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Abstract

We study the boundary layer theory for slightly viscous stationary flows forced
by an imposed slip velocity at the boundary. According to the theory of Prandtl
(in: International mathematical congress, Heidelberg, 1904; see Gesammelte Ab-
handlungen II, 1961) and Batchelor (J Fluid Mech 1:177-190, 1956), any Euler
solution arising in this limit and consisting of a single “eddy” must have constant
vorticity. Feynman and Lagerstrom (in: Proceedings of IX international congress
on applied mechanics, 1956) gave a procedure to select the value of this vorticity by
demanding a necessary condition for the existence of a periodic Prandtl boundary
layer description. In the case of the disc, the choice—known to Batchelor (1956)
and Wood (J Fluid Mech 2:77-87, 1957)—is explicit in terms of the slip forcing.
For domains with non-constant curvature, Feynman and Lagerstrom give an ap-
proximate formula for the choice which is in fact only implicitly defined and must
be determined together with the boundary layer profile. We show that this condition
is also sufficient for the existence of a periodic boundary layer described by the
Prandtl equations. Due to the quasilinear coupling between the solution and the
selected vorticity, we devise a delicate iteration scheme coupled with a high-order
energy method that captures and controls the implicit selection mechanism.

1. Introduction

Let M C R? be a bounded, simply connected domain. Consider the Navier—
Stokes equations

ou” +u’-Vu' =-Vp' +vAu’ inM, (1)
V-u=0 inM. 2)
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Motion is excited through the boundary, where stick boundary conditions are sup-
plied

u’-n=0 ondM, 3)
u'-t=f ondM, %)
where 7 is the unit outer normal vector field on the boundary and 7 = 7, the unit
tangent field. In the above, there is a given autonomous slip velocity f : oM — R,
which should be thought of as being generated by motion of the boundary (via so-
called “stick" or “no slip" boundary conditions—the fluid velocity on the boundary
matches its speed), and is responsible for the generation of complex fluid motions
in the bulk. If the viscosity is large relative to the forcing, then it is easy to see
that all solutions converge to a unique steady state as t — oo [38]. However, as
viscosity is decreased, one generally expects solutions to develop and retain non-
trivial variation in time, perhaps even forever harboring turbulent behavior. There
one general exception to this expectation in a special setting, proved in Sect. 3:

Theorem 1. (Absence of turbulence) Let M = D be the disk of radius R and
f = %a)oR for any given wg € R be a constant slip on the boundary. For any
distributionally divergence-free ug € L>, the unique Leray-Hopf weak solution
converges at long time to solid body rotation ugp, = %a)oxl having vorticity wg. In
fact,
lu(t) = uspll 2 < luo — usbll2e™ "

where A1 is the first positive eigenvalue of — A with Dirichlet boundary conditions
on D.

Remark. The forcing (slip velocity) in Theorem 1 can be arbitrarily large and yet
for any viscosity Navier—Stokes has a one-point attractor. This is the analogue of
Marchioro’s results on the absence of turbulence on the torus with ‘gravest mode’
body forcing [31,32].

Theorem 1 highlights a peculiarity of solid body rotation on the disk: if you
center a circular basin on fluid on a record player, all motion will eventually be
solid body. A question arises:

Question 1. What if the imposed slip is non-constant, or the domain is not a disk?

As mentioned above, one might expect that if either of these conditions is
violated, time dependence generally survives. However, if the boundary forcing
is special this need not be the case. For instance, consider the velocity field with
constant (unit) vorticity on any M

we = Kylll, Ky :=V+tayh (5)

Any such velocity field satisfies both the Euler and Navier—Stokes equations in
the bulk. As such, it is a stationary solution of Euler, and also of Navier—Stokes
provided u, is taken as initial data and it is forced consistently on the boundary:
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Fig. 1. Cartoon of streamlines of a steady Navier—Stokes solutions on the ellipse forced by
an imposed slip u” - 7 = f on the left. Streamlines of constant vorticity Euler solution

a? x2 2 i
Yy = m(a—2 + y<) shown on the right

f« = uy - T. Thus, for any domain there is a family of non-trivial time-independent
solutions uniformly in v > 0.

For force sufficiently close to that generated by a stationary Euler solution,
asymptotic stability may occur but is a delicate issue. To begin to understanding
these issues, we are interested in the question of the existence of sequence of
stationary Navier—Stokes solutions approximating an Euler flow in this setting.
The Prandtl-Batchelor theory [1,35] provides a restriction on the type of stationary
Euler solutions that can arises as inviscid limits. Namely, it stipulates that they have
constant vorticity within closed streamlines, so-called “eddies". See also Childress
[4,5] and Kim [22,23]. The result, proved in Sect. 4, is:

Theorem 2. (Prandtl-Batchelor Theorem) Let M C R? be a simply connected
domain with smooth boundary. Let  : M — R be a W' (M) streamfunction
of a steady, non-penetrating solution of Euler u, having a single stagnation point
which is non-degenereate in a sense that the period of revolution of a particle is
a differentiable function of the streamline. Suppose {u"},~¢ is a family satisfying
(1), (2) together with

lim [Ju” — uell s+ @y = 0, (6)
v—=0

for all interior open subsets U C M. Then u, = wous for a constant wy € R and
Uy is (5).

See Fig. 1. for a cartoon of this convergence. In the above theorem, M can
be thought of as a streamline of an Euler solution occupying some larger spatial
domain. If the limiting Euler solution consists of multiple eddies, the above shows
that, within each eddy, the vorticity tends to become constant. The vorticity of
the resulting solution would be a staircase landscape separated, perhaps, by vortex
sheets. Such a picture is consistent with the general expectation of the emergence
of weak solutions in the inviscid limit on bounded domains [7,8,12]. We remark
that similar selection principles to Theorem 2 appear also in two-dimensional pas-
sive scalar problems [33,36], and in steady heat distribution in three-dimensional
integrable magnetic fields [10].
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If the boundary data is a sufficiently small perturbation of the corresponding
slip of an unit vorticity Euler flow u, on whole vessel M,

f=u, 17+eg. @)

then the inviscid limit of steady Navier—Stokes solutions might be expected to con-
sist of just a single eddy having constant vorticity (5), that is, for some appropriate
constant wg € R,

u’ — wousx as v — 0. ®)

See Conjecture 1. This naturally leads to the following question:

Question 2. Given boundary data (3), (4), (7), how is the limiting vorticity wg (8)
selected?

This question was discussed by Batchelor (1956) [1] and Wood (1957) [40] for
disk domains, and the resulting prediction is called the Batchelor—Wood formula.
This analysis was done independently by Feynman—Lagerstrom (1956) [14] who
also generalized this formula to domains with non-constant curvature. See also
[29,30]. The idea is: Navier—Stokes with small viscosity should approximate Euler
(constant vorticity) in the bulk of the domain, and interpolate to the given boundary
conditions across a layer of width /v. In this layer, predicted by Prandtl [35], the
leading order behavior of the fluid is captured by a simpler boundary layer equation
which is supplied with data at infinity from Euler and at zero (the boundary), from
Navier—Stokes. The complication is that the Euler solution is known only up to a
constant multiple. The specific vorticity value wy is then fixed by demanding the
corresponding Prandtl equation for the boundary layer admits a periodic solution.

We note that the (Prandtl-Batchelor or Feynman—Lagerstrom) theory was de-
veloped to address the specific phenomenon which only arises for stationary flows
on closed domains. For the much different setting of unsteady flows, the question
of which Euler flow is achieved in the inviscid limit is essentially completely deter-
mined by the initial data. For stationary flows on non-closed domains, for example
on [0, L] xR, there is an analogue of data prescribed on the sides {x = 0}, {x = L}
which similarly fixes the inviscid Euler flow (see for instance, results of [15], [21]
for results in this direction). In contrast, for closed domains, the only prescribed
data is the slip boundary data, f(6). Therefore, the selection mechanism is less
obvious to uncover, and historically motivated investigations of Prandtl-Batchelor
or Feynman—Lagerstrom, and from a rigorous standpoint, the results in this paper.

On the disk M = D of radius R, this amounts to:

_ fr, (2847 +e87qc)ds 1 9 (Qno1(y,8). 53 w01y
@on = fr qlds  Won_1€ fr glds '
Ty 1e On—1 T, 9¢

(€))

This picture has been rigorously justified by Kim [24,25] for the boundary layer
and recently by Fei, Gao, Lin and Tao [13] for Navier—Stokes. The latter constructs
a sequence of steady Navier—Stokes solutions on the disk forced by (7) converg-
ing towards this predicted end state. In the case of a general domain, Feynman—
Lagerstrom argued that selecting wq to ensure a certain periodicity is a necessary
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constant vorticity wy

inviscid flow

Fig. 2. Boundary layer geometry, depicted (abusing the required asymptotic v — 0 for the
sake of illustration) in von Mises coordinates. The level iy € [0, co) denotes the distance
from the boundary in a layer of size /v, upon rescaling so that this extends indefinetely.
See Sect. 2. The unique vorticity value wq so that such a boundary layer exists is selected
nonlinearly via (12). It is given approximately by the Feynman-Lagerstrom formulae (13)
or (14)

condition for the existence of such a layer and therefore for convergence, but did
not speak to its sufficiency. We now review their theory.

