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Abstract

We introduce a new quantification of nonuniform ellipticity in variational prob-
lems via convex duality, and prove higher differentiability and 2d-smoothness re-
sults for vector valued minimizers of possibly degenerate functionals. Our frame-
work covers convex, anisotropic polynomials as prototypical model examples—in
particular, we improve in an essentially optimal fashion Marcellini’s original results
(Marcellini in Arch Rat Mech Anal 105:267-284, 1989).
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1. Introduction

Motivated by the regularity theory for elliptic systems driven by differential
operators that are homogeneous polynomials in the derivative symbols obtained by
Douglis and Nirenberg [28], Ladyzhenskaya and Ural’tseva [56], and Morrey [68],
we introduce a new class of autonomous variational integrals of the type

(o]

WP, RY) 5w F(w; Q) :=/ F(Vw)dx, (1.1)
Q
governed by a nonuniformly elliptic integrand F € C>(RY*") in the sense that the
related ellipticity ratio

highest eigenvalue of F”(z)
Rp(2) = o O8

lowest eigenvalue of F”(z)

might blow up on large values of the derivative variable. We obtain higher differ-
entiability and low-dimensional smoothness results for local minimizers, whose
standard definition reads as follows:


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-024-02008-5&domain=pdf
http://orcid.org/0000-0002-3432-1908

69 Page 2 of 51 Arch. Rational Mech. Anal. (2024) 248:69

Definition 1.1. A map u € Wllo’cp(Q, R™Y) is a local minimizer of functional .Z# if
for any open subset Q' € Q it satisfies .Z (u; Q') < oo and .% (u; Q') < .7 (w; Q')
forallw € u + W(])’p(Q/, RM).

More precisely, we focus on a large class of convex integrands satisfying so-called
(p, q)-growth conditions, according to Marcellini’s foundational works [59,61,
03],

l2IP S F(2) Slzl? + 1 (1.2)

for all z € RV*" and some exponents 2 < p < ¢ < oo, including anisotropic
convex polynomials as model example. This family of integrands is characterized
by a potentially wild behavior of the ellipticity ratio at infinity, and the rate of blow
up of R as |z| — oo is measured in terms of the stress tensor, i.e.:

u
Rr(z) ST+ |F'(z)]9T, 2<p<=gq. (1.3)

We shall refer to functionals as (1.1) with integrands satisfying (1.2), (1.3) as
Legendre (p, q)-nonuniformly elliptic integrals, terminology justified since (1.3)
comes as the quantification of the interaction between F and its Fenchel conjugate
F*, the strong convexity of F, and the (p, ¢)-growth conditions in (1.2), see Sect. 3
for more details, and [29,71] for the abstract convex analytic setting. We also stress
that by convexity, in our local setting, the pointwise definition of functional .#
in (1.1) coincides with its Lebesgue-Serrin-Marcellini extension [55,59,62]. The
class of nonuniformly elliptic problems we propose falls into the (slightly larger)
realm of functionals with controlled (p, g)-growth, first studied by Marcellini [59,
61,63] in connection to some delicate issues of compressible elasticity including
the phenomenon of cavitation [2,59,62]. Roughly speaking, variational integrals
with (p, g)-growth are driven by possibly anisotropic integrands satisfying the
unbalanced growth condition (1.2), whose ellipticity ratio can at most be controlled
via

Rp(z) S 1+ 12770 (1.4)

By convexity, (1.2) and (1.3), it follows that Legendre (p, ¢)-nonuniform ellipticity
(1.3) implies the usual (p, g)-nonuniform ellipticity (1.4). The crucial aspect of
these problems is the subtle, quantitative relation existing between the rate of blow
up of the ellipticity ratio and the regularity of minima: in fact, Marcellini [60,63]
and Giaquinta [38] exhibited examples of (p, g)-nonuniformly elliptic functionals
with unbounded minimizers provided that the exponents (p, ¢g) violate a closeness
condition of the type

q < p+o(n), (1.5)

where o(n) N\, 0 as n — oo. It is then natural to relate the regularity of minima to
the possibility of slowing down the rate of blow up of the ellipticity ratio by choosing
p and g not too far apart, cf. (1.5): in a nutshell, this was Marcellini’s approach [61]
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to local Lipschitz continuity for scalar minimizers of certain anisotropic energies
such as

n
Wiee () 2 w > /QIleerZWiwlqu, (1.6)
i=1

where

2<gqg<

2
”2 if n >3, 2<g<ooifn=2, (1.7)

or more generally [63,64],

n
Wil () 3 w > / IVwl? + ) |Viwl|? dx (1.8)
Q

i=1

for exponents
2p
2=p=qi=- = <pt - (1.9)

After Marcellini’s initial success, (p, ¢)-nonuniformly elliptic functionals have
been the object of intensive investigation: considerable attention has been focused
on full regularity [4-6,8-12,15,17,20,23-25,30-32,46,74], boundary regularity
[1,13,19,26,49,51,52], nonlinear potential theoretic results [3,5,8,19,22,24-27]
and partial regularity [22,27,34,42,44,57,73,75-77], see also [58] for areasonable
survey - recently, (p, ¢g)-nonuniformly elliptic regularity theory found interesting
applications to nonlinear homogenization [21,72]. Note in particular that Mar-
cellini’s variational approach, originally designed to handle polynomial rates of
nonuniformity, turns out to fit also more general, possibly nonautonomous prob-
lems whose ellipticity ratio blows up faster than powers; see [65] for the very first
results on functionals at fast exponential growth, [5,24] for more recent progress,
and [33] for applications to weak KAM theory. Back to (p, ¢)-nonuniform ellip-
ticity, it is worth mentioning that the optimal value of the threshold to impose on
the ratio g/ p guaranteeing gradient regularity is known in the autonomous setting
only in the scalar case [46,63]. It covers boundedness of minima, leaving open
the delicate matter of gradient regularity. In this respect, at first Marcellini [61]
determined two bounds on the size of g/ p for Lipchitz continuity of minima: first,
(1.7), formulated for the model (1.6), that in its general form reads as

2§p§q<% if n>3 and 2<p<qg<oo if n=2,
p—
(1.10)

which was found in [63,64] for minima belonging to higher energy classes (e.g.
Wl’q-minimizers), and second, the more restrictive (1.9), that allows deriving gra-
dient boundedness for W!-7-minimizers. Actually, this second setting is the natural
framework to investigate, as given the growth/coercivity prescribed in (1.2) it is
only possible to prove the existence of minima in W!-7. The constraint given by
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(1.9) is far from being optimal: under natural growth conditions and in the vec-
torial case, Carozza et al. [17] obtained gradient higher differentiability and as a
consequence that minima belong to Wllog provided that
q<p+ L,
n—1
by means of convex duality methods. The earlier results did not use duality theory
and required stronger natural growth conditions, see in particular [31]. When con-
sidering Lipschitz continuity of W!-7-minima in the scalar case, a first, substantial

improvement is due to Bella and Schiffner [6,8] in the genuine controlled growth
(p, g)-setting, updating (1.9) to

2p
n—1

g<p+—, (1.11)
by using a refinement of De Giorgi’s iteration technique via optimization on radial
cut-off functions, leading to the application of Sobolev inequality on spheres rather
than on balls. Under Legendre (p, g)-growth conditions, we are able to further
relax these bounds, both with regard to obtaining higher differentiability results
and to proving Lipschitz regularity in the scalar case. More precisely, for W!-7-
minimizers of Legendre (p, g)-nonuniformly elliptic integrals we allow a faster
blow-up rate of the ellipticity ratio, quantifiable in terms of exponents (p, ¢g) as

p(n—1
s 7

2<p=gq "3

if n >4, 2<p<qg<oo if ne{2 3}
(1.12)

We remark that this constraint had previously been obtained by Bella and Schiftner
[6] provided the minimizer is a priori assumed to be of class W!-¢. Our approach is
based on the duality between the gradient of minima and the related stress tensors,
a technique that in this context finds its roots in [17]. This is at the heart of the
main result of this paper, which is gradient higher differentiability for minimizers
of variational integrals satisfying Legendre (p, q)-growth.

Theorem 1.2. Under assumptions (1.12), and (2.1), (2.2), let u € Wll(;f(Q, RM)
be a local minimizer of functional .%. Then,

Vi p(Vi), Vi g (F'(Vu)) € W29, RV
n
and Y (s F'(Vu). d;Vu) € Lip (), (1.13)

s=1

the second inclusion in (1.13) holding in the nondegenerate case (v > 0 in (2.1)3.
In particular, if B € Q2 is any ball with radius less than one,

b
][ IVVp (Vi) |2 + |V Vo (F'(Vu) P dx < ¢ (][ F(Vu) + 1dx>
B/2 B
(1.14)
holds true withc = c(n, N, L, L, p,q), and b = b(n, p, q).
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We immediately refer to Sect. 2.2 for the precise description of our assumptions
and of the various quantities mentioned above. The main building block in the
proof of Theorem 1.2 and the possibility of enlarging the ellipticity of F' by means
of convex duality arguments in such a way that it quantitatively controls both
gradient of minima and stress tensor, is granted by our Legendre (p, ¢)-growth,
thus yielding essentially optimal results, [60]. As a consequence of the boost of
integrability earned via Sobolev embedding from Theorem 1.2, we also derive a
lower order regularity result in the spirit of Campanato [14, Theorem 1.IV].

Corollary 1.3. Under assumptions (1.12), and (2.1), (2.2), let u € wf(;g’(sz, RM)
be a local minimizer of functional .. The following holds:

0,1-1=2
()ifp>n—2andn >3, thenu € C,, " (2, RN);
(ii.) if in addition

2<p<gqg=< ifn>3 and 2<p<qg<oo ifn=2,

(1.15)

n—2

then Vu € LfOC(Q, RNxmy.
(iii.) ifn = 2thenu € CP(Q, RN)NWL™(Q, RN) and F'(Vu) € L' (2, RN*n)

loc loc
forall By € (0,1), m € [1, 00).

The higher differentiability granted by Theorem 1.2 allows deriving full regularity
in two ambient space dimensions.

Theorem 1.4. In ambient space dimension n = 2, suppose that (1.12), and (2.1),
(2.2) are in force. Then, any local minimizer u € Wll(;f(Q, RN) of functional F has
locally Holder continuous gradient. In particular, on all balls B € 2, the L*°-L?
type estimate

b
”VM”LOO(B/S) <c <f F(Vu) + 1dx> (1.16)
B

holds with ¢ = ¢(N,L, Ly, p,q) and b = b(p, q). Moreover, given any two
open subsets Q2 € Q) € Q2 with dist(Q2p, 0Q21) ~ dist(21, 02), there ex-
ists t = t(N,L, Ly, D, q, F; Q), dist(Q, 021)) > 1 such that Vp(Vu),
Vl,qr(F’(Vu)) € Wl’zt(Qz, RN*2) and the reverse Hélder type inequality

= b
<][ |VVM_,,(W)|“+|VV1.,,/(F/(W))|2talx)2 §c<][ F(Vu)+1dx) ,
B/8 B
(1.17)

is verified for any ball B € Q, withc = ¢(N, L, Ly, p,q, F(u; 1), dist(27,
021)), b= b(p, q). Finally,

o if u > 0in (2.1), then the gradient of minima is locally Holder continuous up
to any exponent less than one;
o if u > 0in (2.1), and integrand F is real analytic, then u is real analytic.
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Theorems 1.2-1.4 and Corollary 1.3 cover a large number of models, including
(1.6)—(1.8), and more generally, convex polynomials. Actually, restating Corollary
1.3 and Theorem 1.4 for vector-valued minimizers of functionals driven by strongly
convex, even polynomials, we extend to the nonuniformly elliptic framework early
results of Morrey [67,68].

Theorem 1.5. Let u € Wllocp (2, RN ) be a local minimizer of functional .7, where
the integrand F is a convex, even polynomial with nonnegative homogeneous com-
ponents, lowest homogeneity degree larger or equal than p, and satisfying the lower

bound in (2.13). The following holds:

(i.) in three space dimensions n = 3, minima are locally (p — 1)/p-Holder
continuous,

(ii.) in two space dimensions n = 2, if u > 0 in (2.1)3 then minima are real
analytic.

It is worth highlighting that convex, even polynomials with nonnegative homoge-
neous components automatically satisfy our Legendre (p, g)-nonuniform ellipticity
condition,! see Sect. 3.1—in particular, Theorem 1.5 holds with no restriction on
the degree of the polynomial. In the scalar setting, combining Theorem 1.2 with a
homogenised Moser iteration argument, we obtain Lipschitz regularity of minima.

Theorem 1.6. Under Assumptions (1.12), and (2.1), (2.2), let u € Wl’p(Q) be a

loc
local minimizers of functional F. Then, u € Wllo’so(Q). In particular, whenever

B € Q is a ball with radius r € (0, 1], the Lipschitz bound

b
I1Vull (58, 5c(][ F(Vu)—l—ldx) (1.18)
B

holds withc = c(n, L, Ly, p,q) and b = b(n, p, q).

