequences, uj , —
Ul o0 in HY(Q\K;) while C,Vul — 0 « in L2(Q\K;: R?). We will prove that

1,00 = ChomVit] o (51)

From this identity it follows that u; oo = ] pom: indeed, u; , € U; and, passing to the limit
in the variational formulation

/ Vv CnVulTn dx =0 forevery v €V,
Q\K; ’
we easily get that u; o, is the unique solution of the variational problem
/ Vv ChomVulToo dx =0 foreveryv e V).
Q\K; ’

The idea to prove (51) is to show that (67 60); = HMhom,i 9x; Ul,00 fOri = 1, 2, by passing to
the limit in the constitutive relation, that is, (6 ,); = iy, ;0x;u;, fori =1, 2.
I. Let i = 1. For every ¢ € CS°(Q2\K;) we have

| @t = [ @quped
Q\K; Q\K;
By weak convergence we can pass to the limit in the right hand side, getting
/ (a)qul,n)(pdx g / (axlul,oo)‘pdx~
Q\K; Q\K;
Let us prove that
L. @nesinidx > [ @ro0/mondr (52)
Q\K; Q\K;
Let I = (—H,0) U (0, H) and write
/ (@1,2)19/1n,1 dx =/ (/(Uz,n)l(M,xz)fp(msxz) dXZ)/Mn,l(xl)dxl
Q\K; (0.L) \JI
= / Sn(x1)/ 1 (x1) dxy, (53)
0.L)
where we have introduced the auxiliary function s, given by
sp(xq) = f(”l,n)l(xls x2)@(x1, xp)dxp, for almosteverywhere x; € (0, L).
1
We claim that s, — soo strongly in Ll (0, L), where
Soo(x1) = /I(Gz,oo)l(x1,X2)<p(X1,X2) dxp

from which (52) follows from (53) because 1/uhom,1 is the weak™® limit of 1/u, 1 in
L0, L).
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Denote by o;, the (vector valued) function o, (x1) = (0 ,)1(x1, -); since o, is bounded in
LZ(Q\KI), it turns out that o7, is bounded in LZ(O, L; L2(I)). We claim that o;, is bounded
in LZ(O, L;H! (I)). Let us start writing

lopll 200 151 =Sup/ (07, 2) dxp,
nllL20,L: H-1 (1)) o

where the supremum is taken over all the (vector valued) functions z with
“Z”LZ(O,L;Hg () < 1 and (-, ) denotes the duality between H~Y(I) and H(} (I). The

set of functions of the form z = ¢y for ¢ € CZ°(0,L) and ¥ € C°(I) is dense in
L2(0, L; H& (1)). For any such z we can write

/ (04 2) dx =/ (0n, V)P dxy = —f {on, ¥)¢' dx
0,L) O,L) 0,L)

_ f [ on (1. x2)¥ (12)3, B (x1) dxp g
O,L) JI

= _/ Ul,naxlzdx < ||Ul,n||L2(Q\K,)~
Q\K;
Then, by Schauder’s theorem and Aubin-Lions lemma there exists a subsequence (not rela-
beled) such that 0;;, — o (strongly) in L? O,L; H -1 (1)). As the stresses are L? functions,
writing

sn(x1) =g-1(y{on(x1), @(x1, ‘))Hol(]) and  soo(x1) =g-1(7){000(x1), (x1, '»H&(I)

it follows that s, — s in Ll O, L).
IL Let i = 2. Since u,, > is independent of x;, for every ¢ € C°(Q2\K;) we have

/ (O n)2pdx = f (Oxy (i 2up p))p dx = —/ M 2u] nOxy e dx.
Q\K; Q\K; Q\K;

* . .
We have f1;,2 05,0 — [hom,2 dxy@ in L(Q\K) and 1y, — 1y, in L1(Q\K)) (by
compact embedding), therefore

_/ M, 2U] 2 0xy dx — _/ Mhom, 241 homOx, @ dx
Q\K; Q\K;
2/ Mhom,2(ax2ul,hom)‘/’dx
Q\K;

= f (07 hom)29 dx.
Q\K;

The proof is concluded. ]
By Proposition 32 and standard arguments it follows the convergence of the reduced energies,
that is, &, — &uom pointwise in [0, L]. Further, it is not difficult to also prove the following
result:

Corollary 33. Let 1, € [0, L] such thatl,, — [. Then Vup, n — Vujpom and Cp Vuli —
Chomvul]:hom in L%(Q; R2). Moreover E,(ly) = Enom(l).

As by-product of the previous Corollary the energy &, converge uniformly to o in [0, L].
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