Recall Prandtl’s boundary layer equations written in von Mises coordinates
(s, ), where s is the periodic coordinate on the boundary and v := v//v is the
rescaled streamline coordinate. From hereon, we denote ¥ =  and

ge(s) ==ty - T(y (s))

where y : [0, |0M]|) — 90M is the arc-length parametrization of the boundary,
is the tangential slip along the boundary of unit vorticity Euler solutions (5). The
Prandtl equations—which determine an unknown function ¢ : [0, L) x RT — R
which serves as an approximation of the tangential Navier—Stokes velocity u" - T
in an O(4/v) boundary layer—are (see [34]):

%0 -qd,0=0, Q=q"—wjq. (10)

which is to be satisfied on (v, s) € [0, o0) x [0, L) where L = |9 M| is the length of
the boundary. For completeness, we derive these equations in Sect. 2. The solution
g must connect Navier—Stokes to Euler: at the boundary (¥ = 0), the solution ¢
takes the Navier—Stokes data and away from the boundary (¢ = 00), the solution
q assumes the Eulerian behavior:

q0,5) = f(s), q(o0,s) = woqe(s)
which, for Q, translates to the data
0(0,5) = f2(s) — wjq2(s),  Q(c0,s5) =0.

The solution ¢ (or, equivalently, Q) of Eq. (10) must be periodic in the s variable
(so that the boundary layer closes). See Fig. 2. Feynman—Lagerstrom noted that this
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leads to a self-consistency condition on wy. We will enforce this in the following
way. First, we rewrite (10) as

woge

J@ga2 + 0

Integrating the above equation over the boundary, we obtain

8,0 — w0930 = (1 - )aso.

L
330/0 qe()Q (Y, s)ds = N*°[Q]

where the nonlinearity is explicitly

L
AW%QKW%=—34/) o209 Ny s (11
@0 o wjq2(s) + 0

Then, for some scalars A and B, we obtain the identity
L 00
/0 qe(s)Q (W, s)ds = A+ By — /w (Y — YN[Q](y)dy.

From the boundary conditions, we have that A = B = 0. We thus obtain the
nonlinear condition that at each ¢ € R, we have

L 00
/0 ge(s)Q (Y, s)ds =/w (v = YIN[Q](y)dy.

Evaluating at ¢ = 0, we find a nonlinear, nonlocal condition determining the
constant wy:

L 00
/0 qe () (f*(5) — 57 ())ds = /0 YN™[Q](y)dy. (12)
Remark. (Feynman—Lagerstrom formulae) Letting 1 — a)(z) =: ewo with @y =

1 1

N w% +x \/a)TZ) N
that N[ Q](y) = 0(Q?) = 0(g?). Moreover N[ Q](y) is trivial in the case
of the boundary having constant curvature ¥ := 7 - Vi - 7. Indeed, in this case of M
being a disk, it is readily seen that the integrand in (11) is a total derivative in s and
hence N°[Q](¥r) = 0), see the next Remark. Thus, as pointed out by Feynman
and Lagerstrom [14], to leading order, condition (12) is

i qe(s) f2(s)ds
fOL g2 (s)ds

This formula is exact (having d;k = 0) when M is the disk, and generally only
for the disk.! Recalling f(s) = ge(s) + eg(s) so that f2(s) — @3q2(s) = (1 —

O(1), we anticipate Q = O(g). Since —ﬁ§+0@%ﬂws%
0

W) = + 0(|3skc ). (13)

1 Among domains with smooth boundary. For Lipschitz domains, it holds also for regular
polygons [39].
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a)%)qf (s) + 2eg(5)ge(s) + €2 g%(s), to leading order in & (the deviation of NS data
from unit vorticity Euler slip) we have

L 2
s)g(s)ds
2 =1+28M+0(82). (14)
Jo g2(s)ds
Remark. (Wood’s formula when M = ID) On the disk of radius R, the constant
vorticity solution (5) is solid body rotation u,(x) = %xl, so that g, = % is

a constant. In fact, by Serrin’s theorem [37] constraining a domain admitting a
solution of Ay = 1 with constant Neumann and Dirichlet data, the disk is the
unique domain for which the solid body Euler solution has constant boundary slip
velocity g,.. See also [26]. On the disk, (13) without an error term is exact and, with
the circumference L = 27 R, agrees with (9) of Wood [40].

In this paper, we rigorously establish this prediction by constructing a periodic
boundary layer verifying the Feynman-Lagerstrom condition if the constant vortic-
ity Euler solution u, on M defined by (5) has no stagnation points on the boundary.
We have

Theorem 3. (Existence of a periodic Prandtl boundary layer) Let M be a simply
connected domain with L = |0M|. Denote Ty = [0,L). Let g, : T — R
be a smooth, non-vanishing function. Let f(s) := q.(s) + €g(s) with smooth
g : Ty — R. For all ¢ sufficiently small, depending only the data (q., g), there
exists a unique constant wy € R and function q : Ty x RT — R such that the pair
(wo, q) solves the Prandtl equations on Ty x RT:

80,0 —qd5 0 =0, Q=q*—wjql.
0(s,0) = f2(s) — waq2(s),
Q(s,00) =0. (15)

Moreover, the solution Q lies inthe space X3 5o defined by (25) and enjoys || Q|| x, 5, <
&. The selected vorticity wy can be expressed as follows: there exists a constant
C > 0 so that

ﬁ%mﬂmm+
fOL q3(s)ds

The sign of wg agrees with that of the background q, which, in this case, is positive.

g = wEe  where  |wpr| < Ce%. (16)

This theorem, proved in Sect. 5, provides the first rigorous confirmation of the
Feynman-Lagerstrom formula, and justifies their claim that for | f — g.| < | f]|
(translating to ¢ < 1), the leading term in (13) serves as a good approximation for
the selected vorticity.

The constant wy satisfies (12), and has an explicit component, determined by
qe(s) and f(s), as well as an implicit component wg,; Which is smaller amplitude
and for which we obtain bounds. We emphasize that the w( appearing in (15) is
nonlinearity selected as soon as the domain, M, is no longer a disk (for example,
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M is an ellipse). This requires, at an analytical level, a delicate coupling between
the choice of constant, wg, and the control of the solution Q in an appropriately
chosen norm, which is the main innovation of our work.2

We anticipate the Prandtl system, which we analyze in this paper, to be stable in
the inviscid limit for the full Navier—Stokes system. Indeed, this is what is proved
in [13] when M is a disk and u, = x. However, as discussed above, in that very
special setting the constant wg can be explicitly determined (9). In general, this is
not the case and wy is only implicitly determined by the condition (12) described
above, making the inviscid limit more delicate. Nevertheless, we believe that the
nonlinearly determined constant wo will describe, to leading order in viscosity, the
selection principle. That is, we believe that Navier—Stokes vorticity w" should obey
an asymptotic expansion

@ = wy + O(/v) A7)
in the interior of the domain. In fact, we issue the following

Conjecture 1. Let M C R? be any simply connected domain such that the constant
vorticity Euler solution u, on M defined by (5) has a single eddy (streamfunction has
a single, non-degenerate, critical point). Suppose that Navier—Stokes is forced by a
slip of the form (7), e.g. f = u4 - T + eg for some smooth function g : IM — R.
Then, there exists an &, := &,(M, g) such that for all ¢ < e, we have weak
convergence in L2(M)

u’ — wouy as v—0

along a sequence of steady Navier—Stokes solutions, where wg := wo(M, g) is (16)
of Thm 3.

Of course, stronger convergence can be expected, along with a boundary layer
description such as that established by [13] on the disk. The fact that moving
boundaries can stabilize the inviscid limit is a well known phenomenon from the
work of Guo and Nguyen [16] and Iyer [19,20]. Verifying the expansion (17) to
prove the above conjecture will require substantially new ideas. In the context of
elliptical domains M, this is work in preparation.

Finally we remark that the failure of a boundary layer to exist is indicative of
the existence of multiple eddies: constant vorticity regions are separated by internal
layers which can be thought of as free boundaries. This can happen either if the
constant vorticity solution on that domain has multiple eddies, or if the given slip
data is far from that of a constant vorticity slip (according to our Theorem 3).
Kim [26] showed that if the Navier—Stokes boundary slip is only slightly negative
in places, the Prandtl-Batchelor theory still applies to good approximation in the
bulk. For the situation of being far from compatible slip data, see Kim and Childress
[28] for an analytical investigation on a rectangle, Greengard and Kropinski [17]

2 In this respect, the selection mechanism is similar to another arising in fluid dynamics:
inviscid damping [2]. There, perturbations to certain stable shear flows return to equilibrium
in a weak sense, but the which equilibrium they converge to must determined together with
the entire time history of the solution.
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for a numerical investigation on disk domains, and Henderson, Lopez and Stewart
[18] for laboratory experiments.