We remark that if p = 2, the bound in (1.12) corresponds precisely to the one
violated by the counterexample in [63, Theorem 6.1]. This highlights the sharpness
of our results for polynomial-type integrals with quadratic growth from below.
Notice further that in the vectorial case, and when the ambient space dimension n
is larger than two, minimizers need not be locally Lipschitz. In fact, this is already
the case when the integrand is smooth and uniformly elliptic, as shown by Sverak
and Yan [79] for dimensions n > 3, N > 5. More recently, Mooney and Savin [66]
gave an example of a smooth and uniformly elliptic integrand on 2 x 3 matrices, so
dimensions n = 3, N = 2, such that the corresponding variational integral admits
a minimizer that is Lipschitz but not C'. It seems likely that their approach can be
adapted to give examples of non-Lipschitz minimizers also in those dimensions.
The remainder of the section is devoted to a description of some key technical
points appearing throughout the paper that we believe could be of wider use. We
end with a quick outline of the structure of the paper.

1 Specifically, for polynomials p denotes the ellipticity exponent in (2.13), while ¢ indi-
cates the degree.
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1.1. Techniques

From the technical point of view, the main contribution of this paper is threefold.
First, we introduce a new way to control the rate of blow up of the ellipticity ratio
for superlinear, possibly degenerate functionals, that we refer to as the Legendre
(p, g)-nonuniform ellipticity condition (1.3). As already mentioned, (1.3) is slightly
more restrictive than the genuine (p, g)-nonuniform ellipticity (1.4), nonetheless
it covers the same models, i.e. convex polynomials or anisotropic energies, under
essentially optimal bounds on exponents (p, g), cf. (1.12)—in particular, in two
and three space dimensions the ellipticity ratio is allowed to blow up arbitrarily
fast, meaning for polynomials that no upper bound on the degree is required. Our
results crucially rely on a subtle interplay between the gradient of minima and the
stress tensor, that can be handled via convex duality. This is a natural strategy, and
convex duality tools have already been employed by Zhikov et al. [50] in connec-
tion to homogenized elasticity theory, by Seregin [78] in the theory of plasticity,
and by Carozza et al. [16], and Koch and Kristensen [53] on the validity of the
Euler-Lagrange system. The key aspect in our approach is the duality between the
gradient of minima and the related stress tensor that, via (1.3) and rather elementary
convex duality arguments, can be made quantitative, so that the ellipticity ratio of
the integrand F is enlarged as a natural consequence of the combination between
convexity and extremality conditions—in particular, primal and dual problems can
be handled simultaneously. The second main novelty consists in a streamlining
of Bella and Schiffner’s optimization trick [6], that allows us to work directly on
spheres rather than on solid balls and eventually leads to the (surprisingly simple)
proof of gradient higher differentiability of W' ”-minimizers under the constraint
(1.12). This brings us to the account of the third main novelty of this paper, that is
a new proof of full regularity for vector-valued minimizers of possibly degenerate,
nonuniformly elliptic functionals in two space dimensions, obtained by means of
a monotonicity argument in the spirit of Frehse [36], or via a renormalized version
of classical Gehring—Giaquinta and Modica Lemma [37,39], following the useful
point of view introduced by Beck and Mingione [5]. This is a well-known issue in
the multidimensional Calculus of Variations, handled for p-Laplacian type prob-
lems via Gehring—Giaquinta and Modica Lemma applied right after differentiating
the Euler-Lagrange system of .%, see previous contributions by Necas [69], Gi-
aquinta and Modica [39], and Campanato [14]. The corresponding 2d-smoothness
result for nondegenerate, genuinely (p, ¢)-nonuniformly elliptic integrals, is a more
recent achievement of Bildhauer and Fuchs [9], whose strategy strongly relies on
the existence in L2 of second derivatives—a distinctive feature of minima of non-
degenerate integrals that dramatically fails already for the degenerate p-Laplacian
[81]. For this reason, Theorem 1.4 comes by no means as an adaptation of the
arguments in [9], and covers degenerate problems. In this respect, we offer two
independent proofs of 2d-smoothness. The first one follows the arguments out-
lined in the proof of Theorem 1.2 to derive a monotonicity formula resulting in
a logarithmic Morrey-type decay for the L>-norm of certain nonlinear functions
of the gradient, eventually implying C!-regularity of minima. The second one is
based on a quantitative version of Gehring—Giaquinta and Modica lemma [37,39],
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applied to the differentiated Euler-Lagrange system after bounding the ellipticity
ratio via a power of the L°°-norm of the gradient, so that it becomes uniformly
elliptic—constants are then carefully tracked at each stage of the proof. Both our
arguments are inspired by the principle that a suitable control on the rate of blow up
of the ellipticity ratio associated to nonuniformly elliptic functionals gives access
to a technical toolbox that has classically been employed in the Lipschitz regularity
theory for uniformly elliptic structures, such as De Giorgi’s level sets technique
[5,8,24-26], homogenized Moser’s iteration [23] and now monotonicity formula
and Gehring—Giaquinta and Modica lemma. Notice that after minor modifications,
Theorem 1.4 embraces also genuine (p, ¢)-nonuniformly elliptic integrals, cf. Re-
mark 5.3 below.

Qutline of the paper In Sect. 2 we describe our notation and collect a number
of auxiliary results that will be helpful at various stages of the paper. In Sect. 3 we
derive several important consequences of our Legendre (p, g)-growth via convex
duality arguments, and provide examples of integrands satisfying it, notably in the
form of even, convex polynomials. In Sect. 4 we establish higher differentiability
and higher integrability results for a suitable nonlinear function of the gradient
of minima, and of the related stress tensor. Section 5 contains the proof of full
regularity in the two-dimensional case, while finally Sect. 6 contains the proof of
Lipschitz regularity in the scalar setting.

2. Preliminaries

In this section we display our notation, describe the main assumptions governing
the functional .%, and collect some basic results that will be helpful throughout the

paper.

2.1. Notation

In this paper, 2 C R", n > 2, will always be an open domain. We denote by c a
general constant larger than one, possibly depending on various parameters related
to the problem under investigation. We will still denote by ¢ distinct occurrences
of the constant ¢ from line to line. Specific instances will be marked with symbols
Cx, C or the like. Significant dependencies on certain parameters will be outlined by
putting them in parentheses, i.e. ¢ = c(n, p) means thatc depends onn and p. Some-
times we shall employ symbols "<", "~" or ">" to indicate that an inequality holds
up to multiplicative constants depending on basic parameters governing our prob-
lem. By B, (xg) := {x € R" : |[x — xo| < r} we indicate the open ball with center in
xo and radius r > 0, while O, (x0) := {x € R": maxe(1,... nj|xi — x0;;| < r} de-
notes the open cube with half-side length equal to - when clear from the context, we
shall avoid specifying radius or center, i.e., B = B, = B,(xg), O = O, = O, (xp);
this happens in particular with concentric balls or concentric cubes. In particular,
with B being a given ball with radius r and y being a positive number, we denote
by y B the concentric ball with radius yr and by B/y := (1/y)B. For a number
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t € [1, o00], its conjugate exponent ¢’ € [1, oo] is defined as ' := (1 — 1/1)~!
ift > 1, == occift = 1,and ¢’ = 1if t = oo, while, given n € N, its n-
dimensional Sobolev exponent, and its n-dimensional "lower" Sobolev exponent
are given by ¢} :=nt/(n — 1) if 1 <t < n and ¢} := any number larger than ¢
if t > n, and ., := max{l,nt/(n + t)} respectively - here, n will be either
chosen asn = norn = n — 1. Moreover, if A C R”" is a measurable set with
bounded positive Lebesgue measure |A| € (0,00), and g: A — R, d > 1,is
a measurable map, we set (g)4 = £, g(x)dx := |A|7! [, g(x)dx to indicate its
integral average, while if g € LY (B, Rd) for some y > 1, we shorten its averaged
norm as fgllLy (g := (fBlgP’ dx)l/y. Furthermore, with z € R¥, and & > 0, we
set £,(2) = (u? + |z|*)V/2. Finally, if  is any parameter, we indicate by o(f) a
quantity that is infinitesimal as ¢t — 0 or t — oo.

2.2. Structural Assumptions

Ran

Throughout the paper, F: — R, n > 2, N > 1, is an autonomous

integrand satisfying
Fis C2(RN*m),
L™, ()P < F(z) < LE, ()P + LE,(2),

L7, ()25 < (F'(8,8), |F'(2)I<L (1 + |F’<z)|32> ,
2.1)

for all z, £ € RV*", some absolute constants L > 1, u € [0, 1], and exponents
(p, q) satisfying (1.12). If u = 0 in (2.1), we need to prescribe a (rather natural,
see Section 3 below) limitation on the rate of blow up of the ellipticity ratio:

F// q-p
|| |,,(2' < Lo+ LolF' @I forall z e RV, 2.2)
Z

where Ly > 1 is an absolute constant. Moreover, (2.1)3 assures the strict convexity
of F, and, combined with (2.1), guarantees also that

|F'(2)] < clu ()P 4 e, ()77
CIF'@IPT i 0< £,(2) <1

2.3)
AF@ITT i £,(2) > 1,

= {u(2) >

forc =c(L, p, q), see [61, Lemma 2.1]. Let us point out that in the nondegenerate
case u > 01in (2.1), the constraint in (2.2) comes as a consequence of (2.1)3 and
(2.3) up to constants depending on (L, p, g, i), so overall,

@1 _ L P o) (2.4)
buyp=2 =0 ’ ‘

with L, = Lo if 4 = O and L, = pu?>“Pe(L, p,q) if & > O - in other words,
thanks to (2.2) the dependency on u occurs only if u > 0.
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Remark 2.1. Assumption (2.2) deserves some comment in relation to (2.1)3 and to
(2.4), where a dependency on p appears in the constants. The restriction in (2.2)
is needed for general degenerate integrands to control the rate of blow up of the
ellipticity ratio, i.e., & = 0 in (2.1)3, while if © > 0 it is not needed at all as
the amount of information contained in (2.1)3 suffices to derive the bound in (2.4)
(with explicit dependency on ). This seems to be unavoidable, given the strong
inhomogeneity displayed in the growth of F”, cf. (2.1)3. On the other hand, if more
homogeneous growth conditions are imposed on F”, like those usually appearing in
the literature on (p, ¢)-nonuniformly elliptic problems [5,8,23,24,26], prescribing

-2
that |F"(z)| < L€, ()P + LKH(F/(Z))ZTl replaces the right-hand side of (2.1)s,
then (2.2) can be discarded and no dependency on p appears in (2.4).

Remark 2.2. If p = g our results are classical, see [14,41] and references therein,
so given that our approach is of interpolative nature, to avoid trivialities throughout
the paper we shall permanently work assuming the strict inequality p < q.

2.3. Functional Analytical Tools for Degenerate Problems

The vector field V,, , : RV*" — RN*"_ defined as

Viy @ = 2+ 129 Tz, yedoo). wel0 1], 2.5)

for all z € RN which encodes the scaling features of the p-Laplace operator, is
a useful tool to handle singular or degenerate problems. A couple of helpful related
equivalences are the following:

Viey 21) = Viy (22)] = (u? + 1211? + 22|H =D/ 47y — 2]
@+l +rz - T dox @+ 1z P+ 2P 26
#Viy (W) — (Viy (w) allLeay = 4V, (w) — Vi, (W) a) llLe sy,

holding forany 1 < p < 00, z1, 2o € RV*", all measurable subsets A C R” (resp.
A C R"1) with positive, finite n-dimensional Lebesgue measure (resp. (n — 1)-
dimensional Hausdorff measure), functions w € Lrv/ 2(A, RN xmy, up to constants
depending only on (n, N, y, p), cf. [45, Section 2], and [40, (2.6)]. Let us also
recall Sobolev embedding theorem and Sobolev—Poincaré inequalities on spheres,
cf. [6, Section 3].

Lemma 2.3. Let 9 B, (xo) be an (n — 1)-dimensional sphere withn > 2, k € N be
a number, and w € Wh! (0B, (x0), R%) be a function. Then

o ifw € WH2(3B,(x0), R), then

ftw — (w)aBg(xo) l CQHVWHLZ(aBQ(xO))’ 2.7

2% =
L™n=1(3 By (x0))

with ¢ = c¢(n, k);
eifwe Wl’p(aBg(xo), R¥) for some 1 < p < oo, then

HWHLP(Z)BQ(xO)) < CQ%V'U”LP*:n—I(aBQ(xO)) + C%w”L”*m*I(aBQ(xo))’ (2.8)

forc =c(n, p,k).
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We will also need an "unbalanced" version of Poincaré inequality, [6, Section 3].

Lemma 2.4. Let By(xo) C R, n > 2, be a ball, c > 0 a number, and w €
Wl’z(BQ (x0)) be any function. Then

1
Hw||L2(BQ(x0)) = CQHVW||L2(BQ(XO)) + cflw|” ”E'(Bg(xo))’ (2.9)

with ¢ = c¢(n, o).

We further record classical Sobolev—Morrey embedding theorem with sharp bound-
ing constant, obtained by applying [18, Theorem 1.1] componentwise.

Proposition 2.5. Let w € Wl'p(R”, ]Rk) with p > n > 2,k > 1 be afunction such
that | supp(w)| < oo. Then

p— 1\ 1_1
P— [ supp(w)|™ 7 [VwllLr wr).

lwll oo @ey < kY20~ 1Pey " (
p

We conclude this section with the "simple but fundamental" iteration lemma, [41,
Chapter 6].

Lemma 2.6. Let h: [00, 01] — R be a non-negative and bounded function, and
let6 € (0,1), A, B, y1, 2 > 0 be numbers. Assume that h(t) < 6h(s) + A(s —
)™V + B(s — t)7 "2 holds for all oo <t < s < 1. Then the following inequality
holds h(go) = c(0, y1, y2)[A(e1 — o)™ + B(o1 — 00)™ 1.