2. Derivation of the Prandtl Boundary Layer Equation

In this section, we derive the Prandtl equations for any simply connected domain
M. Assumethats : [0, L] — 90 M be the arc-length parametrization of the boundary
oM. For s € Tp, let (s) and n(s) be unit the tangential vector to the boundary
oM. There exists § > 0 such that for any x € M such that dist(x, dM) < §, there
exists a unique s € Ty, and x(s) € dM such that

dist(x, 0M) = |x — x(s)|.
Moreover, one has the representation
x(s, 2) = x(s) +zn(s),
where x(s) € dM and z = dist(x, dM), see [3]. The map
{xeM: 0<dist(x,dM) <} — Tr x (0,6)
x = (z,5)
is a diffeomorphism. We also define the following quantities for the domain M:
y(s) = x]()x3(s) — x1()x3(s), J(z,8) =1+2zy(s) > 0,
where y represents the boundary curvature, and J is a Jacobian for a near-wall
mapping used to derived the following form of Navier—Stokes, see [3] and Appendix
; Now for x = x(s, z), we denote 7(s) and n(s) to be the tangential and normal
vectoratx(s) € d M onthe boundary. Consider the steady Navier—Stokes equations
u’ - Vu' +Vp” =vAu",
V-u’ =0,
written in the region dist(x, dM) < §. We define
ur(s,z) =u’(x)-v(s) =u"(x(s,2) - (s),
up(s, z) = u’(x) -n(s) = u’(x(s,2)) - n(s).

By direct calculation, provided in Appendix 6, the Navier—Stokes equations become

u_rasur + up 0y — ZMﬂclfin + lasp
J ' J J
=V {laz(‘laz”r) + las (lasur> - l8s ()/Mn) _ L (Yu: + asun)} s
J - ' J J J J J

u 14
TTBSMn + up 0y — 7”% +0.p

= 13 (Joup) + 13 13 13 (J/MT> y(a )
=vi— u —05 | = 0suy | — — — = (Osur — yun) ¢,
JZ zUn ]S an Js J J stz — YUp

1 Y
o Uy + 78&14r — 7un =0.
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Remark. On the disk with the usual polar coordinates (@, ) € T x [0, 1], we have
1
7/(9):_1’ J(ng):;v U = Up, Up = Up.

Near the boundary, in a layer of width /v, we anticipate that Navier—Stokes velocity
field (u, u,) will look like a small boundary layer correction (uf , vf ), to aconstant
vorticity (woqe, 0) Euler flow, as discussed in the introduction. That is,

Z

ur(s,2) ~ woqe(s) +ul (s,2),  un(s,2) ~ Vol (s,2), z= 7
where limz_, o uf (s, Z) = 0. See discussion in Oleinik and Samokhin [34]. Plug-
ging in this ansatz into the Navier—Stokes equations near the boundary, and using
the approximation

1 1 _ 1 1
T = THzy () — 1+vZy(s) 1 \/;Z)/(S) + O0(v),
we obtain the equations

(@0ge(5) + 17 )35 @0ge (5) + ) + vy D2(qe(s) +up) +dsp = d5ur’ =0y
azp =0
along with the divergence free condition
35 (woge(s) +ul) + dzvy =0
Taking Z — oo in the Eq. (18), we obtain
0sp = ~ (e (5)q,(s)

Replacing the pressure by the above into the equation (18), we obtain the Prandt!
equations:

(@0qe(s) + ut)ds(@oge(s) +ul)
+ 0] 02(00ge(5) + ul) — wdge()gL(s) — 5uf =0
35 (woqe(s) +ul) 4+ dzv =0.
Define the von Mises variables (s, ¥) such that
0z (s, Z) = woqe(s) +ui (s, Z), =39 (s, Z) = v} (s, 2).

Letg = q(s, ¥) = woqe(s) + uf , the Prandtl equation becomes

1
4(0q = v 949) + qv} yq — 50 (0fae(9)?) — 424 (gD4q) =0
which reduces to
dyq* — wgasqf - qi)‘zﬁqz =0.

Letting Q = ¢° — a)(z)qz, the above equation becomes (10), namely (See Fig. 3 for
a visualization)

%0 —qd;0=0.
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3. Proof of Theorem 1: Absence of Turbulence

Let v¥ = u” — u, be the difference of solutions of Euler and Navier—Stokes,
where Navier—Stokes is forced by Euler’s slip velocity. On general domains M, it
satisfies

v + (v +u.) - Vo¥ + v - Vu, = —Vg + vAv’ +vAu, in M,

V-vw=0 in M,
vwW-n=0 on M,
vVW-1=0 on oM.

Whence the error energy (which holds for Leray-Hopf solutions in dimension two)
satisfies

1d v 2 v v V2 v
55”1) ||L2§—/Mv -Vu, -v'dx — v||Vv ||L2—|—v/v - Au,.
In general, we may bound
1d VAl 2v
55””””%2 = <||Vue||L°o - T) ||UU||%2 + EHAue“%z,

since v”|3p = 0 so we may apply the Poincaré inequality A [[v" |2 < ||Vv"||i2
where A1 is the first positive eigenvalue of —A p on M. We remark, using the results
of [38, Chapter 7] (which establish uniform bounds on the steady states), a similar
energy identity can be used to prove global attraction of the unique steady state for
Navier—Stokes forced by imposed slip on any domain, provided viscosity is large
enough.

On the disk M = D, if u, = usp = woxt so that Vugy, = wy ((1) _01> and
Au, = 0, we have

/ v Viugp - v’dx = / v - (v”)tdx = 0.

D D

On the disk of radius R, this is 11 = (jo/R)? where jo is the first zero of Jy the
Bessel function of the first kind and order zero). We thus have the stated result.

Remark. On the ellipse ugp = wo(—y, ax) so that Vugp = wo <2 _01) and v -

Viugp - v = wo(a — D)vjvy. It follows that provided
V> Dy = wokl_l(l —a),

then the solid body rotation solution is the global attractor. In particular, as the
eccentricity of the elliptical domain goes to zero, « — 1 and the critical viscosity
v, goes to zero. Curiously, all flows in this elliptical family are isochronal [41],
meaning that the period of revolution of a particle does not depend on the particular
streamline. As such, the form examples of cut points in group of area preserving
diffeomorphisms of those domains, see discussion in [9, 11]. The lack of differential
rotation in the Euler solution may have important consequences for the asymptotic
stability and realizability in the inviscid limit.
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4. Proof of Theorem 2: Prandtl-Batchelor Theory

First, by [6, Lemma 5], under the stated assumptions we have that

Ay =F(@f) onM,
Y= cy on oM

for some C! function F : R — R and constant ¢, € R. Suppose without loss of
generality that {{/ = 0} is the unique critical point in M, so that rang(yr) = [0, c].
By the assumption (6), we have the convergence " — v in H’/>*(U) and thus
in C'(U) for all interior open subsets U C M. It follows that we have convergence
of the streamlines (level sets of 1"). Specifically, for any ¢ € rang(y), the set
{¥V = c}isaclosed streamline (at least for sufficiently small v := v(c)) converging
to { = c}. In what follows, for fixed ¢ we assume v is sufficiently small for the
above to hold.
Integrating the Navier—Stokes vorticity balance in the sublevel set {/" < ¢}

0= / |:u” Vo' — vAw”]dx
{yr¥=<c}

= / |:(u” e’ — vt - Vw”i|d€ = —v/ n’ - Vw'dl,
=) tr=e)

where n¥ = V¥ /|V”| is the unit normal to streamlines {* = c}. Thus

/ n-Vodl =/ ﬁ~deE—/ n' - Vo'dl
y=c) =a) yr=a
= / n’ - V(io — w)dl — / AF () yv=c)A{y=cydx
{yV=c} Q

where AAB denotes the symmetric difference between two sets. Under our as-
sumptions, there exists an open set O C M containing the streamline {y” = c}
uniformly in v. By the trace theorem,

/ n' - V(@' —o)dt S [n” [l gi2+ o) lo” — @l g3+ o)
(r=c)
S @ lgro)llo” — ol garo)-

Combined with the fact that w = F (), we find
F’(c)/ u-de =/ A(w” — F(¥))dx —/AF(W)I{x//v:c}A{x/f:c}dx-
{=c} {yV=c}
Thus, for any § > 0, we have the bound

‘F,(C) u-ds| S ||CUV||H3/2(0)||CUV - w||H3/2+(0)

I'(c)

FIAF@) s (Area (" = e} Afy = c}))'”.



55 Page 14 of 41 Arch. Rational Mech. Anal. (2024) 248:55

Consequently, using (6) and taking the limit of the upper bound, we have
F'(c) u-ds=0.
()

By our hypotheses that i has a single stagnation point {yy = 0} in M, the
circulation gfw: ol de # 0 for all ¢ # 0. Thus, since F’ is continuous, we must

have that F’(c) = 0 for all ¢ € rang(y/) so that F = wq for some wy € R.

5. Proof of Theorem 3

5.1. Iteration and Bootstraps

Here we produce a unique solution (Q, wq) of
0,0 —q9;,0 =0,
Q0 :=q* - wiq;,
Q(s, 0) = swoq; () + 268(5)qe(s) + &7 g7 (s),
Q(s, 00) =0, (19a)

on (s, ¥) € T x R, for arbitrary g : T — R and sufficiently small & := £(g; ¢.).
Here, wy is to be determined together with Q, and we introduced wy € R (antici-
pated to be an O (1) quantity as it depends on ¢) defined by

1 - a)% = £wy.
To prove this result, it is convenient to rewrite (19) as
050 — wogedy @ = (1 — 24— | 5,0. (20)
woqe +0

We will study of following iteration scheme

05 Qn — @0n-19e0y Qn = | 1 — =28 ) 5,0, 1, @1
w0,171q52+Qn—]
On(5.0) = (1 — w0;)q; (5) +268(5)qe () + €28 (5)
= £@0,q; (5) +268(5)qe(s) + 7% (5),
On(s,00) =0,
with Q_1 = 0, wg_; = 1. Schematically, we think that (wp,_1, On—1) — wo, =
Q,, that is wy,, is determined on the onset by a compatibility condition for the

linear problem which depends on the prior iterate, and Q) is subsequently solved
for wo,—. Let

0
s =(1- -2 )5, 0=(1—- [1————])0,0. (22
F(Q. 53 @) < wgqez+Q) Q < w%qez + Q) ¢ 2
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In this system wy,, is chosen to enforce that

Fr,28a2 +egadds 1 [7°yf(Qu-1(y.5). 53 00, 1)y
fr, a2ds @on—1# fr, 42ds .

oy =
(23)

Conceptually, it is clearer to separate out the explicit component of w,,, which is
O(1) and independent of 7, and the smaller amplitude implicit component of g,
as follows

o, = Wox + w_OErr,nv
fr, 2247 + sgzqe)ds
fr, 42d ’
T, 4

1 , dsd
BB = — f() yf() SQn—1(y S) $; wop—1)ds y (24)
' Wop—1¢& f'ﬂ'L

W4 1=

With this, we can solve the above equation for Q,,. For ¢ > 0, we define

W)=1+y
For a function f = f (s, ¥) defined on T; x R, we define
k m

I1£1,,, = Z > ™ B P,y + 10 O P, )

=0m’'=0

k m

+ Z S0 00 £, m,y + 1 030 g, |-
=0m'=0

(25)

We will construct the unique solution of the Eq. (20) in the space X7 50. By the
standard Sobolev embedding, we also have

Ifllzee S A2 + 105 fllz2 4+ 10y flliz2 + 1059y fliz2 S IFlx -

Remark. (Exponential decay of Q for ¢ > 1) In fact, one can prove existence
in a space encoding exponential decay in 1, as should be expect for a (nonlinear)
heat equation with data at ¥ = 0. For simplicity of presentation, we prove only
algebraic decay but the requisite modifications involving exponential weights are
standard.

Indeed, we have the following result that tells us this iteration is well-defined.

Lemma 4. Let n > 0. Assume that Q,—1 € X2 50, and that (27)—(28) are valid
until index n — 1. Assume further that w,, is defined according to (23). Then, there
exists a unique solution, Q,, to the system (21).
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Proof. We first of all write the system (21) as follows

050, — U)Onf]QEaéQn =Fy1,
0n(s,0) =by_1(s),
Oy (s, 00) =0,

We introduce the variable

dr

t=J(s), o= J'(8) = won—19e(s).

‘We notice that 1s bounded above and below and hence determines an invertible
transformation due to the fact that wg,_1¢.(s) > 0. We also note that by writing

®0p—19e(s) = (Wop—19e) + (W0p—19e — {W0n—19e)), WE have

s
1 = (Won—19e)s +/ ®0p—1(ge — (Qe))ds/»
0
which maps Ty into T, _,(g,)2. We next introduce

Va(t, ) = Va(J(5), ¥) = Qn(s, ¥).
This object satisfies the system

F,_
2y _ n—1 |
V= O = e O

We expand the solution of V,, in a Fourier basis in the ¢ variable as follows
ikVE— a3 Vi =Gh_ ).

The zero mode equation is exactly the Feynman-Lagerstrom formula, (23). For the
k’th mode, where k # 0, we write the explicit formula:

~ — A 1 o0 - , - i\ A
Vk = e VikVpk 4 _2\/%/0 (e_m(‘/"“/’) — ViRl ') Gk dy,

where +/ik is the complex square root of i k with positive real part. We now observe
that for G,—; € X3 50, the above integrals converge to zero as Yy — oo (when
k # 0). This completes the proof.

We define the differences Awy,, and AQ,, to be

Awp, = @0p—1 — OOy,

1 fooo y foL f(On=10y,5),s; wp,_1)dsdy

Wop—1& fTL q3ds
1 f() yf() f(Qn2(y,5),s; won— Z)dey
WOp—28 fTL glds

AQn = Qn - Qn71~
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Differences in Q obey:

35(Qn — Qn—1) = W0u—14¢05 (Qn — Q1)

@W0on—19. @W0p—29e
=1~ 2 L 2 < 8sQn—l B 2 = 2 = asQn—Za
@0, _19:+0n—1 @0, »4;+0n—2

+ (@0n—1 = @0u—2)05 Qn—1,

(Qn — Qu—1)(s, 0) = &(@0, — @On_1)q2(5),
0, (s,00) =0. (26)

Remark. (Obtaining the sharper bounds stated in Theorem 3) In what follows, we
will bootstrap bounds of &', specifically %97 for [®00Er | and %99 for || 0, |l X3 505
although any power less than 1 would suffice by the same argument given below.
This is not essential, it is to avoid keeping track of large constants for simplicity
of the bootstrap argument. In fact, from these bounds one can deduce a posteriori
sharper estimates of the form |wog,,| < Ci€ and || Qyllx, 5, < C2¢ for some,
possibly large, constants Cy, C; > 0 by taking the proved bounds on wp and Q,
returning to the equation, and performing the estimate again.

We will establish the following bounds

@0l < %Y, @7)
10nllxs50 < €™, (28)
|Awg,| < &' |ABg,—1| + e " PIAQu 1 x4 (29)

1A Qullxss < €F1AQurtllxogy + &2 AT + €3 |ATG, 1], (30)

which immediately imply the main result. The bounds (27)—(28) show that (@og;r.
On) € B 09 C R x X3 50, whereas the bounds (29)—(30) show that iteration
converges to a unique fixed point. A standard fixed point result imply that these
bootstrap bounds give the main theorem:

Proof. We insert the bound (29) into the second term on the right-hand side of (30)
in order to get the following

|A@g,| < &' Ao, 1| + "I AQu-1]lx, 59,
1A Qulxsso < ¥ I1AQu-tllxss + €2 AT |-
Define Y, := (AQ, eAwyg,) € X250 x R, endowed with the product norm. Then
1Y lxs50x2 < €51t l1x, 50x2-
It is therefore clear that

n
1Y nllx,s0xR < €51 ¥0llx,50xR

n R JE—
<é&s (”Q*] ||X2’50 + ||Q0||X2,50 + 8|0)()_1| +8|w00|)
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n
< (Ces.

This then implies that (Q,, @o,) is a Cauchy sequence in X2 50 x R, and hence
converges to a limit, (Qoo, ®0). We can therefore pass to the limit in Eq. (21) as
well as in (23) to conclude that (Q o, Woso) satisfy the system (19).

We now prove uniqueness. We assume that (Q1, wg 1) and (Q2, wp 2) are two
solutions to (19) in the space X3 50 x R. We may therefore write an analogous
Eq. (26) on Q1 — Q2 (without the iteration), which reads:

35(Q1 — 02) — @0,1997, (Q1 — Q2)

_ w0 19e w0 24e

=|1—- ——=—0 -1 - —==—0,0,

( ,/wo?.q§+Q1) Q1 ( 1/cz)(),22(13+Q2> 0
+ (@o,1 — ©0,2)37 0,

(Q1 — 02)(5,0) = e(@p.1 — @0.2)q2(s),

(Q1 — 02)(s, 00) =0,

as well as the analogue of expression (26) (again without the iteration)

1 fooo Y foL f(O2(y,5), 55 wp 2)dsdy

o] — o =

wo 2€ fr, a2ds
L
Loy fo F@10s), 53 wo,1)dsdy
@o,1€ fr, 92ds ‘

Re-applying the a-priori estimates on these systems results in the following bounds:
@01 — @0l < €' @o 1 — @2l + € *PNQ1 = Qallx,
101 = Qallxss < £31Q1 = Qallxs gy + @01 — @02,
which are the analogues of (29)—(30). The two bounds above clearly imply that
)1 = wg 2 and Q1 = Q». This proves uniqueness.
5.2. WO, Estimates
Here, we will establish the bootstrap bound (27). Indeed,

Lemma 5. Assume (27)—(30) are valid until the index n — 1. Then wogyy ,, satisfies:

@0k | < %7

Proof. Recall the expression (24), after which we estimate as follows

1 00 L
[@0Er,n| < - ‘/ y/ f(On-1(y,9),s; wOn—l)dey‘
0 0

1
S 1 R ) 0,0 (9!
& wOn_lqu""anl 12
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1
S| 1 Rt ) o 1105 Qu1 (9)*
1 Q}’l*] 4
=--/1-—F—F O OQn—1(¥)
£ \/ wop 192+ On-t | 12
1 — 1
< - 2Q2"—1 ‘3sQn—1(1ﬁ)4‘ LS M09 097,
€| @0,_19; + On—1 L2 ¢

where we have invoked the bootstrap bound (28) in the final step, as well as the
L estimate

Qn—l 1
2 RN 1On—1llL>
wOn_lqu + On-1 Lo wOn_lqg —1Qn-1llLe
1
S 1 Qn—1ll
~ B n—111X1,0
a)onflqg2 - ”an] ”Xl,()
1
5 80'99 5 80'99.