3. Growth Conditions and Convex Duality

In this section we recall certain elementary notions from convex analysis [29,47,
48,71], and derive important consequences of the structural assumptions (2.1). We
start by recording some basic facts on convex functions. The Fenchel conjugate of an
integrand F: RV*" — R is defined as the extended real-valued integrand RV*" 3
& — F*(&) = sup,cpnvxn ({2, &) — F(2)) . Recall that the Fenchel conjugate
F* is real-valued precisely when F is super-linear at infinity, so precisely when
F(2)/|z]| = oo as |z] — oo. In fact there is perfect symmetry here. Recall that
the convex and lower semicontinuous envelope of F coincides with the double
Fenchel conjugate F** = (F*)*, and so, when F is convex, it is real-valued and
super-linear precisely when its Fenchel conjugate F* is so. For later reference, we
also recall the Fenchel-Young inequality stating that

F(2) + F*(§) = (z,§) (3.1)

holds for all z, & € RN* 1t is a direct consequence of the definition of Fenchel
conjugation and it holds for any proper integrand F'. Equality in (3.1) holds precisely
when & € 0 F(z), the subdifferential of F at z. In particular, we emphasize that if
F is C'-regular, equality holds precisely when F is convex at z and & = F’(z). It
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is worth highlighting that if F' satisfies the (p, ¢)-growth conditions (2.1),, these
are transformed under Fenchel conjugation into

%W’ —c < F*&) <clEl” +c, (3.2)

for some ¢ = ¢(L, p,q) > 1,, cf. [17, Section 2] for more details. Let us point
out that the integrand F is super-linear, strictly convex and C'-regular precisely
when its Fenchel conjugate F* is so. In this case we also have that both derivatives
are homeomorphisms of RY*" and that (F*) = (F’)~!. Let us record one of the
implications, namely that when F is real-valued, super-linear, strictly convex and
Cl—regular, then so is F* and

(FY(F'(z)) =z and F'(F*) () =& forall z,£€ e RN, (3.3)

We further record the duality relations that exist between strict convexity and
smoothness for an integrand and its Fenchel conjugate.

Lemma 3.1. Let F: RVN*" — R U {oo} be a convex and proper integrand. Then F
is real-valued, super-linear and strictly convex if and only if its Fenchel conjugate
F* is real-valued, super-linear and C'-regular.

The following well-known result [48, Corollary 4.2.10] and its consequences play
an important role in this paper.

Lemma 3.2. Let F € C'(RVN*") be super-linear and strictly convex. If F €
C?(B,(z0)) for some ball B, (zo) C RN*" and det(F"(z)) # 0 for all z € By (z0),
then the Fenchel conjugate F* is super-linear, strictly convex and C'-regular. In
addition, F* € C*(F'(B,(20))) with (F*)"(F'(z)) = F"(z)™" for all z € B,(20).

We now turn our attention to the growth/ellipticity condition (2.1)3, that is a quan-
titative form of Legendreness for real-valued C>-regular integrands. Recall indeed
that Rockafellar in [71, Chapt. V] highlighted a special class of convex functions,
called there functions of Legendre type, for their useful features in optimization
theory. In the context considered in this paper, these are the integrands that, together
with their Fenchel conjugates, are real-valued and strictly convex. Here it is clear
that the lower bound in (2.1)3 quantifies the strict convexity of F', whereas the upper
bound quantifies the strict convexity of F* as we specify below.

Lemma 3.3. Let F € C2(RN*™) be an integrand satisfying the Legendre (p, q)-
growth condition (2.1)3 for exponents 2 < p < q < 0o. Then F* € C'(RV*") N
C2(RM*"\ {F'(0)}) and

1 ’
SO F @) TEP < ((FY'(F'(2)€, &) < LE,(2)*P|E)? (3.4)

forall z € RN*"\ {0}, £ € RV If u > 0in (2.1), then F* is C*-regular and
(3.4) holds for all z € RN*" & e RN,
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Proof. The lower bound in (2.1)3 implies in a routine manner that F is strictly
convex and super-linear, and it also guarantees that the Hessian matrix F”(z) is
invertible for all z € RV*" \ {0}. We can now infer from Lemma 3.2 that F* is C2-
regular away from F’(0) and that (F*)"(F'(z)) = F”(z)~! forall z € RN>"\ {0}.
In order to derive the double bound (3.4) we note that (2.1)3 yields that all the
eigenvalues of F”(z) belong to the interval

L710,(z)P2 N =
w@P L1+ |F (2)] ,

and given that the eigenvalues of (F*)"(F'(z)) = F"(z)~" are their reciprocals,
they must all belong to the interval

15 F'(2)it, Lo, (2)>?
ﬁl( ()=, L, (2) .

Since (2 — q)/(g — 1) = g’ — 2 this concludes the proof of (3.4). The final claim
follows easily from the same considerations, and Lemma 3.2. O

We conclude this part with a monotonicity property that follows from the Legendre
(p, g)-growth condition (2.1)3. While this type of result is probably not surprising
to the experts, we are not aware of any record of it in the literature. It is instrumental
for the approach of this paper and we remark that it allows us to use the full power
of convex duality without having to go through the dual variational problem [50].

Corollary 3.4. Let F € C>(RN*") be an integrand that satisfies the Legendre
(p, q)-growth condition (2.1)3. Then the monotonicity inequalities

(F'(z1) = F'(z2), 21 — 22)
= Vi p(@1) = Vi p(@) P +clVig (F'(2) = Vig (F'@)IP (35

F(z) — F(0) — (F'(0),2) > ¢|Vyup (2> + c|Vi o (F'(z) — F'(0))?

hold for all z,z1,z22 € RN* with ¢ = ¢(L, D, q). Moreover, given any RN xn_
valued, differentiable function w defined on an open set Q@ C R", it holds that
n
D AF )dsw, dsw) = ¢[VVy () +c|VVLg (F' )P, (3.6)
s=1
foralls € {1,--- ,n}, and some c = c(L, p, q).
Proof. If u € (0, 1] in (2.1)3, inequality (3.5); comes as a direct consequence of

Lemma 3.3 and (2.6); 2, with the stated dependency of the constant c. In fact, letting
& = F'(z21), & = F'(z2), we rewrite

(F'(z1) — F'(22) 21 — 22) O2) (81 — &0, (F*Y (&) — (F¥) ()
1
_ <( fo (F*Y (& + A& — 52))d?»> & — ). — sz>

34 1
>
- 2L

2.6)12 2
> Vi &) — Vi)l

1
(fo & + AE — £ 2 dx> & — &
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for ¢ = c¢(L, p, q) which, together with the lower bound in (2.1)3, yields (3.5);.
On the other hand, if ©# = 0 we apply Lemma 3.3 and (2.6); > to derive (3.5);
for all z1, z2 € RV such that zero does not belong to the closed segment with
endpoints z1, z2. Because the terms on the two sides of (3.5); are continuous in
21, z2 we obtain the general case by approximation. The bound in (3.5); comes as
a straightforward consequence of (3.1) and Lemma 3.3. Indeed, observe that up to
replacing2 F(z) by F(z) — F(0) — (F'(0), z) for all z € R¥*", we can assume
that F(0) = 0, and F’(0) = 0, observe that this and the definition of F* imply that
F*(0) =0, set & := F’(z) and bound

3.1),(3.3 =0 [!
Fo) O e, (@) — Fre) T /0 ((F%)(€) — (F*) (0&), £) dA

1 1
=/o ./0 (1= (F (1§ +1(1 = MHE, §) dr dr

4 bt /
b1 (/ / (1= W)L OE +1(1 = 2)E) *2dzdx> &[>
2L \Jo Jo

q'<2 - 2.5)
> 1) EP TS Vg (),

with ¢ = ¢(L, g), and (3.5), follows including also the p-ellipticity information
from (2.1)3. Finally, (3.6) is a direct consequence of (3.51) and standard difference
quotients arguments. O

As a direct consequence of Corollary 3.4, we deduce Lq/-integrability of the
stress tensor for any function having .# locally finite.

Corollary 3.5. Let B € Q2 be any ball with radius smaller than one, and v €
WLP(B, RN) be a function such that F (v; B) < oo. Then F'(Vv) € L4 (B; RN)
with

IF' (VO ) < ¢ F Wi B) +c, 3.7

withc =c(n, L, p, q).

Proof. A direct computation gives

, , (2.3) , , , (2.5) , , )
[F'(VO)IT < c+c|F'(Vv) = F(0)|7 < c+ |V (F'(Vv) — F(0))]

3.5
( 5)2 ¢+ c(F(Vv) — F(0) — (F'(0), Vv))

2.3) 2.1y,
< cF(Vv)+c|Vv|P +¢c < cF(Vv)+ec,

where we also used Young inequality with conjugate exponents (p, p’), and it is
¢ = c(L, p, q). Integrating the content of the previous display on B we obtain
(3.7), and the proof is complete. O

2 Here we are subtracting a null Lagrangian from the convex integrand F, so this does not
affect variational problem (1.1).
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3.1. Convex Polynomials

In this section we prove that for a reasonably large class of integrands, the usual
natural growth conditions and the quantified Legendre one actually coincide. In
this respect, let us first point out that a straightforward consequence of (2.3), and
(2.1)3 yield

|F"(2)] < cli(z)772, (3.8)

for all z € RV>" and some positive ¢ = ¢(L, ¢), that is the (g — 2)-growth of F”
available in the controlled (p, g)-growth case. It is easy to see that the converse
is false, that is, the condition on the right-hand side of (2.1)3 is strictly stronger
than (3.8) when ¢ > 2. However, if we restrict our attention to a special family
of polynomials we can show that the two growth conditions actually coincide. To
this aim, let us recall that, given a number d € N, for our purposes a polynomial
of degree d is a smooth real-valued function P: RV*” — R that coincides with
its Taylor expansion of order d. For convenience, we shall group by homogeneity
the various terms appearing in the polynomial, thus ultimately expressing it as the
sum of homogeneous components:

d

d
1
P@) =) P =) —PYOI0, (3.9)

5s=0 s=0""

for all z € RV*", where we used the definition of polynomial to explicitly identify
Py, that from now on, will be referred to as homogeneous components of the
polynomial. We are mostly interested in convex, even polynomials, resulting as the
sum of nonnegative homogeneous components. In particular, the evenness condition
implies that the polynomial has even degree 2d, and in (3.9) only 2s-homogeneous
terms appear. Before proving that convex, even polynomials of degree 2d verify the
quantified Legendre growth in (2.1)3 with g = 24, let us recall the Euler relation for
homogeneous functions: whenever g € C!(RV*") is positively x-homogeneous
for some k > 1, then

kg(z) = (d'(z),z) forall z € RV*", (3.10)
Next, a technical lemma.

Lemma 3.6. Let O, H € CY(RN*™) be functions such that H is convex, even, and
s-homogeneous for some s > 2, and (Q'(2), z) > 0 for all z € RN*". Then there
exists § = 8(H, s) € [0, 1), depending only on the structure of H such that

(Q'(2), H'(2)) = =8| Q" )IIH'(2)|  forall z € RN*". (.11

Proof. Without loss of generality we can assume that H is not identically 0. Con-
vexity and s-homogeneity assure that H(z) > 0 for all z € RV>". Moreover, as
HYS is convex, 1-homogeneous and nonnegative cf. [71, Corollary 15.3.2], it is
the support function of some compact, convex, symmetric set K C RN>n je..
H(z) = (supgng . Z)S for all z € RV*" We then set V := span(K), decompose
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RN*" = V @ V+, and accordingly split RV 5 z = z; + 20 € V@ VL, so
that H(z) = H(z1), H' (z) = H'(z) for all z € RV*" Being K symmetric, zero
belongs to the relative interior of K, and as H is not identically O there exists a
positive radius oy > 0 such that BUH 0NV c K and

inf He) >0 2 inf B >0 (3.12)
@€) By, (0) w€d By, (0

Back to (3.11), if z € V= there is nothing to prove as H'(z) = 0, so for the rest of
the proof we will take z € V\ {0}. We then decompose H' and Q' in an orthonormal
fashion along z - for G € {H, Q} we have:

<G/(z),z>z> _. (6@, 2)z

|z|2 |z]?

(G'(2), 2)z
|z]?

G(2) = + (G/(z) - + E;(2).

A direct computation then shows that

(H'(2), 2){Q'(2), 2)

|z)?

+(En(2), Eg(2))

(H'(2), 0'(2)) =

3.10) sH(2)(Q'(2), 2)
B |z|?

(En(2), E9(2)) = —|En (210 (D).

+(En(2), Eg(2))

(0'(2).2)=0
>

Now, if | E (z)| = O there is nothing to prove, otherwise by homogeneity we bound

(H'@).2) 6.0
|zI?

2 2
= |H'QP (1— Mo/ )(312)|H’(z>|2

o |H (onz/lzD*) ~

2 2
.(1_ it S H@" )=:|H’(z>|262,

1
©€0Boyy OV 0 2 | H' ()2

s2H (z)?

H' z 2
H'@F - —

0< |Ex@)* =H @) -

where we used that by continuity (H € C'(RN*")) and thanks to (3.12), the
infimum of H/|H'| taken over 3 By, (0) NV is strictly positive, thus § € [0, 1). O

Now we are ready to state the main result of this section.