2
wo?_ g2 — Ce0%

Above, we have used the following Sobolev inequality on T x R, which reads
I fllzee < I1fllx, - This Sobolev embedding will be used repeatedly to estimate
nonlinear terms.

5.3. Awy, Estimates

Here we prove the following lemma.

Lemma 6. Assume (27)—(30) are valid until the index n — 1. Assume (27) and (28)
are valid until index n. Then the following bound holds

— 1.97 | A= —0.02
[Awo,| < € 7' |Awo,—1] + € 1AQn-1llx,4-
Proof. We use the expression

A(C‘)_On) = @0p—1 — @Oy

1 2y [E £(0u1(y,9), 53 @0, 1)dsdy

Wop—1€ fr, 42ds
Ly i £(Quaa(y, 5), 53 00, _2)dsdy
Wop—28& fTL qus
12y JE £(Qui1(y,9), 5: w0,_1)dsdy
wop—1€& fTL qus

Uy i £(Quai(y,9), 53 00, 1)dsdy
Wop—2€ fr, 42ds
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U [y [E £(0u1(y,9), 53 w0, 1)dsdy

WOp—2€ fTL q2ds
Ly £(Quaa(y, 5), 53 00 _2)dsdy
Wop—2€ fTL q3ds
=11+ I

To estimate I, we have

won—2 — won—1| | 555 JiF F(Qnt1(y,$), 55 w0, 1)dsdy]

|| =
EWOp—1W0n—2 f’]I‘L gzds
1 4
< leon—z — @0p—1I{¥)" f(Qn—1,5; @op—1) |l 12
1
0.99 _0.99
S E|w0n72 — WOp—1 |6 €
1
2 2 —~1_0.99_0.99
= ;Iwon_z — w0, _1ll@wop—2 + w01 €€
— — 0.99_0.99
S ZEIwon_2 —wou—1]€" €
1
1.97) A——
< <€ |Aw0n—l|-

To estimate />, we need to use the identity (22) to estimate

I o
f(Q,wo)—f(Q,wo)—<1 1— a)Oqe+Q> XY

—<1—/1 woqe 9,0
=<1_ - wo‘]eQ—i-Q) 0
—<1— ll—w%Q)a@
+(1_/1_w3q§%Q)3“§

0 _
Y S I
( w_ozqe“rQ)‘Q

= BD|+ BD;.
Clearly, using the inequality |1 — +/1 — x| < |x| for x < 1, we have

0

- f1- ——=—
wOe+Q

IBD{(¥)* 2 < ||as(Q —O) W)
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SQlx o1 — Ollx.s-
and, using the inequality |«/1 — x — /T — y| < |x — y| for x, y < 1, we have
e 0
02+ 0Q  @’q:+ 0
@0 — w50

(@592 + Q@52 + 0) |

S QWN 2 | Q = O o + 135w I 2110l Lo f — @07
S1OlxeallQ = Olixyo + 110lx0. 1 Qllx, o l0f — @071

Therefore, we have

IBD2 () 12 S 185 Q (W) I 2

LOO

S8, 0 W) 112

1 1
L] < E”Qn—l”X].o”Qn—l — On-2llxe4 + E”Qn—Z”XoA”Qn—l — On-2llx1,
1 2 2
+ gllQn—zllxo,den—l lx,0l@0;,_1 — @o;,_5|

1 1
0.99 0.99_0.99 — __
S P 1AQn-1llx,, + J€ € €lwo,—1 — @op—2]
1.97

~0.02 — —
<e¢ AQn-1llx,4 + leon—1 — W0p—2|-

Pairing these bounds together, we get the desired result.
5.4. Abstract Q Estimates

For future use, it turns out we will have a need to develop our estimates on a
slightly more abstract system. Therefore, we consider

350 — woqedy, Q = F + 9;,G, 31)
Q(s,0) = b(s),
0(s, 00) = 0.

We develop a high-order energy method to treat equation (31). We commute 85" to
obtain

350% — woged5 0% = F® +95GY + Acomm. i (32)
0N (s,0) =" (s),
W (s, 00) =0,
where the commutator term
=1 , /
Acomm = ) _ (k/> 0k g2 0W,
K'=0

and where we adopt the short-hand f®) (s, ) := 8!? f (s, ) for an abstract function
(s, ).
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Proposition 7. Assume that the boundary condition b(s) and the source term F +
33/ G satisfy the Feynman—Lagerstrom compatibilty condition (23). Then the solu-
tion Q to (31) obeys the following inequality:

k k 2
1Qlx, S D N0 F )™ i+ D > 10F 9, G )" 2 + 1Dl e
k'=0 k'=0 j=0
(33)

The first task is we lift the boundary condition b(s) by considering the lift
function

L(s, ) := L[bl(s, V) := e Vb(s)

and consequently

0:= Q- L[b],
which satisfies the following system
3,0 — 00q.97,0 = F + 95,G + G, (34)
0(s,0) =0,
O(s, 00) =0
where
Guifi := eV (w0geb(s) — b/ (s)). 35)

We will need to work in higher order norms. Therefore, we present the equations
upon commuting 8;‘ to (34), which yield
o o k
3,0 — woged3 O =F® 192 G® + G5 + Ceomm.i.
0®(s,0) =0,
0" (s, 00) =0. (36)

Above, we define the commutator term as follows:

k—1
k _ o 1/
Ceommik = woli=1 Y <k> 0y qedy, 0. (37)
k/

Lemma 8. For any 6 > 0 the following bounds hold (where the constant Cs 1 0o
asé | 0):
oy @O ()" 1172 < CsIl F® @)™ 172 + Collag GO )" 172 + Callbll e

k—1

8100 (W17, + Csli=1 Y 13y 0% ()™ 112,
k'=0

+ L=t 10P )12, (38)
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Proof. We multiply (36) by O® (y)2m and integrate by parts to get the identity

ds

> / |0M1 (1) dyr + woge(s) / 13y 0P (y)>" dyr
Ry Ry

= [ ® 4556900 v + [ Gl 00w ay

+ wmqem / OW g2 24y

k—1
k Y o 1 .
- / woli=1 Y (k,>a§ “q.04, 00, 0® (y)*"dy
K'=0

k—1

k L 2 (Ll 2 _
- / woli=1 Y (k,>a§ “q.04, 0% 0Wam ().
k'=0

We now integrate in s € T, and the d; term drops out due to periodicity. This
implies

o 2 o
Han(k)(w)m 5 ‘//(F(k)+85/G(k))Q(k)<w)2md¢/ds
G(k) o(k) 2md d
+ L]ftQ (V) Yds
+o® |’
L2
k—1 k
+ / / w01k>12<k,>85‘k g9y 0“0y, O™ (y)*"dyrds
k'=0
k—1 k
| / / wolkzlz(k,)af—k qedy 0 0N ()" 1dyids| .
k'=0
This implies
0, 00wy |* <s[o®wy |’ + e [FOwy |+ e 36® |
v QT =8 QT+ G VI TG | % 20

A (k) m—1 2
+ CslIbll ot + Colgm=1) HQ 25 I

] L

L2

k—1
+Coliz Y |y 0% "
k'=0

where § > 0is small and C5 ~ 8. The result follows immediately, using the fact
that

Q°(k) — Q(k) _ e—lﬁb(k)(s)_

This concludes the proof of the lemma.
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Lemma9. Let k > 0,m > 0. The solution Q(k) to (32) satisfies the following
estimate:

18 Q€ W)™ 172 < IF S W)™ 172 + 185,60 W)™ 172 + 11611741
k—1

+ =113y Q© ()" 2, + Lz Y 1195, 0%) (9™ 12,
k'=0
(39)

Proof. We multiply (36) by qel(s) g Qo(k) (¥)>™ and integrate by parts to produce

/q - )(F(k)+32G(k))3 Q(k)(¢>2mdw+/ 1 G® 3, 9® ()27 dy

qe(s) OlLin

+ / ;Ccomm,kas é(k) W)Zmdlﬁ
qe(s)

—/q oo SOW P2 <w>2’"dw+wo/aié<k)asé<k)<w>2mdw

_ 312 2m _ % 312 2m
—/qe(s)|asQ| "y — on's /Ianl (W) dy
— wp2m / 3, 0%, 0® (yy2"dy.

Above, we have used the homogeneous boundary condition for 0 to integrate by
parts. We now integrate over s € T and use periodicity to eliminate the second
term on the right-hand side above, which results in

//L
qe(s)

<G ”F<k><w>m)(22 + 5 |0360 |

V) dyrds

2

L2

+ Cs HGI(‘kl%t ) 12 + Cs H Ccomm,k“y)m “iZ

2 2
o (k) -1
L2 +G ”an ()" ‘ L2’

+8]a,0®

Recalling (37), (35) and absorbing the last term on the right-hand side to the left,
we get

0w, <o (| e, + [evwr ],

) + ||b||Hk+l>

L2’

k—1
+Colizr Y 03 0% )"
k'=0

We conclude the proof of the lemma, upon using the fact that ok = gk —
e VhP(s).
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We now need to estimate the zero mode of Q). Clearly, this is nontrivial only
for k = 0 (when k > 1 there is no zero mode).

Lemma 10. The zero mode, Q=9, to the solution of (31), satisfies the following
bound:

IQEY (W)™ 17, SNQF W)™ 17, + IF )" 7. + 1IGW)™ 7. (40)
14 v

Proof. We integrate Eq. (31) to generate the identity for each ¢ € R:

L L
ai/ 4e() 0 (s, ¥)ds = _i/ (F +93,G)ds.
0 wo Jo

after which we integrate twice from oo to get

L 0o proo prL
/ 4e(5) OG5, Y)ds = — — / / / (F + 02 G)dsdy "¢/
0 o Jy 7 Jo

1 oo 00 L 1 L
- —/ / / Fdsdy"y' — —/ Gds.
WO Jyr ] wo Jo

We now separate out the left-hand side

L L
/0 ge($)0 (s, ¥)ds = (qe) 0=V () + /O (Ge(s) — (ge)) Q(s, ¥)ds
L
= ()0 ="+ /0 =g (@0 W)+ 7V 5. v)) ds

L
= (q.) 0=V (v) + / a0 ()00 (s, y)ds.
0

This implies

0 [e’s) L L
00y = - ! / / / Fdsdy"dy’ — ] / Gds
@0{qe) Jy +Jo @0{qe) Jo

L
- (q% /O g7 ()07 (s, ¥)ds.

‘We therefore obtain

L 2
1052w, S / ( /O a7 (5)0 (5, ¥)ds ) (9"

Ry
o0 oo pL 2
+/ <w>2m(/ / /F) dy + |G )" 17
R, v 7 Jo v
=11+ 1) + 1.

Clearly, Z3 is majorized by the last term on the right-hand side of (40). We will
estimate the first term above, which we call Z;. Using Holder’s inequality, we get

L 2
nii= [ P a0 60706, vas) ay
R, 0
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SN0 (™3,

To estimate 75, we need to pay weights as follows using Cauchy-Schwartz:
oo pL 7
I A Y el PR e

which therefore implies that |Z;| < || F (W) 2. This completes the proof.

Lemma 11. Let k > 0,m > 0. The solution Q(k) to (32) satisfies the following
estimate:

135 00 ()™ 17, < 19, 0% )™ 17, + IF O )™ 17, + 195, G® (w)™ 17,
k—1
+ Liz1 Y1195, 0%) ()™ 117 (41)
K'=0
Proof. We simply rearrange Eq. (32) and apply L? norm to both sides.

Proof of Proposition 7. Consolidating the bounds (38), (39), (40), (41), we proved
(33).

5.5. O, Estimates
Lemma 12. Assume (27) is valid up to index n and (28) is valid up to index n — 1.
Then

0.99
“Ql’l”ijo S € .

Proof. For this bound, motivated by Eq. (21), we set

F .= (1 - ;)On—zl% 05 On—1,
\/won_|qg+Qn71

G =0,

b := e@0aq, (5) + 268(5)qc(5) + £78°(5).

According to (33), we fix k = 2, m = 50, which results in

2
10nllxss0 S D N0E F(u)™ 2 + 1Bl g3 (42)
k'=0

We therefore estimate the two quantities appearing on the right-hand side above.
To make notation simpler, we define
Qn—l

Upgi= ——=n=1
2 9
w0, 192+ On—1

(43)
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then
F = <1 Y, 1- Un71> asanL

By a direct calculation, we have the following identities

05 Qn1 On—1 b 5
oUp—1 = — (a)()_laq +0,0,-1),
sUn C()Oyzﬁlqez + On—1 (w037]q3 + Qn71)2 n se s¥n
aan—l 05 On—1
32U 1= s -2 (0)02_13 C]2+8 Q _1)
o C()()rzl—lqee2 + On—1 (a)o%_lqg + Qn—1)2 n se s <n
On—1 ) 2 )
+2 (@0;,_1959; + 35 Qn—1)
(@02_yq2 + Qu_p)3  nite TR
On—1

- (w0p_ 1822 + 37 On—1).
(@02_1q2 + Qu_)? Tl T

First we estimate || F ()| 12. We have
IF W) 2 S U1 () 2o 185 Q1 (W)l 12

1
< n— 4 =} as n— 50 2
< g 12 0 90y ()l

1
20951 Qo1 ¥ 1x, 105 Qe (9) 2

1Qn—1llx141 Cn—1llx050

S
< 099,09

N

We now show that || BSF(w)54||L2 < €999¢09 We have

1 1
F =(1—/1—Up—1)82Qu-1 + 5= Un) 205Un 10 On
= A + Ay.
We first bound A;. We have
IAT W) 2 S MU (W) e 182 Q1 ()0l 12

1
< . 41 32 e 50
ST 00 1 On—1 () NlLee |05 Qn—1{¥) " I 12

1
720991 Qn1lx1. 105 Qe (91) 2

SNQn—1llx, 4 1Qn—1l1x, 50
<
~Y

A

80'9980'99.

‘We now estimate A>. We have

A2 (W) N2 S 185 Un—1 () oo 185 Q1 (¥) Ol 12
SNQn-111x24 11 Cn—1ll X050
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< 099,099

‘We now show that

< 099,099

9 ~

02F ()|

By a direct calculation, we get

02F = (1 = y/T=Up )3} Qpt + (1 = U 1) "2 0,U—102 0y
+ (1= Uy 1) 202Un 18,00t + (1 = Up 1) 318,Un 1202 0
=: B + B> + B3 + Bs.
We first establish the following bounds on the auxiliary quantities U,,_1. We have
195 Un—1(¥)" lloe S 105 Qn—1(¥)" llLoe + 1Qn—1 ()" lLoo (1 + 1105 Qn—1ll L)

SNQn-tllxs, + 1Qn-1llx,,, (1 + 11Qn-1llx5,)
S ” Qn—l ||X21m~

Similarly, we have
102U,—1 ()™ 112 S 1182 Qne1 (W)™ 112 4 1185 Qum1 (W)™ 22 (1 + 1185 Qi Il 1o0)
F 1 Qn1 (W)™ 2 (1 + 1185 Qntll220)*

1 Qu 1 ()" Lo (1 4 107 Qi llz2)
S 1On-1lxs,-

We can now estimate of H 83F<Iﬂ>54 || 12+ We first bound Bj. We have
IBLY Y 12 S U1 (W) 1 2o 182 Q1 (9) )12

1
< - e 41 83 . 50
ST 00 1 Qn—1{¥) Lo |05 Qn—1{¥) " I 12

A

1 — 0.9 1On—1llx, 411 Qn—1llx55

1Qn—1lx1411Qn-1lx2 50

S
5 80'9980’99.

‘We next move to B, for which we have

B2 ()1l 12 S 185Ut (W) * 1 1o 192 Q1 (¥) )1 12

S On—1llx241Qn-1llx, 5
< §0:9950.99

As for B3, we have

IB3 ()Ml 12 S N82Un—1 ()Nl 121185 Qnm1 () I 1
S 07 Un—1 (W) 120105 Qnt (9 g 1y
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5 ” Qn*l ”Xz,so ” anl ||X2,4
5 809980'99.

We finally conclude with an estimate on By, for which we have

IBa(¥)>* 112 S 185 Un1 ()2 1300 192 Q1 ()01 12

2
S 10u-113,,10n-1llx,50
5 80'9980'9980'99.

To conclude the proof of lemma, we need to estimate the HS3 norm of b,
20112
16143 S elooalligell sy + ellglazlgel s + &gl S e.

Therefore, according to (60), the lemma is proven.

5.6. AQ,, Estimates

Our main objective in this section is to close the final bootstrap bound, (30).
We begin with a lemma which allows us to control our auxiliary quantity, U,_1,
introduced in (43).

Lemma 13. Let 0 < m < 50. Assume (27) - (30) are valid until the index n — 1.
Assume (27) - (29) are valid until the index n. The quantities U,_1, U, — satisfy:

1
D @ Unet = 3 Up-2)(9)" 120 S NAQu-tllxs,, + € 1ADG, 1], (44)
j=0

2
D NG Unet = 0 Un ) ()" 2 S IAQu-1llxs, + €1 ADG, 1] (45)
j=0

Proof. Recalling (43), we have

On—1 On—2
Ul’l*] - Unfz = ( 2 2” - P 2” )
wo,_19¢ + On—1  ®0;,_19; + On-1
L0 ( 1 1 )
-2 -
0212+ Ont @02 _0q2 + Ona
AQp—1 On—2
= 2n R — 2 AQn—1
w0;,_19; + On—1 (w0n7]Qg + anl)(wo,,,zqe + On-2)
On—2 2, 2 2
+ 9. (w0}, _p — ®0;,_1)
(@op_192 + On-1) (@05 _2q2 + Qu—2) © " !
=aAQ,-1 +yelAwo,_1l, (46)

where the coefficients are defined by

1 On2

o= + )
w02 1q2 + On-1 (@02_1q2 + On—1)(@0>_»q2 + Qn—2)
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y = On—2 6]2
(@02_ 192+ Qn—1) (@02 g2+ Qn—2) ¢

According to our bootstraps, we claim the following bounds. There exists a decom-
position of 8301 = a4 + ap such that

lloell oo + |05l o0 S 1, (47)
lloeallzoe + llegliz2 S 1, (48)
ly (@)™ oo + 185y () e < &%, (49)
gy (W)™l 2 < %%, (50)
ly (W)™ 12 + 135y (W)™l 2 < %% 1)
We will prove these bounds as follows. First, we define
N 1 __
woi_lqez + On-1 Dy—y
05(2) - On—2 _ On—2
(@02_142 + Qn—1)(@02_»q2 + Qn—2)  Dn-1Dp-—2’
D, = woﬁqez + Q.
after which the following identities are valid:
a=aV+a@ y=ga?. (52)

We will henceforth prove the following bounds. We claim there exists a decompo-

sition of Bszoe(]) = agl) + ag), where

le Ve + 195V e S 1, (53)

e oo + llorg 2 S 1 (54)

la® ()" [l + 0sa® ()" 1 < 6%, (55)
192 @ (y)" 112 S €%, (56)

le® (@)™ 12 + 135 ()" 12 S %%, (57)

upon which using (52), we obtain (47), (48), (49), (50), and (51).