Proposition 3.7. Let d € N, and P be an even, convex polynomial of degree 2d

with nonnegative homogeneous components. Then for each i € {0, ...,2d — 2},
there exists c = c(n, N, P, d) > 0 such that
. 2d-2—i

P ()] < ¢ (1 1P (z)) T ) forall ze RV (3.13)

Proof. The proof relies on an induction argument on the degree of the polynomial.
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Base step: d =1

Recalling that P is even, by definition we have P(z) = P(0)+2~'(P"(0)z, z),
with P”(0) being positive semi-definite, and in particular not identically zero.
Therefore we trivially have |P”(z)| = |P"(0)] < |P"(0)|(1 + |P'(z)|?), that is
(3.13) with d = 1, and ¢ := | P"(0)| > O.

Inductive Step

Assume now that (3.13) holds for all polynomials of degree 2j whenever 1 <
j < d,andlet P: RN*" _5 R be a convex, even polynomial of degree 2d + 2,
meaning in particular that P?3+2)(0) # 0, and the (2d + 2)-homogeneous part of
P is given by

1
RN Xn > H = P(2d+2) 0 2d+2 ,
z H(2) Gatot O[]

sothat P = Q + H, where Q: RV*" — R is an even polynomial of degree
2d < 2d. By homogeneity we have

P(tz)
£23+2

— H(z) as t — o0,

pointwise in z € RV*", thus H is convex. But then z — H'/?3t2)(z) is convex,
1-homogeneous, and nonnegative, see [71, Corollary 15.3.2], so it must be the
support function for a compact and convex subset K C RV*" ie.:

H(2)V/CHD — sup(£,7)  forall z € RV, (3.14)
EekK

Since any nonempty, convex, closed set is uniquely determined by its support
function, and H # 0, then K is symmetric, thus O belongs to the relative inte-
rior of K. Set V := span(K), and let op > 0 be the largest number such that
B,,(0)NV C K - op is positive as 0 is in the relative interior of K. After splitting
7 =21 +20 € V@V, the formulation of H as the support function of K in (3.14)
yields that H*2) (z) = H@*2(z) forall i € {0, - - - , 2d}, so we bound

I1z1 2d4-2
2d+2) (—) inf H(w) < (2d+2)H(z1)
op weaBgP onv

3.10
C2V B 1), 21) < |H )21

|Z1 |2d+2

= —Zar sup |H' ()],
Op

w€d By, (0)NV
so for some ¢ = c(n, N, P,d) > 1itis

Nz P9 < |H (z1)] < clz 9T, (3.15)
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where we used the (2d + 1)-homogeneity of H’'. The very definition of H now
yields, fori € {0, ..., 2d},

. . (3.15) —i
| HOD (@) < clzy P27 < e|H (2)| 585, (3.16)

with ¢ = c¢(n, N, P, d). We then jump back to the decomposition P = Q + H.
Recalling that H = I-{(zl), on V%t itis P = Q, so Qly. is an even, convex
polynomial of degree 2d < 2d. In particular, by the induction hypothesis we have
(i+2) 1o,y B Lo =
|Q (z2)|<c | 1+]Q'(z2)] 2a-1 forall zo e V-, ie{0,---,2d —2}.
(3.17)
Next, Taylor-expanding about z,, we obtain

|PCT ()] < 10%T (21 + 22)| + [H ()]
2d-2—i

1 . .
<| Y 0% ul |+ H* (@)
S
s=0
2d-2—i
1 : . .
sc ) 10T @llal + 10 @)l + el H T @)

s=1
23-2—i .
¢ Y 10F ()| 4 elzy P 4 100 (o)) + 1H T (1))
s=1

IA

(3.16),3.17) 242 Qis—i-2)2a-i) _
< c Z (1 +10/(z2)| @&-D@a-i-s )+C|H/(Z1)I§g+1
s=0
, 20-i , 2d-i
= (1410 @5 ) + ol ') |55, (3.18)
where ¢ = c¢(n, N, P, d) and we used Young inequality with conjugate exponents

(%, %), and observed that fors > Oandi > —1, itis

2d-s—i-2 _2d-1
2d—i—s ~2d+1
Via Taylor expansion, we further estimate

(3.19)

2d-1
10'(z2) = Q'+ 2| < ¢ Y 10" @)zl
s=1
281 2d+1 1
<cy. (8|Q‘1+”<zz)|2d+l—s + sl |2d+1)
s=1 & s
2d-1 . _2d+1
3.17) , 2d-1-s \ 2a+T-s c )3
a— . +1
< et Zl <1+|Q<ZZ>| ) + gl
S=
(3.19)——
=

C
ce (1+10'@)I) + 5zl P,
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for c = c(n, N, P, d) - here we used Young inequality with conjugate exponents

2d+1  2d4+1
2d+1—-s’ s

). The content of the previous display then gives

10| < s (1410 @)]) + 10/ @) + —5 21!
&

A3.15)
< ce(l+|Q’<zz>|)+|Q’<z>|+S%W’(zm,

so choosing ¢ = ¢(n, N, P, d) € (0, 1) sufficiently small we end up with
10 (z2)| < c(1+ Q")) + c|H (1)1, (3.20)
for c = c(n, N, P, d). Merging estimates (3.18) and (3.20) we eventually get
2d—i
) 224+

P < e (1410 +1H P

’

with ¢ = c(n, N, P, d). Finally, recalling that Q is (at most) the sum of 2s-

homogeneous terms of P with s € {0, --- , d}, i.e.
2d

Q@) =P —H@E@)= ZPS(Z), Pys11 =0 forall s €{0,---,d~—1},
s=0

the nonnegativity of the P;’s imply

(P2, 2 LY 5P =0 = (02,2 = 0.

Keeping in mind that H is convex, even and (2d + 2)-homogeneous, by Lemma 3.6
we find § = §(n, N, P, d) € [0, 1) such that

(1=8)(Q' @ +H' @) <10@F+H (2)> —2810'(2)||H'(2)]

3.1
< 1@ +H®@P =P

Combining the last four displays we end up with (3.13)441 and the proof is com-
plete. O

As a direct consequence of Lemma 3.6 and Proposition 3.7 we can show that
whenever a convex, even, positively s-homogeneous function is added to an in-
tegrand satisfying Legendre (p, ¢)-growth conditions, the sum verifies Legendre
(p, max(s, g))-growth conditions.

Corollary 3.8. Let O, H € C2(RNxm) be functions such that Q satisfies (2.1)3, for
some exponents 2 < p < q, and H is convex, even, and s-homogeneous for some
s > 2. Then the sum Q + H satisfies (p, max{q, s})-Legendre growth conditions.
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Proof. The lower bound in (2.1)3 is preserved by the sum Q + H as Q satisfies
(2.1)3, and H is convex. Concerning the upper bound, if z = 0, there is nothing
to prove, otherwise, being H convex, s-homogeneous (s > 2), and even, we can
repeat verbatim the construction detailed in the "Inductive step" of the proof of
Proposition 3.7 up to (3.15) to decompose RV *" = V@V, so that on V the double
bound in (3.15) holds true for the map H. Splitting RN *" 5 z = z14+20 € V@V,
we control

p L, o 2.)3,3.14 = P
107(2) + H(2)] = c<1+|Q(z)|q—1)+|z1| |H" (z1/1z1])]

3.15) ,, =2 r 82
= c(1+1Q@I7" ) +clH (zp)]!
max{s,q}—2

(1+|Q<z>|2+|H(z)|2)W‘””
(31 1) , , max{s,q}—2
<o (1410 @) + H (z)|mbiai1 ) |
withc=c(n,N,L, p,q,s, H). m|

Next, we focus on those convex, even polynomials that are strongly p-elliptic in
the sense of (2.1)3 (left-hand side), and show that in the degenerate case p > 2,
u = 0, the bound in (2.2) holds true.

Corollary 3.9. Let dy, d € N, be such that 2 < 2dy < 2d, and let P be an even,
convex polynomial of degree 2d with nonnegative homogeneous components Py
such that Py = 0 foralls € {1,---,2(dy— 1)}. Then (2.2) is verified with g = 2d,
forall 2 < p < 2dy, that is,
|P" @l _
|z|p=2

withc = c(n, N, p, d, P).

(1 4P/ (5|t 1) forall zeRV*"\ {0},  (3.21)

Proof. By definition® of P,

2d
IP"()] < Y|P/
s—2do
< Zm” 2|Py /lzh| < ¢ Zm” (3.22)
s=do s=do

with ¢ = ¢(P, d). Now, keeping in mind that 2 < p < 2dy, if |z] € (0, 1) we
bound

|/\I</\
o

|P"(2)| 3. 22) Xd:| |2S

p—2 =
|z] =

3 By evenness all the homogeneous components of P of odd degree vanish.
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for ¢ = c(P, p,d). We next observe that, whenever |z| > 1, the (25 — 1)-
homogeneity of P;_ gives

2d d >

d
—_ qlzl=1 -
IP'@ < Y IP@I< D 127 Py 1z < e D0 127 < elzP

s=2dp s=dp s=do
(3.23)

for ¢ = ¢(P, d), so we estimate

|P"(z)] B.13) ¢ ( , M)
< I+ [P (z)| a1
|z|P—2 |z|P—2

2d4-2

lzl>1 c|P'(z)|28=1 (3.23) , . 24-p

S ct——F——>— = c|1+[P@I7T],
|z[P~

with ¢ = c(P, p, d), and the proof is complete. m|

Remark 3.10. Thanks to Corollary 3.8, we immediately see that the class of inte-
grands featuring Legendre (p, g )-growth conditions embraces the anisotropic poly-
nomial examples introduced by Marcellini in [61]. In fact, repeated applications of
Corollary 3.8 to the integrand in (1.6)—(1.8) yield that P satisfies (p, ¢g,)-Legendre
growth conditions, and the prototypical examples of integrands with (p, ¢)-growth
are covered.

3.2. An Abstraction of the Quantified Legendre Condition

Let F, G: RV*" — R be two strictly convex, C! integrands that are super-
linear, i.e.:
F(z2) G(z

—>ooand—)—>ooas |z] = oo.
|z] |z

Consequently also the Fenchel conjugates F* and G* are strictly convex, C! and
super-linear, that is, F and G real-valued, are super-linear Legendre integrands.
The goal of this subsection is the following result and its corollary, that can be seen
as an abstract counterpart of (2.1)3, covering more general convexity conditions
than the usual power type one.

Proposition 3.11. The difference of the Fenchel conjugates F* — G*, is convex if
and only if

F(z +20) — F(20) = (F'(z0), 2) < G (z + (G")(F'(20)))
—G ((G")'(F'(z0))) = (G' ((G")(F'(z0))) » 2)

holds for all z, zg € RN xn,

The condition can be recast as a second order condition if we interpret it in the
viscosity sense:
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Corollary 3.12. The difference of the Fenchel conjugates F* — G*, is convex if and
only if
F"(z0) < G” ((G*)'(F'(z0)))

holds as quadratic forms in the viscosity sense for all zo € RN*",

Proof of Proposition 3.11. Note that the derivatives F’ and G’ are homeomor-
phisms of R¥*" with inverses (F*)" and (G*)', respectively. Fix zo € RV>*" and
put & = F’(z0). Now F* — G* is convex at & if and only if

(F* — G*) (&) = (F* — G*) (§0) + ((F* — G*)' (&), & — &)
holds for all £ € RY*" that is,

F* (&) — F*(§0) — ((F)(80), § — &0) = G*(§) — G (§0) — ((G™)'(§0). & — &0)

forall £ € RN*" Because (F*)’ (é0) = zo we get by Fenchel conjugation that this
inequality is equivalent to

sup  ((z,8) — F*(§) 4+ F*(€0) + ((F*) (%), § — &0))
EERNX"
< sup ((z,8) = G*(&) + G*(%0) + ((G*) (%), § — &0))
EERNX"
for all z € RV*" Recalling that F** = F, G** = G we can rewrite this as

F(z +20) + F*(§) — (20, F'(20)) = G(z+ (G")(§0)) + G*(§0) — ((G™)' (o), o)

forallz € RN*" Because F(z0)+F*(&) = (20, &) and G*(£))+G((G*) (&y)) =
(&0, (G*)'(&0)) the last inequality can be rewritten as F(z + zo) — F(z0) < G(z +
(G*)(£0)) — G ((G*)/(&0)) for all z € RN Consequently, using that £y = F’(z0)
and G'((G*)'(F'(z0))) = &y we arrive at the inequality

F(z+z0) — F(z0) — (F'(20), 2)
< G(z+ (G"'(F'(z0))) — GUG™)(F'(z0))) — (F'(z0), 2)

for all z € RVN*" as required.

4. Higher Differentiability Under Legendre (p, ¢)-Growth

In this section we derive some regularity results for local minimizers of varia-
tional integrals under Legendre (p, g)-growth. Our focus is on the higher differen-
tiability of minima, that will subsequently be used to prove finer regularity in low
dimension and in the scalar setting.
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4.1. Approximation Scheme

Our approximation scheme is rather basic and aims at correcting two relevant
structural issues of the integrand F: unbalanced growth and possible degeneracy.
Let B = B.(xp) € Q2 be a ball with radius 0 < r < 1. We regularize u €

Wll(;f (2, RM) via convolution against a sequence of mollifiers {¢;}c~.0 C C2°(R")
thus determining a sequence {ii¢}¢~0 := {1 * ¢c}e=0 C Cpy (€2, RM), set

— _ ~ 12 ~
yei= (147 e VAl ) sothat vl Viiel g e O,
@.1)

define integrand
RV 5 7z > Fo(z) := F(2) + vel1(Vue), (4.2)

and introduce the family of approximating functionals
whe(B,RY) 5 w > Ze(w; B) := fB F.(Vw)dx.
By (2.1)3 and basic direct methods, the Dirichlet problem
iie + Wy4(B,RY) 5 w > min.Z, (w; B) (4.3)

admits a unique solution u, € (ﬁg + W(])*’i (B, RN )), verifying by minimality the
integral identity

0= / (F/(Vug), Vw)dx  forall w € W(l)’q(B, RM). (4.4)
B
The convergence features of the sequence of minima obtained solving the approx-
imating problems in (4.3) are well known, see e.g. [15, Section 3]:
Fe(ug; B) > Fu; B), Vel Vue|Tq 5 O,
ug — u strongly in wiP (B, RN). 4.5)

Let us quickly show that F, € C2(RN*") enjoys both growth/ellipticity features
of the g-Laplacian type, and uniform Legendre (p, ¢)-growth.

Lemma 4.1. With (2.1) in force, let F; be the integrand defined in (4.2). Then
Yel1(2)? < Fe(z) < Aly1(2)7,

1 3 — V
PP + szuz)q 2g? < (F/(2)5. ),

IF/(2)] < ALy ()92, (4.6)

()

IF/@)] < A (1 + |F;(z)|31>,

forall z,& € RN*" and some A = A(n, N, L, p, q).
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Proof. The first three bounds in (4.6) are a straightforward consequence of (2.1),
(2.3) and the very definition of F, so we focus on (4.6)4. We first prove that there
exists a constant ¢ = ¢(L, p, g) such that if |z| > ¢, then (F'(z), z) > 0. In fact,
by Young inequality with conjugate expoenents (p, p’) we have

(F'(2),2) = (F'(z2) = F'(0), 2) + (F'(0), 2)

A3.5,.2.3)
= eV p@P —clzl = lz|” =,

withe', ¢ = ¢/, ¢”"(L, p, q), thusletting & := max{(2¢”/c)'/?, 1} = &L, p,q) >
1 we get

/
|z] > ¢ = (F'(2),z) > min {% c”} |z|? > 0. (%))
Next, by (4.63) we have
Izl <¢ = |F/(@)| <c(,N,L,p,q), (4.8)

while if |z] > ¢ we compute

|F,)I* = |F' @ + ¢* v 1 (292 |z)* + 2 y. L1 ()1 *(F'(2), 2)

@7 B _
> F QP +v2¢*0@% 22 = |F @]+ qrt1(2)77%z] < 2|F/(2)],

4.9)
therefore

q—2

2.1);
IF/)| < L (1 + |F’(z)|frl) + eyely ()72

)

|z]>¢, ye <l q-2 =2 4.9) q—

< L(l—i—lF’(z)I’IT>—I—c‘()/gel(z)‘rzlzl)qT < c(l—l—ng(Z)qu)
(4.10)

for ¢ = c¢(n, N, L, p,q). Combining (4.8) and (4.10) we obtain (4.6)s and the
proof is complete. O

Thanks to (4.6)1 2,3, by-now classical regularity theory [41, Chapter 8] yields that
2(B, RNy 4.11)

C

Vig(Vue), Vue € Wy,

in particular, by (4.11) via difference quotients arguments, (4.4) can be differenti-
ated: system

0= / (F!'(Vug)dsVug, Vw) dx (4.12)
B

holds for any w € W!2(B, RN) such that supp(w) € B,and all s € {1, --- ,n}.
Finally, we record for later use the elementary energy estimates

1 P g 2Dy @50
L ”VuS”Lp(B) + VS”V’/‘S”Lq(B) < Fe(ue; B) <= F(u; B) +o(e).
(4.13)
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4.2. Proof of Theorem 1.2

We start by recording the uniform L9 -bound on the stress tensors {F'(Vug)}e=o:

3.7 “4.13)
< ¢Zue;B)+o(e)+¢ < cF(u;B)+o(e) +c,

(4.14)

IE'Vuoll,

for c = c(n, L, p,q). We fix a ball B,(xg) € B, let o € (0, 3r/4), introduce the
following symbols:

n
He (x0; 0) = Z/ (F;/(Vus)asvus» 0sVug) dx,
s=1 B

0 (x0)

S0 (x0: 0) = / 01 (F (Vug)? dx
BQ(XO)
Pe(x0; 0) = / £,,(Vug)? dx,
By (x0)

00 (x0: 0) = e / (Vi) d
BQ(XO)

Vs,p(x0§ 0) = |Vp,,p(vus) - (Vu,p(vus))aBg(xo)|»
Ve, q(x0; 0) == |V1,4(Vue) — (Vl,q(vus))BBg(xo)|a

and notice that by (4.11) all the above quantities are finite. Before proceeding
further, a brief remark about notation: since all balls considered from now on will
be centered at xo, we shall omit denoting it and simply write B, (xo) = B,. With
0 < 8 < min{1, dist(B,, 0B)/100}, we regularize the characteristic function of
B, by convolution against a sequence {¢s}s>0 C C°(R") of standard mollifiers ,
thus defining {ns}s=0 := {1, * ds}s=0 C C(Bo2s), test (4.12) against w; :=
ns(Osue — (Bxus)ggg), which is admissible by (4.11), and sumon s € {1, --- , n}.
We obtain:

n
> / N3 (F{ (Vue)ds Vue, 9 Vue) dx
s=1"Y Bo+2s

n
=-y / (F(Vue)ds Vue, (Osue — (d5ue)an,) ® Vis) dx.
B,
s=1

0+28

Recalling that ns —* 1p, in BV, we let § — 0 in the above display to derive
via Cauchy Schwarz inequality, and Holder inequality with conjugate exponents
(a/(q = p).q/p)s
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He(x0; 0) = Z/BB (F!(Vug)aSVug, (Osue — (asus)aBg) ® (x — x0)/0) d%n—] (x)

< cH, (xp: 0)' (/
0B,

1 F"(Vug) _ _
< cH, (x0: 0)? ( /a gzwm" 2| Vug — (Vug)yp, |* dat" '(x))

1
2
|F!(Vu)||Vue — (V”s)aBglde"‘(x)>
(4
1

9B, Z/A(Vue‘)p_z

1 1
+cyd By (x0; 0)2 (/
9B,
2.4
= CHQ(X(J:Q)% /
B,

3 1 2 _
+eyd Hy(x0: 0)? ( / (1+Vuel> +1(Vue)ap, I*) = |Vue — (Vue)ap, |* d#" '(x))

Bo

2
0 (Vue) T2 Vu, — (Vua)aBglzd%"I(x))
(4
1
2

(1 1/ (V) ) £ (V)2 Vi, — (VuaaBnga‘f'”(x))

4

1
2

r

(2.6)13 , 1, a-p 27? 1 &

< CHg(x0;0)2S,(x0; 0) % s Vel p (x0; 0) A"~ (x)
(4

1

1 1 2
+eye’ Hy (x0; 0)2 (/ vz, (x0; 0) dF" ! (x))
9B,
3

2.6);  pu-1 % - 2q
2 0" ) (x0: )1 8 (0 )T ][Vsp(xo 0) 47" (x)

+CH, (x0; 0)2 0L (x0; 0) 2, (4.15)

with ¢ = c¢(n, N, L, L, p, q). We then notice that, up to choosing 2% _, so large

that 2* | > 2g/p whenn =2 orn = 3, by (1.12) itis 2¢g/p < 27_,, so we can
write
2 2r =2 Mg —
T S S O T R SRS P W et 20
p P21 —2) P2, -2
(4.16)
as to control via Holder inequality with conjugate exponents (1/A, 1/(1 — 1)),
PA pU-1Z, 4
. 2q
Wep 503 @)1 20 = Ve (30 @) Ve 03 Ol T
Q.7 oz 2k 7"“ 2

<0 T Ve p (0 @)l WV Viep (Vi 2
3.6)
< ¢

p(l— )L)Zn 1
P, (x0; 0) Y ¢(x03 0) )

4.17)

£ (1-n+(1-2) (1—1-25_, (1=3)/2))

forc =c(n, N, L, p, q). Merging (4.15) and (4.17) we get

|, PU=R2)
He (x0; 0) < co™S.(xo; 0) T PL(xo; 0) W H. (xo: 07T

+ cH, (x0: 0)2 Q. (x0: ©)2, (4.18)
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where we set

o p=2) L 2y _(n—3)
)

anditis ¢ = c(n,N, L, Ly, p,q). Next, we fix parameters r/2 < 15 < 71 <
3r/4 < dist(xg, dB), and, for K, € {Hg, P¢, Q,, S¢}, set

4 o
Ix, == {Q € (12, 11): K, (x0; 0) < / K, (x0; 1) dt}-
11— Jp

From the definition we get, since K, (xp; -) is absolutely continuous and increasing,
that £ ((‘L'z, 1)\ gKS) <(11—12)/4,and consequently£1 (!]Ha NJp, NYJg, N gsg)
> 0. Therefore we can pick ¢ € 9y, NJp, N Yy, N Yg, for which also (4.18) holds.
Hereby

v o l+p(lf)»)2:71
. 05 (x0: T1) % P (x0; T1) % He (x0; 71)2 4,,
He (x0; 0) < 3=p
(11— 1)
1 1
€Qg (x0; T1) 2He (05 T1) 2 (4.19)
(t1 — 1) 7 '

withc =c(n, N, L, p,q). Now we observe that

1 1—2)2*
(4.16) = —+u<1
2 4q

so we can apply Young inequality with conjugate exponents (2 qu)\ > i—?)) and (2, 2)

to have

He (x0; 72) < He(x0; 0)
0™ S (x0; T1)?Pe(x0; T1) Qe (x0; T1)

1
< ZHE(XO; 7)) +

(t1 — )M (11 — 1)?
4.13),4.14) 1 co® (F (ug; B) + 1 4+ o(e)2t! 0. (xo: T

2 L He (o 1) + 0" (Z (ue: B) (¢)) Qe (x0 12)

4 (t1 — )M (t1 —™2)
where we set

2 3qg — —

oy = q—ﬁo, Ky = 9 p, Kp = u, (4.20)
Ap Ap AD

anditisc =c(n, N, L, p, q). Lemma 2.6 then yields

2 / ), B0
IVVip(Vue) |+ [VVy o (F' (Vue))|“dx < He(xo:7/2)
Br/2

2.1)1,4.5),
P 0K (s B 1 4 0(e)2 T 4 20(e),  (421)
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forc = c¢(n,N,L,L,, p,q). Finally, we use (4.5 3) and (2.1;) to send ¢ — 0
in (4.21) , and fix B,(x9) = B to conclude with (1.14). A standard covering ar-
gument then yields that V,, ,(Vu), V1., (F'(Vu)) € Wy2(2, RV*"), and (1.13);
is proven. Now we only need to prove the validity of (1.13>). To this end, we as-
sume p > 01in (2.1)3, observe that thanks to (4.21) and (2.5), sequence {u,}:~0 of
solutions to problem (4.3) is now uniformly bounded also in W22 (B, /25 RM), and

observe that by (4.63) and (4.11) it is

n

Lige(B) 3 > (3 F'(Vue), 8, Vue)
s=1
N < F"(Vu,)
s=1

Wﬁu(wg)‘%aswg, E,l(Vue)pzasvue>
23 3

DY DG (Vue), V),

s=1

where we set (RN *") x RN 5 (A, 2) > D (A, z) := (Az,2), RV 5 71—

G"(z) == F"(2)0,(2)* P, and V} := ZM(Vug)pTizaYVus. Function @ is contin-
uous by definition, and, if the first argument is restricted to positive semi-definite
forms, it is also nonnegative. Notice that by (2.1); and (4.5)s, it is G”"(Vu,) —
F"(Vu)€, (Vu)>~P in L"-measure. Moreover, observing that

p—2 36 2 p=2
sV p(Vug) — e L (Vug) 2 05| Vue|"Vug = £,(Vug) 2 9 Vug,

being p > 2, foreach s € {1, -~ ,n} by (4.21) we have V¥ — £,(Vu)"T 8, Vu
weakly in Lz(Br/z, RN xmy, By [70, Theorem 4.1 and Remark 4.2], up to non-
relabelled subsequences, each of the sequences {G”(Vu,), VS}e~0 generates a

Young measure and, via [70, Lemma 5.19], it is {G" (Vu,), V) e=0 X {vi} where
vy = 8gr(vuy) @ k3, and {ky} is a Young measure generated by {V;}¢~0. Therefore

p=2
JCB,-/z /RNX" |Z|2 dii(z)dx < o0 and /szxn zdiki(2) = £,(Vu) 7 9;Vu.
By weak lower semicontinuity for Young measures [70, Proposition 4.6], we have

p- fgrm(v;, D(-, ) dx < liggf >, JCB"/ch(G”(we), V) dx
< sup Yoioi 5, (0 F' (Vue). 8:Vu) dx
&>

4.21
< su[(; p fBr/z(F;’(Vug)asVug, 3 Vi) dx( < )oo,
E>

(4.22)
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so we can apply Jensen inequality [70, Lemma 5.11] to derive

Sy, (0 F (i), 0,Vu) dv = Y0y fy (F"(Vu)ds Ve, V) dy
=301y, o (G (Vi) (Vi) T 8,

p—2
€, (V)T 3, Vu) dx
(4.22)
<1 Fp,, (00 D)) di < oo,
A standard covering argument then gives (1.13,) and completes the proof.