Proof of (53). Clearly, we have

1 1 1
e oo < - S——— ST—om Sl
inf |Dy—i| @0, _19¢ — 1Qn—1llL= 1 —¢¥

Next, we have the identity d;a") = a‘bg—”‘l

. Since we have already established a
n—1

lower bound on D,,_1, it suffices to estimate o5 D,,_1:

195Vl oo SN0 Dyt < llwop_19s{g2H I + 1195 Qnillzoe S 1462 <1,

where we have invoked the bootstraps (27) and (28). This proves the bound (53).
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Proof of (54). For this bound, we differentiate once more to find the identity

2 2
3320[(]) _ 3 Dn 1 |8 Dn 1|

2 3
Dn 1 Dn 1
-1 2

= , 8 + — W ds

[Drzl 1 0n_105{q;} Dn—l 02195 {g2

5 3D,
+[ 8 Qn 1+ —= 8sQn l]
n 1 Dn—l

o ag).
We estimate
el S lewom 112 + 135 Dat el 1 S 1,
and
leg 2 S 107 Qnillz2 + 18s Duall Lo 195 Qut 2 S €.
This proves the bound (54).

Proof of (55). We turn now to the definition of «® . We will use freely the bounds
Dyl + [Dy—al = 1and 135Dy |z + 18y Da—allz= S 1, which have already
been established. First, we have

2
@ @)™ e S N On—2 (W)™ e S N1 Qn—2llx,,, < &*%.
Next, we have the identity

8Sc‘{(z) _ 05 0n—2 _ Qn72832{Dn721Dn72}’ (58)
Dn—an—2 Dn—an—Z

from which we obtain

195et (W)™ [ oo S 1185 Q2 ()™ | oo +1| @u—a ()™ | Loo (1 D1 | oo 185 Dy —2 || oo
+ [[Du—2llLe |05 Dy—1ll o)
S OQn—2llxs,, + 11Qn—2llx,,, (1Dn—1ll Lo 105 D2l Lo
+ [1Dp—2llzo[|10s Dp—1ll )
5 80'99.

This proves the bound (55).
Proof of (56). We differentiate (58) again to obtain the identity

p2a® — 05Qn-2 _ 050n20(Du_1Du-2}  , On-2135{Du-1Dn-2}l”
y Dn—an—2 Dﬁ—lDrzz—Z D D )

n—1

)

after which we obtain the bound

1820 @ ()™ 2 S 192 Q2 (¥)™ I 12 + 1185 Q2 (W)™ I 12185 { Dp—1 D2}l L
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+ 11 Qn—2(¥)" | 121185 { Dn—1 Du—2} 117
S 1On—2lxs,,
5 80'99.
This proves the bound (56).
Proof of (57). We have

2 0.
le® @)™ 12 SNQu—2)™ 2 S 1 Qn=2llxs, S &%,

and upon using (58), we have
195 W)™ 2 S 1185 Qu2 (W) 12 + 11Qu—2(¥)" 2 (| Daill 200105 D2 2
+ [[Dn—2llLee |95 D11l L)
S 10n-2llxy,, + 1Qn—2lx,,, ([Dn—1llLo |95 Dp—2| Lo
+ [1Dp—2llo0 |05 Dp—1ll )
< 099
We have therefore established (53)-(57) and hence (47)—(51). From here, the

desired estimates, (44)—(45), follow from an application of the product rule applied
to the identity (46). Indeed, we have:

1(Un—1 = Un—2) ()™ 2o < lleell Lo | A Que1 (W)™ 1o + 1y (%)™ | Lo €| Awg,_i |
SIAQu-1lx,,, + &' |ATg,-1l,

where we have used the bounds (47) and (49). In L2, we similarly have
I(Un—1 = Un—2)(¥)" 12 S Nl lAQu—1 (W) 12 + v (¥)" | 28] Awp, -1 |
SIAQu-tllx,,, +&" 1 A@g, 11,

where we have used the bounds (47) and (51).
Next, we have upon differentiating (46), the identity

O0s{Un—1 —Up2} = ad5AQu 1 + AQy 105 + &|Awp,—110sy,
after which we have the following L°° bound:
[195{Un—1 — Up—2H )" llLoe S llexll oo 105 A Qi (¥)" [l oo
+ 9sell oo 1A Qnt (¥)" Il Lo
+elldsy (Y)" Lo | Awop 1
SIAQu-1lxs,, + &' |Aw0,-1,

where we have invoked (47) and (49). In L2, we similarly have

105{Un—1 — Up—2}(¥)" Il 2 S lleelioe 105 A Q1 (¥)" Il .2
+ 05l | A Qu—1(¥)" Il 2
+ ellosy (V)" [l 2| Awop—1]



Arch. Rational Mech. Anal. (2024) 248:55 Page 33 of 41 55

1.99
S INAQn-1llx,,, +& 7 1Awon—1l,

where we have used the bounds (47) and (51).
Differentiating (46) twice in s, we obtain the identity

0 Un—1 — Up—2} = 7 AQp 1 + AQp 107 +20,A Q1950 + &| Awp,—1 07y
=ad;AQu_1 + AQu 104 + AQy 105 + 20,A 0,10t
+ &l Awo,-110]y,

where we use the decomposition szoz = a4 + ap. We now estimate the L2 norm
as follows:

18H{Un—1 — Un—2}(¥)" Il .2
S llerllzo 195 A Quo1 ()" [l 2 + lletall Lo | A Qo1 (¥)™ || 12
F1AQu-1 (W) Lol lizz + 10sAQu—1 (W)™ 1211 9set [ oo
+ 232y (V)" | 21 Awoy—1]
SN0FAQu—1 (W)™ 112 + 1A Quet (W) I 12 + | A Qur (Y1) [l L0
+ 195 A Qo1 (W)™l 2 + | Awp, 1|
SNIAQu-ilixs,, + &1 Awo, 1],

where we have used the bounds (47)—(50). We have therefore established the bounds
(44)—(45), and this concludes the proof of the lemma.

Lemma 14. Assume (27)—(30) are valid until the index n — 1. Assume (27)—-(29)
are valid until the index n. Then

3 ) 3
[AQnllx, 50 <€*1AQn—1llx,5 + €2 |Awon| + £2|Awo,—1]- (39)

Proof. For this estimate, motivated by (26), we set

F:={1- ;Uonilqe 050n—1—(1- ?()nfth 05 On—2,
‘/w0n71q3+Q11—1 ‘/w()n,zquﬂ‘anZ
G = (®op—1 — wop—2) On—1,

b := &(@0, — @op—1)q2(s).

According to (33), we fix k = 2, m = 50, which results in

2 2 2
1AQullxsso S D N0 Fn™ i+ 198 05,6 ()Pl 2 + 1161 g3
k'=0 k'=0 j=0
(60)

We therefore estimate the two quantities appearing on the right-hand side above.
We first address the term F', which we rewrite as follows

F = (1 Y 1- Unfl)asanl - (1 Y/ 1 - Un72)3s Qn72
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=1 =1 =Up—1)8AQu—1 + 80n-2(/1 = Up_1 — /1 = Up—2) := F1 + F>.

An identical calculation to the estimate of the forcing, F', in Lemma 12 results in
the bound

54 0.99
IF 0 22 S 1A Qa1 -

We develop the following identities
0 F> = 0702 (VI = Upt = V1= Up2)

1 asUn—l 3sUn 2
_asQn72( )
2 \/1 —U,—1 \/1 Up—
= asanfZ (\/1 —Up-1— \/1 - Un72>
OsUpn—1 — 05Up—2
1 —=Uy—1
1 os U, o U, —
_aan—Z( n-2 sUn—2 )
2 =0 i
=Ci+ G+ Cs.

1
Eas Qn—2

We estimate d; F> as follows. First,

1CH ) 12 S IGT = Unet = /1= U)W 12182 Qna ()l 12
SN (Un=1 = Un—2) (%) ||Loo||83Qn_z<w>5°||Lz
SN Un=t = Un=2) W)l @n—2lix, 50
< "N (Wnt = Un) (W)l e

Next, to estimate Cp, we have

IC2 ()11 12 S 1185 Qn2 (W) Nl 10| Bs U1 — 85 Un—2){¥)* )1 12
S N85 Qn—2llx, 5o 15 Un—1 — 35Up—2) (W) 2
< "N(@5Up1 — 35 Un—2) (W)l 2.