Remark 4.2. Theorem 1.2 is valid a fortiori if the integrand governing .7 is of the
form RVN*" 5 z +> F(z) := F(2) + ag(1 + |z|*)?/2 with F as in (2.1) and some
constant ag > 0. In this case estimate (1.14) includes also the informations coming
from the g-elliptic term, i.e.:

#Vv Vu,p(VM)HLZ(B/Z) + HVVI,q’(F/(VM))”LZ(B/z)
1 ~
+ag 4V V1o (Vi) lli 2 /2) < HE (Vi) + DIP1 )

withc =c(n,N,L, Ly, p,q).

4.3. Proof of Corollary 1.3

The proof of statements (ii.)—(iii.) comes as a direct consequence of Sobolev—
Morrey embedding theorem and Theorem 1.2. Concerning the result in (i.), Theo-
np

rem 1.2 and Sobolev embedding theorem yields that Vu € Ll'(‘)zz (2, RN *m) and, if
p>n—2itisnp/(n —2) > n, thus Sobolev-Morrey embedding theorem allows

to complete the proof.

4.3.1. Proof of Theorem 1.5, (i.) Proposition 3.7 and Corollary 3.9 yield that
Corollary 1.3 applies to the class of convex polynomials in the statement of Theo-
rem 1.5, and in three space dimensions n = 3 the local Holder continuity result in
(i.) immediately follows with no upper restriction on the polynomial degree. Part
(ii.) of Theorem 1.5 will be proven in Section 5.3.1 below.

5. Smoothness in Two Space Dimensions

In this section we offer two independent proofs of gradient boundedness in
2d for vector-valued minimizers of functional .%, based on an inhomogeneous
monotonicity formula, and on a renormalized Gehring—Giaquinta and Modica type
lemma. From this, we deduce full regularity in 2d. As already mentioned in Section
1.1, our approach allows handling simultaneously degenerate and nondegenerate
problems and entails new results already in the genuine (p, g)-setting, see Re-
mark 5.3 below. For the sake of clarity, we shall divide the remainder of the section
in three parts, beginning by detailing the two arguments leading to gradient bound-
edness and concluding by proving the full regularity statement, leading to the proof
of Theorem 1.4.



69 Page 30 of 51 Arch. Rational Mech. Anal. (2024) 248:69

5.1. Proof of Theorem 1.4: 2d-Gradient Boundedness via Monotonicity Formula

We look back at Sect. 4.2, and exploit the low dimension—if n = 2 we are
allowed to choose 27 arbitrarily large—to study the asymptotics of the exponents
in (4.20). We have

2 29 \7" 4Qe-p) , 29 ]
ag—k=——|1-—; ——= /' —— as 2] —> oo,
p p2] p2i —2q p

2¢ \7' 20
K2+1=3(1— 2q*> #\— as 27 — oo,
P\ p2 P

so we can increase 2} in such a way that ag — k1 > —4¢q/p and k2 + 1 < 2q/p,
and be more precise on estimate (4.21), that now becomes

IV Vit p (V) 2 0y + IV Vigr (B (Vue)) I 5 )
2q

< cHe(xp; r/2) < cfF(Vu) + 1|/ (5.1

Li(B)’

forc=c¢(N,L, L, p,q).By(4.14),(5.1), and Trudinger inequality [80, Theorem
2], there exists a parameter d ~ 4F (Vu) + 1| 2 (qB/)p , with constants implicit in "~"
depending on (N, L, L, p, q) such that

][ exp {d|vl,q/(F’(wg))|2} dr <1, (5.2)
B/2

again up to constants depending on (N, L, L, p, q)—in fact, an inspection of the
proof of [80, Theorem 2] shows that thanks to (5. 1) and (4.14) the constant d, that is
proportional to the quantity ||V Vy o/ (F’ (Vug))||L2(B/2) #Vi q/(F’(Vus))HLQ(B/Z)
can be suitably enlarged to replace any dependency on ¢ with a dependency on
(N,L, Ly, p,q).Inparticular, whenever B, C B/2 we have by Jensen’s inequal-

ity,

Vi (F' (Vi) 22 ) < a ' log (fB exp {AIV1.q (F/ (Vo)) dx)
o

2
< calog ((g) } eplavig @ @unr] dx)
B/2

5.2 2
< clog(g)HF(Vu)—i-llLl(B), (5.3)
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forc=c(N, L, L, p,q). Next, taking xo € B/4, and ¢ € (0, r/6), we fix a ball
B,(x0) € B/2 and refine estimate (4.15) as

q9=p
2

Q.7 , 1
He(x0; 0) =< coHy(x0;0)2

3B,

1

2

(/ |vvﬂ,p(we)|2d;€1(x)>
3B,

2
1
+coH, (x0; 0)? ( /a ) Vel VVi g (Vue)|* d#t! (x))
o

€ (F' (Vug))? dzﬂfl(x))

3.6) ;o , by

= coH,(x0; ) { 1+ HE (F' (VU
260 / tr
< coH,(x0; 0) ( 1 +4Vig (F'(Vue)l 25 ) ) (5.4)

where we also used Holder inequality with conjugate exponents (¢ /(g — p), q/p),
anditisc = c(N, L, L, p, g). By the trace theorem [43, Section 2.3], we control

Vi (F' (Vu)) 2 s,y < ctVig (F' (Vue)llLzs,) + eV Vg (F (Vue))llL2(s,)

S 4
< CHVLq’(F,(VMs))HLZ(BQ) + A F (Vu) + 111,

5.3) r\? ¢
= elog( =) HF (Vi) + 1) .

(B)

forc=c(N, L, L,, p,q), therefore we can update (5.4) to

q9=p

r\ % =L
He (x0; ) = colog <5> HF(Vu) + 1| { g He (x0: 0) (5.5)
q—p

with ¢ = ¢(N,L, L, p,q). We then let B := c}F(Vu) + 1||L1”(B), pick any

o € (0, r/6%), and integrate the inequality in (5.5) on ¢ € (o, r/6) to derive

q r\ %L 2q r\ %F atp
———log (—) < — <log (—) — log(6) 2 >
(¢ +p)B o (¢ +p)B o
£/6 1 5.5 H (x0; /6
534/ SR 10g<e<xo_r/>)_
o He (x0; 0)

olog (?)T
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Next, we set 8 := (qB_l/(q + p))zq/(ﬁp), y = (¢ + p)/(2q), and pass to the

exponentials in the previous display to recover

3.6
IV Vi p (VU s 5, + IV Vi g (F' (Vue))lfap ) < Helxo; 0)

<exp{— (Blog(r/0))"} He(xo; £/6)
<exp{—(Blog(r/0))” } He(xp; r/2)

( 2q

D 4
< cexp{—(Blog (r/o)" }HF(Vu) + 111} .
forc=c(N,L,L,, p,q). We then let ¢ — 0 above and use (4.5)3 to secure

IV Vi p (Vi) IFa s ) + 1V V1g (F (Vi) [1Fa 5
2q

< cexp{— (Blog (r/o)" }#F (V) + 11} )

r)—(y+2

)
< clog (; BE (V) + 112 . (5.6)

where we used that (8 log(r/a))y+2 exp{—(Blog(xr/0))Y} - 0aso — 0,and it
isb:=(y+2) %) + 2711, c=c(N,L, Ly, p,q).Since (5.6) holds true for all
balls B, (xo) € B/2, x9 € B/4, from a variant of Morrey lemma [35, Lemma 1.1],
see also [36, page 287], we deduce that V), ,(Vu), Vlyq/(F’(Vu)) are continuous

on B/8 and therefore bounded, and a standard covering argument eventually yields
that F/(Vu), Vu € L®(Q, RVN*2),

loc

5.2. Proof of Theorem 1.4: 2d-Gradient Boundedness via Renormalized
Gehring—Giaquinta and Modica Lemma

Our first move is a quantitative version of classical Gehring lemma [37], after
Giaquinta and Modica [39].

Lemma 5.1. Assume that ¢ is a nonnegative, decreasing function on [ty, 00), in-

finitesimal as t — 00, and satisfying

o0
—/ s'7mdo(s) < cot ' TMMp(1), (5.7
t
for some absolute constants co > 1, M> 1, m € (0, 1) and all t > to. There exists
a positive number

2coM — m

v € (1,2) verifying £t \(1 as M — o0, (5.8)

such that

o0 oo
—/ sEMdg(s) < —2;5—1/ I do(s). (5.9)
0]

fo
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Proof. We assume for the moment that there is ¥ > 1 such that ¢ (#) = 0 whenever
t > k. We will remove this restriction in the end. With d > 0 we set

K
Ja(t) := —f s%de(s) and  Jg = Ja(to).
1
For some t > 1 > m to be determined, integrating by parts we have

K K
[ —f st dg(s) = —/ sE1 A _n(s)

0 1o
K
=157 0+ (- 1)/ sE20) n(s)ds
fo
3.7 «
< tot*lgl,m + co(t — I)M/ st_l_mgo(s) ds

fo

_1 co(t — M _ - co(t — DMYIe_p
= f(‘): Jlom + Tt m (gtfm - f(‘): mﬂo(l‘o)) = t(‘): Jpem + T t-m
We now fix t > 1 so close to one that

co(t — )M _ 1 2coM — m m<l

t—m 2 - 2coM — 1
and (5.8) is satisfied. The above choice of t allows us to conclude that

1)=0 irt>
@) f1>K

Jeom < 2657101 (5.9), (5.10)

and we are done in the case ¢(¢) = O for ¢t > k. Let us take care of the general case.
Observe that being ¢ nonincreasing on [ty, 00), we have for any given 7' > «:

T T
_/ s T dg(s) = —Kl_m/ de(s) = ' ™ (@) — (1)),

so letting T — oo above we get

00 (T)=0
—f s de(s) © S k(). (5.11)
K

Next, we set ¢, (1) := @(t) if t <k, and ¢, (¢) := 0if t > . Fort < k we have

—fms“mmAn=—/wﬁﬂﬂwn—/msFNWAw

t t K

K
5—/sH%wn+H“Mm
t

A.11) K 1— o0 1— o 1—
< —/ s " de(s) —/ s de(s) = —/ s " de(s),
t K

t

(5.12)
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while if ¢+ > « the above relation is trivially true, given that ¢, (t) = 0if ¢t > «.
Thanks to what we have just proved, we have

* t— “ t— 3.10) t—1 g 1—
—/ 5T M dey (s) = —/ st Mdee(s) = =21 / 57" dey (s)
fo 1 1

0 0

00 5.12) 00
< 257! f s'™dge(s) T 257! / s ™ dg(s).
1o 0]
(5.13)
The conclusion now follows sending ¥k — oo. O

The previous lemma is instrumental to establish a self-improving property for func-
tions satisfying suitable reverse Holder inequalities.

Lemma 5.2. Let Q1(0) C R” be the unitary cube centered at the origin and v €
L!'(Q1(0)) be a nonnegative function verifying

1/m
][ vdx < ¢M ][ v dx , (5.14)
Qo/2(x0) Qo (x0)

Sor all cubes Q,(x0) € Q1(0), some exponent m € (0, 1), and absolute constants
¢, M > 1. There exists a constant cx = c4«(n,¢) > 1, and a positive number
te(1,2)asin(5.8) ie.:

. 2ceM—m

t=———2¢€(1,2) satisfying t \\1 as M— oo, (5.15)
2c.M—1

1/t
][ vt dx < 24"+4][ vdx.
01/2(0) 01(0)

In particular, for any fixed threshold sy > 1, the constant cy in (5.15) can be taken
so large that

such that

Ccy > S0, (5.16)
up to update dependency c, = cs(n, ¢, s0).