Finally, to estimate C3, we have

1G22 S 05 Quat¥) ™|, 10 Unm2 911Ut = Unali
S 1Qn2lxo 50l @n2llxo sl Un—1 = Un-allzos

0.99_0.99
Se e Up—1 — Up—allee.

We now move to the second derivative, 32 F», which we will treat as follows:
32F> = 3,C1 + 8;,C2 + 3,C3.
We have
35C1 = 3] 0p2(/1=Up—i — V1= Up_2)
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osUn—1 _ osUn—2 )
\/l_Un—l \/l_Un—Z

1
- 8‘? Qn_Z(\/l —Un-1 = \/1 —Up-2) — Easzn—Z(

1
— 502002

osUp—1 — 05 Un—2)

Vl_Un—l

. lazQ 72( 0sUn—2 _ sUp—2 )
2N A-U,, J1=-U,»
=:C11+Cip2+Cy3.

First, we estimate
1€ * e S | W/T= Uit = VT= U [0 0ua9)®|
S | Wit = e 2?10 Qua9) 12

S | Wit = Ve 10u-2lxs
< PN Wnt = Un-2)(9) .

L2

Next, to estimate Cj 2, we have

IC120) N 2 S 182 0n—2 (W) Ol 2 1 (BsUn—1 — 35Un—2) (W) ¥ 10
S N10n=2llx, 5o 1@ Un—1 — 3Un—2)(¥)*[l L
< (@B Un—1 — 35Un—2) (¥)*|| 1.

Next, to estimate Cj 3, we have

1C13 W) N2 S 182 Qa2 (W)Ul 2185 Un—2 (W)l oo 1 Un—1 — Un—a |l
S 1On—2lx,501On—2ll x4 1Un—1 — Un—2ll Lo
< 0N U, ) — Upallo».

We next move to the d;C; contributions, for which we record the identity

WUt —0Unma 1y ) 82Un1 = 9Un2
1— Uy 2 e 1—Up

1 2
8sC2 = _585 Qn—2

1 _3
+ Zas Qn—Z(?SUn—l(1 - Un—l) 2 (8sUn—l - asUn—Z)
=:C21 +Crp+ Ca3.
We first estimate C» 1 for which we have

1C2,1 () 2 S 182 0n—2 (W) Ul L2 1 (35 Un—1 — 35Un—2) (¥)* | 1
SNQn—2llx, 5ol @sUn—1 — d5Un—2)(¥)* [l L
< (B Un—1 — 95Un—2) (¥)*|| L.

Next, we have

1C2,2 () 12 S 185 On2 (W) o 12 Un—1 — 82Un—2)(¥)* Il 12
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S 1105 Qn2ll x50 107 Un—1 — 87 Un—2) ()1l 12
< 002Ut — 82Un—2) (W)l 2
Finally, we have the C; 3 contribution for which we estimate
1C23 (W) * 112 S 1185 Q-2 (W)Ul oo 185 Un—1 (W)l oo | (Bs U1 — 85Un—2) |l 12

5 ”Qn72||X2,50||Qn71 ”X2,4||(3s U1 — asUan)”L2
< 0 (3, U -1 — 8,Un—2) | 2

~

We next compute d; C3, which results in the following identity,

1 osUp— osUp—
3SC3=—3S2Qn—2( sUn—2 sUn—2 )
2 JI-U  J1-Uso
1 32U, 32U,
+_asQn—2< s n2 - Sl )
2 \/I_Unfl \/I_Unfz

1 1
— —0 Qn—ZaxUn—2—3(asUn—1 — 0sUn—2)
4 (1= Up-1)?

1 1 1 4
— ZasQnmasUnsz ( T - ) =) Cii.
A-Uy—12 (A-Uy-2)2 i=1

We estimate first C3 | as follows

1C31 () 2 S 182 Qnea (W)Ul 2185 Un—2 (W)l oo 1 Un—1 — Un—a |l
S ” Qn—2||X|,5() ” Qn—2||X2.4 ”Un—l - l]n—2||LOQ
< 209U, — Upa|lpoe.

~

Next, we estimate C3 7 as follows

1C32(0) I 12 S 1185 Qn—a (W) NlLoo 185 Un—2 (W)l 121 Unt — Un—zllzos
S NOn=2llx5,50 183 Un—2 (W) 1l 21 Un—1 — Un—2ll =
S HQn—2lx250 @n—2ll 24 |Un—1 — Up—2li 1=
< "0 U, ) — Upall o

Next, we estimate C3 3 as follows
1C3,3 () 12 S 1185 Q2 (W) Ol Lo 1185 Un—2 (W) | Lo 185 Up—1 — 35Un—2ll 2

5 ”Qn—Z”Xz,so” Qn—2||X214||8s Un—l - 8sUn—2||L2
0. 0.
< 990 0,U, 1 — 3,Up—all 2

~

Finally, we estimate C3 4 as follows

1C3.4 (W) * 12 S 185 Q-2 (W) Nl L0 185 Un—2 (W) 12 0 1Up—1 — Up—all 2
S 1Qu-2lx2501@n2l1%y , 1Un—1 = Un—all 2

. . 0.
< 99609999 U,_y — U, sl



Arch. Rational Mech. Anal. (2024) 248:55 Page 37 of 41 55

Now, upon invoking (44)—(45), the above estimates give

B2 212

1
< 80.99( Z 10 Up—1 — 3] Un—2) (W) *ll 1o
i—0

2
+ 310 Ut = U2 ()12
=0

0.99 1.99) A=
S @ (I8 Qu-1lxys + € 187,11)

Next, we clearly have

2 2 2 2
D3 1805, G )l < lwont — @oual D D

K'=0 j=0 K'=0 j=0
1

~ |w0n—1 + w()n—2|

0 0} 0uet (1))

L2

2 2
lwo, 1 — @052l On—1llx5 5

0.99 |— —
S ee [@0,—1 — @0u—2-
Finally, we have the boundary condition

3 —
18113 S €llgellys | Aoy |-

Consolidating all the above bounds with estimate (59) concludes the proof of the
lemma.
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Appendix A. Derivation of Near-Boundary Navier-Stokes Equations

In this section, we give the detailed calculations for the Navier—Stokes equations
claimed in Sect. 2. We recall the standard identities, which will be used in the next
lemmas:

n'(s) =y()T@s), () =y (s)n(s).
We recall that the map
{xeM: 0<dist(x,dM) <38} — T x(0,6)
x = (s,2) = (s(x1, x2), z(x1, x2))
is a diffeomorphism. In this transformation, we have
Vs = ; Vez = n(s).

For a vector field u : M — RZ, we also have

Uyp = naiy — Uy = Ty — T2Up,

Up = —nju; + TjUy = TaU7 + T1Uy.

Lemma 15. For any vector field u : M — R? and scalar function f : M — R
supported near the boundary 0 M there holds

W-Vf= ”7’asf+unazf.
In particular, by choosing u = T and u = n respectively, there hold
I~Vf:%85f, n-Vf=20.f.
Proof. This follows by direct calculation. We have
u-Vf=u-Vyf(s,z) =ui (05 f0xs + 0, f0x2) + us (95 f0r,5 + 9. f0x,2)
=1 (0 5+ 0 fm) + 0y f - =+ 0 fn2)
u-t
= Tasf + (u - n)o, f.
Lemma 16. The following identities holds for any given vector field u : M — R?:

(u-Vu) -t = <u7r, ’/ln) Vg iy — @utun,

T

(u-Vu) -n= (u_,, un) - Vil — @uz

J
1 1. (1 1 yu
Au-1t= 78z(Jazu,) + 78_; (783141—) — 783 (VJ”) _ % (yur + Oslty) ,
1 1 1 1 Yiur y
Aun = 0.0 + 50 (S ) = 500 (55) = Z @ =y,

1
V.u= 7 (Ostte — y ($)uy) + Ozup,

VEtou= olupy — oy = %uf — OzUy + Osup.
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Proof. We check the first, the third and the fifth identities only, and the proofs for
other identities are similar. We have

(u-Vu) -t =(u-Veup)t + u-Viur)n

Ur Ur
= (7 u,,) -V 1T + (7 Mn) - Vs, suam
u u
= (TT u,,) -V Uy — TT (T1(ur + 1y (s)uz) .

We note that
Tiuy + tuy = yni (T — Tuy) + yno(tour + Tiiy)
= y(—=n)(tiur — ouy) + yT1(t2ur + T1Un)
=—yTTaur + ytzzu,, +yTitaur + )/7:121/!,, = yuy.
Combining the above with the previous calculation, we obtain

(u-Vu) -t = (lf]—r, un) - Vg Ur — @u,un.

Now we show the third identity. We have

2

1 1
Aup-ti+Auy-p = 7\ 0 0zui) + 05 | Fosui | | i

i=1

13(J8 )+13 13( ) 13 05T E 8 !
_ — — T N T
7% Ut JO 19’4 s u sT SUIT;

1 1 1 1 u,
731(Jazur) + 730 (733141) - 735 (le) - % (yuc + Osuy) .

Au-t

For incompressibility, we find

-
Vu = 0xur + 0yur = Zaxl.sasui + Oy, 20;u; = Z 7’85u,< + n;o.u;

i i
1
= 7 (Ostte — y ($)uy) + ozuy.

The proof is complete.
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