Proof. We ask the reader to have [41, Section 6.4] at hand as we shall carefully
track the dependency of the constants appearing in the various arguments leading
to the proof of [41, Theorem 6.6]. To be as close as possible to the setting of [41,
Section 6.4], we let d(x) := dist(x, dQ1), introduce function F(x) := d(x)"v(x),
and denoting by P € Q; a cube and P the cube concentric to P with half side,
and rearrange (5.14) in terms of F as

1
#ElL iy = CMHFmH]i".(I;), (5.17)
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holding for all cubes Pe 01, with ¢ = ¢(n, ¢), that is [41, inequality (6.47)]. We
next look into [41, Lemma 6.2], that relies on a Calderén-Zygmund type argument
combined with integral estimates on level sets. Introducing the superlevel set &, :=
{x € O1: F(x) > t} for all

t>1 = HU”L](Q]) (518)

and carefully tracking the occurrences of constant M along the proof of [41, Lemma
6.2] (fix A &~ M up to dimensional constants there) we end up with

f Fdx < c*tlfmmf F™ dx, (5.19)
[oN @,

for ¢4 = c4(n, ¢). Notice that there is no loss of generality in arbitrarily enlarging
the value of c,, and in particular to take it larger than the assigned s, thus fixing
dependencies ¢, = c4(n, ¢, s¢). In the light of [41, Lemma 6.3], inequality (5.19)
can be rewritten as

o0
_f sI T de(s) < ot T™Me(r)  forall 1 > 1o, (5.20)
t

where we set ¢(t) := fcb, F™dx. Notice that by definition, ¢ is nonincreasing on

[t9, 00) and, since F € L! (Q1),weseethatp(t) — Oast — oo, sothe assumptions
of Lemma 5.1 are verified—in particular, (5.20) is exactly (5.7) with ¢cg = ¢, and
to as defined in (5.18), thus (5.9) holds true with exponent t resulting from (5.8)
that is the one in (5.15), and, via [41, Lemma 6.3] we can write

/ P dx §2t0t_1/ Fdx.
] 0]

0 o

On the other hand, on Q; \ ®;, we have

/ Ftdx < 15_1/ Fdx,
01\ dy, 01\dy,

therefore we can conclude with

/Ftdx§4t0t_1/ Fdx,
01 01

and, coming back to the function v we eventually get

t
/ vEdx < 2225 / vdx = 21204 (j[ vdx) ,
012 01 01

where we used (5.18) and (5.8); to remove any dependency of the bounding con-
stants on t. The proof is complete. O
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We return to Dirichlet problem (4.3), and observe that conditions (4.6); 23 guar-
antee that [14, Theorem V] applies and

us € Wo°(B, RNy nW22(B,RV). (5.21)

loc loc

We then let Q = Q,,(xp) € B/16 be any cube with half-side length ry € (0, 1],
scale the whole problem on Q; by letting ve(x) := us(xg + rox)/ro, v(x) =
u(xg + rox)/ro, observe that the amount of regularity in (5.21) is obviously pre-
served by the blown up map v, so that the definition

q-p
M, > max {||F/(Vu8)||£’oo'(Q), 1} : (5.22)

makes sense, and recall that system (4.12) holds verbatim for the scaled maps v,
on Q1. We then let Q,(x0) € Q1 be any cube with half side length ¢ € (0, 1],
n € CL(Qq(x0)) be such that Lg, () <7 < Lo,y and [Vy| < 07!, and test
(4.12) against w, := 7% (d5vs — (05ve) 0, (x0)) to get, after using Cauchy—Schwarz
inequality, (3.6), (2.6)1 3, (2.4), and Sobolev-Poincaré inequality,

][ Ve dx
Qp/2(x0)

= ][ (1I9Vip (V0 + 19V (F (Vo)) P + 76l Vi g (Vuo) ) dx
Qo/2(x0)

c
<= [F"(Vue)|[Vve — (Vve) g, () |* dx
Q Qg(x())
CVe q-2 2
— £1(Vve) Vv, — (vve)Qg(x0)| dx
@ 0, (x0)
cMg 2
< — |Vu,p(vvs) - (Vu,p(vva))QQ(Xo)| dx
Q QQ(XO)
CVe 2
+— IVi.q(Vve) = (Vi,g(Vve)) g, (xo) | dx
o Qg(x())

2

< M, ][ IV V. p (V)| ?2 dx
Qg(x())
2 2

+c ][ Ve 2 |V V14 (V)2 dx <M, ][ Ve 2 dx ,
Qo (x0) Qo (x0)

(5.23)

)
()

for c = ¢(N, L, Ly, p,q). From (5.21)-(5.23) we see that the assumptions of
Lemma 5.2 are satisfied with

s == —, ¢ = max{c, s}, M= M,, m:=—= = —
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therefore we obtain an exponent t € (1, 2) as in (5.15) such that {{V¢| .t (o, o =
2", || 11(0,)» Which in particular implies

= 1
<][ IVVi g (F'(Vve))|* dx) <26 <][ Ve dx> " (5.25)
012 01

Next, we let g € Cé(Ql/z) such that 11Q1/4 <ny < ]lQl/2 and |Vng| < 2, observe
that we have no V) , (F'(Vvp)) € W25 (R2, RY>*2) and via (5.25), bound

IV (o Vi, (F' (Vo)) [l 2e ey

< 20Vig (F' (Ve llL2e g, ) + IV Vi (F' (VU)o (g, )
1
2
Lo (5.26)
‘We then apply Proposition 2.5, and use (5.26) and (5.15) to deduce that

< 20|Vig (F'(Vve))ll 2t g, ) + 2° IV

IVig' (F' (Ve L0y 4) < 110 Vi,g (F'(Vve)) Lo @n)
2t— 1

2e-1 11
(2 T | supp(o V1 4 (F'(Vve)))|2 72
~\2t-2 21/(2';)60;/2(2]\7)_1/2

||V(770V1,q/(F/(va)))IIch(Rn)
2t—1
o [N (26 —1\ =
<2° [ —
- T \2t—-2
1
<||Vl,q/(F/(VUS))”LZt(Ql/z) + ||V8||EI(Q1)) .

(5.27)

Before proceeding further, let us make explicit the values of the constants/exponents
involving t above by means of (5.15), (5.16) and (5.24). We have

2t —1
2t =2

= 2c4M,

2t — 1 2c. M, Mzl 2c, (5-2<4)1,2 2q

2t oM — 1 dey — 1 4g — p
t—1 1 Me>1 1 S2412  p

= < < s

t deyMe — 1 7 deye —1 - 4qg — p

where we used that 1/(2t)’, (£ — 1)/t are decreasing with respect to both M,
and c. Incorporating this information in (5.27), scaling back on Q, and letting
Ue = |V p(Vue) > + [VVi g (F (Vu)) P + vel VVig(Vue) P, by (2.5) we
obtain after standard manipulations
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1
|F' (ws(me v < cqu ”||V1 ' (F' (Vus))llLoo(Q) (fQ Vig (F' (Ws))lzdx)Zt

+cM§q r (fQ r3U, dx ) +c
q(49=3p)

1
< MDD [1 + (:FQ |V1Yq,(F’(Vug))|2 dx) 2:|
2 3
+ CM;qﬂ’ <7CQ rgUs dx) 4o, (528)

with ¢ = ¢(N, L, L, p, q). Next, we fix parameters 273 < 1, < 11 < 27/?r,
correspondingly, cubes concentric with B, i.e.: B/8 C Q5-3,.(xp) C Qr(xp) C
QO (xp) C Qy-52,(xp) € B/4, and observe that for any xg € Q,(xp), cube
O(t1—)/8(x0) € Qr, (xB), 50, keeping in mind that there is no loss of generality in
assuming that || F'(Vu,) ||L00(Q273r(x ») = 1 (otherwise the proof would be finished
already), we apply (5.28) with QO = Q(7,—r,)/8(x0) andM, = ||F’(Vug)||£qw<”Q){f?XBl))),
which verifies (5.22), to get

|F' (Vi (x0))| T

1
2

q' (49—-3p)
< c||F (Vug)||, Ja» 1+ L Vi o (F' (Vug))|* dx
= € L*(Qr, (xB)) 71— T 0 (x0) -4 3
-

1
2
q'4q—p)

+C||F/(Vus)||fég%bi)l (xB)) / Ue dx +c
0 (1) -1y (x0)
S
1

R 1 20\

! - ’

< CIF V)l X ey | 1 7 /Q o Vi (P (T dx
71

1

"4(q—p) 2
+ellF (Vue) (g, (xpy) / Updx | +e,
er (xB)

forc =c¢(N, L, Ly, p, q). Taking the supremum forall xp € QO+, (xp), and setting
01 := (4g —3p)/(4q—p), 62 :=4(q—p)/(4g — p) € (0, 1), by Young inequality
we obtain

/

”F (VME)HLOO(QT (-XB))

1
014’ 1 2
< cllF'(Vue)ll g, (rp)) [1 + ( / /4|V1,q/(F/(w5)>|2 dx) }
B

11—

’ 1
el P (Vuol B, Uedr) 4o
L2q e \ [,

1 q 2(1192)
< ZIF (VeI o, oy + € /B o

~
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c , ) ul%al)
L IVig (F' (Vug))|” dx +c (5.29)
(r1 =)™ \B/A
with ¢ = ¢(N, L, Ly, p, q). We can then apply Lemma 2.6, (4.14), (4.5)12, and
(4.21) (keep Remark 4.2 in mind), to conclude with
q/

/ 2
| (Vo) e

, , .\ T iy
<c ][ [Vi,q (F'(Vug))|” dx +c / Ue dx +c
B/4 B/4

b
<c <][ F(Vug) + ve(1 + [Vue )% + 1dx>
B

b
<ec (][ 1+ F(Vu) dx) + o(e), (5.30)
B

withc =c¢(N, L, Ly, p,q),b =Db(p, g). Now, by (4.53) we know that Vu, — Vu
strongly in L? (B, RV), so by (2.1); (up to subsequences) F'(Vuy) — F'(Vu)
almost everywhere. This means that we can send ¢ — 0 in (5.30) and pass to the
weak™*-limit to deduce

/

b
q_
IF (Vi) e Sc(][B i +F(Vu)dx> ,

forc = ¢(N,L, Ly, p,q), b = b(p, q), which, together with (2.3) gives (1.16)
(with possibly different exponent b = b(p, ¢)), and a standard covering argument
leads to Vu e Lfo%(Q, ]RNXZ), and, whenever Q, € Q1 € Q2 are open sets as in
the statement of Theorem 1.4, it is

IVullLe @y = (N, L, Ly, p,q, F(u; Q21), dist(2,0Q1)).  (5.31)

5.3. Proof of Theorem 1.4: Full Regularity

Once it is known, by either of the arguments in the previous two sections, that
minima of .% are locally Lipschitz continuous, the nonuniform ellipticity of the
integrand F prescribed by (2.1)3 becomes immaterial. The gradient boundedness,
Theorem 1.2, and a simple difference quotients argument guarantee that we can
recover (4.12) with F, u, instead of Fy, u,, so, fixing open sets 2, € Q1 € Q as
in (5.31), and cubes Q,(x0) € Q € Q, with B/16 € O = Q)-15/4,.(xg) € B/8,
computations analogous to those in (5.23) eventually yield

][ IVVyp (Vi) ? + [V Vg (F'(Vu))|? dx
Qp/2(x0)

¢ 2
= |F"(Vu)||Vu — (Vi) 0, (xp) |~ dx
Q QQ(XO)
cM )
= - |Vu,p(v’4) - (Vu,p(vu))QQ(xo)l dx
07 JQ,(x0)
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(5.31)

< c(f (19Vieop (VIO + VY14 (F (Vu))2) dx) ,
QQ(XO)

where we set M := 1 + | F'(Vu)ll{% /™" and itis ¢ = ¢(N.L.Ly. p.q,

F(u; Q1), dist(22, 0L21)), m = 1/2. We can now apply classical Gehring lemma
[41, Theorem 6.6] to prove the existence of an exponent t = t(N, L, L,, p,q,
F(u; 1), dist(Q, 021)) € (1, 2), cf. (5.15), such that

vau,p(vu)”LZt(B/m) ‘|‘val,q’(F/(vu))||L2t(B/16)
< AVVu (Vi) ll2e g2y + AV Vi (F' (Vi) llp 2 g2
< AVVu (Vi) L2y + AV Vig (F' (Vu)) 29y < c(F (Vi) + 1)||El(3),

where we alsoused (1.14),anditisc = ¢(N, L, L, p, q, F (u; Q1), dist(2, 3L21),
b = b(p, ¢g), and (1.17) is proven. By Sobolev Morrey embedding theorem we
further obtain that V,, ,(Vu) € C®1=1/£(Q/2, RV*2) which in turn implies that
Vu e CHPo(Q/2, RN*2) By = Bo(N, L, Ly, p,q, , F (u; Q1), dist(Q2, 9Q1)) €
(0, 1). With this last information at hand, if x > 0 in (2.1)3 we can follow a well-
known strategy [41, Section 8.8] to conclude with gradient Holder continuity up to
any exponent less than one. If in addition to the nondegeneracy condition p > 0,
the integrand governing .7 is also real analytic, by-now standard theory [67, Chap-
ter 6], [68] yields that u is real analytic. A standard covering argument finishes the
proof.

5.3.1. Proof of Theorem 1.5, (ii.) The proof of the second claim of Theorem 1.5
is a direct consequence of Proposition 3.7 and Theorem 1.4 formulated for minima
of variational integrals governed by nondegenerate, analytic integrands. Recalling
the content of Section 4.3.1, the proof of Theorem 1.5 is complete.

Remark 5.3. Our techniques apply also to the genuine (p, g)-nonuniform ellipticity
conditions, i.e.

@) Ina S F"(2) S 0@ 2 Tnxa + £, (2) 7 Pysa (5.32)

in the sense of bilinear forms, with & € [0, 1], and 2 < p < g < 2p, the usual
bound in two space dimensions. To adapt the arguments in Sects. 5.1, 5.2 to the
(p, g)-framework, we recall that (5.32) implies

|F" (@) _
o S 6@, (5.33)
Cu(z)P=2 8
accordingly, the following (very minor) modifications need to be (respectively)
implemented—higher differentiability results in the spirit of Theorem 1.2 that allow
controlling the resulting right-hand side term being available in [30,32].

e Since (5.33) is in force, in (4.15) Holder inequality needs to be applied with
conjugate exponents (p/(g — p), p/(2p — q)), so in the last line of (4.15),

a—r a—p .
term P, (o) 2 replaces S,(0) % , and V,, p”szZ_gq . appears instead of
[
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Ve pll 29 . As a consequence, V), ,(Vu,) replaces Vl,q/(F/(Vug)) every-
LP (0B,)

where in (5.4), and the term in parenthesis that needs to be controlled via trace

‘i—f’

L2(3B, )’
tial must be replaced by |V, ,(Vu,) | (any control on the stress tensor F'(Vu,)
being lost in the genuine (p, g)-case).

e In (5.22) the lower bound on M, needs to be replaced by max{1, ||Vu, ||Loo( Q)}
in (5.25) there must be |[VV,, ,(Vu,)| instead of |[VV} ,/(F'(Vu,))| that is no
longer available; and in (5.24); we need that so = p/(2p — g) to be able to
apply Young inequality and reabsorbe terms in (5.29).

theorem, now is 4V, , (Vu,) S so in (5.2) the argument of the exponen-

Very recently, Schiffner [74] improved the assumptions for the validity of Lipschitz
regularity for scalar local minimizers of (p, ¢)-nonuniformly elliptic functionals in
two space dimensions by updating the bound on exponents (p, g) to g < 3p. The
approach in [74] relies on a fine argument based on 1-d interpolation and maximum
principle, that are in general not available in the vectorial setting.

6. The Scalar Case

This section is devoted to the proof, based on a renormalized [23] version of the
Moser iteration designed in [6,23,24,61], of local Lipschitz continuity for scalar
minimizers of functional .% under Legendre (p, ¢)-growth conditions. Given the
quite technical content of this last part of the paper, for simplicity we split it in two
steps, ultimately yielding the proof of Theorem 1.6.

6.1. An Abstract W42 10 L™ Ireration

Here we derive an abstract L>°-W!-2 estimate valid for any sufficiently regular
function satisfying a suitable reverse Holder type inequality for arbitrarily large
powers.

Lemma 6.1. Ler —1 < ap < 00,0 < pp < 1be numbers, v € Lloc(Bl(O)) be a

nonnegative function such that v©+2/2 ¢ W (B] (0)) and, fixed balls By,3(0) C
B, (0) € B1(0), o € (1/8, 1] arbitrary, for all nonnegative ) € C! +(Bs(0)), any
o > g, and some absolute constants co > 1, M > 1, inequality

1190 28, < C02alZ |0 + DVnlli2 g, (6.1)
holds true with
1 if @« =ap
Ag =19 a+2 ) (6.2)
po if @ > ap.

Then, for every ball B1,3(0) C By,(0) C By, (0) € B,;(0), the L°-W-2 estimate

4
cM@tep)=y) o Pro)
oo < 1 a0+ .
lvllLe(s,,) < Eap— #™2" + Dllyh 2(By)) (6.3)
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is verified, where

n—3 >4
if n
y = n—1 -

Y0 if n€{2,3},

6.4)

anditis c, ap = c, ao(n, @, Y0).

Proof. We fix parameters 1/8 < 7, < 7y <o < 1, and, fori € N U {0} introduce
radii g; := 12 +27' (11 — 12), balls B; := By, (0), cut-off functions n; € Ci (B;)
such that 1,,, < n; < 1p,, and apply [6, Lemma 3], see also [54, Lemma 3], to
the right-hand side of (6.1) with n = n;. We obtain

1
at2 2 Qi . § 3
TR O As [ — — / ( W2 4 1y de l(x)) ds
' (0i —0i41) & \Joi+1 \JoBs
(6.5)

for all § € (0, 1]. With y € (0, 1] as in (6.4), we record that

-1
2 S DA S G 6.6)
- =min{ =+ —— - .
Y/ in-t 2 n—-1 |72

~ y(a+2) .
define v := v~ 2z , and estimate

2
‘H’UO{+2 + 1”?41(3BS) = +|.v}/ + 1”{1(330

28 » 2 . 2
< esT VI V(;) + @+ D V(;)
L\7 #n—1(9 By) L\ #n—1(9 By)

6) 28 28 28

6.
( < csT VOl + @ + DI (6.7)

L2(3By) L2(0By)’

for ¢ = c(n, yp). We plug (6.7) in (6.5), choose § = y, and restore the original
notation to get

at2 C
10+ DVl < —— g 0

(0i —0i+1) 7

+ 1)|| (6.8)

Wl Z(B)

where we also used that o; > 23 foralli € NU {0}, anditis ¢ = c(n, yo). Merging
(6.8) and (6.1) we obtain,

ot+2

- 2.9) a2
105 4 DIy, = clVeS lle(B B [Cae D1 P

6.1),6.8) cAZM
< —“mll(v xa +1)||

(i —0i+1) ¥
with ¢ = c(n, co, y0). We have only one degree of freedom left in (6.9), that is
a > ag > —1, so we introduce sequence {o; };enujoy, recursively defined as

Wl 2(3 ) (6'9)

1 1
ap > —1 arbitrary, o = —ai—1 +2 (— — 1) , i eN.
14 14
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The above position immediately implies that

24+ o .
o = — —2 —> 00 as i —> Q.
yl
o +2 « .
Setv; :=H#(v 2 1)||“’;§(B) and for i € N rearrange (6.9) as
IR
2i VT a;j+2 . aj_ 1_;2
Vi < | cal, ( ) Ma Py D (6.10)
"\T1— T
with ¢ = c(n, cg, yp). Iterating (6.10) over j € {0, --- ,i — 1} we end up with
Lyl b o+ i1 i—k VTH ﬁz]’?:oﬁ
V; < M 20 Ry . (611
P < ]’[ p— (6.11)

Let us examine the behavior asi — oo of the various quantities appearing in (6.11).
We have

i—1 v @ +2

C+ag)(1—p) yi(ei +2)

1
w7 =1

k=0

i—k
e ()
oj—k -0
i—1 k i —k
1 1 2!
- —1 A2
. ;"‘ﬁzgy’ 1 “’k(fl—fz)

4y + 1 c 24+ ag
= exp{(l R+ w0 <1°g<n - rz> +log (2+ao - y))}

v +Dlog?) . g c
exp{y(l — N+ a0) ,;“ O S e =

for ¢, ag = ¢, ap(n, ag, y0). We then send i — oo in (6.11) to conclude with (6.3)
and the proof is complete. O

1 1
i—1 +17] o +2 Z]:O v

y+1
Y

6.2. A Caccioppoli Type Inequality for Powers

For z € R" and @ > —1, we introduce functions

@)
L(z) == £, (2)7, 1o(z) :=L(z) 2 +1, (6.12)
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and recall that whenever w is a twice differentiable function, the inequalities
IVV, p(Vw) > ~ €, (Vw)P 2| VZw|? > IVL(Vw)? |2 (6.13)

holds up to constants depending only on p. Next, we look back at the family
of approximating integrals defined in Sect. 4.1, and record that by (4.6); 2.3, and
classical scalar regularity results [41, Chapter 8] it is u, € W]I(;:O(B) N leo’cz(B).
Then we scale u, in such a way that function vg (x) := (ug(xo + rx) — (us)p)/x
minimizes .% on Bj(0), name v(x) := (u(xg + rx) — (u)p)/r, and observe that
by construction it is

e € W (B1(0)) N W2(B)(0)). (6.14)

loc

Now we are ready to prove a homogenized Caccioppoli type inequality involving
arbitrary powers of L(Vuvy).

Lemma 6.2. For all nonnegative n € Cl (B1/4(0)), = —1 and all constants
M, > 1 such that

q—p
M, > max {HF;(We)nﬁm‘( - 1} (6.15)
the Caccioppoli type inequality for powers
MV 1a(Vue)llp2p,y = CAaMs 2o (Vve) Vil 2 g, (6.16)
holds withc = c¢(n, N, L, p, q), and Ay as in (6.2).
Proof. With n € Cé (B1/4) being a nonnegative cut-off function, @ > —1, and

s € {l,---,n}, we test (4.12) against wy o = n?L(Vve)* 1 9,v,, admissible by
(6.14), to get

n
0= Z/ N L(V) T F! (V) ds Ve, 85 V) dx
By
+(a + I)Z/ N L(VUe)* (F (V) 350595 Vg, VL(V,)) dx

—i—ZZ/ NL(Ve)* T F! (V)95 Vv dsve, Vi) dx =: (I) + (IT) 4 (TII).
(6.17)
We immediately bound below

) 1
o ZX PPL(Vve)* e, (Vo) P2 V2, 2 dx

B

6.13)
> c/ ’L(Vve) T V1o (Vv,)|? dx, (6.18)
By
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for ¢ = c¢(n, L, p, q). Now notice that

n
VL(Ve) = plyu(Voe)P ™) 80,0, V., (6.19)
s=1

so we control

619 (@+ 1) 2 ol FY(Vve)
(IT) o I n°L(Vue) <7£H(v X 5 VL(Vue), VL(Vv8)>

4.6 o +1
> P
= A

4(a+1)

2
= VL(Vv dx
pA(a+2)2/31 IVL(Vue) 5 |

/nzL(Vvs)“|VL(va)|2dx
B

4a+1)

2 2
_— V1g (Vo dx.
pA(oe+2)2/Bln| (V) dx

Finally, via Cauchy—Schwarz and Young inequalities we obtain

2 F/'(V
| 4 2 V NL(Ve)@t <LU€)VL(V%), vn> dx
P B

£, (Vug)P=2
LV V] L(VUS)“+27|FH(VUE)|
= 2 pla+ ) Jpngves1 £, (Vvg)P=2
8 2 a+1+2 |

_ Vnl“L(Vv 7 |F.(Vvg)|dx

@t D) Bm{\m\sl}l N"L(Vue) [F (V)]
4.6)4 (II) 8A

< 7

=)
< [Vy*L(Vu,)*+? (1 +|F.(Vv )|F'> £,(Vve)?~P dx
2 pla+1) Jp,n v =1 ¢ S rEmE

c 2
Bin{|Vve|<1}

a+1
2.3

(<)@+ c
-2 o+ 1

-r
/ IVPLV0 2 (14 |FL(Voo) [ ) dx
B1N{|Vve|>1}

5 2
+— / IVilPL (Vo) 7 dx
o+ 1 Jpngve=n

1 -
WMy« / [V 2L(V,)?+2 (1 + |F8/(VU5)|?I’T) dx
2 a+1/gngvesy

C
+ / V0 Lo (V,)? dx
a+ 1 Jpngve<1)

an R
57 a+1/|Vn|1(VU5) ( +|F(Vu€)|ql>dx

withc = c¢(n, L, p, q). Merging the content of the two previous displays, we derive

[ 9L dx<c(°‘ ) / V3P 1a(V00)? (1 + (Vo) [ ) d,
B o+

(6.20)
with ¢ = c(n, L, p, q). Let us briefly discuss the case « = —1: in (6.17) term (II)

vanishes, so we only need to estimate term (III) in a slightly different way than
what we did before. Via Cauchy Schwarz and Young inequalities we get
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|dID] = —- +8f |F{ (V)| Vve |Vl dx

q—2

14 |Fi(Vug)|4a- )
(V)P |Vn)? dx

“4.6)34 (D) <
0 o [
2 BiN{|Vue =1}

+c/ £, (Vve)?|Vn|* dx
BiN{|Vue| <1}

2.3) (D , a-p )
< Y +c/ (1 n |F8(Vv8)|Q*1)L(Vv8)|V77| dx
2 BIN{|Vue|>1)

2
—I—c/ <1+L(VU8)%) V)2 dx
Bin(IVul<1)

o)
<7+ch1 (1+1F/Vvo)l

£, (Vvg)P=2

—"e

q=-pr
q—

) 1-1(Vuo) VP dr,
forc =c(n, L, p,q), thus
2 2 2 2 ’ e
N7IVI_i(Vu) " <c | IVnI"1-1(Voe)™ (1 + [F(Vve)| a1 ) dx. (6.21)
B By

Finally, with (6.20), (6.21) at hand and keeping in mind the validity of (6.14), we
can pick any constant M, > 1 satisfying (6.15) and turn (6.20), (6.21) into (6.16).
The proof is complete. O

6.3. Proof of Theorem 1.6
We start by observing that there is no loss of generality in assuming
[ F2(Vve) Lo (s, 5 = 1, (6.22)

otherwise the proof would be already finished. We then fix parameters 1/8 < 15 <
71 < 1/4, corresponding to concentric balls Byjg € B, C By; € By4, set Mg :=
q=p

| F; (Vv8)||l‘f;1( Bey) and notice that (6.16) holds in particular for all nonnegative
ne C1 (B¢,) and our choice of M, matches (6.15) (keep in mind (6.22)). Moreover,
by (6.14) we see that L(Vve) € LiX.(By),and 1_1(Vv,) € WlOC (B1). This, together
with (6.16) allows applying Lemma 6.1 to L(Vv,), with 0 = 11, 09 = —1, po
being any positive number less than p/q (say yo = p/(2q) < 1), Ay as in (6.2),
and M = M, to get

, q%. (2.3)
| Fe(Vve)lly, < cln(Vo)llLes,,) +¢

6D ¢ ey
e [ Fe( 8)||L00(B y - 1(Vva)llwlz(3 yte (623)

forc=cn, L, p,q), a0 = ao, p,q). Now, from (1.12) and our choice of yy we
deduce that

v(g — p) __r
(q—DU—y) q-1
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pd-y)
v(q—p)’

so in (6.23) we can apply Young inequality with conjugate exponents (

M) to have

prP—vrq
2p(1—y)
=74
q%l 1 q%l 11 (V)| W”(Brl)
IVl ) = IF (Vo + o

(t1 — ) P

Lemma 2.6 then yields

2p(—y)

P
’ q-T P—vq
IFLV00) I gy ) < HLA (VORI 20+

thus via (3.5),
2(1-y)(g=1)

(p=D(p—rq)
||Vvs||L°°(Bl/8) = Cﬂl—l(vvs)”wpl,z(gl/zq) +c

with ¢ = c(n, L, p, q). We then scale back on B to deduce via (6.13) and (4.21),

2(1—y)(g=1)
IVuellesys) < Vi p (V) gz i) + ¢ < ehF (Vi) + DIT g

forc = c¢(n,L,L,, p,q) and b = b(n, p, g) (possibly different from the one
appearing in (4.21)). Finally, we send ¢ — 0 in the above display and use (4.53) to
conclude with (1.18). A standard covering argument completes the proof.
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